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CHAPTER 1:

TOPOLOGY OF FOLDED MOLECULAR CHAINS:
FROM SINGLE BIOMOLECULES TO ENGINEERED
ORIGAMI

The topology of biological polymers such as proteins and nucleic acids is an im-
portant aspect of their three-dimensional structure. Recently, two applications of
topology to molecular chains have emerged as major theoretical developments whi-
ch are beginning to find utility in heteropolymer characterization and design, na-
mely circuit topology and knot theory. Here, we review the application of these two
theories to protein, RNA, and DNA/genome structure, focusing on connections to
conventional 3D structural information, relevance to function, and highlighting re-
cent experimental findings. We conclude with a discussion of recent applications to
molecular origami and engineering.

Publications associated to this chapter:
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Dame, Roman Jerala, Alireza Mashaghi, Topology of Folded Molecular Chains:
From Single Biomolecules to Engineered Origami, Trends in Chemistry, 2, 7,
P609-622, July 01, 2020, https://doi.org/10.1016/j.trechm.2020.04.009




1. TOPOLOGY: A KEY PROPERTY TO DISENTANGLE
FOLDING COMPLEXITY

Despite their apparent simplicity, linear heteropolymer chains may fold into
distinct topologically diverse structures. In polymer chemistry, the diverse col-
lection of linear polymers is supplemented by branched and cyclical structures,
while in biological chemistry linear protein and nucleic acid chains adopt va-
rious topologies via chain folding. Folding involves rearrangements of the chain
and formation of contacts. In biology, we encounter a vast multiplicity of folded
polymer identities, with chemical and structural, as well as functional, relations.
Topology can not only help us make sense of the complex network of structural
relationships but can provide insights into folding mechanisms, conformational
dynamics, and folding stability, ultimately aiding protein and drug design[1][2]
[3][4]. A particular challenge, and opportunity for innovation, has been the ap-
plication of topology to folded linear chains where three-dimensional structures
are stabilized by non-covalent intra-chain contacts[5].

In this introduction, we highlight two recent applications of topology within the
biomolecular sciences and molecular engineering. These topological approaches
promise to categorize linear polymer structures. Knot theory categorizes mole-
cular structures based on whether and how they are knotted. Circuit topology, in
the context of polymer structure, categorizes folded linear chains based on their
contact arrangement (Figure 1A), allowing structural summaries and compari-
sons in terms of topological building blocks and sets of permutation operations.

2. KNOT THEORY & CIRCUIT TOPOLOGY: BASIC
DEFINITIONS

Formally, a knot is an embedding of the circle in three-dimensional space. A
knot may be equivalent (through stretching and bending operations, without al-
lowing the knot to pass through itself) to the trivial knot, or circle, or to other
knots with greater minimal numbers of crossings in their projections onto the
plane. In contrast to proteins, RNA, and linear DNA, such knots lack a start and
end point. However, linear molecules, upon connecting the endpoints across an
external arc traversing the 3D surface, may be said to be knotted or unknotted
(trivial knot), according to the topology of the backbone[6].

A folded chain is formed when a polymer establishes intra-chain contacts: two
contact-sites along the chain come in close proximity, creating either pair-wi-
se or higher order connections. The circuit topology (CT) of a folded polymer
chain defines the arrangement of intramolecular contacts with respect to the
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Figure 1. Simplicial complex representation of the circuit topology formalism.

A Simplicial complex representation of two contacts in parallel (P), series (S) and cross (X)
relation. In order to transition from one configuration to another, vertices and nodes need to
be edited (added or removed). Such analysis provides a framework for calculating distances
between structures via a graph editing approach. In B a further example of this concept is
shown, applied to the folding process: the folding of E adenine riboswitch is represented in a
graph where the x-axis represents the graph edit distance, and the y axis the number of con-
tacts (see [14] for further information).
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path between polymer ends. The approach is simple and generic and can be re-
presented according to an algebraic formalism, providing quantitative measures
for comparative analysis and experimental studies. For a given pair of binary
contacts, three arrangements can be identified: parallel (P), series (S), and cross
(X) (Figure 1A)[5]. In addition, two contacts may be in concerted series (CS) or
parallel (CP) relation if they share a site[7]. Here, a “site” or node may have one of
several definitions: for instance, it may be a protein residue, a single nucleotide,
or an element of secondary structure. Furthermore, the definition of a contact
may incorporate a cutoff distance (or atom type-specific distances) and number
of atom-atom contacts or may focus on a particular type of contact such as a di-
sulfide bond[8]. When needed, one can simplify the representation, for example
by treating the asymmetric parallel relation as a symmetric one, or by extending
the definitions of P and S to merge them with CP and CS relations respectively.
Given suitable definitions, a matrix of relations between pairs of contacts may be
constructed (Figure 1B).

