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A.1 Intensity value histograms

(a) 2D radiograph with foreign object on (b) Slice of the reconstructed 3D volume with
bottom left foreign object on bottom left
Distribution of attenuation values for foreign object
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Figure Al: Radiograph of an object containing a foreign object (a) and a slice of the corresponding 3D
reconstruction showing its attenuation values (d), indicating the difference in contrast. Additionally,
histograms of intensity value distribution of the radiograph (b-d) and the attenuation value distribution
of the slice of the reconstructed 3D object (e-f). In both cases, the histograms of the voxels or pixels of
the foreign object are plotted separately from the other voxels or pixels. In the 3D volume, the foreign
object is much easier to distinguish based on intensity values.
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We compare the intensity distributions for radiographs and for a CT reconstruc-
tion of an object in Figure A1, which shows a number of statistics about the pixel
and voxel intensities for object 3 (Fig. 2.6). For both approaches, the intensity
value distributions are plotted and separated into values of pixel or voxels that
have been marked as foreign object by the thresholding method. The 3D case has
a clear separation between foreign object and the base object based on attenuation,
such that a simple global threshold based on Otsu’s method [214] is sufficient to
segment the foreign object. On the other hand, in the 2D radiograph case, the
intensity values corresponding to the foreign object locations are similar to values
of the base object.

A.2 Reconstruction and ground truth similarities

In Section 2.4.8, it is verified that the direct use of generated 3D volumes results
in similar ground truth projections compared to the use of the workflow, by
indicating that the average Jaccard index between the ground truth pairs is 0.961.
In Table A.1, the results are given in greater detail by splitting the results up for
nonidentical and combined projections. In addition, we also give the MSE. We
also present the similarity results for the segmentations from which the projections
are generated. Lastly, results are given for the FDK and SIRT reconstruction
algorithms, the latter with 200 iterations. The results indicate that by using these
reconstruction algorithms the similarities between the projection pairs increase.

Identical Jaccard Jaccard MSE MSE
(%) remaining overall remaining overall
§ FDK 15 0.625 0.681 | 1.34-10% | 1.14-10*
% SIRT, 100 it. 1 0.656 0.659 1.18-10% | 1.17-10%
éo SIRT, 200 it. 10 0.643 0.678 | 1.28-10% | 1.15-10%
g FDK 47.05 0.981 0.990 1.57-10% | 0.83-10%
g, SIRT, 100 it. 8.99 0.957 0.961 | 2.97-10% | 3.26-10%
4 SIRT, 200 it. 39.40 0.980 0.988 1.59-10% | 0.94-10%

Table A.1: Similarity between ground truth volumes and the corresponding segmented volumes re-
constructed from their own projections, as well as similarity between subsequent virtual projections of
these volumes. The reconstruction are made over 1800 equidistant angles, and the results are averaged
over these angles and 100 training objects. We measure the number of volumes that are identical to
their ground truth, and the Jaccard index and the Mean Square Error (MSE) of both all examples and
the nonidentical examples only.
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Therefore, by adding in an even better reconstruction algorithm in terms of these
similarities, an even more accurate training training set can be generated which can
subsequently yield more accurate detection results than presented in Chapter 2.

A.3 Additional quality measure

In this Appendix we show the F1 scores for all experiments in Chapter 2. The F1
score is given by

2TPro
2TPro + FNga + FNro

(A1)

F1 scores for different number of training objects F1 scores for different number of training objects
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Figure A2: F1 scores for the various experiments in Chapter 2: (a) the standard experiment with
laboratory data with few foreign objects, (b) the experiment with many and mixed amounts of foreign
objects, (c) the experiment with threshold variation and (d) the simulated experiment. The results are
shown for trained U-Net and MSD networks. The results are averaged over 5 trained networks, with a
different training object order for each run. The shaded regions indicate the standard deviations.

The results for this quality metric are given in Figure A2. The graphs for all
experiments are consistent with the graphs for the quality measures in Section 2.4.
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B.1 Standard data reduction methods

In this section we briefly summarize the most common data reduction methods, used
for comparison in this work: PCA (unsupervised), NMF (unsupervised) and LDA
(supervised). Let X € RNoX(Nirain ™) he a matrix representation of {z;}, “a‘“,
where the rows represent the spectral features and the columns are the data points.

