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Chapter 8

Synchronized Push

In this chapter, based on joint work with Ronald Takken [[19]], we discuss
some results on the synchronized versions of Push and Shove. Both games
being separable, the results largely mirror those in Chapter [7]and support
Conjecture In this chapter, we consider both the combinatorial and
synchronized version of Push in detail, showing that it behaves similarly but
not identically to Hackenbush. In Section we briefly consider the game of
Shove, again showing some similar behavior.

8.1 Basics

The ruleset of Push, described in Example provides us with separable
games. If the players pick two pieces of which the moves do not influence each
other, it is clear that the moves can be executed simultaneously in any order. If
the move of one of the pieces would cause the second piece to be pushed, we
perform the move on the second piece first.

Example 8.1.1. Consider the synchronized game

= [r] [r]

Here, moving either piece does not affect the position of the other piece, so
GEE = GEL = 9 is the only synchronized move of the game.
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166 Chapter 8. Synchronized Push

Next, consider
a=[_[r]P]

We now find that the blue piece is pushed by moving the red piece, so the
only synchronized move amounts to first moving the blue piece out of the way,
followed by moving the red piece: G¥ = G* = GLE. <

Hence, by Corollary[2.3.11} all Push positions are numbers in combinatorial
sense. The numerical values of some simple combinatorial Push positions are
shown in [2| Problem 5.15], proven in [[19]].

Theorem 8.1.2. Writing Lr for n blank squares, we have

i) LT l=n+1;
i) [ JTeI7]=2 - 32+
Gi) [ 'TrT I[P l=m+1form > o.

For Push and Shove, we are able to prove Conjecture

Theorem 8.1.3. Let G and H be games of synchronized Push or Shove, and suppose
T is terminal. Then v(G +T) = v(G) + v(T).

Proof. We prove the statement for Push; for Shove, the proof is analogous.
If G is also terminal, the result is trivial. Hence, suppose G is non-terminal.
Furthermore, without loss of generality, suppose T' € £, in which case we may

represent T'by T' = C 17l

Let G be any move of Left which moves the leftmost piece on any one strip
of G, let G be any arbitrary move on G, and consider G; = GET7 + T and
Gy =GR+ TL = GE + T — 1. First, if GLTE = GEE = GE, j.e., if Left’s chosen
piece is pushed by Right’s move, then

v(Gy) = U(GL+R) +o(T) = ’U(GR) +o(T) > v(GF) + v(T) — 1 =v(Gy).

Next, suppose that Left’s chosen piece is not pushed by the move of Right.
Noting that the chosen piece is the leftmost blue one by assumption, the result

is
Glz.........+|:]n
Gy=---| Ip‘...’pl])‘..._|_|:I

Note that the amount of red pieces to the left of the moved blue piece may
be zero, and that the position of the empty square in G2 may vary depending




8.2. Halves 167

on Right’s move. Now, couple G; and Gs. Let Left play her Nash strategy
on (3, and move the same piece on GG;. Conversely, let Right play his Nash
strategy on G1, moving the corresponding piece in G3. Denote the values under
these strategies by v©(G1) and vT*(G2), respectively. Let play continue until the
leftmost blue piece in G is moved off the board, ending in

+[l
G’ -

if this piece has not been pushed in G, or in

G=-+ |:r
Gy=-+[T
if it has been pushed. In the second case, it is clear that v(G}) > v(G5). In the

first case, continue the coupling, connecting a move on the leftmost piece in
G, to amove on H in G). We then arrive in either

G,l,:...+[]"j
Gy =+
G’1’:...+I:]Z
Gy =t [

depending on whether this piece is pushed at some time. In both cases, it is clear
that v(GY) > v(GY). Hence, we find that v(G;) > vE(G1) > vB(Ga) > v(Gy).

We thus conclude that moving on G dominates moving on T for Left. Hence,
by domination and induction, we conclude that v(G + T') = v(G) +v(T). O

or

In the sequel, we may write n and —n for integer Push and Shove games, and
consider these separately from the other summands in sums of games.