Here, we focus on circuit topology and geometric topology approaches, or
more specifically, on knot theory. There are a wide variety of other topological
methods that have been developed for molecular sciences, including algebraic
topology (e.g., persistent homology), differential topology (e.g., de Rham Hodge
theory, quantum topology, topological order) [9]. Among these methods, per-
sistent homology appears to be more promising for biomolecules [10][11][12]
[13]. Persistent homology approaches are reviewed elsewhere [9]. However, we
note that CT analysis can be readily combined with existing persistent homolo-
gy tools. CT motifs introduced above can be readily represented in the form of
simplicial complexes and subjected to algebraic topology analysis (Figure 1)[14].

3. TOPOLOGICAL ANALYSIS OF PROTEINS

Proteins, known as the primary machinery of life [15], often need to fold tran-
siently or permanently into one or more specific spatial conformations, mostly
driven by non-covalent interactions [16][17]. Among the unlimited possibilities
of arrangements, a limited number of motifs and domains is exhibited by na-
ture, evidencing some general rules which govern the complexities of protein
structure [18]. Different theoretical methods including knot theory [19], kno-
toids [20] and, recently, circuit topology [5] have been developed to formalize
the structural relationships among diverse proteins. In this brief introduction
to biomolecular topology, we make use of the Alexander-Briggs notation[21] to
characterize knots (as, e.g., in Figure 2A). In this notation, a knot is represented
by two numbers: the main one indicates the crossing number and its subscript
provides the identification number of the knots with the same crossing number.
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Figure 2. Knot and circuit topology representation: a comparison. Topology representations
of the YibK methyltranferase, which exhibits a 3, knot forming the co-factor binding site.

A Projections of three knots. YibK is an example of a 31 or trefoil knot. B Protein structu-
re, with knot diagram overlayed. Secondary structural elements along the knot diagram are
numbered according to their position along the backbone. C Circuit topology diagram with
numbered elements in (B) numbered underneath the diagram. Cutoff: 3.7 Angstroms, 4 con-
tacts. D Circuit topology matrix of YibK methyltranferase, retrieved from the diagram in (C).
The grayscale dots represent the number of nodes for each interacting loop pair which are
part of the knot.

3.1. Knot and knotoids in proteins

Structural analysis of 400 knotted proteins, diverse in sequence and family,
showed that knotting pattern in proteins is strictly evolutionarily conserved [22].
There are several families of proteins that reproducibly form simple knots, com-
plex knots, and slipknots; in these proteins, the disadvantage of less efficient fol-
ding may be balanced by a functional advantage connected with the presence
of these knots [23]. Knot theory appears to be a powerful approach to explore
structural, mechanical, and functional roles of such entangled topological fea-
tures in proteins [24]. Most of the knots are located in functionally important
positions in protein structure. Recent research has established that knotted cores,
and especially their borders, show strong enrichment in the number of contacts
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with surrounding structural elements. Buried inside the protein structure, these
regions showed increased thermal stability, providing a favorable environment
for the protein active site [25]. Despite advances, knot theory has limitations.
The fraction of knotted proteins is only 0.77% of all proteins [26]. Also, to adhe-
re with formal mathematical definitions, knots must be closed rings, which are
rare in protein structures. In 2012, as a generalization of knot theory, knotoids
were introduced as diagrams representing projections of open curves in 3D space
[27]. Due to the open and dynamic nature of protein structure, knotoids have
attracted interest for studies of global and local entanglements of proteins [28].
Results are now accessible through online databases [29][30].

