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Foreword

In this thesis, I will discuss holographic strange metals and what happens in such a system when
translational symmetry is broken. This thesis is split along the middle into two distinct parts. In
chapters 1| through 3} I will give an overview of some of the theory and background as an intro-
duction on the topic, as well as an opportunity to provide some clarity on the specific systems and
conventions used. Chaptersthrough comprise three papers on which I have been an author re-
lated to aspects of transport and linear response phenomena that can be computed numerically in
holographic strange metals. Let the reader beware that due to the nature of the different projects,
this means that some information might seem duplicated between these chapters and the intro-
duction. This is mostly not the case, as progressive insights have refined and adapted our notations
and conventions over the years, and these sections are therefore kept as explicit as possible for the
sake of accuracy.






1. Theory of Condensed Matter

In the early 1900’s, the advent of the quantum revolution shone a new light on many of the open
problems of physics at the time. An especially relevant example for this thesis is the conduction
of electrons in metals. With the discovery of the electron at the end of the 19th century, Drude
proposed a simple model for the conduction of electrons through solids. In this model, resistivity
originates from a classical ideal gas of electrons scattering off each other like pinballs[s, 2. The
success of this theory was remarkable: both DC and AC electrical conductivity at room temper-
ature are well described. The failings of this theory on the other hand provided a great challenge
to the physics community. For example, transport properties at low temperature as well as heat
capacities do not agree with experimental results at all. The eventual resolution of these problems
have earned it its place as a starting point for modern physics education, as exemplified by its status
as the subject of the very first chapter of esteemed textbooks like Ashcroft & Mermin [3]). In itself,
it serves as an example of how the theory condensed matter physics has evolved over the past cen-
tury. In relation to this thesis it will form a convenient point of departure from which to develop
some of the ideas and challenges faced in condensed matter physics today, and how the the work
contained in this thesis attempts to tackle them. In particular, I will present the case for the use
of the holographic duality to study condensed matter systems, since some recent remarkable re-
sults from our research should attract the attention of the theoretical physics community at large
to investigate classes of problems that are largely out of reach of conventional condensed matter

physics theory.
1.I. Drude Transport

The Drude model of transport is a very straightforward textbook system, with which any physics
student should be familiar. The full theory, as well as the subtleties related to the Sommerfeld
improvements to the model, have been described in detail in many excellent resources[3]. The
Drude model departs from the assumption that in a piece of metal the current density of electrons

J flowing through it can be expressed by

-

J(t) =ned(t), (r1)

where 1 is the number density of carriers, e is the charge per carrier and ¥/ is the velocity of each
of the carriers. Assume now that an electron is scattered at a time ¢ = 0 somewhere in the metal
under the influence of a constant uniform electric field E. At that point in time, it acquires some
randomized velocity Uy due to the collision. After the collision, the electric field acts with a con-

stant force ' = eE on the electron, meaning that its velocity at a time ¢ after the collision is given
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by
ot g L
Ft Et
(t) = / th’ =Ty + . (r2)
0 m m
In order to get the macroscopic behaviour, we have to perform an average over all particles in the
system. It is assumed that this initial velocity ¥y is uniformly randomly distributed such that the

average value vanishes

(o) = 0. (13)
Hence this term drops out when taking the average
eET
5(t)) = — .
() = — (1.4)

The relaxation time 7 here is defined as the average time since a collision (¢) = 7. The classical
result for a constant (DC) electric field is then that

J=o0pckE = E7 (IS)
m

where o pc is the DC conductivity. At room temperature this prediction works well when putting
in estimates for number density and electron charge and mass.

?? ‘/f\‘
‘e ®'g

Figure 1.1.: The Drude model departs from considering classical pinballs moving randomly under
the influence of an electric field.

We can generalise the applied electric field to a general time-dependent force. In this case, we first

express the electrical current J in terms of the momentum P of the electrons by

J(t) = . (1.6)

Under the assumption that the electrons have some average scattering rate 7 and are subject to
some average force F'(t) due to oscillating fields, by considering the probability of scattering in a



1.1. Drude Transport

small time window dt and the effect of the force during that time, the differential equation gov-
erning the average momentum of the electrons can be written as
dP(t) Pt) =

7:—7"‘}7@) (1.7)

Important here is that in the absence of F(t), we get a damping of P(t), as the solution will go
like
P(t) = P(0)e™ /7. (1.8)

In other words, if the electrons are not being driven, their average momentum will decay exponen-
tially in time. The rate of the momentum relaxation will be intricately linked to the conductivity.
Assume for example that the field is being driven at a fixed frequency w, and that we are in a late-
time system where the momentum also oscillates with this same frequency. Going to frequency
space in equation , we can deduce that the frequency-dependent conductivity is given by

ne3r 1

o(w) = (r9)

m 1—iwr’
The real part of this forms a Lorentzian in frequency space centred at w = 0 with width 1/7.

In general, the presence of a Drude-like conductivity requires there to be a mechanism for momen-
tum to decay. If it does not decay, it would mean that it lives forever, and the relaxation time would
become infinite. As a result the conductivity would be infinite: all particles keep moving at ever
increasing speeds, forever accelerated by the electric field, as they are never scattered. That would
for example be the situation in the limit of a dilute Fermi gas in the Galilean continuum. In the
real world though, there are many mechanisms through which momentum can decay. This is for
example possible through Umklapp scattering, where an electron can dump a specific amount of
momentum into the lattice, as well as through interaction with disorder in the lattice. Overall lin-
ear momentum of the whole system is still conserved, but appears to decay in the purely electronic

part of the system. This is illustrated in ﬁgure

L.LI. Thermopower

As mentioned above, there are some areas where Drude theory does not work well, the ther-
mopower is one of these. Consider what happens when a temperature gradient is applied to an
electronic system. From elementary thermal physics, we know that electrons start moving from
the hotside towards the cold side as a result along the direction of heat flow. This creates an electric
field, as electrons are removed on the hot side and are transported to the cold side. We can define
the thermopower () as the ratio of induced electric field to temperature gradient [3]

E =QVT. (1.10)
If we assume for now to be in a one-dimensional wire with spatial coordinate x, we can find that
the average thermal velocity ¥, is given by [3]
1

Q=5 (v(z —v7) —v(z +v7)), ()



1. Theory of Condensed Matter

Figure 1.2.: Simple model showing Umklapp scattering for phonons. Through some process two
phonons with momenta El, Eg scatter to form a third phonon with El + Eg, but as
this is outside the first BZ this can be folded back by a lattice vector G, such that k  #

k1 + k2, meaning momentum gets lost.

