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3.0 ABSTRACT

The study of brain clearance mechanisms is an active area of research. While we know 

that the cerebrospinal fluid (CSF) plays a central role in one of the main existing clearance 

pathways, the exact processes for the secretion of CSF and the removal of waste products 

from tissue are under debate. CSF is thought to be created by the exchange of water and ions 

from the blood, which is believed to mainly occur in the choroid plexus. This exchange has 

not been thoroughly studied in vivo. 

We propose a modified arterial spin labeling (ASL) MRI sequence and image analysis to 

track blood water as it is transported to the CSF, and to characterize its exchange from blood 

to CSF. We acquired six pseudo-continuous ASL sequences with varying labeling duration 

(LD) and post-labeling delay (PLD) and a segmented 3D-GRASE readout with a long echo 

train (8 echo times (TE)) which allowed separation of the very long-T2 CSF signal. ASL 

signal was observed at long TEs (793 ms and higher), indicating presence of labelled water 

transported from blood to CSF. This signal appeared both in the CSF proximal to the choroid 

plexus and in the subarachnoid space surrounding the cortex. ASL signal was separated into 

its blood, gray matter and CSF components by fitting a triexponential function with T2s 

taken from literature. A two-compartment dynamic model was introduced to describe the 

exchange of water through time and TE. From this, a water exchange time from the blood to 

the CSF   (Tbl->CSF) was mapped, with an order of magnitude of approximately 60s. 

Keywords: Arterial Spin Labeling, Blood-CSF barrier, neurofluids, glymphatics, brain clear-

ance, water transport,  dynamic compartmental modeling
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3.1 INTRODUCTION

Brain waste clearance mechanisms are still poorly understood, standing in stark contrast to 

our much deeper general understanding of brain metabolism and function. The interaction 

of cerebrospinal fluid (CSF) and interstitial fluid (ISF) is thought to form a key aspect of 

clearance; however, the exact circulating pathways of these fluids, and the driving forces for 

motion in and out of tissue, are still under debate. In fact, this field of study, also sometimes 

referred to as “glymphatics” after one of the hypothesized pathways for these processes161, 

has garnered much attention and excitement in recent years as our understanding of brain 

clearance25,48,56,60,162–167 has begun to improve. One key component in solving the brain clear-

ance puzzle is to obtain a complete picture of CSF circulation, including the spatial location 

of exchange sites between the blood and CSF. Most of the CSF production, i.e. net flow of 

water from blood into CSF compartments, is thought to take place at the blood-CSF barrier 

(BCSFB) in the choroid plexuses situated in the ventricles. However, there is mounting 

evidence that this is not the sole site of CSF production, and other sources have been pro-

posed, but not yet identified in vivo34,41,168. Since waste clearance is an essential component 

of healthy brain function, and disruptions in this process may lead to the accumulation of 

molecules associated with neurodegenerative diseases60, a non-invasive method to measure 

and characterize blood-to-CSF water exchange is much needed. Moreover, it is essential 

to move towards human, in vivo experiments, to build upon current knowledge which has 

come predominantly from rodent experiments, without direct replication in humans.

As CSF is a fluid comprised mostly of water, the main factor contributing to CSF production 

is the net transport of water across the BCSFB. Arterial spin labeling (ASL) can be exploited 

to measure the delivery of labelled blood water across the BCSFB, as it allows monitoring of 

magnetically labeled water entering the brain after it has been labeled inside the large arteries 

of the neck. In traditional ASL sequences, there is a short wait (post-labeling delay, PLD) 

between labeling and imaging to allow the bolus of label to reach the tissue compartment. 

The passage of water across the BCSFB is thought to happen on a slower and smaller scale 

than gray matter perfusion, and therefore there is typically little to no signal detected in CSF 

with ASL. However, by prolonging the labeling duration and using a longer PLD, ASL signal 

should cross the BCSFB and accumulate in the CSF at a measurable level, which is supported 

by the very slow T1 decay of CSF (T1CSF ~4300 ms), thereby allowing a build-up of labeled 

signal over time169. Additionally, the long T2 (>1500 ms at 3T149) of CSF can be leveraged 

to isolate the signal coming from this compartment from perfusion signal within the brain 

tissue by using a long echo time, as has been shown previously in mice47. Imaging at multiple 

time-points and with a long echo train can allow dynamic compartmental modeling to 

characterize the temporal dynamics of water exchange between blood and CSF. 
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This study aims to use a multi-time-point, multi-echo ASL protocol to measure the amount 

and location of water transport across the BCSFB in the human brain, and to model and 

characterize the dynamics of blood-CSF water exchange.

3.2 MATERIALS AND METHODS

3.2.1 Acquisition
All data were acquired on a Philips Achieva XT 3T system (Philips, Best, the Netherlands) 

with a 32-channel head coil. Two protocols were used in this study: the main protocol 

(henceforth referred to as the “multi-PLD” protocol) aimed to dynamically follow labeled 

blood water from its arrival in the imaging region and subsequently through to its transport 

across the blood-CSF barrier. The second protocol was for validation purposes, acquired on a 

separate day, to assess reproducibility of the method, and included a scan with labeling above 

the imaging region to confirm that the observed signal did indeed originate from labeled 

arterial blood. 12 healthy subjects (3 male, 9 female, ages 24-66) underwent the multi-PLD 

protocol and, of those, 4 (1 male, 3 female, ages 30-64) were also scanned with the validation 

protocol on a separate day. All subjects provided written informed consent in accordance 

with our center’s IRB regulations.

The multi-PLD protocol (shown schematically in figure 3.1) consisted of 6 pseudo-continuous 

ASL (PCASL) scans with varying labeling duration (LD = 1, 1, 1.5, 2, 3, 3 s) and post-labeling 

delay (respectively, PLD = 0.5, 1, 1.5, 2, 2.5, 4 s), in addition to a M0 scan without labeling. 

For all of these, a segmented 3D-gradient and spin echo (3D-GRASE) readout was employed 

with multiple echo times, acquired by extending and dividing the turbo-spin echo (TSE) 

train into 8 sections, corresponding to 8 echo times (TE = 10 + n×261 ms, n = 0:7 and TE 

= 9.7 + n×243, n = 0:7 for ASL and M0 scans, respectively). The readout was segmented into 

4 separate acquisitions in the EPI phase encoding direction (anterior-posterior in this case). 

The acquisition matrix was 64×60 (RL×AP) and the imaging volume was reconstructed to 

a matrix of 80×80 voxels and 28 slices (resolution 3×3×6 mm3). This was accomplished with 

a TSE factor of 200 (i.e. 200 refocusing pulses, the first one with a flip angle of 180°, and 

160° for all subsequent refocusing pulses), where the echo train is divided into 8 echoes (25 

refocusing pulses per echo, per acquisition), a slice oversampling factor 1.8, and an EPI echo 

train length of 15. In this implementation, the acquisition is repeated four times and averaged 

before reconstruction. The pCASL scans had variable TR in order to accommodate the total 

length of the LD/PLD (TR = 4610, 5200, 6200, 7200, 8700, 10200 ms respectively) and the 

M0 scan had a TR of 10s to ensure full recovery of magnetization of the blood and tissue, and 

almost full recovery of CSF. The PCASL scans also employed two background suppression 
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pulses with timings optimized to reduce signal from both static tissue and CSF. The total time 

of this protocol including all scans was approximately one hour. 

The validation protocol was acquired in a separate session on a different day and included 

a repeat of the PCASL scan with LD/PLD = 3/4 s, the same scan with the labeling plane 

placed symmetrically above the brain, and a high resolution 3D-FFE T1-weighted image 

(TR/TE 9.8/4.6 ms, resolution 0.875×0.875×1.2 mm3 (AP×RL×FH)). This session also 

included additional background suppression experiments (not discussed here) and the total 

acquisition time was just under one hour.

Finally, multi-echo spin-echo sequences are known to create stimulated echoes which can 

affect T2 quantification (or separation of compartments based on T2 in this study). Due to the 

high number of refocusing pulses, in combination with the lower flip angle (160°) of all but 

the first refocusing pulse of our sequence, it was important to investigate this effect on our 

measurements. In one subject (#9), we performed an additional scan session in which we 

repeated the multi-echo scan with LD/PLD 3/2.5 s, as well as acquiring two scans employ-

ing a T2-prep module (single echo, with 16 adiabatic refocusing pulses) to reproduce the 

third and fourth echo times (TE = 532, 793 ms), in order to compare the observed signals. 

For this experiment, background suppression pulse timings had to be changed to null the 

signal at the beginning of the T2-prep module rather than at the beginning of readout, so as 

to not interfere with the T2-prep module.