In recent years, several knot theory inspired topological descriptors have been
suggested, which proved to be quite useful for the characterization of folding
processes [31]-[34]. Among these, the Gaussian entanglement indicator proved
to correlate moderately with folding rate of a protein [33], while not requiring
computational procedures for the artificial closure of the curve (connecting the
two ends of the protein), thus overcoming one of the main limitations of knot
theory.

3.2. Circuit topology of proteins

Despite many applications, both knot and knotoids theories ignore intra-chain
interactions. Circuit topology is well suited to address this challenge. Within this
framework, a wide range of biologically important interactions could be conside-
red: e.g., contacts inclusive of the covalent S-S bond, interactions between secon-
dary structural elements (e.g. f-p and a-a), and connections between coevolving
groups known as sectors [35]. Knot theory and CT focus on two complementary
aspects of biomolecular chains, that is, backbone entanglement and contact for-
mation. However, there have been substantial attempts in recent years to bridge
these two aspects in one unifying theory. The concept of quandles [36], algebraic
objects used to distinguish between knots, was adapted for the classification of
chains within the circuit topology framework [37]. Moreover, a generalization of
circuit topology relations to characterize backbone crossings in the form of soft
contacts has been formalized[38]. These extensions show promise to promote a
unification of knot-based and contact-based topology frameworks (such as CT),
providing a uniform language for a working topological description. An exam-
ple of how these two approaches can provide complementary descriptions of a
protein is portrayed in Figure 2. Figure 2B shows the knotted protein YibK, with
the overlaid knot diagram of the knotted portion of the structure, alongside the
protein topology diagram and matrix (Figure 2C, 2D. Strands 1, 8, 7, and 10 form
part of the protein’s beta sheet, including two contacts in cross relation. However
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Figure 3. Topological comparison between two moonlighting proteins. Preliminary data
showing two proteins that are different in sequence and structure, yet similar in topology
and function. A Crystal structure of a-enolase and gamma crystallin D: red parts indicate
extended beta strands. B Striking similarity in the frequencies of topology motifs extracted
from circuit topology matrix for atom-atom topologies. P: parallel, S: series, X: crossing ar-
rangements; C The two proteins have negligible sequence overlap and structural similarity
as estimated by jJFATCAT _rigid comparison method. D Circuit topology matrix of the two
proteins: the ‘entangled’ relations are clustered along the diagonal and decay with the distance
from the diagonal in a similar way for both proteins. Our analysis raises the question as to
whether these topological similarities can be generically related to protein function.

intriguing, such developments have yet to be applied to real protein structures
and will most likely be the object of future research. In this thesis we base our
analysis on CT in its original definition [5], therefore focusing specifically on
hard contacts - fixed contacts between strands defined by the folding process -
and ignoring backbone entanglement. However intriguing, such developments
have yet to be applied to real protein structures, and will most likely be the object
of future research.

The native circuit topology of a protein may inform on its function. For instan-
ce, crystallin is a moonlighting protein [39] mainly known as a structural protein
but also, in some cases, exhibiting enolase activity. Comparison of the CT map
of a-crystallin and human enolase showed negligible sequence and geometric
similarities (Figure 3A, 3B, 3C) but striking similarities in the frequencies of to-
pology motifs extracted from the CT matrix (Figure 3D). In this thesis, we make
a fundamental step towards disentangling the role that native topology plays
in folding mechanisms (Chapter 2). It has been previously shown how various
structural descriptors such as absolute and relative contact order[40]-[42], as

15



Circular )
—> ;
w Permutation Inversion

[ [ []

Duplication

© © N O s W N =

1 2 3 4 5 6 7 8 9

Figure 4. Molecular operations as topological permutations. A more complex protein topo-
logy is built from permutations of a simple circuit topology motif. A Diagram showing the
construction of the circuit topology of membrane protein VMO-I (PDB ID 1VMO) based
on permutations of the concerted series arrangement belonging to the up-down-up-down
four-strand motif. B Relations between contacts in the circuit topology of VMO-I, with sites
numbered as in (C). P-1 indicates the inverse of the parallel relation (loop i includes loop j),
while CP and CS are parallel and series relations in which one of the contact sites is shared
between the two loops (See [6]). C Circuit topology structure of VMO-I, with nodes corre-
sponding to beta strand segments and edges weighted according to the number of contacts.
An atom-atom distance cutoff of 3.5 Angstroms and number-of-contacts threshold of 5 con-
tacts were employed.

