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Circuit topology employs fundamental units of entanglement, known as soft contacts, for constructing knots
from the bottom up, utilizing circuit topology relations, namely parallel, series, cross, and concerted
relations. In this article, we further develop this approach to facilitate the analysis of chirality, which is a
significant quantity in polymer chemistry. To achieve this, we translate the circuit topology approach to knot
engineering into a braid-theoretic framework. This enables us to calculate the Jones polynomial for all
possible binary combinations of contacts in cross or concerted relations and to show that, for series and
parallel relations, the polynomial factorises. Our results demonstrate that the Jones polynomial provides a
powerful tool for analysing the chirality of molecular knots constructed using circuit topology. The
framework presented here can be used to design and engineer a wide range of entangled chain with
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| Introduction

Molecular chirality plays a crucial role in biology and soft matter
and can generally be classified into chemical, geometrical, and
topological chirality." It follows that there are likely couplings
between these different types of chirality. Indeed, previous
research has shown that chemical chirality or helicity, which
refers to the inability of a molecule to switch between enantio-
meric configurations by means of intramolecular operations,
influences the topological chirality of macromolecular structures,
such as polymers. Furthermore, it was recently shown that con-
tinuously variable chiral geometries that consist of chemical
building blocks with discrete binary chirality can emerge for
nano-structured microparticles with bowtie shapes.”> In generic
worm-like chain (WLC) models, it was demonstrated that chiral
coupling between segments breaks topological mirror symmetry,
such that molecular knots formed by closing open-ended chains
with a given helicity prefer one macroscopic handedness over the
other.® The ability to tune the chirality in complex molecular
configurations is expected to lead to novel innovations in, for
example, the design and synthesis of molecular machines™® or
the development of chiral photonics.”

Complex knotted chains can be constructed using multiple
entangled fundamental building blocks, which we refer to as
“soft contacts”.® These chain configurations are created from
the bottom up using an approach called circuit topology.’
By combining different soft contacts in specific ways, it is possible
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to engineer knots with tailored properties for specific applica-
tions. The ability to design and control the chirality of these
structures is particularly important, as it can influence their
stability, thermodynamics, and response to external stimuli. In
these composite systems, there exists an entropic attraction
between entangled structures on the same chain,'®** which can
even pass through one-another.'* Experiments with the DNA of a
T4 bacteriophage that was stretched in a microfluidic channel
using a planar elongational electric field confirmed the theoretical
and numerical results related to this entropic attraction."® Impor-
tantly, the chirality of these structures influences the mutual
attraction and the thermodynamics of the macromolecular chain.
In particular, a stretched polymer containing two soft contacts
possesses a free-energy minimum when both structures are
intertwined, and the depth of the minimum is determined by
the relative chirality.'* The relative chirality, in turn, determines
the stability of the knotted chain configuration.

Circuit topology® works in 3D and acknowledges the different
chiralities that can be present in molecular knots, and encodes
chirality in its string notation. To better understand the circuit
topology approach, complementary approaches from knot the-
ory can be employed. For example, an Alexander polynomial
approach was recently utilised to find parallels between circuit
topology operations and knot theory.® However, the Alexander
polynomial is incapable of distinguishing between enantio-
morphic configurations of the same entangled structure. In
order to be able to use circuit topology as an effective tool for
the characterisation of molecular chains, we need to facilitate
the analysis of chirality. In this work, we will do this by calculat-
ing the Jones polynomial for binary combinations of soft contacts
in all possible circuit topological arrangements. To do so, we will

This journal is © The Royal Society of Chemistry 2023
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Fig. 1 The four fundamental soft contacts needed in the circuit topology
framework (top), together with a possible braid representation (bottom).
The braid is read from left to right and from bottom to top.

take the approach originally introduced by Jones, i.e., by means of a
braid representation into the Temperley-Lieb algebra.'®