3.2.2 Validation and Image Pre-Processing
ASL control and label images were pair-wise subtracted to extract the ASL signal at all PLDs 

and TEs. A brain mask was created to remove any signal from the background by threshold-

ing the first-echo M0 image. Similarly, a manual threshold was applied to the first TE image of 

the (LD = 2s, PLD = 2s) ASL signal to obtain a gray matter mask (the threshold was chosen 

by an operator by visual inspection of the resulting mask to preserve the anatomical features 

of gray matter), and to the M0 scan at TE = 498 ms to create a CSF mask. To avoid overlap, 

all voxels that were assigned as being in both the CSF and GM masks were removed from the 

GM mask. To assess the reproducibility of the method and presence of artefactual signal, the 

signal from the (LD = 3s, PLD = 4s) scan acquired with (i) the multi-PLD protocol; (ii) the 

validation protocol; and (iii) the labeling plane above the brain (.which was acquired with the 

same parameters except for the label position) were compared. The methods for reproduc-

ibility analysis in ASL traditionally use the different signal averages acquired in one sequence 

to compare variability within and between sequences.170,171 However, because of the nature 

of our multi-echo sequence, signal accumulation occurs by additional oversampling and 

averaging of k-space in the z-direction, resulting in only a single image per PLD and TE 

combination. Standard reproducibility methods were therefore not available to us for this 
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analysis. Instead, we compared the subtracted smoothed ASL signal between the multi-PLD 

and validation scans (after coregistration in SPM12 (London, UK) and normalized by the 

average M0 signal for each echo time) and compared this to the signal obtained when label-

ing above the head. This allows us to observe the amount by which signal varies between 

scans and the spatial distribution of these variations. 

Prior to performing voxel-wise analysis, ASL images were smoothed with a 3×3 gaussian 

kernel (σ = 2 voxels). 

3.2.3 Voxel-wise Analysis
In this section a compact notation is used for certain equation parameters which are also 

more commonly known under a different notation. To avoid any confusion we note here:

f = CBF (cerebral blood flow)

∆ = ATT (arterial transit time)

τ = LD (labeling duration)

w = PLD (post-labeling delay)

The ASL signal was first separated into its blood, gray matter (GM) and CSF components by 

fitting the T2-decay to a tri-exponential function: 

(Eq. 3.1)

With the fitted parameters Sbl, SGM and SCSF being the signal at TE = 0 coming from the 

blood, GM and CSF compartments respectively, and T2bl, T2GM and T2CSF the T2 values as-

sociated with these compartments, which were taken from the literature (150144, 60147, and 

1500167 ms for arterial blood, gray matter and CSF respectively). Note that the analysis was 

tailored to the blood, GM and CSF compartments and white matter signal was assumed to 

be negligible, since white matter ASL signal is expected to be very low for our protocol (due 

to the low CBF, long arrival times and short T1 preventing signal accumulation at longer 

labeling durations), in addition, T2 values of white and gray matter are similar and therefore 

difficult to distinguish with this approach148. The fitting resulted in three maps containing the 

signal from each compartment, at every time point. This fitting procedure is shown in figure 

3.2 as applied to signal from a single voxel situated in the cortex. In panel a, the separation of 

total signal into three exponential components is shown for a single time point, and in panel 

b the fit of the total signal is given for all time points. 

This function results in an estimate of the compartmental origin of ASL signal through time, 

hindered by the length of the echo train (see figure 3.2b), during which exchange between 
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compartments can occur. Additionally, it does not provide information about the dynamics 

of exchange between compartments. To achieve this, a compartmental dynamic model was 

introduced to fully describe the evolution of the signal through PLDs and TEs. 

This model was inspired by the one proposed by Gregori et al.129, but modified to make it 

appropriate for PCASL rather than pulsed ASL. For this, we identify two compartments: the 

CSF, and a combination of blood and gray matter, which can also be described as the slow 

and fast decaying T2 compartments, with T2s of 1500 ms, and 100 ms (an average value for 

blood and gray matter), respectively. The blood and gray matter were combined because their 

short T2 values compared to the echo times used in this experiment made them difficult to 

separate. The model assumes instantaneous mixing within compartments (i.e. the exchange 

of water from blood to GM occurs on a much faster scale than blood to CSF and the blood/

GM compartment can be considered homogenous), no outflow, unidirectional exchange 

from the blood to the CSF compartment, and instantaneous exchange of water between the 

blood and CSF (i.e. there is no delay between the arrival of water in blood and the beginning 

of exchange into the CSF, this is a common assumption in perfusion models which should 

hold true for blood-to-CSF water exchange which is mediated through the same aquaporin 

water channels as tissue perfusion). This is summarized schematically in figure 3.3a. In this 

section the subscript “bl” refers to the blood and GM compartment. The model is split into 

Figure 3.2. Example of single-voxel data fitted to the triexponential model. A shows the separation 
of the signal into three exponentials with T2 = 60 ms (GM), 150 ms (blood), and 1500 ms (CSF) for 
a single time point. B shows the fit to the sum of these three exponential components for all time 
points. Note that there are no error-bars as this dataset provided a single value for each voxel (any 
averaging over shots was done in image reconstruction).
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two parts, which represent the signal evolution before and after an excitation pulse. It consists 

of the convolution of an input function c(t), which corresponds to the arrival of signal in 

the voxel, with a residue function r(t) which represents the clearance of water from the 

compartment (in this case to cross into the CSF) and a magnetization relaxation function 

m(t), in which the signal decays with either the T1 or T2 of the compartment, before or after 

the excitation pulse, respectively. The integral form of the model before excitation is:

(Eq. 3.2)

(Eq. 3.3)

(Eq. 3.4)

(Eq. 3.5)

(Eq. 3.6)

Here M0 represents the equilibrium magnetization of blood, α is the labeling efficiency, 

Tbl->CSF is a time constant that describes the exchange of labeled water between the blood 

and CSF compartment, and T1(bl,CSF) are the longitudinal relaxation times associated with the 

two compartments, set at 1650 and 4300 ms respectively. We use the (bl,CSF) notation for 

equations that have the same form for both compartments, to make the formulation more 

compact. In this part of the model, the time t is equal to the total time from beginning of 

labeling to excitation, i.e. t = τ + w. 

After excitation, the equations are:

(Eq. 3.7)

(Eq. 3.8)
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(Eq. 3.9)

With TE being the echo time (i.e. t = τ + w + TE) and δDirac denotes the Dirac delta 

function. Note that the signal that is measured equals Stotal(t,TE) = S2bl(TE)  + S2CSF(TE). 

For a complete solution to these equations, refer to the appendix. With the T1 as well as the 

T2 values fixed, there remain 3 parameters which can be fitted in this model: CBF, ATT, and 

the exchange time from the blood/GM to the CSF Tbl->CSF. By inserting data from all time 

points and all TEs (6 LD/PLD combinations × 8 TEs = 48 data points per voxel), maps of the 

three fitted parameters can be generated. From our model and these maps, the signal coming 

from each compartment could be recalculated at arbitrary time points (any LD and PLD 

combination) to create videos which dynamically show the signal evolution and distribution 

in the brain in a more intuitive manner (combined changes in LD and PLD used in this study 

make interpretation difficult). 

In order to stabilize the fit of this complex model, it was performed in two steps: first, the 

data from the first TE image and all LD/PLD combinations was fitted to a conventional 

Buxton model95 to extract the CBF and ATT (figure 3.3b). Then, these values were fixed in 

the dynamic compartmental model, which was used only to fit the third parameter, Tbl->CSF, 

by including all 48 data points of the ASL signal (figure 3.3c). The M0 value was obtained 

from the M0 scan by averaging the signal over the gray matter mask and dividing by the 

blood-brain partition coefficient, λ = 0.98 ml/g108 (i.e. a single average value was used for 

all voxels). 

Three ROIs were created to compare calculated parameters in the choroid plexus and the 

CSF space surrounding the cortex (subarachnoid space), as well as the white matter as a 

control region where no CSF exchange is expected. For this, the choroid plexus was manu-

ally delineated on the CSF mask by isolating the posterior part of the lateral ventricles and 

the subarachnoid space ROI was defined by removing the ventricles from the CSF mask. The 

white matter mask was obtained by removing the gray matter and CSF from a brain mask. 

The data and code used in this project are confidential but may be provided upon request 

when signing a data use agreement.
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Here M0 represents the equilibrium magnetization of blood, α is the labeling efficiency, Tbl‐

>CSF is a time constant that describes the exchange of labeled water between the blood and

CSF compartment, and T1(bl,CSF) are the longitudinal relaxation times associated with the two

compartments, set at 1650 and 4300 ms respectively. We use the (bl,CSF) notation for

equations that have the same form for both compartments, to make the formulation more

compact. In this part of the model, the time t is equal to the total time from beginning of

labeling to excitation, i.e. t = τ + w.

After excitation, the equations are: 
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With TE being the echo time (i.e. t = τ + w + TE) and δDirac denotes the Dirac delta function. 