or in other words, the average velocity that is induced by the temperature is given by the difference
in velocities of electrons to the left and right of the point . If there is a temperature gradient
ﬁT, these two velocities will be different, with the side with higher temperature having a greater
velocity than the side of lower temperature. The factor 1/2 comes in because roughly 1/2 of the
electrons will be moving in the +z direction and the other half in the —x direction. In a three-
dimensional material, this will essentially apply equally in all three dimensions, where after some
grinding of equations we can find that
d(v?) -

g = %%VT. (r12)
From equation above, we know that the electrons acquire an average velocity from the DC
electric field which is given by

eEt
Vg = ——.

m

(113)

In a steady state the overall velocity which is a sum of the thermal and electrical velocity must be
exactly zero, which means that
g + Ug = 0. (r.14)

Using the formulas above, the Drude model then predicts that () is given by

Cy

Q=- (115)

3ne’



1.2. Beyond Classical Theory

where ¢, is the heat capacity at constant volume. This seems like a reasonable classical estimate, and
one can wonder how this compares to real world physics. This is where the issues start: when one
takes the classical kinetic theory result that ¢, = 3nkp /2, this goes enormously wrong: the value
of the thermopower is overestimated by a factor 100 in electronic materials. The Drude model as
it is presented here offers a clear picture of a classical view of conductivity, where resistivity can be
phrased in terms of quantities like the collision time and the number density of charge carriers.
As hinted at by the introduction, it is quantum physics that comes to the rescue here, and the
resolutions of some of these issues are in a way a precursor to the issues that are faced in condensed
matter physics today.

1.2. Beyond Classical Theory

With the knowledge of today, one can make the educated guess that it is the classical assumptions
made in describing the electrons that are at the root of this problem. Instead, one should consider
the electrons to be identical quantum mechanical particles. Furthermore, it is rash to ignore all the
other interactions that are present in a real-world system, such as coulomb interactions between
the conduction electrons for example.

1.2.1. A Better Electron Gas

In the time that Drude wrote down his theory, there was no clear picture of what had to be used as
the distribution functions in the metals he was aiming to describe. Following arguments from ki-
netic theory, assuming an ideal classical gas of electrons would give rise to the Maxwell-Boltzmann
distribution, which for a gas of particles moving in one dimension can be written as

m 2
d —mv*/2kgT )
f(v) 11—1/72 3 e , (r16)

where kp is Boltzmann’s constant. At a fixed temperature, it is clear to see that the distribution
hasan e~ v’ behaviour, which supposes that the vast majority of velocities drawn from this distri-
bution will lie between v? = 0 and v? = 4kpT/m. The shape of this distribution function has
important consequences for some of the properties that we can compute about theoretical metals.
In particular, as we saw before, when Drude calculated the thermopower, the specific heat that is
found with this distribution is wrong by a very large factor. But if you suppose it must just be
some wrong factor in the thermal transport, seeing that the electrical transport worked well, then
it is all the more surprising that the Lorentz ratio between thermal and electrical conductivities as
found in the Wiedemann-Franz law [4] matched rather closely to experimental results. This turns
out to be a fortuitous coincidence, as we will soon see.

With the advent of quantum theory, it was realised that the Pauli exclusion principle must be ap-
plied to the electrons we are concerned with, as the underlying statistics that govern fermionic
particles are antisymmetric in nature. This has far-reaching consequences: we cannot have multi-
ple fermionic particles occupying the same state. Even in the ground state there are many fermions
pushed to higher energy modes. Any undergraduate will have seen how this leads to characteristic
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quantities that belong to a free electron gas, such as the Fermi energy and momentum and further
derived quantities such as Fermi velocity and temperature. I will just highlight the Fermi velocity
here: in a metal it turns out to be of the order of 1% the speed of light even at very low tempera-
tures. This is in stark contrast to what is expected for the Maxwell-Boltzmann result, as that finds
that the average thermal velocity would approach zero as the temperature approaches zero. At
room temperature, the Fermi velocity is around two orders of magnitude greater than the velocity
that Drude assumed in his original calculations.

For problems involving fermionic particles one should therefore not make use of the Maxwell-
Boltzmann, but rather the Fermi-Dirac distribution

1

fw)dv « (1.17)

e(v)—pg

b
e BT 41

where € is the energy and v is the speed of the electron. This distribution has distinctly different
features, especially the relationship with between v and . For € (v) < o, this exponential
is negligibly small and f(v)dv = 1. On the other side, when € (v) > po, the value of the
exponential is large and therefore f(v)dv is exponentially suppressed. The width of this transition
is set by the temperature, T'. For low temperature it is very abrupt, and for high temperature it
becomes much more gradual. This is shown in ﬁgure However, because the total integrated
number of states that is described by the distribution must be the same at both low and high
temperature, it must be spread out up to much higher velocities to account for all possible states.

frp(e€)
1.0r

- Low T
High T

0.5

0

Figure 1.3.: Difference between the low and high temperature behaviour of the Fermi-Dirac distri-
bution. At high temperature a significant number of states above the chemical poten-
tial are occupied, whereas in the zero-temperature limit the transition becomes a step
function.

Let us now revisit the matter of the thermopower as a good example, making only the simple
change of going from the Maxwell-Boltzmann distribution to the Fermi-Dirac distribution he
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resulting expression for the thermopower is now augmented by an extra factor %—FT, which in
many ordinary metals is of order 1072, which accounts for the factor that was missing from the
Drude calculation from before.[3] Regarding the Lorentz ratio, it turns out there was another fac-
tor 10~2 overestimation, namely in the specific heat, indeed coincidentally cancelling each other

out.

1.2.2. Towards Field Theory

This simple, semiclassical fix is a step in the right direction. One can wonder what happens
whether a full, honestly quantum-mechanical treatment of a free electron gas would be able to
capture all of the physics that is present in real metals. This is of course not the case: the interac-
tions that are neglected in the free electron gas play an important role. Even more so, at no point
in this discussion has the ionic lattice that makes up the metal itself been taken into account. This
adds even more complexity, not to mention the interplay between the dynamics of the two.

