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Abstract

The remarkable electrical, optical and mechanical properties of graphene
make it a desirable material for electronics, optoelectronics and quantum
applications. A fundamental understanding of the electrical conductivity
of graphene across a wide frequency range is required for the development
of such technologies. In this study, we use terahertz (THz) time-domain
spectroscopy to measure the complex dynamic conductivity of electro-
statically gated graphene, in a broad ~0.1 - 7 THz frequency range.



The conductivity of doped graphene follows the conventional Drude
model, and is predominantly governed by intraband processes. In con-
trast, undoped charge-neutral graphene exhibits a THz conductivity
that significantly deviates from Drude-type models. Via quantum kinetic
equations and density matrix theory, we show that this discrepancy
can be explained by additional interband processes, that can be exacer-
bated by electron backscattering. We propose a mechanism where such
backscattering — which involves flipping of the electron pseudo-spin — is
mediated by the substantial vector scattering potentials that are associ-
ated with structural deformations of graphene. Our findings highlight the
significant impact that structural distortions and resulting electrostatic
vector scattering potentials can have on the THz conductivity of charge-
neutral graphene. Our results emphasise the importance of the planar
morphology of graphene for its broadband THz electronic response.

Keywords: graphene, THz conductivity, THz time-domain spectroscopy,
Dirac electrons, quantum kinetic equations, pseudo-magnetic field

Atomically thin, single-layer graphene can host a profusion of exotic elec-
tronic phenomena, owing to its two-dimensional (2D) morphology and unique
gapless electronic band structure composed of two overlapping, linearly dis-
persive Dirac bands [1, 2]. Large-scale manufacturing processes [3, 4] (e.g.,
chemical vapour deposition (CVD), epitaxial growth), and the ability to tune
charge carrier density and electrical conductivity by an applied gate voltage [1],
have enabled graphene as an active material in many solid-state technologies,
such as high-mobility flexible electronic devices, spintronic systems and super-
capacitors for energy storage [5-7]. In particular, its zero-energy bandgap and
tunable carrier density make graphene suitable for applications in optics and
optoelectronics, within an extensive spectral range from the visible [8] (wave-
lengths ~380 — 750 nm) to the far infrared [9] (~1 mm). Notably, its tunable
electronic response to an external electromagnetic field oscillating at frequen-
cies in the terahertz (THz) spectral window (~0.1 — 10 THz, with wavelengths
~0.01 — 1 mm), makes graphene attractive for THz technologies, i.e., THz

modulators, detectors, sensors and biomedical imaging systems [10, 11].
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The electrical response of graphene to an incident electric field, F(;II{CZ) (t) =
\/% [ (w)ewtdw, oscillating at THz frequencies is encoded in its
frequency-dependent complex dynamic conductivity &(w), which is governed
by the frequency-dependent polarisation and absorption of the material, with
the resulting complex current density (assuming the medium is isotropic)
J(w) =6(w)- F&irﬁcz) (w). Conventionally, 6(w) can be approximated within the
few-THz spectral range (i.e., ~0.1 — 2 THz) [12-17] — and even up to the
infrared when only the real part of 6(w) is considered [18, 19] — by the Drude
model, as dprude(w) = 00/ (1 —iwT), where oy is the zero-frequency (DC) con-
ductivity and 7 is the average time between electron scattering events in the
material (due to, e.g., defects, impurities, phonons, other charge carriers). In
this Drude model, it is assumed that 6(w) is determined solely by intraband
transitions of free electrons, that is, within a quadratically dispersive conduc-
tion band [12-16]. The Drude model omits the actual band structure of the
material — in the case of graphene, its linearly dispersive Dirac bands — and
transitions between different bands (i.e., interband). Extensions to the Drude
model, such as the Drude-Smith [20-22], Drude-Lorentz [23, 24] or localisation-
modified Drude models [25, 26], include phenomenological corrections. These
corrections can account for carrier backscattering due to disorder in the case of
Drude-Smith and localisation-modified Drude models (where disorder causes
weak localisation, and the suppression of both long-range carrier transport and
low-frequency conductivity), or for resonances at specific frequencies (due to,
e.g., phonons, interband transitions) in the case of the Drude-Lorentz model.
Further modifications to the Drude model can also take into account the spe-
cific graphene band structure [27]. These Drude-type models can describe the

dynamic conductivity of graphene in specific cases, e.g., metallic graphene



(i.e., significantly doped, with the Fermi level Ef within the valence or con-
duction bands, far from the Dirac point), when only the real part of &(w) is
considered [12-14, 18, 19], or when full complex conductivity is measured but
within a narrow THz bandwidth (typically not larger than ~2 THz) [15-17].
However, they do not provide accurate predictions for the full complex conduc-
tivity (i.e., real and imaginary components) of charge-neutral graphene (i.e.,
with Ff at the Dirac point) within a broad THz spectral window (see Sup-
plementary Note 4 in Supplementary Information [SI]). It is specifically with
E; at the Dirac point that the actual band structure of graphene (i.e., linear
Dirac dispersion instead of free-electron quadratic dispersion) and interband
transitions play a significant role [28-30]. To our knowledge, both the real and
imaginary parts of graphene’s 6(w), within the full ~0.1 — 10 THz range, for
different charge carrier densities (i.e., from doped to charge neutral), have not
yet been measured or quantitatively modelled.

In this work, we retrieved 6 (w) — both real and imaginary parts — of
graphene at room temperature, for different Fermi levels Ef, i.e., from n—
to p—doped metallic behaviour via the charge neutrality Dirac point (CNP),
within the broad ~0.1 — 7 THz spectral range (i.e., characteristic energies
hw ~ 1 —30 meV). To do so, we measured via THz time-domain spectroscopy
[31, 32] (THz-TDS; see Methods and SI Supplementary Note 2) the time-
dependent THz waveform Fglflr{azns) (t) transmitted through a sample consisting
of CVD-grown single-layer graphene on a SiO3/p—doped Si substrate. We con-
trolled the graphene Fermi level Ef (and hence the carrier density) by a gate
voltage V; applied between graphene and doped Si (Fig. 1a). We found that
when graphene is substantially doped, with F¢ far from the CNP (i.e., metal-
lic behaviour), & (w) follows the conventional Drude model. Conversely, when

graphene is charge-neutral with Ef at the CNP, & (w) exhibits a very significant



deviation from Drude-type models, with a notable suppression of its imagi-
nary part, Im[& (w)]. To explain this deviation, we developed a model for & (w)
based on density matrix theory [33] and quantum kinetic equations [34-36],
including both intraband and interband electronic processes, with the latter
being accentuated by scattering of carriers. We propose a mechanism where
such scattering — involving flipping of the electron pseudo-spin — is mediated
by the substantial electrostatic vector scattering potentials that originate from
structural deformations of graphene. The very good agreement between theory
and experiment, for both Re[6 (w)] and Im[6 (w)], within a broad ~0.1—7 THz
frequency range, highlights the impact that structural distortions can have
on the broadband THz conductivity of charge-neutral graphene. Our results
provide compelling evidence of a previously unreported phenomenon, whose
observation and understanding are enabled by our ability to combine both
tuning of graphene’s Fermi level and full retrieval of ¢ (w) within the broad

~0.1 — 7 THz window.

Results

Retrieval of complex THz conductivity ¢ (w) of graphene

The spectra, |ﬁ‘%§ins) (w)|?, and spectral phases, arg {Frét}rlzns) (w)}, of the
time-domain THz waveform F{T2" (1) transmitted through SiOy/Si (bare sub-
strate reference) or graphene/SiO/Si areas are shown in Fig. 1b (see Methods
and SI Supplementary Note 1 for sample fabrication and characterisation).
These measurements rely on THz waveforms generated via optical rectifica-
tion [37] in lithium niobate (LiNbOj3) and gallium phosphide (GaP) nonlinear
crystals, resulting in electric field Fourier components within the frequency
range ~0.1 — 1.5 THz and up to ~7 THz, respectively. By using both LiNbOj3

and GaP THz generation configurations in turn, we can measure the complex
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transmission 7'(w) of the incident THz waveform F(;II{CZ) (t) through graphene

within a broad continuous ~0.1 — 7 THz band. The measurement of T'(w)
allows for the calculation of & (w) for different values of E¢ controlled via Vg

(see Methods).

Gate-voltage-dependence of 6 (w): from Drude to non-Drude
behaviour

The real, Re[o (w)], and imaginary, Im[¢ (w)], components of & (w) of
graphene are shown in Fig. 2, within the spectral range ~0.1 — 7 THz. We
applied different gate voltages, varying from heavily p—doped (Vy = —40 V,
ie., By = —50 meV) to charge-neutral (Vz; = 10 V; Ef = 0 meV) to heavily
n—doped (V; =40 V; E; = 30 meV) graphene (E; given relative to CNP; see
SI Supplementary Note 1 for the relationship between V; and Ef). Note that,
the values of Re[d (w)] and Im [ (w)] in this frequency range are consistent
with previous THz-TDs studies of graphene [21, 38].

We first fit Re [6 (w)] and Im [¢ (w)] simultaneously with 6prude(w) (Drude
model; black dashed curves in Fig. 2), with o and 7 as fitting parameters (see
Fig. 3a, b). When graphene is significantly p— or n—doped (i.e., |Er| = 10
meV with |Vz — Vone| 2 10 V), 6 (w) is well described by the conventional
Drude model: Re [¢ (w)] decreases monotonically with w; Im [ (w)] increases
for ~0.1 < w/27 < 2 THz, then plateaus and decreases for w/2m 2 2 THz. This
is consistent with previous studies [16, 22, 29, 39]. For Ef close to the Dirac
point (i.e., V; = Vonp), while the retrieved Re[6 (w)] remains qualitatively
similar, Im [6 (w)] is significantly suppressed (see SI Supplementary Note 7 for
similar trend on additional devices). The Drude fit fails to adequately capture
both Re [ (w)] and Im [6 (w)] simultaneously, underestimating the former and

overestimating the latter (see Fig. 2). That is, for charge-neutral graphene, the



Drude model fails to accurately describe the full complex conductivity &(w)
within ~0.1 — 7 THz spectral range.

The inadequacy of the Drude model to explain 6(w) for charge-neutral
graphene is further corroborated by the Pearson’s x? test and the coefficient
of determination R? of these Drude fits (Fig. 3c, d). Indeed, x? increases
and R? decreases significantly for Ve = Vene (Er = 0) in comparison with
doped graphene, with x?[V; ~ Venel/X?[|Ve — Vone| 2 20 V] > 400%, and
R? dropping from > 0.9 to < 0.6. Note that modified versions of the Drude
model — accounting for, e.g., disorder-induced localisation [24-26], molecular
vibrations [40], electrons scattering off defects [20, 21] or charged impurities
[27]) — also fail at quantitatively explaining our measurements of &(w) for
charge-neutral graphene within the full broad ~0.1—7 THz spectral range (see

ST Supplementary Note 4).