well as size [43], can be effective folding rate predictors. Being size invariant and
flexible in defining the contacts, CT complements geometrical predictors such as
contact order in estimating the folding rates and number of unfolding paths of a
macromolecule [3]. We show in Chapter 2 how the addition of CT parameters
to size and contact order increases the accuracy of folding rate predictions [44].
However, the applications of circuit topology to folding mechanisms provide a
deeper insight than folding rate alone. The folding process in proteins is by natu-
re a dynamic and collaborative process. Molecular machines such as chaperones
transiently interact with proteins during this process [45]. CT analysis of model
systems mimicking protein-chaperon interaction revealed how the latter guides
the conformational search towards certain topologies and away from others [46]
[47]. Moreover, there is growing interest in the topology of protein-protein inte-
raction in the context of macromolecular complexes and condensates[48], [49],
in virtue of the fundamental role they play in many cellular processes[50]-[52].
In order to provide a complete topological characterization of protein complexes,
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CT was expanded to consider both intra- and inter-chain interactions [53].

Biomolecular systems are often dynamic in nature. Therefore, an effective to-
pological framework needs to provide tools for the representation and analysis
of topological evolution. Recently, Schullian et al. developed a mathematical fra-
mework to describe the circuit topology of a biomolecule and topological chan-
ges such as standard and circular permutation, duplication, and addition/elimi-
nation of contacts [7]. It was found that topology permutations underlie aspects
of protein evolution and dynamics such as domain swapping upon mutation and
hairpin flipping within a beta barrel. Figure 4 shows how a relatively complex
protein can be built from permutations and combinations of a simple topology.
Figure 4A and 3C show the progression from a simple topology to the final pro-
duct, for the protein membrane protein VMO-I. Figure 4C shows the topology
matrix of the protein.

Folding pathways can also be mapped onto a topology landscape, allowing for
identification of topological transitions and topological traps (misfolds) [54].
This technical advantage appears to be crucial especially for those molecular sy-
stems that are highly dynamic in nature and lack a stable native structure, such as
intrinsically disordered proteins (IDPs). In Chapter 3 we present dynamic circuit
topology (dCT), an extension of the CT framework for the characterization and
comparison of disordered chains [55]. This framework allows us to uncouple the
temporal evolution of short-lived contacts from those which, however transient,
live longer, shaping its trajectory on the conformational space. We identify tran-
sient states in the trajectory, enabling comparison between the topological and
dynamic fingerprints of different proteins. Understanding the mechanistic prin-
ciples that govern such systems is crucial, considering the fundamental role that
IDPs play as drug targets in many diseases [56]-[59].

The recent development of single molecule techniques to study protein folding
has led to an increased demand for theoretical tools to interpret experimental
data [60][61]. Optical tweezers experiments on model and some human proteins
demonstrated different steps of conformational change at distinct lengths [62]
[63]. Since force jumps between different lengths are related to the breaking of
connections [39], contact-based frameworks such as CT provide attractive op-
portunities for gaining molecular insight from force spectroscopy data. In Chap-
ter 4 we take a first step in this direction, by showing how to obtain a topology
matrix from experimentally retrieved force-extension diagrams.
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Figure 5. Pseudoknots, genus and circuit topology: a comparison. Four examples of RNA
structures and their diagram representation. The first two structures (A,B) are not pseudok-
notted, while structure C and D contain pseudoknots. Pseudoknots correspond to cross re-
lations in the CT matrix. We show that structures with the same genus can have dramatically
different topologies. Structure A has genus 0, but only contains Series relations. Structure B on
the other hand, while still having genus 0, only contain the so called “entangled” relations: Pa-
rallel and Cross. Similarly, figure C and D have genus 1, even though structure C only contains
Cross and Parallel relations, structure D is dominated by Series relations. The only common
trait between C and D is the presence of Cross relations, which indicate the pseudoknot.

4. TOPOLOGICAL ANALYSIS OF NUCLEIC ACIDS

Cellular nucleic acids often fold into globular structures to achieve function.
Folding happens at various scales, from small RNA molecules to large eukaryotic
genomes. Various topological concepts, including supercoiling, knot theory, and
contact arrangement, have been developed to describe folded nucleic acids. In
what follows, we summarize these developments and discuss how circuit topolo-

gy can be used as a universal topology framework.