Il Soft-contacts: building blocks of
molecular knots

Circuit topology, a theory originally developed to investigate the
arrangement of contacts in a folded linear chain,'® has recently
been generalised to encode chain entanglement.*'” The smallest
structural unit of entanglement in generalised circuit topology
(gCT) is the soft contact, or s-contact. This unit is the simplest
stable entangled structure that does not change when the chain is
deformed. We consider a linear chain that is folded once, and
where the end is passed through the resulting loop, creating
another loop. There are only four nontrivial configurations that
cannot by untied by pulling the ends. One can identify two cross-
ings that form the loops and define a chirality according to the
right-hand rule. If both loops have different chirality, the structure
will disentangle, and the resulting configuration is not an s-contact.
The two remaining crossings define how both loops are locked
together; if the chain end is passed through the loops in the same
direction as the chirality, we call the resulting s-contact “even”.
When it is passed through in the opposite direction we call the
contact “odd”. We will denote the resulting contacts by a string
with superscripts +e, —e, +0, —0, depending on the chirality {+, —}
of the loop and the manner in which the chain end passes through
the loop {e,o}. Only four s-contacts are necessary to construct the
complete gCT framework. To make the connection with classical
circuit topology (i.e., with hard contacts) more apparent, we will
also introduce contact sites, ie., regions of the chain where the
chain gets trapped. Since the soft contacts can be deformed without
altering the global structure, the location of these sites is not exact,
allowing for a more flexible use of the term. We denote these sites
by a red dot in Fig. 1, where we list all possible s-contacts.

The central question is now: how can s-contacts be arranged
to construct the topology of a linear chain? Before addressing
this question, we first discuss the necessary mathematical tools
we will use in this work by means of the A™°A and A™°A s-contacts.

[1l Braid closures and invariant
polynomials

By joining the ends of the A™A and A™°A contacts without
introducing additional crossings, we create the right-handed

and left-handed trefoil knots, K. = A*°4, respectively. In

This journal is © The Royal Society of Chemistry 2023
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Fig. 2 Asimple illustration of the Yamada—-Vogel algorithm to convert the
right-handed trefoil 3{, corresponding to the closure (denoted by the
dashed line) of A™®A, into the braid f§ = o4°.

Alexander-Briggs notation, these read as 37, where the super-
script denotes the chirality. To proceed, we perform the
Yamada-Vogel algorithm™™®* to turn the knot into a closed
braid representation, see Fig. 2.

Since the Yamada-Vogel algorithm is quite involved and
depends on the specific sign convention one adheres to, we
refer the reader to ref. 19 for a detailed discussion and more
examples. Subsequently “cutting” the closed braid yields a
family of algebraic braids that are related to one another by
Markov moves, i.e., conjugation and (de-)stabilisation, that can
be described by means of a braid word fix. The braid word is a
string of operators o;" that describe whether the i-th strand
crosses over (positive exponent +1) or under (negative exponent —1)
the (i + 1)-th strand (Fig. 3). For the trefoil knots, the braid
word is simply fix, = 013, where the positive index corresponds
to the right-handed trefoil knot K, and the negative index to
the left-handed trefoil knot K_. The writhe w of the braid is
then easily found by taking the sum of the exponents in the
braid word, i.e., wy = 3.

To find polynomials that describe the knot resulting from
the braid closure, we will look at two techniques (although
others exist that may be simpler): the reduced Burau represen-
tation to find the Alexander polynomial Ak(¢), and the Kauff-
mann bracket approach to find the Jones polynomial Ji(t).

The Burau representation B of a braid with index n is a
matrix representation of the operators constituting the braid
word. The standard generators o; of the braid group B, can
explicitly be described in this representation by the matrices

I 0 0 0

0 0 0 I

where 0 < ¢ < 1and I, is the n x n identity matrix. To find ¢; ",
it can easily be checked that g; is invertible by making use of the

i i+ 1 i i+ 1

ale

a; i !

