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that with respect to Lebesgue measure on the unit inter-
val, every such transformation is measurably isomorphic
to the first return map of a rational parallel flow on a

L . translation surface of finite area with infinite genus and
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1 | INTRODUCTION

In this paper, we consider a family of infinite interval exchange transformations (IETs) that arise
as perturbations of the von Neumann-Kakutani map of the unit interval, and as the first return
maps of flows of rational slope on certain flat surfaces of infinite genus. We study the dynamical
and ergodic properties of the maps in this family.

Each map in this family has a unique aperiodic minimal subsystem, and thus, this family
presents a class of naturally arising systems with this property. We show that each aperiodic (not
necessarily minimal) subsystem is measurably isomorphic to a Bratteli-Vershik system on a Can-
tor set, and study its ergodic invariant measures and the spectrum of its Koopman operator. We
construct infinitely many examples, where each minimal set has the dyadic odometer as a factor,
and infinitely many examples where each minimal set does not have the dyadic odometer as a
factor, but it is not weakly mixing.

© 2023 The Authors. Journal of the London Mathematical Society is copyright © London Mathematical Society. This is an open access article
under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided
the original work is properly cited.
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FIGURE 1 The finite area Loch Ness monster.

1.1 | Rotated odometers

The von Neumann-Kakutani map a : I — I, where I = [0,1) is the half-open unit interval, is
given by the formula

a(x)=x—-(1-3-2'"" ifxel,=[1-2"",1-2""),n>1. Q)

In words, it rearranges the interval partition {I,,},,..; of I in the opposite order, see Figure 3(a). We
divide the interval I = [0, 1) into q half-open subintervals of length é, and we let 7 be any permu-
tation of g symbols. Let R, : I — I to be the map that permutes these q subintervals according to
7. Then

F,=aoR, :I—>1 )

is an infinite IET called a rotated odometer. The term “rotated odometer” was introduced since for
some permutations 7z, the map R, : I — I may be seen as a rotation on the unit circle.

1.2 | Infinite genus surfaces

Let S be the unit square, and identify its vertical edges by a single translation (as if creating a
cylinder), and its horizontal edges by the von Neumann-Kakutani map a, to obtain the surface L,
see Section 2 for details. In order to make the identifications work, we must remove a countable
number of points from the horizontal edges, and as a result, the surface L is noncompact. The
removed points are identified into a single point; therefore, the resulting surface has a single end,
that is, a distinct way to go to infinity, see Figure 1. The surface L has unit area and infinite genus.
Topological surfaces of this type are called Loch Ness monsters, and they have appeared in the
literature as leaves in foliations by surfaces [19, 30]. Loch Ness monsters also appear as translation
surfaces with infinite angle or wild singularities, such as the Chamanara or the baker’s surface
[7, 10, 32], or the infinite staircase [10]. An interesting family of infinite-type translation surfaces
was constructed in [25]. The constructions of the families of surfaces in [25] and in our paper
are reminiscent of that of the Chamanara surface in [10]. However, in our paper, the Loch Ness
monsters lack certain metric symmetries which are present in [10], and so, the methods used to
study the properties of the latter in [10] are not applicable in our case.

Consider the flow lines on the square S that are at the constant angle 6 = tan~!(q/p) with
the horizontal, where p,q € Z \ {0}. When the flow lines traverse the square from the bottom to
the top, they travel through the horizontal distance p/q. Therefore, the first return map to the
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FIGURE 2 The Loch Ness monster with two whiskers.

horizontal section in the surface L, corresponding to the horizontal edges of S, is the composition
of a translation by p/q and the von Neumann-Kakutani map a, that is, a rotated odometer. Then
a natural question is, can any rotated odometer (2), that is, for an arbitrary permutation 7, be
realized as the first return map of a flow on a Loch Ness monster? Our first Theorem 1.1 below
states that the answer is yes, provided that we can make mild modifications to the topology of
the surface.

We denote one-dimensional Lebesgue measure by 4.

Theorem 1.1. Let q > 2 and let  be a permutation of q symbols, and let p > q be an integer. Then
there exists a translation surface L, , obtained by identifying by translations the sides of the unit
square with countable number of boundary points removed, which has the following properties.

(1) ThesurfaceL, , has finite area, one non-planar end and at most a finite number of planar ends.

(2) The metric completion of L, , contains a single wild singularity and at most a finite number of
cone angle singularities.

(3) There exists a section P C L, , parallel to the horizontal edge of the unit square with Poincaré
map F : P — P of the flow of rational slope q/p, such that (P, F, 1) is measurably isomorphic
to the rotated odometer (I, F,, A).

The technical notions in the statement of Theorem 1.1 are explained rigorously in Section 2,
where this theorem is proved. Intuitively, singularities in this theorem correspond to the points
we must remove from S when identifying edges in order to obtain a surface where every point has
a Euclidean neighborhood. Distinct removed points may be identified into a single singularity.
Each singularity results in a puncture in the surface L, and each puncture corresponds to an end
of L. The notions of a planar or a nonplanar end describe the topology of a neighborhood of an
end, namely, if an end is nonplanar, then every such neighborhood has infinite genus.

A finite area surface with infinite genus, one nonplanar end, and two planar ends is depicted
in Figure 2. We call a Loch Ness monster with additional planar ends a Loch Ness monster with
whiskers. A surface of this type is described in Example 2.3.

1.3 | Dynamical properties of rotated odometers

We now study in detail the dynamics of the rotated odometer (I, F,, 1) for any g > 2 and any
permutation 7 on g symbols. Such a map can be considered as a perturbation of the von
Neumann-Kakutani map a. From this point of view, it is natural to ask, which properties of the
von Neumann-Kakutani map are preserved under such perturbation. We show that even in this
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highly controlled setting, much of the inner structure of the von Neumann-Kakutani system can
be destroyed by a perturbation, although some features are preserved.

The first basic result is that the minimality of a may be destroyed, but the minimal subset of
the aperiodic subsystem is always unique. Recall that I = [0, 1).

Theorem 1.2. There exists a decomposition I = I,,,. U I, , with the following properties.

(1) Every pointinlI

per 18 periodic, and the restriction F; @ I, — I, is well defined and invertible.

* ~per per
(2) If 1, is nonempty, then I ,,, is a (possibly infinite) union of half-open intervals [x, y).
(3) Thesetl,, contains 0, and F : I, — I,,, is well defined and invertible at every point except 0.

(4) There is a unique minimal subsystem (1,,;,, F ;) of(Inp, F.),and0€I,;,.

Theorem 1.2 is proved in Section 3. Examples 5.16, 5.20, and 5.21 show that I ,,, may be an empty
set, or a finite or infinite union of half-open intervals. An infinite IET that contains an infinite

collection of intervals of periodic points was also considered in [21], see Example 3.5.

Remark 1.3. The existence of a unique minimal aperiodic set imposes strong restrictions on the
behavior of the system. For instance, as shown in [17], certain C*-algebras associated to systems
with unique minimal sets on zero-dimensional spaces can be exhibited as cross products of an
abelian C*-algebra by a single homeomorphism. We refer the reader to [17] for more on C*-
algebras and dimension groups in this setting. The rotated odometers considered in this paper
provide a naturally arising family of examples of dynamical systems with unique minimal sets;
systems with this property are not readily found in the literature. This is another motivation to
study rotated odometers.

1.4 | Ergodic properties of rotated odometers

The rotated odometer map F, acts on I by piecewise translations and so preserves Lebesgue
measure A on I. Moreover, in Section 7, we prove the following.

Theorem 1.4. Lebesgue measure is ergodic for (I, F,.) if and only if there are no periodic points.

One implication in Theorem 1.4 is immediate, and the other one requires work. Another nat-
ural property of all rotated odometers is that they have zero topological entropy. The proof of
Theorem 1.5 below can be found in Section 6.

Theorem 1.5. For any q > 1 and any permutation 7 of q symbols, the topological entropy
hiop(Fr) = 0.

To further study the dynamics of the aperiodic subsystem (I, ,, F;), we use the standard tech-
nique of doubling points in the orbits of discontinuities to embed (I, ,, F;) into a dynamical system
(I » F?) given by a homeomorphism F of a Cantor set I, i’ The procedure is described in detail
in Section 4, with main results summarized in Theorem 4.1. Since the Cantor set I Zp is obtained
by adding to I,,, a countable collection of points, there is a correspondence of invariant mea-

sures on the Cantor system and on (I,,,, F;). We show in Section 5.2 that the Cantor system
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r » F?)is conjugate to the Bratteli-Vershik system on an eventually stationary Bratteli diagram,
see Theorem 5.10.

Bratteli-Vershik systems are a powerful tool to study the dynamics of maps of Cantor sets,
described in many sources, see, for instance, [2, 3, 17] and references therein. In the rest of the
paper, we use Bratteli-Vershik systems to study the number of ergodic invariant measures on
(Ip, Fr), and the discrete spectrum of the Koopman operator for different ergodic measures.

Since the Bratteli-Vershik diagram conjugate to (I, D F*)is associated to a preperiodic sequence

/e
of substitutions on q letters (see Section 5.2), we have the following result.

Theorem 1.6. For any q > 1 and any permutation 7 of q symbols, the aperiodic subsystem
(Inp, F,.) admits at most q ergodic invariant measures, and its unique minimal subsystem (Ij‘m.n, FY)
is uniquely ergodic.

1.5 | Factors of rotated odometers

The next series of results is motivated by considering rotated odometers as permutations of the von
Neumann-Kakutani map, which is known to be measurably isomorphic to the dyadic odometer.
We know from Theorem 1.2 that the dynamical characteristics of the dyadic odometer, such as,
for instance, minimality, may be destroyed by a perturbation to a rotated odometer. Therefore, it
is natural to ask, whether they are preserved at least at the level of factors, that is, whether the
dyadic odometer is still a measure-theoretical or a topological factor of the rotated odometer. We
ask this question for both the aperiodic system (I » F7) and for its unique minimal set (I" ., F7).

Theorem 1.7. Let (I min' *) be the minimal subset of (I’ » FY). Then:

(1) There existinfinitely many q > 3, and permutations 7 of q symbols, such that the minimal system
(I ... Fr) has a dyadic odometer as a factor.

(2) Thereexistinfinitely many q > 3, and permutations 7 of q symbols, such that the minimal system
(I .- Fr) does not factor to a dyadic odometer, and is not weakly mixing.

Theorem 1.7 is proved in Section 8.5.

Host [22] proved that for substitution shifts, the measure-theoretical and topological rota-
tional factors coincide, and so, in Theorem 1.7 by a factor, we mean either of them. The measure
implicitly used in this theorem is the unique ergodic measure supported on the minimal set.

In both statements of Theorem 1.8 below, Lebesgue measure on I is ergodic for the rotated
odometer (I, F), and I,,, = I. The measure 4 is the pushforward of the Lebesgue measure on I,,),

to I » by the embedding map.

Theorem 1.8. Let (I, o F ™) be the aperiodic subsystem of a rotated odometer. Then:

(1) Ifq = 5and w = (01234), then the rotated odometer (I, D F*, ) has the dyadic odometer as the
maximal equicontinuous factor, and the factor map is continuous.

(2) Ifq = 5 and = (02431), then the rotated odometer (I ;"lp, F*, ) has the cyclic group of order 4
as the maximal equicontinuous factor, but the factor map is not continuous.

Theorem 1.8 is proved in Section 8.5.
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1.6 | Open problems

We show in Theorem 1.1 that rotated odometers can be considered as first return maps of flows of
rational slope, on certain translation surfaces of finite area and infinite genus with a finite number
of ends. The following question is natural.

Problem 1.9. Find a Bratteli-Vershik system that models the Poincaré map of a flow of irrational
slope on a translation surface of finite area with infinite genus and finite number of ends.

The next open problem stems from Theorem 1.7 whose proof is constructive. At the moment
we are not aware of a general condition that would ensure that a rotated odometer or its minimal
set has, or does not have, the dyadic odometer as a factor. We pose this as an open question.

Problem 1.10. Let F, =aoR, : I — I be a rotated odometer. Find necessary and sufficient
conditions under which (I’ ., F;) has a dyadic odometer as a factor.

In the system described in Statement 1.8 of Theorem 1.8, neither the minimal subsystem with
respect to the unique ergodic measure, nor the aperiodic system (I, » F?)with respect to Lebesgue
measure, have the dyadic odometer as a factor. Instead, the minimal subsystem has an irrational
eigenvalue, while the full rotated odometer factors onto the cyclic group with four elements.
Therefore, the following question is natural.

Problem 1.11. Are there any examples in our class of rotated odometers for which the minimal
subsystem (I . , F}), or the aperiodic system (I, o F ») is weakly mixing?

2 | ROTATED ODOMETERS AND FLOWS ON TRANSLATION
SURFACES

In this section, we recall the basic properties of infinite translation surfaces and prove Theorem 1.1.