Note that the signal that is measured equals Stotal(t,TE) = S2bl(TE)  + S2CSF(TE). For a complete 

solution to these equations, refer to the appendix. With the T1 as well as the T2 values fixed, 

there remain 3 parameters which can be fitted in this model: CBF, ATT, and the exchange 
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3.3 RESULTS

3.3.1 ASL Signal and Validation
ASL images for one subject, in a single, transverse slice intersecting with the choroid plexus 

in the lateral ventricles, are shown in figure 3.4. In 3.4a, the results of the multi-PLD experi-

ments are displayed for all time points and all echo times. The first echo time is consistent 

with more typical ASL measurements: the signal is seen transitioning from the large arteries 

in the early time points to then perfusing into the tissue and finally decaying at long PLDs. 

Looking at the longer echo times (≥ 793ms) informs us on the presence of signal in the CSF, 

as only a very long T2 allows signal to persist at those TEs. Starting at PLD = 1.5s, this long-T2 

Figure 3.4. ASL signal and validation. A) ASL signal from the multi-PLD protocol for subject 1 in 
a single slice at all inflow time points (left to right) and echo times (top to bottom). The first echo 
is shown in a different scale for better visualization. In B the last column of A is repeated with the 
inclusion of negative signal for comparison to the validation scans. The arrowhead points to the 
choroid plexus (present in all images but especially visible at this time point in the perfusion im-
age). C shows the ASL signal of the reproducibility scan (note that images are not co-registered and 
therefore slices may not correspond perfectly) and D shows the signal with the labeling plane above 
the brain.
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signal begins to appear, increasing and peaking around PLD = 2.5s. Interestingly, this signal 

is not confined to the choroid plexus (the structure is highlighted by an arrowhead in the 

image where it is most visible in the top row of Fig 3.4a), nor does it appear to originate from 

there, as might be expected based on the current consensus hypothesis of CSF circulation27; 

in fact, the CSF-ASL signal is fairly well distributed around the cortex. Similar results were 

seen in 6 subjects with varying age and sex (see supplementary figure S3.1). Figure 3.4b-d 

compares the long PLD results of the initial multi-PLD protocol (b is the same as the last 

column of a) to the reproducibility scan (c) and the scan with the labeling plane above the 

Figure 3.5. ASL signal differences between the reproducibility scans (a), the scan labeled above the 
brain (b), and the actual measured signal (c), in a single slice at three TEs for all four subjects who 
underwent the validation scan session. Values are shown as a percentage of the average M0 (calculated 
separately for each echo). D shows the results of the T2-prep experiment, for LD/PLD = 3/2.5s, 
comparing the signal in ten central slices at TE = 532 ms and TE = 793 ms for the multi-echo read-
out, vs the single-echo readout with T2-prep adjusted to reproduce the same echo times.
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head. Even though there is not a perfect matching of the slices in b and c, the intensity and 

pattern of the signal is qualitatively comparable. For a more quantitative comparison, figure 

3.5 shows the difference between the ASL signal for the original scan from the multi-PLD 

protocol vs the repeated scan (reproducibility experiment, in a), and contrasts this to the 

ASL signal obtained when labeling above the head (b) and the repeat scan (c). The relative 

difference between signals in the reproducibility experiment (a) is shown to be small, with 

no distinct spatial pattern, and no bias towards positive or negative values, meaning that 

differences can largely be attributed to noise and errors in registration. For the scan labeled 

above the brain, we observe a similar amount of signal as the test-retest difference, also with 

little spatial coherence, i.e. the amount of signal is on the same order of magnitude or lower 

than the natural fluctuations that occur between repeated measurements. For comparison, 

the actual ASL signal is shown in c, to highlight the difference in scale between real signal 

and noise. Finally, the results of our stimulated echoes experiment are shown in d. The two 

TEs employed are long enough to isolate CSF signal, and we can observe similar signal 

intensity (average signal ± SD (A.U.) in the extraventricular CSF for TE = 532 ms: 2.2±1.9 

and 2.1±2.0 for the multi-echo and T2-prep sequences respectively, and for TE = 793 ms: 

1.8±1.6 and 1.1±1.8) for each echo with the multi-echo and the T2-prep methods. Since 

background suppression had to be modified in the T2-prep sequence to optimize static tissue 

nulling at the beginning of the module instead of the beginning of readout, the apparent 

reduction in SNR for the T2-prep method is expected. We also performed a simulation of the 

effect of the imperfect, 160° refocusing pulses on the signal evolution through the echo train 

(shown in supplementary figure S3.2) for blood, gray matter and CSF using the extended 

phase graph formalism172 and found it to be minimal in comparison with expected signal 

fluctuations due to noise. From this, we conclude that the CSF-ASL signal that we observe 

could only originate from water that is labeled in the brain-feeding arteries and transported 

from the blood to the CSF. 

3.3.2 Triexponential Fit
The results of the triexponential fit of the ASL signal for one subject are presented in figure 

3.6. These maps show the total amount of signal that originates from each compartment 

according to their respective T2 and are equivalent to the zero crossing of the three exponen-

tials of figure 3.2a. Some overlap can be seen between the blood and gray matter maps. This is 

explained by the close values of the T2’s of GM and blood relative to the employed echo times 

of our sequence. Most relevant for this study however is the separation of the CSF signal from 

the other two compartments, which appears to be achieved well, with a very distinct pattern 

both spatially and temporally, corresponding to the ventricles and the subarachnoid space 

around the cortex. The amount of overlap between the blood and gray matter signal due to 

their relatively similar T2 values (compared to CSF) informed our decision to combine them 

into a single compartment for the dynamic model, using an intermediate T2 value. 
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3.3.3 Dynamic Compartmental Model
The dynamic compartmental model (outlined in figure 3.3) provides a more complete 

picture of the dynamics of exchange at play between the compartments. Three parameters 

are fitted: CBF, ATT,  and Tbl->CSF, shown in figure 3.7, where whole brain maps are given for 

one subject. CBF and ATT are commonly quantified in ASL studies, and the patterns and 

values observed here are consistent with literature78,113, with high CBF in the cortical gray 

matter and low CBF in white matter areas. ATT is short around the large arteries (circle of 

Willis, penetrating arteries, anterior cerebral artery), longer in the posterior flow territory 

compared to the anterior, and longest in the white matter. The Tbl->CSF image is noisier but 

Figure 3.6. Results of triexponential fit in subject 1. The signal originating from each of the three 
compartments is shown separately (note that because the CSF signal is much lower, a different scale 
is used). Maps are given for three slices, one intersecting the circle of Willis (top), one intersecting 
the choroid plexus (middle) and one higher in the brain (bottom). Different time points are shown 
with increasing LD/PLD from left to right.
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it is possible to distinguish areas containing CSF (choroid plexus (arrowheads), around the 

cortex, and in higher slices) by their shorter values. Figure 3.7 also shows the root-mean-

square error (RMSE) of the fit calculated on echoes 3-8 (as an indication of the fit of the 

CSF signal), normalized to the same scale as the long-echo ASL signal of figure 3.4a. The 

RMSE is highest in areas with large vessels and the eyes, as expected, with lower values in 

gray matter and CSF regions. 

In figure 3.8, the same parameter maps are shown for four subjects. Notice the decreased 

CBF and longer ATTs present in the older subjects (7 and 11) consistent with studies done 

in aging brains78,155. Here the Tbl->CSF maps are masked (including the gray matter and CSF 

masks) to better appreciate the values without the noise originating from the white matter 

region. Table 3.1 summarizes the average values of the fitted parameters for all subjects in 

the choroid plexus, subarachnoid space, and white matter ROIs in a single slice to avoid bias 

along the slice direction (for subject 1 shown in figure 3.7, slice 15 from the bottom was 

chosen, and this location was replicated as closely as possible in other subjects). Values for 

CBF and ATT in the choroid plexus and white matter are consistent with literature169 while 

values in the cortical CSF are more typical for gray matter, likely due to partial volume effects 

and the proximity of penetrating arteries. These same results are shown graphically in figure 

3.9. In a, boxplots are shown with the average values for all subjects for all three ROIs. No 

statistical testing was performed because of the small sample size, however this highlights the 

differences in the fitted parameters for these ROIs. We note the elevated Tbl->CSF in the white 

matter ROI, consistent with a lower amount of blood to CSF exchange, while these values 

Figure 3.8. Single-slice parameter maps for four subjects with variable age and sex. Tbl->CSF is shown 
only in the gray matter and CSF masks for easier visualization (white matter areas are particularly 
noisy).
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are very similar in the choroid plexus and subarachnoid space. The WM ROI is included as a 

control region where we do not expect to observe blood to CSF exchange to compare with 

the values of other ROIs (since there are no existing literature values for this parameter). This 

is the case both because there is little to no overlap of white matter and CSF, and because 

the ASL signal in white matter is very low (leading to the large standard deviations seen 

in table 3.1). Values were also plotted in b (for only the two ROIs where CSF exchange is 

expected) as a function of age, and while again we do not have sufficient power to establish 

a statistically significant trend, from visual inspection of these data we do notice an apparent 

increase in Tbl->CSF with age, while CBF and ATT appear to decrease and increase with age 

respectively, as expected. 