Two-component quantum model of graphene THz conductivity

The dynamic complex conductivity of pristine graphene is governed by
intra- and interband electronic transitions [2, 28]. The former involves the
optically induced acceleration of charge carriers (Fig. 1c). The latter is associ-
ated with the optically induced creation or annihilation of electron-hole pairs,
and with displacement currents of bound charges (Fig. 1d). Note that, in the
linear regime, intra- and interband transitions are uncorrelated, resulting in
independent contributions to the linear optical response of pristine graphene
[41, 42].

We, therefore, developed a two-component model (see Methods and SI
Supplementary Note 5 for more details) of the linear optical response of
graphene using density matrix theory [33] and quantum kinetic equations [34—
36], accounting quantitatively for both intra- and interband transitions, and

allowing us to calculate & (w):



&2-comp (W) - 5'intra (LU) + &inter (w) (1)
Here, Gintra (W) and Ginter (w) are the contributions to & (w) given by intra-

and interband electronic transitions, with:

oo

e () = S [T (0078 - %) 2)

0

where e is the electron charge, vg is the graphene Fermi velocity, A is the
reduced Planck’s constant, 7 is the carrier population intraband relaxation
time constant (resulting from scattering of electrons off, e.g., defects, impuri-
ties, as defined in the Drude model), fflol)g are the zeroth-order diagonal density
matrix elements given by the Fermi-Dirac distribution for the valence (n = v)
and conduction (n = ¢) bands, and k = |k| is the electron wavevector modulus.

The interband contribution is given by:

Ginter () = {70 () + {1 () 3)
where O'l(nt)er( ) and al(nzer(w) are attributed to direct (momentum-conserving;
Fig. 1d) and scattering-assisted indirect (involving momentum transfer) inter-
band transitions (Fig. 4b), respectively. The contribution of direct interband
transitions to the dynamic conductivity of pristine graphene has an upper limit
of e?/4h [42], significantly smaller than the THz intraband conductivity, and
only accounting for direct interband transitions — that is, where afnzer( )=0
— is not able to reproduce our experimental 6(w) (see SI Supplementary Note

6). We, therefore, hypothesise that additional indirect interband processes,

mediated by scattering of electrons, contribute to & (w), with:

(0) 7(0)
fv k

5 (W) = ic? ”F / dk k ) (4)

Awk (w+iv)?




T,k 7) - (08 = 0uT)
Au? — (@ +i7)

(5)

1nter

58 :w%/MH

Here, Aw, = 2vpk is the transition angular frequency between valence
and conduction bands, « is the interband polarisation dephasing rate, v is an
energy associated with the spatially averaged square of the scattering potential

of disordered graphene, and I' (w, k, 7) is defined as:

rmw,hf)zzgiihn( a > (6)

1 —wr
where L? is the graphene area irradiated by the THz waveform. Note that the
aforementioned scattering-assisted interband processes do not affect the DC
conductivity, i.e. Ul(nzer(w =0)=0.

We fit the measured Re [¢ (w)] and Im [ (w)] with 62-comp (w) given by Egs.
(1)-(6), for different gate voltages Vg (solid black curves in Fig. 2). We assumed
7(Vy) = ay/n(Vg) [43], where n(V;) is the V,-dependent carrier concentration
measured by four-point-probe. We used v and « as global fit parameters (i.e.,
same for all V;), and -y as a local fit parameter (i.e., varying as a function of V;);
see Methods for details. The proposed two-component model is in excellent
agreement with our measurements, for all considered gate voltages, and within
the full ~0.1 — 7 THz spectral range. In particular, it provides a significantly
better fit than all Drude-type models at the CNP (see SI Supplementary Notes
4, 6), as shown by the fit goodness coefficients x? and R? in Fig. 3c, yielding
X3-comp/ Xbrude S 20% and B3 ..., 2 90% for Vg = Vonp.

The intra- and interband components Gipgra (w) and Ginger (W) of Fa-comp (W)
vary for different gate voltages V; (Fig. 2). This is emphasised by param-
eters Bingra(Vy) and Binter(Vy) in Fig. 3d, defined as Binter; intra(Ve) =

f::“ |Finter; intra (w) | dw/ f:f |62-comp (w) | dw (with wi/2r = 0.1 THz and
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wo /2w =7 THz). For doped graphene, Bintra >> Binter; the intraband compo-
nent dominates Ga.comp(w) and the dynamic conductivity is Drude-like (Fig.
2a, e, f, j). As |Vy — Vonp| decreases and graphene approaches the CNP,
Binter increases and reaches a maximum; the dynamic conductivity differs
substantially from a Drude-like behaviour.

The DC conductivity, op = Re[02-comp (w = 0)], retrieved from the two-
component fit (Fig. 3a) is minimum at the CNP, similar to the Drude fit, and
consistent with four-point-probe measurements (see SI Supplementary Note 1).
Moreover, the two-component model agrees with experiments while assuming
a Drude-like 7(V;) (Fig. 3b). That is, the non-Drude behaviour of & (w) at the
CNP manifests itself mostly at non-zero frequencies, via the two-component

model parameters v and v.

Discussion

The Drude-type time constant 7 is associated with the intraband relaxation of
electron momentum via scattering processes. In the proposed two-component
model, 7 affects 51(;2@ (w) via the T (w, k, 7) function [see Egs. (5)-(6)]; that is,
energy dissipated via scattering can lead to supplementary interband transi-

tions, linked to &i(szer

(w). A scalar scattering potential, however, cannot give
rise to — though they affect (via the interband polarisation dephasing rate )
— such scattering-assisted interband transitions (see SI Supplementary Note
5). That is, the two-component model is in agreement with our experimen-
~(s)

tal observations when &

nter (W) 18 associated with scattering given by a vector

potential, characterised by parameter .
Structural deformations of strained graphene on a substrate can lead
to effective electrostatic vector potentials arising from changes in amplitude

of electron-hopping between carbon atoms [44-46]. These vector potentials
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are associated with pseudo-magnetic fields that can be very substantial
(~100 T). In particular, the transfer of CVD-grown graphene onto SiOs can
result in significant structural deformations [21, 47-49], such as bumps or
even crumpled areas, resulting in significant vector scattering potentials and
intravalley backscattering of carriers [47]. Raman spectroscopy measurements
of our graphene/SiO5/Si samples revealed significant structural deformations
of graphene [47] (see SI Supplementary Note 1), consistent with pseudo-
magnetic fields that can be on the order of ~200 T (see SI Supplementary
Note 5). We therefore propose a plausible explanation of our measurements
of 6(w) at the CNP, differing from a Drude-type behaviour, as the result of
strain-induced vector scattering potentials associated with pseudo-magnetic
fields. These pseudo-magnetic fields can couple to the graphene pseudo-spin
(sub-lattice degree of freedom), enabling backscattering of Dirac electrons
(forbidden for scalar scattering potentials) [47], and potentially leading to
enhanced interband transitions encoded in &i(szer(w) (Fig. 4). Notably, the
amount of structural deformations potentially associated with such substantial
pseudo-magnetic fields (e.g., crumpled areas) — amount that we estimated via
Raman spectroscopy mapping and optical microscopy of our graphene sample
— is consistent with the value of v determined via the two-component model
fit (see SI Supplementary Note 5); this agreement further validates our pro-
posal. Moreover, vector scattering potentials and pseudo-magnetic fields can
arise from a wide range of structural deformations, such as those resulting from
the SiO, substrate roughness[21, 47-49]; we therefore expect that the effect is
ubiquitous in graphene on rough substrates.

We assert that the deviation of our measurements from the Drude model
cannot be interpreted within the framework of a Dirac fluid [29, 50-52]; this

phenomenon has been observed in ultra-clean exfoliated graphene encapsulated
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in hexagonal boron nitride and vanishes in CVD-grown graphene on SiOs due
to impurities and disorder [51]. We also emphasise that we attempted — without
success — to explain such deviation through an effective medium approximation
modelling accounting for conductor-dielectric inhomogeneities (that is, charge
puddles) of our sample [53].

Our work underscores the significant impact that structural deformations
can have on the THz conductivity of charge-neutral graphene, in particular
via the emergence of electrostatic vector scattering potentials (associated with
pseudo-magnetic fields). Both the real and imaginary parts of 6(w) in the
~0.1 — 7 THz range (Fig. 2) cannot be simultaneously explained by solely
invoking Drude-like intraband transitions; it requires the consideration of inter-
band excitations which can be further enhanced by scattering of electrons due
to such vector scattering potentials. It is remarkable that the effects of such
interband transitions, here with characteristic energies fiw =~ 1 — 30 meV, are
observable at room temperature (kg7 & 25 meV). Our findings have important
implications for the development of graphene-based THz technologies. Fur-
ther studies can be envisioned to establish a quantitative relationship between
specific structural deformations, vector scattering potentials, associated local
pseudo-magnetic fields and broadband THz conductivity of charge-neutral

graphene.

Methods

Sample fabrication and electrical characterisation

The samples were prepared following the procedure reported previously
[54]. Briefly, we spin-coated a thin layer of polymethyl methacrylate (PMMA,
6%wt in anisole from Microchem) onto a commercial single-layer graphene

sample (Graphene Supermarket), grown on copper foil via chemical vapour
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deposition (CVD). We subsequently placed the graphene sample in a 0.1 M
ammonium persulfate (APS) solution to dissolve the copper. We then col-
lected the hydrophobic PMMA-coated graphene, floating at the surface of the
solution, with a SiO3/p-doped-Si(100) substrate (SiOs layer thickness: 300
nm; resistivity > 10 Q-cm; MTI Corporation). After the transfer, the sam-
ple was soaked in acetone and was then annealed in argon/hydrogen (900:100
scem in 3 hours at 340°C) to remove PMMA and any polymer residue. We
fabricated electrical contacts, necessary for four-point-probe measurements of
DC electrical conductivity of graphene, via photo-lithography: we spin-coated
(3000 rpm in 1 minute, per layer) two layers of positive photoresist (LOR-
1A and AZ1512HS, which have different sensitivities to the photolithography
process, to create an undercut effect [55]) onto the graphene/SiO5/Si sample,
exposed the electrode areas to UV light with a mask and then removed the
exposed photoresist with a developer solvent (AZ400K). Photoresist residue
was removed via a UV /ozone treatment. We then deposited a 5-nm-thick tita-
nium (Ti) adhesion layer and 50 nm of gold (Au) via e-beam deposition. The
unexposed photoresist area was removed from the substrate with dimethyl sul-
foxide (DMSO, at 60°C), leaving only the desired Ti/Au contacts. The sample
was finally attached to a chip carrier with silver epoxy and wire-bonded with
aluminium-silicon (AlSi) thin wires. The prepared samples were further char-
acterised via Raman spectroscopy (details in SI Supplementary Note 1). In the
experiments, we tuned graphene’s Fermi level Ef by applying a gate voltage Vg
between graphene and the Si(100) substrate (see ST Supplementary Note 1 for
further details, including the relationship between V, and Ef). Throughout the
text we report the graphene Ef relative to the Dirac point (charge neutrality

point).