Fig. 3 The fundamental braid operators o7 indicating over and under-
crossings for the i-th strand.
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block diagonal structure. The Burau matrix B for the braid can
then be found by matrix multiplication of the generators. Note
that since the Burau matrices are row-stochastic, the represen-
tation is not irreducible. The generators 6; in the reduced Burau
representation are then given by

-t 1 0 I, 0 0

SY
!
o
—_
o

(=)
(=)
=~
&
(=)
~
|
~

0 0 0 1 O

0 0 0 0 [,

and for n = 2, 6, = —t. The relation between the reduced Burau
matrix B and the Alexander polynomial Ag(¢) for the braid
closure K is given by

1—1¢

Al =7

det(1, ). 3)

Let us now explicitly perform the calculation for the A™A
and A™°A contacts. Multiplying the matrices corresponding to
the reduced operators for fi., we get the matrix B.. = —t3. The
Alexander polynomials are then determined by inserting B.
into eqn (3), ie.,

l—t+7
Ak, (1) =

312411 forkK_

for K,
(4)

Although both Laurent polynomials may seem to be different,
the Alexander polynomials are only unique up to multiplication
by the Laurent monomial +¢". If we make the choice to normal-
ise Ax+(t) in such a manner that the constant term is positive,
we can easily see that both Laurent polynomials are, in fact,
equal. The consequence of this result is that the Alexander
polynomial is insufficient to distinguish between the different
chiralities for soft contacts.

We now shift our attention to the Jones polynomial.
Although this polynomial can be calculated easily by means of
the Kauffmann bracket algorithm applied directly to the planar
projection of the trefoil knots, we want to keep the braid repre-
sentation as our starting point. To proceed, we define the homo-
morphism on 7 strands p,:B,, — TL, between the braid group B,
and the Temperley-Lieb algebra TL, over the ring Z[A, A™'] as
follows:

= Aln + AilUiv

pn(o—i)
— A7, + AU, )

pn(o_iil)
where the U; are the generators of the TL algebra. By mapping the
braid word fx to a multiplication of factors from (5) and using the
Jones relations for multiplications of U, we find a polynomial in
U,, where ¢ indexes all fundamental generators in the Temperly-
Lieb algebra. The number of such generators for a braid of n

5890 | Soft Matter, 2023,19, 5888-5895
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Table 1 The knots resulting from the closure of the fundamental s-
contacts. Green and red colours indicate that knots have opposite chirality

AteA A"¢A AToA
37 37 4,

strands is equal to the Catalan number C, = <2}f) / (n+1).

The coefficient of U, is defined as (f«]|¢), such that the expression
for the braid becomes

Pa(Bx) = Z(ﬁkm Ui (6)

1

We define the bracket for an operator U, as 6!Vl where
J = —A> — A% and ||U|| is the number of components in the
unlink minus one, obtained by taking the closure of the Temper-
ley-Lieb diagrams corresponding to U,. A detailed discussion on
the algorithm can be found in ref. 20.

The normalised bracket polynomial, denoted by (-) for the
braid representation f. of the even A™A contacts, ie., (f.)
is then

(Bu) =ATH+ATI2 — AT, )

By inserting 4 = ¢~/

t+68 -1
JKi(Z) =

b
' 43— forkKo

, we finally get the Jones polynomials,

for K, (
8)

where it can now easily be seen that Jx.(t) = Jx_(1/¢). Since the
Jones polynomial is already normalised, there is no freedom in
choosing a monomial prefactor, making the polynomials
unique. Hence, the Jones polynomial can differentiate between
different chiralities. Note that the Jones polynomial can only be
used as proof of the chirality of a knot, not as proof of
amphichirality.

What about the odd s-contacts? Repeating the previous

calculations for the knots K; = 4*°4 resulting from the clo-
sures of the corresponding s-contacts yields the Alexander
polynomial

Ag(f) =1 — 3t + 22, 9)

for both s-contact chiralities. This was the expected result, as
positive and negative chiralities are simply reflections of the
contact in the plane. The Jones polynomials are

Jee@ = —t+1—t "+t (10)

They are also the same. This of course makes sense, since the
closure of the A*°A contacts is the figure-eight knot (4,), which
is known to be amphichiral, i.e., capable of being continuously
deformed into its own reflection in the plane.

This journal is © The Royal Society of Chemistry 2023
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Fig. 4 Series (S), parallel (P), cross (X) and concerted (C) configurations of
two A*®A soft contacts, together with the corresponding string notation.

