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Appendix A

Supplementary information to
puddle formation, persistent
gaps, and non-mean-field
breakdown of
superconductivity in
overdoped
(Pb,Bi)2Sr2CuO6+δ

Significant contributions to this appendix have been made by Willem O. Tromp and Miguel A.
Sulangi.
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Experimental Methods

A.1 Experimental Methods

We performed a systematic study on a series of (Pb,Bi)2Sr2CuO6+δ samples with 8
distinct doping levels, covering the range from underdoped (UD25K) to strongly over-
doped (OD0K) side. Single crystal samples were grown by the conventional floating-
zone technique [39,53]. The UD25K, OP35K, and OD15K samples contain La doping,
i.e. (Pb,Bi)2(La,Sr)2CuO6+δ, while the rest of the samples are without La doping.
The doping levels, transition temperatures Tc, and measurement temperatures are
listed in table A.1. The doping levels of the superconducting samples are determined
using the Presland formula, while the doping level of the OD0K sample is extracted
from the rigid band shift measured by ARPES (see supplementary section A.5). All
samples were cleaved in situ in a cryogenic environment and inserted immediately into
the STM. The data were acquired using different home-built cryogenic STMs among
three groups.

Name Doping Tc (K) Measurement T (K) Data acquired by

UD25K 0.101 25 5.7 Hudson group

OP35K 0.160 35 5.7 Hudson group

OD23K 0.224 23 4.2 Allan group

OD15K 0.243 15 6 Hoffman group

OD12K 0.249 12 4.2 Allan group

OD9K 0.255 9 4.2 - 20 Allan group

OD7K 0.258 7 2.2 Allan group

OD3K 0.265 3 4.2 Allan group

OD0K 0.274 4.2 Allan group

Table A.1: Samples and their measurement conditions in this study.

A.2 The phenomenological model to fit spectra

A.2.1 The d-wave gap model

The d-wave gap is here modeled as a mean of multiple s-wave gaps, one for each
point along the Fermi Surface. For each s-wave gap, the gap size ∆k is given by
∆k = ∆ (cos(kx)− cos(ky)) /2. The points kx, ky are found using the Fermi Surface
of the tight-binding model for the OD15K sample1 although the final shape of the
spectrum varies a lot with the exact points in k-space used. Each s-wave gap is
generated by using the Dynes formula:

Dynes (E,∆k,Γ) = Re

 E + iΓ√
(E + iΓ)2 −∆k

2

 , (A.1)
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Name Samples fabricated by Vsetup (mV) / Isetup

(pA) / Lock-In ampli-
tude (mV)

Effective energy reso-
lution (FWHM, mV)

UD25K Kondo group -100/400/1 2.7

OP35K Kondo group -100/400/1 2.7

OD23K UvA group -150/150/1.5 2.58

OD15K Kondo group -100/100/2 3.5

OD12K UvA group 200/170/1.5 2.58

OD9K UvA group 150/200/1.5 2.58 - 6.42

OD7K UvA group -20/600/1.5 2.50

OD3K UvA group 200/170/1.5 2.58

OD0K UvA group -25/200/1.5 2.58

Table A.2: Samples and their measurement conditions in this study.

where the same Γ is used for all s-wave gaps. The resulting d-wave gap is the mean
of all s-wave gaps. To account for the normal-state density of states (DOS), the d-
wave gap function is multiplied with a polynomial function, typically of the 3rd order.
The resulting spectrum is then convoluted with a Gaussian function with a full width
at half maximum (FWHM) given in the table above, in order to emulate the effect
of finite temperature and the lock-in modulation have on the shape of the measured
spectrum.
The points in momentum space are calculated only once before the fitting process to
reduce computation time. The fitting parameters characterizing the gap are only ∆
and Γ. To calculate the filling for the d-wave gap we calculate the mean of the filling
for each individual s-wave gap using F = [1 + (∆/Γ)2]−

1
2 .

A.2.2 Statistical analysis with and without the excluded spec-
tra

In the main text we “white out” certain spectra (white areas in figure 2.3b-d), and
exclude them for the statistical analysis when either of the two conditions is met in the
fit results: 1) Γ > 20 meV; 2) ∆ > 15 meV. Our interpretation is that these spectra
are fully filled, for the following reason: the spectra that meet the first criterion have
so much broadening that there is no well-defined gap. Similarly, for the spectra that
meet the second criterion, the large “gap” is a reflection of background modulations.
Such spectra are thus counted as fully filled. Still, we show here that including these
spectra in the analysis does not alter our main conclusions.

Figure A.1 shows, from left to right, the spatial distributions of: ∆, including “whited-
out” (1st column) and excluding “whited-out” (2nd column) spectra, Γ, with (3rd col-
umn) and without (4th column) “whited-out” spectra, and F , the filling (5th column)
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The phenomenological model to fit spectra

for all samples. The images are ordered top to bottom, from lowest to highest doping,
respectively. Following the argumentation in the preceding paragraph, the filling for
“whited-out” spectra is set to 1, when they are included in the statistics. Figure A.2
shows the histograms for ∆ including “whited-out” spectra, and the histograms of Γ,
both with and without “whited-out” spectra. The remaining histograms of ∆ exclud-
ing the “whited-out” spectra and of the filling can be found in the main text. The
histograms in figure A.2 are summarized in figure A.3 in a similar fashion to figure 2.4
of the main text. From the spatial distributions and histograms of ∆ and Γ in figure
A.1-A.3, we conclude that even when the “whited-out” spectra are considered: 1) the
gap size still deviates from the ∆ ∼Tc behavior in the OD regime; 2) gapped spectra
can still be found in the non-SC sample in significant quantities. The spatial averages
of the “whited-out” spectra and of the rest spectra are shown in figure A.4 for each
sample. We find that after whiting out all samples, even the non-SC sample, show
a gap in their average spectrum. We note that the spatially-averaged “whited-out”
spectra in the OD regime are fully filled, i.e. they no longer have a gap, and often show
a peak near Fermi level. This further justifies our choice to assign all these spectra a
filling of 1. For the UD25K and OPT35K samples, the “whited-out” spectra are made
up of spectra for which the fit has failed due to limited signal-to-noise. Even though
these spectra appear as gapped, we attribute this to the presence of a pseudogap. We
find that the assignment of F = 1 to these spectra does not alter the main conclusion
either, given the relatively small portions of “whited-out” spectra in these samples
(see figure A.4). The increase of the area of “whited out spectra” in the OD as shown
in figure A.4 reaffirms the increased gap filling in these samples.
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Figure A.1: Spatial variations of the gap size ∆ with and without exclusions, parameter
Γ with and without exclusions, and the calculated filling for all samples. See text for details.



The phenomenological model to fit spectra

Figure A.2: a) Histograms of the gap size ∆ without any spectra that are whited out.
Histograms for Γ including (b) and excluding (c) whited-out spectra. See text for details.