B.1.1 Principal Component Analysis

Let X be the centered version of data matrix X where the means of all features are
shifted to zero. Principal Component Analysis (PCA) is an unsupervised method
that attempts to reduce the data X toX € RNr*(Nrain ™ 1) - with N, < N,
the number of components, by finding an orthogonal vector w with ||w||= 1
such that the projected data Xuw has the highest variance. The maximization
Var(X w) = wl Cw yields the largest eigenvalues of the covariance matrix C =
Cov(X ) Therefore the data matrix X is multlphed by the matrix W, containing
the N, largest eigenvalues of C to give X = X W. Denote the final transformation
of PCA derived from data X to N, components by TPCAN’ If PCA is chosen
to reduce the data to NN, number of bins, then the optlmization problem (3.2)
becomes

Ntraln

InlIl Z L PCANT( tr'un)) y:ram)

B.1.2 Non-Negative Matrix Factorization

Let X* = X — min(X) be the nonnegative matrix version of X. In Non-Negative
Matrix Factorization (NMF) an attempt is made to factorize the non-negative
data matrix X* into two matrices W € RNVoXNr and H € RV»*Ntrain™7) in an
unsupervised manner such that X* = W H. The matrix H will then contain the
data points compressed to N, bins, while W describes the transformation of this
matrix to recover the original data matrix X*. Since the problem is not solvable
in general, the matrices W and H are often approximated numerically by solving
the minimization problem:

in || X* - WH|3
Lnin [ WHI|y

where ||-|| v is usually the Frobenius norm. Denote the transformation of NMF
derived from data X to N, components by Ty SMEN - Similar to PCA, if NMF is
chosen to reduce the data to N, number of blns the optimization problem (3.2)
becomes
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Ntraln

. NMF n train train
m L(F(T " (x; :
i X LR ) i)

B.1.3 Linear Discriminant Analysis

Let Y € CNtrain™™ be the vector representation of {yi}iv:t{ai“. Linear Discriminant
Analysis (LDA) seeks to find a transformation W of the data such that ratio of the
between-class scatter matrix Sp(X,Y’) and within-class scatter matrix S,,(X,Y")
is minimized:

i W 9B(X, Y)W
W WIS, (X,Y)W|

Intuitively, the data are projected on a lower-dimensional space that maximally
separates the means of the projected class data points, while minimizing the
variances within each class. Similar to PCA, this leads to an eigenvalue problem.
Note that since the rank of between-class scatter matrix is at most C — 1, where
C = |C| is the number of different classes in the target data Y, the rank of W
is at most C' — 1 as well. This means that LDA can reduce the data to at most

N, =|C|—1 bins. Denote the transformation of NMF derived from data X to N,

components by T;D;;N". Similar to the previous methods, if LDA is chosen to

reduce the data to N, < C number of bins, then the optimization problem (3.2)
becomes

Ntram

: LDA "
min 32 LFCR ™).l
i

B.2 X-ray projection data computation

In this appendix, we provide further details on the computation of the simulated
X-ray projections. The dataset consists of 100 2D images of size 512 x 512 with N, =
300 spectral bins. These are simulated X-ray projections of 3D volumes of 1024 x
1024 x 1024 voxels containing 120 cylinders with randomized lengths (uniformly
distributed between 0.143 and 1.43 cm), thicknesses (uniformly distributed between
0.044 and 0.11 cm), angles and positions. For a schematic overview of the simulated
X-ray setup, we refer to Figure 3.6. A virtual source and a virtual detector of
size 1536 x 1536 are placed in front and behind the object respectively, and we
use the ASTRA toolbox to compute the projections from this geometric setup.
After this, we downscale the projections to 512 x 512 for computational efficiency,
effectively rescaling the volume size as well. The detector pixel size is chosen to
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be spixel = 0.11 mm, making the detector about 5.6 cm, while the voxel size is
chosen to be syoxe = 0.11 mm, making the object size about 3.75 cm. A cone
beam geometry is used, where the source is placed 44 cm in front of the the center
of the object, while the detector is placed 11 cm behind it. We use the National
Institute for Standards and Technology (NIST) [130, 301] attenuation spectra for
each associated material to compute for each ray an approximation of the number
of photons in energy bin I(FE;) hitting the detector. The computed quantity for
each bin ¢ with energy window F; and 1 < i < N, is given by the following:
gmax

I(E;) = Iy(E)e Jer@B)degp (B.1)

Emin
i

Here, E™® and EM3* signify the energy range in bin i, Io(E) photon influx at
energy E, £ is the ray trajectory and u(x, E) is the attenuation at position = at
energy E. This is approximated by inserting the assumption that p(z, E') can be
written as a linear combination of individual material attenuations:

W@, B) = 3 jin(E) am(a)
meM

= Z (OOlﬁm (E) + 0.990p0lyethylene (E)) Qm (J’J)
meM

where 1, (E) is the attenuation coefficient of material m € M, with M being
the set of involved materials, and ., (x) the fraction of material m at position x.
Inserting this into (B.1) gives:

B
I(E,L) = /Emm I()(E)€7 fz ZmEM /l'm(E) am(z)dwdE
E;’nax
— IO(E’)e_ ZmEM IJ/TVL(E) f[{ am(’”)dxdE
E;nin

The integral is numerically approximated using the midpoint rule and equally
sized integration bins, which gives the following:

Tmax Zmin)

N
I(E;) = Y Iy(Ey)e Znemimm(ED Jian@de (g
j=1

where N is the number of integration bins, and Ej =F;, ..+ W (Ei,..+FEi..)
the average energy in the j-th integration bin. The number of integration bins is
set to N = 30 for this computation. The integral [, a,,(x)dz is computed using

ASTRA.
The photon influx Iy(E) is a product of the source spectrum Io(E) at energy
E, the exposure time ¢ and the detector pixel size spixer:

Iy(E) = tIy(E)s>

pixel
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The exposure time is chosen to be t = 0.5 s, and the source spectrum I is
simulated as a radiology source spectrum for a tungsten source without filter at 70
kV, taken from Siemens Healhtineers [258]. The energy range used for this dataset
is from Eyimin = 14 kV to E, = 69 kV, and the source spectrum including this
range is given in Figure 3.8b. The final projection images in bin i are computed by

dividing I(E;) by the flatfield image In.i(F;) containing reference photon counts
without objects

I(E;) I(E;)

Inaa(B:) SN | 10(Ej)(E

Tmax tmin )

B.3 Time comparison

In this appendix we show the measured processing time for different training setups
with MSD on the generated X-ray dataset. Along with the GPU times we also
include CPU times, where training is carried out on one Xeon CPU core. The
processing times of the trained networks are given in Figure A1l. The times for
DRMSD are broken down into the data reduction part and the segmentation part.
Of course, the times on the CPU cores are higher than those on the GPU core. In
both cases the processing time of DRMSD reducing to 1 bin is about 7 to 8 times
faster than that of MSD without any data reduction. On the CPUs the DRMSD
processing time is comparable to that of MSD, with the difference increasing as
the number of bins N, increases. Note that the number of connections in both
networks increase linearly with the number of reduction images N,.. When reducing

Processing times for DRMSD and MSD on 4 CPUs (10 avgs.) Processing times for DRMSD and MSD on 1 GPU (10 avgs.)
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(a) Processing times on 4 CPUs (b) Processing times on 1 GPU

Figure Al: Execution time to apply a forward pass in the trained networks on both CPUs (a) and GPUs
(b). The MSD times (in blue) are added as a reference, where each data point indicates the number
of input channels. These values are equivalent to the processing time on data reduced by standard
methods as PCA, NMF and LDA.
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the data to up to 60 bins on the GPU, the DRMSD network is less than 2 times as
slow as the network on PCA, NMF and LDA reduced data. For the segmentation
part the speedup of the GPU versus CPU is 87%, whereas the speedup for the data
reduction part is 24%. Therefore, on the CPU the differences are smaller, but for
both CPU and GPU the additional data reduction processing time is acceptable.
All in all, the data show that the DRMSD can offer a processing speedup compared
to MSD when accomplishing hyperspectral imaging tasks, and this conclusion could
hold for some other CNN architectures as well.

B.4 Robustness

Since all experiments in this work are not averaged over multiple runs due time com-
putation time restrictions, we assess in this appendix the stability and robustness
of a number of selected experiments. Included in this selection are the experiments
where we witnessed the largest variation in the test results. We compute the
average, standard deviation, minimum, maximum and median values of the average
class accuracy over 8 different runs. The outcomes are given in Table B.1. For

Dataset  Data type It:;;le. gf::;. Avg. Std. Min. Max. Median
Noisy
X-ray + Many DRMSD 2 99.30 0.0883 99.13 99.42  99.31
materials
Noisy
X-ray + Many DRUNet 2 98.87 0.2937 98.36 99.29  98.97
materials
Noisy LDA
X-ray + Many + 2 94.09 0.7639 92.76 95.48 93.91
materials MSD
Noisy LDA
X-ray + Many + 2 87.24 0.6757 86.10 88.21 87.36
materials U-Net
Remote Noisy
. + DRMSD 1 95.85 0.3642 95.28 96.34  95.86
sensing .
Overlapping
Remote Nk
. + DRUNet 1 94.46 0.7250 93.27 95.58  94.65
sensing .
Overlapping
Remote Noisy LDA
sensing aF . aF 1 59.34 1.2328 56.27 60.60 59.78
Overlapping MSD
Remote Noisy LDA
e + + 1 61.11 0.7674 60.03 62.48 61.05
Overlapping ~ U-Net