Terahertz time-domain spectroscopy (THz-TDS)
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We generated THz waveforms (with instantaneous electric field F(mc)( t)

in
Fig. 1a) in a LiNbO3 (0.4 % MgO-doped, purchased from Egorov Scientific)
nonlinear crystal via optical rectification [37], using laser pulses produced by
a ytterbium-doped potassium gadolinium tungstate (Yb:KGW) laser system
(Carbide, Light Conversion; central wavelength: 1030 nm central wavelength;
duration: ~290 fs; maximum pulse energy: 400 pJ), at an effective repetition
rate of 200/3 kHz (i.e., laser repetition rate 200 kHz, used with a pulse picker
3). We also generated THz waveforms via optical rectification in a GaP non-
linear crystal (400 pm thick), using laser pulses (central wavelength: 870 nm
central wavelength; duration: ~44 fs; pulse energy: 0.1 uJ; repetition rate:
200 kHz, pulse picker 1) generated by an optical parametric amplifier (OPA;
Orpheus-F, Light Conversion) pumped by the Yb:KGW laser. Both types of
THz waveforms were detected via electro-optical sampling [56] using another
similar GaP crystal (see SI Supplementary Note 2). Waveforms generated with
LiNbO3 (GaP) had a duration of ~0.7 ps (~0.2 ps), a spectral bandwidth
of ~0.1 —2 THz (~1.5 — 7 THz), and a maximum peak electric field of ~10
kV/em (~ 2 kV/cm, respectively). Note that for these THz peak electric fields
we can omit nonlinear THz processes in graphene.

The THz waveform F%flrfzns) (t) transmitted through the sample generally

S

consists of a directly transmitted transient, F , followed by subsequent

transients F%nHZ)(t) resulting from reflections within the substrate (see SI Fig.

S9b). Based on the transmission T (w) = Fg;;ibe)ne ssio, si (@) /Fs(fgj’/ss)l( )
of the THz waveform through graphene — where fo(trans) (w) and

graphene/SiO, /Si

Fs(fga;;; (w) are the Fourier transforms of the THz waveforms transmitted,

respectively, through the graphene-covered and bare Si/SiOy areas — we can
calculate the complex dynamic conductivity of graphene, & (w) [38, 57]. Note
that, when referring to experimental conductivity, we mean sheet conductivity,

which has units of conductance.
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In the case of THz generation with LiNbOg (spectral range of ~0.1 — 1.5
THz), where strong THz peak electric fields can be obtained and the trans-

mitted transient F%?Z)

(t) resulting from the 15¢ reflection within the substrate
can be measured with good signal-to-noise ratio (see SI Supplementary Note

8 for more detail), we obtained & (w) via [38, 57]:

fiA \/ﬁi + 4iip (7 + fip) TAS (W) — 73 — 27ianpT Y (w)

~ (1st) _ _
7 (W) QﬁBZQT(ISt) (W)

(7)
where T(1%) () is the transmission based on the measurement of F(Tlfsltz) (t)
through graphene/SiO,/Si and SiO,/Si, Zy = 377 € is the vacuum impedance,
NA = Ngi0,/si (W)+1 and g = figio, /si (w)—1, with figio, /si (w) being the bare
SiO4/Si substrate complex index of refraction (see SI Supplementary Note 3).
Note that, in general, the calculation of & (w) via transients F(Tnﬁg) (t) resulting
from reflections within the substrate is more accurate [57, 58] than via directly
transmitted transients F%i{rz) (t).

In the case of THz generation with GaP (spectral range of ~1.5 — 7 THz),

where THz peak electric fields are weaker than in the LiNbOj configuration

and F(TIPSItZ) (t) cannot be resolved reliably, we obtained & (w) via [38, 57]:

~ (dir _ TNLA 1
&) () = Z [T(dir) o 1} (8)

where T(4%) (w) is the transmission based on the measurement of F%ilrz) (t).
All THz-TDS measurements were performed in a nitrogen environment

with the sample at room temperature.

Two-component dynamic conductivity model
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We consider a two-band model for a single Dirac cone, with the Hamiltonian
is given by:

H = Hy + Hy + Hgcars (9)
where Hj is the equilibrium Hamiltonian for pristine graphene, which in the
low-energy regime in the vicinity of the Dirac cone is given by Hy = vr (o - p),
where vp is the Fermi velocity, o is the Pauli matrix vector and p is the kinetic
momentum operator. The eigenstates of Hy are [42]:

—i6
1 1 ¢ ik-r

wk,n(r)=<7‘lk,n>=ﬁm \

(10)

where L? is the real-space area of graphene considered (i.e., irradiated by the
THz waveform), n € {v, c} is the band index (v: valence band; ¢: conduction
band), k = k cosf k, + k sinf k, is the wavevector, {K,, Ky} are unit vectors
defining a 2D Cartesian coordinate system of the reciprocal space with the
origin at the Dirac point K, 6 represents the polar angle, and A=1if n =c¢
and A = —1ifn =w.

We employ the basis set given by Eq. (10) to express H in second-
quantisation representation, where Hy = Zn,k En,kaiykanyk, with E,x =
AMhopk, and where al,k and a, k are creation and annihilation operators.

In Eq. (9), Hy and Hgcatr, account for interactions between graphene
electrons and an incident electromagnetic field (in our specific case, a THz
waveform), and for the scattering of electrons given by a (here, both scalar

and vector) scattering potential with matrix elements Vk(’rf(’fn ):

H =Y D™ (t)al, an (11)

n,m,k
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Hycorr, = Z Vk(:rltfm)a;’k/an,k (12)

n,m,k,k’

Here, the scattering potential can result from the combination of, e.g.,
defects, impurities. In the length gauge, the optical transition matrix element

Dl({"’m)(t) can be written as:

D™(8) = F() iedum (e Vie) + (L= dum) (e~ )] 13)

where F(t) = Fq(qi;;) (t) is the incident THz waveform electric field, e =
exKz + eyky is the polarisation vector, e is the electron charge and 6y, is
the Kronecker delta. The scalar product between e and the interband dipole

moment dx can be expressed as [59]:
e-dx = (e/k) (exsinf + e, cos ) (14)

The surface current density in the time domain can be expressed in terms
of the density matrix p and velocity operator v (with matrix elements defined

in SI Supplementary Note 5):

() = \/% / do 6 F(w) &(w) = —(e/L2)Tr [p] (15)

The two-component model of complex dynamic conductivity, Eqgs. (2)-
(5), is based on the time evolution of p given by the Liouville-von-Neumann
equation, ihdyp = [H, p]. The density matrix can be split into diagonal terms
f corresponding to carrier populations of valence and conduction bands, non-
diagonal terms f accounting for intraband polarisations, and non-diagonal
terms 7 accounting for interband polarisations: p = f + f + 7. Under the

assumption of a weak applied electromagnetic field (i.e., linear regime), while
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considering a relatively strong scattering potential, the Liouville-von-Neumann
equation results in the following set of quantum kinetic equations (see SI

Supplementary Note 5 for more details):

F t n,n
Otfnk = < h( ) (e Vifnx) +H1((,f( ) (16a)
. eF(D)(e-d o
ok = iAwkmk + i (fex — fox) W + Hiy’k) (16b)
foge =Tm [ 1] (16¢)

where Awy = (E.x — E, k) /h is the transition angular frequency, and Hl(:}f )

is the scattering term associated with the scattering potential V:

_ Z VO adm) _ g pma), (17)
]7k//

The scattering term Hf(nl’(n) in Eq. (16)a can be approximated [34, 60] as

H&Zl) ~ —fnx/T, where T is the intraband momentum relaxation time con-
stant. Note that, with this approximation, solutions to Eq. (16)a give rise to
the conventional Drude model.

)

The non-diagonal scattering term H( ?in Eq. (16)b can be approximated

as (see SI Supplementary Note 5 for more details):

Eflf) ~7n Z [Vk k? Tk k — Vk(}},if)ﬂk,k/ Tk (18)

where 7 is the dephasing rate of the interband polarisation [33].

The sum in Eq. (18) describes coupling between non-momentum-conserving
interband processes and direct momentum-conserving interband transitions.
We show in the SI Supplementary Note 5 that such coupling does not take

place in graphene in which there are no vector scattering potentials.



19

Solutions of Egs. (16)a-c with the aforementioned approximations of H(" ")

and Hfi’lf), together with Eq. (15), result in the complex dynamic conductivity:

~(0) ~(s)

5’(0.)) = Ointra ( ) + Ointer \W ( ) + Ointer (W) (19)
where
2 70, f 0
&intra(w) = cur kfn,k 29 (20)

2hL2 - 1—wr

n)

(0) _ £(0)
(o) ie?vp (f — Iy k)
Px _
inter 2FLL2 k (w—nAwyg, +i7)

sin? 0 (21)

. =2 £(0) _ o £(0)
58 (W) = s > (ialall (akfc’k akf”’k) sin2 6 (22)
inter 2hL2 = (w —nAwy, + i)
with
kL? T
1 2
Dok, 7) = h2vp m [1 —in} (23)

Here, f;(lol)c is the thermal equilibrium Fermi-Dirac distribution, the sum
for n = +1 and n = —1 accounts for the complex-conjugate of the density
matrix non-diagonal elements, and ¥ corresponds to an energy associated with
the spatially averaged square of the vector scattering potential in disordered
graphene. We hypothesise that such vector scattering potential can be the
result of severe structural deformations of graphene giving rise to substantial
pseudo-magnetic fields; see SI Supplementary Note 5 for details.