Figure A.3: The results for ∆ without excluding any spectra, and for Γ including and
excluding “whited-out” spectra are summarized (a, b, c respectively). The circles indicate
the mean ∆, Γ for each sample, with the diamonds indicating the medians. The shaded areas
in the background represent the spread in values these parameters have. The green dashed
lines in the left figure indicate the behavior expected for ∆ proportional to Tc. The value
of 2∆/Tc corresponds to the dirty d-wave BCS limit, while 2∆/Tc is chosen such that it
matches the OPT35K data point.
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Figure A.4: a) The spatially-averaged spectra after the “whited-out” spectra have been
removed. b) Spatial averages of the “whited-out” spectra for each doping level. c) The
proportions of “whited-out” spectra that make up each sample as a function of doping.
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The phenomenological model to fit spectra

A.2.3 Fit parameters figure 2.2c

Sample Spectrum ∆ (meV) Γ (meV)

OD23K 1 6.3± 1.3 1.6± 0.7

2 5.4± 1.3 2.1± 0.9

3 6.7± 0.8 1.1± 0.4

4 6.3± 0.5 0.9± 0.3

5 9.9± 1.9 2.0± 0.5

OD12K 1 0.8± 2E5* 47± 5E6*

2 6.9± 2.0 3.0± 1.0

3 3.4± 0.8 1.1± 0.8

4 2.7± 0.7 0.9± 0.7

5 4.2± 1.7 2.9± 1.6

OD3K 1 6.7± 1.7 3.1± 0.9

2 4.7± 1.1 2.9± 0.9

3 5.9± 1.4 3.2± 0.9

4 4.9± 2.7 3.2± 2.1

5 5.4± 1.4 2.6± 0.9

Table A.3: Fitted values of ∆ and Γ for the example spectra shown in figure 2.2c of
the main text, together with the 95% confidence interval for those values. The spectra are
numbered from bottom to top. Entries marked with * belong to a spectrum that does not
show a gap and therefore has ill-defined gap parameters.

In table A.3, we present the values of ∆ and Γ as determined by our model for the
examples shown in figure 2.2c of the main text. Also indicated are the 95% confidence
intervals for those values. All confidence intervals are below the effective energy reso-
lution of the experiment (see table A.2), with one exception. Spectrum number 1 of
the OD12K sample does not show a gap, and therefore the values for ∆ and Γ are
ill-determined, as expressed by the confidence interval. This spectrum however also
meets our conditions defined in section A.2.2. As such, the poorly determined values
for ∆ and Γ are a clear indication that we in those cases we are dealing with spectra
for which those parameters have no physical meaning.

A.2.4 Energy range for fitting and approximations for the nor-
mal density of states

The spectra in the UD and OPT samples show clear pseudogap (PG) features, with PG
sizes ranging from 20 meV to over 60 meV (see main text, figure 2.1a). Furthermore,
in the OD regime, the normal-state DOS shows a peak near the Fermi level. These
additional features next to the superconducting gap complicate the accurate fitting of
the superconducting gap. We circumvent this complication by limiting our analysis
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Figure A.5: Dependence of our conclusion on the choice of the energy window. The
dependencies on the fitting energy window for the average ∆ and filling (a, b respectively)
for the overdoped samples OD23K, OD12K, and OD3K. While the absolute values of the
averages vary slightly with the cutoff energy, the overall behavior of a constant gap size and
increasing filling factor is independent of the cutoff.

to a small window Ewin around the Fermi level. In this reduced energy window, the
additional features are only partly visible, and can be sufficiently approximated by a
polynomial DOS. The choices of Ewin and the order of the polynomial background are
arbitrary but necessary choices made before the fitting procedure. Here we show the
influence the particular choices have on the superconducting gap size and filling in the
OD samples.
In the main text, we use Ewin = ±15 meV, which is a choice made before the fitting
procedure. Altering this choice does not affect the main conclusions of our analysis, as
shown in figure A.5. We repeat the analysis using different energy windows and find
that the qualitative behavior does not change: ∆ remains constant while F sharply
increases in the SOD regime. Upon further increasing Ewin beyond 20 meV, the
highly inhomogeneous normal-state DOS becomes more significant, defeating the aim
of focusing on the superconducting gap through an energy window. With an energy
window smaller than 10 meV, we find that too little of a spectrum is left to characterize
the superconducting gap accurately.

Another possible influential choice in the fitting procedure is the order of the back-
ground polynomial used to model the normal-state DOS. Figure A.6 shows the mean
gap size and filling for the OD23K, OD12K, and OD3K samples for different orders
of polynomial ranging from 1st to 4th order. The overall behavior of nearly constant
gap size and increasing filling is present for all polynomial orders. We opt to use a 3rd

order polynomial in the main text as it offers the best balance between underfitting
and overfitting.
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The phenomenological model to fit spectra

Figure A.6: Dependence of our conclusion on the choice of the polynomial normal-state
DOS. The average gap size and filling (a, b) for the overdoped samples OD23K, OD12K, and
OD3K as the order of the polynomial normal-state DOS is varied. While the absolute values
of the averages vary a bit among the various polynomials, the overall qualitative behavior of
a barely varying gap size and the drastic increasing filling is present in all cases.

A.2.5 An alternative model

Here we introduce an alternative approach to determining the gap filling, and show
that the conclusions are the same using this model. We use a model which explicitly
includes the filling F as a fitting parameter, in contrast to extracting F using fit
parameters ∆ and Γ in the main text:

g(E) = P (E) ∗ [(1− F ) ∗Dynes(∆,Γ) + F ] , (A.2)

where P (E) and Dynes(∆,Γ) are defined the same as those in the main text. The gap
filling is now explicitly parametrized by the parameter F , with F = 0 corresponding
to fully gapped and F = 1 to fully filled. To prevent overfitting and to limit built-in
correlations between fit parameters we fix the value of Γ. Figure A.8 shows the average
gap size and gap filling from the fit results using this model, analogous to figure 2.4
in the main text. For this alternative model, we exclude spectra with a) ∆ close to 0
(∆ < 1 meV), and b) F close to 1 (F > 0.95) from further analysis. In case (a) the
gap sizes become smaller than our thermally limited energy resolution, preventing an
accurate determination of ∆. In case (b), F becomes ill-defined as F can be absorbed
into P (E) when the gap is barely present. Fitting our data with this model, we find
that the gap size remains constant in the OD regime, while the gap filling increases
rapidly. Confirmation by an alternative model further strengthens the conclusions of
the main text.
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Figure A.7: Topography of the OD12K, together with the spatial distributions of the
polynomial background terms used in the fits in the main text. The correlation coefficients of
the 3rd, 2nd, and 1st order terms with the topography are 0.08, -0.11, and -0.13 respectively,
meaning they do not correlate with the topography. The 0th order term (i.e. the constant
term) does correlate with the topography (coefficient of 0.37). The underlying relation of this
is that they both relate to the same quantity, the average LDOS of that spectrum. If this is
low the constant background term will go down. A low average DOS also means there are less
states to tunnel into with our STM tip, meaning that the tip will move closer to the sample
to maintain the same setup current. Hence, this location will register as a suppression of the
surface. This is clearly visible when comparing the topography with the spatial distribution
of the constant background term. Darker regions of the topography are also visible as darker
regions of the constant term.
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The phenomenological model to fit spectra

