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It is well known that the maximum likelihood estima-
tor (MLE) is inadmissible when estimating the multidi-
mensional Gaussian location parameter. We show that
the verdict is much more subtle for the binary loca-
tion parameter. We consider this problem in a regression
framework by considering a ridge logistic regression
(RR) with three alternative ways of shrinking the esti-
mates of the event probabilities. While it is shown that
all three variants reduce the mean squared error (MSE)
of the MLE, there is at the same time, for every amount
of shrinkage, a true value of the location parameter for
which we are overshrinking, thus implying the mini-
maxity of the MLE in this family of estimators. Little
shrinkage also always reduces the MSE of individual
predictions for all three RR estimators; however, only
the naive estimator that shrinks toward 1/2 retains this
property for any generalized MSE (GMSE). In contrast,
for the two RR estimators that shrink toward the com-
mon mean probability, there is always a GMSE for which
even a minute amount of shrinkage increases the error.
These theoretical results are illustrated on a numeri-
cal example. The estimators are also applied to a real
data set, and practical implications of our results are
discussed.
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160 BLAGUS AND GOEMAN

1 INTRODUCTION

When estimating a multidimensional location parameter in a multivariate Gaussian distribution,
it is well known that the maximum likelihood estimator (MLE) is not admissible with respect to
mean squared error (MSE) loss (Brown, 1966, 1968; Brown & Fox, 1974a, 1974b; James & Stein,
1961; Stein, 1956, 1959). An estimator is said to be admissible when no other estimator that has a
risk that is never larger and is sometimes smaller exists, where risk is defined as the expected value
of some loss function that measures the distance between the estimate and the true parameter
value. It was proved that, for a scalar and two-dimensional location parameter, the best invari-
ant estimator is admissible, whereas it is inadmissible for a three- (or more) dimensional location
parameter. Informally, it was shown that simultaneously estimating more location parameters
will reduce the overall risk of the estimator, but at the expense of increasing the risk for some loca-
tion parameters (and obviously decreasing it for others). In short, shrinkage estimators achieve
a better MSE. One way of shrinkage is by ridge regression, which can be applied more gener-
ally in least squares problems. Theobald (1974) showed, for the ridge estimator in ordinary least
squares (OLS) regression, that there always exists some value of the penalty parameter for which
shrinkage will outperform the OLS estimator in terms of any positive semidefinite weighted sum
of coefficient mean square and product errors; by the linearity of the link function, this then also
implies that shrinkage improves the MSE of the predictions.

Shrinkage estimators are also popular in logistic regression especially with collinear and/or
high-dimensional predictors (Sun & Wang, 2012; Zhou et al., 2010), where they are often used
for estimating the event probability (Walter et al., 2011). Applying the idea of the ridge estimator
in a linear regression model (Schaefer, 1986) obtained a straightforward ridge logistic estimator,
which depended on the MLE. However, it is this dependence on the MLE that can cause issues,
since the estimator of Schaefer (1986) does not exist if some of the unrestricted MLEs are infi-
nite. To overcome this, le Cessie and van Houwelingen (1992) followed the restricted maximum
likelihood approach of Duffy and Santner (1989). However, although it was shown via simulation
studies that this approach makes sense (Steyerberg et al., 2001), a similar motivation as given by
Theobald (1974) for the OLS regression is, so far, lacking for the estimation of the event probability.

Schaefer et al. (1984) showed, for a large sample size, a sufficient degree of collinearity and
some values of the penalty parameter, the inadmissibility with respect to the MSE loss of the
MLE of the logistic regression parameter. In fact, we show in the Appendix that, using asymp-
totic results for the ridge estimator of the logistic regression parameter (see, e.g., le Cessie &
van Houwelingen, 1992), a similar result to that in the work of Theobald (1974) for the OLS regres-
sion is easily established for the ridge estimators considered by Schaefer et al. (1984) and le Cessie
and van Houwelingen (1992). By the nonlinearity of the link function, this however, unlike in the
OLS example, does not directly imply the improvement of the ridge estimator at the level of the
estimated probabilities.

In this paper, we investigate the shrinkage properties of logistic ridge regression at the level
of estimated probabilities, when using some fixed amount of shrinkage in a nonasymptotic set-
ting. When do such shrinkage estimators outperform the MLE? We concentrate on the case of
a single categorical predictor with K categories (or, equivalently, the model with multiple cate-
gorical predictors and full interactions), since for this model, we can derive explicit expressions
for the estimated probabilities of the MLE and one-step approximations for the shrinkage esti-
mators. We study the MSE and the generalized MSE (GMSE) for three variants of logistic ridge
regression: The variants considered shrink estimated probabilities (a) toward 1/2, as advocated by
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BLAGUS AND GOEMAN 161

Elgmati et al. (2015); (b) toward the estimated probability of the reference category, as suggested
by Greenland and Mansournia (2015); or toward a common mean probability, as argued for by
le Cessie and van Houwelingen (1992). Special cases of Scenario (a) include Firth's estimator
(FPE; Firth, 1993) and the Agresti–Coull estimator (ACE; Agresti & Coull, 1998).

We show that a similar result to that in the work of Theobald (1974) holds for our model also
at the level of the estimated probabilities: For the overall MSE, a little shrinkage is always better
than no shrinkage. This result holds for all three estimators. The maximal amount of shrinkage
that is still beneficial, however, depends on the true values of the parameters. Any fixed amount of
shrinkage may therefore result in overshrinkage. Therefore, although the MLE is never optimal
for any value of the parameter, we show that it is still minimax optimal, with respect to squared
loss, among all shrinkage estimators. This result also holds for all three shrinkage variants.

Next, we study how uniform the improvement of the MSE by shrinkage is by studying the
GMSE. We find that, for individual estimated probabilities per category, the same result holds:
A little shrinkage is always better than no shrinkage. This again holds for all three estimators.
However, for general linear combinations of these probabilities, the three ridge methods start to
diverge: Whereas the method that shrinks to 1/2 has at least some improvement for all possible
linear combinations, the other two methods will always (aside from some special cases) have
increased MSE compared to MLE for at least one linear combination.

We first derive explicit expressions for the three ridge estimators. Their properties will be
analyzed by second-order moment matrices of the error. After the theoretical results, we have
a numerical experiment. The value of the results in data analysis will be illustrated with a real
data set.

2 MODEL AND ASSUMPTIONS

Let Y = {0, 1} and X = {1, … ,K}. We observe n independent realizations of pairs (Yi,Xi), denoted
as (yi, xi), where Yi ∼ Ber(𝜋i) and 𝜋i = P(Yi = 1|Xi), with Ber(·) denoting a Bernoulli distribution.
We assume the logistic regression model

log 𝜋i

1 − 𝜋i
= 𝛽1zi1 + · · · + 𝛽KziK , i = 1, … ,n, (1)

where zik denotes the dummy variable associated with the kth category, k = 1, … ,K; that is,
zik = 1 if xi = k and zik = 0 otherwise. Observe that

z1 + · · · + zK = 1; (2)

zT
𝑗 zk = 0, for any 𝑗 ≠ k, (3)

where zk = (z1k, … , znk)T and 1 is the identity vector of order n.
The likelihood is then simply

L(𝜷) =
n∏

i=1
𝜋
𝑦i
i (1 − 𝜋i)1−𝑦i ,
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162 BLAGUS AND GOEMAN

and we denote its natural logarithm by l(𝜷), where 𝜷 = (𝛽1, … , 𝛽K)T. We assume we have only
one categorical predictor, so our data come from a K × 2 contingency table.

If we would have several categorical predictors and full interactions, we would get the same type
of data. For this type of data, using the parameterization given in (1), the event probability for the
kth category is given by

𝜋k = 1
1 + exp(−𝛽k)

, k = 1, … ,K.

Two further assumptions will be made throughout.

Assumption 1. 0 < ak• <∞ for k = 1, … ,K.

Assumption 2. 0 < 𝜋k < 1 for k = 1, … ,K.

For brevity, the proofs of our theoretical results are given in the Supplementary Material. In
general, we will only be interested in the estimates of the probabilities and not in those of the
logistic regression parameters. Under Assumption 1, the MLE of the probabilities exists and is
given by 𝝅̂ = (𝜋̂1, … , 𝜋̂K)T , where

𝜋̂k = ak1

ak•
, k = 1, … ,K.

3 THREE RIDGE ESTIMATORS

We now define three alternative ways of doing ridge regression in model (1). These are not all
possibilities, but they are the ones we have found in the literature as actually being used. In gen-
eral, ridge regression is defined as maximizing a log-likelihood minus a penalty, P(𝜆), given by a
sum of squares of some or all of the parameters, where the amount of penalty is determined by
the penalty parameter, 𝜆 > 0. The estimator is not invariant to the parameterization chosen. We
will derive the three estimators from different natural parameterizations.

If we choose the parameterization in (1) and apply the ridge penalty on this, that is,

P(𝜆) = 𝜆

2

K∑
k=1
𝛽2

k = 𝜆

2

K∑
k=1

log2
[

𝜋k

1 − 𝜋k

]
,

we obtain, using a one-step solution initializing at 1/2, the following estimators (Estimator 1):
𝝅̂1(𝜆) = (𝜋̂1,1(𝜆), … , 𝜋̂1,K(𝜆))T , where

𝜋̂1,k(𝜆) =
ak1 + 2𝜆
ak• + 4𝜆

, k = 1, … ,K. (4)
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BLAGUS AND GOEMAN 163

We say that the shrinkage target of this estimator is 1/2 since the estimators go to 1/2 as 𝜆 → ∞.
Note that this approximate one-step estimator is more accurate when the sample size is large
and/or when the targeted parameter vector is close to the starting point (see Supplementary
Material for the upper bound on the error [and its propagation] made by using the one-step
approximation). Ridge regression is closely related to Bayesian analysis. Consider penalizing the
likelihood by the generalized Jeffreys invariant prior (Elgmati et al., 2015), where the penalized
log-likelihood is given by

lPF = l + 2𝜆 log |I(𝜷)|,
where |I(𝜷)| is the determinant of the observed information. In our setting, it can be easily
seen that

log |I(𝜷)| = K∑
k=1

log
(
𝜋k − 𝜋2

k
)
;

hence, it is straightforward to show that the event probability estimates obtained when maximiz-
ing lPF are the same as in Equation (4). Note that the same solution would be obtained by adding
2𝜆 to each cell of the contingency table and then maximizing the (unpenalized) likelihood func-
tion. Setting 𝜆 = 1∕4 is the Jeffreys invariant prior used by Firth (1993; FPE). Furthermore, for
K = 1, 𝜋̂1,1(1) is the ACE (Agresti & Coull, 1998), whereas 𝜋̂1,1(

√
a1•∕4) is the unique minimax

estimator with respect to  = B(
√

a1•∕2,
√

a1•∕2), where  is a prior distribution of 𝜋1 and B(·)
is a beta distribution (Bayesian minimax estimator [BE]).