8.2 Halves

We continue by considering Conjecture[2.3.34in the light of Push games. To
this end, we start by analyzing copies of the games

H=2+[P[P] and H'=-1+[P]P]
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which are both equal to § in combinatorial sense by Theorem Let v, =
v(nH) and v], = v(nH'). We then find the following recurrence relations, akin
to Theorem [7.2.1]

Theorem 8.2.1. We have

1 —1
- 1+ ZUn—1+ nn Un—2 n >3,
n — 3

v1=1LLuv =3,

and

Proof. Computing v, is trivial; for vy, note that playing on either copy of H

uniformly at random is a Nash equilibrium by Theorem [2.2.20} resulting in
_1 1 _3 .

vy = 5(2—-1+2—-1)+35(2—2+2— 1) = 3. For the recurrence step, again by

Theorem [2.2.20} both players play on the same copy of H with probability <, to

(n—1)H + (2 — 1) with value v,,_; + 1; or on different copies with probability

=1 to (n—2)H + (2 - 2) 4+ (2 — 1) with value v,_» + 1.

Again, computing v} and v} is straightforward. For the recurrence step, once
more by Theorem [2.2.20} the players play on the same copy of H' with proba-
bility L, to (n — 1)H’ + (—1 + 1) with value v],_;; or on different copies with
probability %=1, to (n — 2)H’ + (=1 + 1) + (=1 + 2) with value v, _, +1. O

Just like for Hackenbush, the recurrence relations do not have a closed-form
solution, but the differences d,, = v, — v,—1 and d|, = v, — v},_, are well-
behaved.

Theorem 8.2.2. We have

and

The solutions are

C 2n4 (1)t 41

dy
4n " 4n
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Proof. We expand:

dn = Up — Un-1

— 1 n—1
=1+ Evn—l + " Un—2 — Un—1

=1- nT_l(Unfl - ’Un72)

-1
=1-11q, ;.

and
dy= v, ~ vy
= o+ 5 (W 1) vy
=M e =
= %(1 —dy,_y).
The solutions may be verified by substituting them into the proven recurrences.
O
Corollary 8.2.3. We have
lim v(nH) = lim M = 1
n—oo N n—oo 1 2

Hence, we see that for these Push positions, Conjecture [2.3.34 holds. Note
that, just as for d,, in Section[.2} the parity of d,, is crucial to its value. Here,
do, = dby, 1 = 3 for k € N, doj41 converges to & from above and dj, from
below, as shown in Figure We will encounter a similar pattern again later
on.

Next, we consider games of the form mH — nH. Some computed values can
be found in Table[8.1]

We again follow a path similar to that in Chapter 7, mirroring Conjecture[7.4.2
Lemmal/.4.6land Theorem [7.4.5

Conjecture 8.2.4. Let vy, , = v(mH — nH). Then

(1) Foralln > 2, we have vy, ;1 = 3.

(2) For all n, we have lim 00 (Vry.n, — Um—1,n) =
(3) Forall m, we have limy, o (Vm n — Umn—1) =
(4) For all m, the limit limy,,_, oc Vpngn,n €XIsts.

‘ N[

1
5

Lemma 8.2.5. Forall m,n > 0, we have vy, py1 + 1 > Vi1 .
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o 20 40 60 80 100

o 20 40 60 80 100
n

Figure 8.1: The convergence of d,, (left) and d/, (right). The values for d,, for n
even and d, for n odd are shown in green; the other values in blue.

m\n 0 1 2 3 4 5 6 7
0 0.0000

1 1.0000 0.0000

2 1.5000 0.7500 0.0000

3 2.1667 1.3571 0.7500 0.0000

4 2.6667 1.9935 1.3338 0.7500 0.0000

5 3.2667 2.5415 1.9411 1.3338 0.7500 0.0000

6 3.7667 3.1333 2.4923 1.9236 1.3338 0.7500 0.0000

7 4.3381 3.6608 3.0719 2.4721 1.9220 1.3338 0.7500 0.0000

Table 8.1: The Nash value v(mH — nH) rounded to four decimal places. Note
that v(mH —nH) = —v(nH — mH).
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Proof. We couple G1 =1 — H +mH —nH and Go = H + mH — nH as in
Lemma again denoting the values under the coupled strategies by v*(G)
and vf(Gy), respectively. If Left and Right both not play on mH — nH, the
result is 0 in both G; and G5. If only Left does not play on mH — nH, the result
is the same. If only Right does not play on mH — nH, then the result is 1 in
both G and G». In any case, we conclude that v (G1) > v®(G3), so that also
v(G1) > v (Gy) > vR(Ga) > v(Ga). O