One of the first steps further is to go beyond the world of simple quantum mechanics, and enter
into a realm where it is possible to address more than just single particles. For example, if you
wish to write own a wave function in quantum mechanics to deal with more than one particle
that obeys fermionic statistics, you have to deal with fully anti-symmetrized wave functions. For
a small number of particles, say (a, b) in positions (1, 2), this is still tractable:

) = = (Jo(1))[62) ~ 601 a(2)) ). 019

Problems quickly arise when we need to deal with more particles: the number of terms will grow
as 2" particles. In a macroscopic piece of material there are on the order of n =~ O ( 1023) atoms

in the game. The resulting number of terms, 210 ¢ such an unimaginably huge number that
it will consist of O(10%2) digits. In terms of computer bits, this corresponds to about as much
digital data as exists in the entire world, and that is only to write down the number of states itself
- let alone writing down any of the individual states. To say that it is not a number that can easily
be handled is understating it. A further problem is that quantum mechanics is not often very well
equipped to deal with a non-fixed number of particles. A differentapproach is clearly needed. The
answer comes in terms of field theory, where instead of single-particle degrees of freedom, we are
instead dealing with a continuum of degrees of freedom, where we can think of the elementary
low-level excitations as ‘particles’. I will not discuss the beauty and many subtleties of (quantum)

field theory here.[s]

"This requires some justification. Modifying only the probability distribution is only a part of the story if you are to
do a proper quantum treatment. Quantum mechanics itself needs to somehow be included: this is nothing more
than ‘classical pinballs’ but with a different velocity distribution. This semiclassical approach does give some satisfying
results, and is sometimes good enough to get a decent theoretical prediction. A more detailed discussion can be found

in [3].
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1.3. (Broken) Symmetry

One of the central tenets in the description of physical systems is the concept of symmetry and
what happens when symmetries are broken. It is an immensely powerful principle, not merely
simplifying some mathematical expressions, but allowing us to disentangle the physical character-
istics of a system into distinct components that are governed by different principles, separated by
their symmetries, and the (conserved) quantities that are associated with each of them.

1.3.1. Noether’s Theorem

Noether’s theorem is perhaps one of the most famous ways in which symmetry manifests itself.
For a classical system, Noether’s theorem states that continuous symmetries of the Lagrangian
of a system correspond to conserved quantities. That is, if we can make a transformation in the
system that leaves the Lagrangian unchanged, there must be some sort of conserved quantity as-
sociate with that transformation. This has some well-known results associated with it, such as
time-translational invariance being responsible for conservation of energy, spatial translational in-
variance providing conservation of momentum, and rotational invariance corresponding to the
conservation of angular momentum.[6]

In classical field theory, the idea is analogous, only instead of conserved quantities, we get conserved
currents. If we consider a Lagrangian in 4 dimensions that does not explicitly depend on the space-
time coordinates z*, then the symmetry is encoded in the conservation of the stress-energy tensor
TH¥ which can be evaluated as

v o ag sV
T# — <W> a#gb 5#. (1.19)

The conservation of energy and momentum can then be expressed as
v o__
0,T,” =0. (1.20)

For quantum field theories, the situation is again very similar, and the role of Noether’s theorem
is played by the Ward identities in the theory. [s]

r.3.2. Landau Theory and Symmetry Breaking

While it is important to be able to idenfity conserved quantities, it is when symmetries are broken
that things get really interesting. This is clearly seen in Landau theory. [7] Without going into any
microscopic details of any theory we are dealing with, not making any reference to what physics
governs these microscopics, we will depart from a simple model with a free energy given some
scalar order parameter ¢. For the sake of simplicity, let us only take temperature as an external
parameter.

F(T,¢) = A(T)¢* + B(T)p*. (1.21)

The coefficients A, B are the ones that now fully determine the behaviour of this system. The
form of equation dictates that there will always be a local extremum at F(0) = 0. We will
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always take B > 0 here, such that the free energy is at least bounded from below. The interesting
partis fully dependent on A. Schematically, there are two distinct regimes for what this free energy

may look like, see ﬁgure

7 A(T) > 0

A(T) <0

Figure 1.4.: The free energy for the two different scenarios for A(T'). For A(T") < 0, two minima
are present away where ¢ # 0, while there is a local maximum at ¢ = 0.

If we depart from the phase where A(T) > 0, then ¢ = 0 is the minimum of the free energy and
the system will have that as its ground state. Imagine now that lowering the temperature changes
the sign of A(T') to be negative. When A(T") < 0, there will always be some range of values of ¢
where

F(p #0) < F(0), (1.22)

which means that a phase exists with a non-zero order parameter which is at a lower free energy
compared to F (¢ = 0). In this particular example, the minima exist at

-4

55 (r.23)
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Therefore, the system will undergo a phase transition to a new phase where the order parameter
( takes on the value that minimizes F. But that is not the whole story. From the explicit form of
the model, it is clear to see that there is a manifest symmetry under the transformation ¢ — —¢.
This means that there is a priori no preference for the system to end up the minimum at ¢ over
the one at ¢_ and vice versa. In the end, the system will, by some process or another, pick one of
the two spontaneousl This is the essence of spontaneous symmetry breaking: the free energy
preserves in this case the Zy symmetry of the order parameter ¢ — —¢. Without imposing
a preference of one over the other the system will nonetheless end up in a state that breaks this
symmetry spontaneously.

*One could argue that no matter the system, at some point even Heisenberg’s uncertainty principle will always bring the
system out of the unstable maximum at p = 0.
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1.3.3. Continuous Spontaneous Symmetry Breaking

The example above is the prototypical example of discrete spontaneous symmetry breaking. The
concept of spontaneous symmetry breaking becomes even more physically interesting if the sym-
metry that relates the equivalent states is continuous. The standard example for this is the complex
order parameter ¢, with a similar (real-valued) free energy to equation (r.21):

F(¢) = alg|> +blg|*. (.24)

The system depends only on the magnitude of the scalar ¢. Again we assume that the constant b
in front of the highest-power term of ¢ is always positive. For a > 0 there is a stable minimum
at = 0, butfora < 0, the pointat ¢ = 0 becomes an unstable maximum, as illustrated in
figure We can take advantage of the symmetry and write the complex scalar in terms of its
magnitude and phase

¢ = |¢|exp(if). (r25)
We can see that the value of the free energy is independent of the phase 6 of the scalar. In ﬁgure

this means that there is now a circle at finite magnitude of ¢ that minimizes the free energy, there
isa continuous U (1) symmetry between all these states.

ol
—0.5
7 (¢)
17 1
-1 0
0
-1
1 Im ¢
Re ¢
Figure 1.5.: Mexican hat potential fora = —2,b = 1.

The theory will have to pick some particular value of the phase 6 to settle in, for which there is no
particular preferential value. Here Goldstone’s theorem comes into play. [8] This theorem states
that for every generator of a continuous symmetry that is spontaneously broken, an extra massless
scalar particle is added to the spectrum of the theory, the so-called Goldstone boson. These Gold-
stone bosons pop up in many places, the most important for our purposes is in crystalline solids.
One can regard there the existence of the crystal lattice as a spontaneous symmetry breaking of

10
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translationally invariant, isotropic, homogeneous space-time. The Goldstone bosons that pop up
there we know more commonly as the phonons of the lattice.