4.1. Topology of RNA

RNA molecules may fold back on themselves to form complex 3D shapes ca-
pable of ligand/target recognition and catalysis. These structures can be achie-
ved by means of several mechanisms, including hydrogen bonding and stacking
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interactions as in tRNA tertiary structure; ions bound to specific sites (as found
in a ribosomal RNA fragments); and pseudoknot folds, as seen in mRNA frag-
ments with extensive non-canonical pairing structure (in contrast to canonical
Watson-Crick pairing) [64]. Pseudoknots, which are segments in the secondary
structure where half of one stem is intercalated between the two halves of another
stem, are abundant in RNA molecules and can have important functional impli-
cations [65]; thus, topological classifications of RNA have been mainly focused on
pseudoknots and on the concept of topological genus. RNA secondary structure
can be schematically represented by a planar diagram, with straight lines repre-
senting the backbone of the molecule and arches representing the bonds that give
the molecule its characteristic folded shape. The RNA secondary structure is said
to be pseudo-knotted if the diagram indicates crossing among base pairs. These
crossings, in diagram representation, are equivalent to cross relations in the CT
framework [66]. Figure 5A and 5B display RNA structures with no pseudoknots
(no cross relations). Figure 5C and 5D show examples of pseudo-knotted RNA
diagrams. A given RNA molecule thus represented can then be characterized by
the genus of the auxiliary two-dimensional surface associated to the diagram,
that is, a sphere with handles. The genus g of a diagram is the minimum number
of handles a sphere must have in order to be able to draw the diagram on it wi-
thout any crossing [66][67][68][69].

By comparing the planar diagram representation with the CT diagram (Figure
5) it is possible to draw a parallel between planar diagrams and CT: cross relations,
where the number of arches n is equal to the number of loops in the chain. Therefo-
re, if we were to calculate the topology matrix of a pseudo-knotted RNA molecule,
we would obtain a nxn matrix, such as the one represented in Figure 5. Given the
similarity between these two representations, the genus of a CT diagram can be
readily calculated, and consequently a topology matrix. Recently, pseudoknot clas-
sification and comparison in RNA molecules was given a new algebraic formalism
[70]. Here, RNA structures are represented as expressions of an algebraic language
with three operators (concatenation, nesting and crossing) and simple hairpin lo-
ops as operands. In the language of CT, concatenation, nesting and crossing cor-
respond to series, parallel and cross relations. These relations were also given an
operator representation [7]. Other creative frameworks exploit graph theory. The
RNA-As-Graph approach involves the translation of an RNA 2D structure into tree
and dual graph objects. In tree graphs, stems are the edges, while junctions, bulges,
and loops are the vertices [71]. Once again, we draw a parallel with CT, in its sim-
plicial complex representation [14], where transitions from one topology relation
to another are described and quantified in terms of graph editing, e.g. addition or
removal of vertices and edges from a graph (Figure 1B). CT as such provides a uni-
fied language for the description of RNA folds.
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4.2. Topology of cellular DNA

The genome topology plays a fundamental role in the regulation of gene
expression. The genomic spatial arrangement is shaped by chromatin long-ran-
ge interactions, which are mediated by architectural proteins such as CTCF and
Cohesin [72][73]. These interactions causes the formation of chromatin loops
and eventually organize in topologically associating domains (TADs) in mam-
mals. Similar types of domain arrangements are found in lower eukaryotes [72]
and prokaryotes [74][75]. Alterations in chromatin topology are key to cell dif-
ferentiation [76] and have been implied as drivers of oncogenic programs [77].
Genetic mutations that affect chromatin topology potentially lead to changes in
gene expression, therewith facilitating disease susceptibility and evolutionary
adaptation [78]. Providing a rigorous topological framework is therefore a fun-
damental step to shed light on the link between genome topology and function.