Theorem 8.2.6. For all m,n € N we have

. Vkm,kn m—-n
lim =
k—o0 k 2

Proof. Using Theorem and computational software, we find that

G (HEH R 6)]

The result then follows from Lemma and a computation along the lines
of the proof of Theorem[7.4.5] O

8.3 Quarters

In this section, we further explore the Nash values of synchronized Push
positions, continuing with copies of the position

which has value i in combinatorial sense. From Hj, Left plays to

which is also the result of both players playing on H; simultaneously. In the
previous section, we analyzed the result of playing on multiple copies of H,
and showed that in the limit the Nash value converges to the combinatorial
value. To ultimately prove the same behaviour of multiple copies of H,, we
start by analyzing H¥ in more detail.

while Right plays to
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Lemma 8.3.1. Forall ny,ny € N, we find v(n1 H + no HY) = v(n H).

Proof. By Theorem[2.2.20} the probability of a player playing on one given copy
of either of the games is equal across all these copies. This allows us to rewrite
the game as a two-dimensional zero-sum game. We continue by induction on
the birthday, the base cases for n;, ny < 2 being straightforward computation.

If both players play on the same copy of H, the resultis (2 — 1) 4 (ny — 1)H +
noHY =1+ (ny — 1)H + noHZ. If the players play on different copies of H,
the resultis (2 — 1) + (2 —2) + (ny — 2)H + noHY =1+ (ny — 2)H + no HE.
Hence, by induction, writing v,, = v(nH) as before, the expected result of both
parties playing on copies of H is

1—1 —
n1 Un1—2 - Unla

(Ut vp, ) + 2 (L4 vy —2) = L+ 7-0n, 1 + 2

where the last equality follows from Theorem [8.2.1] If Left plays on a copy of
H, while Right plays on a copy of HZ, the resultis (2 — 2) + (ny — 1)H + H +
(n2 — 1)HY = n1H + (ne — 1)HY, with value v,,, by induction. If, conversely,
Left plays on a copy of HZ and Right on a copy of H, the resultis (2 — 1) +
(n1 —1)H 4+ (2 —3) + (ne — 1)H¥ = (n1 — 1)H + (ny — 1)H¥ with value v,,, _;.

Finally, if both players play on the same copy of H¥, the resultis ni H + (2 —
2) + (ng — 1)HZ, with value v, . If they manage to play on different copies
of HY, theresultis niH + (2 — 3) + H + (ng — 2)H%, having value v,,, 11 — 1
by induction, Hence, both parties playing on HY yields an average result of
Loy, + 22=L (v, 11 — 1). We thus find that n H + ny HJ boils down to

na ny

Un, Un,
Uny—1 niz’l)nl + nigl (Un1+1 - 1) .
By Theorem Up, > Up,—1 and vy, 41 — 1 < wv,,. Hence, the first row
dominates, yielding a value of v,,, = v(n1H). O
Lemma 8.3.2. For m,n € N, let v,, ,, = v(mHs + nH). Then

(1) vmyin S Vma+ 1
(ii) Um,n < Um,n+1 < Um,n + 1;
(iﬁ) Umt1,n < Umintl

Proof. We prove all statements through Theorem [2.3.32

(i) Consider G = (m + 1)Hy + nH, from which Right can play to Gt =
mHs + (n — 1)H + 1 by moving on the same copy of HY twice.
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(ii) For the first inequality, consider G = mHz + (n + 1)H, from which
Left can move to GY = mH, 4+ nH. For the second inequality, consider
G = mH; + (n + 1)H, from which Right plays to GE =mH, +nH + 1.

(iii) Consider G = (m + 1)H» + nH and note that Right can move to G¥ =
mHs + (n+ 1)H.