2.1 | Loch Ness monsters

Consider the unit square S without corner points. The upper and the lower sides of S are identified
with the interior (0,1) of I = [0, 1). The vertical sides of S are identified with J = (0,1). We make
the identification

(x,1) ~p, (a(x),0),
see Figure 3(a), where I}, = [1 — 2,(%1, 1-—- zik), k > 1, are the intervals of continuity of a. We
identify the vertical sides using the equivalence relation (1,y) ~, (0, y) as in the standard torus.
Consider the set of discontinuity points of a in the upper horizontal edge, and of their images
under a on the lower horizontal edge, given by

D={1-27"%1),(a(1-27),0): k> 1.
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FIGURE 3 (a)ldentifications of the horizontal sides of the unit square by the von Neumann-Kakutani map,
and of the vertical sides by translations. Circles and squares represent identifications of limit points in L. (b)
Nonseparating curves in L are represented by dashed lines.

Define the noncompact surface L by applying the equivalence relations,
L=(S\D)/ ~p,~, - 3)

The construction of L above is similar to that of the Chamanara surface in the literature [7, 10,
32], except that the identification of the vertical sides of the square S in the Chamanara surface is
done using the von Neumann-Kakutani map.

Noncompact surfaces are classified up to a homeomorphism by their genus and the space of
ends. Intuitively, an end of a surface is a distinct way to go to infinity in the surface. Adding ends
to a surface can be considered as its compactification [6, 10]. A surface with one end and infinite
genus can be pictured as the Euclidean plane with an infinite number of handles attached, and
this is the reason it was called the Loch Ness monster in [30]. The Euclidean plane has infinite
area. The surface in Figure 1 is homeomorphic to the plane with an infinite number of handles
attached, and it has unit area.

An open neighborhood of an end is a surface in its own right, and so, one can talk about the
genus of this surface. An end e is planar if it has a neighborhood of genus zero, and e is called
nonplanar otherwise. The single end of the Loch Ness monster in Figure 1 is nonplanar.

Arguments similar to the one for the Chamanara surface in [32] show that L is a transla-
tion surface of finite area and infinite genus with one nonplanar end. We sketch the proof in
Proposition 2.1 for completeness.

Let o € L be a singularity, and let B, be an open neighborhood of ¢ in L of radius ¢ > 0. A
singularity o is wild, if there is no finite or infinite cyclic translation covering from B, \ 0, to a
once-punctured disc B(0, ¢) \ {0} C R? for any € > 0. Recall that a saddle connection is a geodesic
in L, which joins two not necessarily distinct singularities in L, and which does not contain a
singularity in its interior. In particular, o is wild if for any € > 0, the neighborhood B, contains an
infinite number of saddle connections.

A closed curve y : S! — L is nonseparating if L \ y(S?) is connected, where S! is the circle of
unit length. A surface L has genus g, if the maximum cardinality of a set of disjoint nonseparating
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curvesin L is g. If L admits an infinite number of disjoint nonseparating curves, then it has infinite
genus.

Proposition 2.1. The surface L is a translation surface of finite area and infinite genus, and the
metric completion L of L contains a single wild singularity. Thus, L is a Loch Ness monster, that is, L
is an infinite genus surface with one nonplanar end.

Proof. Recall from [32] that a translation surface is a surface which admits an atlas where the
transition functions are locally translations. The surface L in (3) satisfies this definition since a is
an IET and so identifications are by translations. The metric completion L of L is clearly compact,
and we claim that L \ L is a single point. To see that we use a similar argument to the one in [32,
Example 1.15] for the Chamanara surface. Namely, the identifications of the horizontal edges by
a induce the identification between the limit points in the metric completion marked by circles
and squares in Figure 3(a), and we conclude that there is no more than two points in L \ L, one
marked by circles and another one by squares. Since the distance between these two points is
not bounded away from zero, they are the same point, and L \ L consists of a single singularity
denoted by o. We notice that for every € > 0, the part of the neighborhood B, of o near the corner
points of S contains an infinite number of saddle connections (horizontal segments on the upper
and the lower edges of the square). Thus, o is a wild singularity.

To see that L has infinite genus, for k > 1, let y, be a closed curve joining the middle point of
the interval I, to the middle point of the interval I,,_; lying below the upper horizontal edge
of L, and then joining the middle point of a(I,;_;) with the middle point of a(I,;) and passing
above the lower horizontal edge of L, see Figure 3(b). All such curves are disjoint. To see that the
complement of y; in L is connected, note that every pointin L \ y,(S!) is connected to the middle
point of the square by a continuous path. This shows that L admits an infinite number of nonsep-
arating curves, and so has infinite genus. To show that L has one end we refer to [32, Proposition
3.10], where it is shown that if L is a translation surface such that the metric completion L is com-
pact, then the space of ends of L is finite and it is in one-to-one correspondence with the set of
singularities. Since L has a single singularity, it has one end. It is clear from the picture and the
arguments above that every e-neighborhood of o contains an infinite number of nonseparating
curves, which implies that the single end of the surface L is nonplanar. O

2.2 | Flows on the Loch Ness monster

Every point x € L is contained in a chart of a maximal atlas whose transition maps are trans-
lations. Thus, the tangent bundle TL = | J,., T, L carries a flat connection. For any x € L, the
exponential map exp, : T, L — L is well defined on an open neighborhood of 0 in T',.L depend-
ing on x. For any angle 6 € S, there is a vector field X, on L, whose flow lines are straight lines
which make the angle 6 with the horizontal. Some flow lines of X, reach the singular point ¢ in
finite time, and so they are not defined for all ¢ € R. Since the map a has a countable discontinuity
set, there is at most a countable number of such flow lines. Let Ly be the union of flow lines that
are defined for all t € R, and denote the flow by g : R X Ly — Lg.

Let g > 2 and p > 1 be integers, and let 6 = tan~'(g/p). Let P be the image of the lower hori-
zontal edge of the unit square under (3) in Ly. Then P is a Poincaré section for the flow lines of
the vector field X, and we denote the Poincaré map of the flowby F : P — P.
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Consider the lift of the flow to the unit square S. For any x in the lower edge, consider the flow
line through x. While traveling from the lower edge to the upper edge, the flow line through x
moves in the horizontal direction by distance p/q, possibly traversing S a few times. Divide the
unit interval I into g subintervals of equal length, inducing subdivisions of the lower and upper
edges. Since p is an integer, the flow maps the subintervals of the lower edge onto the subintervals
in the upper edge, inducing a permutation 7 of a set of g symbols. For example, ifq = 3and p = 1,
then the corresponding permutation is 7 = (012) and if p = 2, then the corresponding permuta-
tion is 7 = (021). It follows that the return map F : P — P can be described as the composition
aoR, of a permutation of q intervals and the von Neumann-Kakutani map. To illustrate this
visually, in Figure 3(a), choose a point on the horizontal edge of the square, apply R,, obtaining
another point on the lower horizontal edge, and then traverse the square in the vertical direc-
tion. When the vertical flow line reaches the upper horizontal edge of the square, apply the von
Neumann-Kakutani map a and return to P using the identification (3).

We give the section P a measure A induced from the Lebesgue measure on the interval I = [0, 1).
Since only a countable number of flow lines reach the singularity o in L, the discussion above
results in the following statement. Denote by j : P — I = [0, 1) the inclusion map.

Proposition 2.2. Letq > 2, p > 1 beintegers, and let F : P — P be the Poincaré map of the flow @g,
where 6 = tan~'(q/p). Then there exists a permutation 7 of q symbols, such that j : P — I induces
a measure-theoretical isomorphism of the dynamical systems (P,F,1) and (I,F,,A), where F, =
aoR_ is a rotated odometer and A is the Lebesgue measure.

2.3 | Rotated odometers and flows

We now prove Theorem 1.1, that is, we show that any rotated odometer is measure-theoretically
isomorphic to a Poincaré map of a flow of rational slope on an infinite-type translation surface
of finite area. The topology of this surface may be slightly more complicated than that of L, since
in order to obtain the given permutation 7z, we may have to apply additional identifications on
the vertical sides. As a result, a finite number of cone angle singularities may arise, which we will
have to remove from L, creating additional planar ends.

We call the surface with infinite genus and one nonplanar and a finite number of planar ends
the Loch Ness monster with whiskers, see Figure 2.
Proof of Theorem 1.1. To obtain a given permutation of the intervals {I; }?;01, we divide the vertical
sides of the square S into subintervals of equal length and permute them. For us to be able to do
that, all flow lines starting at the horizontal edge of S must intersect the vertical side, so the angle
6 must be less than %, so tan(f) < 1. Take any p =mq+r withm >1and 0 <r < q—1and let
6= tan‘l(%).

Consider m + 2 copies of S such that for 1 < i < m + 1, the right vertical edge of the ith copy
is identified with the left vertical edge of the i + 1st copy. Let {I, k}z;(l] be the subdivision of the

lower horizontal edge into intervals of length é, and {J k}i;é and {J I’C}i;é be the subdivisions of,

respectively, the left and the right vertical edges of the first copy of S into intervals of length %.
The numbering of the intervals in the vertical edges increases from bottom to top.

Each flow line of ¢4 intersects at least m + 1 and at most m + 2 copies of S before reaching the
upper horizontal edge. For example, in Figure 4, the flow lines of the points in the intervals I; and
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FIGURE 4 The flow for the rotation by %, soq =5, p =7, and r = 2; if the vertical edges are identified by a
single translation, like in the torus, then the corresponding permutation of {I k}z=0 is 7 = (02413). Identifications
of the vertical sides using a nontrivial permutation 7’ of {J} 2=0 may result in a different 7. When gluing the
vertical edges using a nontrivial 7/, we have to remove the endpoints of the intervals in {J}, i:o from S, possibly
creating planar ends in the resulting surface.

I, intersect three copies of S, while the flow lines of the points in I, I;, I, intersect only two copies
of S. The flow lines intersect only the first g elements {J ]’c}f;é, and so, the intersection of the flow
lines with the right vertical edge of the first copy of S defines a map

s:{0,1,..,q—1}—-{0,1,..,p—1}, im»k=q—-1-i

with range {0, ..., q — 1}. There is the partial inverse s~! : {0,1,...,q — 1} = {0,1,...,q — 1}. The
intersection of the flow lines with the upper horizontal edge followed by the identification of the
copies of S as in the standard torus defines the map

t:{0,1,..,q—1-{0,1,..,q—1}, i~ i+rmodgq.

We set

7' =sotlomos!

and define the identifications of the intervals of the partitions {J k}f;é and {J I’( }i;é by
J, N Jﬂ’(k) if 0 < k < q-— 1, (4)
“ ifg <k<p

In words, we permute the lowest g intervals in the partition {J k}i;é of the vertical side of S, and
we keep the top p — q intervals not permuted.

Build a surface L, , as in Section 2.1, but identify the vertical sides of S using (4). Then flowing
from the lower to the upper horizontal edge in S produces the permutation 7z on the intervals of the
subdivision of the horizontal edge. Indeed, flowing from the horizontal to the vertical edge maps
eachI;,k = 0,...q — 1, to the set s(I}) of the partition of the vertical edge, essentially renumbering
the sets in the partition {I, k}z;(l) in the opposite order. We apply 7/, and then the partial inverse
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s~1, which reverses the renumbering of the sets, and incorporates 77’/ into the partition {I k}z;(l)'
We then apply the map ¢, which implements the translation by p/q on a square with identified
vertical edges. Thus,

tos™!

om'os=tos to(sottomrosHos=m.

It follows that the Poincaré map F : P — P of this flow is measure-theoretically isomorphic to
the rotated odometer (I, F,,).

It remains to check that the surface L, , which is obtained from L by applying the identifica-
tions of subintervals on vertical edges is still a translation surface with a wild singularity. Some
of the upper endpoints of the intervals J, ...,J,_, may be identified with the singularity o, the
remaining ones are identified with each other. Since there is a finite number of them, this results
in at most a finite number of additional cone angle singularities of the surface L, which are iso-
lated from o. The number of saddle connections and the number of nonseparating curves that
the surface can admit remains infinite, so the resulting surface is a translation surface with a
wild singularity and of infinite genus. By [32, Proposition 3.10] the number of ends of L, , is in
one-to-one correspondence with the set of singularities of L, ,, and by [32, Proposition 3.6] every
cone angle singularity corresponds to a planar end. Therefore, L, , is a Loch Ness monster with
“whiskers,” see Figure 2, where the number of whiskers corresponds to the number of cone angle
singularities. 1

Example 2.3. Let g = 5, and 7 = (0)(1)(23)(4). Let p = q then 6 = /4, r =0, and so ¢ is the
trivial permutation. Applying Theorem 1.1, we obtain 7/ = (0)(12)(3)(4). Considering the identi-
fication of vertical edges of the unit square given by 7/, one obtains that the metric completion
of the surface L, , has one wild singularity, one cone angle singularity of multiplicity 3, and one
removable cone angle singularity (i.e., of multiplicity 1). Thus, L, , has one nonplanar and one
planar end (we are not counting the removable singularity).