Instead of spontaneous symmetry breaking, a theory can also be subject to explicit symmetry
breaking. For example, one can start with a free-particle Hamiltonian, which is translationally
invariant, and then add a periodic potential term to it. This modifies the theory, but now it is not
only the states of the theory themselves that will break some symmetry: it is the Hamiltonian itself
that is no longer translationally invariant. There is not such a neat theorem relating explicit sym-
metry breaking to appearing particles like there is for spontaneous symmetry breaking, but they
can conspire and give rise to different effects. 9] For example, a symmetry is both spontaneously
and explicitly broken, the boson that is generated by the spontaneous symmetry breaking now
acquires a finite mass.

I.4. Superconductivity

All of the ideas discussed before come together in the theory describing superconductors. In su-
petfluids, a global U (1) symmetry is sponteneously broken. Superconductors are in a way similar,
but there it is the U (1) gauge redundancy that is broke sponanteously. The first superconduc-
tors were discovered by Heike Kamerlingh Onnes at Leiden at the start of the twentieth century,
and the subject and its related puzzles continue to bring new and interesting questions more than
a century later.[ro] At first superconductivity had been observed only at temperatures very close
to zero Kelvin. Advances towards the end of the 20th century saw the advent of the high-T, super-
conductors, which in the 1980’s and 1990’s pushed the maximum temperature of the supercon-
ducting transition up from O(10) Kelvin into the much more accessible cooling range of liquid
nitrogen through ceramic compounds such as Lanthanum-Strontium-Copper-Oxides (LSCO)
and Bismuth-Strontium-Calcium-Copper-Oxides (BSCCO). [x1Hss)]

1.4.1. BCS Theory

In the first decades after the discovery of superconductivity, as it was found to be present in more
and more materials, a theoretical explanation for the phenomenon was still sorely lacking. The
very first microscopic theory came due to Bardeen, Cooper and Schrieffer.[16] Their insight was
that an attractive interaction between fermions on other sides of the Fermi surface, no matter how
small, has the effect of pair formation into what are now known as Cooper pairsl manner of
methods have since been developed to understand the physics of BCS theory, and for a concise
introduction I will defer to reference [17].

3Which is again subtle and different from symmetry breaking as discussed before, as this generates massive bosons out of
the photons rather than introduce new massless degrees of freedom. Regardless, symmetry breaking is still a key player
here.

+The nature of the attractive interaction is one that for many intents and purposes can be left somewhat undetermined
for quite a long time when considering BCS theory. One of the more conventional options is to consider the (screened)
coulomb interaction in the solid in the presence of phonons. This can then be treated in perturbation theory to get
to an effective interaction, which can be attractive. There is also the method of canonical transformations, which is
described in detail in [18].

II
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Another interesting aspect of BCS theory is the ground state that is assumed by the theory. In
terms of creation, this is often written as

[Wpcs) ox H (uk + UkCIZTC]L]w> |0) . (1.26)
k

Here uy;, vy, are some complex parameters, whose magnitudes must add to unity. This is a surpris-
ingly simple waveform —instead of a complicated mixture of creation and annihilation operators
concerning many different pairings on the Fermi surface, it turns out that the BCS state in mo-
mentum space is just a simple product state of pairs of created fermions. The importance of this
statement will become clear later.

1.4.2. Challenges in Superconductivity

The BCS theory of superconductivity briefly displayed above works well for some compounds.
Eliashberg theory, which in some sense can be seen as an extension of BCS theory in which retar-
dation effects and dynamical interactions have been taken into account, works especially well for
e.g. elemental superconductors. [r9—21] One of the fundamental points of BCS superconductors
is that the only symmetry that is broken is the U (1) gauge symmetry, where the superconductor
globally picks an (unobservable) phase spontaneously. The resulting order parameter is therefore
highly symmetric. This preservation of symmetry is far from universal. In many systems of su-
perconductors, additional symmetries are observed to be broken, and the symmetry of the pair-
ing interaction can take the form of p-, d- or even f-wave symmetries. BCS theory is simply not
equipped to deal with these more complicated symmetry breaking patterns. For example in the
case of cuprate superconductors, iron pnictides, and many others, BCS theory simply fails.[21-
23| These superconductors where the pairing interaction is not of BCS type are therefore known
in general as unconventional superconductors.

Another commonl appearing characteristic in these unconventional superconductors is that it
appears the correlations that appear in them are strong, much stronger than might be expected.
Cuprate superconductors, especially those that are doped with holes, display this characteris-
tic.[24] Some of these cuprate compounds have transition temperatures that exceed 100 Kelvin
—much more than could ever be expected from a BCS superconductor. [25] One of the biggest
outstanding questions in condensed matter theory exactly concerns describing the high tempera-
ture superconductors, and finding out why the temperature of their transition is so high. Many
attempts have been made, but ultimately none so far have passed all the tests required in order
to be accepted as ‘the’ theory of high-temperature superconductivity. [26, 27] But in spite of the
attention it has received, it is perhaps not the most burning question in the cuprates from a
fundamental physics point of view.

1.4.3. Hole Doped Cuprates

In the past decades, more than 200 different cuprate superconducting compounds have been iden-
tified.[28] What they have in common is their general crystal structure, which consists of one or

SBut not necessarily.
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more copper-oxide planes stacked on top of one another separated by layers of other atoms, such
as Bismuth, Yttrium, Strontium, Calcium and more. In their undoped state, many of them fall
into the category of Mott Insulators. In a quick-and-dirty classical way, Mott Insulators can be
thought of as a material where the electrons in the conduction band get stopped in a ‘traffic jam’
due to strong lattice forces. The real story is of course rather more complex, but for present pur-
poses it will suffice, and indeed strong potentials are the name of the game in the cuprates.[29] A
whole world of phases opens up when these materials are doped, for example by changing the oxy-
gen content, or by substitution of elements. Both the electron-doped and the hole-doped regions
of the phase diagram are host to a plethora of interesting physical phenomena going on; we will
be focused here solely on the hole-doped side. [28}30]

While the details of all the different non-stoichiometric compounds created in this way are of
course different, the phase diagram that can be mapped out of them follows some very general
trends. This phase diagram, which is presented schematically in ﬁgure contains much more
than just Mott Insulators. In fact, although it is ‘unconventional’, the d-wave superconductor at
the bottom is perhaps one of the least mysterious parts of this diagram, and it is rather the rest
of the diagram that deserves much more attention. First of all, the Mott Insulator forms an anti-
ferromagnetic state at small hole and electron doping, persisting up to a doping of a few percent.
The superconductivity is only present at rather high doping, and is only truly ‘high 7%’ in a some-
what small doping range around its maximum, the point of optimal doping. On the left of the
superconducting dome is located the pseudogap phase.[31] This phase is rather mysterious and its
transition temperature is rather hard to pin down exactly.[32] What can be said about it is that
many of the different experimental techniques that are available, starting with nuclear magnetic
resonance spectroscopy, have now confirmed that parts of the Fermi surface appear to become
gapped far above the superconducting transition temperature. [21, 33] On the very highly doped
side of the phase diagram, the situation becomes somewhat boring, and the materials return to
being ordinary metals.