O

Lemma 8.3.3. Forall ny,na,n3 € N, we find v(ny Hy+noH +nzHE) = v(n; Hy +
7’L2H)

Proof. Let G = ny1Hy + noH + ngHZ. By induction on the birthday, using the
previous lemmas, we compute G being equal to the zero-sum game given by
the matrix

1
*Unl—l,n2+1
1 vnl—l,ng—l + 1 vnl—l,ng-i-l

ni—1
+ ;1 Uny—2,n0+1

nlz (vm na—1+ 1)
(U7l17”2_2 + 1)

Uny—1,n ns—1 Uny,nay

+

na
1”3 Unhnfz

na—1
+ (Uﬂ1 na+1 = 1)

ns

vnl—l,n2+l -1 vnl,nrz—l

We first show that the first column dominates the third. Note that, from the
game (n1 —1)Ha+ (n2+1)H +n3 HY, Left can move to (nq —2)Ha+ (na+1)H +
(n3 + 1)HZ, which has value vy, —2 nz+1 by induction. Hence, v, —2 p,+1 <
Vny—1.np+1, SO also vnl Lnpt1 + 2 lvnl 21341 < Uny—1.m,+1- By similar
reasoning, also vn, —1.n, < Uny.ns and vnl 1na+1 < VUn, ny+1- By Lemma|8.3.2}
Unyi—1 n2+1_1 < Uy, ,n2s S0 that Uny—1, 712-1‘1_1 < ’Unlx7l2+n; ! (vnl,nz-i'l 1)
Hence, the first column indeed dominates the thlrd one.

Next, we show that the first row dominates the third. By Lemma we find
that Uny —2,ma+1 > Uny—1,m04+1 — 1 so also Unl 1,n2+1 + 1vn1—2,n2+1 >
Uni—1,n,+1 — 1. Moreover, vy, 1 n,—1 + 1 2 Ung no—1- Hence, the first row
indeed dominates the third.

By induction, play continues by making moves only on copies of H, and H until

only terminal games and copies of HZ are left, which do not contribute to the

value of the game by Lemma“ 8.3.1} We conclude that v(ny Ha +noH +ngHE) =
(n1 H. 2 + N2 H ) O

Note that, by the reasoning in the proof, we may conclude that vy, , < V410
for all m,n € N, extending Lemma Moreover, recall that, for Blue-Red-
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Hackenbush, a Nash equilibrium exists in which both players first play on
copies of Hy, only turning to copies of H after the quarters have been exhausted.
For Push, this is not the case, which makes the argument much less neat.

Lemma 8.3.4. Let G = Hy + nH for n > 4. Then Left moving on Hy and Right
moving on any copy of H uniformly at random is a Nash equilibrium, with value
v(G) =vp_1 + 1.

Proof. We proceed by induction on n. The base cases n = 4,5 can be checked
using computational software to find the Nash equilibria of the games. Hence,
suppose n > 6, in which case the game boils down to the zero-sum game given

by

Un+1 Up_1+1
Up %(Ul,n—l +1)+ %(Uz,n—z +1) )’

where the last entry evaluates to 1 + Lvy,_1 + “Lvy,, 5. First, note that
Unt1 > Un + 3 > vp—1 + 1 by Theorem Next, note that, by induction,
Vip—1 =Up—2+ land ve,,—1 = v,_3 + 1. Hence,
T+ 2oy 4+ 2 v 0 =1+ L(vp2 + 1) + L (vp_s + 1)
=2+ %'Un72 + 7L7_len73
S 2 + ﬁvn—Q + %vn—3

=1+4+v,-1,

where the inequality follows from Theorem and the last equality from
Theorem Hence, v,—1 + 1 is a saddle point. O

Theorem 8.3.5. Let G = mH, + nH for m > 11 and n € N. Then Left and Right
both moving on a copy of Hy uniformly at random is a Nash equilibrium.

Proof. Consider the game G = mH; + nH. We prove that the statement holds
for all pairs (m, n) for which n > max{1,5— |51 ]} by induction on m. For the
base cases, we prove the validity by using computational software to compute
the Nash equilibria for the pairs (m, n) € {(1,5), (2,5), (2,4), (3,4), (4,4), (4,3),

(5,3),(6,3),(6,2),(7,2),(8,2), (8, 1)}.