3 | PERIODIC POINTS AND THE UNIQUE MINIMAL SET

In this section we prove Theorem 1.2 which gives a basic description of the dynamics of periodic
and nonperiodic points of the rotated odometer (I, F,.), where F,, = ao R, is as in (2). Given an
integer q > 2 and a permutation 7 of g symbols, R, : I — I is a finite IET of q subintervals of I of
equal length, determined by 7.

Lemma 3.1. Themap F,, = aoR_ : I — I isinvertible at every point in I except 0.

Proof. The statement follows from the fact that the range of a is (0,1), the range of R, is [0,1), and
both a and R, are translations on their intervals of continuity. O

We introduce a few notations which we use throughout the paper.
Definition 3.2. Define

N=minfneN:2">q} and L, =][0, 27kNY,
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For fixed g and N, and any k > 0, we denote the partition of I into g2V half-open subintervals of
equal length by

- i i+ ) KN
PkN,q— {Ik,i = [qZW’qZW> :0<i<qg2 —1},

In particular, Po,q is the partition of I into g subintervals, and Iy; =1,i=0,..,9-1, where I;
are the subintervals in Section 2.
The discontinuities set of F,, = ao R is

Dy={R'(1-27") :n >0} (5)

Denote by D* the set of forward orbits of the points in D, and by D, the set of backward orbits
of Dy \ {0}.Set D=D,uD*UD".

Lemma 3.3. The set D is contained in the set{q% tnEN0OLSp<ggt -1}

Proof. Note that the restriction of R, to each interval in P, , is a translation by a rational number
with denominator g, and a acts by translations by multiples of 27", n > 1, with n depending on a
pointin I. O

For a point x € I, let orb™ (x), orb™(x), and orb(x) be the forward, backward, and two-sided
orbit of x under F, respectively. Clearly if orb™ (x) is periodic, then F,, is invertible at every point
of orb*(x) and so x has a two-sided periodic orbit.

As in the Introduction, we denote by I, the set of points in I whose orbits under F, are

periodic, and by I,,, the complement of I ., in I.

Proposition 3.4. Consider the dynamical system (I, F,.). We have the following.

(1) For every x € I, the forward orbit orb* (x) is either periodic or accumulates at 0.

(2) The system (I,,,, ;) has a unique minimal set, denoted by I ;.

(3) If nonempty, the set of periodic points I,,,, is at most a countable union of half-open intervals
with left and right endpoints in D.

Proof. Let x € I and suppose orb™(x) N L, = @ for some k > 1. We show that orb(x) is periodic.
Consider the partition 7y , of I from Definition 3.2. Let Ll’c = R;l([l —27kN 1)) and note that
orb™ (x) visits L, ifand only if it visits L/ , since a maps the interval [1 — 27%¥ 1) into L,.. Therefore,
since by assumption orb™(x) does not visit L, then it is contained in I \ L, U L, . Note that the
discontinuities of . inI \ L; U LI’( can only be at the left endpoints of the sets in 7y ,, and denote

by
P, ={l; € Py, - I norb™(x) # @}

the collection of sets in Py , visited by the orbit of x. Then the restriction F,| I; is continuous
foreachl; € PIL. Thus, F,, permutes the intervals in Pl’c, and since there are only finitely many of
them and F is injective, the orbit of x and so of each I; € PIQ is periodic. It follows that I, is the
union of half-open intervals.
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If orb™ (x) is not periodic, then it must visit every L, k > 1, so orb™(x) accumulates at 0. This
proves parts (1) and (2).

We have seen in the proof above that I, is the union of a subcollection of intervals in the
partitions Py 4, for k > 1. We now claim that these intervals can assemble into larger half-open
intervals of periodic points, so that the endpoints of these intervals are in D. Indeed, suppose an
endpoint x isnotin D. Then F, is continuous at every point in orb(x), and since F, is a translation
on its intervals of continuity, x has an open neighborhood which consists of points periodic with
the same period as x. This proves part (3). [l

Examples 5.20 and 5.21 are rotated odometers with, respectively, countable and finite numbers
of nonempty intervals of periodic points.

Proof of Theorem 1.2. Follows from Lemma 3.1 and Proposition 3.4. O

Example 3.5. We note that the property of having an infinite collection of intervals of periodic
points is also exhibited by infinite IETs which are not rotated odometers. For instance, in [21]
half-open subintervals of I are rearranged in the manner similar to the von Neumann-Kakutani
map, but the lengths of the subintervals are different from the lengths in (1). Namely, b : I — I'is
given by

b(x)=x—-1+k'+(k+1" fori-k'<x<1l—-(k+1)' keN.

In this system, I, is an infinite union of intervals where each point is periodic, and the

complement of I, is minimal.

4 | COMPACTIFICATION TO A CANTOR SYSTEM

In this section, we compactify the rotated odometer (I, F,;) to a dynamical system (I*, F;) given by
a homeomorphism F of a Cantor set I, where I = [0, 1) and F is defined by (2). The goal of this
procedure is to get rid of discontinuities, and to do that we employ the well-known procedure of
doubling the discontinuity points. Since I* is obtained by adding to I a countable number of points,
(Inp, F7) and (I}, F7) are measurably isomorphic. We summarize the results of this section in the
following theorem.

Theorem 4.1. Let 7 be a permutation of q > 2 symbols, and let (I, F,.) be a rotated odometer. Let
I =1, UlI,, beadecomposition of I into the sets of periodic and aperiodic points.
Then there exists an inclusion t . I — I* into a compact space I* = I* U I:p, and a homeomor-

per
phism F @ I* — I* with the following properties.

(1) The complement of I in I'* is countable, and L(Ipe,
respectively.

(2) Flot=10F,.

3) IZP is a Cantor set, and every point in I;p is aperiodic under F..

(4) There exists a measure yu on I* such that (I, F., 1), where A is Lebesgue measure, and (I*, F 7”;, w
are measurably isomorphic via the map t.

) and L(Inp) are contained in I;er and I;klp,
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4.1 | Doubling the points

Recall from Section 3 that we introduced the set D = D, U D~ U D*, where D,,, defined by (5), is
the set of discontinuities of the map F,, and Dt and D~ are the sets of forward and backward
orbits of the points in D, respectively. For each point in D, we add its double by setting

D*={x" : xeD\ {0} u{l}.

Next, we consider the accumulation point of the discontinuity points. In the von Neumann-
Kakutani map, the discontinuity points accumulate at 1. In the rotated odometer, the
accumulation point is shifted by the inverse of R, so we denote

S e i p—1
X := ;%Rﬂ ). (6)

The point X is either in the interior of I, or X = 1. The latter happens if and only if R, fixes the last
interval in the partition 7, ;. If X is in the interior of I, then X is the double of one of the points in
{R-1(1 —27") : n > 0}. In both cases, X is in D*.

Let I* = I U D*. To underline that the points in D are left endpoints of intervals of continuity,
forall x € D denote x* := x € I'*. The points in D* are the added right limit points. If X = 1, then
setXx" =Xx=1,and X" =0.

4.2 | Order topology on I*
The interval I U {1} has order < induced from R. We extend this order to an order on I* = I U D*
by defining:

(1) x~ <xtforallx € D,
(2) forally eTu{l}andallx € D,ify < xtheny < x~.

For all x* € D, there are no points between x~ and x%, so adding x~ to I can be thought of as
creating a gap. We equip I* with the order topology with open sets given by

B={(ab):aber}| [fob:ber} |[(ail:aeri
Lemma 4.2. Let xt € D and y~— € D* with x* <y~. Then the subset [x*,y~| of I is closed

and open.

4.3 | Extension to a homeomorphism of I*

We define an extension F : I* — I* to coincide with F, on the points in I, and so by definition
F* : D — D. It remains to define F; on D*.

For every x~ € D* \ {1}, there is x* € D, such that x~ = limy, , .+ y. If x~ # X, that is, if x~
is not the accumulation point of discontinuities X, then x* has a half-neighborhood on the left
where F; is continuous, and we define

FA(x) = lim Fo(9).
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We also set F:(X~) = 0, so we have for the forward orbit of X~

orbt(X7) = {x"} U orb*(0).
If X~ # 1, then also set

Fr(1) = lim F, ().
The above remarks are summarized in the following statement.

Proposition 4.3. For the map F}. : I* — I*, the following holds.

(1) F} maps points of D* \ {x"} to D*, and points of D to D.
(2) F: isabijection, and (F:)~*(D) C D.
(3) X~ is aperiodic under F..

4.4 | Periodic and nonperiodic points of the compactified system
By Theorem 1.2, we have the decomposition = I,,, U I,,, of the unitinterval into the F -invariant
sets of periodic and nonperiodic points, respectively, and I, is a countable (possibly empty)
union of half-open intervals with endpoints in D.

Let [x,y) C I,,, with x,y € D. Then there is y~— € D* corresponding to y, and y~ is periodic

per
under the extension of F, to I*. Define

I;er ={[x",y7lcI": [x,y) CIp,,, x,y € D} (7

The following lemma is a direct consequence of the definitions.

Lemma 4.4. We have the following properties.

(1) I, is an open subset ofI;er.
* i *
2 Iper is an open subset of I*.
B3I per 1S invariant under the map F.
% T* *
Letl; =TI*\T;

be the complement, so I* = I;l*p ul;,,.Clearlyl,, C I;;p.

er per”

Proposition 4.5. We have the following properties.

¢)) I;klp consists of aperiodic points.

nps the topological closure of I, , in I*.

(2) I* is compact, and IZp is closed in I'**. Moreover, I;jp =1
3) I;*lp is invariant under the map F.

Proof. To show (1), note that if z € I* \ I,, is periodic, then it must be in D*. Then z # X~ and
must be the right endpoint of an interval of continuity. Since F, is a translation on its intervals of
continuity, z is the right endpoint of an interval of periodic points, andso z € I ; o> and (1) and (3)
follow. To show (2), we note that I* is a totally ordered set with order topology, so it is compact,
and I ;klp is closed since I; or 1S Open. O
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4.5 | Properties of the aperiodic subsystem (I:p, F?)

Proposition 4.6. We have the following.

(1) The set D is dense in Lnp.
(2) ThesetI} » is a Cantor set.
(3) The restriction F7. I:p -1 » is a homeomorphism.

Proof. We have to show that every nonempty intersection (x,y) NI, contains a point of D. If
(x,y) contains an interval of periodic points, then obviously (x,y) NI, p contains a discontinuity,
so assume that there are no periodic points in (x, y).

By item (1) of Proposition 3.4, every orbit that is not periodic accumulates at 0. If ! is contin-
uous on (x, y) for all n > 1, then the orbit of every point in (x, y) gets arbitrarily close to 0, which
is impossible since F7"T is a translation, and so, it preserves distances between the points in (x, ).
Therefore, F/(x, y) must contain a discontinuity for some n > 1, and D is dense in [, ,. It follows
by standard arguments that I’ » isa Cantorsetand F : I i r » is a homeomorphism. O

Define a measure y on I* by setting u([x*,y~]) = y — x for every clopen set [x*,y~] C I*,
X,y € D. Since D* is countable, the following conclusion is straightforward.

Lemma 4.7. The inclusion t : I — I* induces a measurable isomorphism of dynamical systems
(I,F.,2) and (I*, F}, u), where 1 is Lebesgue measure.

Remark 4.8. Since themap F, : I — I'isnotinvertible at 0, the set,,, contains orb*(0). A natural
question for which we do not know the answer is, if it is possible that the orbits of all discontinuity
points in D, except for the orbit of 0, are periodic.

5 | BRATTELI-VERSHIK SYSTEMS

In this section, we construct a Bratteli-Vershik system that is conjugate to the aperiodic system
a :p,F ») defined in Section 4. We start by recalling the background on Bratteli-Vershik systems
in Sections 5.1 and 5.2. The main technical result is stated in Theorem 5.10, which is then proved
in Sections 5.4-5.7.

5.1 | Substitutions

We recall some standard constructions in symbolic dynamics, a good reference for which is the
survey by Durand [13].

Let A ={0,...,q — 1} be a finite alphabet, let .A™ be the set of all words of finite length in this
alphabet, and let = = AN be the set of infinite sequences in this alphabet.

Definition 5.1. A substitution y : A — A" is a map which assigns to every a € A a single word
x(a) € A*, and which extends to .A* and T by concatenation:

x(byb,...b,) = x(b)x(by)... x(b,), r > 1.
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The g X g matrix M, where the i, jth entry is the number of letters j in y(i), is called the associated
matrix of y.