We list the knots obtained by closing the different funda-
mental s-contacts in Table 1. The chirality associated with the
closure of a specific s-contact is given by its colour: green
indicates that the sign of the highest-valued power (in absolute
value) in the corresponding Jones polynomial is positive, while
red indicates that it’s negative. Blue indicates that the resulting
closure is amphichiral. Red and green colours hence pertain to
similar knots with opposite chiralities.

IV Generalised circuit topology

We now return to circuit topology’s central question: how can
s-contacts be combined to build all known molecular knots?
The CT framework focuses on pairwise relations between contacts
A and B. Only three relations can be defined for soft contacts: the
series (S), parallel (P) and cross (X) configurations, with corres-
ponding string notation AABB, ABBA and ABAB, respectively. A
fourth category is possible if one allows for one shared contact
site, the so-called concerted C contacts, with string notation
(AB)AB. These relations are visualised in Fig. 4.

Let us start by considering the S and P configurations.
Suppose we concatenate two A*°A contacts (the series S configu-
ration in the language of CT), resulting in A"°AB*°B and subse-
quently close the ends. The resulting knot K, = A**4B*¢Bisin
fact the connected sum of the two individual knots, ie.,
K = K,#K,, where K, = A*¢4, and hence the Alexander
polynomial Ag () is the product of the polynomials of the

constituent knots, i.e.,

Ag ()= A 2(0) =1 =204+ 37 =27 + 1, (11)

which is the so-called granny knot. If, however, one performs a
similar calculation for a series combination of two A™“A con-
tacts, i.e., for A"°AB °B, or a series combination of A4 and
A4, ie., for A"AB°B, the same Alexander polynomial as in
eqn (11) arises. For the A"°AB™°B arrangement this does not
present a problem, since it is again a reflection of the A™AB™B

series contacts in the plane. The series combination A™AB™°B

This journal is © The Royal Society of Chemistry 2023
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Table 2 The knots resulting from the closure of cross-contacts with

different chiralities. Green and red colours indicate that knots have
opposite chirality, while blue knots are amphichiral

BTe B~® BT B™°

A+e ; @

5F 6 64 T+
A—e

63 LTy 6y
Ate

65 s 812
A—O

Ts 64 812 (62

(i.e., the square knot upon closure), however, cannot be related
to the other configurations in any manner, and so the Alex-
ander polynomial is insufficient to resolve this degeneracy.
Conversely, since the Jones polynomial can also be factored
for connected sums, for the knot K, = ‘AT¢AB*¢B it becomes

T () =Jx. (1) =6 =20+ =270 4264 + 7, (12)

while for the knot K’ = A-¢A4B~¢B it becomes

Jo () =Jx 2() =18 =207 40— 23 42 42 (13)

The mixed series combination K) = A7¢4B~¢B then results in a
Jones polynomial

JK(’)(I) = :

A N L A A (14)
We immediately see from eqn (12)-(14) that the Jones poly-
nomials are all different, and that Jx (1) = Jg (.

Note that we did not consider the P configuration of con-
tacts. This is because the S and P configurations are identical.
One can “shrink” one of the two soft contacts in a series
arrangement and slide it through the other contact, until it is
located in the loop. Expanding the contact again results in an
overall parallel arrangement of the circuit."* Hence, both con-
figurations are described by a connected sum between closures
of the constituent s-contacts. A good example of this equiva-
lence is given in ref. 9. In fact, it can be shown that the chain
entropy is maximal when the two soft contacts are intertwined,

Soft Matter, 2023, 19, 5888-5895 | 5891


https://doi.org/10.1039/d3sm00390f

Published on 21 July 2023. Downloaded by Universiteit Leiden / LUMC on 10/10/2023 12:37:56 PM.

Soft Matter

i.e.,, in the P configuration, where the distance between the
centres of mass is minimal.

With the polynomial invariants from the closures of the even
and odd s-contacts, one can construct any arrangement of
series or parallel configurations. The polynomials for the cross
and concerted configurations, however, are not trivially found
by taking connected sums. In the next section, we will devote
our attention to these topological arrangements.