The final expressions of Eqs. (2)-(5) are obtained from Eqs. (20)-(23) by

transforming sums over wavevectors into integrals using the transformation:
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2m o)
L2
> = /d&/dk k, (24)
(2m)?
k 0 0

We fit our experimental measurements of &(w) with Eqgs. (1)-(6), with
the Fermi-Dirac distribution fflo,)c at room temperature determined using the
Fermi level E¢ obtained from four-point-probe measurements for different gate
voltages V; (see SI Supplementary Note 1; we allowed for a 10% variation of E¢
across different values of V; to obtain a best fit). We assumed 7(Vg) = a/n(Vy)
[43], where n(V;) is the Vg-dependent carrier concentration determined via
four-point-probe measurements. We used ¢ and « as global fit parameters (i.e.,
same for all V;, allowing for a 10% variation of v across different values of V),
and v as a local fit parameter (i.e., varying as a function of V;). A best fit was
obtained for © = 4.63 x 107° eV, consistent with the estimate of the overall

effective perimeter of severely distorted graphene areas (see SI Supplementary

Note 5).
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Fig. 1 THz time-domain spectroscopy of gated graphene. a, Schematic of device
consisting of single-layer CVD-grown graphene on 300 nm thick SiO2 on p—doped Si, irradi-
ated with a THz waveform with instantaneous electric field FSEDHCZ) (t) (generated via optical
rectification, here in LiNbOs; pulse duration 7p =~ 0.7 ps; period 71, ~ 1.35 ps). Gold
electrodes allow for tuning of the graphene Fermi level E¢ by a gate voltage Vj, and for

DC electrical conductivity characterisation via four-point-probe measurements. b, Spec-
tra |F§f}r[z“s) (w)|? and spectral phases arg [F‘%gz"s)(w)] [F’étézns)(w): Fourier transform of
F%;Z“S) (t)] of THz waveforms transmitted through SiO2/Si (bare substrate; reference) or
graphene/SiO2/Si heterostructure areas, for both LiNbO3- and GaP-generated THz. These
spectra enable the retrieval of the complex THz conductivity, &(w), as a function of w and
Vg. ¢, d, Schematic of graphene band structure (Dirac cones) at K and K’ points in recip-
rocal space, for different values of Ff tuned via Vy: E¢(Vy) < Ecnp [i-e., p—doped; (c)] and
E¢(Vg) = Ecnp [i-e., charge neutrality point (CNP) with charge carrier density n(Vg) ~ 0;
(d)]. Different THz-induced electronic excitations (e.g., intraband and/or interband) affect-

ing 6(w) can occur depending on Fj.
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Fig. 2 Gate-controlled complex THz conductivity of graphene: from Drude to
non-Drude behaviour. a - e, Real part of complex THz conductivity, ¢(w), for differ-
ent gate voltages Vg tuning the Fermi level E;. f - j, Imaginary part of &(w), for different
gate voltages V. Square and circle markers: experimental data from LiNbOgs and GaP
THz generation configurations, respectively. Solid curves: two-component model fit including
contributions from intra- (dotted blue) and interband (dash-dotted red) transitions. Black
dashed curves: Drude model fit. Filled areas: 4+ experimental standard deviation. Insets:
schematic of graphene Dirac cones with different Ef values, with intra- and interband tran-
sitions triggered by incident THz waveform. As Ef approaches the charge neutrality point
(i.e., |Vg — Venp| — 0), contributions of interband transitions to 6(w) increase: graphene’s
behaviour changes from metal- (Drude) to semiconductor (non-Drude)-like.
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Fig. 3 Two-component model: substantial contribution of interband transitions
at the CNP. a, b, DC conductivity, og (left axis), and carrier intraband relaxation time
constant, 7, as a function of Vg, determined from fitting experimental &(w) with prude(w)
(circles) and &2-comp(w) (squares). Error bars: + fit standard deviation. Solid grey curve:
oo measured via four-point-probe configuration (right axis). ¢, x2 (left axis) and R? (right
axis) as a function of Vg, for Drude (circles) and two-component (squares) model fits. d,
Bintra (blue) and Binter (red) as a function of Vg, quantifying the relative contributions of
intra- and interband transitions to &(w).
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Fig. 4 Interband transitions in charge-neutral graphene enhanced by scattering
of electrons due to structural deformations. a, Real-space schematic of graphene,
with structural deformations inducing substantial electrostatic vector scattering potentials
associated with pseudo-magnetic fields (purple arrows). b, Interband transitions (solid red
arrow) can be enhanced via acceleration of electrons (dashed red arrow) by the incident
THz electric field and subsequent intravalley backscattering (oscillating red double arrow)
flipping the electron pseudo-spin (black arrows).
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Supplementary Note 1. Sample Characterisation

Prior to our terahertz (THz) time-domain spectroscopy (THz-TDS) mea-
surements, we characterised our graphene/SiO»/Si samples via Raman spec-
troscopy and electrical measurements. We performed Raman spectroscopy on
graphene at room temperature using a continuous-wave 532-nm-wavelength
solid-state laser (with a 100x optical objective, power at sample ~0.1 mW),
and a Princeton Instruments Acton Spectra Pro SP-2750 spectrometer. Figure
Sla shows a Raman spectrum, corresponding to the average of ~100 spectra
acquired at different sample locations. This average Raman spectrum exhibits
two prominent G (~1690 cm~!) and 2D (~2700 cm~!) peaks, characteris-
tic of graphene. The full-width at half-maximum (FWHM) of the 2D peak
is Top ~ 29 + 2 cm™!, confirming that our sample consists mainly of single-
layer graphene [1-4]. We also observe a small a small D peak (~1350 cm™1),
indicative of some amount of disorder in the sample [1].

Figure S1b shows Raman spectra acquired at different locations of the
graphene sample. In particular, spectra acquired at regions that appear darker
in optical microscopy image (Fig. S1b inset) exhibit an additional D’ peak at
~1620 cm~!. Also, the 2D peak for these darker regions is broader than for
clearer regions (I'sp ~ 35 cm ™! for the yellow and green spectra compared to
I'op ~ 25 cm ™! for the black spectrum in Fig. S1b). We therefore attribute the
clear regions in the optical microscopy image to clean single-layer graphene,
and the darker region — with the additional D’ peak and broader 2D peak in
the Raman spectra — to a crumpled strained graphene area (that is, effectively
bilayer; see Fig. S8a for schematic of crumpled graphene region) [5-8]. Such
crumpled areas may originate in the graphene growth process and/or during

the transfer of graphene from the etching solution onto the substrate [9-12].
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Fig. S1 Sample characterisation: Raman spectroscopy. a, Raman spectrum consist-
ing of an average of ~100 spectra acquired at different graphene sample locations. b, Raman
spectra acquired at different regions of graphene, showing G and 2D peaks, as well as D’
peak in the crumpled area (green and yellow). Inset: optical microscopy image of graphene,
showing clear clean single-layer (black circle) and darker crumpled bilayer (green and yel-
low circles) areas; circles indicate locations where Raman spectra were acquired. Scalebar:
10 pm.

Notably, these severely strained, crumpled graphene areas are associated with
pseudo-magnetic fields that can be on the order of ~100 T [5-7].

We measured the electrical DC conductivity of graphene, o, as a function
of gate voltage V;, via a conventional four-point-probe configuration (Fig. S2;
see Fig. la in the main text for sample schematic). As V, varies from -60 to
60 V, og decreases, reaches a non-zero minimum at V, = Vonp = 10 V — that
is, the charge neutrality point (CNP) — and then increases again. Venp = 10
V indicates graphene is intrinsically p-doped.

The DC conductivity of graphene o¢ (V) can be expressed as [13]:

i O for |n (V) | < On/2
etlen |4 + 52| for [n(Vg) [ <dn/
ago (Vg> == (Sl)

eptenn (Vi) for n (V)| > on/2
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Fig. S2 Sample characterisation: four-point-probe measurement. The electrical
DC sheet conductivity, oo, as a function of gate voltage V;, measured in a four-point-probe
configuration. Orange curve: fit curve based on Eq. S1.

where fie 1, is the electron/hole mobility, dn is a parameter accounting for the
non-zero conductivity at the CNP, and n (V) is the effective carrier density

given by:

(52)

+
Ne (‘/g) Ps

Here, ng is the carrier density of graphene at Vz; = 0 V (that is, intrinsic

-1
:| + no

”(Vg): [ ! Eleh

doping), ps is a V-independent resistivity given by short-range scattering in
graphene [14], and n. (V;) = CVg/e is the geometrical carrier concentration.
We estimated n. (V) using a parallel plate capacitor model, that is, with
capacitance C' = eegA/d, where e = 3.9 is the dielectric constant of SiOs, and
A =7x7mm? and d = 300 nm are the area and thickness of the SiO; layer,
respectively.

We fit our measured og (V) in Fig. S2 to Eq. (S1), separately for Vy < Venp

(i.e., p-doped, with p = py) and for Vy > Vonp (ie., n-doped, with p = o),



with pn, te, 0n and ps as fitting parameters. This fitting procedure yielded (see
orange curve in Fig. S2) p, = 2700 £ 25 cm?/Vs and pe = 2200 £ 15 cm?/Vs.

We can then estimate the Fermi level Ef of graphene at a given V; as:

moo (Vg)
ep

where vp is the graphene Fermi velocity, and with p = uy, for V; < Venp and

Ef (Vg) - th (83)

= pte for Vg > Vonp.

Supplementary Note 2. Terahertz time-domain

spectroscopy

The THz-TDS experimental setup used to determine the complex dynamic
sheet conductivity of graphene, &(w), is illustrated in Fig. S3a. We generated
THz waveforms via optical rectification [15] of fundamental laser pulses in both
lithium niobate (LiNbOj3) and gallium phosphide (GaP) nonlinear crystals.
In the LiNbOj3 configuration, the fundamental laser pulses were generated
by a Yb:KGW laser (Carbide from Light Conversion; laser repetition rate
200 kHz; effective repetition rate 200/3 kHz,i.e., pulse picker 3 was used). In
the GaP configuration, the fundamental laser pulses were generated by an
optical parametric amplifier (OPA; Orpheus-F from Light Conversion, effective
repetition rate 200 kHz,i.e., pulse picker 1 was used) pumped by the Yb:KGW
laser.

The generated THz pulses, with instantaneous electric field F{jﬁz) (t), were
collimated and focused onto the sample by two off-axis parabolic mirrors (PM2,
3). The transmitted THz pulses, with instantaneous electric field F{%Zns)(tL
were then focused on another GaP crystal and detected via electro-optic sam-

pling [16]. A linearly polarised gate pulse (from the Yb:KGW laser in the
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Fig. S3 THz time-domain spectroscopy (THz-TDS): experimental setup and
time-domain THz waveforms. a, Schematic of experimental setup for generation and
detection of few-cycle THz waveforms. PM: off-axis parabolic mirror. QWP: quarter-wave
plate. WP: Wollaston prism. b, Instantaneous time-dependent electric field of THz wave-
forms transmitted through graphene/SiO2/Si (dashed) and reference SiO2/Si sample areas
(solid). These THz waveforms were generated via optical rectification of fundamental laser
pulses in LiNbO3z and GaP nonlinear crystals, and electro-optically sampled with another
GaP crystal. See main text Fig. 1b for spectra of these waveforms.

LiNbOj3 configuration, or from the OPA in the GaP configuration) propa-
gated through a second GaP crystal, which is birefringent when exposed to
the THz electric field. The gate pulse was then transmitted through a quarter-
wave plate (QWP), which converted it to circularly or elliptically polarised,
depending on the time delay between THz and gate pulses. A Wollaston prism
(WP) separated the gate pulse components propagating along the ordinary
and extraordinary axes. The difference between the two components, which is
proportional to the THz electric field, is detected by two balanced photodi-
odes and measured using a lock-in amplifier locked at a frequency of 6 kHz of
an optical chopper.

Figure S3b illustrates the instantaneous, time-dependent electric field,
FLn) (1) of the THz waveforms generated with LiNbOs and GaP, trans-
mitted through the graphene/SiO5/Si sample, and retrieved via electro-optic

sampling. It contains a directly transmitted transient F{qu;) (t), and a transient
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F%;Z) (t) given by the first internal reflection inside the substrate. We derived
the complex dynamic conductivity & (w) of graphene from these transients (see
Methods in the main text). All THz-TDS measurements were performed in a

nitrogen environment with the sample at room temperature.