Rather than shrinking toward 1/2, it may be sensible to shrink toward a common mean proba-
bility. One way to do this is to consider the alternative parameterization with a reference category,
that is,

log 𝜋i

1 − 𝜋i
= 𝛾0 + 𝛾1zi1 + · · · + 𝛾K−1ziK−1, i = 1, … ,n.

It follows from (2) and (3) that

𝛾0 = 𝛽K , 𝛾k = 𝛽k − 𝛽K , k = 1, … ,K − 1.

Applying a ridge penalty to all parameters except the intercept, that is,

P(𝜆) = 𝜆

2

K−1∑
k=1
𝛾2

k = 𝜆

2

K−1∑
k=1

log2
(

𝜋k

1 − 𝜋k

1 − 𝜋K

𝜋K

)
= 𝜆

2

K−1∑
k=1

(𝛽k − 𝛽K)2,

results, again using a one-step solution initializing at 1/2, in the following estimators
(Estimator 2): 𝝅̂2(𝜆) = (𝜋̂2,1(𝜆), … , 𝜋̂2,K(𝜆))T , where

𝜋̂2,k(𝜆) =
ak1 + 4𝜆𝜋̂2,K(𝜆)

ak• + 4𝜆
, k = 1, … ,K − 1,

𝜋̂2,K(𝜆) =
aK1 + 4𝜆

∑K−1
𝑗=1

a𝑗1
a𝑗•+4𝜆

aK• + 4𝜆
∑K−1
𝑗=1

a𝑗•
a𝑗•+4𝜆

.

As 𝜆 → ∞, we converge to a common mean, so we can say that this is the shrinkage tar-
get. However, the shrinkage is not invariant to the choice of the reference category. Shrinkage is
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164 BLAGUS AND GOEMAN

FIGURE 1 The event probability estimates for each group (k = 1, 2, 3) obtained by different ridge estimators as
a function of the penalty parameter

uneven, with the reference category experiencing weaker shrinkage toward the common mean
than the other categories. Moreover, shrinkage is not necessarily monotone: Categories may move
away from the common mean for small 𝜆, only to return to it when 𝜆 is large, as we will see in the
example below.

An alternative, more monotone way of shrinkage toward a common mean was proposed by
Goeman et al. (2014). It does not involve a reference category and is symmetric in the categories.
It can be constructed using the following overparameterized model:

log 𝜋i

1 − 𝜋i
= 𝛾0 + 𝛾1zi1 + · · · + 𝛾KziK , i = 1, … ,n,

with the ridge penalty again applying on all parameters except the intercept. Equivalently, the
same estimator may be derived from the previous parameterization with an empty (K + 1)th
category. The resulting estimators are as follows (Estimator 3): 𝝅̂3(𝜆) = (𝜋̂3,1(𝜆), … , 𝜋̂3,K(𝜆))T ,
where

𝜋̂3,k(𝜆) =
ak1 + 4𝜆𝜋̄(𝜆)

ak• + 4𝜆
, k = 1, … ,K,

𝜋̄(𝜆) =

∑K
𝑗=1

a𝑗1
a𝑗•+4𝜆∑K

𝑗=1
a𝑗•

a𝑗•+4𝜆

.

Observe that, for K = 1, 𝜋̂2,1(𝜆) = 𝜋̂3,1(𝜆) = 𝜋̂1. The shrinkage introduced by the ridge estima-
tors is illustrated by using the following example, where K = 3, ak• = 30, k = 1, 2, 3, and a11 = 4,
a21 = 15, and a31 = 26 (see Figure 1). Observe that, since the common mean is 1/2, 𝝅̂1(𝜆) and
𝝅̂3(𝜆) perform similarly, where the second group does not experience any shrinkage (since its MLE
is equal to 1/2) and the two other groups experience an equal amount of shrinkage. In contrast,
when using 𝝅̂2(𝜆), the shrinkage is not symmetric, with the reference group (k = 3) experienc-
ing less shrinkage; note that now the event probability of the second group is also affected by the
penalty parameter.

We conclude this section by remarking that, assuming that limak•→∞ = ak1
ak•

exists and is equal
to some finite constant ck, k = 1, … ,K, then in the limit when ak• → ∞, we have, for any 0 ≤

𝜆 <∞,

lim
ak•→∞

𝜋̂k = lim
ak•→∞

𝜋̂1,k(𝜆) = lim
ak•→∞

𝜋̂2,k(𝜆) = lim
ak•→∞

𝜋̂3,k(𝜆) = ck, k = 1, … ,K.
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BLAGUS AND GOEMAN 165

4 OPTIMALITY OF RIDGE ESTIMATORS

To analyze the MSE of the three estimators, we will do this in terms of the second-order moment
matrices. The second-order moment matrix of an estimator of a vector parameter 𝜽, for example,
𝜽̂, is defined in general as

M = E(𝜽̂ − 𝜽)(𝜽̂ − 𝜽)T .

The matrix is useful because it relates to differences in the MSE and the GMSE. We have

MSE = trace(M),

which we can use to establish differences in the MSE by the difference in the trace of M.
First, we prove that, for every value of the true parameters, the MLE can be improved by a

suitable shrinkage estimator.

Theorem 1. Assume that 0 < 𝜋k < 1, k = 1, … ,K, and 0 < ak• < ∞, k = 1, … ,K, and K ≥ 2
if j ≠ 1. Then, there exists some Λ > 0 such that, for all 0 < 𝜆 < Λ, we have

MSE
(
𝝅̂𝑗(0)

)
> MSE

(
𝝅̂𝑗(𝜆)

)
, 𝑗 = 1, 2, 3.

Remark 1. Let K ≥ 1, and assume that ak• = a, k = 1, … ,K. Let 𝜋k ≠ 1∕2 for some k =
1, … ,K. Then, MSE(𝝅̂1(𝜆)) is minimized at

𝜆 =
∑K

k=1
(
𝜋k − 𝜋2

k

)∑K
k=1 (1 − 2𝜋k)2

.

This implies that, for all three estimators, there exists a Λ(𝝅) so that, for 0 < 𝜆 < Λ(𝝅), the
shrinkage estimator outperforms the MLE. For particular cases, for example, 𝜋k = 1∕2 for all k
for Estimator 1 and 𝜋1 = · · · = 𝜋K for Estimators 2 and 3, we even have Λ(𝝅) = ∞.

We investigate 𝛬(𝝅) for three interesting special cases of Estimator 1, namely, FPE, ACE, and
BE. In general, we have the following result.

Lemma 1. Assume that 0 < 𝜋k < 1, k = 1, … ,K, and 0 < ak• < ∞, k = 1, … ,K, are fixed.
Then, for some 𝛾 ≠ 𝜆,

MSE(𝝅̂1(𝛾)) ≥ MSE(𝝅̂1(𝜆)),

if and only if
K∑

k=1

ak•
(
𝜋k − 𝜋2

k

) (
(ak• + 4𝜆)2 − (ak• + 4𝛾)2) + 4(1 − 2𝜋k)2 (𝛾2(ak• + 4𝜆)2 − 𝜆2(ak• + 4𝛾)2)

(ak• + 4𝛾)2(ak• + 4𝜆)2 ≥ 0.

Applying this to the FPE, we get the following corollary.

Corollary 1. Assume that 0 < 𝜋k < 1, k = 1, … ,K, and 0 < ak• < ∞, k = 1, … ,K, are fixed.
Then,

MSE(𝝅̂1(0)) ≥ MSE(𝝅̂1(1∕4)),

if and only if
K∑

k=1

4𝜋k(1 − 𝜋k)(3ak• + 1) − ak•

ak•(ak• + 1)2 ≥ 0 (5)

holds.
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166 BLAGUS AND GOEMAN

Remark 2.

(a) Equation (5) holds if 0.092 ≈ 1
2
(1 −

√
6

3
) ≤ 𝜋k ≤

1
2
(1 +

√
6

3
) ≈ 0.908 holds for k = 1, … ,K.

(b) Assume that ak• = a, k = 1, … ,K. Then, (5) becomes

1
K

K∑
k=1

(
𝜋k − 𝜋2

k
)
≥

a
4(3a + 1)

.

For a = 1, the right-hand side (RHS) of the above expression becomes 1∕16, whereas in the
limit when a → ∞, the RHS is equal to 1∕12; note also that the RHS of the above expression
is an increasing function of a.

The corollary establishes conditions under which the particular value of the penalty parameter
used by Firth, namely,𝜆 = 1∕4, will outperform the MLE. That is, when, for each category, the true
event probabilities lie within a bound that is symmetric around 1/2, then 𝝅̂1(1∕4) will outperform
the MLE in terms of the MSE. This suggests that when the events are rare (or common), the FPE
will not outperform, in terms of the MSE, the MLE. Moreover, in studies with an equal number of
subjects in each category, the FPE outperforms the MLE only when the average of the variances
over the categories exceeds some bound, which depends on the sample size (the bound increases
with sample size). With a small sample size, the variances have to be larger in order to see the
improvement over the MLE in terms of the MSE.

The following result establishes conditions under which 𝜆 = 1∕4 is optimal in terms of
the MSE.

Proposition 1. Assume that 0 < 𝜋k < 1, k = 1, … ,K, and 0 < ak• < ∞, k = 1, … ,K, are
fixed. Then,

argmin𝜆MSE(𝝅̂1(𝜆)) = 1∕4,

if and only if
K∑

k=1

ak•

(ak• + 1)3

(1
8
−

(
𝜋k − 𝜋2

k
))

= 0. (6)

Remark 3.

(a) Let K > (=)1, then (6) holds if and only if

𝜋k = 1
2

(
1 − 1√

2

)
≈ 0.146 or 𝜋k = 1

2

(
1 + 1√

2

)
≈ 0.854, k = 1, … ,K.

(b) Assuming that ak• = a, k = 1, … ,K, the condition becomes

1
K

K∑
k=1

(
𝜋k − 𝜋2

k
)
= 1

8
.

Applying Lemma 1 to the ACE, we get the following corollary.

Corollary 2. Let K = 1. Assume that 0 < 𝜋1 < 1 and that 0 < a1• <∞ is fixed. Then,

MSE(𝜋̂1,1(0)) ≥ MSE(𝜋̂1,1(1)),
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BLAGUS AND GOEMAN 167

if and only if
1
2

(
1 −

√
a1• + 2

3a1• + 2

)
≤ 𝜋1 ≤

1
2

(
1 +

√
a1• + 2

3a1• + 2

)
holds.

Remark 4.