Figure A.8: Gap magnitude and filling versus doping using the alternative model
The gap size (a) and the gap filling (b) as determined by the application of the alternative
model described above. The shaded areas indicate the histograms of the parameters at each
doping level. The average gap sizes and average filling are indicated by the circles. The
median (diamonds) is shown to better reflect highly asymmetric distributions as is the case
for the gap filling. The robustness of the qualitative trends against the use of different models
reinforces the conclusions of the main text.
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A.3 Temperature dependence

In figure A.9a, we show the temperature evolution of the average spectrum measured
in the same field of view on the OD9K sample. Furthermore, we show the median
values for the gap and filling parameters as a function of temperature in the same field
of view in figure A.9b and A.9c, respectively. We find that a gap is still present up to
20K for the OD9K sample, even when the temperature-limited and lock-in broadened
energy resolution is taken into account. With increasing temperature, we see that the
gap magnitude and gap filling remain fairly constant up to 20K.

A.4 Intrinsic Metal-Induced Pair-Breaking Effects
Within a Superconducting Puddle Embedded
in a Metallic Matrix

In this section, we consider the case of a small d-wave superconducting puddle whose
size is of the order of the superconducting coherence length ξ0, embedded in a metal-
lic matrix. This is a particularly relevant model for the strongly overdoped regime.
Our treatment of this system is entirely mean-field; we employ large-scale numerical
simulations of the Bogoliubov-de Gennes Hamiltonian to uncover interesting aspects
of this system. To our knowledge, such calculations have not previously been per-
formed in the literature; similar calculations (but for a superconducting puddle in a
superconducting matrix) have been reported by Fang et al. [66] and Nunner et al [150].

We show here that one striking effect of the surrounding metallic matrix is to signifi-
cantly weaken d-wave superconductivity, such that the resulting d-wave order param-
eter within the puddle is less than that of a bulk homogeneous system with the same
pairing interaction. Decreasing the size of the puddle has the effect of decreasing the
average d-wave order parameter within the puddle. We additionally find a concur-
rent increase in the average local density of states (LDOS) at zero energy within the
puddle when the puddle size is decreased. The behavior of the puddle as its size is
decreased is vastly reminiscent of the effect of increasing disorder on bulk d-wave su-
perconductivity, and originates entirely from the mixing of the superconducting states
within the puddle with the metallic states of the surrounding matrix. Thus, the sur-
rounding metal induces pair-breaking within the puddle, very similar to the effect of
disorder [151–153]. Importantly, our calculations confirm that the negative correla-
tion between gap size and filling expected in the mean-field theory also holds for the
heterogeneous case (see figure 2.4d in the main text).

In our simulations, we assume that the d-wave superconducting puddles are square
patches of size l × l. We self-consistently calculate the order parameter from ∆rr′ =
Vrr′〈cr↑cr′↓〉. The pairing interaction Vrr′ is nonzero only for nearest-neighbor bonds
attached to sites within the l× l patch, and otherwise vanishes. To compute ∆rr′ and
the LDOS ρ(r, ω), we employ an exact real-space Green’s function method particularly
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Figure A.9: Temperature evolution of the gap width and gap filling
a) Average spectra measured in the same field of view on the OD9K sample (V = -150 mV,
I = -200 pA). b) Median values for the gap magnitude in the same field of view of (a), as
a function of temperature. The shaded areas indicate the histograms of the gap at each
temperature. c) Median values for the Filling parameter in the same field of view of (a), as
a function of temperature. The shaded areas indicate the histograms of the filling at each
temperature.
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suited for very large inhomogeneous systems [154, 155]. For the calculations reported
here, the system size is 100× 200, which is larger compared to what more traditional
exact-diagonalization methods can access. We iterate the calculation until the order
parameter is converged, and we assume that we are at T = 0. We take the normal-
state dispersion (up to next-nearest-neighbor hopping) to be given by the following
parameters: t1 = 1, t2 = −0.33, and µ = −1.22 (from this point on we express all
energies in units where t1 = 1). The spatially resolved site-centered d-wave order pa-
rameter plotted throughout this section is obtained by adding the order parameter on
all four bonds connected to a single site but assuming a sign difference between the or-
der parameter on bonds along the x-direction and that on bonds along the y-direction.

We are interested in determining whether d-wave superconductivity in puddles behaves
differently compared to the bulk case due to the abundance of low-energy states in the
nearby metal, and we will tune the size of the puddles (from 5×5 to 17×17) in partic-
ular to isolate the effect of the nearby metal. One expects that the smaller the puddle,
the stronger the effect of the metal, since a larger fraction of the puddle is in close
proximity to the metal-superconductor boundary. We take the nearest-neighbor pair-
ing interaction strength to be V0 = 1.0 inside the superconducting puddle and V0 = 0
outside it. To provide a baseline for comparisons, we perform the same calculation for
a bulk d-wave superconductor as well, with the same nearest-neighbor pairing inter-
action V0 = 1.0 present throughout the entire system. We will frequently express the
puddle size in terms of l/ξ0, where ξ0 is the coherence length of the superconducting
condensate within the puddle; this is to make clearer the effects of miniaturizing the
superconducting puddle to dimensions of the order of ξ0 itself. Note that we have
suppressed here the explicit l-dependence of ξ0, since as it turns out the magnitude
of the superconducting order parameter within the puddle, and consequently ξ0 itself,
depends sensitively on l.