Now, let (m, n) be no base case, and such that n > max{1,5 — | % |}. Then
G = mH> + nH equals the zero-sum game

1 -1
Evm—l,n-l-l + mm Um—2,n+1 Um—1,n—1 +1
1 —1
Um—1,n ﬁ(vm,n—l + 1) + nT('Um,n—2 + 1)
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n—1

by induction, where the last entry evaluates to 1+ %vm,nf 1+ "=V n—2. We set
out to show that the first entry is a saddle point. By the extended Lemma|8.3.2}
we have Um—1,n < Um—2,n+1 < Um—1,n+1, SO that Um—1,n < %vm—17n+l +

-1 : 1 -1

P=VUm—2n+1- Remains to show that v, 1 011+ "= Vm—2041 S Vm—1n-1+
1.

Consider

Gi=(m—-1)Hy+ (n—1)H +1,
Go=(m—2)Hy+ (n+1)H,
By induction, the Nash equilibrium strategy for both players is to play on copies

of H; uniformly at random until none are left. We provide a coupling of the
three games. For 2 < k < m, define

0 with probability k = L

. o1 l
7 — { 1 with probability +,

and
14+ X(k—1)  with probability 1,

X (k) = { 1+ X(k—2) with probability .

Set X(0) = 0and X (1) = —1. Then X (k) models the number of copies of H
obtained when starting play from kH, for k sufficiently large; note that if we
end up with only one copy of H», this indeed costs a copy of H by Lemma(8.3.4]
Now, fori = 1,2, 3, set

Xi(k) =1+ Zu Xk — 1) + (1 — Zp) Xa(k — 2).

We consider X;(m — 1), Xo(m — 2) and X3(m — 1) and let A; be the event that
X;lands on 1. Then G1, G> and G5 will result in

t=Mm+1+Xs(m—1))H + 1(A),

and wehave v(G;) =Egz, ..z, ,[v(G})]fori = 1,2,3.Note that we may indeed
omit copies of HY if so created by Lemma Define

/= max{k |2<k<m-—1,Z, =1} ifHZ”;l(lek):O,
0, otherwise.

Then ¢ tells us the first time that both players play on the same copy of H»,
with ¢ = 0 signifying that this never happens. We distinguish between four
cases.
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X(1) = ™2 1 and Xa(m—2) = m=2 4 X(0) = m_3
we thus find that, in this case, v(G}) = v -1 + 2, U(G’) = Uprio and v( %)
Unr41 + 1. By Lemma 8.2.2] we find

First, suppose ¢ = 0 and m is even. Then X 1( ) X 3( —1)=m>2 4
1,

wo(Gy) + mbo(Gy) = m(vnHH) e

< %(Un +1 + ]-) + 7vn +2

=31 +dy +dp+1)+ 35 (vn/_l + dp + dyr g1 + dpyg2)
= ’U,n/_l + dn/ + dn/+1 + §dn/+2 + 5.

For n’ = 2, we have

do+ds+ 2ds+ 1 =

N
_|_
win
+
o=
N
_|_
(SIS
Il
>—-‘l\.’)
[\S] 9N}
AN
n

and n’ = 3 yields

=5 <9

dy+ds+ 3ds+5=5+5+ o

ol

+

N[ =
(SIS

Noting that dy; = % and dg;41 is decreasing in j, we conclude that d,,s + dp,r 1 +
$dp 42+ 5 < 2forall /, so that

HU(G3) + 20(Gy) < vy +2 = 0(GY).

Second, suppose ¢ =0and mis odd. Then X;(m — 1) = X3(m — 1) = 2+ +

X(O) =m- and Xo(m—2) = 221 4+ X(1) -1 = -1 — 2. Hence, now setting

n =n+4+ 2= we find v(G}) = vp—1 + 1 = v(GY) and v(G%) = vy 41. Again
by Theorem
w0(Gh) + 0(GY) = vwan + Pt (v o1 + 1)
< 3+ 5 (001 + 1)
= %('Un’—l +dy + dn’+1 + %(vn/—l + ]-)
=Up—1+ %dn’ + %dn’Jrl + %