Figure 3.10 shows the compartmental signal fraction maps artificially reconstructed from the 

parameter maps of figure 3.7 at the LD/PLD combinations used in this study and a fictitious 

echo-time of TE = 0 ms. This corresponds to a similar result as that given in figure 3.6, this 

time using the dynamic compartmental model as opposed to the triexponential model, with 

the blood and gray matter signals combined (summed) into one. Upon visual inspection, 

the results of these two techniques are fairly similar. The location and amount of blood/GM 

signal in figure 3.10 is consistent with the sum of the two compartments in figure  3.6 (note 

the different scales used), as well as with the existing ASL consensus predicting the peak of 

GM perfusion to appear at a PLD of around 1.8s78). High spatial correspondence between 

the CBF map and the presence of gray matter is also consistent. The features of the CSF-

Table 3.1. Summary of parameter values in the choroid plexus (CP), subarachnoid space (SAS) and 
white matter (WM) ROIs for all subjects in a single slice intersecting the choroid plexus. All values 
are given as mean ± SD.

Subject # 
(sex, age)

CBF (ml/100g×min) ATT (s) Tbl->CSF (s)

CP  SAS WM CP SAS WM CP SAS WM

1  (F, 24) 28±13 43±17 25±11 1.2±0.3 1.0±0.1 1.0±0.2 58±17 55±11 86±84

2 (F, 30) 32±13 43±15 21±8 1.2±0.3 1.0±0.2 1.0±0.2 64±23 59±13 85±82

3 (F,61) 21±6 24±10 15±5 1.1±0.2 1.1±0.2 1.2±0.2 75±34 64±34 73±42

4 (F, 25) 28±13 42±17 24±9 1.2±0.3 0.9±0.2 1.0±0.2 56±16 62±18 89±93

5 (F, 31) 19±8 38±10 21±8 1.1±0.2 0.9±0.1 0.9±0.1 57±16 59±13 82±73

6 (M, 64) 14±8 35±16 14±7 1.6±0.4 1.0±0.2 1.2±0.3 53±10 60±15 65±38

7 (F, 66) 19±10 34±11 19±8 1.1±0.2 0.9±0.2 1.0±0.2 72±54 68±34 84±97

8 (F, 33) 21±10 43±16 19±7 1.1±0.2 0.9±0.1 1.1±0.2 56±21 61±16 86±81

9 (F, 55) 23±16 41±18 22±8 1.3±0.4 1.0±0.1 1.1±0.2 60±49 60±16 88±87

10 (F, 24) 29±19 46±15 25±10 1.1±0.2 0.9±0.1 1.0±0.2 56±13 51±4 73±69

11 (M, 48) 7±7 42±15 19±8 1.5±0.8 1.1±0.3 1.2±0.3 57±12 62±18 85±100

12 (M,25) 53±16 59±19 29±11 1.1±0.2 0.9±0.1 1.0±0.2 56±9 65±17 81±49

Mean 25 41 21 1.2 1.0 1.1 60 60 81
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Figure 3.9. Dynamic compartmental model parameter averages per subject for (a) the choroid 
plexus (CP), subarachnoid space (SAS) and white matter (WM) ROIs and (b) plotted as a function 
of age for the CP and SAS ROIs.
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signal map are in general comparable, but some important differences can be observed. While 

the timings of arrival of signal in this compartment are preserved, the signal is more evenly 

distributed across the cortex in Figure 3.10. A notable difference between the two techniques 

is the presence of CSF signal in the frontal horn of the ventricles (figure 3.6, middle slice), 

which is absent in the case of the two-compartment dynamic model. 

The same model was used to reconstruct the signal for LD = 3s and with a PLD increasing 

from 0 to 5s (again a TE of 0ms was used) based on the maps of the fitted parameters (see 

supplemental video figure S3.3). This simulates dynamically the passage of a 3s bolus of 

labeled water through the compartments, where we can see the early peak and decay of signal 

in the blood/gray matter, and the late arrival and plateau of water signal in the CSF. Although 

these simulations may not be a perfect representation of reality, they show the far-reaching 

Figure 3.10. Reconstructed blood (+ GM) and CSF fractions from the fitted parameters of Figure 
3.7, simulating the signal at all experiment time points for an artificial echo time of 0 ms. Note the 
different scaling of the CSF fraction.
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distribution of blood-CSF exchange sites which are present throughout the cortex, and give 

a helpful visualization of the transport of water in space and time. 

3.4 DISCUSSION

In this study, we used a modified multi-PLD ASL protocol to measure the exchange of water 

from the blood to the CSF. Our main conclusions were as follows: firstly, imaging CSF-ASL 

signal in the human brain is feasible and shows sites of exchange that extend beyond the 

choroid plexus; secondly, our results indicate that CSF signal can be isolated from other 

compartments based on its distinctly long T2 and that a simple dynamic compartment model 

can provide a reasonable fit to the observed signal evolutions.

The presence of CSF-ASL signal is shown in figures 3.4 and 3.5 (and in supplementary 

figure S3.1 for more subjects). The presence of sustained signal in the long PLD scans at echo 

times ≥793 ms, considering the T2s of arterial blood (150-250 ms144), gray matter (60-100 

ms147) and CSF (1500-1800 ms149), can only mean that this signal is originating from the CSF. 

This signal is also evolving through time i.e. it increases and plateaus for longer PLDs, which 

is a behaviour that is unlikely to happen if this signal were artefactual (in which case it would 

appear with no relationship to labeling parameters). The analysis shown in figure 3.5 further 

confirms this. Differences in ASL signal between identical scans acquired on different days 

show that their results are largely similar (the difference amounting to (physiological) noise), 

and comparing this to the scan labeled above the head shows that essentially no CSF-ASL 

signal is created unless it originates from the arterial labeling. Most interestingly, whereas 

we expected the CSF-ASL signal to be concentrated in the choroid plexus area, especially 

in light of the previous study performed in mice47, here it was found to be well distributed 

around cortical areas as well. The CSF signal fraction maps calculated from the triexponen-

tial method (figure 3.6) and the dynamic compartmental model (figure 3.10) bring further 

confirmation of CSF-ASL signal around the cortex. This therefore seems to indicate the 

presence of blood-CSF water exchange sites around the cortex, in the subarachnoid space. 

This observation could be attributed to the existence of aquaporin-1 water channels (found 

in high concentrations in the choroid plexus and responsible for CSF secretion173) in the 

leptomeningeal (i.e. pial) vasculature, which has been recently shown in rodents174. These 

vessels are situated in the subarachnoid space which is filled with CSF and wraps around 

and into the fissures and sulci of the cortex, which would explain the co-localization of the 

signal in those areas. Although previous experiments in mice47 did not observe CSF-ASL 

signal outside of the choroid plexus (see Peer Review file in Supplementary Information 

in47), this discrepancy could be due to the low subarachnoid-CSF volume in mice combined 
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with limited image resolution, or differences in the polarization of aquaporin water channels 

between humans and mice, which has previously been shown for AQP-4175.

Our second conclusion is that CSF signal can be isolated from other compartments based 

on T2 and our proposed dynamic compartmental model adequately describes the signal 

evolution and therefore exchange between compartments. The triexponential fit (figure 3.6) 

shows overlap between the blood and GM signals, but not CSF. This is because the very long 

T2 of CSF results in a distinctive signal evolution through the echo train (which was almost 

2s in length), with TEs chosen specifically to be tailored to this compartment. The dynamic 

compartment analysis uses more parameters to fully describe the exchange between com-

partments, but the separation of signal from these compartments is fundamentally dependent 

on the assumed T2s. Including the compartmental T2 values as unknown fitted parameters 

resulted in unstable fits. Notably, the triexponential fit (figure 3.6) shows high CSF signal 

in the frontal horn of the lateral ventricles (middle slice) while the dynamic analysis (figure 

3.10) does not. Since this area does not contain a choroid plexus, this may point to the limits 

of the simple triexponential function to properly differentiate between areas of exchange as 

opposed to areas simply containing CSF. It should also be noted that the signal fractions in 

figure 3.10 are calculated from the parameter maps of figure 3.7. This additional step intro-

duces more uncertainty as the errors in parameter estimation are carried over to the signal 

maps. These maps and the supplementary video S3.3 are helpful visualizations, however they 

may not perfectly reflect accurate exchange dynamics. 

While there is no existing measurement of Tbl->CSF to compare ours to, the contrast exhibited 

between the ventricular CSF containing choroid plexus tissue/subarachnoid areas and the 

white matter/ventricular CSF which does not contain choroid plexus tissue in figures 3.7 

and 3.8 shows a distinction between areas with and without blood-to-CSF exchange (longer 

values indicate little to no exchange). The parameter values plotted in figure 3.9 further 

confirm these differences. The RMSE of the fit (for echoes 3-8) was also computed, and 

showed relatively uniform error except in voxels containing large vessels (circle of Willis 

and middle cerebral arteries for example), which is expected as the model is not meant to 

describe bulk flow of blood. We also observe a higher RMSE in ventricle regions directly 

adjacent to the choroid plexus, which implies that different mechanisms are at play, such as 

mixing of labelled blood water that has been delivered to the CSF in the choroid plexus 

with neighbouring voxels. This effect is expected to be largest in the ventricles where CSF 

mobility is high.