Our results are collected together in figure A.10. In figure A.10a, we compare the
spectral gap (here rather roughly defined as half the peak-to-peak distance in energy,
measured from the LDOS) to the d-wave order parameter, with both quantities aver-
aged within the puddle. It can be seen that the spectral gap tracks the d-wave order
parameter closely for the bulk system and for larger puddles (7× 7 up to 17× 17, all
corresponding to 2 < l/ξ0 < 10), although for puddles the spectral gap slightly over-
estimates the d-wave order parameter. However, once the puddle size is small enough
such that l/ξ0 ≈ 1 (as is the case for the 5×5 puddle), a gap is no longer visible in the
spectrum, even though a nonzero superconducting order parameter remains within the
puddle. The strong pair-breaking effects of the surrounding metal are most easily seen
in figure A.10b. Here we plot the average d-wave order parameter within the puddle
as a function of l/ξ0. The average order parameter within all seven puddles considered
is considerably less than that of the bulk system, and decreases in magnitude as l/ξ0
is made smaller. Note that when the puddle is made smaller and smaller, the mixing
of metallic states into the superconducting puddle increases since more of the puddle
becomes in closer proximity with the superconductor-metal boundary, and hence there
is more pair-breaking. Figure A.10c shows the average zero-energy LDOS for seven
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Figure A.10: Results for clean superconducting puddles within a metallic matrix of varying
size, with V0 = 1.0. a) plot of the average spectral gap versus the average d-wave order
parameter, both averaged within the superconducting puddle, with the dashed line indicating
where the two quantities are equal. It can be seen that for puddles, the spectral gap is a good
indicator of the d-wave order parameter (although overestimating it, lying above the dashed
line) right until the puddle becomes sufficiently small and l/ξ0 ≈ 1 (e.g., 5 × 5), at which
point no gap can be seen even though a nonzero superconducting order parameter is present.
b) Plot of the average of the d-wave order parameter within the superconducting puddle
versus the puddle size l/ξ0, with the value for the bulk system shown as a dashed line. c)
Plot of the zero-energy LDOS averaged within the superconducting puddle versus the puddle
size l/ξ0, again with the value for the bulk system shown as a dashed line. d) Plot of the
LDOS at E = 0 versus the d-wave order parameter, both averaged inside the superconducting
puddle. Evidently, the effect of reducing the puddle size on the superconducting condensate
within the puddle is the same as that of increasing the amount of disorder: the d-wave order
parameter becomes smaller, while the zero-energy LDOS increases.
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different puddle sizes. Notice that the zero-energy LDOS of all puddles is much bigger
than that of the bulk system, and that it increases as the puddle size is decreased. As
with the d-wave order parameter, the large zero-energy LDOS is an effect of the mixing
of the metallic states into the superconducting puddle, giving the latter a much larger
number of low-energy states than one would expect a bulk d-wave superconductor to
have. The overall trend is succinctly captured by figure A.10d, which plots together
with the d-wave order parameter and the zero-energy LDOS both averaged within the
puddle, with the variations in both quantities due solely to the puddle size. It can be
seen that these two quantities are inversely proportional to each other, with a large
d-wave order parameter corresponding to a small zero-energy LDOS and vice versa.
This is behavior very similar to that expected from disorder acting on a bulk d-wave
superconductor; one cannot escape the conclusion that the metallic matrix induces
pair-breaking effects within the superconducting puddle very similar to that of disor-
der.

All of these findings are more explicitly demonstrated in figure A.11, wherein we show
plots of the LDOS vs. energy for three puddle sizes (5×5, 7×7, and 9×9, whose l/ξ0
values are given approximately by 1.2, 2.4, and 3.6, respectively), in addition to the
bulk d-wave case. We note first that for superconducting puddles, a striking feature of
the LDOS is its very large value at E = 0 compared to that of the bulk system. One
can also notice that for larger puddles, a gap is easily discerned in the spectrum, and
coherence peaks are visible but are broader, less well-defined, and shorter in height
compared to those of a bulk system. These features become progressively broader as
the puddle is shrunk, and more spectral weight accumulates near the Fermi energy,
a result of the fact that the average d-wave order parameter becomes smaller the
tinier the puddles get. However, when the puddle is made sufficiently small such that
l/ξ0 ≈ 1, such as the 5× 5 case here, the gap ceases to be visible in the quasiparticle
spectrum, and the LDOS resembles that of a normal metal. Nevertheless, there is still
a nonzero d-wave order parameter present within the puddle.

In sum, we have shown here some of the surprising effects of embedding a d-wave
superconducting puddle within a metallic matrix. We have demonstrated that the
surrounding metallic matrix has a pair-breaking effect on the superconductivity within
the puddle, akin to that of disorder, that fills the gap, including at the Fermi level.
We have also shown that the smallness of the puddle has a nontrivial effect on the
LDOS, with the quasiparticle spectrum within the puddle showing broad signatures
of a gap that progressively becomes filled up and washed out the smaller the puddle
becomes. The similarity of the pair-breaking effects of the metallic matrix to disorder
points to the difficulty of attributing the effects seen in the experiment and detailed
in the main text to purely mean-field effects.

Our calculations show that within a mean-field picture, pair-breaking, whether it be
due to disorder or the effect of metallic states on a superconducting puddle, naturally
leads to an anticorrelation between these two quantities. Such a scenario points to
the necessity of “beyond-mean-field” physics in resolving the conundrum posed by the
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Figure A.11: Plots of the LDOS as a function of energy for a d-wave superconducting
puddle inside a metallic matrix with decreasing puddle size, with V0 = 1.0. The puddle sizes
are 9 × 9, 7 × 7, and 5 × 5 (a-c), corresponding to l/ξ0 approximately equal to 3.6, 2.4, and
1.2, respectively. Shown are LDOS averages within the puddle (blue) and outside it (black).
Also shown for comparison is the average LDOS for a bulk d-wave superconductor with the
same pairing interaction V0 = 1.0 d) The dashed blue lines indicate the average d-wave order
parameter within the superconducting puddle. Note that as the puddle size becomes smaller,
the zero-energy LDOS inside the patch becomes larger, the coherence peaks become smeared
out and move to lower energies, and the gap becomes less discernible.
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Figure A.12: a) Waterfall plot of the spectra calculated for the 9 × 9 puddle (the same
data as presented in main text figure 2.1f), showing a clear correlation between the gap size
going to zero and the coherence peaks disappearing. b) Spectra of the OD12K sample binned
and averaged according to their gap size ∆, as determined by our model. The visibility of
the coherence peaks here has no clear relation to the size of the gap. The spectra in (a),(b)
have been shifted with respect to each other for clarity.

experimental results discussed in the main text.

A.5 Rigid band shift in overdoped Bi2201

The doping levels of the superconducting samples are determined using the Presland
formula, while the doping level of the OD0K sample is extracted from the rigid band
shift measured by ARPES. Below, we describe this procedure more detail.

ARPES measurements on SOD samples show a rigid band shift of the anti-nodal
band bottom when the doping is increased (figure A.13). ARPES measurements were
performed using the He1αline at 21.2 eV with linear polarization. The sample tem-
perature for all samples was 50 K, and the total experimental resolution was set to 6
meV. The k-space cut was along the face of the Brillouin zone (a line spanning the
direction (π, π)− (π, 0)− (π,−π), indicated in the inset of figure A.13a).