Table B.1: Average, standard deviation, minimum, maximum and median of the average class accuracy
for various network setups, computed over 8 runs.
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each experiment, the standard deviation is at most 1.24, and for DRCNN methods
this is 0.73. The difference between the minimum and maximum values is at most
3.51, and for DRMSD methods this is 1.38. From these results, we conclude that
all the methods presented here are sufficiently stable, and these stability properties
may be expected from the other experiments in this research as well.
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C.1 Proof of Theorem 1

Since the convex set C = {X € RMxD | X >0, X1< 1,X71< 1} is composed
of convex set C1 = {X e RMxD | X >0, X1< 1} and convex set Co =

{X eRMXD X >0, XT1 < 1}, the indicator function d¢ (with d¢(X) = 0 when
X € C and §¢(X) = oo otherwise) can be expressed as

6c(X) = dc, (X) + dc, (X).

Hence, the projection onto set C amounts to solving the following minimization
problem

. . f1
proje(2) = arganin { 11X - Z[-+4e, (X) + 6e,(X) |

Since the cost function is the composition of two indicator functions, we can redefine
a minimization problem by introducing a new slack variable Y:

C 1 1
migigize { 31X = 21+, (X) + 0, (V) + 11X Y2},

where we have penalized the slack variable Y to stay close to the original variable
X using quadratic term. The optimal point of this minimization problem must
satisfy the following fixed point equation:
X —-Z+095,(X)+ X -Y €0,
00c,(Y)+Y — X €0,

where 0f denotes the sub-gradient of the function f. Hence, the fixed point
iteration scheme to find the optimal point leads to

Z +Y;
(I +(1/2)00¢,) Xt41 5 ,

(I + 85C2) Y;H-l - Xt—‘rl)

for t = 1,...,T with setting Y to an arbitrary vector. Since the operation
I+ a@éc)_l with a > 0 is equivalent to the definition of proximal operator, we
can compactly rewrite the iteration scheme as

Yoo = (I+06c,)"! (<I+ (1/2)05¢,)”" (Z+ Y)) |

2
. . Z+Y,
= projc, | Proje, —5 .
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C.2 Bi-convexity of ADJUST and partial optimality

In this section, we show that the optimization problem (5.7) is bi-convex. We start
with the definitions related to bi-convexity.

Definition 1 (Bi-convex set). A set B C X x Y is bi-conver on X x Y if B, =
{y € YV : (z,y) € B} is convex for every x € X and By = {x € X : (z,y) € B} is
convez for everyy € Y.

Definition 2 (Bi-convex function). A function F : B — R on a bi-conver set
B C X xY is bi-convez if and only if for every fixed y, the function F(x,-) : B, = R
is conver on By, and for every fized x, the function F(-,y) : By, — R is convex on
B,.

Definition 3 (Bi-convex optimization problem). A minimization problem of the
form

minimize F(x,y) subject to x,y € B
T,y

s bi-convex if the set B is bi-convex on X X Y and the objective function F is
bi-convex on B.

Therefore, to show bi-convexity of problem (5.7), we need to show that the
constraint set C4 x Cg is bi-convex on RV*M x RM*D  and the function J :
RNXM o RMXD 3 R is a bi-convex function.

Lemma 1. The set B2 Cq x Cr is bi-convex on RV*M x RM*D

Proof. Since the set B is partitioned into two independent sets C4 and Cgr, we only
need to show that these sets are convex. The set

M
Cyq = {X S RNXM |l‘ij >0, Z.’L’ij < 1}

Jj=1

is a convex set on RY*M gince it is an intersection of the non-negative orthant

(2;; > 0) with N number of hyperplanes oM xi; < 1) (see 2.2.4 of [45]). Similarly,

j=1
the set
D M
CR = {X € RMXD |£L’Z‘j >0, Z.’Eij =1, inj < 1},
=1 i—1

is a convex set on RM*P because it is an intersection of non-negative orthant

(z;; > 0) with M number of hyperplanes (Z]D:l z;; = 1) and D number of

halfspaces (Ef\il x;; < 1). Hence, from definition 1, the set B = C4 x Cg is a
bi-convex set on RVXM x RMxD, O

Lemma 2. The function J(A, R) = 1||Y — WART|% is bi-convez.
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Proof. First, we rewrite the function in the form

J(A,R) = 3|lY - WART|f,

=1Tr((Y - WART)(Y - WART)") | X|F=Tr(XXT),
=iTr (T"R"A"W"WART) - Tr (Y'WART) +1|Y| 7.
P(A,R) Q(A,R)

Hence, to show that J(A, R) is bi-convex, we need to show that P(A, R) and
Q(A, R) are bi-convex. B
We first show the bi-convexity of Q(A, R). To do so, fix A € C4. Now, let