Supplementary Note 3. Substrate’s complex

refractive index

The complex refractive index of the SiO /Si substrate, figio, /si (w), is required

to calculate graphene’s complex dynamic conductivity & (w). We calculated

Ngio,/si (W) = Relfigio, /i ()] + ilm[igio, /si (w)] via:

cA(w)

Re[figio, /si (w)] = 1+ od (S4)
C Re/ﬁ/iz i W 12 = (trans
I fisio, si ()] = ——= 1n{ : 4%2[2;225&)2:)] Lz, @ )} (85)

Here, Ts(f(r)zn/ss)h (w) = Fs(f(r)zn/ss)l (w)/ F{ﬂlﬁz) (w) is the SiOy/Si substrate transmis-

sion function, where Fs(ltg;n/bs)l (w) and FU" (w) are the Fourier transforms of
the THz waveforms transmitted through and incident onto the SiOs/Si sub-
strate, respectively, measured by THz-TDS; ¢ is the speed of light, d is the
SiO5/Si substrate thickness and A¢(w) = arg[ﬁéf&i’}ss)i (w)] — arg[Fn) (w)]
is the difference between the spectral phases of Fs(fgzn/ss)l (w) and 151(3;1;) (w)
(computationally unwrapped by applying the technique reported in Ref. [17]).

Figure S4 shows Re[figio,/si (w)] and Im[igio,/si (w)] obtained using
LiNbO3 and GaP THz-generation configurations. The real part of the refrac-
tive index is frequency-independent while the imaginary part has infinitesimal
values in the entire ~0.1—7 THz range. That is, figio, /i (W) & Ngio,/si ~ 3.45.

It is worth noting that the remarkable agreement and consistency between

the retrieved values of 7ig;0, /i (w) obtained from the two different LiNbO3 and
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Fig. S4 Complex refractive index of SiO2/Si substrate. The Re[figio, s; (w)] and

Im[figio, /si (w)] components of the substrate refractive index as a function of frequency,
obtained from LiNbO3 (square) and GaP (circle markers) THz-generation configurations.

GaP THz-generation configurations demonstrate the reliability of using these

two setups for the accurate retrieval of graphene’s THz conductivity & (w).

Supplementary Note 4. Extended Drude-type

models

In the main text, we show that the conventional Drude model, with
ODrude (W) = 0¢/(1 — iwT), cannot explain our measurements of & (w) for
charge-neutral graphene. In this section, we consider other extensions of the
Drude model, i.e., localisation-modified Drude (LMD) model [18, 19], Drude-
Smith (DS) model [20, 21], Drude-Lorentz (DL) model [22], and a microscopic
graphene-specific model developed by Ando et al. [23].

The LMD model takes into account charge transport restriction due
to disorder-induced weak localisation [18, 19], with the complex dynamic

conductivity given by [24]:

Re [F1ap ()] il {1— ¢ (1— 3m)} (S6)

1 + w272 (kpvp)?72



Im [&LMD (OJ)} = 1 3-_0:}27—7—2 [1 + (]{;Fyf)Q 72 <\/6 - \/§>‘| (87)

where C' is a constant on the order of unity, kp is the Fermi wave vector and
vp is the Fermi velocity, with C/ (kpvp)® denoting the impact of the charge
carrier localisation [18]. In this model, og, 7 and C are fitting parameters.
The DS model assumes that a fraction of the initial carrier velocity — rep-
resented by phenomenological coefficients C,, — is retained after the n'" elastic
scattering event (with C,, € [—1; 0]) [20, 21]. In this DS model, the negative
values of (), can result in the suppression of the low-frequency conductivity.
Taking only the first scattering event into account (i.e., C,, = 0 for n > 1), the

DS dynamic conductivity is expressed as:

s (@) = —° [H & } (58)

1 —iwT 1 —iwr

When C; = 0, the DS model reverts to the original Drude model. Note that
the physical origin of the phenomenological parameter C7 can be attributed to,
e.g., significant backscattering, and/or diffusive restoring currents; however,
its exact physical cause remains unclear [25]. In this DS model, og, 7 and C4
are treated as fitting parameters.

Structural vibrations can affect the conductivity of the material, yet they
are not taken into consideration by either the LMD or the DS models. The
DL model is an extension of the Drude model that takes into account such

vibrations phenomenologically, via Lorentz oscillators [22]:

(4)

. 0o teqWA
= S9
oL (@) = T+ D s %, ) (59)
w® —wp F
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(4)

I(Jj ) and v’ are amplitude, reso-

where ¢ is vacuum permittivity, and A}Jj ), w
nance frequency and broadening of the Lorentz oscillator j [26], respectively.
In this DL model, oy, 7, Ag), wﬁj) and 'yéj) serve as fitting parameters. We con-
sidered j = 1,2, 3, without significant differences of the fit for these different
oscillator numbers.

Ando et al. [23] further proposed a microscopic model of the graphene

dynamic conductivity taking into account carrier scattering by screened

charged impurities:

400
anao ) = 28 [ dep() T I gy
0

where e is the electron charge, D(E) = 2E/ (wh%%) is the graphene density
of states, f(Ff, Te) is the Fermi-Dirac distribution as a function of Fermi level
Er and electronic temperature T, and 7(F) is the energy-dependent carrier
relaxation time (governed by scattering due to screened charged impurities,
with 7 o< E) [23, 27]. In this model, the value of Ef as a function of V, was
determined from the four-point-probe measurements, allowing for a 10% vari-
ation across different V; values to obtain a best fit (similar to two-component
model fit in main text).

For comparison, we fit simultaneously the real and imaginary parts of the
THz conductivity of graphene, ¢ (w), with the Drude, LMD, DS, DL and Ando
models using the respective fitting parameters listed above for each model.

Figure S5 shows the experimental Re [¢ (w)] and Im [ (w)], as well as the
corresponding curves resulting from the Drude-type model fits, for different
values of V, and FEf. All Drude-type models are in good agreement with the
experimentally measured 6(w) for p-doped (Ef < —15 meV; see Fig. Sha-c, i-

k) and n-doped (Ef 2 20 meV; see Fig. S5g-h, o0-p) graphene. This agreement
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Fig. S5 Gate-dependent complex THz conductivity of graphene: comparison
between Drude-type fits. a - h, Real part of & (w) for different V; values. i - p, Imaginary
part of & (w). Square and circle markers: experimental data from LiNbO3 and GaP THz-
generation configurations, respectively. Shaded areas: + standard deviation. Dashed green
curves: fit by localisation-modified Drude (LMD) model. Solid magenta curves: fit by Drude-
Smith (DS) model. Dashed blue curves: fit by Drude-Lorentz (DL) model. Solid red curves:
fit by Ando model [23]. Dashed black curves: fit by Drude model. All Drude-typde models
result in very similar fit curves.
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Fig. S6 Drude-type DC conductivity, carrier relaxation time constant and good-
ness of fit. a, DC conductivity og, b, carrier relaxation time 7, ¢, Pearson’s x2 test and d,
coefficient of determination R? as a function of Vg and Ef, determined from fitting the mea-
sured & (w) with the conventional Drude (black circles), localisation-modified Drude (LMD,
green diamonds), Drude-Smith (DS, magenta triangles), Drude-Lorentz (DL, blue pentagon)
and Ando (red circles) models. All Drude-type models yield very similar fit results.
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Fig. S7 Drude-type fit residuals near the charge neutrality point. a-c, Residuals
of Re[5(w)] fits given by Drude-type models. d-f, Residuals of Im[& (w)] fits. All Drude-type
fits yield similar residuals.

is further evidenced by the small Pearson’s test values (x? < 50) and high
coefficients of determination (R? > 0.9), as depicted in Fig. S6c-d.

In the case of charge-neutral graphene (—5 < Er < 10 meV), none of the
considered Drude-type models are able to accurately reproduce both Re [6 (w)]
and Im [ (w)] simultaneously (see Fig. S5d-f, l-n). Note that all extended
Drude-type models yield fitting curves, as well as values of op and 7, that are
comparable to the conventional Drude model (Fig. Sba-b).

The inadequacy of the Drude-type models in explaining 6(w) for charge-
neutral graphene is further evidenced by the substantial increase in x? (with
XENp/ Xiopea > 400%), by the decrease of R from > 0.9 to < 0.6 (Fig. S6¢-d),

and by the large fit residuals (Fig. S7).

Supplementary Note 5. Derivation of the

two-component model

In this section we present a full derivation of the two-component model for

graphene’s complex dynamic conductivity. The model is derived based on the
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time evolution of the density matrix p given by the Liouville-von-Neumann
equation, ihdip = [H, p]. Here, a two-band model for a single Dirac cone is
considered. Under the irradiation of a THz waveform with instantaneous elec-
tric field F'(¢), the surface current density in the time domain can be expressed

by using the density matrix formalism as:

J(t) = \/% /dw et F(w) (w) = —(e/L*)Tr [pV] (S11)
where e is the polarisation vector (e = eyk; + eyky, with {k;, k,} being
unit vectors defining a 2D Cartesian coordinate system), F/(w) is the Fourier
transform of the THz waveform electric field, 6(w) is the graphene sheet con-
ductivity (as in the experiment, i.e., in units of conductance e?/h), e is the
electron charge, and L? is the effective area of graphene exposed to the THz
waveform. In the vicinity of the Dirac cone and in polar coordinates, the matrix

elements of the velocity operator v read as:

A(n) (kg cos@ + Kk, sind), n=m,
Vi = opé (k — k) ! (S12)

iA(n) (kysing + Ky cosb), n#m,

Here, vp is graphene’s Fermi velocity, n,m € {¢,v} are band indices (c:
conduction, v: valence band), A(n) = 1if n = cand A(n) = =1 if n = v, k and
k' are electron wavevectors, and 6 represent polar angles.

We consider graphene’s electronic density matrix p, whose (unitless) ele-
ments are associated with the occupation probability and polarisation of

graphene’s electronic states |k, n). By decomposing p into diagonal (f), non-

diagonal intraband (f) and non-diagonal interband (7) components, p =
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f+ f+7, and considering the system’s Hamiltonian (see Methods in the main

text), the quantum kinetic equations can be written as:

Orfnx x = ZAwklk/ s+ i (Fuser = Frxe) Q(" n oy Hf:f’ﬁ), (S13a)
Ty k = iAwkfif, Tk + @ (fc,k/ — fv,k) Ql(:,lf() + Hf:}’qf(), (S13b)

O Fose = A ZIm[ 0]+ Zlm[ O e+ T,
(S13c)

Here, QS?) = eF(t) [ d(" m)} /h is the Rabi frequency, dl(:f ) s the
dipole moment matrix element, Awgy = (Ecx — Eyx)/h is the transi-

(n,m)

tion angular frequency, and Hkrf’k is the scattering term associated with a

scattering potential V:

e = Ll = S el - vaweel] . s

Jyk//
Assuming that the perturbation from the incident THz electric field is
sufficiently weak to maintain the carrier distribution in the Dirac cone near its

thermal equilibrium value, the density matrix p(t) can be expressed as:

p(t) = p'V + pM(2) (S15)
where p(©) = f(0) represents the thermal equilibrium Fermi-Dirac distribution,
while p(M)(¢) = fA(t) + fD(t) + 71 (t) corresponds to the first-order time-
dependent density matrix. We neglect higher-order perturbations; that is, we

assume we are in the linear regime. The time evolution of p(t) becomes [28]:
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oM (t) = [HO, o ()] + [HD, o] . (S16)

where H( is zeroth-order Hamiltonian (independent of incident field) and
H®W = H; is the first-order Hamiltonian describing the interaction between
graphene and incident THz electric field (Hamiltonian is defined in the Meth-
ods of the main text). Note that H© +£ Hy, and that H® contains Hcast
accounting for scattering of electrons by the scattering potential V.