Definition 5.2. We say that a substitution y : A — A*is:

* primitive, if there is r > 1 such that for all i € A, y"(i) contains every letter in A,
* proper if there exist two letters a,b € {0, ...,q — 1} such that for all i € {0, ...,q — 1}, the first
letter of y(i) is a and the last letter of y(i) is b.

The substitutions we consider will sometimes be primitive, and they will always be proper.
If y(a) starts with a, we get a fixed point of y which (unless y(a) = a) is an infinite sequence

P = prpapyee = lim X (@) ex. (8)

For sequences s = (s;) € Z, define the left shift by

0g:X-2, 5185 e > 5585 .. )

Consider the topological closure X , = orb(p), where orb,, is the orbit of p under . The dynamical
system (X, o) is called a subshift.

Definition 5.3. The subshift (X, o) is linearly recurrent if there is L > 1 such that for every
sequences € X, andk > 1, every finite word w = w; ... wy in sreoccurs within L|w| entries, where
|w| denotes the length of w.

If the substitution y is primitive, then (X, o) is linearly recurrent and minimal, see, for
instance, [13]. Then we can use, for instance, the results of [9] to compute eigenvalues and
eigenfunctions of the Koopman operator of this dynamical system.

5.2 | Bratteli-Vershik systems
We now define Bratteli diagrams and Bratteli-Vershik systems.

Definition 5.4. A Bratteli diagram (V, E) is an infinite graph with the set of vertices V = | |, Vi
and the set of edges E = | |, Ej with the following properties.

* V, consists of a single vertex v,, called the root of the Bratteli diagram.

* For k > 0, V}, is a finite set.

* Fork > 0,each edge e € E; connects the vertex s(e) € V to the vertext(e) € V,,;, where s, t :
E — V are called the source and the target maps, respectively.

In addition, the Bratteli diagram (V, E, <) is ordered if for each k > 2 and v € V, there is a total
order < on the incoming edges e with t(e) = v.

We assume that every v € V; is connected to the root v, by a single edge, so #E, = #V,. We
assume that for every v € V, there exists at least one outgoing edge e € E; with v = s(e), and for
every v € V., there exists at least one incoming edge e € E; with v = t(e), for k > 1.
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Recall that a square matrix M is primitive if it has a power with strictly positive entries.

Definition 5.5. Let (V,E) be a Bratteli diagram. For k > 1, the associated matrix M, to E; has
i, j-entries equal to the number of edges from j € V| toi € V.

A Bratteli diagram (V, E) is stationary if for all k > 1 the associated matrices satisfy M) = M;.
A stationary Bratteli diagram (V, E) is simple if the associated matrix is primitive.

Here is an example which is fundamental for the rest of the paper.

Example 5.6. Suppose that we are given a substitution y with the alphabet A as in Definition 5.1.
We construct a Bratteli diagram (V, E) by taking V, = A, and defining E; so that there is an edge
from j € V| toi € V., for each appearance of the letter j in y(i), for k > 1. Then M, = M, for
all k > 1, and (V, E) is stationary. If the substitution y is primitive, then (V, E) is simple.

We define the order < on the incoming edges to i € V,; as the order of the corresponding
letters in the word y(i).

Bratteli diagrams emerged in the area of C*-algebras [4], and they were given a dynamical inter-
pretation, when Vershik equipped them with an order and a successor map, described below and
now called the Vershik map [34]. It was shown in [17] that every minimal homeomorphism on
the Cantor set can be represented as a Bratteli-Vershik system. Later Medynets [27] extended this
to all aperiodic homeomorphisms on the Cantor set. For a general survey, we refer to [13].

Definition 5.7. A finite (respectively, infinite) path in the Bratteli diagram (V,E) is a finite
(respectively, infinite) sequence of edges (ek)Z’:O (respectively, (e )x>0), such thatforall1 <k < m
(respectively, k > 1), we have ¢, € E; and s(ey) = t(e;_,)-

Definition 5.8. Let v, € V, be the root of the Bratteli diagram. For k > 1, define the height of the
vertex i € V. as the number of finite paths from v, to i:

" = #ieg ...ep_; : S(ey) = vy, tle_y) =i €V}

1

Let h®) be the vector with entries hgk) fori e V.
We define the space of infinite paths of the Bratteli diagram (V, E) by
X(V,E) = {(ek)k>0 e € Ek’ t(ek) = S(ek+1) forall k > 0},

and, to make it a topological space, we give each finite edge set E; discrete topology, and equip
the space Xy, j .y with the product topology.

For eachv € V,, k > 1, there is a total order < on the set of edges e € E; such that t(e) = v,
and so, this set has unique minimal and maximal edges. If E; contains a single incoming edge to
a vertex i in V., then this edge is both minimal and maximal. We extend < to an order on the
paths space Xy ), by setting e < ¢’ if there is a minimal k > 0 such that t(e;) = t(e; ) and ¢ <e; .
This turns the path space into a partially ordered space Xy ), because we only compare e and
e if t(e,) = t(eL) for some k > 0. Let X™ (respectively, X™® ) be the subsets of XwE<

(V,E,<) (V,E,<)
consisting of paths with only minimal (respectively, only maximal) edges.

85U8017 SUOLULLIOD BAIRER1D 3(qealjdde au Aq peusenob ake sepile YO ‘8N Jo s3|n1 1o} ARIqIT BUIIUO AB]IA UO (SUORIPUOD-PU.-SWIBY L0 AB | 1M AIq 1 BUlUO//Sd1Y) SUORIPUOD PUe SWB | 8U}8es *[£202/90/20] Uo Ariqiauliuo A8|Im ‘Uepe JO A1sieAlN Aq TEL2T SWII/ZTTT 0T/I0pAL0o" A3 | 1M AR jeul|uo-a0sLIewWpuo|//Sdny Woiy papeo|umoq ‘9 ‘€202 ‘05..69vT



ROTATED ODOMETERS | 2001

We now define the Vershik mapt : X g o) = Xy g.<)- Given apath e = () )0 € X(v g <), let
k > 0 be the smallest index such that e, € E| is not the maximal incoming edge at v, € V; with
respect to <. Then put

T(e)j =e; for j > k,

7(e)y is the successor of e; among all incoming edges at vy,
7(e)g ... T(e)_; is the minimal path connecting v, with s(z(e),).

. max ! min . — !
If no such k exists, then e € X WV E<) and we have to choose ¢/ € X WV E.<) to define (e) = ¢’.

For the rest of the paper, we assume that there is a unique minimal sequence e™" and a unique
maximal sequence e™?*, so we can define 7(e™*) = e™" which makes 7 into a homeomorphism.

Definition 5.9. Let (V,E, <) be an ordered Bratteli diagram with unique maximal and unique
minimal paths. This diagram together with the Vershik map 7 : Xy, p oy = X(y <), defined as
above, is called the Bratteli-Vershik system.

5.3 | Main result of the section

Recall that a sequence ()i is preperiodic if there exists k, > 1and p, > 1such that y;, = ., Po
forall k > k.

Theorem 5.10. Consider the aperiodic Cantor system (I}’;p,F;), and let A ={0,1,...,q — 1} bea
finite alphabet. There exists a sequence (X )y, of substitutions

Xt A=A ie x D),

and an ordered Bratteli diagram (V, E, <) with the following properties.

(1) The sequence ()} )i is preperiodic.

(2) The set Vy = {v,} is a singleton, and for k > 1 the vertex set V is identified with a nonempty
subset of A.

(3) The edge set E;. and the order on the subset of incoming edges for i € V, is determined by the
substitution .

(4) The path space Xy g <) of the diagram (V, E, <) has a unique maximal and a unique minimal
path, and the Vershik map t : Xy g oy = Xy g <) IS @ homeomorphism.

(5) There is a homeomorphism ¢ : (IZP, F) = X g<)»T), suchthatp oF; =Tt o.

In the rest of this section, we prove Theorem 5.10.

5.4 | First return maps
Given g € N, recall that by Definition 3.2

N=minfn eN: 2" >g}and L = [0,27*N) for k > 1.
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Our analysis of the infinite IET F,, = a o R, is by means of the successive first return maps to the
sections L,. Denote by

P;g;fq ={l,;:0<i<qg—1} (10)
the partition of L into g intervals of equal lengths of the partition 7 , given by Definition 3.2.
Recall from the Introduction that F, = a o R, where 7 is a permutation of g symbolsand R, :
I — I'is an IET with finite number of intervals of equal length, induced by 7. We will prove that
for k > 1, the return map F,  has a similar property, as described by the following proposition.

Proposition 5.11. LetF, ; : L, — Ly, k > 1 be the first return maps. Then there exist permutations

7 of q symbols, and finite IETS R, : Ly — Ly of the partitions P]i%iq, defined by 7, such that

(1) Frx = ai o R, , where a is a scaled copy of the von Neumann-Kakutani map a, given by

a,(x) = ZkLN a (2N ().

(2) The sequence (7} )y s preperiodic.
(3) If (7my )i» is strictly preperiodic, and S = {ry, ..., ﬂko_l} is the preperiodic part of the sequence,
then none of the permutations in S occurs in the periodic part.

Proof. We argue by induction.

For k = 0we have F, , = F, R, = R, and a;, = a by definition.

For the induction step, assume that the statement of the proposition holds for F ; _;. We know
that the rotated odometer map F, maps the interval H, = R_!([1 — 27V, 1)) onto L; = [0,27V)
discontinuously. We now note that F, ,_; maps the interval H := R;,lk_l([zzc—;l, 2%» ontoL;, =
[0, szN) discontinuously. This follows from the fact that L,_; is subdivided into g2V intervals of
the partition Py ., and the multiplication by 2(k=DN maps these intervals onto g2V intervals of
the partition Py , of I, in particular, L, onto L, = [0,27N) and H onto H, = R;}l([l 27N 1).

For j > 1, denote by C; = [1 —27U~Y,1 — 27) the half-open intervals on which a is continu-
ous.

We note that for 1 € j < N, the intervals C j are partitioned into the intervals of PN,q, and so a
is continuous on the intervals of Py , contained in C; U UCy =T\ [1 - 27N,1). Then F, ;_,
is continuous on any interval of Py , contained in L;_; \ Hy, and maps any such interval onto
another interval of Py ,. The first return map F, ;_, is discontinuous on the intervals of Py ,

contained in H;.
: =1 .
Denote by ¢, ; > 1 the smallest integer such that F 'y (I;.;) € Hy, I ; € P;%i,q and define

fi—1
Rep tLy=> Ly, Ly Rppo °Fﬂk,'k_1(1k,z) +2N -1, (1)

Then the first return map FZ‘;{ = ay o R, which proves (1).
The g intervals in the coding partition Pli%iq of L have a natural order, induced by the order

in which they cover L;. The map R, : L, — Ly is a permutation of the sets in plizo\qu’ and so, it
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defines a permutation ), of g symbols. This permutation need not be the same permutation as
7; however, since the group of permutations on g symbols is finite, either 7; # 7; for j > k, or
there exists a smallest index 1 < k < j such that 7, = 7}, and then 7 = 7 ;) forall s > 1
This finishes the proof of the proposition. O

5.5 | Periodic points and the first return maps

Since every interval I; ; in Pg’\flq in Proposition 5.11 returns to L, and an orbit visits L, if and only

epe, e s _ q—l e i— d .
if it visits Hy, we have H, = J,_ F ke 1(I k.i)- However, the orbits of the sets in Pl‘é;’\,’q may miss

some of the intervals in the partition of L;_, into intervals of Py ,. Such intervals contain points
with periodic orbits.

Definition 5.12. The first return map F,  is covering if the orbits of the sets in Pﬁ’\;jq visit every
element of Py , in Ly, that is, if

-1 tkz_l

U U FLo Te) = Ly (12)

The set in (12) is a disjoint union of intervals in Py 4, and it follows by induction that if the
first return maps F ; are covering for all 1 < j < k, then

lhkl

U U F (k) =1, 13)

where hy; is the first return time of I} ; to L, under iterations of F,,.

Definition 5.13. The rotated odometer F, : I — I is covering if for every k > 1, the first return
map F, ; is covering, that is, F,;  satisfies (12).

Thus, if a rotated odometer F is not covering, then for some k > 1, the first return map F,
does not satisfy (12). This means that L, _; contains subintervals which are not visited by the orbits
of the sets in P;j’vdq under the first return map F, ;_;. The points contained in these subintervals

must be periodic.
As a consequence of the argument above, we deduce the following general lemma, without the
assumption that all F, , are covering.

Lemma 5.14. The set of nonperiodic points in I satisfies
-1 hk 1_1
=N U U Fiap.

k=1 i=0 j=0

We now use the collection (L, F ;) to build a symbolic representation of the rotated odometer.
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5.6 | The construction of the Bratteli-Vershik system

In this section, we build an ordered Bratteli diagram (V',E’, <), determined by the sequence
(Ly, Fr ) of first return maps of Section 5.4, for k > 1. Note that (L, F, ;) may have periodic
points, so to prove the theorem, we will have to restrict to a subdiagram of (V’, E’, <), which is
described further in Section 5.7.