Ry,R; € Cr and A € (0,1). Then we have

AQ(AR)+ (1 - N)Q(A, Ry) = ATr(Y'WARIT) + (1 - \) Tr(Y"WAR,T)
=Tr(AY"WART) + Tr((1 - \)Y'WAR,T)
=Tr(A\2Y'WAR T+ (1-\)Y'"WAR,T)
=Tr(Y"WAQR, + (1 - \)Ry)T)
= Q(A ARy + (1 — VM Ry)

Hence,ﬁQ(Z, R) is a convex function over RM*P for every A € C4. Similarly,
fixing R € Cr and using an analogous deduction as above shows that

AQ(A1,R) + (1 — \)Q(As, R) = Q(AA; + (1 — \)As, R)

for every Aj, Ay € C4 and X € (0,1). Hence, Q(A, R) is a convex function over
RN*M for every R € Cr. This shows that Q(A, R) is bi-convex.

Next, we show the bi-convexity of P(A, R). Thus, fix A € Cs. Now, to
show that P(A, R) is convex, we use the first-order condition (see 3.1.4 of [45]).

Let Q = ZTWTWZ and P = TTT. The first-order condition states that
VR, Ry € RM*P we need

’P(K, Rg) > 'P(K, R1) + Tr ((R2 — Rl)TVRlP(Z, Rl))
T (R{QR:P) = Tr(RTQR\P) +2Tr (R — R\)"A' W WARTTT)
Tr(R}QR,P) > Tr(R{ QR P) + 2Tr (R: — R1)"QR, P)
To arrive at this condition, let us consider

Tr (R1 — R2)" Q(R: — R,)P)
=Tr(R{QR,P) + Tt (R} QR,P) — Tr(R{ QR,P) — Tt (R} QR P)
=Tr(R{ QR P) + Tr(R}QR,P) — Tr(R{ QR,P) — Tt (R Q" R, P")
=Tr(R{QR,P) + Tt(R]QR,P) — 2Tr(R{ QR,P).
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Since @ and P are positive semi-definite matrices, we have
Tr (R — R2)"Q(Ry — Ry)P) > 0.
Hence, we obtain the following relation
Tr(R{QR,P) + Tr(R]JQRyP) > 2Tr(R{ QR P),

which proves the first-order condition. Similarly, we can show that P(A, R) is
a convex function over RV*M for fixed R € Cr. Hence, P(A, R) is a bi-convex
function.

Since P(A, R) and Q(A, R) are bi-convex functions, their linear combination
is also a bi-convex function [103]. Hence, we prove that J(A, R) is bi-convex. O

Corollary 1. The optimization problem (5.7) is bi-convex.

Proof. Since the cost function J (A, R) = 3| Y =W ART||% is bi-convex (Lemma 2)
and C4 x Cg is a bi-convex set (Lemma 1), the optimization problem

minimize J(A,R) subjectto A €Cus, R€Cp
is bi-convex (from Definition 3). O

Bi-convex optimization problems may have a large number of local minima as
they are global optimization problems in general [103]. Since we are interested in
finding a stationary point of (5.7), we define the notion of partial optimality.

Definition 4 (Partial optimality). Let F : X x Y — R be a given function and let
(z*,y*) € X x Y. Then, (x*,y*) is called a partial optimum of F on X X Y, if

Fx*,y*) < Flx,y*) VeeX and F(z*,y*) < F(z*,y) Vye.

It is easy to show that a partial optimum z* = (z*,y*) is also a stationary
point of F in X x Y if F is differentiable at z*. Also, the converse is true [103].
Finally, the following theorem (adapted from [290]) connects the local optimality
(i.e. stationary points) to the partial optimality:

Theorem 2. Let (A*, R*) € Ca x Cp be a partial optimum of J(A, R) = ||Y —
W ART|%. Furthermore, let U(R*) denote the set of all optimal solutions to (5.7)
with R = R* and let V(A*) be the set of optimal solutions to (5.7) with A = A*.
If (A*, R*) is a local optimal solution to (5.7), then it necessarily holds that

J(A* R*) < J(A,R) VAcU(R"), Re V(A"

This theorem implies that the natural solution of any alternating minimization
algorithm will lead to a partial optimal solution. The proof of the theorem can be
found in [290].
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C.3 Derivation of AAPM

First, we rephrase the original ADJUST problem in the following form

minimize J(A, R) + dc,(A) + dc, (R),

subject to WART =Y,

where d¢ is an extended value function for the constraint set C that is 0 when
constraint is satisfied and oo otherwise. Here, we have introduced the constraints
on the misfit between simulated and true measurements in the linear form. The
Lagrangian for this optimization problem reads
LA, R, U)=J(A,R)+6c,(A) + ¢, (R)+ (U, Y — WART)
=J(A,R)+ (U, Y — WART) +6c,(A) + dc,(R) (C.1)