By similar reasoning as above, for n’ > 2, we find
1 1 2 o1 1,1 2,2_19 _ 11
sdn +3dwiit3 <5 3+3 5+5= 155 <10

so that
2 0(G) + T tu(GY) S v+ 15 = 0(Gh) + 15
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Third, suppose £ > 2 and £ = m — 1 mod 2. Then X;(m — 1) = Xz(m — 1) =
Xa(m —2)+ 1, as the processes meet. Moreover, A; = A; = Az. Hence, setting
A=Ajand N =n+ X(m — 1), we find

v(GY) =vn-1 + 1+ 1(A),
v(Gy) = vy + 1(4),
v(G%) = vn41 + 1(A).
We compute
7 v(G3) Lo(Gy) = o (ung1 + 1(A)) + 222 (o + 1(4))
%(UNH +1(4)) + 3 (o + 1(4))
= 1(vn-1+dy +dni1 + 1(A) + 2 (vn_1 +dy + 1(A))
uvny—1+dn + dN+1+1(A)

<

We compute
di+3ds =% and ds+ ids= 3L

so that, noting that da; + 3da2s41 and da41 + 3das12 are decreasing in J,

%U(Gé) + %U(Gé) =UN-1+ dN + %dN—i-l + ]l(A)
<wun-1+ 15+ 1(4)
= (G}) ~

for N > 4.

Fourth, and finally, suppose ¢ > 2 and ¢ = m mod 2. Defining A and N as
above, we find v(G}) and v(GY%) arrive at the same values, the only difference
being that in this case v(G%) = vy 11 + 1(A). We thus compute

wU(Gy) + 2 to(GY) = o (onga + 1(A)) + 2ot (unr + 1(A))
= un+1 + 1(4)
=on_1 +dy +dys1 + 1(A).

We compute dy + ds = 0, so that

%’U(Gé) m=2 1 (G/)_UN_1+dN+dN+1+]1(A)
<uNn_ 1+11+1(A)
=v(GY) +
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In the cases ¢ > 2, the statements only hold for N =n + X;(m — 1) > 4, ie.,
n > 4 — X1(m — 1). Noting that X;(m — 1) > [+1] — 1, we find that the
statements hold for n > 5 — max{1,5 — | -1 |}, which was the assumption.

Next, we compute the relevant probabilities. As the Z;, are independent, for
k > 2 we compute

m—1 m—1 .
) = P(Ze — 1 g _ 1
P(Efk)flP’(Zkfl)‘H P(Z; 0)’1@, P ey |
j=k+1 j=k+1
For ¢ = 0, we compute
- m—2 1
P(l=0)=1-Pl>2)=1-Y Pl=k =1-——"=

B if m is even
> =m— = 2 it '
P(£>2,6=m—1mod?2) { L ifmisodd,

and

— _ 5 o1 if m is even,
P(€Z2,€_mmod2)_{ (m2—1_1)_ 1, if m is odd,

Hence, for m even, we compute

EZs....Zm 1[5 0(G3) + "L (GY)]
< IE”(E:O) (G}) +P({ > 2,0 =m—1mod 2)(v(G}) — 15)
(€>2€—mmod2)( (G )+i)
= = ( ) e ~r((G’) 15)
+ o= m_l(( D+ 1)
—H(Gy) = (G’)

=(r m—1)v(G
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For m odd, we compute

EZs...Z s [ 0(G) + Pt0(GY))]

SP(L=0)(v(G)) + 55) + P(£ > 2,0 =m — 1 mod 2)(v(G}) — 55)
+P({ > 2,0 =mmod 2)(v(G}) + 15)

= s (v(GY) + 15 + 5 5 (0(GY) — 1p)
() (G + )

Hence, indeed 20,1 n41+ ™20 2011 < Up—1,n—1+1, s0 the top-left entry
of the matrix is a saddle point. O

From the proof of Theorem it follows that, for m and n large enough,
Um,n = %'Umfl,n+1 + mT_l’UmfanrL

Defining d, , = Ym,n — Um—1,n, and using the base cases written in the afore-
mentioned proof, one may readily compute values for v,, o = v(mHs) and
dim,0 = v(mHy) — v((m — 1) Hy). Some results are shown in Figure 8.2}

0.29

0.28 1
.
Z I\
£027
026 °, "

0.25

T T T T T
50 100 150 200 250

Figure 8.2: Values of d,, o for 10 < m < 250. The line y = 1 is drawn in red,
and points are given a color based on their index modulo 4.
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We see that, just like the clearly distinguishable subsequences daj, and daj+1
when looking at copies of H, we now find four decreasing subsequences,
converging from above to ;.