In Eq. (S13)c, the first two terms are of second-order with respect to the
incident field, thus they do not contribute to the linear response of the system

and can be neglected [29]. The system of Egs. (S13)a-c can be rewritten as:

Ouf\ae = I F s i (0 = 1%) QU0 + 1M, (8170)

8t7rl({1,?k = iAwl({fif,)ﬂ kT ) (fC " fioﬁ) Qf(clf) + Hfj’ff()(l), (S17b)
O f e =m0, (S17¢)

where H]((,’ ™M) ig defined by Eq. (S14) where p is replaced by p™)

Note that the applied field does not induce changes in the density matrix
diagonal elements in Eq. (S17)c in the first order, however, it can contribute
here indirectly via the scattering terms.

The second term in Eq. (S17)a reads:

(0) 7(0)
(f(O) _ J(T )) Q(n n) _ ZeF( ) (fn k’ fn k)
n,k’ n,k k' k A Awl((nl,:) |k|

(S18)

In the linear regime, and without considering scattering, the incident THz

electric field itself is not capable of providing significant momentum transfer.
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Therefore, the first-order microscopic intraband polarisation f .k’ k 1S NON-ZETO

only when k’ — k. Taking this limit, we obtain:

li <f(0 -/, 0)) li o <ﬁ(tol)d _ fg’i) 7(0) S19
k’link Awl((nl.,j) = o vr (k| — [K]) f . (519)

Therefore,
(T = o) W e (0 (- Vi) (s20)

The third term in Eq. (S17)a can be approximated as [30]:

@) Fok
kl/link Hk, Koo= T (S21)

where constant 7 is the intraband carrier momentum relaxation time constant.

The scattering term in Eq. (S17)c reads:

n,n)(1 { n,j j,m)(1 n n,7)(1
ch,k W= _ﬁz [Vk(,k’J)pg’,k)( ) - Vk(/]k)pi kjf)( )}

J.k
1 (nm) 7] _ 1 (nn) ,(1)] _ 1 )M (922
- ﬁlm [Vk,k fn,k:| - ﬁlm |:Vk,k fn,k:| - ﬁlm |:Vk,k Ty k:| (522)
1 n, (7,m)(1 n) (n,j)
LS [ v ]
J,k' #k

Note that the product Vk(ln)f( L isreal, i.e. Im [ 1A% ")f(l)] = 0. Also, we
assume that: (i) scattering involving electronic transitions within a same band
is significantly more probable than scattering involving interband transitions,
ie. Vk(" RIS Vk(iv); (ii) in the considered few-THz frequency range, the intra-

(1)

band response remains larger than the interband response, i.e., f (lk > Tk

[31]. This leads to:
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n,n 1 n,n n n
ch,k )(1) — h [V( )f(l } ]kz/;k {Vk n,j) (J Vk(’Jk)pl(c lf’)] (823)

It has been previously shown in Ref. [30] that the sum in the last term
in the right-hand side of Eq. (S23) can be neglected when scattering remains

moderate. With these approximations, the kinetic equations Eqgs. (S17)a-c

become:
(1)
1) _ eF() 7)) fnk
Oifnye =7 (e Vif, ) - (S24a)
mihe = i mh + 1 (O = FI%) 9 + i), (S24b)
r 1 n,n
Ol = —<m [V 10 (524c)

The scattering potential V' causes the relaxation of the non-equilibrium
distribution function. As an ansatz, we therefore propose a solution for fr(Lll){(t)

in Eq. (S24)c in the form of fflll)((t) =a(t)e

1 n,n
—aa(t)e " + [ra(t)] e = —ﬁlm [Vlik’ )f(ll)c] . (S25)

n,

Assuming that a(t) varies slowly in comparison to the fast decay of the
first-order distribution function f_’r(Llll (where an out-of-equilibrium first-order
distribution f, F i decays to equilibrium typically on timescales of 10-100 fs [32—-
34], i.e., typical characteristic frequencies of 10-100 THz) — that is, with «

larger than ~7 THz, the frequency of the fastest oscillating Fourier component
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of the incident THz waveform — the second term in the left-hand side of Eq.

(S25) can be neglected. As a result, o = Vk(’nk’n)/h7 and we obtain:

(1)

(1 _ eF) 70 _ Inic
Ot =2 (e Vicflh) - K, (526a)
Ormihe = i mh + i (U - F%) oo +mg . (s26m)
Fie=1m [70] (5260)

Note that Eq. (S26)c is reminiscent of the relationship between the retarded
Green'’s function and the lesser Green’s function (electron correlation function)
according to Lehmann’s representation [35].

Equation (S26)a can be solved analytically:

t
10 =5 (- vd) [ drre)e™ (s27)

— 00

In the frequency domain, Eq. (S27) reads:

reF(w) ( Vi f“’))
B h(1—idwr)

(S28)

Assuming that the electromagnetic field is linearly polarised along the z-
axis, this expression can be rewritten in the polar coordinates as follows:
i 7(0)
TeF(w)Ok f, ) cosf

©) — ,
S = = (529)

Let us now consider Eq. (S26)b when k’ — k. The scattering term can be

decomposed as:
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Cc,v ? Cc,v
e = h[ Ve ) ﬁVk(k)} (S30a)
Z[vlfif e~ o Vo] (S30b)
Z [Vk(ckilf) (Tj ) (1) pl({ckcl)(l)v(c v)} (S30¢)
k’

The first term, (S30)a, depends linearly on the scattering potential V.
For disordered graphene, the spatial variation of this scattering potential is
random, and can take both positive and positive values, i.e., its real-space
integral is close to zero. The second term, (S30)b, is of second-order with
respect to the scattering potential and can result in constructive or destructive
interference with coherent interband processes. The term (S30)c contributes

to dephasing and can be accounted for via the dephasing time approximation:

c,v)(1) 1 c,c 1 1 v,V 1

TP & -5 5 [ - r W] -l (30
k/

where ~ is a phenomenological quantity describing the dephasing rate of

the interband polarisation [36]. With this approximation, the solution of Eq.

(S26)b in the frequency domain for k = k' reads:

ieP(w) (e di) (£ = 71)
h(w— Awg x + i)
iV [ (@) — ik @)V
h(w— Awkk +i7)

ol

w) =

(S32)

where e - dx = (e/k) (e sinf + e, cos 6).
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The second term on the right-hand side of Eq. (S32) is dependent on

Wl((l,)k (w), which is yet to be determined. For this calculation of W]((%?k(w) [given

by Eq. (S26)b], we simplify the scattering term Hl(f/’i)(l) by just keeping the
term Eq. (S30)a, which depends linearly on the scattering potential V' [30].

From this approximation and from Eq. (S26)b, we obtain in the frequency

domain for k # k'

iV [T @) = )]
h(w— Awyr x + 1)

1
Wl((,?k(w) = -

(S33)

where 7/ is the dephasing rate for non-momentum-conserving interband
coherences. Note that v # /.
Substituting Eq. (S28) into Eq. (S26)c and then into Eq. (S33), we obtain:

eF(w)Vk(/c’lf) ((“)kfc(ok), cosf — akf,fo,z cos 9) .
T (W) = : 7 — Im _ (S34)
h? (w — Awyr x + ') 1 —dwr

We simplify Eq. (S32) by defining the factor

0= [ mé — mii |

The sum over k can be transformed into an integral via:

27 [e'e)

L: /de/dkk (S35)

0 0

This leads to the following expression for ©:
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0 = F(w)Im [1 —sz} /d@’/dk k'

er(ij) Vk(,clf [3}« fc(’ L cos 0 — 0y, fv’ 4 COS 9]
h2 w — Awaf, + /Lry/

- (S36)

evk(7k, Vk’ {akfc cos§ — 8krf7£?,3, cos 9'}
h? w — Awyr g + 7'

We assume that, in real space, the scattering potential V varies very
abruptly as a function of position (i.e., within ~1 nm, i.e., several times the
lattice constant of graphene), that is, in reciprocal space, it varies smoothly
as a function of & in the vicinity of the Dirac cone (maintaining, however, the

angular dependence given by the Bloch functions in graphene):

~ T 1.2 e
0 =F(w)l €
(w) m[liaﬁ} aE e
7 T {@«f cos 0 — O f°) cos 9}
/ o'V, GOV / di'k u k
0,00 Vo0 R NE—— S57)

0 0

i 11 (ew) 1 (v,0) T , [3kfc(,0k) cos 0 — 8k/ﬁ§?,2, cos 0’}

/d9 Vy 07 Vgl /dk k R

0 0

The scattering potential matrix elements in Eq. (S37) can be associated
with either a scalar scattering potential or vector scattering potential. For any
scalar potential V(r), e.g., given by charged impurities [23], these scattering

potential matrix elements are:
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VR = KV T K) = [0 4 Am)A(m) | View (938)

where I is the 2 x 2 identity matrix and Vi, = (1/L?) fdrV(r)ei(kfk/)r.

Note that the expression
Vk(’nk’,m) Vk(,rjlk’m) = iVi2 1 (sin 8’ cos @ — cos 0’ sin 6) (S39)

is symmetric with respect to the exchange of band indices.

Conversely, for interactions of electrons with a vector scattering potential
A(r) = A9(r) k, + AW (r) K, (for example, associated with out-of-plane
pseudo-magnetic fields in graphene caused by significant strain or structural
deformations such as folds, bumps, crumpled areas [6]), the scattering potential

matrix elements are given by:

V™ = eve(n,K'|o - Alm, k)
= 5 [ome® (Al =il ) w e (4l +ialh )]
(S40)
where o is the vector of Pauli matrices, and
- 1 e 1/
Al({,l,(.v{) = — [ drA@Y) (p)eikK)r, (S41)

LZ

In this case, the products Vk(al{,m ) Vk(,m l'ém) become:
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1 52,,2
VI = Am) =5

[(\Al(fl)(, > — |Al(<y1)(, |2> (sin@’ cos @ + cos @' sin ) — (542)

QAI(SLZI)(IAS{])(, (cos @' cosf —sinf sinf)]| .