(a) Observe that

lim
a1•→∞

a1• + 2
3a1• + 2

= 1
3
,

thence, in the limit when a1• → ∞, the above condition becomes

0.211 ≈ 1
2

(
1 −

√
1
3

)
≤ 𝜋1 ≤

1
2

(
1 −

√
1
3

)
≈ 0.789,

whereas for a1• = 1, the condition is

0.113 ≈ 1
2

(
1 −

√
3
5

)
≤ 𝜋1 ≤

1
2

(
1 −

√
3
5

)
≈ 0.887.

(For 1 < a1• < ∞, the lower and upper bounds are somewhere in between the two extreme
cases.)

(b) If K = 1, MSE(𝜋̂1,1(1)) < MSE(𝜋̂1,1(𝜆)), for all 𝜆 > 0, 𝜆 ≠ 1, holds if and only if

𝜋1 = 1
2

(
1 −

√
5

5

)
≈ 0.276 or 𝜋1 = 1

2

(
1 +

√
5

5

)
≈ 0.724.

Corollary 2 established conditions under which the ACE outperforms the MLE and when the
particular value of the penalty parameter used in the ACE is optimal in terms of the MSE. In
terms of optimality, the ACE is optimal only for two particular values of the true event probability,
whereas it can outperform the MLE only for some values of the true event probability and is hence
suboptimal in the scenario where events are rare (or common).

Applying Lemma 1 to the BE, we get the following corollary.

Corollary 3. Let K = 1. Assume that 0 < 𝜋1 < 1 and that 0 < a1• <∞ is fixed. Then,

MSE
(
𝜋̂1,1(0)

)
≥ MSE

(
𝜋̂1,1

(√
a1•∕4

))
,

if and only if

1
2

⎛⎜⎜⎝1 −

√√√√ 2
√

a1• + 1

2
√

a1• + 1 + a1•

⎞⎟⎟⎠ ≤ 𝜋1 ≤
1
2

⎛⎜⎜⎝1 +

√√√√ 2
√

a1• + 1

2
√

a1• + 1 + a1•

⎞⎟⎟⎠
holds.

Remark 5. For a1• = 1, the condition becomes

0.067 ≈ 1
2

(
1 −

√
3

2

)
≤ 𝜋1 ≤

1
2

(
1 +

√
3

2

)
≈ 0.933,

whereas in the limit when a1• → ∞, the condition becomes 𝜋1 = 1∕2.
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168 BLAGUS AND GOEMAN

By Corollary 3, the width of the bound on the values of 𝜋1 for which the BE outperforms the
MLE reduces with a larger sample size. This is not surprising since the prior distribution of 𝜋1
assumed by the BE depends on the sample size, where, with a larger sample size, the prior is
stronger (through the fact that the variance of the prior distribution is reduced when increasing
the sample size), implying more shrinkage toward 1/2 and, hence, the possibility of overshrinking
when 𝜋1 is not equal to 1/2. With a smaller sample size, the prior is weaker, and hence, the amount
of shrinkage toward 1/2 is smaller, thus increasing the width of the interval for which the BE does
not overshrink.

5 OPTIMALITY OF THE MLE

It may seem from Theorem 1 that the MLE is inadmissible since it is optimal for no value of the
true parameter vector, 𝝅. However, this thought is too simple. As we have seen in the examples
of the FPE, ACE, and BE, any shrinkage estimator may also overshrink, resulting in an MSE that
is larger than that of the MLE. We make this explicit in the following lemma.

Lemma 2. Assume that 0 < 𝜋k < 1, k = 1, … ,K, and 0 < ak• < ∞, k = 1, … ,K, are fixed.
Then, for every 𝜆 > 0, there exists some 𝝅 such that

MSE
(
𝝅̂𝑗(0)

)
< MSE

(
𝝅̂𝑗(𝜆)

)
, 𝑗 = 1, 2, 3.

The lemma says that however little we shrink, there is always a value of the true parameter
vector, 𝝅, for which we are overshrinking. A direct consequence of this is that the MLE, which
is optimal for no fixed 𝝅, has the best minimax risk, with respect to the MSE, among all fixed
shrinkage methods, which is formally given in the next theorem.

Theorem 2. Assume that 0 < 𝜋k < 1, k = 1, … ,K, and 0 < ak• < ∞, k = 1, … ,K, are fixed.
Then, the MLE is minimax, with respect to the MSE, among the family 𝝅̂𝑗(𝜆) for j = 1, 2, 3.

Remark 6. The claim is only among fixed 𝜆 estimators. Adaptive estimators with
data-dependent 𝜆 might uniformly improve the MLE, but it should be remembered that
estimating 𝜆 also induces variability.

6 MOMENT MATRICES AND THE GMSE

Define the GMSE as

GMSE𝑗(𝜆,B) = E
(
𝝅̂𝑗(𝜆) − 𝝅

)TB
(
𝝅̂𝑗(𝜆) − 𝝅

)
, 𝑗 = 1, 2, 3,

for some nonzero positive semidefinite matrix B. (For brevity, we suppress the notation and
use GMSEj(𝜆) = GMSEj(𝜆,B) throughout.) It is a useful quantity because it allows a weighted
assessment of the MSE of the parameters. The MSE in the previous section can be seen as the
average MSE. The GMSE allows us to look at individual parameters or weighted combinations.
For example, we can look at the MSE of 𝜋k (only) by taking B with Bk,k = 1 and Bi,j = 0 elsewhere.

Importantly, we can also look at M to compare the GMSE. We use the following result
(Theobald, 1974).
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BLAGUS AND GOEMAN 169

Lemma 3. Let there be two estimators of a vector parameter 𝜽, for example, 𝜽̂1 and 𝜽̂2 with the
respective second-order moment matrices M1 and M2 and with the error measure given by

GMSE𝑗(B) = E
(
𝜽̂𝑗 − 𝜽

)TB
(
𝜽̂𝑗 − 𝜽

)
, 𝑗 = 1, 2.

Then, we have
GMSE1(B) > (≥)GMSE2(B),

for all positive semidefinite B if and only if M1 − M2 is positive (semi)definite.

We will now analyze the three estimators in terms of their GMSE. Interestingly, we will start
to see divergent behavior.

Theorem 3. Assume that 0 < 𝜋k < 1, k = 1, … ,K, and 0 < ak• < ∞, k = 1, … ,K, are fixed.
Then, there exists some 𝜆 > 0 such that M1(0) − M1(𝜆) is positive definite.

For the FPE, the following result applies.

Proposition 2. Assume that 0 < 𝜋k < 1, k = 1, … ,K, and 0 < ak• < ∞, k = 1, … ,K, are
fixed. Then, we have

GMSE(𝝅̂1(0)) ≥ GMSE(𝝅̂1(1∕4)),

if and only if

1 − 1
8

K∑
k=1

ak•(1 − 2𝜋k)2

𝜋k(1 − 𝜋k)(ak• + 1∕2)
≥ 0

holds.

Remark 7. Assume that ak• = a, k = 1, … ,K. The condition then becomes
K∑

k=1

(1 − 2𝜋k)2

𝜋k − 𝜋2
k

≤
4(2a + 1)

a
.

For a = 1, the RHS of the above expression becomes 12, whereas in the limit when a → ∞, the
RHS is equal to 8; note also that the RHS of the above expression is a decreasing function of a.

In comparison with the results concerning the MSE, Proposition 2 implies that even more
emphasis is given to the categories with rare (or common) events (e.g., through the added term
(1 − 2𝜋k)2). Hence, when the events are rare (or common), the value of the penalty parameter
used by Firth is less likely to outperform the MLE in terms of the GMSE as in terms of the MSE,
suggesting tighter bounds on 𝜋k for which the FPE outperforms the MLE. Similarly, as is the case
for the MSE, the bound is tighter with a larger sample size, and in this case, it is affected also by
the number of categories, where more categories imply a tighter bound.

Given the unpleasant form of 𝝅̂2(𝜆) and 𝝅̂3(𝜆) for a general K, first assume that K = 2, where

𝜋̂2,k(𝜆) =
a𝑗•ak1 + 4𝜆a•1

ak•a𝑗• + 4𝜆n
, k = 1, 2 and 𝑗 ≠ k,

𝜋̂3,k(𝜆) =
a𝑗•ak1 + 2𝜆a•1

ak•a𝑗• + 2𝜆n
, k = 1, 2 and 𝑗 ≠ k.

Observe that
𝜋̂2,k(𝜆) = 𝜋̂3,k(2𝜆), k = 1, … ,K. (7)

(Note however that this relation does not hold for K > 2.) Then, we have the following result.
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170 BLAGUS AND GOEMAN

Theorem 4. Let K = 2, and let Mj(0) − Mj(𝜆) denote the difference between the second-order
moment matrices of 𝝅̂ and 𝝅̂𝑗(𝜆), j = 2, 3, respectively. Assume that 0 < 𝜋1, 𝜋2 < 1 and that
0 < a1•, a2• < ∞ are fixed. Then, we have the following exhaustive and mutually exclusive
situations.

(i) Let 𝜋1 = 𝜋2. Then, for 𝜆 > 0, Mj(0) − Mj(𝜆), j = 2, 3, is positive semidefinite.
(ii) Let 𝜋 = 𝜋1 = 1 − 𝜋2, 𝜋1 ≠ 𝜋2.

(a) If n𝜋(1 − 𝜋) − a1•a2•(2𝜋 − 1)2 ≥ 0, then, for 𝜆 > 0, Mj(0) − Mj(𝜆), j = 2, 3, is positive
semidefinite.

(b) If n𝜋(1− 𝜋) − a1•a2•(2𝜋 − 1)2 < 0, there exists some Λ > 0 such that Mj(0) −Mj(𝜆), j = 2, 3,
is positive semidefinite whenever 0 < 𝜆 < Λ; Mj(0) − Mj(𝜆), j = 2, 3, is negative semidefinite
whenever 𝜆 > Λ; and Mj(0) − Mj(𝜆), j = 2, 3, is a null matrix for 𝜆 = Λ.

(iii) Let 𝜋1 ≠ 𝜋2 and 𝜋1 ≠ 1 − 𝜋2. Then, for 𝜆 > 0, Mj(0) − Mj(𝜆), j = 2, 3, is indefinite.

Corollary 4. Assume the conditions and notation of Theorem 4, Case (ii),(b). Then,

Λ2 = a1•a2•(𝜋 − 𝜋2)
2(a1•a2•(2𝜋 − 1)2 − n(𝜋 − 𝜋2))

andΛ3 = a1•a2•(𝜋 − 𝜋2)
a1•a2•(2𝜋 − 1)2 − n(𝜋 − 𝜋2)

,

for 𝝅̂2(𝜆) and 𝝅̂3(𝜆), respectively.

For K > 2, we have the following result for 𝝅̂2(𝜆).

Theorem 5. Let K > 2, and let M2(0) − M2(𝜆) denote the difference between the second-order
moment matrices of 𝝅̂2(0) and 𝝅̂2(𝜆), respectively. Assume that 0 < 𝜋k < 1, k = 1, … ,K, and
that 0 < ak• < ∞, k = 1, … ,K, are fixed. Then, we have the following exhaustive and mutually
exclusive situations.