Shown in figure A.13a as “+” symbols are the positions of the peak maxima of the
Energy Distribution Curves (EDC’s), extracted after dividing out the resolution broad-
ened Fermi-Dirac distribution from the raw data. The energy position of the band
bottom as shown in figure A.13b is extracted by taking the average of the EDC max-
ima positions within a small momentum window (indicated in figure A.13a by the two
vertical red lines). Using these doping-dependent band bottom energy values, we can
determine the doping level of the OD0K crystal by fitting the positions of the super-
conducting samples and extrapolating the result. We find that the OD0K sample has
a doping level of p = 0.274± 0.008.
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Figure A.13: Rigid band shift of the anti-nodal band bottom. The anti-nodal ARPES
cut is indicated by the red line on the Fermi surface in the inset to panel (a). In (a) can
be seen that the anti-nodal band bottom shifts towards the Fermi level as the samples are
progressively overdoped. The energy position of the band bottom is shown in panel (b), and
is given by the average position within the red vertical lines in panel (a). The red dashed
line in (b) shows a fit through the band bottom energy position for the superconducting
samples (blue circles). The fit is then extrapolated to determine the doping level of the
non-superconducting sample (red diamond), given its measured band bottom.
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Figure A.14: a) Filling vs spectral weight from optical conductivity below Tc [40]. b)
Filling vs residual specific heat [156,157]. c) Filling vs residual Knight shift below Tc [158].

A.6 Gap filling and DOS from other experiments

Figure A.14 shows the comparison of the gap filling we observe and several other ex-
periments determining the DOS at the Fermi level: optical conductivity [40] (figure
A.14a), Specific heat measurements [156, 157] (figure A.14b), and Knight shift [158]
(figure A.14c). All these probes measure a DOS at Fermi level increasing with over-
doping, concomitant with the increased gap filling we observe. We posit that this
increased DOS is due to increasingly more Cooper pairs broken by a non-mean field
process (see main text).

A.7 Pair breaking, Gap filling and competing orders

In the overdoped cuprates several (fluctuating) orders other than superconductivity
have been observed, being two distinct types of charge order and fluctuating ferro-
magnetism. Here we address their possible relation with our findings.
The charge order of the UD regime continues past optimal doping in the overdoped
regime, weakening as the doping increases [159]. This doping dependence is opposite
to the behavior of the gap filling, making this an unlikely candidate to participate in
the gap filling. The second type of order,

√
2 order observed by STM [160]. Research

on this phenomenon is ongoing – as mentioned, the relationship to RIXS data is not
clear. This CDW is only visible in certain areas, and thus we deduce that it is not
directly connected to the phenomenology reported here. In any case, the main points
of our paper – puddle formation, persistent gap, non-mean-field breakdown – remain
independent on what exactly this CDW is.

Finally, ferromagnetic fluctuations have been confirmed to exist in overdoped cuprates
[161–164], but to what extend these interfere with superconductivity remains unknown.
In light of the results presented in this work, one could speculate that small ferromag-
netic clusters could reside in the metallic matrix. It would be these small clusters
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that then give rise to the experimentally observed enhancement of the magnetic sus-
ceptibility. Note that this would not necessarily imply competition between these two
phases: We observe superconducting islands embedded in a metallic matrix, but the
metallic matrix itself is not necessarily caused by ferromagnetic fluctuations, but could
also result from for example disorder.
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Appendix B

Supplementary information to
measuring local moiré lattice
heterogeneity of twisted
bilayer graphene

B.1 Spatial Lock-in Algorithm

B.1.1 Deformations of a lattice

We perform lock-in measurements on images that clearly display a periodic lattice. In
STM, this implies we can use any topography of sufficient quality that displays the
crystal lattice. The idea is to use a lock-in measurement in order to find a transforma-
tion of coordinates between the measured, “distorted” image and its pristine, unde-
formed equivalent (in this work, a perfect triangular lattice). Defining the measured
and pristine image as Tm(r), Tr(r

′) respectively, both with measurement coordinates
r = (x, y) ∈ R2 and lattice coordinates r′ = (x′, y′) ∈ R2, the following relation holds:

Tm(r) = Tr (r + u(r)) = Tr (f(r)) = Tr(r
′) = Tm

(
f−1(r′)

)
where the transformation from measurement coordinates to lattice coordinates is given
by:

f(r) = r + u(r) = r′ (B.1)

Here, u(r) is called the displacement field, connecting the measurement coordinates to
the lattice coordinates, as is well-established in continuum mechanics. For convenience,

A significant contribution to this appendix has been made by Tobias A. de Jong.
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we also define the inverse displacement:

u′(r′) := f−1(r′)− r′ = r− r′

Note that by substitution, we have the following relation between forward and inverse
displacement:

u′(r′) = f−1(f(r))− (r + u(r)) = −u(r)

With this, we can express the pristine image at lattice coordinates in terms of the
measured image:

Tr(r
′) = Tm

(
f−1(r′)

)
= Tm(r′ + u′(r′))

= Tm (r′ − u(r))

= Tm (r′ − u(r′ − u(r)))

≈ Tm (r′ − (u(r′)− (∇u)(r′ − r)))

= Tm (r′ − (u(r′) + (∇u)u(r)))

= Tm (r′ − u(r′) + (∇u)u′(r′)))

Therefore, if we can determine u(r), and thereby u′(r′), we can reconstruct the pristine
image. This is the idea of the Lawler–Fujita reconstruction algorithm [100]. In their
original paper, Lawler–Fujita uses u′(r′) = −u(r′), which is a good approximation if
u varies slowly.

B.1.2 Properties of the deformation

The displacement field u(r) as defined above, fully describes the deformation of the
lattice, but does not directly provide insight into the relevant properties. To that end,
we first define the Jacobian of the transformation f :

J ≡ ∇f = 1 +∇u,

where ∇u is the Jacobian of the displacement field, in continuum mechanics terminol-
ogy the deformation gradient tensor, and in canonical terms defined as follows:

∇u =

(
dux
dx

dux
dy

duy
dx

duy
dy

)
In order to fully characterise the deformation of the lattice, we decompose J in its
polar form:

J = WP = WV >DV , (B.2)

where W is the rotation matrix corresponding to the rotation of the full lattice and
the matrix P describes the local anisotropy and scaling. P is further decomposed in
the rotation matrix V indicating the orientation of the axis of anisotropy (i.e. the
axis of largest scaling, with the axis of smallest scaling perpendicular to it) and the
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diagonal scaling matrix D =

(
d1 0

0 d2

)
, where by convention and implementation

d1 ≥ d2 holds for any position r.

The geometric mean of these directional scaling factors is equal to the square root of
the determinant of D and therefore of J :

√
d1d2 =

√
det(J). As this corresponds to

the local scaling of the wavelength of the moiré lattice, we can use this to quantify the
local twist angle:

λ(r) =
√
d1d2

4π√
3|qj |

, (B.3)

where |qj | is the length of the chosen reference vectors. This local wavelength is then
converted to a local twist angle using the well-known expression:

θ(r) = 2 arcsin

(
2λ(r)

a

)
,

where a = 2.46Å is the lattice constant of graphene and θ(r) the local twist angle.

A quantification of the local anisotropy is given by the ratio κ = d1/d2 and the
angle between the anisotropy axis and the x-axis is finally calculated from V : ψ =

arctan
(
Vxy
Vxx

)
.