This product Vk(?lk’,m )Vk(f)n k’m) is antisymmetrical with respect to the inter-
change of the band indices.

In the case of scalar scattering potentials, Eq. (S39), where Vk(ij) Vk(,c ’lf) =
Vk(,v i )Vk(f’k’f), the subtraction in the curly brackets in Eq. (S37) is close to zero
at the CNP due to symmetry between electrons and holes. Conversely, for
vector scattering potentials, Vk(if) Vk(/c ’;:) = ka(fif)Vk(f}k’,C), which leads to the
flip of the sign of one of the terms in the curly brackets in Eq. (S37). There-
fore, only scattering given by a vector scattering potential can significantly
affect the interband transition probability, and hence the dynamic conductivity
associated with such transitions, in the vicinity of the CNP.

For a vector scattering potential, the product Vk(rf{/m )Vk(fjl k’m)depends on
a factor of either cos@’ or sinf’, see Eq. (S42). The integrant in Eq. (S37)
contains terms either with cosf’ or cosf . Consequently, terms in the curly
brackets of Eq. (S37) can be either proportional to cosf’ or to cos?#’. When
integrating over ', the former case results in zero. Hence, Eq. (S37) can be

rewritten as:
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~ L2 e
0 =F(w)l
(0)tm [1 - m] (2m)2 12
27 0o #0) ,
8k/f( , cos 0
d&’v(cvlc)v(/cvv) /dk/k/ c,k
/ nor o w — Awg,kr + Y’ (S43)
0

5k/ f(olg, COSs 0’
v, / v,
/deVg a7 /dkkw_Awk/7k+W

Taking the symmetry of the scattering vector potential, Eq. (S42), into

account, Eq. (S43) becomes:

27 0o

F L2 8/_0(0/ 8/1}/
P C) elm[ - }/devgiﬁvg,e cosQ’/dk’k’kf’k G

(2m)2 K2 1 —dwr w — Awg g + 07
0
(S44)
Assuming v — 0 [30, 36], we obtain
lim ! =P = + 6 (w— Awg i) (545)
=0 (W — Awppr +177)  w— Awg, g/ ik

where P denotes the principal value of an integral under which this relation is

used. Only considering the real part [30, 36] Eq. (S44) becomes:

2

m[ - } {5% 3kf(0)}/dG’VQ(’cg’/C)VQ(,C,g)) cos’  (546)

1—wr

emkF(w)

0= ’UFFL2

0
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Substituting Eq. (S46) into Eq. (S32), and then Eq. (S28) and Eq. (S32)
into Eq. (S11), we obtain the following conductivity:

(W) = Gintra (W) + Foper (W) + Ty (W) (S47)

where Fiptra (w) is the intraband dynamic conductivity, l(r?ter (w) is the direct
(i.e., momentum-conserving) interband dynamic conductivity, and Ulnt);er (w)
is the indirect (i.e., non-momentum-conserving) scattering-assisted interband
dynamic conductivity. The first two can be obtained by assuming that the

incident THz waveform electric field is linearly polarised along the z-axis; using

Egs. (S11)-(S12) we get:

62UF Takf(o)
2hL2 - 1 —wTr

(0) _ 7(0)
5_'(0) (w) _ 1€" VR Z (f f )
inter 2hL2 Lk (w — nAwg, + i)

0s? (S48)

&intra (LU) =

sin? 0 (S49)

1—iwr

(s ie? T
Ui(n'ZCr(w) = ﬁlm |: . :|

X
k,n==+1

#(0 (0 2
k (akfc(’k) B 8kf75’]2) " (c,0) 1/ (cv) ;.
fi(w — nAwy + ) /d9 oo Vo y cost'sind

(S50)
The integral over ¢’ in (S50) results in:
(a f(o) 8]@]250))

2 2712
56) () = R VLT, u in® 6
Ointer (W) hL2 h’UF m 1 —iwt Z h (UJ — ’r]AWk; + 1’7) -

k,n==+1
(S51)
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where

_ e*v T
7= SO (A0, - 1A, (852)

The quantity v has units of energy and is associated with the spatially
averaged square of the vector scattering potential of disordered graphene. This
interpretation provides a connection with the autocorrelation function of the
vector potential via the Wiener—Khinchin theorem [37].

By using polar coordinates [36] and again transforming discrete sums over

k into integrals:

~ 62’UF i kT 70) #(0)
Ointra (W) — Anh /dk 1 — iwr ( f f'u k) (8533)
£(0) _ £(0)
ie2v2 fc k fv k
50 (w) = “F / dk k ( ) (S53b)
4rh Aw? — (w+ iv)?
w22 T 0 T(w, k1) (S — oY
50l (w) = = E / dk k? (9723 ) (S53¢)
4mh / Aw? — (w+iv)?
Here,
kL? T
Tlw k) = h%plm [1 - in} (854)

is the self-energy associated with scattering-assisted interband transitions.
We used Egs. (S53)a-c to fit our experimental measurements of &(w) (see
Figs. 2, 3 of main text), with the Fermi-Dirac distribution f, 70  at room tem-
perature determined using the Fermi level Ef obtained from four-point-probe
measurements for different gate voltages V5 (see SI Supplementary Note 1; we
allowed for a 10% variation of Ef across different values of V, to obtain a best
fit). We assumed 7(Vg) = ay/n(Vy) [27], where n(Vy) is the Vy-dependent car-

rier concentration determined via four-point-probe measurements. We used v
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and o as global fit parameters (i.e., same for all Vj, allowing for a 10% vari-
ation of «v across different values of V), and +y as a local fit parameter (i.e.,
varying as a function of V;). Note that Gintra (w) follows a Drude-like trend
(see Fig. 2 of main text).

Equation (S53)a represents Drude-type intraband conductivity. The posi-
tion of poles in Eq. (S53)b coincides with the positions of poles for Eq. (S53)c.
For both equations, they are located in the lower complex half-plane. There-
fore, the expression of 6(w) given by Eq. (S53)a-c satisfies the Kramers-Kronig
relations.

The scattering-assisted interband transitions in graphene are attributed
to the presence of a vector scattering potential A. The T (w, k,7) function
describes the interplay between intra- and interband dynamics that result from
the presence of such a vector scattering potential, and which cannot be asso-
ciated with a scalar potential (see above). Such a coherent coupling between
intra- and interband transitions is enabled in the linear regime by the vector
scattering potential which hybridises states that possess different pseudo-spins.
Note that this process is characteristic of semimetals and narrow-gap semicon-
ductors, where interband transition energies are on the order of 4/7. It has been
established [6] that a vector scattering potential enables intravalley backscat-
tering involving flipping of the electron pseudo-spin; such pseudo-spin-flipping
intravalley backscattering is forbidden in graphene in which vector potentials
are absent. Additionally, we have established that such processes involving
a vector potential driving intravalley backscattering affect and hence can
enhance effectively interband transitions. Note that the quantity #2T is unit-
less, and can be considered as a vertex correction [35, 38] to the electron-photon

coupling given by the scattering of electrons by the vector potential.
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Now, where can such a vector scattering potential arise from in the specific
case of graphene, in particular when no external magnetic field is applied? In
the case of graphene, significant strain and structural deformations (e.g., fold-
ing, crumples, wrinkles, ripples, point defects), which can occur during growth
or transfer [9-12, 39], can give rise to significant gauge fields A, associated
with pseudo-magnetic fields B = V x A [6, 40]. That is, we hypothesise that
such pseudo-magnetic fields in graphene, resulting from significant structural
deformations, can affect 6(w) via scattering driven by A.

As an example of such a structural deformation, here we consider the spe-
cific case of the effect of a crumpled area on graphene’s &(w). We model such
a crumpled area as a pair of half-circular folds (see Fig. S8a). Such folding can
give rise to a gauge field A(r) = A®)(y) e,, with [6, 40]:

_ 3ern a°

= o ) (S55)

A@) (y)

where, for the sake of this example, we use parameters €., = 3 eV, C-C bond
length a = 1.42 A, and a maximum fold radius of curvature R(y) = Rpax ~ 4
A [6, 40-42]. In this case, A®) (y) = 0 except for y coordinates associated with

2
max

the location of the folds; at these locations, we assume that A®) (y) oc 1/R
is constant, for y within a real-space span of mRy.x (see Fig. S8b).

It is important to note that in real systems, R(y) varies smoothly as a
function of y; otherwise, B = V x A is ill-defined. The assumption of a con-
stant R(y) at the fold is an approximation that simplifies computations of the
scattering potential. We can estimate the maximum magnitude of B, Br(rfgx
(along direction z orthogonal to the graphene sheet), by assuming that R(y)
goes from Ry, to zero at the fold edge within one lattice constant v/3a. By

applying a finite difference approximation for V x A, we obtain:
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2
[AZ2] ~ sinc(aRmaxk)

FT
—

TRmax

Fig. S8 Example of crumpled graphene area. a, Schematic of crumpled area of
graphene, with two folds with a radius of curvature ~Rmax. b, Magnitude of gauge field
A(r) as a function of coordinate y: the gauge field is non-null and constant within a y-span
of TRmax. ¢, Squared modulus of the Fourier decomposition of A(®) (y) as a function of
wave vector k, proportional to sinc? (7 Rmaxk).

(2) _ \/gﬁmr a

max ~ 2
S8evp RZ .«

B

=192 T. (S56)

This estimated value of B&fgx is consistent with previous studies on
graphene [6].

Assuming a random distribution of folds in our graphene sample, with folds
aligned with equal probability along any axis, the vector potential Fourier
components can be averaged over angles 6 and ', and expressed (i.e., Taylor-

expanded) around k, k' = 0 as follows:

T 1 i(k—k’
A( ) _ drA(w)(r)ez(k k)r _

kk' T2
S57
ﬁeﬂwazl (7 Ru [k — k’|) N 3771'267”1-0,21 ( )

AL2 Ry VT imax T AL R |

where [ is the overall effective fold length throughout the considered graphene

area.
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By substituting this expression in Eq. (S52), we can establish a relationship
between the effective length of folds in our graphene sample, [, and parameter
v. From the fitting of our experimental ¢(w) for charge-neutral graphene with
the expression of &(w) given by our two-component model [Egs. (S53)a-c], we
estimated ¥ =~ 4.63 - 107 eV, which gives us an estimate of [ ~ 8.28 mm. We
can also estimate [ experimentally via optical microscopy and Raman spec-
troscopy of our graphene sample (Fig. S1), for an area of graphene of ~1 mm?
irradiated by the THz waveforms in our THz-TDS experiments; we obtain an
experimental estimate of [ &~ 2.7 mm. We assert that the qualitative agree-
ment between these estimates of [ validates our two-component model, and
that the latter provides a plausible physical explanation of our experiments.
Importantly, note that this considered case of a graphene fold is an arbitrary
example of a plausible cause for the vector scattering potential A; as men-
tioned above, this vector scattering potential A could be the result of many
other types of deformations or defects.