(i) Let 𝜋k = 𝜋, k = 1, … ,K. Then, for 𝜆 > 0, M2(0) − M2(𝜆) is positive semidefinite.
(ii) Let 𝜋1(1 − 𝜋1) = · · · = 𝜋K(1 − 𝜋K), and there is some k such that 𝜋k ≠ 𝜋K. Then, there exists

some Λ > 0 such that, for 0 < 𝜆 < Λ, M2(0) − M2(𝜆) is positive semidefinite.
(iii) Let 𝜋k ≠ 𝜋K and 𝜋k ≠ 1 − 𝜋K for some k. Then, for 𝜆 > 0, M2(0) − M2(𝜆) is indefinite.

For 𝝅̂3(𝜆), the following result applies.

Theorem 6. Let K > 2, and let M3(0) − M3(𝜆) denote the difference between the second-order
moment matrices of 𝝅̂3(0) and 𝝅̂3(𝜆), respectively. Assume that 0 < 𝜋k < 1, k = 1, … ,K, and
that 0 < ak• < ∞, k = 1, … ,K, are fixed. Then, we have the following exhaustive and mutually
exclusive situations.

(i) Let 𝜋k = 𝜋, k = 1, … ,K. Then, for 𝜆 > 0, M3(0) − M3(𝜆) is positive semidefinite.
(ii) Let 𝜋1(1 − 𝜋1) = · · · = 𝜋K(1 − 𝜋K), and there is some pair k ≠ j such that 𝜋k ≠ 𝜋j. Then, there

exists some Λ > 0 such that, for 0 < 𝜆 < Λ, M3(0) − M3(𝜆) is positive semidefinite.
(iii) Let 𝜋k ≠ 𝜋l and 𝜋k ≠ 1 − 𝜋l for some pair k ≠ l. Then, for 𝜆 > 0, M3(0) − M3(𝜆) is indefinite.

For the variants of ridge regression that shrink toward a common mean, we now know that
there are error measures for which the MLE is always better, whereas this is not observed for the
naive estimator. Note that the B that defines the GMSE measure can depend on 𝝅. However, not
all GMSE measures are interesting. We are mostly interested in the individual 𝜋̂ estimates for the
categories. The following theorem shows that it is not in the MSE of these individual estimators
where the problem lies.
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BLAGUS AND GOEMAN 171

Theorem 7. Let B, nonzero, be a diagonal positive semidefinite matrix. Assume that 0 < 𝜋k < 1,
k = 1, … ,K, and that 0 < ak• <∞, k = 1, … ,K, are fixed. Then, for some 𝜆 > 0, we have

GMSE𝑗(0) > GMSE𝑗(𝜆), 𝑗 = 1, 2, 3.

Remark 8. Setting one and only one diagonal element of B to 1 gives the MSE for a particular
category. The result implies that, for some 𝜆 > 0, the MSE of each category is reduced. Obvi-
ously, the value of 𝜆 at which the MSE of each particular category is minimized will vary for
different categories (unless when ak• = a and 𝜋k = 𝜋 hold for k = 1, … ,K).

7 A NUMERICAL EXAMPLE

To illustrate the theoretical results, we calculated the relative performance (RP) of the derived
estimators in comparison with the MLE, defined as

RP =
GMSE

(
𝝅̂𝑗(0)

)
− GMSE

(
𝝅̂𝑗(𝜆)

)
GMSE

(
𝝅̂𝑗(0)

) · 100%, 𝑗 = 1, 2, 3,

for different values of the penalty parameter (𝜆 ∈ [0, 2]) for an example where K = 3 and a1• = 10,
a2• = 20, and a3• = 30 for four different scenarios: (a) 𝜋1 = 𝜋2 = 𝜋3 = 0.2; (b) 𝜋1 = 𝜋3 = 0.2,
𝜋2 = 0.8; (c) 𝜋1 = 0.2, 𝜋2 = 𝜋3 = 0.9; and (d) 𝜋1 = 0.2, 𝜋2 = 0.3, 𝜋3 = 0.4. Matrix B in
the calculation of the GMSE was set to B = diag(1,1,1) (equivalent to comparing the overall
MSEs), B = diag(1,0,0) (equivalent to comparing the MSEs of the first category), B = diag(0,1,0)
(equivalent to comparing the MSEs of the second category), and B = diag(0,0,1) (equivalent to
comparing the MSEs of the third category). The third category was used as a reference for 𝝅̂2(𝜆).

As suggested by the theoretical results, the overall risk of the MLE and the risks for each indi-
vidual category based on squared loss are reduced by the three shrinkage estimators for some
𝜆 > 0 (see Figure 2). The value of the penalty parameter where the largest improvement over
the MLE was observed depended strongly on the scenario; however, in none of the scenarios was
the value of 1/4 (Jeffreys invariant prior) optimal for either the overall or the individual risks.
Moreover, the largest relative improvement was obtained at different values of the penalty param-
eter when considering the overall and each individual risk based on squared loss. Therefore, it
was possible (depending on the scenario) that the value of the penalty parameter that yielded the
largest overall gain could have led to diminished results for some categories (see Figure 2).

The following example is used to illustrate the practical implication of Theorems 3, 5, 6, and 7.
Let K = 3, a1• = 10 and a3• = a2• = 50 and 𝜋1 = 0.01 and 𝜋2 = 𝜋3 = 0.5. Additionally to matrices
B evaluating the overall MSE and the MSE of each category as in the previous examples, let B also
be a 3× 3 matrix of ones. This definition of B is potentially interesting since it gives a comparison
of the sum of all elements of the second-order moment matrices. The RP for this example for the
three estimators is shown in Figure 3.

Consistent with Theorems 5 (Case (iii)) and 6 (Case (iii)), when B is a matrix of ones, even
for a minute amount of shrinkage, the estimators 𝝅̂2(𝜆) and 𝝅̂3(𝜆) increase the error of the MLE,
which does not occur for 𝝅̂1(𝜆), where, for some 𝜆 > 0, the GMSE of the MLE is decreased (see
Figure 3). Similarly as in the previous examples and consistent with Theorems 3 and 7, we see
some improvement over the MLE for some 𝜆 > 0 when using other definitions of matrix B.
(Observe that, in this example, M1(0) − M1(𝜆) is diagonal; hence, for 𝝅̂1(𝜆), the results when B is
the matrix of ones and the identity matrix are the same, which holds also for the results for the
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172 BLAGUS AND GOEMAN

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

FIGURE 2 Relative improvement over the maximum likelihood estimator (MLE) (%) as a function of the
penalty parameter (𝜆). Rows correspond to different scenarios: first row, scenario with equal event probabilities
for each category (𝝅 = (0.2, 0.2, 0.2)T ); second row, scenario with equal variances (𝝅 = (0.2, 0.8, 0.2)T ); third row,
scenario with different event probabilities and variances (𝝅 = (0.2, 0.9, 0.9)T ); and fourth row, scenario with
different event probabilities and variances (𝝅 = (0.2, 0.3, 0.4)T ). Columns correspond to different ridge-type
estimators (𝝅̂1(𝜆), 𝝅̂2(𝜆), and 𝝅̂3(𝜆) for the first, second, and third columns, respectively). Solid lines refer to the
overall mean squared error (MSE), whereas dashed lines are MSEs for separate categories. The vertical line in
panels (A), (D), (G), and (J) is the value of the penalty parameter used when applying the Jeffreys invariant prior
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BLAGUS AND GOEMAN 173

(a) (b) (c)

FIGURE 3 Relative improvement over the maximum likelihood estimator (MLE) (%) as a function of the
penalty parameter (𝜆). Columns correspond to different ridge-type estimators (𝝅̂1(𝜆), 𝝅̂2(𝜆), and 𝝅̂3(𝜆) for the
first, second, and third columns, respectively). The two solid lines, namely, black and gray, refer to the
generalized mean squared error when using the matrix of ones and overall mean squared error (MSE),
respectively, whereas dashed lines are MSEs for separate categories

MSE of the second and third categories. In the examples considered previously, we observe some
improvement over the MLE for all estimators also when B is the matrix of ones [data not shown].)

8 AN APPLICATION

As an example, we consider a data set available within the R (R Core Team, 2015) logistf pack-
age (Heinze et al., 2014). The data consist of 130 sexually active college women that suffered
from urinary tract infection and 109 controls, together with the covariate information on the use
of contraceptives (yes and no). We are interested in predicting the event probability for women
using condoms and lubricated condoms (Group 1), using either condoms or lubricated condoms
(Group 2), or using neither (Group 3). The data were randomly split into two subsets (training
set and validation set) of similar size, nT = 119 and nV = 120 so that nT + nV = n. The training
set was used to estimate the event probability for each group by using different ridge estimators
over a grid of penalty parameters (ranging from 0 to 2), and the validation set was then used to
calculate the prediction error, defined as

PE𝑗(𝜆) =
1

nV

nV∑
i=1

(
𝑦V

i − 𝜋̂𝑗,i(𝜆)
)2
, CE𝑗(𝜆) =

1
K

K∑
k=1

(
𝜋V

k − 𝜋̂𝑗,k(𝜆)
)2
, 𝑗 = 1, 2, 3,

where 𝑦V
i is the event indicator in the validation set and 𝜋V

k is the proportion of events in group k
in the validation set. Figure 4 shows the RP (%) over the MLE averaged over 100 random splits as
a function of the penalty parameter.

In Figure 4, we can see that there is a value of the penalty parameter for which the performance
of the ridge estimators is better than the MLE. For a large penalty parameter, however, the ridge
estimators performed worse than the MLE. Note also the asymmetry between the gain observed
with a small penalty parameter and the loss for the large values of the penalty parameter, with
the loss greatly exceeding the gains.
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174 BLAGUS AND GOEMAN

(a) (b) (c)

(d) (e) (f)

FIGURE 4 Relative improvement over the maximum likelihood estimator (MLE) (%) as a function of the
penalty parameter (𝜆). Rows correspond to different measures: first row, prediction error; second row,
Classification error (CE). Columns correspond to different ridge-type estimators (𝝅̂1(𝜆), 𝝅̂2(𝜆), and 𝝅̂3(𝜆) for the
first, second, and third columns, respectively)

9 CONCLUSIONS

While the verdict on the MSE of the MLE for the Gaussian location problem is clear, the MLE
is inadmissible for three or more dimensions; things are much more subtle when estimating the
binary location parameter. We considered estimating the binary location parameter in a regres-
sion framework by considering logistic ridge regression in a K×2 table. Since there is no uniquely
preferred way of shrinking in this problem, we looked at three variants. Estimator 1 shrunk the
event probabilities toward 1/2, whereas Estimators 2 and 3 shrunk the event probability esti-
mates toward the common mean probability. Estimators 2 and 3 differed in a way how the model
was parameterized. Estimator 2 used a parameterization with the reference category; hence, the
results depend on the choice of the reference category. To avoid this, Estimator 3 used an over-
parameterized model in order to obtain a more monotone way of shrinkage. We focused on
comparing each of the shrinkage estimators with the MLE but did not compare between them as
we believe that the choice of the shrinkage target should be driven by content rather than by a
statistical argument.