Many of the most interesting puzzles in the cuprates come together right in the centre wedge of
the phase diagram, where strange metal phase resides.

1.s. Strange Metals

The strange metal has earned its name because it is quite literally a metal that behaving in a strange
way. This normal-state region of the cuprate superconductors is really anything but that, and has
several properties that display this general strangeness. The first and perhaps most striking charac-
teristic is found in the in-plane resistivityﬂ which near optimal doping above the superconducting
transition scales linearly with temperature [36/38]

Pab ~ po + b1 (127)

6The residual resistivity at zero temperature, indicated by pg is not generically zero, but there are some systems where it
does appear to vanish. [35] Rather, it is the constant linear slope that marks the linear-in-7" behaviour.
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Figure 1.6.: Schematic phase diagram of cuprate superconductors on the hole-doped side. At
zero doping the Mott insulator state is located. The pseudogap phase persists some-
times up to room temperature at low doping. When the doping is less than the
optimal doping pPop:, this is referred to as underdoped, more doping is called over-
doped. There is much that is not shown in this figure, such as possible charge
density wave orderings and other phenomena.[34] T, T, Ty are the pseudogap,
superconducting transition, and Neél temperatures respectively. This picture has
been edited fromhttps://commons.wikimedia.org/wiki/File:Cuprates_
phasedigagram_en.svgunder the CC BY-SA 3.0 license.

This was seen already quite early on in the cuprate superconductors [39) 40]In some cases, this
linear-in-temperature regime extends to far above room temperature. There are several reasons
why this is interesting. First of all, the linear-in-1" behaviour is not what is expected from a metal-
lic phase: going by standard Landau Fermi Liquid theory, one expects the resistivity to instead
scale as T2 at low temperatures.[41] One typically expects the resistivity to saturate at a finite tem-
perature, to what is called the Mott-Ioffe-Regel limit. [42] Another strange feature is that many of
the cuprates blow right through that limit. The compound is still metallic, but conducts much
worse than should be expected, hence this is often called ‘bad metallic’ behaviour.

This is only the start of the conundrum of the strange metal. This linear-in-T"behaviour persisting
over such a large range of temperature is an indication that there should be some very strong,
universal principle underlying the physics of these systems. At the heart of this seems to be the
hint that electronic interactions in the cuprates are strong, so strong that traditional perturbative
methods are not able to capture the physics of these systems adequately. This is most sharply seen
in the lack of quasiparticles, which seem to disappear in the strange metal, as well as the Hall angle,

7It is important to recognise that the ‘goodness’ of the linear-in-T" resistivity does depend on doping, and it is very near
optimal doping that the best linearity is often observed.[40]
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does not behave as expected in a quasiparicle Fermi liquid. [43-47]

There is some evidence that right in the middle of the superconducting dome, at zero temper-
ature, there is located a quantum critical point.[48] The scale invariance that is generated from
the quantum phase transition, along with the suggestive characteristic wedge-shape of the strange
metal region, seem to suggest that the strange metal might have some underlying quantum crit-
icality. The nature of a possible quantum critical point is still a matter of debate in the physics
community, as it is not sure what is actually happening at this point, and there is no good theory
of what the order parameter might be that is undergoing the phase transition.[43, 49] The very
high temperatures up to which the strange metal regime extends are also at odds with the idea of
a single quantum critical point as the reason for all the strange behaviour.

Regardless of whether the quantum critical point actually exists, there are indications that there
is some kind of quantum critical behaviour is going on. For example, measurements of the dy-
namic charge response X"/ (¢, w) seem to suggest that there is a special kind of quantum critical
behaviour going on that completely decouples the spatial from the temporal dynamics.[so] The
optical conductivity also shows interesting behaviour. Optical measurements show that there ap-
pears to be a very good Drude-like response at low frequency. One can describe a Drude response
in terms of a width and a momentum relaxation rate. The Drude weight appears to be remarkably
temperature-independent, but the Drude width appears to be set by some universal ‘Planckian’
time scale[st} /52

h
T = AkBiT, (1.2.8)
where A is some O(1) prefactor. In the typical Drude formula,

2

(w) = —2 (1.29)
o(w) = —— 1.29
1 —gwr’
in the DC limitw — 0, we recover that the resistivity goes as
1
~ (1.30)
oT

The Drude weight wg, which is related to carrier density, is constant at low temperature and the
relaxation time 7 ~ T~ ! (or equivalently, relaxation rate I' ~ T'). Together, this makes a very
straightforward way to make the resistivity go linearly with temperature, p ~ T'. This is just
a set of observations though, and there is currently no good theory that unifies and explains all
observations in a coherent way.

r.5s.I. Strong Coupling Issues and the Fermion Sign Problem

The strange metal puts current state-of-the-art condensed matter theory on the spot. We require
a theory where we do not think in that well-ingrained notion of quasiparticles that we as physi-
cists are so familiar with, as the perturbative treatment that they are built on does not work in
the presence of strong coupling. Common theories like the regular Fermi liquid, which works so
well in normal metals, simply do not apply. The strange metal and in strongly correlated electron
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1. Theory of Condensed Matter

systems are simply put obscured by their eponymous strong electonic couplings. If the couplings
are weak, typically some kind of perturbation theory can be used, where the coupling strength X is
a small parameter. There are some ways of investigating strong coupling theories, and the strong
interaction of hadrons has long provided a reason for high-energy theorists to try to explore it, but
there is no good way of treating strongly coupled condensed matter systems in general. We will

explain why.

So what can be done in order to describe the strange metal, if not analytically then at least numer-
ically? One of the problems mentioned in sectionwas the size of the Hilbert space, which
grows exponentially with the number of particles in the system. After all, Moore’s Law predicts
an exponential increase of our computing capabilities, and has been working well for decades now.
One might hazard a guess that we are getting to a point of just letting the largest computers in the
world loose on the problem and simply brute forcing an answer numerically.