V The cross and concerted
configurations

We now consider the nontrivial combinations of s-contacts, i.e.,
the cross (X) and concerted (C) configurations. Although they
may seem similar, there are crucial differences between them;
C configurations are only nontrivial for some combinations of
s-contacts while nontrivial X configurations are always possible
to construct.

A Cross contacts

For the cross configuration, we will consider all 16 combina-
tions of A*¥°B*¥°AB, which are not necessarily distinct, see
Table 2. Let us consider a simple example for illustration
purposes: the A™B'AB cross configuration. By closing this
configuration and performing, e.g., Vogel’s algorithm, we get
the knot K with possible braid representation fx =
0305010, 03 "0, "0, "o, on four strands. The resulting
Alexander and Jones polynomials are

A(t) =1 — 3t + 38 — 3% + ¢,
Jd)=t' —1+2t — 282+ 28 — 2" + £, (15)

which leads to the conclusion that the closure of A™B™AB
results in the 6, prime knot (or Miller Institute knot). Its chiral
opposite 6, can be found by either flipping the chirality of the
entire contact, i.e., A"°B °AB, or by switching the order, ie.,
A™B'™AB. Applying both operations on the contact yields
A"°B™°AB and results in the exact same prime knot 6.

A similar line of reasoning can be applied to every configu-
ration; when the two s-contacts are flipped, the chirality of the
cross contact changes; this amounts to reversing the orientation in
which we read the contact. When the chirality of both components
are flipped simultaneously, the total chirality of the cross contact
also flips. Therefore, we can construct Table 2 by only considering
a small subset of contacts and derive the others by symmetry
arguments. The table is symmetric up to a change of the total
chirality, so this leaves 10 configurations to consider. However,
since flipping the chirality of both contacts flips the total chirality,
the contacts A"°B"AB and A~ °B“AB also yield the same knot, but
with different chirality. Similar for A"°B'°AB, A™B"°, and A"B~°.
This leaves us with only six independent configurations that need
to be checked, reducing the number of computations required.

B Concerted contacts

In analogy with circuit topology for hard contacts, we define a
concerted contact to be the contact formed by assuming that a

5892 | Soft Matter, 2023,19, 5888-5895
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Table 3 The knots resulting from the closure of nontrivial concerted

contacts with different chiralities. Green and red colours indicate that
knots have opposite chirality

A+2eA A72€A A+20A A72OA

55 55 61 67

contact site is shared, i.e., the two s-contacts share a single
loop. We denote a concerted contact in a similar manner as a
cross contact, but with brackets around the shared contact pair,
e.g., (A"B')AB, which is different from the cross contact
A™B'AB. Since both contacts share a single loop, their chirality
must be identical, otherwise the structure would disentangle. If
one were to try to create such a knot, it would lead to so-called
slip-knots, which are isotopic to the unknot. This then leaves us
with eight nontrivial options. Moreover, it is also easily seen
that concerted contacts consisting of both an even and an odd
contact result in the unknot. The only remaining possibilities
are then the contacts (A"°B'°)AB, (A"°B'°)AB and their chiral
opposites which we list in Table 3. To simplify notation, we
introduce the following abbreviation (4*°B*)AB — A*>°A, where
the exponent indicates the number of concerted contacts.

The closure K of the A™*°A concerted contact can be reshaped
into a braid with word f = 0,%036,010,0; ‘6,0, '. The asso-
ciated Alexander and Jones polynomials are

At) =2 — 3t + 28 (16)

J)=t—+28 —t*+¢ - ¢, (17)

while for the chiral opposite K’ = 4-%¢, the Jones polynomial is
Jr (1) = Jk(1/1).

VI Building circuits

Of course, in more complex molecules, more than two s-
contacts need to be considered. The modular arrangement of
all of these s-contacts constitutes a circuit, which can be
described by judiciously combining them in any of the afore-
mentioned configurations (S, P, X, C).