We proved, under some mild assumptions on the marginals and the true event probabilities,
that, in terms of the MSE, little shrinkage is always better than no shrinkage. However, we demon-
strated that it is easy to overshrink. The MLE therefore, although it is never the optimal choice,
is minimax optimal. It is preferable if all true event probabilities are close to 0 or 1.
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Three well-known estimators, namely, FPE, ACE, and BE, were shown to be special cases of
ridge regression. Our results give new insights on these methods. It was shown that particular
values of the penalty parameter used by the FPE, ACE, and BE are optimal only in exceptional
cases. The conditions under which they outperform the MLE were also derived; when the true
event probabilities are close to 0 or 1, that is, when the events are rare or common, the MLE will
perform better in terms of the MSE.

While the three types of ridge regression behave similarly when analysing the MSE, we see
divergent results for the GMSE. Surprisingly, the most naive estimator that shrinks to 1/2 retains
its property. For the other two, there is always a GMSE for which even a minute amount of shrink-
age increases the error. However, it is not the individual probabilities that are problematic, as
there is always little shrinkage that reduces the MSE of the individual probabilities. It is also
shown that in terms of the GMSE, similarly as it was shown for the MSE, the PE, ACE, and BE
do not outperform the MLE when the events are rare or common, where the bound on the true
event probabilities where they do outperform the MLE is, as could be expected, tighter when
considering the GMSE than the MSE.

To derive the ridge-type estimators, we used a one-step solution of the Newton–Raphson
algorithm; hence, the results depend on the accuracy of this approximation. It seems natural to
assume that even better results in terms of the (G)MSE can be obtained when considering the fully
iterated solutions (through the fact that the variance of the fully iterated estimator will be smaller).
Our numerical investigation suggests that the one-step solution is very similar to the fully iterated
solution, where, rarely, more than three iterations are required to reach convergence. In general,
our approximate shrinkage estimators are more accurate with a larger sample size and when the
target is close to 1/2; therefore, the results of the iterated estimators may be different when the
target is near 0 or 1. Our approach for obtaining the closed-form estimates fails in a setting with
continuous predictor(s). Given the fact that, in this case, there are no closed-form estimates of the
event probabilities even for the MLE, which was required for the approach taken here, it seems
unlikely that they could be obtained for the penalized estimators in a more general setting.

Thus far, nothing has been said about specifying the penalty parameter 𝜆. In our calcula-
tions, we neglected the fact that the penalty parameter can, in practice, be estimated from the
data, for example, by selecting the penalty parameter that gives the smallest cross-validated like-
lihood error and is therefore itself a random variable. It seems reasonable to assume that this
will lead to less bias but more variance. In the Appendix, we show, for the five examples consid-
ered in Section 7, how the optimal penalty parameter 𝜆 can be determined by using the estimated
second-order matrices or leave-one-out cross-validated deviance with numerical optimization
methods. It is shown that while the first approach provides, on average, values of the penalty
parameter 𝜆 that are closer to being optimal in terms of the theoretically best possible improve-
ment over the MLE, extra variability introduced by estimating 𝜆, combined with the fact that, as
observed also in our numerical illustration and implied by our theoretical results, it is easy to over-
shrink for a particular data set, results in either a much smaller improvement over the MLE than
it would be theoretically feasible or an even worse performance in terms of some GMSE(s) when
compared with the MLE. In the examples considered here, using the leave-one-out cross-validated
deviance performed poorly, generally increasing the GMSE(s) in comparison with the MLE. While
an analytical investigation of this problem seems too difficult, a large simulation study in a more
general setting and using also other options for a data-adaptive choice of the penalty parameter
would be in order.

From our numerical example, as well as an application to a real data set, we could have
observed a large asymmetry between the gain and the loss for small and large values of the penalty
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176 BLAGUS AND GOEMAN

parameter, respectively, with the loss greatly exceeding the gain. Hence, it seems that, in the
absence of a reliable way of determining the penalty parameter, it makes, on average, more sense
not to use shrinkage, which was observed sometimes also in our small-scale investigation of esti-
mating the amount of shrinkage from the data (see Appendix). On any given data set, however,
anything can happen; hence, it remains to be seen how reliable the procedures are, which are, in
practice, used for estimating the penalty parameter, and/or if reliable ways of estimating it can
be obtained in the future. For the examples considered here, it seems that, at least for the two
approaches for estimating the penalty parameter from the data we considered, the additionally
introduced variability due to estimating the penalty parameter is so large that it is not worthwhile
to use shrinkage at all.
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PROOFS OF THE THEORETICAL RESULTS

In this section, we give the proofs. Where necessary, lemmas are stated and proved. It will be
helpful to write 𝝅̂2(𝜆) and 𝝅̂3(𝜆) in matrix notation. Define K vectors a = (a11, … , aK1)T and
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1 = (1, … , 1)T as K × K diagonal matrices A = diag(a1•, … , aK•) and I = diag(1, … , 1) and a
K × K singular arrowhead matrix

P =
[

I −1
−1 K − 1

]
.

Then,

𝝅̂2(𝜆) = (A + 4𝜆P)−1a,

𝝅̂3(𝜆) =
(

A + 4𝜆
[
I − 1

K
11T

])−1
a.

A trivial result from real analysis will be used in the proof of Theorem 1.

Lemma 4. Let 𝜙(x) be some continuous function defined on x ∈ [0,∞). Let d𝜙(x)
dx

be the deriva-
tive of 𝜙(x) according to x, and assume that d𝜙(x)

dx
is continuous. If d𝜙(x)

dx
|x=0 < 0 holds, then

𝜙(0) > 𝜙(𝜖), for some 𝜖 > 0.

Proof. The proof is trivial and follows from the continuity of 𝜙(x) and its derivative.

Proof of Theorem 1. The second-order moment matrix of 𝝅̂1(𝜆) is

M1(𝜆) = D(𝜆) + b(𝜆)b(𝜆)T , (A1)

where

D(𝜆) = diag
(

a1•𝜋1(1 − 𝜋1)
(a1• + 4𝜆)2 , … ,

aK•𝜋K(1 − 𝜋K)
(aK• + 4𝜆)2

)
,

b(𝜆) =
(

2𝜆(1 − 2𝜋1)
a1• + 4𝜆

, … ,
2𝜆(1 − 2𝜋K)

aK• + 4𝜆

)T

.

Hence, it can be shown that

d
d𝜆

trace (M1(0) − M1(𝜆)) = − d
d𝜆

trace (M1(𝜆)) = 8
K∑

k=1

ak•
(
𝜋k − 𝜋2

k − 𝜆(1 − 2𝜋k)2)
(ak• + 4𝜆)3 .

For 𝜆 = 0, it is obvious that d
d𝜆

trace (M1(0) − M1(𝜆)) |𝜆=0 > 0; thus, by applying Lemma 4, we
prove the theorem for 𝝅̂1(𝜆).

The second-order moment matrix of 𝝅̂2(𝜆) is

M2(𝜆) = U(𝜆)−1(AW + 16𝜆2P𝝅𝝅TP)U(𝜆)−1, (A2)

where

U(𝜆) = A + 4𝜆P, W = diag(𝜋1(1 − 𝜋1), … , 𝜋K(1 − 𝜋K)), 𝝅 = (𝜋1, … , 𝜋K)T .

It can be shown that

d
d𝜆

trace (M2(0) − M2(𝜆)) |𝜆=0 = 8

(K−1∑
k=1

𝜋k − 𝜋2
k

a2
k•

+ (K − 1)
𝜋K − 𝜋2

K

a2
K•

)
≥ 0,

with equality applying if and only if K = 1; hence, by applying Lemma 4, we prove the theorem
for 𝝅̂2(𝜆) when K > 1.
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The second-order moment matrix of 𝝅̂3(𝜆) is

M3(𝜆) = U1(𝜆)−1
(

AW + 16𝜆2
[
I − 1

K
11T

]
𝝅𝝅T

[
I − 1

K
11T

])
U1(𝜆)−1, (A3)

where
U1(𝜆) = A + 4𝜆

(
I − 1

K
11T

)
.

It can be shown that

d
d𝜆

trace (M3(0) − M3(𝜆)) |𝜆=0 = 8
(

1 − 1
K

) K∑
k=1

𝜋k − 𝜋2
k

a2
k•

≥ 0,

with equality applying if and only if K = 1, thus proving, after applying Lemma 4, the theorem
for 𝝅̂3(𝜆) when K > 1.

Proof of Lemma 1. The proof follows from the calculation of

MSE(𝝅̂1(𝛾)) − MSE(𝝅̂1(𝜆)) = trace (M1(𝛾) − M1(𝜆))

and by simple algebra.

Proof of Corollary 1. Set 𝛾 = 0 and 𝜆 = 1∕4, and apply Lemma 1.

Proof of Proposition 1. Calculate

d
d𝜆

trace (M1(𝜆)) = 8
K∑

k=1

ak•

(ak• + 4𝜆)3

(
𝜆(2𝜋k − 1)2 −

(
𝜋k − 𝜋2

k

))
.

Set dMSE(𝝅̂1(𝜆))
d𝜆

= 0, and let 𝜆 = 1∕4, to complete the proof.

Proof of Corollary 2. Set K = 1, 𝛾 = 0, and 𝜆 = 1, and apply Lemma 1. The proof is then
completed by simple algebra.

Proof of Corollary 3. Set K = 1, 𝛾 = 0, and 𝜆 =
√

a1•∕4, and apply Lemma 1. The proof is
completed by simple algebra.

Proof of Lemma 2. For 𝝅̂1(𝜆), calculate

MSE(𝝅̂1(0)) − MSE(𝝅̂1(𝜆)) = 4𝜆
K∑

k=1

2
(
𝜋k − 𝜋2

k

)
(ak• + 2𝜆) − 𝜆ak•(1 − 2𝜋k)2

ak•(ak• + 4𝜆)2 .

Express the numerator for each k as(
𝜋k − 𝜋2

k
)
(4𝜆(ak• + 1) + 2ak•) − 𝜆ak•.