4.2.1. Supercoiled DNA

Early efforts to characterize topology in DNA were focused on supercoiling.
DNA supercoiling is the consequence of twisting DNA: it describes the coiling of
the axis of the double helix. Supercoiling occurs in the DNA of organisms at all
levels of evolutionary complexity. Human interphase chromosomes are divided
into domains with different levels of supercoiling, where under-wound domains
are transcriptionally active, cytologically decondensed, and topologically con-
strained [79]. These domains were shown to frequently correspond to TADs de-
tected by 3C (Chromosome Conformation Capture) methods [79]. A topological
constant commonly used to characterize supercoiling is the linking number Lk,
which represents the number of times the two strands of the DNA double helix
are intertwined [80]. This parameter can be expressed as the sum of two geome-
tric parameters: writhe (Wr) and twist (Tw) [80]. Wr measures the coiling of the
DNA axis, and Tw the helical winding of the DNA strands around each other.
Although this formalism was developed for circular DNA, supercoiling has also
been observed and studied experimentally in linear segments of double-stranded
DNA (dsDNA) [81][82]. The twisted linear DNA forms intertwined loops cal-
led plectonemes, the dynamics of which could be studied as they diffuse or hop
along the DNA strand. From formal point of view, plectonemic loops and their
dynamics can be readily represented with CT terminology.

4.2.2. Knotted DNA

DNA at short length scales (<50 nm) is a stiff polymer, but its considerable
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Figure 6. Circuit topology analysis of a chromosome. Circuit topology analysis of the first
chromosome of a single murine ES cell [68]. A Circuit topology matrix, calculated by choo-
sing a cutoff radius (1 particle radius) to define contacts between 100-kb particles. The three
images show progressive close-ups on smaller areas of the matrix. We can see how parallel and
cross relations cluster around the diagonal, suggesting a domain-like structure. In B and C
we can see the calculated topological fractions for a progressively higher number of particles.
This cumulative analysis shows how we can have an indication of the domain- like structures
when we have a high resolution (few particles). When the resolution lowers (right hand side
of the graph), the fractions remain constant, indicating that the relative proportion of series,
cross and parallel does not depend on the number of kb included in the analysis, after a cer-
tain threshold (which, for this chromosome, is about 750 particles). In B the particles were
computed from the top of the PDB file to the bottom, while in C from the bottom up.

D Comparison between CT analysis and network analysis for the first 600 particles. The
network was build using contact sites as nodes and contacts as edges. Two network parame-
ters, average connectivity and Pearson correlation, show a step-wise behavior similar to that
displayed by the topological fractions. Transitivity presents a rise at small scales.

length, of the order of millimeters in bacteria and meters in humans, makes it
very liable to self-entanglement and knotting [83]. Knots in packaged viral DNA
have been widely documented in the literature [84]. The microns-long viral DNA
molecules are tightly packed and condensed inside a capsid, which has a size
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in the range of tens of nanometers [85]. This strong confinement facilitates the
occurrence of knots, with a distribution of knot types which is biased towards
complex knots: gel electrophoresis characterization revealed a predominance of
the torus knot 5, and scarcity of the achiral knot 4, [86]. More recently, small
steady state fractions of DNA knots were also found in chromatin inside cells
[87]. There is debate about the extent and scale to which knots are present at the
chromosome scale. The 100 kb resolution analysis of individual chromosomes in
the nuclei of single haploid mouse embryonic stem (ES) cells obtained by Hi-C
contact data [88] revealed that chromosomes do contain knots, with the fraction
of unknotted chromosomes being less than 20% [89]. Moreover, knots with more
than five crossings or even multiple knots appeared to be the most popular kind,
representing more than 50% of the knot population [89].

Various single molecule techniques have also been used to characterize DNA
knots. For instance, nanopore sensors have been used to map the equilibrium
configurations of DNA knots, revealing a wide distribution in tightness. The per-
sistence of very loose knots might have implications for understanding the effi-
ciency of the biological mechanisms accountable for unknotting the molecules
[90], like, for example, the action of type II DNA topoisomerases [91]. Conside-
ring the new wealth of information we have on contacts in genomic structures
(see below) and the high likelihood these structures have of producing complex
knots, a generalized knot theory approach such as the one presented by Adams et
al. [36] may be a useful direction for future research.