Recall that the interval I is subdivided into q subintervals of equal length of the partition
P(c—1)n,q Of Definition 3.2, and the subinterval L;_, of I is composed of the q first sets of this

partition. This subset of g sets is denoted by P(le‘_i N S€8 (10), to underline its special role in the

arguments. The partition P(lef 1N g SeTVes asa coding partition for the orbits in L, _; of the sets of

the finer partition Plif\fq, subdividing L;, C L;_,. These codings are used to define the substitutions

2(k—1)N

Xy fork > 1.
The subinterval L, _, is partitioned into g sets of P(le‘_i DN and into g2V smaller sets of the finer
partition Py ,. The first return map F ;_; : Ly_; — L;_; maps the intervals from the partition

Plii}i’q of the subset ;. of L_, onto the intervals of Py , in L_,. The latter are contained in the

: cod : _ cod :
intervals of P(k_l)N,q which are ordered naturally from 0 to g — 1. Thus, P(k—l)N,q codes the orbits

of sets of the partition Pli;’\;iq of L, in L, _,. For k > 1, we define a substitution

X)) =ey...e; 1, where F;,k_l(lk,i) Cli_ye, € P(CISEI)N,q, 0< <ty
The substitution word ), (i) tracks the order of the sets of the partition P(lef IN.q of L,_; visited

by the orbit of I} ; under F, ;_, before returning to L, . The associated matrix is given by

—1 . .
Mk = (ml’_])z_]:o mi’j = #{O < t < tk,l . et = J}.
This proves item (1) of Theorem 5.10. The properties of (), described in Theorem 5.10 follow
from item (2) in Proposition 5.11, and the fact that y, is determined by the permutation 7.

The following property of the sequence (yy)i»; follows from the fact that every set I ;,
contained in L, visits the interval H; before returning to L,.

Lemma 5.15. Every substitution in the sequence (X )y is proper, namely, every word (i) starts
with 0, and ends with by, depending only on k and notoni € {0, ...,q — 1}.

We now can proceed similarly to the case of a single substitution in Section 5.1. By Lemma 5.15
the sequence

p = lim y;o0 -0 (0)
k—o

is well defined (it is actually the itinerary of 0 in I'). We define the S-adic subshift (X ,, o) similarly
to Section 5.1, formula (9), and the paragraph below (9).

Since the sequence ()i is preperiodic, the properties of the corresponding subshift are effec-
tively the same as for the case of a single substitution. Namely, denote by k, the length of the
preperiodic part of (¥ )1, and by p, the length of one period. Then set

B = My, My (14)
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FIGURE 5 The Bratteli diagram of Fy;,, with incoming edges ordered left to right.

and

W= My -+ M, - h, (15)

where - is the matrix multiplication. The stationary Bratteli diagram with associated matrix (14)
and the vector h!) = @ can be obtained from the diagram (V, E, <) by telescoping.
We now adapt the procedure of Example 5.6 to the case of a sequence of substitutions (x )y1-
Set V| = {vo} and V; ={0,...,q — 1} for k > 1, so the vertices in V, correspond to the sets in
P(clffl)N,q for k > 1. Define the set El’c of edges from V', and the order on the edges, using the
substitution y, as in Example 5.6. Then the number of incoming edges to i € V1/€+1 is equal to

XD = by

Example 5.16. Let g = 3 and 7 = (012), then R, is the rotation over 1/3. The first return map
F,  corresponds to the following substitution and associated matrix M;:

0 — 0221 1 1 2
X1 :41 = 0221 M =[1 1 2
2 — 0011 220

Since F ; is conjugate to F,, we find that y; = x; and M; = M, for all k > 1, generating a
substitution shift (X Y o), where X o I8 the shift-orbit closure of the fixed point

o =0-221-001100110221 - 0221001100110221 ...
of the substitution y;. The corresponding Bratteli diagram is given in Figure 5.
Reinterpreting Definition 5.12, we can say that y, is covering if 2?2_01 x| = g2V, where

| x;(i)| denotes the length of the word y,(i). We also obtain an alternative expression for the
number of paths from the root v, to i € V}, namely, hgk) =|x10 .. o xr_1@)I.
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Remark 5.17. 1t is useful to point out that the notions of primitive and covering do not imply each
other. In Example 5.21 below, y; is primitive but not covering, whereas in Example 7.1 for every
Xk = X1, k =1, the substitution is covering but not primitive.

Lemma 5.18. The ordered Bratteli diagram (V',E’, <) constructed above has a unique minimal
and unique maximal path, and so the Vershik map ©’ : X1 1 oy = X1 pr <, constructed as in
Section 5.2, is a homeomorphism.

Proof. By Lemma 5.15, ™" = 0% is the unique minimal path, and the maximal path is e™** =
b,b,bs ..., where by is the last letter of any word of the substitution y;. O

5.7 | Conjugacy to the rotated odometer

In this section, we show that the aperiodic system (IZP,F;) is conjugate to a subsystem of the
Bratteli-Vershik system (X(y ), '), constructed in Section 5.6.

Theorem 5.19. Consider the ordered Bratteli diagram (V',E’, <) and the Bratteli-Vershik system
X 5 .<)s '), constructed in Section 5.6. There exists a subdiagram (V, E, <) of (V', E', <) with asso-
ciated Bratteli-Vershik system (X(y g <), T), such that there is a homeomorphism : I, » = XwE<y
which satisfies ) o F;(x) = T o(x) for all x € IZP

Proof. Consider the sequence of first return maps (Lk,F,,,k), k > 1. Recall that for k > 1, the
interval L; has a partition Pﬁ;’\fq ={I;; : 0<i<q—1}into g sets,and |V1,<| = |P(C]?d1)Nq| =q.

Let V, =V, and for k > 1 leti € V} if and only if I, _;; NI, # @. Let e € E if and only if
s(e) € V. and t(e) € V), for some k > 0. Give the edges in E = | |, E), the order which is the
restriction of the order in E’. Let Xy i .y be the path space of the subdiagram with vertex set
V = | |;s0 Vi and edge set E. Then the Vershik map 7’ on Xy zr .y induces the Vershik map 7
on Xy 5 ). More precisely, for the paths e,e’ € Xy, ; ), we have 7(e) = ¢’ if and only if there is

> 1 such that (z)*(e) = ¢’ in X(V,,E,,<) and (7/)"(e) € Xy g« forl<m < n.

We now define the map 1 : - XwE< as follows: For x € I, and k > 1, there is a unique
ir(x) €10,..,q —1}such thatF (I;c Lig(x)) D x forsome 0 < j < hkz (o Then i(x) 1= (5,(X))0
is the sequence of vertices in the Bratteli-Vershik diagram corresponding to 1(x), where iy(x) is
the root of the diagram.

We determine the sequence of edges (ex(x))y»o inductively. There is a single edge to
each i;(x) e V; from Vg, SO €p(x) is determined. Next, there is a unique 0 < j; < |yx;(i,(x))|
such that x eFﬂ (I1,1,(x))> so we take e;(x) to be the j th incoming edge to i,(x) € V,. If
eo(x), ..., e_1(x), and so j;,..., jx_;, are determined, there is a unique 0 < j; < |x (41 ()]
such that FJ1 oFJ2 oF' e zkH(x)) 3 x, and we take ¢, to be the j,th incoming edge to
i(x) e Vk+1 ThlS defines 1p(x) = (e )k>0- We then extend ¢ from I, p to I* by setting ¥(x) =
lim,,_,, %(x,), whenever (x,),cy is a sequence in I, converging from the left tox € I:p \ 1
Then ¥ is a continuous surjective map. Injectivity follows from the fact that the lengths of the sets
in the partitions Py 4 tend to zero with k, and so, the orbits of any two distinct points eventually
visit distinct sets of the coding partitions P;IO\]d’q.

By construction (X~), where X~ is defined in (6), is the maximal path of both Xw,p<) and
X g1 <)» while $(0) is the minimal path in both diagrams. We have F(X~) = 0, and, since edges
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in E are ordered according to the order of symbols in the substitutions (¥ )y, it follows that

YpoF =101 L]

We now give examples which illustrate that the set of periodic points I, may be nonempty,
and so restricting to a subdiagram in Theorem 5.19 may be necessary.

Example 5.20. Let g = 7 and 7 = (0654321). Then:

T — T | Substitution y; | Associated Matrix

001461360 Y7 [x: ()| = 14
1—-0
2-0
(0654321) — (0654321)[3 3 — 0
4—-0
5-0
6—-0

[ T = )
O O O O O O N
o O O O O o ©
S O O O O O
S O O O O O
o O O O O o O
S O O O O O N

\

The substitution y, is not covering, because Y'_ |, ()| = 14 while g2V = 7 % 2*> = 56. Since
m =m; = m for k > 1, every section L, contains a subinterval of periodic points, and I, is a
countable union of intervals.

Since the symbols 2 and 5 do not appear in any of the words y,(i), i =0, ..., 6, in the Bratteli
diagram (V’, E’, <), constructed in Section 5.6, the vertices 2 and 5 do not have outgoing edges.
Following the construction in Theorem 5.19, we remove the vertices 2 and 5 and the corresponding
rows and columns in the associated matrix. The Vershik map on the path space of the subdiagram
(V, E, <) we obtain is conjugate to the aperiodic subsystem (I; » F?), and the subdiagram satisfies
all the assumptions listed in the paragraph after Definition 5.4.

Example 5.21. Let g = 5 and 7 = (02413). Then:

T =y | Substitution y; |Associated Matrix

0 — 044332 >l =30 101 2 2

1 — 044332 1 01 2 2

(02413) — (01234)[4 2 — 044332 101 2 2
3 — 044332 10122

4 — 012012 22200

The substitution y, is not covering, because Z?:o |x1(0)] = 30 while g2V = 5 * 23 = 40. How-
ever, for the first return system (L, F ;), the map F, ; = F, is determined by the substitution
7, = (01234), which is studied in detail in Example 7.1 and Proposition 8.5. The associated
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substitution Y, is covering, and we have y, = y, for k > 2. Therefore, for k > 2 the first return
systems (Ly, F, ;) have no periodic points, and I ,,, is a finite union of intervals. Although we do
not need to reduce to a subdiagram in this example, the system still has periodic points.

Since by Theorem 1.2, the system (I,,,, F;) has a unique minimal subsystem, then (IZP,F;)
also has aunique minimalset (I" . ,F). Thesetl . corresponds toasimple subdiagram (V,E)of
(V, E) with associated Bratteli-Vershik system (X 0 B<y 7), where T is a restriction of 7 to X VB

We now can prove Theorem 1.6 as a consequence of Theorem 5.10.

Proof of Theorem 1.6. Since the number of vertices at each level of the subdiagram (V, E, <) is
bounded by g, by [2, Theorem 4.3] (I, o F ~) has at most q ergodic measures. The minimal system
(I}, F») corresponds to a primitive eventually stationary subdiagram of (V, E, <), and according
to [14, Theorem 1 and Proposition 16], it is isomorphic to a primitive substitution shift (see the
example of Proposition 8.6) or to an adding machine (e.g., most other examples in this paper),
depending on whether it is expansive or not. It is well known that both of these are minimal and

uniquely ergodic; see, for example, [29] and [28] (or [12] for a proof via linear recurrence). O

6 | ENTROPY OF ROTATED ODOMETERS

In this section, we prove Theorem 1.5. For this we use the formula for the upper bound for entropy
of an infinite IET from [10], as well as the conjugacy of the aperiodic system (I; » F?)to a Bratteli-
Vershik system obtained in Theorem 5.10.

Let h(I, S, 1) denote the entropy of the dynamical system (I, S) on an interval I = [0, 1) with
respect to Lebesgue measure A.

Theorem 6.1 [10]. Let S : I — I be any infinite IET, and let £| > ¢, > £5 > ... be the lengths of the
subintervals on which S is continuous. For m > 1 define A, = 37>, £, Then

h(I,S,A) < hﬂl‘gf A, -logm.

Proposition 6.2. Let 7w be a permutation on q > 2 symbols, and let (I, F ., 1) be a rotated odometer.
Then h(I,F,,1) = 0.