Since, for 𝜆 > 0, 𝜆ak• > 0, it follows that, for each 𝜆 > 0, there exists some 𝜋k − 𝜋2
k > 0 such

that the numerator for each k is negative, thus proving the claim for 𝝅̂1(𝜆).
For 𝝅̂3(𝜆), calculate

MSE(𝝅̂3(0)) − MSE(𝝅̂3(𝜆)) = 8𝜆
K∑

k=1

(
𝜋k − 𝜋2

k

)
(1 − wk) − 2𝜆gk

(ak• + 4𝜆)2 , (A4)
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where

gk =
K∑
𝑗=1

w2
𝑗

(
𝜋𝑗 − 𝜋2

𝑗

)
a𝑗•

+

[
𝜋k −

K∑
𝑗=1

w𝑗𝜋𝑗

]2

, k = 1, … ,K,

wk = ak•

ak• + 4𝜆
∕

K∑
𝑗=1

a𝑗•
a𝑗• + 4𝜆

, k = 1, … ,K.

Note that 0 < wk < 1 for k = 1, … ,K and
∑K

k=1 wk = 1. Set 𝜋1 = 𝜖 and 𝜋k = 1−𝜖, k = 2, … ,K,
and consider the limiting case where 𝜖 → 0. Then, for every k = 1, … ,K, we have 𝜋k−𝜋2

k → 0,
but lim𝜖→0 gk > 0 since not all 𝜋k are equal. It follows that the numerator of (A4) has a strictly
negative limit for every k. By continuity, there is an 𝜖 > 0 and, therefore, a 𝝅 for which (A4)
is negative, proving the claim for 𝝅̂3(𝜆).

For 𝝅̂2(𝜆), calculate

MSE(𝝅̂2(0)) − MSE(𝝅̂2(𝜆)) =
8𝜆
c2

(
(𝜋K − 𝜋K)2bK +

K−1∑
k=1

(
𝜋k − 𝜋2

k
)

bk − 2𝜆g

)
,

where

c = aK• + 4𝜆
K−1∑
k=1

ak•

ak• + 4𝜆
,

bK =
K−1∑
k=1

ak•

ak• + 4𝜆
+ 2𝜆

⎡⎢⎢⎣ 1
aK•

(K−1∑
𝑗=1

a𝑗•
a𝑗• + 4𝜆

)2

− aK•

K−1∑
k=1

1
(ak• + 4𝜆)2

⎤⎥⎥⎦ ,
bk = 1

(ak• + 4𝜆)2

(
c2(ak• + 2𝜆)

ak•
− 2𝜆ak•

[
16𝜆2

K−1∑
𝑗=1

1
(a𝑗• + 4𝜆)2 + 2c

ak• + 4𝜆

])
, k = 1, … ,K − 1,

g =
K−1∑
k=1

(
aK•𝜋K + 4𝜆

∑K−1
𝑗=1

a𝑗•𝜋𝑗
a𝑗•+4𝜆

− c𝜋k

)2

(ak• + 4𝜆)2 +

(K−1∑
𝑗=1

a𝑗•𝜋𝑗
a𝑗• + 4𝜆

− 𝜋K

K−1∑
𝑗=1

a𝑗•
a𝑗• + 4𝜆

)2

.

Set 𝜋K = 1− 𝜖 and 𝜋k = 𝜖, k = 1, … ,K−1, and consider the limiting case where 𝜖 → 0. Then,
for every k = 1, … ,K, we have 𝜋k − 𝜋2

k → 0, but

lim
𝜖→0

g = lim
𝜖→0

(1 − 2𝜖)2
⎛⎜⎜⎝a2

K•

K−1∑
k=1

1
(ak• + 4𝜆)2 +

(K−1∑
k=1

ak•

ak• + 4𝜆

)2⎞⎟⎟⎠ > 0.

Use the same argument as for 𝝅̂3(𝜆) to complete the proof.

Proof of Theorem 2. Let R𝑗(𝜆,𝝅) = MSE(𝝅̂𝑗(𝜆)) be the risk depending on parameters 𝝅 and 𝜆,
j = 1, 2, 3. By Lemma 2, for every 𝜆, there is a 𝝅0(𝜆) such that

R𝑗(𝜆,𝝅0(𝜆)) > R𝑗(0,𝝅0(𝜆)), 𝑗 = 1, 2, 3.

Now, consider the maximal relative risk

max
𝝅

R𝑗(𝜆,𝝅)
R𝑗(0,𝝅)

, 𝑗 = 1, 2, 3,

 14679574, 2020, 2, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/stan.12201 by U

niversity O
f L

eiden, W
iley O

nline L
ibrary on [06/09/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



BLAGUS AND GOEMAN 181

which is always 1 for 𝜆 = 0. For 𝜆 ≠ 0, we have

max
𝝅

R𝑗(𝜆,𝝅)
R𝑗(0,𝝅)

≥
R𝑗(𝜆,𝝅0(𝜆))
R𝑗(0,𝝅0(𝜆))

> 1, 𝑗 = 1, 2, 3.

Therefore,

min
𝜆

max
𝝅

R𝑗(𝜆,𝝅)
R𝑗(0,𝝅)

= 1, 𝑗 = 1, 2, 3,

and this minimax risk is attained at 𝜆 = 0.

Proof of Lemma 3. See the work of Theobald (1974, p. 104).

Proof of Theorem 3. Write

M1(0) − M1(𝜆) = D(0) − D(𝜆) − b(𝜆)b(𝜆)T ,

𝜆 > 0. Now, since, for 𝜆 > 0,

{D(0) − D(𝜆)}kk = 8𝜆𝜋k(1 − 𝜋k)(ak• + 2𝜆)
ak•(ak• + 4𝜆)2 > 0, k = 1, … ,K,

thence D(0) − D(𝜆) is positive definite and

M1(0) − M1(𝜆) =(D(0) − D(𝜆))1∕2(I − (D(0) − D(𝜆))−1∕2b(𝜆)b(𝜆)T(D(0) − D(𝜆))−1∕2)
(D(0) − D(𝜆))1∕2.

Hence, M1(0) − M1(𝜆) is positive definite if and only if

I − (D(0) − D(𝜆))−1∕2b(𝜆)b(𝜆)T(D(0) − D(𝜆))−1∕2

is positive definite. Then, since the eigenvalues of

(D(0) − D(𝜆))−1∕2b(𝜆)b(𝜆)T(D(0) − D(𝜆))−1∕2

are zero (with multiplicity K − 1) and

b(𝜆)T(D(0) − D(𝜆))−1b(𝜆),

it follows that if

1 − 𝜆

2

K∑
k=1

ak•(1 − 2𝜋k)2

𝜋k(1 − 𝜋k)(ak• + 2𝜆)
> 0 (A5)

holds, then M1(0) − M1(𝜆) is positive definite. The left-hand side (LHS) of (A5) for 𝜆 = 0 is
positive; hence, it follows from the continuity of the LHS of (A5) that there exists 𝜆 > 0 for
which (A5) also holds.

Proof of Proposition 2. Using the result from the proof of Theorem 3 and setting 𝜆 = 1∕4,
M1(0) − M1(1∕4) is nonnegative definite if and only if

1 − 1
8

K∑
k=1

ak•(1 − 2𝜋k)2

𝜋k(1 − 𝜋k)(ak• + 1∕2)
≥ 0

holds, thus proving the claim.
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182 BLAGUS AND GOEMAN

Proof of Theorem 4. By (7), it is sufficient to prove the results only for 𝝅̂2(𝜆). After some
algebra,

M2(0) − M2(𝜆) =
4𝜆

(ak•a𝑗• + 4𝜆n)2 G(𝜆),

where G = G(𝜆) is a 2 × 2 symmetric matrix with entries

{G}11 = 2a2•

a1•
(a1•a2•𝜋1(1 − 𝜋1) + 2𝜆c1) ,

{G}22 = 2a1•

a2•
(a1•a2•𝜋2(1 − 𝜋2) + 2𝜆c2) ,

{G}12 = − (a1•a2•c3 + 4𝜆c4) ,

where

c1 = 𝜋1(1 − 𝜋1)(n + a1•) − a1•(𝜋2(1 − 𝜋2) + a2•(𝜋1 − 𝜋2)2),
c2 = 𝜋2(1 − 𝜋2)(n + a2•) − a2•(𝜋1(1 − 𝜋1) + a1•(𝜋1 − 𝜋2)2),
c3 = 𝜋1(1 − 𝜋1) + 𝜋2(1 − 𝜋2) < 2,
c4 = a1•𝜋1(1 − 𝜋1) + a2•𝜋2(1 − 𝜋2) − a1•a2•(𝜋1 − 𝜋2)2.

Calculate

det(G) = 16𝜆2 (c1c2 − c2
4
)
+ 8𝜆a1•a2•(𝜋1(1 − 𝜋1)c2 + 𝜋2(1 − 𝜋2)c1 − c3c4)

+ a2
1•a2

2•
(
4𝜋1(1 − 𝜋1)𝜋2(1 − 𝜋2) − c2

3
)
.

Case (i): Assume that 𝜋1 = 𝜋2 = 𝜋. Then, we have

c1 = c2 = c4 = n𝜋(1 − 𝜋), {G}11 > 0,det(G) = 0;

hence, for 𝜆 > 0, by the principal minors argument, M2(0) − M2(𝜆) is positive semidefinite.
Case (ii): Now, assume that 𝜋1 = 1− 𝜋2 and 𝜋1 ≠ 𝜋2, which implies that 𝜋1, 𝜋2 ≠ 1∕2. Hence,
𝜋1(1 − 𝜋1) = 𝜋2(1 − 𝜋2) = 𝜋(1 − 𝜋). Then,

c = c1 = c2 = c4 = n𝜋1𝜋2 − a1•a2•(𝜋1 − 𝜋2)2, det(m) = 0,

and the sign of G11 depends on the sign of c. Then, using the principal minors argument, if

n𝜋(1 − 𝜋) − a1•a2•(𝜋1 − 𝜋2)2 ≥ 0,

then, for 𝜆 > 0, M2(0) − M2(𝜆) is positive semidefinite, whereas for

n𝜋(1 − 𝜋) − a1•a2•(𝜋1 − 𝜋2)2 < 0,

M2(0) − M2(𝜆) is positive semidefinite for some 0 < 𝜆 < Λ, where Λ > 0 depends on the data
and the true event probabilities. Then, it is obvious that, for 𝜆 > Λ, M2(0) −M2(𝜆) is negative
semidefinite, and the proof of Case (ii),(b) is complete by remarking that, in this case, G11 = 0
implies G22 = 0. Case (iii): Now, consider the case where 𝜋1 ≠ 𝜋2 and 𝜋1 ≠ 1−𝜋2. Then, after
some algebra,

c1c2 − c2
4 = −n2(𝜋1(1 − 𝜋1) − 𝜋2(1 − 𝜋2))2 < 0,

𝜋1(1 − 𝜋1)c2 + 𝜋2(1 − 𝜋2)c1 − c3c4 = −n(𝜋1(1 − 𝜋1) − 𝜋2(1 − 𝜋2))2 < 0,
4𝜋1(1 − 𝜋1)𝜋2(1 − 𝜋2) − c2

3 = −(𝜋1(1 − 𝜋1) − 𝜋2(1 − 𝜋2))2 < 0.