Again, for the S and P configurations, this does not present a
problem, since the Jones polynomial factorises into simpler
polynomials, but for consecutive X or C configurations we
require a general rule. Let us first consider concerted topolo-
gies, since they are somewhat simpler. The closure of the
concerted s-contacts (A™B™°C")ABC, or A™°A for simplicity,
yields a configuration where one end of the chain is looped
three times around the large loop. This results in a twist knot
with five half-twists and positive chirality. We quickly notice a
pattern here; if the concerted contact consists of k € N positive
even s-contacts, i.e., A™°4, the resulting closure will be a twist
knot with n = 2k — 1 half-twists, and the Jones polynomial will

This journal is © The Royal Society of Chemistry 2023


https://doi.org/10.1039/d3sm00390f

Published on 21 July 2023. Downloaded by Universiteit Leiden / LUMC on 10/10/2023 12:37:56 PM.

Paper

consequently be

4 £ 4 2k _ Bk

JA*"’cA (l) = H——l (18)

Flipping the chirality of all the s-contacts then gives us that
Ja-tea(t) = Jartea(t™"). The odd contacts A™°A give a twist knot
with an even number of half-twists n = 2k, resulting in the Jones
polynomial

(+ P+ 1% Pk
t+1

J giro 4 (1) = (19)

What about more exotic combinations of C contacts? It can
easily be shown that in a string of C contacts, one can look at
binary combinations of pairs of contacts. Since pairs that
alternate between even and odd always untie, a string of
concerted contacts can be reduced to a single twist knot with
Jones polynomial given by eqn (18) or (19). For example, the
configuration (A*°B**°C**)ABC reduces to the single s-contact
B'°B by first eliminating the (A"B"°)AB contact, and then by
eliminating (B*°C*°)BC.

For cross contacts, the computations are significantly more
difficult. We can recognise that combining three identical
s-contacts in an X configuration, e.g., A*B"°C'°ABC yields a
torus knot Ty, 4, where p and g are coprime integers, with an odd
number of crossings. The Jones polynomial of a torus knot is

1 — tp+| _ tq+l + +a
1 — ¢ '

J(0) = [@—w(q—l)/z( (20)
The p and q indices indicate the number of crossings and the
number of strands in the closed braid representation, respec-
tively. It can be shown graphically that g = 2 for all torus knots
obtained in the manner described above. We will henceforth
also denote the k-fold cross contact as T.(54+1)2, where the sign
corresponds to the global chirality of the contact. As a check, we
can confirm that the 2-fold A*B'°AB contact can be written as
T », which is the 57 knot, and that, e.g., A"°B~°C ABC — T_,,,
which is the 77 knot.

Twist and torus knots are of the utmost importance in the
study of DNA knots. Of these two knot families, twist knots are
more commonly found in nature since their unknotting num-
ber u is always equal to one, while torus knots are character-
istically over-represented in experiments with viral DNA due to
specific properties of DNA packing.*"** The unknotting num-
ber for the k-fold cross contact equals u = (p — 1)(g — 1)/2 = k,
i.e., the minimum number of times the strand must be passed
through itself to untie it exactly equals the number of identical
s-contacts that constitute the circuit. Hence, we can expect
concerted contacts to be ubiquitous in applications involving
more complicated circuits.

Since there exists only one torus knot for each crossing
number, we can immediately deduce that knots formed from
other s-contact combinations must be described by other rules.
To the best of our knowledge, we do not know whether such a
framework exists, and hence we leave it for future research.

For circuits involving more complex combinations of
s-contacts, the modularity of those contacts can be used to

This journal is © The Royal Society of Chemistry 2023
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Fig. 5 The circuit formed by combining a C, P and X configuration,
resulting in the string A*¢(B**C**)BCD*°AD. It can easily be seen that the
top part of the circuit (i.e., the concerted B*2¢ = (B*¢C*®)BC relation) is in a
P relation with the A**D*®AD subcircuit, which in turn is a cross relation
between A*°A and D**D.