Sadly, this is just a pipe dream. For example, the two-dimensional Hubbard model has often been
proposed as the number one model that will with enough long-range hoppings be able to capture
the relevant physics. In a Monte-Carlo setting at finite dopin each of the configurations that
needs to be considered carries with it an overall sign, depending on the exact realisation of the spins
of the electrons in the system. The problem comes from the fact that to calculate an observable,
one must average over a number of conﬁgurations. However, in order to get good statistics in
a Monte-Carlo problem, observables need to be computed as an average of many configurations.
The problem here is then that the number of configurations needed get to get acceptable error bars
on the observables increases exponentially when going to lower temperature.[s3] This growth is
so fast, that it is simply impossible to make a large enough system.

Other approaches run into similar issues. Take for example the tensor networks, and DMRG in
particular. [s4}|ss] Instead of having to deal with the entire Hilbert space, they rely on methods

to somehow reduce the big 210% Hilbert space down to the realm of what computers can handle.
This is typically done by using some heuristic to decide on a number of states to keep. For some
theories, this is easy. If the theory is gapped somewhere, it is safe to assume that the dynamics
relevant to the ground state will not involve states above the gap scale.[s4] This does not apply in
the strange metal though. In the end, all numerical approaches always have to face that the number
of states the Hilbert space needs to be reduced. In conventional, weakly coupled systems we can
make some assumptions about entanglement for example, namely, that the ground state will take
on some simple, product-state like form. This often works, and when thinking in terms of tensor
networks this allows us to write the state as a product of complex matrices at different sites, each
of which have some size x called the bond dimension. It turns out the bond dimension can be
interpreted to tell a lot about entanglement in the system. If a system has no entanglement at all,
itis just a pure product of complex numbers (matrices of size Y = 1) at the different sites, and it is
only necessary to keep a minuscule part of the complete Hilbert space available for the lowest lying
excited states. With increased entanglement, the size of the matrices that are needed to describe the
entire state grows exponentially. Eventually, when the state is maximally entangled, we need again
to take into accountalarge part of the Hilbert space. In the doped Hubbard model, it can be shown

8In the particle-hole symmetric case the problem is sign-free, however that is a well-known and well-studied case. This
lucky simplification is not however true away from the exact symmetric point.
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thatone does need to keep a very large amount of states in the matrices in order to get reliable results
- supporting the idea that dense entanglement can play a vital role in understanding the physics of
this.[s6] Therefore, it seems reasonable to want to be able to deal with densely entangled systems
if one really wishes to describe the strange metal.

1.6. New Territory

The conclusions drawn from the previous section should all point in one direction. If we want
to be able to describe the physics of the strange metal, we must deal with dense entanglement,
strong correlations, strong lattice potentials, local quantum criticality and more, perhaps all at
once, while not running into exponentially difficult computations.

From the unlikely realms of string theory and quantum gravity comes here a brilliant surprise:
a duality that allows us to consider and compute theories at strong coupling, densely entangled,
without running into fermion sign problems or exponentially large Hilbert spaces, where all the
information is neatly encoded in black holes and curved space-times. This ‘holographic duality’
is at the very core of this thesis; it is using holography that all are computed and interpreted. In
chapter 2, we will take a closer look at what this holographic duality encompasses and to what effect
it has been used in this thesis. Chapter 3 will mainly focus on the definitions and conventions that
are being used in the holographic lattices that are used throughout the thesis, and will outline the
numerical procedures used to compute them.

The rest of the chapters will use and explore the holographic lattices in several different ways.
Chapterwill deal with holographic probe fermions. By solving the Dirac equation in curved
space-time, it is possible to compute the spectral function of strongly coupled fermions in the
presence of very strong translational symmetry breaking. This indeed seems like it would have im-
mediate connections to the properties of fermions in for example cuprate strange metals, where
experiments like angle-resolved photoemission can measure this spectral function, however there
are some important caveats, which will be discussed.

Chapteris arather technical chapter, but one that has played an important part, as it is concerns
a realisation that we had made that many groups that use the so-called Gubser-Rocha model mis-
interpret or overlook certain aspects of the model, especially in relation to the thermodynamical
quantities that can be derived from this model. Furthermore, a correct interpretation of the model
involving an exactly marginal scalar is convenient for use in the final chapter.

The most central paper of this thesis is chapter In it, the Gubser-Rocha model for the holo-
graphic strange metal is subjected to both a 1D and 2D ionic lattices, with a wide range of lattice
strengths. We then look at AC electrical and DC thermoelectrical conductivities to explore the
precise mechanisms of transport in these lattices. Some highly intriguing results will be shown,
including but not limited to a linear-in-temperature resistivity, the experimentally observed mid-
infrared peaks in the optical conductivity, and a resistivity that appears to saturate to a relaxation
rate set by a Planckian timescale.

Together, these chapters will form a succinct overview of uses of the holographic duality with an
eye towards condensed matter physics and the strange metal.
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2. AdS/CFT: The Holographic Duality

2.1. History of AdS/CFT

The AdS/CFT correspondence (also often called the holographic duality) has its roots in string
theory and the search for a theory of quantum gravity. The holographic principle, formulated by
‘t Hooft and refined by Susskind, made the identification between the informatimﬂ contained in
avolume of space-time, and their encoding on its boundary.[s7}/s8] The big discovery that turned
everybody’s heads was the discovery of the AdS/CFT correspondence by Maldacena [s9]. The
correspondence was hinted at by the similarity in symmetry structure between certain string theory
models and supersymmetric Yang-Mills (SYM) theories in one lower dimension. To be precise,
Maldacena initially formulated the correspondence between a type IIB string theory living on an
AdSs x S® space-time and an N = 4, U(N) SYM theory living in one less dimension. That
explains the reason for the name ‘AdS-CFT": itis a duality between on one side string theory, which
can have classical gravity as its low-energy limit, on a space-time with negative curvature, so-called
Anti-De Sitter space, and on the other side a conformal field theory. I will not go into details
of either string theory or conformal field theory in this work, but there are many resources out
there that discuss both in considerable depth, ranging from pedagogical introductions to reference
works. [60-64]

The discovery of the correspondence triggered a major response in the string theory community,
and it is commonly included as part of the second revolution in the field of string theory. It un-
earthed a deep connection between gravitational theories and conformal field theory. Soon after
the discovery, it was found that there were other examples of theories where there exists such a dual-
ity.[65}/66] These all have their own specific details, such as the geometry and type of string theory,
as well as the type of conformal field theory, but they all follow a very similar spirit of duality.