To provide further validation for the two-component model, we calculated
&(w) using Egs. (S53)a-c with values of 7, o and 7 obtained by fitting our
experimental data (see above), for V; = -40, 10 and 40V, for sub-THz to optical
(~10% THz) frequencies. Figure S9 shows the calculated Re[d(w)]. Indepen-
dently of the Fermi level Ef, Re[5(w)] converges to a constant value of we?/2h

for w/27w 2 100 THz, that is, in the optical region, where direct interband

transitions dominate, consistent with previous studies [27, 43-45]. Note that
this calculated Re[d(w)] is also consistent with measurements in the mid- and
far-IR, [46, 47]. This further corroborates the validity and reliability of the two-

component model in describing the complex dynamic conductivity of graphene

for a broad range of doping levels and frequencies.
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— Vg =-40V, E; ~ -50 meV
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Fig. S9 Real part of two-component model dynamic conductivity: from sub-
THz to optical frequencies. for different gate voltages (V5). Curves calculated by using
the two-component model Egs. S53a-c, for different gate voltages Vg, for parameters 7, v and
~ obtained from fitting of experimental data. Regardless of Vg values, Re[6(w)]|converges to
constant optical value of we?/2h.

Supplementary Note 6. Contribution of
scattering-assisted interband transitions to

complex dynamic conductivity

In the main text and Supplementary Note 4, we concluded that Drude-type
models cannot fully describe the measured &(w) in the ~0.1 - 7 THz range
for charge-neutral graphene. As discussed in the main text and above, the
complex dynamic conductivity of graphene is given by contributions of intra-
band, Gintra(w), and interband, Finter(w), electronic transitions. As outlined
in the two-component model section above, the interband transitions include
direct (momentum-conserving) transitions [with contribution 51(1?t)er(w)] and

scattering-assisted indirect transitions [involving momentum transfer, with

contribution & (w)]; see Eqgs. (S53)a-c.

inter
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Here we show that only accounting for direct interband transitions, i.e.,
~(s)

Ginter(w) = 0 with ¥ = 0, is not able to reproduce our experimental data.

Figure S10 shows the experimental Re [¢ (w)] and Im [ (w)] for different gate
voltages V;, as well as fit curves given by the conventional Drude model
and the two-component model (with both v = 0 and v # 0, i.e., without
and with contributions from scattering-assisted interband transitions, respec-
tively). See above for details on fitting procedure. Residuals, DC conductivities
00, intraband relaxation time constants 7, Pearson’s x? test and coefficient of

determination R? resulting from these fits are shown in Figs. S11, S12.

Vo=-400V Vy=-200V Vg=0.0V Vg=75V V;=100V Vg=125V V=200V V;=40.0V

Ef=-50meV Ef=-35meV Ef=-15meV Ef=-5meV Efr=0meV E=10meV E=20meV E = 30meV
(p-doped) (p-doped) (p-doped) (~ CNP) (CNP) (~CNP) (n-doped) (n-doped)

Re[d(w)] (e?/h)

0/O Experiment
=== Drude model
2-comp. model (V = 0)
. model (V = 0)

Im[&(w)] (e2/h)

-10f i j k I m n o P

2 4 60 2 4 60 2 4 60 2 4 60 2 4 60 2 4 60 2 4 60 2 4 6
w/2n (THz)  w/2n (THz) w/2n(THz) w/2n(THz) w/2n(THz) w/2n(THz) w/2n(THz) w/2n(THz)

Fig. S10 Gate-dependent complex THz conductivity of graphene: comparison
between Drude model and two-component model. a - h, Real part of & (w) for differ-
ent Vg values. i - p, Imaginary part of & (w). Square and circle markers: experimental data
from LiNbO3 and GaP THz-generation configurations, respectively. Shaded areas: & stan-
dard deviation. Dashed black curves: fit by conventional Drude model. Solid green curves:
fit by two-component model without contribution of indirect scattering-assisted interband
transitions (o = 0). Black curves: fit by complete two-component model with contribution of
indirect scattering-assisted interband transitions (7 # 0). Complete two-component model
provides a better fit.

For doped graphene, all considered models provide similar fits (see Fig.
S10a-c, g-h, i-k and o-p). For charge-neutral graphene (Fig. S10d-f, I-n), the

Drude model and the incomplete two-component model with &i(szer(w) =0
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Vg=75V Vg =100V Vg =125V
Ef = -5 meV Efr= 0 meV Ef = 10 meV
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Fig. S11 Residuals of fits near the charge neutrality point. a-c, Residuals of
Re[6(w)] fits. d-f, Residuals of Im[6(w)] fits. Dashed black curves: fit by conventional
Drude model. Solid green curves: fit by two-component model without contribution of
indirect scattering-assisted interband transitions (v = 0). Black curves: fit by complete
two-component model with contribution of indirect scattering-assisted interband transitions

(% # 0).

E: (meV)

o, (e?/h)

T

T (fs)

P
N
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Fig. S12 DC conductivity, carrier relaxation time constant and goodness of fit.
a, DC conductivity og, b, carrier relaxation time constant 7, ¢, Pearson’s x? test and d,
coefficient of determination R2 as a function of Vg and Ef, determined from fitting the mea-
sured & (w) with the conventional Drude (black circles) and two-component models (without
and with contribution of the scattering-assisted interband transitions; green triangles and-
black squares, respectively).



34

(i.e., = 0) cannot precisely capture both Re [6 (w)] and Im [6 (w)] simultane-
ously; only the complete two-component including indirect scattering-assisted
interband transitions (i.e.,  # 0 and 5i(iger(w) # 0). This is evident from the
larger fit residuals for the Drude and incomplete two-component models in
comparison to the full two-component model (Fig. S11), as well as from the

values of Pearson’s x? test and coefficient of determination R? near the CNP

(Fig. S12¢-d).

Supplementary Note 7. Consistency of complex

dynamic conductivity measurements

In Fig. 2 of the main text, we show the complex dynamic conductivity of
graphene & (w), for five representative gate voltages V, and corresponding
Fermi levels Ef. Figure S13 shows & (w) for the full V range considered. The
DC conductivity og, electron intraband relaxation time constant 7, Pearson’s
x? test and coefficient of determination R? resulting from the two-component
model fit of these & (w) data are shown in Figs. 3a-c of the main text. We then
calculated parameters Singra and Sinter (main text Fig. 3d) for gate voltages Vj
at which & (w) in Fig. S13 were acquired.

For consistency, we performed THz time-domain spectroscopy (THz-TDS)
and retrieved & (w) for other graphene/SiO3/Si devices, in addition to the
device for which data are reported in the main text. These additional devices
2 (Dev. 2) and 3 (Dev. 3) were fabricated by the same method, and showed
similar carrier mobilities (~2000 cm?/Vs), as device 1 (Dev. 1) of the main
text (see Methods). As for Dev. 1 in Fig. 2 of the main text, we observed for
these Devs. 2 and 3 the suppression of Im[¢ (w)] when Er = 0 (Figs. S14, S15),
with the two-component model providing a better fit of the experimental data

for charge-neutral graphene (significantly smaller x? and larger R? in Fig.
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Vg=-400V Vy=-200V Vg=00V V=75V Vg=100V Vg=125V V=200V V; =400V
Ef=-50meV Ef=-35meV Ef=-15meV E;=-5meV Er=0meV Er=10meV Ef=20meV E;=30meV
(p-doped) (p-doped) (p-doped) (~ CNP) (CNP) (~CNP) (n-doped) (n-doped)
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Fig. S13 Gate-dependent complex THz conductivity of graphene. a - h, Real part
of & (w) for full Vi range considered. i - p, Imaginary part of & (w). Square and circle markers:
experimental data from LiNbO3 and GaP THz-generation configurations, respectively. Solid
curve: fit by two-component model. Dotted (dashed-dotted) curve: intraband (interband)
contribution. Dashed curve: fit by Drude model. Shaded areas: + standard deviation. Panels
a, d-f, h-i, I-n, p are shown in Fig. 2 of the main text.
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Fig. S14 Same as Fig. S13, for additional device Dev. 2.

S16) than Drude-type models . Therefore, we conclude that our experimental
observations and their explanation by the two-component model shed light on
general physical properties of gate-controlled graphene, that are not specific

to a particular device.
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Fig. S15 Same as Fig. S13, for Dev.3.
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Fig. S16 Two-component fit vs. Drude fit for devices Dev. 2 and 3. a, b, DC
conductivity o9 and intraband relaxation time constant 7 as a function of Vy for Dev.
2, determined from fitting experimental & (w) (Fig. S14) with &prude (w) (circles) and
F2-comp. (W) (squares). Error bars: & standard deviation of fits. ¢, Pearson’s x? test (left-
axis) and coefficient of determination R? (right-axis) as a function of Vg, for Drude (circles)
and two-component (squares) model fits. d - f, Same as (a - c), for Dev. 3 (Fig. S15). Near
the charge neutrality point (i.e., Vg = Vonp), the two-component model yields better fits,
with smaller x2 and larger R2.
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Supplementary Note 8. Complex dynamic
conductivity retrieved with LiNbQOg3
THz-generation configuration: direct vs.

1st-reflection retrieval

In the ~0.1 — 1.5 THz range, with THz waveforms generated with the
LiNbOj3 configuration, the graphene complex dynamic conductivity 6(w) can
be retrieved by measuring either the directly transmitted or the first-reflected
THz transient, as discussed in the Methods of the main text. This section
compares these two retrieval methods.

Figure S17 shows the real and imaginary parts of 6(w) in the frequency
range of ~0.1 — 1.5 THz for different gate voltages V, and Fermi levels Ef
(p-doped to charge-neutral to n-doped graphene), retrieved via the LiNbOj
THz-generation configuration (see SI Supplementary Note 2).

The values of Re[d(w)] and Im[6(w)] retrieved from both methods are
very comparable, with values obtained from the directly transmitted THz
transient falling within the standard deviation of 6(w) retrieved via the first-
reflection method. Notably, the standard deviation of &(w) retrieved via the
first-reflection technique is significantly smaller than that obtained from mea-
suring the directly transmitted THz waveform, within the full ~0.1 — 1.5 THz
range and for all considered gate voltages. Consequently, the retrieval based
on the first-reflection THz transient was chosen for determining 6(w) within

the ~0.1 — 1.5 THz range, as discussed in the Methods section.
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Fig. S17 Complex dynamic conductivity in the ~0.1 - 1.5 THz range: direct
vs. lst-reflection retrieval. a-c, Re[o(w)] and d-f, Im[5(w)] of graphene for different
gate voltages V; and corresponding Fermi levels Ef, retrieved via LiNbO3 THz-generation
configuration measuring either the directly transmitted (grey dashed curve) or first-reflected
(white circles) THz transient. Grey shaded areas and error bars: + standard deviation. The
two retrieval techniques result in comparable values of &(w), with 1st-reflection technique
showing significantly smaller standard deviation.
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