derive Jones polynomials. An example is given in Fig. 5, where the
circuit A*(B*C")BCD"AD is shown; for simplicity we have chosen
only the +e chirality for all contacts. It can be easily seen from the
string notation that contacts B and C are in a concerted relation
and can hence be simplified to (B*C™)BC = B™°, where the
equality sign denotes ambient isotopic equivalence of the corres-
ponding knot closure. The concerted contact itself is now in a
parallel relation with the A"™A contact, which is in turn in a cross
relation with the D"*D contact. Since the B>® configuration is in
parallel with the rest of the circuit, it can be moved out of the
string notation, ie., A™(B"C™)BCD™AD = A™D™ADB™°. The
resulting Jones polynomial of the entire circuit is then the product
of the Jones polynomials of the cross contact A"D™AD and the
concerted contact B>, i.e., from Table 4 in the Appendix A,

J(l) = JA”D“AD('/‘) X JB”C(t)
:(*l7+t67t5+t4+t2) (21)
X (~0 4+ =428 — 2 +).

This approach is quite general; for circuits that involve distinct S, P
configurations, among others, one can separate the different
subcircuits. The calculation of the Jones polynomial hence
reduces to the individual computation of the subcircuits’ poly-
nomials. However, when the S or P contacts are in some sense
“blocked” by others, e.g., in the circuit ACABCB, they cannot be
separated. Contacts A and B are connected in series, but they
cannot be connected in parallel due to their inability to be pulled
along the string. The dragging motion is hindered by contact C,
which intersects with contacts A and B. A circuit can then be
defined as a distinct section of a string that comprises exclusively
of pairs of letters.® In essence, a circuit can be separated (put in
series) or distinguished from other contacts and circuits. No
general theory to compute the Jones polynomial of such insepar-
able circuits has been found (and is unlikely to exist); we hence
leave this for future research.

VIl Conclusions

Circuit topology, a theory that describes intra-chain contacts in
folded open chains, was recently generalised to account for
chain entanglement.® This unique generalisation, specific to
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Table 4 The Jones polynomials J(t) and knots obtained from the closure of several soft contact configurations. The unknotting number u is also given in

the final column

Configuration Jones polynomial Knot Unknotting nr.
A*eA e Y 3F 1
A%oA C—t+1—t 1 +e? 4, 1
ATy g RS g o3 2 e Szi 1
AT204 (T4 pTB T2 T g gl 2 67 1
AieBieAB :_ti7 F S Sy e 2 Sli 9
A*°BTeAB L2 —2t+3 -2t 27— 63 1
A= B+ 4B 55— 2 2 — 22 ot — 1 4+ T 65 1
AioBieAB
{AieBWAB —t50 4 26 — 3 A — 3R 4 3 — 2+t 7% 1
AT B¥ AB
A*°B*°AB ot 4 3 — a4 — 3t + 382 — T 7% 1
A*°B¥°AB t—2+ 4 —5t+5 — 5t P4t -2ttt 81s 2
AFeprecteape T A = 7 3

circuit topology and not derived from other theories, allows for the
construction of various types of knots, including those commonly
found in biomolecules.”**** The approach reveals patterns not
apparent from traditional knot theoretic approaches.” For exam-
ple, protein knots form a well-defined, distinct group, which
naturally appears if expressed in terms of circuit topology units
and operations. In this paper, we have studied the advantages of
using a circuit topology framework for engineering of molecular
knots, and paid special attention to the chirality of the structures
by means of a braid-theoretic framework. Our approach demon-
strates the importance of considering chirality in the construction
of topological circuits, and show that the Jones polynomial is an
effective invariant for characterising their properties.

The presented approach allows us to set the stage for future
studies on (braided) multichain systems that can exhibit more
complex intra- and interchain entanglement, and hence can
contain links, necessitating the use of invariant polynomials
beyond the Alexander polynomial. By expanding the scope of
our framework, we can gain deeper insights into the structure and
function of biomolecules and other complex materials, paving the
way for the development of new technologies and applications in
fields such as biophysics, materials science, and nanotechnology.
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Appendix A

We present a list of the Jones polynomials for all s-contacts, as
well as their combinations using cross and concerted relations,
together with the knot and associated unknotting number they
represent when closed.
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