Proof. Recall that N = min{n € N : 2" > g} and consider the partitions Py , of I given by Def-
inition 3.2. Define J;, = R;l([l —27kN 1)), and consider the complement of J, in J,_;, k > 1,
with J, = I. The complement J,_; \ J; is the union of (2V — 1)q intervals of Py q> and we set
my = k(2N — 1)q. The sum of the lengths of the intervals on which F, is continuous, starting
from the m; + 1st interval, is equal to the length of J;, so Amk = 27kN_ Then

_logk +1log((2Y — 1)q)

A, logmy =27 log (k2N - 1)q) AN

As g and N are fixed, Amk logm; — 0 as k — o0, and the statement follows. O
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Proof of Theorem 1.5. By Theorem 5.10, the aperiodic system (IZP,F;) of the rotated odometer
is conjugate to a Bratteli-Vershik system representing an eventually periodic S-adic transforma-
tion. Every ergodic invariant measure of such S-adic transformations, just like for any substitution
shift, has zero entropy. Since by Proposition 6.2, Lebesgue measure also has zero entropy (and
naturally all equidistributions on periodic orbits, if there are any, have zero entropy), then every
measure has zero entropy. By the variational principle, (IZP,F;;) and hence (I*, F}) has zero
topological entropy, and because (I, F) is a factor of (I*,F}), it has zero topological entropy

too. O

7 | ERGODICITY OF LEBESGUE MEASURE

In this section we prove Theorem 1.4, that is, we show that Lebesgue measure 1 on I = [0,1) is
ergodic if and only if the rotated odometer (I, F,.) has no periodic points.

Our argument is based on the discussion of the covering property of the rotated odometer,
defined in Definition 5.13. To recall, let (I, F ) be a rotated odometer, and () ), be the sequence
of substitutions given by Theorem 5.10. The integer N, the sections Ly, and the partitions Py , of
I into qZkN subintervals, for k > 1, used in the arguments below, were defined in Definition 3.2.

Recall from Definition 5.13 that F,, is covering if for all k > 1, we have Zfz_ol lxe (D] = g2V and

S0, as in (12),

q-1x®]-1 . ,

j i i+1 _ 1 _

-Uo Uo F”’k_qusz " q2kN >> - [0’ 2w ) = ber (16
i= Jj=

We will see below that if the rotated odometer is covering, then Lebesgue measure is ergodic, and
therefore a.e. orbit (although not necessarily every) is dense in I.

On the other hand, if (16) fails for some k, then there is a half-open subinterval of I that is not
visited by the orbit of any x € [0, 2kLN)’ for k sufficiently large. Since all aperiodic orbits accumulate
at 0, this shows that no orbit is dense in I. We have seen in Theorem 1.5 that the minimal subsystem
(I} Fx) is strictly ergodic, and therefore, every orbit is dense in I" . , but this does not need to

hold for In*p.

Example 7.1. Let g = 5 and 7 = (01234). Applying the algorithm of Section 5.6, we obtain:

T = m | Substitution y, Associated matrix

003 Yo @) = g2V =40
1-03
(01234) — (01234)32 — 03
3—-03

[ =
o ©O O O O
o ©O O O O
N = e
o O O O O

4 — 04222111431431430420420422211143

\

The sequence ()i is constant with y, = y; for k > 1, see also Proposition 8.5 for further
properties of this example. The substitution y; is not primitive because 4 does not occur in y; (i),
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i=0,..,3, and the minimal system (I . ,F}) is easily seen to be the dyadic odometer. Note also
that since y, is covering, there is a dense orbit by Theorem 1.4, and also X p oy = X(y7 pr o).
However, not every orbit is forward recurrent. Indeed, consider the path x € Xy, i ) which passes
through vertices labeled (4,4, 4, ...), and where each edge is the maximal incoming edge from 4
to 4. The orbit of the path x is not recurrent under the forward iterations of the Vershik map .
Indeed, as soon as the orbit of x moves away from the maximal edge e, from 4 to 4 at level k to
an edge e, joining 3 and 4, it never returns to e, and therefore, to the cylinder set corresponding
to the part of the path x from the root v, to the vertex labeled by 4 at level k. Hence, the orbit of
x converges to the minimal Cantor subset of Xy, ; . corresponding to I” . in forward time; its

backward orbit, however, is dense in X(y g .

A stationary Bratteli-Vershik system (X, g ), 7) with primitive associated matrix is minimal,
see, for instance, [31]. The statement below concerns the rotated odometer (I, F,.) which may
have periodic points, and for which the sequence of substitutions (), is preperiodic, but not
necessarily stationary.

Lemma 7.2. Let 7 be a permutation of q > 2 symbols, and let (I, F,) be a rotated odometer. Let
(XK )k>1 be the associated sequence of substitutions given by Theorem 5.10. If the matrix associated to
the periodic part of ()} )1 is primitive, then every point in [0,1) is recurrent under F .

Proof. Consider the partitions Py 4, given by Definition 3.2, and the sets I} ; = =[—= Pk l;,jv) for

0 < i < g —1, of these partitions, which subdivide the sections L;, k > 1. Applymg (16), for each
h, .

k and i, there is a positive integer h; ; € N such that F,“/(I;.;) C [0, sz) and hy; is the smallest

positive integer with this property. These numbers are, in fact, the heights of the Bratteli diagram,

introduced in Definition 5.8, see Section 5.6. Define

q—l hk,i_l )
u:=J U P, Uu=[U.
i=0 j=0 k>1
If the substitution y, is not covering for some k > 1, then there are intervals [—— g ql;k}v) disjoint

from Uy, for some 0 < I < g2KN — 1. Points in such intervals have orbits not accumulating on 0,
and therefore by Proposition 3.4, they are periodic, and in particular recurrent. Hence it remains
to consider points in U.

By construction U contains only nonperiodic orbits, and so, there is an embedding: : U — I} 2
Let x € U. Since 0 is recurrent, we only have to consider x > 0.

Let ¢ € (0, x) be arbitrary and take k, so large that 1/ (q2%N) < €. Because x € Uk, there is

> landi €{0,...,q — 1}such that F" maps; _; onto an interval of length 1/ (g2%oN) containing
X.

Due to primitivity, we can find k; > k, such that for each j€{0,...,q —1}, the word
Xig+1© ** © Xy, (J) contains i. Hence, there is n; > 0 such that F"i (Ik ) C Ik i Now by Proposi-

tion 3.4, orb(x) accumulates on 0, so there is m’ > 1 such that F;;“ (x) e Ly, and in particular,

FZ“/(x) el ky.j for some j € {0,...,q — 1}. Thus, x returns to an e-neighborhood of itself after
m' +n; + m iterates. I
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Proof of Theorem 1.4. We note that the system (I Zp,Fj;) has no periodic points if and only if it
is covering in the sense of Definition 5.13. If there are periodic points, then Lebesgue measure is
not ergodic.

Assume that (I} » F?)is covering. Let B be the transition matrix associated to the periodic part
of the sequence ()1, thatis, B is the product of the matrices associated to the substitutions y
in one period of the sequence, see (14). Recall that (IZP, F*) has a unique minimal set. Then by
renaming the symbols {0, ..., g — 1} and telescoping, we can put B into the standard block-matrix
(Frobenius) form used in [2, 3]:

F, |0 0
X551 F51...]10

B=|2 2 )
Xia | Xia| - |Fy

where every nonzero submatrix F; is primitive, and for every 2 < i < t, at least one of X, j isa
nonzero matrix.

For each of nonzero diagonal blocks F; (say of size d; X d;), there is one ergodic measure
H;, namely, provided that the leading eigenvalue of F; is greater than 1, and the associated left
eigenvector of B can be chosen to be nonnegative, see [3, Section 3]. There are no other ergodic
measures. Note that F, is nonzero, since otherwise the symbol g —1 does not occur in any
substitution words, which contradicts the fact that (I ; » Fj;) is covering. Thus, y; is nonzero.

Denote also by u; the ergodic measures lifted along the inclusion ¢ : I — I* to (I, F,). By the
ergodic decomposition, Lebesgue measure A = Z;zl a; u; for some choice of a; € [0,1]. But for
all i < t, the substitution associated to the first D = )’ i<i d z symbols leaves out the remaining
symbols, and hence cannot be covering. This means that y; is supported on a Cantor set of Haus-
dorff dimension 0 < llng]; < 1, and hence, y; is not absolutely continuous with respect to Lebesgue
measure. This, in turn, means that a; = 0 for i < ¢, so 4 = ; is ergodic. O

Example 7.3. Consider again the rotated odometer with ¢ = 5and 7 = (01234) from Example 7.1.
The system of substitutions () )i is constant. Interchanging the labels for the symbols 1 and 3,
we obtain the matrix B in the form (17), namely,

11(00]0
11(00]0
. 1 1 0 0
B=]|11|00]|0 WlththreeblocksF1:<1 1>,F2:<0 O),FS:(S),
11(00]0
44|88(8

so we expect two ergodic measures. Following the algorithm in [3] and computing the eigenvalues
and the left eigenvectors of B, we obtain an eigenvalue 4; = 2 with nonnegative eigenvector ﬁ’f =
(1,1,0,0,0), and 4, = 8 with eigenvector 175 =(1,1,1,1,1). The first eigenvalue corresponds to
the ergodic measure u; supported on the minimalset I . ,and the second to the ergodic measure
U, supported on I;ip = I'*. By Theorem 1.4, u, lifts to Lebesgue measure on I and, in particular,

(I,F,) has dense orbits.

85U8017 SUOLULLIOD BAIRER1D 3(qealjdde au Aq peusenob ake sepile YO ‘8N Jo s3|n1 1o} ARIqIT BUIIUO AB]IA UO (SUORIPUOD-PU.-SWIBY L0 AB | 1M AIq 1 BUlUO//Sd1Y) SUORIPUOD PUe SWB | 8U}8es *[£202/90/20] Uo Ariqiauliuo A8|Im ‘Uepe JO A1sieAlN Aq TEL2T SWII/ZTTT 0T/I0pAL0o" A3 | 1M AR jeul|uo-a0sLIewWpuo|//Sdny Woiy papeo|umoq ‘9 ‘€202 ‘05..69vT



2012 | BRUIN and LUKINA

The question whether the aperiodic part (I}, p,Fj;) of the rotated odometer always has a dense
forward orbit, without the assumption that the Bratteli-Vershik system is simple, remains open.
The following sample substitutions illustrate why it is hard to answer this question.

0— 01 11|00
0—-01 11|0
. 1-01 . 11|00
X :31-01 withB=]|11|0 or y: with B = .
2 — 0221 11|20
2 — 021 111
3 —> 0331 11(0(2

Both substitutions are not primitive, and the first gives an isolated path passing through the ver-
tices (2,2, 2, ... ) in the Bratteli-Vershik diagram. Since for the rotated odometer systems, I Zp isa
Cantor set, this substitution cannot occur in rotated odometers. However, for the second substi-
tution, the path space is a Cantor set and every path in the Bratteli diagram is recurrent under the
Vershik map, but since symbols 2 and 3 do not communicate, there is no dense orbit.

8 | EQUICONTINUOUS FACTORS OF ROTATED ODOMETERS

In this section, we prove Theorems 1.7 and 1.8. More precisely, with the aim of classifying the
dynamical systems (I »F ») and more specifically (I* . ,F>) up to isomorphism, we consider the
spectrum of the Koopman operator Up,.g=goFy, where g : I - R is a measurable function.
The theory of eigenvalues of the Koopman operator of Bratteli-Vershik systems was developed in
multiple papers, see, for instance, [3, 9, 15, 16, 33].

8.1 | Stationary diagrams

First let us assume that the sequence () )y is constant, that is, for all k > 1, we have y; = x;.
Then the corresponding Bratteli-Vershik system is stationary with associated matrix B. Denote
M =(1,1,...,1)7, and consider the sequence of integer vectors

h D) = g g, (18)

Then the component h;"), 0 < j € q—1,isequal to the number of paths in the Bratteli diagram
from v, to the jth vertex of V,,, or, equivalently, to the height of the jth stack at level n in the
cutting-and-stacking representation of the system.

Consider the Bratteli-Vershik system (X W B<y 7), which corresponds to a simple subdiagram
of the diagram (V, E, <), and which is conjugate to (I;in,F;). For simplicity, assume that B is
in the Frobenius form. Then the submatrix F; of B is primitive. Since all our Bratteli diagrams
are eventually stationary, we can use Host’s results [22] (see also [33]) on substitution shifts to
obtain a condition for the eigenvalues of the Koopman operator, expressed in the language of the
Bratteli-Vershik systems in Theorem 8.1 below.

We say that ¢ is a measurable (respectively, continuous) eigenvalue of the Koopman operator, if
the corresponding eigenfunction is measurable (respectively, continuous).
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Theorem 8.1. The number ¢ = e*™% is an eigenvalue of the simple Bratteli-Vershik system
X(p.p.<) D) ifand only if

(n)
lim g”hi =1, fori=0,..,q—1, 19)

n—oo

where q = #V, k > 1, and the corresponding eigenfunction is continuous.
For the rational eigenvalues of the Koopman operator, we have the following.

Lemma 8.2 [15, Proposition 2]. Let k/d € Q. Then e2™k/? is a continuous eigenvalue of the sim-
ple Bratteli-Vershik system (X(‘yﬁ’ <),?) if and only if d divides hg") forall0<i<q—1andall
sufficiently large n.