There are a number of limitations with the imaging and analysis methods used in this study. 

First, we are limited in the number of time points (LD/PLD pairs) that can be acquired 

within one scan session, especially later time points which require increasingly long se-



75Blood-CSF Water Exchange in the Human Brain

quences to perform. Here we wanted to sample the entire passage of the bolus from its arrival 

in the voxel to its transition into CSF. This meant that a compromise had to be achieved, and 

only the initial phase of water influx into the CSF compartment could be sampled. In this 

proof of concept study, it was important to measure the passage of the labelled bolus over 

long labeling duration/PLD times in order to distinguish CSF from blood signal with greater 

certainty. Now that the signal from labeled blood water that has been delivered to the CSF 

has been shown to exist and be readily measurable, and preliminary measurements of Tbl->CSF 

have been performed, future protocols could adapt LDs and PLDs to be more specific to the 

CSF compartment and thereby minimize total scan-time. In addition, time-encoded ASL 

sequences139,141 could be devised to acquire these images in a more efficient manner, although 

durations of sub-boli should remain long enough to guarantee sufficient SNR. The dynamic 

two-compartment model showed reasonable agreement with the data, however we could not 

escape the pitfalls of fitting such complex models, and we opted for a two-step fitting process 

with the simpler Buxton model as the first step. We note that the estimates of Tbl->CSF are 

long (> 50s) in comparison to labeling parameters (LD + PLD <10s) and therefore should 

be interpreted as an order of magnitude rather than a precise measurement. Other model 

assumptions could be affecting the value of this parameter, such as the assumption that all la-

belled water eventually is transported into the CSF (this artificially increases Tbl->CSF which is 

likely to be shorter when employing a more complex model with additional compartments), 

whereas other considerations such as bulk flow of blood and mixing of CSF could provide a 

more complete, but also more complex, picture. Because the T2s of blood and gray matter are 

so short and close to each other in comparison to the TEs of the imaging sequence, we have 

opted for a two-compartment model, which combines the blood and gray matter into one 

compartment. A three-compartment model, which includes a Tbl->GM parameter, could be 

fitted, provided that a range of shorter TEs be also acquired with the protocol, for example by 

combining our approach with a T2-prep module.143 Moreover, our compartmental model (as 

well as the Buxton model used to fit CBF and ATT) does not include macrovascular signal, 

therefore the modelled parameters show incorrect values (higher CBF, lower ATT, longer 

Tbl->CSF) around the large arteries (circle of Willis, anterior cerebral artery, etc), as shown in 

figure 3.7d, where the RMSE was highest in those areas. This is further complicated by the 

fact that, with our multi-echo acquisition design, long echo times include higher levels of 

vascular crushing from imaging gradients. A sequence design including explicit flow crushing 

gradients could alleviate these issues. Additionally, some erroneous signal was observed as 

fold-over artifacts from the eye signal (especially in longer TEs), and a negative signal in 

the ventricles, outside of the choroid plexus, which was seen inconsistently in some of the 

subjects but did not seem to affect our analysis. We also note that at very long TEs the signal 

intensity may be comparable to the noise floor of the acquisition leading to a possible overes-

timation or instability of this signal. Although we employ spatial smoothing to reduce noise, 

the additive Rician noise found in magnitude images is amplified by the ASL subtraction 
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procedure, introducing bias in the CSF signal. However, our results when measuring ASL 

signal labelled above the brain (figure 3.5b) also show that signal still dominates the noise 

at these longer echo times. Future studies may include more sophisticated noise filtering 

techniques such as those used in diffusion imaging176,177. The spatial smoothing applied in 

this work, while removing some noise from our data, also has the added caveat of increasing 

partial volume issues, both in the choroid plexus and the subarachnoid CSF, as both of 

these structures are small/thin compared to our imaging resolution (3×3 mm in-plane) and 

smoothing kernel (σ= 6 mm). Another source of error for our model could come from the 

assumption that there is no spatial mixing of ASL signal in the CSF between voxels. In reality, 

CSF flow is pulsatile and can reach velocities up to 8 cm/s in areas such as the cerebral 

aqueduct178. However, this applies mostly to areas containing large CSF pools (ventricles, 

aqueduct), while CSF flow is slower in other areas such as the perivascular spaces (experi-

ments done at our facility, for example, use bipolar gradients with crushing velocity of 0.5 

cm/s to measure CSF mobility in perivascular spaces). This could still influence the signal at 

our temporal and spatial resolution, in particular around the choroid plexus in the ventricles, 

where we also did observe higher RMSE, and this could be taken into account in the future 

by including a spatial mixing term in our model. Finally, upon further investigation of the 

dynamic compartmental model fitting results, it appears that the signal in the last time point 

at longer echo times is consistently overestimated by the model. As can be seen in figure 3.3c 

(in the insert), the signal tends to decrease at that time point rather than remaining constant 

as the model predicts. As this was a common observation, it could indicate the presence of 

outflow from the CSF compartment, for example if the blood-CSF exchange is bidirectional 

instead of unidirectional. This exchange from the CSF back to the blood could be added to 

our model in the future, at the cost of increased complexity.

This proof of concept study leaves several questions to be answered. For one, it is not possible 

from our results to determine whether there is net inflow of water from the blood to the 

CSF, i.e. what we could characterize as CSF formation. As discussed above, there is some 

indication of outflow from the CSF compartment which could be attributed to exchange 

back into the blood. Further studies with a better sampling of the CSF signal in time are 

needed to confirm this. Also, we currently speculate that the observed ASL-CSF signal in the 

subarachnoid space is coming from the leptomeningeal and pial vasculature because of the 

findings of a recent study174 observing exchange sites for CSF in those vessels. In order to 

confirm this, super-selective ASL could be leveraged to label individual vessels judiciously as 

they branch out into this area of the brain. In addition, the results of this study have potential 

implications for the application of partial volume correction in ASL, which typically assumes 

negligible signal in the CSF compartment, which we have shown here to be incorrect. It 

remains to be seen how large the effect of including CSF signal in partial volume corrections 

would be, however it is worth noting that the CSF signal at the longest PLD appears to reach 
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about 20% of the perfusion signal, which also has implications for the traditional interpreta-

tion of ASL-CBF uniquely as the rate of delivery of blood to the capillaries and tissue. Finally, 

the CSF signal could be isolated by using a single long (> 700 ms) echo time instead of 8, 

which could shorten the length of the readout and therefore the TR, however this would 

prevent the full description of dynamics of exchange between compartments.

In conclusion, we have shown that imaging of CSF-ASL signal is feasible in the human brain, 

and that isolating this signal and describing its exchange with surrounding compartments 

can be achieved with the appropriate imaging parameters (LD/PLD and TE). We found 

that the ASL signal is present in both ventricular CSF proximal to the choroid plexus and 

the subarachnoid space, is approximately 5 times lower than the traditional perfusion signal 

measured in the gray matter, and we estimate a blood-CSF water exchange time (Tbl->CSF) in 

the range 50-70 s. This work supports the emerging view that the “third circulation” theory, 

in which CSF is secreted exclusively at the choroid plexus and later reabsorbed in arachnoid 

granulations, is an insufficient explanation for CSF physiology and brain clearance. Indeed, 

we add to a mounting body of evidence that CSF exchange occurs outside of these key areas 

and is widespread throughout the brain.
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3.6 �APPENDIX – SOLUTION TO MODEL 
EQUATIONS

The evolution of the ASL signal must be split into two parts, before (S1) and after (S2) the 

excitation pulse, to account for the different relaxation times in these two regimes. In the 

first regime, the equations are split into three parts, i.e. before, during, and after the arrival of 

the bolus of labeled signal in the voxel. For S2, not only is the time at excitation relevant, but 

also the echo time. To take this into account, three cases are outlined again depending on the 

passage of the bolus at excitation, and each case is split into parts to account for the fact that 

the bolus is still passing through during the readout. 