In our practical implementation, the singular value decomposition (SVD) is used to
obtain the decomposition in equation B.2 for each point in the image, and Matlab’s
atan2 is used to find the right quadrant of the angles from the signs of Vxx and Vxy.

B.1.3 Determination of the displacement field u(r)

In order to determine u(r) for a certain image, we perform a lock-in measurement. To
clarify, we can represent any (nearly) periodic image as:

Tm(r) = T0

∑
j

eiqj ·(r+u(r)) = T0

∑
j

ei(qj ·r+φj), (B.4)

where φj = qj · u(r) is the position-dependent phase of the lattice. The summation
runs over the reciprocal lattice vectors qj (j ∈ {1, 2, 3} for a hexagonal lattice), T0

is the constant indicating the amplitude of the modulation and u(r) is again the
displacement field.

The phase is measured using standard lock-in procedure: The existing image is mixed
with a reference image containing a specific plane wave. If we choose the periodicity
of this reference wave sufficiently close to that of the lattice in the image itself, we can
then low-pass filter the mixed image and end up with a phase map for a specific wave.
For clarification:

cos(qj · r + φj)e
−iqj ·r =

eiφj

2

(
1 + e−2i(qj ·r+φj)

)
7→ 1

2
eiφj ,

75



Spatial Lock-in Algorithm

where the cosine in the first term denotes the (real-valued) measured image, whereas
the complex exponential denotes the reference wave and 7→ denotes low-pass filtering
in order to get rid of the last term between brackets, corresponding to a rotating wave
approximation. Alternatively, for a gaussian low-pass filter, this corresponds to a real
space gaussian integration window of the lock-in.
By taking the (pointwise) angle of the complex, filtered product image, we end up
with the phase map. In particular, this phase map contains information about the
displacements of each pixel in the measured image Tm(r) with respect to the pristine
reference lattice Tr(r) along the wave vector qj used for the lock-in procedure. This
procedure is repeated for at least one additional reciprocal lattice vector. The two
phase maps are then used to find the displacement field u(r). From the definition of
u(r) (eq. B.1), the following holds: r′ = r + u(r). Multiplying this equation by the
reciprocal lattice vectors, we get a system of equations expressing the projection of
the distortion onto the reciprocal lattice vectors:

qj · r′ = qj · r + φj , j ∈ 1, 2, 3

Selecting only j ∈ {1, 2}, we have in matrix notation:

Q =

(
−q1−
−q2−

)
=

(
q1x q1y

q2x q2y

)
,

such that we can write for φ =
(
φ1

φ2

)
:

Qr′ = Qr + φ . (B.5)

Multiplying by Q−1, we find r′ = r +Q−1φ, and therefore u(r) = Q−1φ(r).

B.1.4 Additional notes on choice of reference vectors

Selecting two reference vectors

To obtain u(r) as described above, we only used the phase of the lock-in signal of two
reference vectors. For a triangular/hexagonal lattice, a priori three possible choices
of which two reference vectors to use are possible from the three linear independent
references vectors as fitted to the FFT of the image. To select which two vectors to
use for the reconstruction of u(r), we either selected the ones with the largest average
lock-in amplitude, or by inspecting the phase-unwrapped images and selecting the
ones where no remaining phase slips occurred.

Using more than two reference vectors

In principle, information is lost when only selecting the phase of the lock-in signal of
two reference vectors to obtain u(r). Although not used in this work, in low signal-
to-noise ratio situations, it could be beneficial to use all the information. Equation
B.5 also holds for more than two phases and reference vectors. Although Q is not a
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square matrix in this case, a solution can be obtained for each pixel using linear least
squares minimization of the following equivalent equation:

Qu(r) = φ(r),

where additionally the amplitude of the lock-in signals can be used as weights to the
minimization problem.

Isotropy

Enforcing the reference lattice to be isotropic can be done either in advance, by en-
forcing isotropic reference wavevectors (as applied in this work) or alternatively, after
the initial lock-in step, by adding an additional linear phase ∆φj = ∆qj · r to the
obtained phase, where ∆qj is the difference between the used reference wavevector
and the isotropic wavevector.
The advantage of the latter method would be a slightly improved signal-to-noise ra-
tio, as the smoothing window can be centered around the actual average wavevector
occurring in the image instead of the ideal, equal-length, 60 degree rotated ones.

B.2 Relation of moiré lattice to relative displace-
ment

For a non-homogeneous bilayer, the system can be fully described by two displacement
fields u↑(r),u↓(r) of respectively the top and bottom layer compared to an undistorted
system.

Tm(r) = Tm↑(r)⊕ Tm↓(r)

= Tr↑ (r + u↑(r))⊕ Tr↓ (r + u↓(r))

= Tr↑ (r↑)⊕ Tr↓ (r↓) ,

where Tr(r) denote the atomic lattices, r↓, r↑the lattice coordinates of both lattices
and ⊕ denotes the (as of now, unspecified) operation of the combination of two lattices
into one image.
We can express the deformation of one atomic lattice w.r.t the coordinates of the
other:

Tr↓ (r↓) = Tr↓ (r + u↓(r)) = Tr↓ (f↓(r))

= Tr↓

(
f↓(f

−1
↑ (r↑))

)
= Tr↓

(
f↓(r↑ + u′↑(r↑))

)
= Tr↓

(
r↑ + u′↑(r↑) + u↓(r↑ + u′↑(r↑))

)
Assert u↓(r) = J↓r + v↓(r), i.e. a global rotation and/or scaling plus local variations.
Note that here, J↓ is constant 2-by-2 matrix corresponding to a mean∇u, and therefore
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corresponding to J − I in terms of the J defined in the previous section. In this case,
we have:

Tr↓ (r↓) = Tr↓
(
(I + J↓)(r↑ + u′↑(r↑)) + v↓(r↑ + u′↑(r↑))

)
For two real lattice plane waves Tr(r

′) = cos(qj · r′) and taking pointwise product for
the ⊕ operator, we have:

Tm(r↑) = cos(qjr↑)·
cos(qj

[
(I + J↓)(r↑ + u′↑(r↑)) + v↓(r↑ + u′↑(r↑))

]
)

= cos(qjr↑) cos(qjr↑ + δ(r))

=
1

2
cos(2qjr↑ + δ(r)) +

1

2
cos(−δ(r))

=
1

2
cos(2qjr↑ + δ(r)) +

1

2
cos(+δ(r))

For the modulation δ(r) the following holds:

δ(r) = qj
[
J↓(r↑ + u′↑(r↑)) + u′↑(r↑) + v↓(r↑ + u′↑(r↑))

]
= qjJ↓

[
r↑ + u′↑(r↑) + J−1

↓
(
u′↑(r↑) + v↓(r↑ + u′↑(r↑))

)]
Substituting r↑ = r + u↑(r) and u′↑(r↑) = −u↑(r):

δ(r) = qjJ↓

[
r− J−1

↓ u↑(r) + J−1
↓ v↓(r)

]
= qjJ↓ [r + umoiré(r)]

With umoiré(r) = J−1
↓ (v↓(r) − u↑(r)) = J−1

↓ u∼(r), where u∼(r) denotes the relative
displacement between the upper layer and the rotated lower layer. Substituting back
in Tm:

Tm(r) =
1

2
cos(2qj(r + u↑(r) +

1

2
[J↓r− u↑(r) + v↓(r)]))

+
1

2
cos(J>↓ qj [r + umoiré(r)])

Tm(r) =
1

2
cos(2qj(r +

1

2
[J↓r + u↑(r) + v↓(r)]))

+
1

2
cos(J>↓ qj [r + umoiré(r)])
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Note that for a 2D lattice consisting of the sum of 2 or more cosines, each with it’s
own qj , this construction can be made for each qj separately, nevertheless resulting
in a single, joint umoiré(r) (as expected).