2.L.1. A More General Statement of the Duality

The statement of the duality for a general holographic correspondence is deceptively simple, and
was made precise by Gubser, Polyakov, Klebanov and Witten [67]. Imagine a pair of theories be-
tween which the duality applies. One is the ‘gravitational’ side, where the string theory lives on
some form of space-time with negative curvature. A technical aspect of those space-times is that
they all have a boundary. The other theory is a (conformal) quantum field theory with one less

"This uses the very abstract notion of ‘information’ as used in the field of information theory. It can be thought of as
essentially ‘degrees of freedom” of some kind.
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dimension than the gravitational theory. The conformal field theory, like all quantum field theo-
ries, has all of its information contained in its generating functional. In this generating functional,
we have the operators O; that are present in the theory, coupled to their respective sources j;. As
such, the generating functional contains enough information to compute all n-point correlators
in the theory by taking functional field derivatives with respect to the sources. We will denote this
functional as Zgpr[j;]. On the other hand, we have a gravitational theory which is coupled to
extra fields ¢;, with boundary values j;, and an associated partition function Z[¢;] | Sisii” Then

the duality states that
Zorrliil = Z[¢i]

(2.1)

In other words, using the duality one way can encode for and compute operators in the quan-
tum field theory by having fields in the gravitational theory with the correct boundary behaviour.
Applying the duality the other way, which says we can understand the gravitational side by doing
computations in conformal field theory, is less relevant for the purposes of this thesis. This state-

bi—Ji’

ment is incredibly deep, and allows for investigation both ways. It is possible to learn more about
the QFT side by doing computations in the string theory side, but also the other way around.
However, we are now struck with the problem that the theories specified on either side are far
from easy to work with. A good example is the fields in the field theory: in the canonical example
of N = 4 SYM, the number of fields in the theory IV is very large. Making any computation can
be difficult, and how do we know to couple fields for these into the gravitational theory? The du-
ality luckily has a way to simplify this in a way that is also useful for the purposes of our condensed
matter aspirations.

2.1.2. Limits of the Duality

Crucial in the simplification that we desire is the fact that this duality is a weak-strong duality. This
is evident when computing exactly which limits can be taken in terms of coupling strengths and
numbers of degrees of freedom. [62] Since the string theory on the AdS side is hard to formulate
and even harder to compute anything with, we would like to make use of its low energy limit,
which is simpler. Let us take here the canonical example of AdS/CFT, to be precise the one where
N = 4 SYM theory with gauge group SU(N) and coupling gyas.[s9]] This is dual to type IIB
string theory with string length [, and coupling g5, which lives on AdSs X 5% with AdS radius
L and N units ofF(5) flux on S2.[61,/62] There duality maps the parameters gyps and N to the
parameters g and L/l on the string theory side, via[62]

G = 27gs 208y N =2\ = L4/l§, (2.2)

where we have defined A as the ’t Hooft coupling g3 N. The way we want to use the duality is
to be able to compute things on the gravity side, which we then want to be able to interpret on
the CFT side through the duality. For this, we want to get rid of as much stringiness as possible, as
loop corrections and string couplings make our lives difficult here. In order to accomplish this, we
will want the string coupling gs — 0, while having the length of the strings to be inconsequential
compared to the AdS radius, such that L*/ lé — 00. Equation then tells us that here we
want to take g%, — 0, while simultaneously A = g%, N — oc. In other words, for the gravity
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to be classica we need to be in the limit of infinitely strong ’t Hooft coupling. This shows that
the duality is of the weak-strong nature: in order to be weakly coupled on the gravitational side,
we end up in the limit of matrix large-V in the CFT.[[61] This will turn out to be both a blessing
and a curse: by going to the classical limit on the gravitational side, we are able to actually perform
the computations required to explore extremely strongly coupled systems that are normally far
out of reach of ordinary perturbative treatments on classical (though high-power) computers. For
condensed matter physics, the presence of large-IV spoils a lot of the fun, because this is never
physically realised in any real world system and any significant claims will always have to be taken
with the grain of salt that there could be significant corrections stemming from an expansion in
1/N. For the rest of this work, we will stay in the large-/V limit. This is in a sense the ‘weakest’
form of the duality from the sense that we get the easiest to handle gravitational physics, at the cost
of only being able access a very restricted parameter space in the conformal field theory.

2.2. Renormalization Group and Geometry

Perhaps of greatest interest from a condensed matter perspective is the way that the Renormal-
ization Group (RG) flow manifests itself. Dating back to the 1950’s, the idea of the RG and RG
flow was formulated from the desire to look at the physics of systems at different energy scales. 68,
69| The canonical way of thinking about renormalization in field theory is through the idea of a
beta function. One considers a coupling constant g and looks at the properties of that coupling
constant at different energy scales /1. When the energy scale is decreased, and more and more of the
higher-energy modes of the theory are thrown out, the effective coupling strength of the theory
changes. This is what the beta function of the theory encodes, and this can be stated as

ua’;)(:) — Blo(u)). (23)

When B() = 0, the scale transformation has no effect on the coupling strength and the theory
is said to be scale-invariant. The magic now happens when we take a certain theory, and consider
a series of copies of this theory, each evaluated at a slightly different, ever lower energy scale f.
The parameter p then tells us at each point along its evolution how the physics of the theory be-
haves. We can imagine this now as an extra dimension of the theory: in essence we are adding a
new ‘energy scale’ coordinate to the space-time of our theory and we can track how it evolves.
The realisation was made that this maps neatly to holographic physics, where the boundary rep-
resents the original theory. The theory living at the boundary is commonly called the ultraviolet
(UV) theory: no degrees of freedom have been integrated out yet, and it contains all the micro-
scopics. Going deeper into the interior of this space-time, renormalization effects start to kick in,
and the deeper you enter into the ‘bulk’ of the geometry, the more you let the RG flow continue
into the infra-red (IR) of the theory. Taking the example of the CFT, we know that in a CFT we
must have 5(p) = 0, as conformal field theories by have scale invariance as one of their defining

*Here the low-energy limit is technically supergravity, but in the setups we use we only have classical Einstein gravity,
without supersymmetry.
3This is not an exact ‘energy’ dimension, but thinking about it proves to be enlightening in many respects, e.g. in sec-

tion
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properties. The bulk geometry must therefore reflect the same scale invariance, which turns out to
be manifestly true for empty AdS space-time. The mathematics are of course more involved, but
these statements together with the requirement of having a ‘boundary’ for the space-time quite

naturally leads to an AdS-like space-time. This is schematically represented in ﬁgure

This consideration of RG flow brings to light the important aspect that, in a sense, what the
AdS/CFT correspondence is doing is geometrizing the RG flow of the quantum field theory into
a dynamical gravitational bulk, which is sometimes abbreviated in the statement [61]

RG = GR. (2-4)

This provides a compelling reason to use the holographic duality: in physics, we are often inter-
ested in low-energy excitations that come from some microscopically detailed theory. The details
of how to map microscopics to low-energy excitations is highly non-trivial. RG is one of the canon-
ical ways to get the low-energy physics. These can prove to be very complicated, and there are a lot
of limitating factors to their applicability, such as strong coupling and dense entanglement in gen-
eral.[70] Holography turns the game on its head here. The RG scale is a fundamental dimension
of the space-time, and once a black hole solution has been found, we can interpret what the RG is
doing in the field theory simply by looking to a different radial slice of the bulk space-time, overall

amuch more straightforward affair.