£J(A,RU)

where U € R7*¢ is a Lagrange multiplier for constraint WART = Y. The
Lagrange multiplier U can also be thought of as a running-sum-of-error as it
captures the misfit between the true measurements and simulated measurements.
The goal is to find a saddle point of this Lagrangian, since the saddle point will
give the optimal solution to (5.7). The saddle point of the Lagrangian is given by

(A*, R*,U*) = argmaxargmin L(A, R, U).
U AR

It is important to note that the Lagrangian is non-differentiable due to the presence
of ¢, and d¢,,. Since the min-max problem cannot be solved using a simple
gradient-based iterative scheme due to non-differentiability of the Lagrangian, we
need to make use of proximal alternating iterative algorithm. To derive such
scheme, we approximate the Lagrangian (C.1) near point (A, Ry, Ux) using the

Taylor series for the differentiable function J (A, R,U). This approximation reads

LA RU)~ L(A, R U|Ay, R;,Uy)
= J(Ay, Ry, Up)+
(VRJ (A, Ri,,Uy), R — Ry) +1/(20)|| R — Ry} +
(VAT (A, R, Uy), A — Ay) + 1/(28)||A — Axl} +
bca(A) + 0c, (R), (C.2)

where o and (8 are the Lipschitz constants of the partial gradients of J (A,R,U)
with respect to A and R respectively. This approximation leads to the following
alternating scheme where we minimize with respect to the primal variables A and
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R, and maximize with respect to the dual variable U:
Ry = arg};nin L(A, R, U|A., Ry, Uy)
Ay = argfnn L(A, R, U|Ay, Rii1,Uy)
Upr1 =Up +p (WAL 1 R 1T - Y)

with £ = 0,..., K, and p > 0 is the acceleration parameter. This alternating
scheme requires initial values of R and A, while the initial value of U can be
set to 0. We update the dual variable U using the linearized ascent, a standard
technique used by many alternating methods, e.g., alternating direction method of
multipliers [46]. Since the approximate Lagrangian (C.2) is composed of quadratic
term and non-smooth terms for A and R, we can express the iterates using proximal
operations. To derive R, we use the identity | X + Y ||%= | X ||%+|Y |2 +2(X,Y),
or equivalently, (X,Y) + 2(|Y||%2= 3| X + Y|%—3| X|%. The derivation is now
as follows:

Ry 1= argmlnﬁ (A, R,U|Ay, Ry, Uy),
= argmln

(VRJ (Ax Ri,Us). R = Ry) + 35| R = Relli+0c, ()}

= argmm L(aVRI (A, R, Uy), R— Ry) + | R — Rk‘”%‘+6CR(R)})

applying the identity with X= aVRJ(Ak,Rk,Uk) Y2R-R,

= arg min

= argmln{ OzVRJ A, R, Up), R — Rk> + %HR — RkH%‘) +5CR(R)},
{ |aV rT (Ak, Ry, Uy) + R — Ry %

—%HOéVRj(AIW R, U |% +5cR(R)},

independent of R

= argmin { 5 | R~ Ric+ 0V (Ax, R Up)[f+0c, ()}
= prothcR (Rk — aij(Ak, Rk, Uk)> s (03)

where the proximal for a function f : R™ — R reads
(2) = angmin {5 — 2[3+(w) |
prox. ;(z) = argminq —||lx — 2 x
i xcR" 27 ?

with v > 0. The proximal operator allows us to work with non-differentiable func-
tions. Moreover, proximal operators for many functions have explicit expressions,
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making it a very computationally-friendly tool. The proximal operator for d¢ with
C C R” takes the following form:

1
prox;, (z) = argmin {|sc - z||§+6c(w)}
xcR" 2

Indeed, the proximal operator of a d¢ is just an orthogonal projection of a vector
onto the set C. If the set C is convex, the proximal point is unique. Similar to (C.3),
we can explicitly write down the update of A in terms of the proximal operator.

C.4 Gradient computations

Here we show how the gradients are computed at the final comments in Sec-
tion 5.5.1. We only show the derivation of Va4 J (A, R,U) since the derivation of
VrJI(A,R,U) is very similar.
vAj(Av R» U)
=Va (}||Y - WART|%+(U,Y - WART))
=Va(3|Y —WART|}) +Va(U,Y — WART)
= 1iVa (|Y|3+|WART|?-2Tr (Y W ART))
+VaTr (UT(Y - WART)) (X,Y)=Tr(A"B)
=1iVa(|WART|}) —Va (Tr (Y"WART))
+VaTr(UTY) - VA Tr(U"W ART)
=1Va(Tr (T"R"TA"W'WART)) - W'YT'R"
- (UTwW)"(RT)" aix Tr(AXB) = A"B"
=W (WART)T"R" - W7* (Y)T"R"
-WIUT™R
=WT (WART -Y)TT'RT - WTUTTR.