Before excitation:

For t < ∆:

(Eq. A3.1)

For ∆ ≤ t < ∆ + τ:

(Eq. A3.2)

(Eq. A3.3)

For ∆ + τ ≤ t:

(Eq. A3.4)

(Eq. A3.5)

(Eq. A3.6)

(Eq. A3.7)
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For ∆ + τ ≤ t: 

𝑆𝑆1𝑏𝑏𝑏𝑏(𝑡𝑡) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇1𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−(𝑡𝑡−∆) 𝑇𝑇1𝑏𝑏𝑏𝑏′⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇1𝑏𝑏𝑏𝑏′⁄ − 1)

𝑆𝑆1𝐶𝐶𝐶𝐶𝐶𝐶(𝑡𝑡) = 2𝛼𝛼𝛼𝛼0𝑓𝑓𝑓𝑓−∆⁄𝑇𝑇1𝑏𝑏𝑙𝑙 [𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑡𝑡𝑡𝑡)⁄𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶(𝑒𝑒𝜏𝜏⁄𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶 − 1) − 

𝑇𝑇1′𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑡𝑡𝑡𝑡)⁄𝑇𝑇1′𝐶𝐶𝐶𝐶𝐶𝐶(𝑒𝑒𝜏𝜏⁄𝑇𝑇1′𝐶𝐶𝐶𝐶𝐶𝐶 − 1)]  

1
𝑇𝑇1𝑏𝑏𝑏𝑏′ = 1

𝑇𝑇1𝑏𝑏𝑏𝑏
+ 1

𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

1
𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′ = 1

𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶
+ 1

𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

After excitation: 

For this section, 

𝑡𝑡 = 𝜃𝜃 + 𝑇𝑇𝑇𝑇 (Eq. A3.8) 

𝜃𝜃 = 𝜏𝜏 + 𝑤𝑤 (Eq. A3.9) 

1
𝑇𝑇2𝑏𝑏𝑏𝑏′ = 1

𝑇𝑇2𝑏𝑏𝑏𝑏
+ 1

𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶
(Eq. A3.10) 

1
𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′ = 1

𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶
+ 1

𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶
(Eq. A3.11) 

3 cases are based on time at excitation time θ. 

Case 1: θ < ∆ 

For TE < ∆ – θ: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 0 (Eq. A3.12) 
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𝑇𝑇1′𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑡𝑡𝑡𝑡)⁄𝑇𝑇1′𝐶𝐶𝐶𝐶𝐶𝐶(𝑒𝑒𝜏𝜏⁄𝑇𝑇1′𝐶𝐶𝐶𝐶𝐶𝐶 − 1)]  

1
𝑇𝑇1𝑏𝑏𝑏𝑏′ = 1

𝑇𝑇1𝑏𝑏𝑏𝑏
+ 1

𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

1
𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′ = 1

𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶
+ 1

𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

After excitation: 

For this section, 

𝑡𝑡 = 𝜃𝜃 + 𝑇𝑇𝑇𝑇 (Eq. A3.8) 

𝜃𝜃 = 𝜏𝜏 + 𝑤𝑤 (Eq. A3.9) 

1
𝑇𝑇2𝑏𝑏𝑏𝑏′ = 1

𝑇𝑇2𝑏𝑏𝑏𝑏
+ 1

𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶
(Eq. A3.10) 

1
𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′ = 1

𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶
+ 1

𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶
(Eq. A3.11) 

3 cases are based on time at excitation time θ. 

Case 1: θ < ∆ 

For TE < ∆ – θ: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 0 (Eq. A3.12) 
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𝑆𝑆1𝑏𝑏𝑏𝑏(𝑡𝑡) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇1𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−(𝑡𝑡−∆) 𝑇𝑇1𝑏𝑏𝑏𝑏′⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇1𝑏𝑏𝑏𝑏′⁄ − 1)

𝑆𝑆1𝐶𝐶𝐶𝐶𝐶𝐶(𝑡𝑡) = 2𝛼𝛼𝛼𝛼0𝑓𝑓𝑓𝑓−∆⁄𝑇𝑇1𝑏𝑏𝑙𝑙 [𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑡𝑡𝑡𝑡)⁄𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶(𝑒𝑒𝜏𝜏⁄𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶 − 1) − 

𝑇𝑇1′𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑡𝑡𝑡𝑡)⁄𝑇𝑇1′𝐶𝐶𝐶𝐶𝐶𝐶(𝑒𝑒𝜏𝜏⁄𝑇𝑇1′𝐶𝐶𝐶𝐶𝐶𝐶 − 1)]  

1
𝑇𝑇1𝑏𝑏𝑏𝑏′ = 1

𝑇𝑇1𝑏𝑏𝑏𝑏
+ 1

𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

1
𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′ = 1

𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶
+ 1

𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

After excitation: 

For this section, 

𝑡𝑡 = 𝜃𝜃 + 𝑇𝑇𝑇𝑇 (Eq. A3.8) 

𝜃𝜃 = 𝜏𝜏 + 𝑤𝑤 (Eq. A3.9) 

1
𝑇𝑇2𝑏𝑏𝑏𝑏′ = 1

𝑇𝑇2𝑏𝑏𝑏𝑏
+ 1

𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶
(Eq. A3.10) 

1
𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′ = 1

𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶
+ 1

𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶
(Eq. A3.11) 

3 cases are based on time at excitation time θ. 

Case 1: θ < ∆ 

For TE < ∆ – θ: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 0 (Eq. A3.12) 
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After excitation:

For this section,

(Eq. A3.8)

(Eq. A3.9)

(Eq. A3.10)

(Eq. A3.11)

3 cases are based on time at excitation time θ.

Case 1: θ < ∆

For TE < ∆ – θ:

(Eq. A3.12)

For ∆ – θ ≤ TE < ∆ + τ – θ:

(Eq. A3.13)

(Eq. A3.14)

For ∆ + τ – θ ≤ TE:

(Eq. A3.15)

(Eq. A3.16)
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For ∆ + τ ≤ t: 

 

𝑆𝑆1𝑏𝑏𝑏𝑏(𝑡𝑡) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇1𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−(𝑡𝑡−∆) 𝑇𝑇1𝑏𝑏𝑏𝑏′⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇1𝑏𝑏𝑏𝑏′⁄ − 1)  (Eq. A3.4) 

 

𝑆𝑆1𝐶𝐶𝐶𝐶𝐶𝐶(𝑡𝑡) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ [𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑡𝑡−∆) 𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶⁄ − 1) −

𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′ 𝑒𝑒−(𝑡𝑡−∆) 𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′⁄ − 1)]  (Eq. A3.5) 

 
1

𝑇𝑇1𝑏𝑏𝑏𝑏′ = 1
𝑇𝑇1𝑏𝑏𝑏𝑏

+ 1
𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

  (Eq. A3.6) 

 
1

𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′ = 1
𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶

+ 1
𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

  (Eq. A3.7) 

 

After excitation: 

For this section, 

𝑡𝑡 = 𝜃𝜃 + 𝑇𝑇𝑇𝑇  (Eq. A3.8) 

 

𝜃𝜃 = 𝜏𝜏 + 𝑤𝑤  (Eq. A3.9) 

 
1

𝑇𝑇2𝑏𝑏𝑏𝑏′ = 1
𝑇𝑇2𝑏𝑏𝑏𝑏

+ 1
𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

  (Eq. A3.10) 

 
1

𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′ = 1
𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶

+ 1
𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

  (Eq. A3.11) 

 

3 cases are based on time at excitation time θ. 

Case 1: θ < ∆ 

For TE < ∆ – θ: 

 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 0  (Eq. A3.12) 
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For ∆ + τ ≤ t: 

 

𝑆𝑆1𝑏𝑏𝑏𝑏(𝑡𝑡) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇1𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−(𝑡𝑡−∆) 𝑇𝑇1𝑏𝑏𝑏𝑏′⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇1𝑏𝑏𝑏𝑏′⁄ − 1)  (Eq. A3.4) 

 

𝑆𝑆1𝐶𝐶𝐶𝐶𝐶𝐶(𝑡𝑡) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ [𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑡𝑡−∆) 𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶⁄ − 1) −

𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′ 𝑒𝑒−(𝑡𝑡−∆) 𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′⁄ − 1)]  (Eq. A3.5) 

 
1

𝑇𝑇1𝑏𝑏𝑏𝑏′ = 1
𝑇𝑇1𝑏𝑏𝑏𝑏

+ 1
𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

  (Eq. A3.6) 

 
1

𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′ = 1
𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶

+ 1
𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

  (Eq. A3.7) 

 

After excitation: 

For this section, 

𝑡𝑡 = 𝜃𝜃 + 𝑇𝑇𝑇𝑇  (Eq. A3.8) 

 

𝜃𝜃 = 𝜏𝜏 + 𝑤𝑤  (Eq. A3.9) 

 
1

𝑇𝑇2𝑏𝑏𝑏𝑏′ = 1
𝑇𝑇2𝑏𝑏𝑏𝑏

+ 1
𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

  (Eq. A3.10) 

 
1

𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′ = 1
𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶

+ 1
𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

  (Eq. A3.11) 

 

3 cases are based on time at excitation time θ. 