For a small twist angle θ between two equal lattices, e.g. magic angle twisted bilayer
graphene, we have:

J↓ = R(θ)− I =

(
cos θ − 1 − sin θ

sin θ cos θ − 1

)

≈

(
− 1

2θ
2 + θ4

24 −θ + θ3

6

θ − θ3

6 − 1
2θ

2 + θ4

24

)

= θ

(
− 1

2θ + θ3

24 −
(

1− θ2

6

)
1− θ2

6 − 1
2θ + θ3

24

)

= θR
(
π
2 + θ

2

)
+ θ3

(
θ
48 − 1

3

+ 1
3

θ
48

)

Therefore, in this case the topography Tm(r) consists of a sum of a cosine with ap-
proximately twice the atomic frequency and a cosine with approximately θ times the
atomic frequency: the moiré frequency. As expected, this lattice is rotated by π

2 plus
half the angle of the original rotation, i.e. angled halfway in-between both atomic
lattices.

B.2.1 Relation to uniaxial strain models

Graphene has a Poisson ratio δ = 0.17, so if a strain ε is applied in one direction,
it shrinks in the perpendicular direction by δε. By applying the decomposition into
θ(r), κ(r) and ψ(r) as described in Section B.1.1, to the relative displacement be-
tween the layers u∼(r) and assuming the relative strain is dominated by the strain of
one layer, we can calculate that strain ε(r). For uniaxial strain, we have with these
assumptions in terms of the decomposition into relative displacement:

κ(r) =
d1

d2
=

1 + ε

1− δε
,

and therefore we can express the strain of a single layer as follows:

ε(r) =
d1 − d2

d2 + δd1
,

which can then be related to other measurements and models [90,102]. In appendix J,
we discuss the accuracy of these models. Note that the measured quantity umoiré(r)
is related to the relative displacement by a multiplication of J−1. For small twist
angles, ‖J−1‖ ≈ 1

θ (with θ in radians, i.e. for θ = 1.05◦ we have ‖J−1‖ ≈ 55), strongly
amplifying effects of small relative displacement.
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B.3 Phase unwrapping & singularities

Figure B.1: Phase maps of the data shown in main text figure 3.4, and figure B.4a. a,b,c
correspond to the phase maps of the Bragg peak labeled q1,q2 and q3 respectively (see main
text figure 3.4b). Because the map corresponding to q2 shows some phase singularities, we
use φ1 and φ3 for determining the displacement field.

In this work, phase unwrapping of a periodic phase is needed in two separate places:
unwrapping the lock-in phase φj(r) before reconstructing u(r), and to obtain a sin-
gle valued anisotropy angle ψ(r). The phase is unwrapped in both directions of the
image. The order in which this is done usually does not matter, provided there are
no phase singularities present in the image. We occasionally encountered some phase
singularities in one of the three phase maps (figure B.1), but we worked around this
simply by using the other two phase maps in order to find the displacement field.

In case this is not an option, for example when applying this technique to a square
lattice, and/or when phase slips are present in all phase maps, there are more sophis-
ticated algorithms for phase unwrapping available: [99, 165,166].
Some of these phaseslips were present in the ψ(r) maps, for example the one displayed
in the main text, figure 4e. Here, we used a Matlab implementation of a least-squares
based phase unwrapping algorithm [165,167].

B.4 Device overview

A schematic of the devices studied in this work is presented in figure B.2. More
information about the actual fabrication process can be found in the main text.
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Figure B.2: Schematic overview of the devices studied in this work.

B.5 Accuracy of the algorithm

As an additional consistency check, we used the Lawler–Fujita algorithm to reconstruct
the undistorted image [100], and then applied the algorithm on the undistorted image
in order to extract the residual displacement field and compare it to the previously
extracted displacement field. Here, a perfectly performing and consistent algorithm
would extract a zero residual displacement field. Therefore, this gives an indication
of the error of the quantities extracted by the algorithm. Since we decompose the
displacement field, for an almost zero displacement field, we expect the effective twist
angle map to become more centered around the average twist angle (in this case,
2.02◦). Furthermore, we expected that most of the anisotropy is gone i.e., κ→ 1 and
ε→ 0.
We check this using the topography presented in the main text (figure 3.4) and in
figure B.4a, and show the results in figure B.3. Aside from edge effects in the corner,
both the residual anisotropy and the residual variations in the twist angle are more
than an order of magnitude smaller than the originally obtained values, indicating
self-consistency of the algorithm.

81



Accuracy of the algorithm

Figure B.3: a) Lawler–Fujita corrected STM topography of figure B.4a (and main text
figure 3.4a). b) Extracted effective twist angle map of a. c) Extracted residual local anisotropy
map of a. d) Local anisotropy angle of c. e) Heterostrain map of a. f) Local moiré rotation
of a. This angle corresponds to the angle in the W matrix (equation B.2).
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B.6 Validity check with more data

Figure B.4: Spatial lock-in output for sequentially measured topographies in the same
field of view. Figure f was measured at 65 nm/s, whereas a-e were measured with a scan
speed of 54 nm/s. The setup condition was kept constant between measurements: V = 250
mV, I = 20 pA.

In this work, we claim that the contribution of piezo drift to the output of our
algorithm is negligible. To verify this, we apply it to multiple topographies, all se-
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quentially measured on the same area. All of them are measured with a scan speed
of 54 nm/s, except the last one (figure B.4f), which is measured at 65 nm/s. Because
piezo drift changes with time and scan speed, comparing these datasets provides us
with insight to which degree the algorithm output is affected by this effect.
The algorithm output for these measurements is displayed in figure B.4, where Figure
B.4a corresponds to the data shown in the main text. For completeness, we also show
ξ(r), the angle corresponding to the matrix W (see section B.1.1).
Comparing these results from different scans, we observe that almost all deformations
are reproduced, in particular the vertical line-like feature on the right and the two min-
ima in κ(r). The only features not reproduced are horizontal ‘creases’, corresponding
to line-to-line scan artefacts. Additionally, no significant difference is observed for fig-
ure B.4f with the deviating scan speed compared to the rest. From this, we conclude
that most observed deformations are intrinsic to the sample.