This implies that, for 𝜆 > 0, det(G) < 0, which implies that M2(0) − M2(𝜆) is indefinite.
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BLAGUS AND GOEMAN 183

Proof of Corollary 4. We prove the claim for 𝝅̂3(𝜆). The proof of the claim for 𝝅̂2(𝜆) then
follows easily by (7). It can be shown that, under the conditions of Theorem 4, Case (ii),(b),

M3(0) − M3(𝜆) = 4𝜆U1(𝜆)−1G(𝜆)U1(𝜆)−1,

where G = G(𝜆) is a 2 × 2 symmetric matrix with entries

{G}k,k = 𝜋 − 𝜋2 + 𝜆

(
−(2𝜋 − 1)2 +

2∑
𝑗=1

𝜋 − 𝜋2

a𝑗•

)
, k = 1, 2, l ≠ k,

{G}k,l = −(𝜋 − 𝜋2) + 𝜆

(
(2𝜋 − 1)2 −

2∑
𝑗=1

𝜋 − 𝜋2

a𝑗•

)
, k, l = 1, 2, l ≠ k.

Observe that {G}k,k = −{G}k,l = a so that

G = 2aI − a11T .

One eigenvalue of G is 2a, whereas one eigenvalue is

2a − 2a = 0.

Now, 2a = 0 holds if and only if

𝜋 − 𝜋2 + 𝜆

( 2∑
𝑗=1

𝜋 − 𝜋2

a𝑗•
− (2𝜋 − 1)2

)
= 0

holds. The solution is then
Λ = 𝜋 − 𝜋2

(2𝜋 − 1)2 −
∑2
𝑗=1

𝜋−𝜋2

a𝑗•

.

The proof is completed by simple algebra.

The following lemma, which can be proved by using the results from Theorem 4, Case (iii),
will be used for proving the result for 𝝅̂2(𝜆) when K > 2.

Lemma 5. Define

𝜙(c1, c2, 𝜆) =
((
𝜋1 − 𝜋2

1
)

c1 −
(
𝜋2 − 𝜋2

2
)

c2
)
(c1 − c2)

+ 2𝜆(c1 − c2)2

(
𝜋1 − 𝜋2

1

a1•
+
𝜋2 − 𝜋2

2

a2•
− (𝜋1 − 𝜋2)2

)
,

for some c1 ∈ R, c2 ∈ R, 𝜋1 ∈ R, 𝜋2 ∈ R, a1• ∈ R− {0}, a2• ∈ R− {0} and 𝜆 > 0. Assume that
𝜋1 ≠ 𝜋2 and 𝜋1 ≠ 1−𝜋2. Then, for each 𝜆 > 0, there exists some (c1, c2)T such that𝜙(c1, c2, 𝜆) > 0
and some other (c1, c2)T such that 𝜙(c1, c2, 𝜆) < 0.

Proof. Let G = G(𝜆) denote a 2 × 2 symmetric matrix with entries

{G}11 = 2
(
𝜋1 − 𝜋2

1
)
+ 4𝜆

(
𝜋1 − 𝜋2

1

a1•
+
𝜋2 − 𝜋2

2

a2•
− (𝜋1 − 𝜋2)2

)
,

{G}12 = −
(
𝜋1 − 𝜋2

1
)
−

(
𝜋2 − 𝜋2

2
)
+ 4𝜆

(
−
𝜋2 − 𝜋2

2

a2•
−
𝜋1 − 𝜋2

1

a1•
+ (𝜋1 − 𝜋2)2

)
,

{G}22 = 2
(
𝜋2 − 𝜋2

2
)
+ 4𝜆

(
𝜋2 − 𝜋2

2

a2•
+
𝜋1 − 𝜋2

1

a1•
− (𝜋1 − 𝜋2)2

)
.
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184 BLAGUS AND GOEMAN

It can be shown that
M2(0) − M2(𝜆) = 4𝜆U(𝜆)−1G(𝜆)U(𝜆)−1.

Assuming that 𝜋1 ≠ 𝜋2 and 𝜋1 ≠ 1 − 𝜋2, then, for all 𝜆 > 0 by Theorem 4, Case (iii), M2(0) −
M2(𝜆) and, hence, G(𝜆) are indefinite. This implies that, for each 𝜆 > 0, there exists some
c = (c1, c2)T such that cTG(𝜆)c > 0 and some other c = (c1, c2)T such that cTG(𝜆)c < 0. Simple
calculation then shows that 𝜙(c1, c2, 𝜆) = 1

2
cTG(𝜆)c.

Proof of Theorem 5. Calculate

M2(0) − M2(𝜆) = 4𝜆U(𝜆)−1G(𝜆)U(𝜆)−1,

where G = G(𝜆) is a K × K symmetric matrix with entries

{G}kk = 2
(
𝜋k − 𝜋2

k
)
+ 4𝜆

(
𝜋k − 𝜋2

k

ak•
+
𝜋K − 𝜋2

K

aK•
− (𝜋k − 𝜋K)2

)
, k = 1, … ,K − 1,

{G}k𝑗 = 4𝜆

(
𝜋K − 𝜋2

K

aK•
− (𝜋k − 𝜋K)(𝜋𝑗 − 𝜋K)

)
, 𝑗, k = 1, … ,K − 1, 𝑗 ≠ k,

{G}kK = −
(
𝜋k − 𝜋2

k
)
−

(
𝜋K − 𝜋2

K
)

+ 4𝜆

(
−(K − 1)

𝜋K − 𝜋2
K

aK•
−
𝜋k − 𝜋2

k

ak•
+ (𝜋k − 𝜋K)

(K−1∑
k=1
𝜋k − (K − 1)𝜋K

))
,

k = 1, … ,K − 1,

{G}KK = 2(K − 1)
(
𝜋K − 𝜋2

K
)
+ 4𝜆

⎛⎜⎜⎝(K − 1)2 𝜋K − 𝜋2
K

aK•
+

K−1∑
k=1

𝜋k − 𝜋2
k

ak•
−

(K−1∑
k=1
𝜋k − (K − 1)𝜋K

)2⎞⎟⎟⎠ .
Let c = (c1, … , cK)T. Then,

1
2

cTGc =
K−1∑
k=1

((
𝜋k − 𝜋2

k
)

ck −
(
𝜋K − 𝜋2

K
)

cK
)
(ck − cK)

+ 2𝜆
⎛⎜⎜⎝
𝜋K − 𝜋2

K

aK•

(K−1∑
k=1

ck − (K − 1)cK

)2

+
K−1∑
k=1

𝜋k − 𝜋2
k

ak•
(ck − cK)2

−

(K−1∑
k=1

(𝜋k − 𝜋K)ck − cK

(K−1∑
k=1
𝜋k − (K − 1)𝜋K

))2⎞⎟⎟⎠ .
Obviously for ck = a, k = 1, … ,K, for some constant a, cTGc = 0. Cases (i) and (ii): Assume
that 𝜋k − 𝜋2

k = 𝜋 − 𝜋2, k = 1, … ,K. Then, we have

cTGc = 2(𝜋 − 𝜋2)
K−1∑
k=1

(ck − cK)2 + 4𝜆g,

for some constant

g = (𝜋 − 𝜋2)
⎛⎜⎜⎜⎝
(∑K−1

k=1 (ck − cK)
)2

aK•
+

K−1∑
k=1

(ck − cK)2

ak•

⎞⎟⎟⎟⎠ −
(K−1∑

k=1
(𝜋k − 𝜋K)(ck − cK)

)2

.
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BLAGUS AND GOEMAN 185

Now, for 𝜆 = 0, cTGc ≥ 0, with equality applying if and only if ck = cK, k = 1, … ,K−1; hence,
G is positive semidefinite. Thence, it follows from the continuity argument that there exists
some Λ > 0, such that, for 0 < 𝜆 < Λ, G is also positive semidefinite. If 𝜋k = 𝜋, k = 1, … ,K,
then g > 0 and cTGc ≥ 0 holds for 𝜆 > 0. Case (iii): Assume that 𝜋k ≠ 𝜋K and 𝜋k ≠ 1 − 𝜋K for
some k. Set cj = cK for j ∉ {k,K}. Then,

1
2

cTGc =
((
𝜋k − 𝜋2

k
)

ck −
(
𝜋K − 𝜋2

K
)

cK
)
(ck − cK)

+ 2𝜆(ck − cK)2

(
𝜋k − 𝜋2

k

ak•
+
𝜋K − 𝜋2

K

aK•
− (𝜋k − 𝜋K)2

)
.

By Lemma 5, for 𝜆 > 0, G is indefinite. The proof is completed after remarking that the
definiteness of M2(0) − M2(𝜆) is determined by the definiteness of G(𝜆).

The following result will be used for proving the result for 𝝅̂3(𝜆) when K > 2.

Lemma 6. Define

𝜓(c1, c2, 𝜆) = (c1 − c2)(c1w11 − c2w22) + 𝜆(c1 − c2)2
(

w11

a11
+ w22

a22
− (p1 − p2)2

)
,

for some c1 ∈ R, c2 ∈ R, w11 ∈ R, w22 ∈ R, p1 ∈ R, p2 ∈ R, a11 ∈ R − {0}, a22 ∈ R − {0},
𝜆 > 0. If w11 ≠ w22, then, for each 𝜆 > 0, there exists some c1 and c2 such that 𝜙(c1, c2, 𝜆) > 0
and some other c1 and c2 such that 𝜙(c1, c2, 𝜆) < 0.

Proof. Let H = H(𝜆) be a symmetric 2 × 2 matrix with entries

H12 = w11 + 𝜆
(

w11

a11
+ w22

a22
− (p1 − p2)2

)
,

H22 = w22 + 𝜆
(

w11

a11
+ w22

a22
− (p1 − p2)2

)
,

H12 = H21 = −1
2
(w11 + w22) − 𝜆

(
w11

a11
+ w22

a22
− (p1 − p2)2

)
.

The determinant of H is

det(H) = −1
4
(w11 − w22)2 ≤ 0,

with equality applying if and only if w11 = w22. Hence, whenever w11 ≠ w22, then, for each
𝜆 > 0, there exists some c1 and c2 such that cTHc > 0 and some other c1 and c2 such that
cTHc < 0. The proof is completed after remarking that

𝜓(c1, c2, 𝜆) = cTHc

holds.