In the third step (*), we use the following identity:

IX - Y|E =T (X (X -Y))
=Tr((X )X -Y))
=Tr (XTX YTX XY + YY)

=T (X"X) - Tr (Y'X) - Tr (X"Y)
+Tr (YY)
= IX[F+Y[IF-2Te (YT X) (v7x)" = xTy
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C.5 Dictionary matrix

In this section, we list the 42 materials that are used in the dictionary matrix T for
the Disks and Shepp-Logan phantoms. The spectra are retrieved from the National
Institute for Standards and Technology (NIST) [130, 301].

Mat. Material At. Mat. Material At.
no. name no. no. name no.
23 Vanadium 23 44 Ruthenium 44
24 Chromium 24 45 Rhodium 45
25 Manganese | 25 46 Palladium 46
26 Iron 26 47 Silver 47
27 Cobalt 27 48 Cadmium 48
28 Nickel 28 49 Indium 49
29 Copper 29 50 Tin 50
30 Zinc 30 51 Antimony 51
31 Gallium 31 52 Tellurium 52
32 Germanium | 32 53 Iodine 53
33 Arsenic 33 54 Xenon 54
34 Selenium 34 55 Cesium 55
35 Bromine 35 56 Barium 56
36 Krypton 36 57 Lanthanum 57
37 Rubidium 37 58 Cerium 58
38 Strontium 38 59 | Praseodymium | 59
39 Yttrium 39 60 Neodymium 60
40 Zirconium 40 61 Promethium 61
41 Niobium 41 62 Samarium 62
42 | Molybdenum | 42 63 Terbium 63
43 Technetium | 43 64 Gadolinium 64

We plot the attenuation spectra for all dictionary elements for each bin within the
selected range in Figure Al. Additionally, Figure A2 shows the spectra for a few
selected materials. All of these materials have a K-edge in the considered spectral

range.
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Figure A1: Dictionary matrix T': Attenuation values over 100 spectral channels for 42 materials, with
energies ranging from 20 keV to 119 keV.
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Figure A2: Attenuation values over 100 spectral channels for four materials from the dictionary matrix
T, with energies ranging from 5 keV to 35 keV.

C.6 Performance measures

To assess the quality of the reconstructions that ADJUST (and the comparison
methods) generates, we compare the reconstructions with the ground truth. Since
for the UR, RU, cJoint and ADJUST methods the best matching reconstruction of
a certain channel in the ground truth may be located in a different channel in the
material map matrix, a matching that minimizes the total error over the channels
needs to be carried out. Let AT € RV*M be the matrix containing the ground
truth material maps and A™¢ € RV*M be the reconstructed material map. We
compute a matrix A®°" containing the mutual errors between channels of AGT
and A™° defined by

AT — |[(ALS)i<hen — (A%ThgksNHz
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Given this error matrix, we use an iterative greedy approach to match the channels
of the AST and A matrices based on their mutual channel errors. We repeatedly
compute the minimum of the error matrix and remove the possibility to match the
corresponding channels. To do so, let MST = M, M5 = M and Mpatch = (),
In each iteration 1 <1 < M, we compute

(i1, Ji) = arg min A;;
iembec

jemGT

and define M55 = Mi\[i}, ML = MET\(ji} and Mpsish = pgpeten U
{(i, ji}. Given the final channel-matching represented by MEA*h we compute
the following three error metrics for each (i, ;) € Mpateh:

e Mean square error (MSE) for each matched material pair:

MSE(4, ) = [|(Ai)i<ken — (A%T)lgngH;

e Peak signal-to-noise ratio (PSNR) for each matched material pair:

2
PSNR(i, j) = 101og;, ((m]?x(Anghgng) /(AR )i<k<n — (AijThgngHz)

e Structural similarity index (SSIM) for each matched material pair:
SSIM(i, j) = ((2uiptj + C1) (2045 + Ca) /(1 + 13 + C1) (07 + 05 + Ca)))

with p;, u; and o, 0; being the means and the standard deviations of the
matrices (A}S%)i<k<n and (A%T)lgng respectively, with o;; being the
cross-correlation between these two matrices, and with C; = (0.01L)?, Cy =
(0.03L)% and L = 1.

The averages of the MSE, PSNR and SSIM over all materials are then given by:

MSEag = > MSE(,j)/M,
(Lj)eM‘,E}atCh
PSNRuz = . PSNR(i,j)/M,
(i7lj)eMIR}atCh
SSIMavg = > SSIM(i, j)/M.