B.7 Heterogeneity comparison with other devices
and data overview

We measured 2 additional devices, with average twist angles of 2.16◦ and 2.01◦. The
output of the spatial lock-in algorithm for these topographies is displayed in figure B.5
and figure B.6. Calculating the standard deviation for the twist angle maps, we find
0.03◦ and 0.06◦ respectively, which is consistent with the result presented in the main
text.

In total, topographies from 3 different devices are presented in this work. We give
a short overview of the data measured per device, and the number of pixels for each
measurement in table B.1

Device Figure # pixels

1 3.2a 321× 321

2 3.2c, 3.4, B.3 , B.4a, B.7 246× 246

2 B.4b-f 984× 984

2∗ B.6 256× 256

3 B.5 236× 236

Table B.1: Overview of the measured data per device.
∗: Measured after moving a few micrometer from the initial field of view.
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Figure B.5: a) STM topography of a TBG device with an average twist angle of 2.16◦

(set-up conditions: V = 170 mV, I = 20 pA). b) Extracted effective twist angle map of a.
c) Extracted local anisotropy map of a. d) Local anisotropy angle of c. e) Heterostrain map
of a. f) Local moiré rotation of a. This angle corresponds to the angle in the W matrix
(equation B.2).

Figure B.6: a) STM topography of a TBG device with an average twist angle of 2.01◦

(set-up conditions: V = 350 mV, I = 100 pA). b) Extracted effective twist angle map of a.
c) Extracted local anisotropy map of a. d) Local anisotropy angle of c. e) Heterostrain map
of a. f) Local moiré rotation of a. This angle corresponds to the angle in the W matrix
(equation B.2).
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B.8 Homogeneity quantification

In the main text, the average, standard deviation and peak to peak spread are given
for a cropped area of the twist angle map displayed in figure 3.4c. We find an average
twist angle of 2.02◦ with a standard deviation of 0.02◦ and a peak to peak variation
of 0.08◦. In figure B.7, we show the topography, along with the extracted twist angle
map and the crop over which these values are calculated.

Figure B.7: a) STM topography of a device with an average twist angle of 2.02◦ (V = 250
mV, I = 20 pA, same data as main text figure 3.4a. b) Effective twist angle map extracted
from a, by the algorithm discussed. The red square indicates the area over which the average
twist angle and standard deviation are calculated. c) Effective twist angle map corresponding
to the area marked by the red square in b.

Another thing to consider here is some border effects that appear in our data. Because
our method is based on lock-in techniques and the real space resolution is determined
by the size of the filter we choose (see main text), we can expect an area around the
border of our images to be affected by artifacts. We consider the size of this border
to be about two times the radius of the filter used for the spatial lock-in procedure,
motivated by the Gaussian profile of the filter: Two times the sigma of a Gaussian
covers roughly 95% of the weight of the window. In figure B.8, we show the extracted
twist angle map, the local anisotropy and the heterostrain map of figure 3.4a in the
main text, accompanied by histograms of each map both including and excluding the
border.

B.9 Artificial resolution limitation for comparison
with SOT

In order to compare our results with the result about twist angle homogeneity obtained
on encapsulated device from SQUID-on-Tip (SOT) measurements [83], we have to
consider the resolution of SOT (∼30 nm). To this end, we smear our obtained twist
angle map (main text, figure 3.4c) with a Gaussian filter with a width of σ = 15 nm,
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Figure B.8: a) Effective twist angle map extracted from the data shown in the main text,
figure 3.4a. b) Local moiré anisotropy map κ(r) extracted from the data shown in the main
text, figure 3.4a. c) Heterostrain map extracted from the data shown in the main text, figure
3.4a. d-f) Histograms of the maps displayed above. The light blue histograms count the full
data as shown, whereas the dark blue histograms exclude a border of two times the filter
radius used in the lock-in procedure (pixels outside of the dark blue border in a). Finally,
the red histograms count the data inside the area marked by the red square in a

the result of which is shown in figure B.9. Then, we obtain a peak to peak value of
0.20◦ and a standard deviation of 0.036◦.

B.10 Error estimation of the heterostrain model

In previous STM work, the twist angle of twisted bilayer graphene has been extracted
with a heterostrain model [90]. This model relies heavily on accurately fitting a Gaus-
sian to the moiré lattice sites in order to extract their position in space, and thereby,
the relative distance between neighboring sites. Here, a Gaussian is fitted to a repre-
sentative example of the moiré sites in our data and we calculate the 95% confidence
interval. The result is shown in figure B.10. We find a diameter of ∼1 nm for the 95%
confidence interval.
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Twist angle homogeneity overview

Figure B.9: a) STM topography of a device with an average twist angle of 2.02◦ (V = 250
mV, I = 20 pA, same data as main text figure 3.4a. b) Effective twist angle map extracted
from a, by the algorithm discussed. c) Twist angle map of b after smearing with a Gaussian
filter with a sigma of 15 nm.

Figure B.10: a) STM topography of a device with an average twist angle of 2.02◦ (V =
250 mV, I = 20 pA, same data as main text figure 3.4a. b) Zoom in of a. c) Same figure
as b, but plotted with interpolative shading. The red marker indicates the position of the
Gaussian fitted to that moiré site and the green cross represents the extend 95% confidence
interval.

B.11 Twist angle homogeneity overview

In this section, we provide the extracted twist angle homogeneity of each device pre-
sented in this work (table B.2).

B.12 Data processing

Regarding data pre-processing and post-processing, we made the following manipula-
tions:

• Topographies are obtained from the measured data by subtracting a polyno-
mial background up to 8th order. It was verified that this did not significantly
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Description Average peak-to-peak standard

twist angle variation deviation

Full field of view, figure B.8 2.02◦ 0.29◦ 0.039◦

Blue area, figure B.8 2.02◦ 0.23◦ 0.033◦

Red area, figure B.8 2.02◦ 0.08◦ 0.015◦

Full field of view,
figure B.8, after correcting PSF

2.02◦ 0.20◦ 0.036◦

Full field of view,
figure B.5 (Blue area equivalent)

2.16◦ 0.22◦ 0.029◦

Full field of view,
figure B.6 (Blue area equivalent)

2.03◦ 0.14◦ 0.029◦

Table B.2: Overview of the twist angle homogeneity extracted per device.

influence the extracted displacement fields.

• The topography in figure 3.2a was additionally line subtracted.

• FFT’s are calculated from the periodic part of the data, after applying the
periodic + smooth decomposition algorithm [168].

• The FFT in figure 3.4b uses interpolative shading.

• The FFT in figure 3.2b is furthermore smeared with a gaussian filter (with a
width of σ = 0.5 pixels).
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