Proof of Theorem 6. Calculate

M3(0) − M3(𝜆) = 4𝜆U1(𝜆)−1G(𝜆)U1(𝜆)−1,
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186 BLAGUS AND GOEMAN

where G = G(𝜆) is a K × K symmetric matrix with entries

{G}k,k = 2
(
𝜋k − 𝜋2

k
) K − 1

K

+ 4𝜆

(
(K − 1)2

K2

(
𝜋k − 𝜋2

k

)
ak•

+ 1
K2

K∑
𝑗=1,𝑗≠k

𝜋𝑗 − 𝜋2
𝑗

a𝑗•
− (𝜋k − 𝜋̄)2

)
, k = 1, … ,K,

{G}k,l = 4𝜆

(
−(K − 1)

K2

(
𝜋k − 𝜋2

k

ak•
+
𝜋l − 𝜋2

l

al•

)
+ 1

K2

K∑
𝑗=1,𝑗≠k,𝑗≠l

𝜋𝑗 − 𝜋2
𝑗

a𝑗•
− 𝜋k𝜋l − 𝜋̄2 + 𝜋̄(𝜋k + 𝜋l)

)
− 1

K
(
𝜋k − 𝜋2

k + 𝜋l − 𝜋2
l
)
, k, l = 1, … ,K, k ≠ l.

Let c = (c1, … , cK)T, for some constants ck, k = 1, … ,K. Then, it can be shown that

1
2

cTGc =
K∑

k=1

(
(𝜋k − 𝜋2

k)ck

(
ck −

1
K

K∑
k=1

ck

))

+ 2𝜆
⎡⎢⎢⎣

K∑
k=1

𝜋k − 𝜋2
k

ak•

(
ck −

1
K

K∑
k=1

ck

)2

−

( K∑
k=1

ck𝜋k − 𝜋̄
K∑

k=1
ck

)2⎤⎥⎥⎦ .
If we set ck = a, k = 1, … ,K, for some constant a, then it can be seen that

cTG−(K+1),−(K+1)c = 0.

Cases (i) and (ii): Assume that 𝜋k − 𝜋2
k = 𝜋 − 𝜋2, k = 1, … ,K. Then,

cTGc = 2(𝜋 − 𝜋2)
⎛⎜⎜⎝

K∑
k=1

c2
k −

1
K

( K∑
i=1

ck

)2⎞⎟⎟⎠ + 4𝜆g,

for some constant

g =
K∑

k=1

𝜋 − 𝜋2

ak•

(
ck −

1
K

K∑
k=1

ck

)2

−

( K∑
k=1

ck𝜋k − 𝜋̄
K∑

k=1
ck

)2

.

Observe that, for 𝜆 = 0, cTGc ≥ 0, with equality applying if and only if ck = a, k = 1, … ,K,
for some constant a. Then, it follows from the continuity argument that there exists some
Λ > 0 such that, for 0 < 𝜆 < Λ, G and thence also M3(0) − M3(𝜆) are positive semidefinite.
Assuming further that 𝜋k = 𝜋, k = 1, … ,K, then g > 0; hence, for 𝜆 > 0, G and thence also
M3(0) − M3(𝜆) are positive semidefinite. Case (iii): Now, let 𝜋k ≠ 𝜋l and 𝜋k ≠ 1 − 𝜋l for some
pair k ≠ l. Without loss of generality, assume that 𝜋1 − 𝜋2

1 < 𝜋2 − 𝜋2
2 . Set c1 to some constant

and c2 = · · · = cK = c0 for some constant c0. Then,

1
2

cTGc =c1 − c0

K

(
c1(K − 1)

(
𝜋1 − 𝜋2

1
)
− c0

K∑
𝑗=2

(
𝜋𝑗 − 𝜋2

𝑗

))

+ 2𝜆 (c1 − c0)2

K2

(
(K − 1)2 𝜋1 − 𝜋2

1

a1•
+

K∑
𝑗=2

𝜋𝑗 − 𝜋2
𝑗

a𝑗•
− (𝜋1 − 𝜋̄)2

)
.

 14679574, 2020, 2, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/stan.12201 by U

niversity O
f L

eiden, W
iley O

nline L
ibrary on [06/09/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



BLAGUS AND GOEMAN 187

Now, let

w11 = K − 1
K

(
𝜋1 − 𝜋2

1
)
, w22 = 1

K

K∑
𝑗=2

(
𝜋𝑗 − 𝜋2

𝑗

)
, p1 =

√
2𝜋1

K
,

p2 =
√

2𝜋̄
K

, a11 = Ka1•

2(K − 1)
, a22 =

Ka′
2•

2
,

where a′
2• = min(a2•, … , aK•) so that

𝜓(c1, c0, 𝜆) =
c1 − c0

K

(
c1(K − 1)

(
𝜋1 − 𝜋2

1
)
− c0

K∑
𝑗=2

(
𝜋𝑗 − 𝜋2

𝑗

))

+ 2𝜆 (c1 − c0)2

K2

(
(K − 1)2 𝜋1 − 𝜋2

1

a1•
+

K∑
𝑗=2

𝜋𝑗 − 𝜋2
𝑗

a′
2•

− (𝜋1 − 𝜋̄)2

)
.

Since, by Case (iii),

(K − 1)
(
𝜋1 − 𝜋2

1
)
≠

K∑
𝑗=2

(
𝜋𝑗 − 𝜋2

𝑗

)
holds, then, by Lemma 6, for all 𝜆 > 0, there exists some c1 and c0 such that 𝜓(c1, c0, 𝜆) < 0
holds. Since

K∑
𝑗=2

𝜋𝑗 − 𝜋2
𝑗

a𝑗•
<

K∑
𝑗=2

𝜋𝑗 − 𝜋2
𝑗

a′
2•

holds, thence, for all 𝜆 > 0, there exists some c1 and c0 such that cTGc < 0. Now, let

a′
2• = max(a2•, … , aK•).

By Lemma 6, for all 𝜆 > 0, there exists some c1 and c0 such that 𝜓(c1, c0, 𝜆) > 0 holds. Since
K∑
𝑗=2

𝜋𝑗 − 𝜋2
𝑗

a𝑗•
>

K∑
𝑗=2

𝜋𝑗 − 𝜋2
𝑗

a′
2•

holds, thence there exists some c1 and c0 such that cTGc > 0. Hence, G and thence also M3(0)−
M3(𝜆) are indefinite.

Proof of Theorem 7. Since B is diagonal, we have

trace(B(M𝑗(0) − M𝑗(𝜆))) =
K∑

k=1
bk{M𝑗(0) − M𝑗(𝜆)}kk, 𝑗 = 1, 2, 3.

By the positive semidefiniteness of B, bk ≥ 0, k = 1, … ,K, with strict inequality applying to
at least one k. Proceed as in the proof of Theorem 1 to complete the proof.

APPENDIX B

A NOTE ON DETERMINING THE OPTIMAL AMOUNT OF PENALTY

Here, we show how it is possible to use numerical methods to optimize 𝜆 in terms of the esti-
mated GMSE of the estimated probabilities for the particular data considered in this paper, by
using the estimated second-order moment matrices. Let M̂𝑗(𝜆), j = 1, 2, 3, denote the estimate
of the second-order moment matrix Mj(𝜆), j = 1, 2, 3 defined in Equations (A1), (A2), and (A3),
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190 BLAGUS AND GOEMAN

respectively, which is obtained by replacing the unknown 𝜋k, k = 1, … ,K, with their respec-
tive MLEs (bootstrap could easily be used to account for potential issues with overfitting of the
MLE). Observe that the only unknown parameter in M̂𝑗(𝜆) is 𝜆; hence, trace(BM̂𝑗(𝜆)) can be
optimized for any positive semidefinite matrix B over some range of 𝜆 by using numerical meth-
ods. For the type of data considered here, this numerical optimization is also feasible when using
leave-one-out cross-validated deviance, since the leave-one-out cross-validated estimates for all
the considered estimators have, in this case, nice closed-form expressions. We compare these
approaches with the oracle approach, where 𝜆 is optimized based on the (true) second-order
moment matrix.

Applying this idea to the examples considered in Section 7 (simulating 1,000 data sets for each
example), we obtain (using the R function optimize over [0, 10]), for various choices of B, the opti-
mal values of 𝜆, which (averaged over the 1,000 simulated data sets) are presented in Table B1. We
can see in Table B1 that the averaged optimal values of 𝜆 differ from the optimal values obtained
by the oracle approach and that there is a lot of variability introduced by estimating 𝜆. This results
in either a much smaller empirical relative improvement over the MLE than would be theoreti-
cally feasible by using the oracle approach or even in a diminished performance in comparison
with the MLE (see Table B1).

APPENDIX C

(ASYMPTOTIC) GMSE OF THE ESTIMATED COEFFICIENTS

Here, we consider a model with p < n predictor variables, Xi = (Xi1, … ,Xip)T, i = 1, … ,n, so
that

log 𝜋i

1 − 𝜋i
= 𝛽1Xi1 + · · · + 𝛽pXip, for i = 1, … ,n, (C1)

where 𝜋i = P(Yi = 1|Xi) and 𝜷 = (𝛽1, … , 𝛽p)T is the vector of logistic regression coefficients.
Assume that the n × p matrix X = (X1, … ,Xn)T is of full rank. Let the log-likelihood function
based on (C1) be l(𝜷), and let

l𝜆(𝜷) = l(𝜷) − 𝜆

2

p∑
𝑗=1
𝛽2
𝑗

be the penalized log-likelihood for some nonnegative penalty parameter 𝜆 > 0. Let 𝜷̂ and 𝜷̂(𝜆)
denote the MLE and the penalized MLE of 𝜷, respectively. The asymptotic second-order moment
matrix of 𝜷̂(𝜆) is, under some regularity conditions (see (le Cessie & van Houwelingen, 1992),

M(𝜆) = v(𝜆) + b(𝜆)b(𝜆)T ,

where v(𝜆) and b(𝜆) are the asymptotic variance and the bias of the ridge estimator given by

b(𝜆) = −𝜆(I(𝜷) + 𝜆I)−1𝜷

and

v(𝜆) = (I(𝜷) + 𝜆I)−1I(𝜷)(I(𝜷) + 𝜆I)−1,

respectively, where I(𝜷) is the Fisher information matrix evaluated at𝜷 and I is the identity matrix.

Proposition 3. Assume that (1) 𝜷T𝜷 <∞ holds. Then, for some 𝜆 > 0, M(0) −M(𝜆) is positive
definite.
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BLAGUS AND GOEMAN 191

Proof. Simple calculation yields

M(0) − M(𝜆) = 𝜆(I(𝜷) + 𝜆I)−1 [2I + 𝜆I(𝜷)−1 − 𝜆𝜷𝜷T] (I(𝜷) + 𝜆I)−1,

𝜆 > 0. By Condition (1), we need to show that there is some 𝜆 > 0 such that 2I − 𝜆𝜷𝜷T is
positive definite, since (1) implies that I(𝜷) is positive definite. Now, since p eigenvalues of
𝜆𝜷𝜷T are zero and one is 𝜆𝜷T𝜷, the condition is 2 − 𝜆𝜷T𝜷 > 0. By Condition (1), there exists
some 𝜆 > 0 such that the condition holds, thus proving the proposition.
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