Case 1: θ < ∆ 

For TE < ∆ – θ: 

 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 0  (Eq. A3.12) 
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For ∆ + τ ≤ t: 

 

𝑆𝑆1𝑏𝑏𝑏𝑏(𝑡𝑡) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇1𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−(𝑡𝑡−∆) 𝑇𝑇1𝑏𝑏𝑏𝑏′⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇1𝑏𝑏𝑏𝑏′⁄ − 1)  (Eq. A3.4) 

 

𝑆𝑆1𝐶𝐶𝐶𝐶𝐶𝐶(𝑡𝑡) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ [𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑡𝑡−∆) 𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶⁄ − 1) −

𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′ 𝑒𝑒−(𝑡𝑡−∆) 𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′⁄ − 1)]  (Eq. A3.5) 

 
1

𝑇𝑇1𝑏𝑏𝑏𝑏′ = 1
𝑇𝑇1𝑏𝑏𝑏𝑏

+ 1
𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

  (Eq. A3.6) 

 
1

𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′ = 1
𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶

+ 1
𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

  (Eq. A3.7) 

 

After excitation: 

For this section, 

𝑡𝑡 = 𝜃𝜃 + 𝑇𝑇𝑇𝑇  (Eq. A3.8) 

 

𝜃𝜃 = 𝜏𝜏 + 𝑤𝑤  (Eq. A3.9) 

 
1

𝑇𝑇2𝑏𝑏𝑏𝑏′ = 1
𝑇𝑇2𝑏𝑏𝑏𝑏

+ 1
𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

  (Eq. A3.10) 

 
1

𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′ = 1
𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶

+ 1
𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

  (Eq. A3.11) 

 

3 cases are based on time at excitation time θ. 

Case 1: θ < ∆ 

For TE < ∆ – θ: 

 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 0  (Eq. A3.12) 
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For ∆ + τ ≤ t: 

 

𝑆𝑆1𝑏𝑏𝑏𝑏(𝑡𝑡) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇1𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−(𝑡𝑡−∆) 𝑇𝑇1𝑏𝑏𝑏𝑏′⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇1𝑏𝑏𝑏𝑏′⁄ − 1)  (Eq. A3.4) 

 

𝑆𝑆1𝐶𝐶𝐶𝐶𝐶𝐶(𝑡𝑡) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ [𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑡𝑡−∆) 𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶⁄ − 1) −

𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′ 𝑒𝑒−(𝑡𝑡−∆) 𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′⁄ − 1)]  (Eq. A3.5) 

 
1

𝑇𝑇1𝑏𝑏𝑏𝑏′ = 1
𝑇𝑇1𝑏𝑏𝑏𝑏

+ 1
𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

  (Eq. A3.6) 

 
1

𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′ = 1
𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶

+ 1
𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

  (Eq. A3.7) 

 

After excitation: 

For this section, 

𝑡𝑡 = 𝜃𝜃 + 𝑇𝑇𝑇𝑇  (Eq. A3.8) 

 

𝜃𝜃 = 𝜏𝜏 + 𝑤𝑤  (Eq. A3.9) 

 
1

𝑇𝑇2𝑏𝑏𝑏𝑏′ = 1
𝑇𝑇2𝑏𝑏𝑏𝑏

+ 1
𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

  (Eq. A3.10) 

 
1

𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′ = 1
𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶

+ 1
𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

  (Eq. A3.11) 

 

3 cases are based on time at excitation time θ. 

Case 1: θ < ∆ 

For TE < ∆ – θ: 

 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 0  (Eq. A3.12) 
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For ∆ + τ ≤ t: 

 

𝑆𝑆1𝑏𝑏𝑏𝑏(𝑡𝑡) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇1𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−(𝑡𝑡−∆) 𝑇𝑇1𝑏𝑏𝑏𝑏′⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇1𝑏𝑏𝑏𝑏′⁄ − 1)  (Eq. A3.4) 

 

𝑆𝑆1𝐶𝐶𝐶𝐶𝐶𝐶(𝑡𝑡) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ [𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑡𝑡−∆) 𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶⁄ − 1) −

𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′ 𝑒𝑒−(𝑡𝑡−∆) 𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′⁄ − 1)]  (Eq. A3.5) 

 
1

𝑇𝑇1𝑏𝑏𝑏𝑏′ = 1
𝑇𝑇1𝑏𝑏𝑏𝑏

+ 1
𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

  (Eq. A3.6) 

 
1

𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶′ = 1
𝑇𝑇1𝐶𝐶𝐶𝐶𝐶𝐶

+ 1
𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

  (Eq. A3.7) 

 

After excitation: 

For this section, 

𝑡𝑡 = 𝜃𝜃 + 𝑇𝑇𝑇𝑇  (Eq. A3.8) 

 

𝜃𝜃 = 𝜏𝜏 + 𝑤𝑤  (Eq. A3.9) 

 
1

𝑇𝑇2𝑏𝑏𝑏𝑏′ = 1
𝑇𝑇2𝑏𝑏𝑏𝑏

+ 1
𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

  (Eq. A3.10) 

 
1

𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′ = 1
𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶

+ 1
𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶

  (Eq. A3.11) 

 

3 cases are based on time at excitation time θ. 

Case 1: θ < ∆ 

For TE < ∆ – θ: 

 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 0  (Eq. A3.12) 
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For ∆ – θ ≤ TE < ∆ + τ – θ: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ (1 − 𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃) 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ ) 

𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ [𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶(1 − 𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃) 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ ) − 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′ (1 −

𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃)⁄𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶 )] 

For ∆ + τ – θ ≤ TE: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃) 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ − 1)

𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝛼𝛼0𝑓𝑓𝑓𝑓−∆⁄𝑇𝑇1𝑏𝑏𝑙𝑙 𝑒𝑒−𝑇𝑇𝐸𝐸⁄𝑇𝑇2𝑏𝑏𝑙𝑙 [𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃)⁄𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶(𝑒𝑒𝜏𝜏⁄𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶 − 1) − 

𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃)⁄𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶 (𝑒𝑒𝜏𝜏⁄𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶 − 1)]  

Case 2: ∆ ≤ θ < δ + τ 

For 0 ≤ TE < ∆ + τ – θ: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ + 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ (1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ ) 

𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)(1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶⁄ )𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ + 𝑆𝑆1𝐶𝐶𝐶𝐶𝐶𝐶(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ +

2𝛼𝛼𝑀𝑀0𝑓𝑓𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ [𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶(1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ ) − 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′ (1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′⁄ )]

For ∆ + τ – θ ≤ TE: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ + 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ (𝑒𝑒(∆+𝜏𝜏−𝜃𝜃) 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ − 1)

69 

For ∆ – θ ≤ TE < ∆ + τ – θ: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ (1 − 𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃) 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ ) 

𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ [𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶(1 − 𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃) 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ ) − 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′ (1 −

𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃)⁄𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶 )] 

For ∆ + τ – θ ≤ TE: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃) 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ − 1)

𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝛼𝛼0𝑓𝑓𝑓𝑓−∆⁄𝑇𝑇1𝑏𝑏𝑙𝑙 𝑒𝑒−𝑇𝑇𝐸𝐸⁄𝑇𝑇2𝑏𝑏𝑙𝑙 [𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃)⁄𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶(𝑒𝑒𝜏𝜏⁄𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶 − 1) − 

𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃)⁄𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶 (𝑒𝑒𝜏𝜏⁄𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶 − 1)]  

Case 2: ∆ ≤ θ < δ + τ 

For 0 ≤ TE < ∆ + τ – θ: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ + 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ (1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ ) 

𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)(1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶⁄ )𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ + 𝑆𝑆1𝐶𝐶𝐶𝐶𝐶𝐶(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ +

2𝛼𝛼𝑀𝑀0𝑓𝑓𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ [𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶(1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ ) − 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′ (1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′⁄ )]

For ∆ + τ – θ ≤ TE: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ + 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ (𝑒𝑒(∆+𝜏𝜏−𝜃𝜃) 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ − 1)

69 

For ∆ – θ ≤ TE < ∆ + τ – θ: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ (1 − 𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃) 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ ) 

𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ [𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶(1 − 𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃) 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ ) − 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′ (1 −

𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃)⁄𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶 )] 

For ∆ + τ – θ ≤ TE: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃) 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ − 1)

𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝛼𝛼0𝑓𝑓𝑓𝑓−∆⁄𝑇𝑇1𝑏𝑏𝑙𝑙 𝑒𝑒−𝑇𝑇𝐸𝐸⁄𝑇𝑇2𝑏𝑏𝑙𝑙 [𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃)⁄𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶(𝑒𝑒𝜏𝜏⁄𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶 − 1) − 

𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃)⁄𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶 (𝑒𝑒𝜏𝜏⁄𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶 − 1)]  

Case 2: ∆ ≤ θ < δ + τ 

For 0 ≤ TE < ∆ + τ – θ: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ + 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ (1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ ) 

𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)(1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶⁄ )𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ + 𝑆𝑆1𝐶𝐶𝐶𝐶𝐶𝐶(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ +

2𝛼𝛼𝑀𝑀0𝑓𝑓𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ [𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶(1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ ) − 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′ (1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′⁄ )]

For ∆ + τ – θ ≤ TE: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ + 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ (𝑒𝑒(∆+𝜏𝜏−𝜃𝜃) 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ − 1)

69 

For ∆ – θ ≤ TE < ∆ + τ – θ: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ (1 − 𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃) 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ ) 

𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ [𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶(1 − 𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃) 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ ) − 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′ (1 −

𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃)⁄𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶 )] 

For ∆ + τ – θ ≤ TE: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃) 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ − 1)

𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝛼𝛼0𝑓𝑓𝑓𝑓−∆⁄𝑇𝑇1𝑏𝑏𝑙𝑙 𝑒𝑒−𝑇𝑇𝐸𝐸⁄𝑇𝑇2𝑏𝑏𝑙𝑙 [𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃)⁄𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶(𝑒𝑒𝜏𝜏⁄𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶 − 1) − 

𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃)⁄𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶 (𝑒𝑒𝜏𝜏⁄𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶 − 1)]  

Case 2: ∆ ≤ θ < δ + τ 

For 0 ≤ TE < ∆ + τ – θ: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ + 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ (1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ ) 

𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)(1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶⁄ )𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ + 𝑆𝑆1𝐶𝐶𝐶𝐶𝐶𝐶(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ +

2𝛼𝛼𝑀𝑀0𝑓𝑓𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ [𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶(1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ ) − 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′ (1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′⁄ )]

For ∆ + τ – θ ≤ TE: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ + 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ (𝑒𝑒(∆+𝜏𝜏−𝜃𝜃) 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ − 1)
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Case 2: ∆ ≤ θ < δ + τ

For 0 ≤ TE < ∆ + τ – θ:

(Eq. A3.17)

(Eq. A3.18)

For ∆ + τ – θ ≤ TE:

(Eq. A3.19)

(Eq. A3.20)

Case 3: δ + τ ≤ θ

(Eq. A3.21)

(Eq. A3.22)

69 

For ∆ – θ ≤ TE < ∆ + τ – θ: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ (1 − 𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃) 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ ) 

𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ [𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶(1 − 𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃) 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ ) − 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′ (1 −

𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃)⁄𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶 )] 

For ∆ + τ – θ ≤ TE: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃) 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ − 1)

𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝛼𝛼0𝑓𝑓𝑓𝑓−∆⁄𝑇𝑇1𝑏𝑏𝑙𝑙 𝑒𝑒−𝑇𝑇𝐸𝐸⁄𝑇𝑇2𝑏𝑏𝑙𝑙 [𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃)⁄𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶(𝑒𝑒𝜏𝜏⁄𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶 − 1) − 

𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃)⁄𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶 (𝑒𝑒𝜏𝜏⁄𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶 − 1)]  

Case 2: ∆ ≤ θ < δ + τ 

For 0 ≤ TE < ∆ + τ – θ: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ + 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ (1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ ) 

𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)(1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶⁄ )𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ + 𝑆𝑆1𝐶𝐶𝐶𝐶𝐶𝐶(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ +

2𝛼𝛼𝑀𝑀0𝑓𝑓𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ [𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶(1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ ) − 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′ (1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′⁄ )]

For ∆ + τ – θ ≤ TE: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ + 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ (𝑒𝑒(∆+𝜏𝜏−𝜃𝜃) 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ − 1)

69 

For ∆ – θ ≤ TE < ∆ + τ – θ: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ (1 − 𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃) 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ ) 

𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ [𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶(1 − 𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃) 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ ) − 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′ (1 −

𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃)⁄𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶 )] 

For ∆ + τ – θ ≤ TE: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃) 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ − 1)

𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝛼𝛼0𝑓𝑓𝑓𝑓−∆⁄𝑇𝑇1𝑏𝑏𝑙𝑙 𝑒𝑒−𝑇𝑇𝐸𝐸⁄𝑇𝑇2𝑏𝑏𝑙𝑙 [𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃)⁄𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶(𝑒𝑒𝜏𝜏⁄𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶 − 1) − 

𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃)⁄𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶 (𝑒𝑒𝜏𝜏⁄𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶 − 1)]  

Case 2: ∆ ≤ θ < δ + τ 

For 0 ≤ TE < ∆ + τ – θ: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ + 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ (1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ ) 

𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)(1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶⁄ )𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ + 𝑆𝑆1𝐶𝐶𝐶𝐶𝐶𝐶(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ +

2𝛼𝛼𝑀𝑀0𝑓𝑓𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ [𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶(1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ ) − 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′ (1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′⁄ )]

For ∆ + τ – θ ≤ TE: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ + 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ (𝑒𝑒(∆+𝜏𝜏−𝜃𝜃) 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ − 1)

69 

For ∆ – θ ≤ TE < ∆ + τ – θ: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ (1 − 𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃) 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ ) 

𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ [𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶(1 − 𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃) 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ ) − 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′ (1 −

𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃)⁄𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶 )] 

For ∆ + τ – θ ≤ TE: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃) 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ (𝑒𝑒𝜏𝜏 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ − 1)

𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 2𝛼𝛼𝛼𝛼0𝑓𝑓𝑓𝑓−∆⁄𝑇𝑇1𝑏𝑏𝑙𝑙 𝑒𝑒−𝑇𝑇𝐸𝐸⁄𝑇𝑇2𝑏𝑏𝑙𝑙 [𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃)⁄𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶(𝑒𝑒𝜏𝜏⁄𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶 − 1) − 

𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−(𝑇𝑇𝑇𝑇−∆+𝜃𝜃)⁄𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶 (𝑒𝑒𝜏𝜏⁄𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶 − 1)]  

Case 2: ∆ ≤ θ < δ + τ 

For 0 ≤ TE < ∆ + τ – θ: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ + 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ (1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ ) 

𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)(1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶⁄ )𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ + 𝑆𝑆1𝐶𝐶𝐶𝐶𝐶𝐶(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ +

2𝛼𝛼𝑀𝑀0𝑓𝑓𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ [𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶(1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ ) − 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′ (1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶′⁄ )]

For ∆ + τ – θ ≤ TE: 

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ + 2𝛼𝛼𝑀𝑀0𝑓𝑓𝑇𝑇2𝑏𝑏𝑏𝑏′ 𝑒𝑒−∆ 𝑇𝑇1𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏⁄ 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ (𝑒𝑒(∆+𝜏𝜏−𝜃𝜃) 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄ − 1)

70 

𝑆𝑆2𝐶𝐶𝐶𝐶𝐹𝐹(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑙𝑙(𝜃𝜃)(1 − 𝑒𝑒−𝑇𝑇𝑇𝑇⁄𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐹𝐹)𝑒𝑒−𝑇𝑇𝑇𝑇⁄𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶 + 𝑆𝑆1𝐶𝐶𝐶𝐶𝐶𝐶(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇⁄𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶 + 

2𝛼𝛼𝛼𝛼0𝑓𝑓𝑓𝑓−∆⁄𝑇𝑇1𝑏𝑏𝑙𝑙 𝑒𝑒−𝑇𝑇𝐸𝐸⁄𝑇𝑇2𝑏𝑏𝑙𝑙 [𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−𝑇𝑇𝐸𝐸⁄𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶(𝑒𝑒(∆+𝜏𝜏𝜏𝜏𝜏)⁄𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶 − 1) −

𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−𝑇𝑇𝐸𝐸⁄𝑇𝑇2
′
𝐶𝐶𝐶𝐶𝐶𝐶 (𝑒𝑒(∆+𝜏𝜏𝜏𝜏𝜏)⁄𝑇𝑇2′𝐶𝐶𝐶𝐶𝐶𝐶 − 1)]  

𝑆𝑆2𝑏𝑏𝑏𝑏(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝑏𝑏𝑏𝑏′⁄

𝑆𝑆2𝐶𝐶𝐶𝐶𝐶𝐶(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑏𝑏(𝜃𝜃)(1 − 𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐶𝐶⁄ )𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄ + 𝑆𝑆1𝐶𝐶𝐶𝐶𝐶𝐶(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇 𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶⁄

70 

𝑆𝑆2𝐶𝐶𝐶𝐶𝐹𝐹(𝑇𝑇𝑇𝑇) = 𝑆𝑆1𝑏𝑏𝑙𝑙(𝜃𝜃)(1 − 𝑒𝑒−𝑇𝑇𝑇𝑇⁄𝑇𝑇𝑏𝑏𝑏𝑏→𝐶𝐶𝐶𝐶𝐹𝐹)𝑒𝑒−𝑇𝑇𝑇𝑇⁄𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶 + 𝑆𝑆1𝐶𝐶𝐶𝐶𝐶𝐶(𝜃𝜃)𝑒𝑒−𝑇𝑇𝑇𝑇⁄𝑇𝑇2𝐶𝐶𝐶𝐶𝐶𝐶 + 
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3.7 SUPPLEMENTARY MATERIAL

Figure S3.1. ASL signal for a single central slice at all TEs and PLDs for six subjects. These subjects 
were chosen arbitrarily to represent a range of age and sex.
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Figure S3.3. (video available online at https://www.sciencedirect.com/science/article/pii/S105
3811921010272?via%3Dihub#ecom0002) Reconstructed blood (+ GM) and CSF fractions for a 
label duration of 3 s and PLDs from 0 to 5 s. This simulates more intuitively the passage of a bolus of 
labeled water from its arrival in the vasculature to its deposition in the tissue or CSF.