Theorem 8.3.6. We have

lim (v(mHs) —v((m —1)Hy)) = 1.

m—0oQ

Proof. For n € N, define the stochastic process Y'(n) by Y(0) =0, V(1) =1,
and, forn > 2,

Y(n) = 1+Y(n—-1) with probability £,
Y=Y 1+ Y(n-—2) with probability %=1,

n

The process Y (n) models the amount of copies of 1 obtained when starting play
from nH. Hence, E[Y,,] = v(nH) and, by Theoremm E[Y(n) —Y(n)] — 3
for any two copies Y, Y of the process.

Next, define X (m), A, Z;, fork = 2, ..., m,and £ as in the proof of Theorem

Define two copies of each process, X and X, and Y and Y, coupling them
through

V() =14 ZY(k—1)+ (1 - Zo)Y (k- 2)

and

Y(k) =14+ Z,Y(k—1)+ (1 - Z,)Y (k- 2),

and analogous definitions for X and X. We will prove that

lim E[Y(X(m)) + 1(A) — Y(X(m)) — 1(A)] =

m—r o0

=

First, note that, by the proof of Theorem m P(¢ = 0) = —- — 0, so that

1

also E[1(A) — 1(A)] = 0. Next, we consider the difference Y (k) — Y(k—1).1f
k=/(mod?2 thenY(k)="£+1+Y((—1)andY(k—1) = ==L + Y (- 1).
Ifk=¢—1mod2, thenY (k) = k*TH—i-l—l-Y(f—l)andf/(k’—l) e

1+ Y (¢ —1). Hence, we find that Y (k) — Y (k — 1) € {0, 1} for both cases, so
that

P(Y(n)—Y(n—1)=1)=E[Y(n) - Y(n—1)] =

1
3
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By similar reasoning, the same holds for X and X. Hence, we compute

Jim LY (X(m)) +1(4) = ¥/(X(m — 1)) ~ 1(A)
= lim E[Y(X(m)) ~ V(X (m — 1))
= lim_ (]E[Y(X(m)) “V(X(m—1))| X(m) - X(m—1) =1]

N =
_|_
o
N[ =

PN ST

The reasoning only holds if X (m),Y (m) — oo for m — oo, which is indeed
the case. O

For higher powers of 1, the difficulties encountered in the proof of Theo-
rem[8.3.5|become critical. While for Red-Blue Hackenbush, both players always
play on the highest power of 1, and this is also almost always true if only copies
of H and H; are available for Push, such pure Nash equilibria fail to exist for
higher powers of 1 in Push. This makes theoretical analysis difficult. However,
experimental results do support the conjecture that a statement along the lines

of Theorem holds in a more general sense.

8.4 Shove

We conclude with some preliminary results for the game of Shove. The combi-
natorial version is fully solved; the following result is from [2]].

Theorem 8.4.1. Consider a single strip of Shove G containing n pieces. Let p(i) be
the position of the i-th piece from the left of the strip, and let c(i) = 1 if the i-th piece
is blue and —1 otherwise. Let r(i) be the number of pieces to the right of the i-th piece
up to and including both pieces of the last color alternation, setting r(i) = 0 if the i-th
piece and all pieces to the right are of the same color. Then

p(7)
or(i) "

G:

%

c(i)

1

n
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For the synchronized version, we consider copies of the game

Ko =[_[s]+[s]5]-[s]s]

—_
n

which has combinatorial value 27" by Theorem For n = 1, the resulting
game is isomorphic to H, and therefore the same results hold. For n = 2, some
computational results are shown in Figure

0.40

0384 *

0.36

0.34 4

0.32 1

0.30

0.28 1

0.26

0.24 1

T T T T T T T T
5 10 15 20 25 30 35 40
n

Figure 8.3: The difference v(nK; — (n — 1)K3) for k = 3,...,42. Theliney = 1
is drawn in red, and points are given a color based on their index modulo 4.

Just like for higher powers of % in Push, copies of K, (and also K, for n > 2)
display non-deterministic Nash equilibria, making the analysis difficult. How-
ever, Figure[8.3|suggest that also for this game, a result similar to Theorem|8.3.6|
holds.