4.2.3. Contact arrangement in cellular DNA

The development of innovative technologies such as fluorescence in situ hybri-
dization, in vivo tagging of genomic loci, and 3C and Hi-C based technologies
have led to a rapid increase in available structural information. Hi-C technology
is particularly suited as a source of topological data for chromosomes, since it
allows for the identification of long-range interactions in a genome-wide fashion
[92]. This process results in large libraries of pairwise chromatin interactions,
which reveal highly reproducible features such as TADs [93]. CT represents a
natural framework for this type of data, since it only relies on contact indexes
to encode topological information (Figure 6). In this thesis we provide the first
description in terms of circuit topology of chromosome data derived from single
cell genome structures (Chapter 5). We show how the topology matrix of a chro-
mosome encapsulates the fingerprint of conformational motifs (Figure 6A), whi-
ch can be extrapolated to build a model for chromatin looping, the L-pattern [94].
Figure 6A shows progressive close-ups into the CT matrix of a chromosome; in
a conceptually similar fashion, Figure 6B and 6C show the topological fractions
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for chromosome sections of different sizes, while presenting a comparison with
parameters derived from network topology (Figure 6D). We exploited such a
cumulative analysis to highlight periodic features in the structural make-up of
chromosomes, and calculate their characteristic scale length (Chapter 5).

5. TOPOLOGY OF ORGANIC AND BIOINSPIRED POLYMERS

Advances in molecular engineering enabled synthesis of molecular knots and
topological polymers, and have led the way towards applications in several fields,
including chemical biology, medicine, and materials science.

5.1. Engineered folded DNA structures

DNA has been demonstrated as a versatile building block for objects such as
two-dimensional crystals [96], nanotubes [97], and three-dimensional nano-
polyhedra [98]. Many DNA-based materials involve branched molecules (DNA
bricks), in which branch points represent the vertices of various types of polyhe-
dra [98][99]. These building blocks are created with techniques that combine hy-
bridization (sticky-ended cohesion) and synthetic stable branched DNA (as, e.g.,
Holliday junctions). Others rely on the design of scaffolded DNA origami, where
one long, single-stranded DNA molecule is folded into arbitrary two-dimensio-
nal shapes, which are then the building blocks for larger assemblies [100]. Here,
we will focus on those cases where one single molecule is folded.

There is a growing interest in designing knotted nucleic acids [101]. Kocar et al.
presented the design principles to fold highly knotted single-chain DNA nano-
structures. One of the key principles hereby demonstrated is the identification of
favorable and unfavorable folding steps, from a topological and kinetic point of
view. These steps are identified by considering the pairwise connections that are
created during folding, and by classifying these connections by using circuit to-
pology [5]. This strategy demonstrated that highly knotted structures can be for-
med based on the stepwise formation of connections defined by their decreasing
stability as the alternative folding pathways that results in structures of the same
stability could not form the knotted structures. This is an example of how CT and
knot theory combined can be used to engineer the topological features of a chain.

For what concerns contact-based topology, Han et al. presented a new strategy
to design and synthesize a single DNA or RNA strand to self-fold into a complex
(user-prescribed) structure [102]. In their approach single molecules of ssDNA
and RNA with synthetic sequences ranging in length from ~1000 to ~10,000 nt
were folded into origamis. Knotting in these structures is prevented, in order to
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avoid kinetic traps and assure smooth folding. While these origami structures
are unknotted, their contact arrangement topology is quite elaborate. The design
principle is based on parallel crossover, with layers which are covalently linked in
a raster filling pattern. From a knot perspective, these structure all belong to the
same class (the unknot). Therefore, a contact base topology such as CT is neces-
sary to detect their distinguishing features.