Thus, the rational spectrum of the Koopman operator of a Bratteli diagram consists of two parts:
the eigenvalues ¢ = e?"i% where « is a common divisor of the eigenvalues of the matrix B, and so
determined by the matrix B, and the combinatorial eigenvalues which depend on the decompo-
sition of K" over the basis of right eigenvectors of B. We present examples of both types in this
section.

Example 8.3. Consider a Bratteli diagram where for k > 0, the vertex set V; consists of a single
vertex, and the edge set E; consists of two edges, ordered from 0 to 1. The space path of this
diagram can be identified with the space of infinite sequences Q = {0, 1}", and there are unique
minimal and maximal paths, consisting only of 0’s and 1’s, respectively. It is well known that
the von Neumann-Kakutani map (I, a) is measurably isomorphic to the dynamical system on Q
induced by the Vershik map of the diagram, so we denote the induced map on Q also by a. The
system (Q, a) is called the dyadic odometer.
The matrix associated to this Bratteli diagram is the matrix

B = <1 1) with eigenvalues 0 and 2. (20)

Thus the rational spectrum of the Koopman operator for (Q, a) consists of continuous eigenvalues
{ezm'p/z" | p.n > 1}'

It is also well known that every (not necessarily minimal) dynamical systems has an equicon-
tinuous factor, see, for instance, [1, Chapter 9]. Recall, for instance, from [16] thatif ¢ : (Y, g) -
(X, f)is afactor map of dynamical systems, then (continuous) eigenvalues of the Koopman opera-
tor of (X, f) must be contained in the set of (continuous) eigenvalues of (Y, ¢). Thus, the aperiodic
system (I p,Fj;) (respectively, its minimal subsystem (I* ., F)) of the rotated odometer factors
onto the dyadic odometer (€, a) if and only if the rational spectrum of the Koopman operator of
(I;; ,» F3) (respectively, of its minimal subsystem (I}, , Fy)) contains the set {e¥iP/2" | p n > 1},
see [16, Lemma 1.6.1].

8.2 | Eventually stationary diagrams
Recall that the sequence of substitutions (), associated to the first return maps (L, F, ;) in

Theorem 5.10, is preperiodic. For preperiodic systems with nontrivial preperiodic part, the theory
described in Section 8.1 holds with B and h(Y) in (14) and (15).
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The preperiodic part represented by M;, --- M, in (15) corresponds to the first return map of
Fy i, to Ly, and the entire system (I} » F?*) is Kakutani equivalent but not necessarily measur-
ably isomorphic to the first return map (Lko’ Fﬂ,ko). In general, the spectrum of a system and its
first return map can be very different (as the example from [29, Section 4.5] shows rather spec-
tacularly). The part of the rational spectrum determined by the common divisors of eigenvalues
of the matrix B is independent of w, but the combinatorial part may depend on it. In fact, the
system can have extra rational eigenvalues e>”*/¢ if the entries in the matrix product M, ko My
are multiples of d.

8.3 | Rotated odometers with dyadic odometer factors

When g = 2", then the aperiodic subsystem (I, D F?) is always conjugate to the dyadic odometer,
and we study this case in detail in paper [5]. In this section, we concentrate on the case when
g >3andq # 2", foranyn > 1.

A detailed study of examples for g = 3, 5,7 shows that the minimal subsystem (I, ,F;) of
the aperiodic subsystem (I :p,F;) may have the dyadic odometer as a factor. In some cases, the
dyadic eigenvalues of (I" . ,F) are determined by the matrix B, and in some cases, they arise in
the combinatorial part of the spectrum. In order to prove Theorems 1.7 and 1.8, we first describe
several such examples, and then build on them to prove the theorems.

Proposition 8.4. Let q = 3 and let 1 = (012) or 7 = (021). Then (I:p, F?)is conjugate to the dyadic

2mik /2"

odometer, and e are continuous eigenvalues for all k,n € N.

Proof. Applying the algorithm of Section 5.6 to the systems in question, we obtain:

T Substitution y; |Associated matrix|char. polynomial
0 — 0221 11 2 x3—2x2 —8x
(012) — (012) 1 - 0221 1 1 2 with eigenvalues
2 - 0011 220 4—2,0
0 — 0112211220 2 3 —2x2 — 8x
(021) - (021)|x1 >0 1 with eigenvalues
1 0 O 4,-2,0

2-0

In both cases, the associated matrices are primitive, so the system is minimal. Since in both
cases, 4 and —2 are eigenvalues of the matrices, for any p,n > 1 the number e7P/2"
tinuous eigenvalue of the Koopman operator. Consequently, the dyadic odometer is a factor of
ar o F ).

In both cases, the Bratteli diagram has the equal incoming edge property, so it is Toeplitz [20],
and invertible Toeplitz shifts are odometers [11, below Theorem 5.1]. Thus, (I} p,Fj;) is conjugate
to the dyadic odometer. O

is a con-
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Proposition 8.5. Let g = 5 and let 1 = (01234). Then the following is true for the aperiodic system
a » F?).
(1) The substitutions y;, = y, forallk > 1.
(2) The minimalset I, . is a proper subset of I'; o
2 i 2" . . . % .

(3) Forany p,n > 1, the number e*™'P/2" is a continuous eigenvalue of €. Fr),and (I F7)is

conjugate to the dyadic odometer.
(4) The dyadic odometer is the maximal equicontinuous factor of (I, » FY).

Proof. Applying the algorithm of Section 5.6 to the systems in question, we obtain:

T = Substitution y; |Associated matrix

003 Tl ln@l =40
1—-03
(01234) — (01234)|<2 — 03
3-03

N e
o O O O O
o O O O O
N
o O O O O

4 — 04222111431431430420420422211143

L

The system (I;p,F;) is not minimal, since y,(i) = 03 for i = 0,1, 2,3, and so, the associated
matrix of the substitution is not primitive. The minimal subdiagram has vertices 0 and 3 at each
level, and the associated matrix is (20) with eigenvalues 0 and 2. It follows that every e2mip/2™
p,m > 1 is a continuous eigenvalue of the Koopman operator of the minimal subsystem, and
by [16, Lemma 1.6.7], the dyadic odometer (Q, a) is a continuous factor of (I;in,F;), say with
factor map . Since the minimal subsystem has no other eigenvalues, by [16, Theorem 1.5.6], the
restriction ¥|;+ to the minimal subsystem is a conjugacy to the dyadic odometer. This proves
items (1)-(3).

By Example 7.3, (I ZP,F;) has a measure u, which lifts to the ergodic measure on I, and the
eigenvalues of B are 2 and 8. By the algorithms in [3] for m > 1, the number e>7//2" is a measurable
eigenvalue of (I; » F*,u,),and so (I » F?, u,) factors on the dyadic odometer. By [3, Remark 6.6]
the factor map is continuous.

Next we show that the dyadic odometer (Q, a) is the maximal equicontinuous factor of (I, » FY).
Note that (I*, F;) has no periodic orbits, so I, = I" and Xy psoy = X(y g <) in the notation of
Section 5.7. The minimal subsystem ( VE. <),?) of (X(y g <), T) is conjugate via ¥ to (Q, a), in
particular, every point in (€, a) has a preimage in (X(ﬁﬁ, <),?) and possibly more preimages in
Xwv.e<) \ X 5 <) Recall from Example 7.1 that the forward orbit of the path z € Xy, i ), which
consists of only maximal edges ¢; € E; from4 € V; to4 € V; ., is nonrecurrent under the Vershik
map 7, and its forward orbit orb (z) converges on the minimal subset X 5 _.

Now take any path x = (x;) € X(y g .y and any K € N, and find another path xg = (x;ﬁ) €
X(v p,<) such that x;Q =x;forl <i<Kand x;ﬁ = z; = ¢, for all sufficiently large i. Such a path
always exists since y;(4) contains all symbols in .4. Hence, orbT(x%) accumulates on the mini-
mal subset X 1 _. Let Y,V € X9 f. be paths such that $(y) = (x) and P(g) = p(xp). By

continuity of ¢, y}< — y and of course also x/

 — X as K — oo. Since 7%(x") accumulates on the
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minimal set X (Vh.<) a8 k — o0, and (t%(x")) = ¢(r%(y")) for all k, uniform continuity of 3 shows
that d(rk(x%), Tk(y%)) - 0ask — oo.

But since K is arbitrary, x and y are regionally proximal. Regionally proximal points must have
the same image under the factor map ¥,z onto the maximal equicontinuous factor, see [24,
Proposition 2.47]. It follows that since the dyadic odometer is an equicontinuous factor, it has
to be the maximal one. Indeed, suppose that (X (V.E,<)> 7) has a larger equicontinuous factor, with
factor map Yy pp. If x € Xy g <) \X(9,§,<) andy € X p.<) are points such that¥(x) = (y), then
they are regionally proximal. But then ¥,,;r(x) and ¥,,5r(y) are also regionally proximal. Since
equicontinuous systems cannot have distinct regionally proximal points, ¥,,zr = % and (Q, a) is
indeed the maximal equicontinuous factor. O

Proposition 8.6. Let ¢ = 7 and m = (0516234). Then the following is true for the aperiodic system
I3, F2).

(1) The substitutions y;, = y, forallk > 1.
(2) The aperiodic system (I} p,Fjr) is minimal, that is, (I, p,Fj;) = ,F).

min
(3) For any p,m > 1, the number e2mip/2™ s g continuous eigenvalue of (Ifnm,F;;), and so
(I, F») has the dyadic odometer as a factor. Every rational eigenvalue e27P/2" belongs to
the combinatorial part of the spectrum of (I, . ,F7). .
(4) The minimal subsystem (I:‘m.n, F?) has no eigenvalues e?™% for irrational a.
(5) The system (I, > F) = min E *) has a single ergodic invariant measure ;.
Proof. Applying the algorithm of Section 5.6, we obtain:
T =y | Substitution y; | Associated matrix  |char. polynomial
6 .
0 — 0321 X i
Zl=0 |X1( )l 1 11100 0
1 - 0321 =20 11 1000f, .
x’ —=2x° —6x
2 — 001 210000 O ..
(0516234) with eigenvalues
13 - 011 1 2 0 0 0 0 O
— (0516234) 1++/7and
4501 1100000
110000 0 0 (multiplicity 5)
5-=01
1 10 0 0 0 O
6 — 01

Symbols 4-6 do not occur in the substitution words y,(i), i =0,...,6, so by Theorem 5.19, we
remove them and restrict to a subdiagram with the matrix

_ N =
N = ==
O O = =
O O = =

This matrix is primitive, so the aperiodic subsystem is minimal, that is, (I Z » F 7’;) = ;in, F j;). The

associated matrix B has eigenvalues 0 (with multiplicity 2) and 1 + \/7 .
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Although B does not have eigenvalues that are multiples of 2, the dyadic odometer is still a
factor of the minimal subsystem by the following argument.

Lemma 8.7. Forany m > 1, there exists n,, > 1 such that 2™ divides every component in h®™ for all
n=n,,.
Proof. Note that since the components of h1) are equal, we have h™ = (a,, a,, b,,b,,), for a,, =
2(a,_; +b,_1), b, =3a,_,. In particular, a, is even for n > 2 and b,, is even for n > 3, so the
lemma holds for m = 1 with n; = 3. Suppose that there is n,, such that 2™ divides a,, and b,, for
n > n,,. Then 2"*1 divides a, 41-and b, . Also, 2m+1 divides ay, +»- The statement follows by
induction, and we obtain n,,, . ; = n,, + 2. O

We now look for eigenvalues e>*'% with « irrational. Both irrational eigenvalues of B are outside
of the unit circle, and they are algebraic conjugates with minimal polynomial x> — 7. According to
[15, Corollary 1], if e2™* is an eigenvalue, then for each algebraic conjugacy class of the eigenvalues
of B, there is a polynomial g(x) € Q[x] such that g(x) takes the value « on each element in the
conjugacy class which is outside of the unit circle, and such that the vector h(!) has nontrivial
projection on the eigenspace corresponding to this element.

In our case, since 1 + \/5 are the only nonzero eigenvalues of B and hM™W n > 1, are vectors with
integer components, 4") must have nonzero projection on both eigenspaces. Therefore, if e27* is
a continuous eigenvalue, then there is a polynomial g(x) with rational coefficients such that

g1+ VD =g -V =aga.

Then also the polynomial g(x) = g(x + 1) has rational coefficients g;, and

a=g1£ VD) =@V = YTV =axbV7

fora=Y, en 5:7/2€Qand b =73, 4,57 V% € Q. It follows that b = 0, and so « = a must
be rational, which is a contradiction. Therefore, such polynomial g(x) does not exist, and there
are no eigenvalues of the form e?"* with « irrational.