- h
(4,5) e MBpate
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C.7 Numerical studies: Comparison of methods

As stated in the main chapter, we have compared ADJUST with RU, UR, and
cJoint on three numerical phantoms, mainly the Shepp-Logan phantom, the Disks
phantom, and the Thorax phantom. Figure A3 shows the reconstruction results
(i.e. reconstructed spatial maps and the spectra of materials) of these methods on
Disks phantom. Moreover, we also plot the performance measures of these methods
per material in Figure A4.

cJoint ADJUST

c
=

True

€]
@) ® ®

7
sily

5 2 25 w0 35 N
energy (in keV) energy (inkeV)

Figure A3: Visual comparison of ADJUST with RU, UR, and cJoint method on the Disks phantom. We
only show the reconstructions of all disks here for the comparison. Moreover, we match the colors of
the bounding box for material maps with the (recovered) spectral signatures of the materials (shown
in the bottom row).
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Figure A4: Performance plots showing PSNR (left column), SSIM (middle column), MSE (right col-
umn) of the reconstructed materials against the ground truth for various numerical algorithms on the
phantoms.

C.8 Numerical studies: Limited measurement patterns

We consider three different types of limited measurement patterns: (i) Sparse-angle:
tomographic projections from 10 equidistant angles in the range of 0 to 7 for 100
spectral channels, (1) Limited-view: 60 equidistant projection angles in the limited
range of [0, 27/3] for 100 spectral channels, (iii) Sparse channels: 60 equidistant
angles between 0 and 7, but with only 30 spectral channels. We test ADJUST on
the two numerical spectral phantoms, i.e. the Shepp-Logan phantom and the Disks
phantom. Figures A5 and A6 demonstrate the reconstructions of ADJUST for all
three limited measurement patterns on these two phantoms.
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Figure A5: Results of ADJUST with sparse-angle data, limited view data and sparse spectral channels
on Shepp-Logan phantom. The colors of the bounding box of material maps are matched with the
spectral signatures of the materials (shown in the bottom row).



C.8. Numerical studies: Limited measurement patterns 203

GT Sparse angles Limited view Sparse channels

@

00

500

attenuation

|
attenuation
attenuation

attenuation

M
— ,
0

15 20 25 30 35 5 10 15 20 25 3 35 5 10 15 20 25 30 3
energy (in keV) energy (in keV) energy (in keV)

10 15 20 25 30 35
energy (in keV)

Figure A6: Results of ADJUST with sparse-angle data, limited view data and sparse spectral channels
on Disks phantom. We only show material maps of first five materials. The colors of the bounding box
of material maps are matched with the spectral signatures of the materials (shown in the bottom row).



204 Appendix C. Appendices to Chapter 5

C.9 Numerical studies: Mixed material phantom

We consider the Mixed Disks phantom, which consists of solid disks in an inner
circle and mixed disks on an outer circle. All material mixtures are present on the
outer circle. With M =5 disks on the inner circle, this amounts to 10 mixed disks
on the outer circle. The materials are the same as the first 5 selected materials in
the Disks phantom. The ADJUST method with 2000 iterations is compared with
RU, UR, and cJoint. The results of this experiment are shown in Figure A7, with
the results for each material on a separate row.

True cJoint ADJUST

!
@ .. 1]
\

Figure A7: Comparison of various methods for spectral CT for a mixed-material Disks phantom. The
materials contained in this phantom are arsenic (top row), selenium, bromine, krypton and rubidium
(second-to-last row).
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We see that the RU, UR, and cJoint methods are not capable of fully separating
the mixtures and retrieving the disks on the inner circle. On the other hand,
ADJUST nearly perfectly reconstructs the disks on the inner circle and the mixture
disks on the outer circle.

C.10 Numerical studies: 3D phantom

We also apply the ADJUST algorithm to the 3D Shepp-Logan phantom to show the
ability to reconstruct a 3D phantom. This 3D phantom is four times as large as the
2D Shepp-Logan phantom. The phantom is discretized on a grid of 128 x 128 x 128
voxels. The phantom is shown in Figure A8. We consider 60 equidistant projection
angles in the range of [0, 7] with a parallel-beam acquisition geometry. We show
the visual results of the 3D material decomposition in Figure A9. The average MSE
is 0.0029, the average PSNR is 26.67 and the average SSIM is 0.9763, indicating
that the 3D reconstructions are almost accurate.
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Figure A8: The true material compositions of the 3D Shepp-Logan phantom. The materials contained
in this phantom are vanadium (left column), chromium (middle column), and manganese (right col-
umn).
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Figure A9: The reconstructed material composition of the 3D Shepp-Logan phantom from ADJUST
algorithm. The materials contained in this phantom are vanadium (left column), chromium (middle
column), and manganese (right column).
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