5.2. Synthetic proteins

Advances in nucleic acid engineering have inspired analogous designs for pro-
teins. Proteins are programmable polymers, which can fold into elaborate thre-
e-dimensional structures, and are therefore particularly versatile for the engi-
neering of materials with tailor-made structure and function. Design principles
correlating loop geometries and secondary structure packing orientation allows
for accurate protein size and length control, as investigated by Baker et al. [103]
[104]; this loop-based characterization is highly compatible with CT. Ljubetic
et al. designed self-assembling coiled-coil protein-origami (CCPO) cages of va-
rious geometries (tetrahedra, a four-sided pyramid, and a triangular prism), and
provided a computational platform for the design of arbitrary complex CCPO
polyhedra [105]. These structures combine the modular building strategy of
DNA (DNA bricks) nanotechnology with the programmable functionality of
amino-acids. They have interesting physical properties, which can be studied
from a circuit topological point of view. In Figure 7A we show the CCPO cage
structures from [105] and the corresponding CT matrices (Figure 7B). We can
see in Figure 7C and 7D that these three cages are strikingly similar for what
concerns topological fractions (percentages of series, cross and parallel relations)
and show relatively low contact order. This proof-of-concept study demonstrates
that the CCPO cages can be constructed with desired contact order and topology.
We note that topology determines folding pathway; furthermore, the topology
and contact order may independently affect the folding rate. However, a syste-
matic analysis of CCPO cages based on topological traces with different CT but
shared contact order has not been performed, and whether some combinations
of the CT topological fractions might be more helpful than others in promoting
stability and other kinetic properties remains to be seen. While knots could po-
tentially form between linker regions located at the vertexes of CCPO polyhedra,
they cannot be programmed into the designs at the current stage. Extending the
length of CC building modules to encompass a full turn has the potential to de-
sign knotted protein structures with the possibility to design the folding pathway
and make highly knotted proteins or polypeptide-based materials.
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Figure 7. Circuit topology analysis of origami proteins. A Three examples of CCPO cages [82],
namely a tetrahedron (TET12SN) a pyramid (PYR16N) and a trigonal prism (TRIP18SN). B
The CT matrices (of which half of it is shown, since they are symmetrical), show remarkable
similarities both in topological fractions and in how they are located in the matrix. First of
all, most the dominant topological fractions appear to be Cross in all three cases. Secondly,
most of Parallel and Cross relations are clustered along the diagonal of the matrix, indicating
that most short-range contacts have this type of arrangement. Series contacts are only present
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in the corner of the matrix, indicating that Series dominates long range distances along the
chain. If we calculate the percentage of the fractions along diagonal lines in the matrix, from
the matrix diagonal (i=j), towards the periphery of the matrix, and we plot the percentages
(C), we see that Cross and Parallel start from a maximum and decrease to zero, while Series
has a specular behavior, starting from zero and reaching a maximum for maximum distance
from the diagonal. D Percentage of topological relations corresponding to the CCPO structu-
res displayed in (A).

5.3. Topology and organic chemistry

New topological features at the molecular level can introduce new material
properties. Many efforts in this direction have been focused on molecules created
by interlocked chains (as opposed to single folded chains), such as catenanes and
rotaxanes [106] and on networks of interconnected molecules called polymer
networks [107]. On the other hand, the field is also starting to obtain a better
understanding of the strategies needed for the synthesis of a single entangled
molecular strand, as in the case of molecular knots. The steric restrictions impar-
ted on the molecule by knotting hinder the range of movement of the molecular
components, significantly influencing physicochemical properties [108]. So far,
four types of knots have been successfully synthesized using small-molecule bu-
ilding blocks: the trefoil [109][110] figure-eight [111], pentafoil [112], and 8,,
knot (a knot with eight crossings) [113]. A comprehensive theoretical framework
would not only allow characterization but would also be beneficial for the practi-
cal purpose of purifying polymers with different topologies, as exemplified in
[114]. In that study, it was shown using simulations how nanopores can be used
for sensing and enriching certain circuit topologies.

6. CONCLUDING REMARKS AND FUTURE PERSPECTIVES

Contact-based circuit topology and knot theory form two complementary
frameworks for describing, understanding, and engineering linear biopolymers
such as proteins and nucleic acids. An important future development will be fur-
ther integration(s) of these two applied theories and establishment of how they
can be more generally utilized in prediction and design. Towards this goal, it
is likely that machine learning and artificial intelligence (AI), including recent
advances protein structure prediction (such as the AlphaFold 2 algorithm [115])
will play key roles. We believe a smart topological encoding such as the one pro-
vided by Circuit Topology will prove fundamental in both increasing efficiency
of such techniques and providing a new perspective on the role of topology in the
function of biomolecular polymers. The potential of Circuit Topology is not limi-
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ted to the field of biopolymers. The flexibility of the framework makes it suitable
for application to any chain-like system where it is possible to define a direction
and intra (or inter) chain contacts. Possible applications to abstract chains en-
compass for example the fields of chemical reactions [116] and natural language
processing (Chapter 6).
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