Finally, since the associated matrix of the substitution is primitive, (I ; D F 7’;) has asingle ergodic
measure. O

A similar set of arguments gives the following.

Proposition 8.8. Let g = 7 and m = (0361425). Then the following is true for the aperiodic system
a5, Fr).
p T

(1) The sequence () )i is constant, thatis, y, = x; forallk > 1.

(2) The aperiodic system (I;“IP,F;) is min.imal, that is, (IZP,F;) = (I;“nm,F;).
27ip/2™ s a continuous eigenvalue of (I, F:), and so

2mip /2™

(3) For any p,m > 1, the number e
(I),:,» F») has the dyadic odometer as a factor. Every rational eigenvalue e
the combinatorial part of the spelctrum of (I, Fr)- .

(4) The minimal subsystem (I;“qin, F*) has no eigenvalues of the form e2™% where o is irrational.

(5) The system (I, » F*) has a single ergodic invariant measure u,.

belongs to
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Proof. Applying the algorithm of Section 5.6, we obtain:

T = | Substitution y; | Associated matrix  |char. polynomial
0 — 0653 6 i)| = 40
El=0 |X1( )l 1 0 0 1 0 1 1
10653 1001011, . .
x’ —2x° —6x
2 — 0653 1 0 01 0 1 1 . .
(0361425) with eigenvalues
13 — 0653 1 0 01 01 1
— (0361425) 1+4/7and
4 — 013121212121212023 2772000 .
1101000 0 (multiplicity 5)
5— 013
1 01 10 OO
6 — 023

The symbol 4 does not occur in the substitution words y,(i),i =0, ..., 6, so by Theorem 5.19, we
remove this symbol and restrict to a subdiagram with the matrix

with eigenvalues 1 + \/; 0 (multiplicity 4).

— o = = =
o= O O O O
_ O O O O O
e et i
O O = =
O O = ==

This matrix is primitive, so the the aperiodic subsystem is minimal, that is, (I ; > F 7";) = (Ir*nm, F ;';).

By a similar argument as in Proposition 8.6 the system (I :p,F;’;) has no irrational eigenvalues.

Next note that, since the initial values A" = (1,1,1,1,1,1)7 are all equal, forn > 1

W™ = (a,,a,,a,,a,,b,,b,), fora,=2(a, ,+b, ), b,=3a,_,.
The argument proceeds as in Lemma 8.7 to show that for every p, m > 1, the number e27ip/2™ ig
a (continuous) eigenvalue of the Koopman operator. O

8.4 | Arotated odometer without the dyadic odometer factor

In this section, we exhibit an example of a rotated odometer which does not have the dyadic
odometer as a factor.

Proposition 8.9. Let g = 5 and let 7 = (02431). Then the following is true for the aperiodic system
T F2)
D T

(1) The sequence () )i is constant, thatis, y;, = x; forallk > 1.
(2) The minimalsetI; . isa proper subset of I'; >
27ip /2™

is not an eigenvalue of (I* . | F*).

(3) For all integersm > 1 and 1 < p < 2™, the number e min'Fa

So, the dyadic odometer is not a factor of (I . ,F*).

min’~ @
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(4) For any a,b € Q and a =a+ b\/g, there exists s € Z such that the number e2™5% is an
eigenvalue of the minimal subsystem (I, . F7), so(I" . ,F7) is not weakly mixing.
(5) The aperiodic system (I, F*) with Lebesgue measure has the cyclic group with four elements as
p Y. np i g yclic group
the maximal equicontinuous factor, but the factor map is not continuous.

Proof. Applying the algorithm of Section 5.6, we obtain item (1) of the proposition:

T | Substitution y, |Associated matrix| char. polynomial

0-04212 X |x ()l =40

3 — 040133413342013341334212 8,2+ \/g, -1,-1

1 1 2 01 5 4 3

x> —10x" + 18x
1 - 042 1 01 0 1

(02431) +58x% +47x + 8

12 — 04012 21 1 0 1 i .

— (02431) with eigenvalues
3 53 8 5
1 11 0 0

4 — 012

\

The system is covering, so (X(V,’E,,<), ) = (X(V,EK), 7). The associated matrix has
two eigenvalues of absolute value greater than 1, 1; =2+ \/E with left eigenvector
vf = (1, %(\/g— 1),1,0, %(\/g— 1)) and 4, = 8 with left eigenvector vg =(1,1,1,1,1). Thus,
there are two invariant measures, x4, supported on I . and u, supported on I} o

Restricting to the minimal subset I" . , we obtain the symmetric matrix

with eigenvalues 2 + /5, -1, —1.

—_ N =
— = O
== =N
O = =

Computing the decomposition of the vector () over the basis of right eigenvectors, we obtain that
h(W is a linear combination of the eigenvectors corresponding to 2 + \/g The eigenvalue 2 — \/g is
inside the unit circle. Take g, ,(x) = a(x —2) + b = a with a,b € Q, then g(2 + \/E) = a\/g +b

is irrational. Then by [15, Corollary 1], there exists s € Z such that e?7is(@ V5+b) s an eigenvalue of
the Koopman operator of (I* . , F7, ;). We showed item (4) of the proposition.

Let k™ = (a,,,b,,a,,b,,c,), and i = (a,,b,,a,,b,), so K™ is the vector of heights for the
minimal subdiagram. Then

boa|=|210]|]|b.] (1)

where the 2 x 2 first block corresponds to the minimal subsystem. If e27/2" is an eigenvalue of

the Koopman operator of the minimal subsystem, then by Lemma 8.2, 2" must divide ]/’l\gn) for
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0 < i < 3, and n large enough. Inverting the first block of the matrix in (21), we find

a,\ _ (-1 2 Ay
<bn> - ( 2 _3> <bn+1> ’
so ged(a, 41, b,41) = ged(a,, b,) = -+ = ged(ay, by) = 1. This shows that there cannot be a com-
binatorial rational eigenvalue e?"'* other than a = 0, and the minimal subsystem (I ;in, F*) has
no rational eigenvalues. This shows item (3).

Now consider (I ;l"p,F;, U,) with Lebesgue measure u,. We show that ¢27//2" is an eigenvalue
of (I ;‘p,F;, W,) if and only if m € {1, 2}. It follows that the cyclic group with four elements is a
measurable factor of (IZP,F;;, H,). We show also that for any other rational or irrational «a, the
number e** is not an eigenvalue of (I’* »F W)

By [3, Theorem 6.3] to determine eigenvalues of (I :p,F ;';, H,), we have to consider so-called
“diamonds,” which for our situation are pairs of paths in (X p ), 7) of the same finite length
r > 1 which start at the vertex marked by 3 in V; and end at the vertex marked by 3in V, ;. Since
3 does not occur in any y,(i) for i # 3, every edge in such a path joins vertices marked by 3 at
consecutive levels, and it is sufficient to consider paths of length 1 which are just pairs of edges
(j, j") between the vertices marked by 3 in V; and V,. Let x and «’ be the orders of j and j’ in
the set of edges incoming to 3 in V,. Then by [3, Lemma 6.4] if 2" divides (x — %’ )hgn) for all
27i2~"m

sufficiently large n > 1 and for all diamonds (j, j'), then e is an eigenvalue for (I : » F ;‘;, ),

where hgn) is the height of the third stack in V,,. Since the word y,(3) contains a subword of two

consecutive 3’s, we conclude that 272" is an eigenvalue if and only if 2" divides hg") = ¢, forall
sufficiently large n.

Since a,, and b,, are always odd, we can write a, = 2u,, + 1 and b,, = 2v,, + 1. Then

€41 = 6a, +10b, + 8c, = 2(6u,, + 3 + 10v,, + 5 + 4c,) = 4(3u,, + 5v, + 2¢c,, + 4),
which shows that ¢27/2 and e27/4 are measurable eigenvalues of the Koopman operator for
a ; » F;; U,); they are not continuous because (I;lin, F;;) does not have these eigenvalues. We note
that ¢, is divisible by 8 if and only if the expression in the parenthesis in the formula for ¢, is
even. This can happen only if u4,, and v, are both odd, or they are both even.

We have that

a,41 =3a, +2b, =3Qu, +1)+2Q2v, + 1) = 6u, +3+4v, + 2,

SO u,,1 = 3u, + 2v, + 2, which shows thatu, , , is even if and only if u, is even. Since a; = 1 and
so u; = 01is even, we conclude that u,, is always even. Similarly,

b,;1=2a,+b,=2Qu,+1)+2v, +1=4u,+2+2v,+1,

SO V41 = 2u, + 14 v,, which shows that v, iseven if v, is odd, and v, is odd if v, is even.
Since v; = 01is even, it follows that for k > 1, the height c,; is not divisible by 8, and so e2*'/2" for
m > 3 is not an eigenvalue of (IZP,F;, Hy)-

To show that there are no other rational eigenvalues, let p > 3 be a prime. Suppose by
contradiction that e2"//P — 1, so p|c, for n sufficiently large.
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Now note that for n > 1 we have a,, = F5,, and b,, = F5,_;, where F, is the nth Fibonacci num-
ber. The sequence of Fibonacci numbers (F,, mod p),, is periodic; therefore, (6a,, + 10b,)) mod p
is also periodic, and there are infinitely many »n’s such that

(6a,, +10b,,) mod p = (6a, + 10b,) mod p = 16 mod p # 0 mod p.

Recalling that c,,; = 6a,, + 10b, + 8c,, we find that ¢, and c,,; cannot be simultaneously
divisible by p, so e2"/P cannot be an eigenvalue.
To show that & = u + v4/5, u € Z, v €N, is not an eigenvalue of (IZP,F;:,,uz), first note that

by subtracting u — 2uv, it suffices to verify « = v(2 + \/E), The first block in formula (21) is a Pisot
matrix. In fact, it is the third power of (1 (1)) with eigenvalues §, =2+ +/5and§_=2—-1/5€

(—3,0).
By standard computation, we find

5+3\/§5 +5—3\/§5n

a, = "
" 10 -t 10
5+4/5 5-4/5
b, = 5"+ s, 22
" 10 F 10 - 22)
L 10445, 10-4/5_,
¢, =5-8"— sl — on
5 5
Therefore,
10 + 44/5 10 —44/5
ac, = v5+<5-8”— S \/—51— S \/—5f>

10+ 44/5 10 —44/5 10 — 44/5
U<5 . 8}’!(5+ _ 8) + 5 . 8}’l+1 _ T\/_Szl—'*'l _ T\/—5E+1 _ T\/_(é'i' — 5_)5?)

v(s - 8"(V/5—6)+cpyy +42— \/3)5f).
Thus, the distance to the nearest integer is
lloce, || = 115 - 8"0V/5 + 4v(2 — V/5)8" || > |50 - 8"/5]| — [[4v8™+ .

Lete, € (—%, %) be the fractional part of 5v - 8" \/g Then for [¢,,| < 11—6, we havee, | = 8¢,,50|¢,|
increases in n until |¢,,| > %. Therefore, ||50v - 8”\/3 || - 0 and hence neither does ||ac,|| — 0, so
e?™% is not an eigenvalue of the global system.

Finally, we show that there is no other eigenvalue for u,. Say e**¢ for a ¢ @[\/g] is an
eigenvalue. Then,

lla(6a, + 10b,)||* = |lac, 1 — 8ac,l|* < 81 max{|lac, % lac,|I*}
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is summable in n. Using a,, = F5, and b,, = F5,_;, where F,, are the Fibonacci numbers,

b
a(6a, + 10b,) = 2aa,(3 + sa—”))

n

= 2aa,(3 + 5(v/5 — 1)) + 5aV/5(2 — V/5)"
= Ba, +0(27") for B = 2a(5V/5 — 2).

Therefore ||3(a,,; + a,)ll is summable. By (22) we have

Bayir + a,) = BB+ V5)a, + 027 =: ya, + 027,

and we know (by (19) and since a,, = F,, for the Fibonacci numbers F,,) that ||ya,, || is only square
summable if y € @[\/g]. Hence (I p,F;‘[) has no irrational eigenvalues. This shows item (5). []

8.5 | Proofs of Theorems 1.7 and 1.8

Proof of Theorem 1.7. The minimal subsystems in Propositions 8.5 and 8.9 provide examples for
items (1.7) and (1.7) of Theorem 1.7. From one example, it is always possible to construct infinitely
many examples by doubling q and changing the permutation 7 to

. ifi>
7 :{0,..,2g—-1}—>{0,..,2g -1}, 7#'(i)= i-a) 1 t=4
i+q ifi<gqg
because then the first return map of F,, to [0,1/2) is conjugate to F,. on [0,1) via the scaling
h(x) = 2x. This proves the theorem. O

Proof of Theorem 1.8. Item (1) is proved in (4) of Proposition 8.5, and item (2) of the theorem is
proved (5) of Proposition 8.9. O
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