Bulk AdSy,1

Horizon

IR

RG Flow g

Figure 2.1.: The AdS space-time can be constructed by an RG flow, where each value of 1 is a
successive point in the flow.

2.2.1. Finite Temperature
Any real condensed matter system exists at finite temperature, simply by the third law of thermody-

namics. This has to be taken into account when doing computations and one must be concerned
with finite temperature field theory in order to make accurate predictions. This is in general quite
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tricky again, and once more holography offers a convenient way out. In the bulk space-time, we
can encode for a finite temperature field theory by placing a non-extremal black hole in the centre
of the space time. This modifies things. For example, the bulk scale invariance that was present
in the otherwise empty AdS space-time now no longer applies, as it is definitely possible to tell
how close to the black hole you are. This results in some more non-trivial RG flow. The resulting
flow is also rather pleasing: the black hole horizon turns out to correspond to a new infrared fixed
point in the RG flow, where the physics of the original theory have indeed been changed from
the ultraviolet scale invariant physics.[61] What is even more impressive is that these black holes
can encode not only for temperature, but they can also carry different charges, such as electric and
magnetic charge, which are crucial to condensed matter physics as they give rise to finite density
and magnetic fields in the boundary theory. This thesis always operates at finite temperature, and
therefore there will always be a non-extremal black hole of some type present in the centre of the
bulk space-time that is being considered.

2.3. GPKW Dictionary

Now let us look at some specific examples, as the summary so far sounds intriguing, but it is not
yet a useful apparatus that can be used for performing computations. The interpretation and
use of many of the ingredients is expressed in what is commonly referred to as the dictionary,
which translates quantities between the boundary field theory and gravity sides of the duality. This
dictionary is named after Gubser, Polyakov, Klebanov and Witten. [67] Rather than just stating the
results, some of the results deserve a bit more attention.

2.3.1. Fields and Scaling Dimensions

Suppose we are in the large-/V limit, where we should be able to use classical gravity in the bulk
geometry without quantum corrections as a dual to the field theory. If we have a single field ¢
that we want to have include in the holographic dual, we have to find the solution to the Einstein
equations of motion of that field, under the condition that its boundary value

¢|de _>jiu (2’5)

as described above in section To set things up, let us first look at the space-time itself. [71} 72]
We want to have a solution to Einstein’s equations, which can be derived by doing a functional
variation with respect to the curved metric from Einstein-Hilbert action

d(d+1)

S / 442y =g (R—28), 28 =1L (2.6)

where L is the AdS radius. Since we have d + 2 dimensions in the bulk, the dual field theory will
live in d 4 1 dimensions. A metric which is a solution to the Einstein equations with negative cos-
mological constant is the aforementioned anti-De Sitter space-time, which can be parameterised
as

L2
dsis = — <fdt2 +d? + df2) , (27)
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where d#? = dz?+dz3+. . . runs over all purely spatial dimensions of the theory. The isometries
of this AdS space-time turn out to be identical to those of a d + 1 dimensional conformal field
theory — exactly what we expect from the way the duality was described in section[éo]

Let us assume now that the scalar field has a mass m, and that it is perturbatively coupled into the

system, i.e., we assume a fixed background metric and we do not consider the back-reaction of the
scalar onto the metric. The contribution to the action of the scalar field is given by

1
Sy = /dd+2x\/—g§ ((V¢)2 +m2¢2> , (2.8)
from which we can deduce that the scalar then obeys the equation of motion

(v2 - m2) é(x) = 0. (2.0)

We can use separation of variables to propose a plane-wave solution in the non-holographic direc-
tion, but leave the holographic direction as a general function of 7. Under this assumption the
equation of motion expands to

d L)?

02p— —0,¢ + <w2 — k% - (m2) ) ¢ =0. (2.10)
r r

This equation has a solution in the form of Bessel functions.[73] When looking at the 7 — 0

behaviour, which is the direction of the boundary, the series expansion at small  has two distinct

sectors, namely

G~ partTITA A+ )+ oprt (1 +..), (2.11)

where . . . are higher powers of r and ¢ 4 p are integration constants. A are the solutions to
AA—d—1)=(mL)>. (2.12)

Depending on the value of A, one of these fields will be the dominant contribution in the region
near the boundary, and the other one will be subdominant. The accepted terminology in the
field for these terms is leading and subleading, respectively. Typically, the dominant term actually
diverges near the boundary, and is called the non-normalisable mode

Let us now assume that ¢ 4 is the leading component, and ¢ p is the subleading one. It is exactly
the leading component that is the one dual to the source of the operator in the side of the field
theory. When evaluating the boundary action coming from equation this will turn out to
reduce to [74]

Spr—0 ~ /dd+1$\/j§(¢A¢B)' (2.13)

4T will not cover the subtleties such as the appearance of logarithmic terms in these expansions.
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Making the identification of ¢ 4 with its source j, we are still left wondering what the operator
oB is If we now remember the generating functional and the partition function, we know that
we can use it in order to compute expectation values:

(0) ~ (TjZ[j”j:O' (2.14)

Comparing this to equation (2.13), this gives us the identification with the vacuum expectation
value (VEV)

<O>CFT ~ ¢B. (2.15)

This example glosses over some of the more subtle points here. One is that in the case of for ex-
ample the stress tensor, the expectation values might be naively divergent. This can be addressed
by instead putting these sources at some € > 0 away from the boundary, and then adding coun-
terterms which kill any divergent behaviour, after which we can safely send € — 0 and recover the
renormalised boundary values.[7s]. Another is what might when both modes are normalisable.
This turns out to allow for an admixture of boundary conditions into what we call the source
and the response. This actually turned out to have important consequences in several parts of this
thesis, for probe fermions in chapterand for background space-time geometries and the thermo-
dynamic interpretation thereof in chapter

Subtleties aside, we can identify two-point functions in momentum space by[74]

_ ¢8(k)
pa(k)

From the point of view of condensed matter physics, we always prefer to use the retarded Green’s
function to study the two-point properties of our system. This can be achieved by imposing in-

G(k) (2.16)

falling boundary conditions on the scalar field, meaning that towards late times, the wave in the
field theory will be travelling towards and eventually (partially) falling into the black hole hori-

zon.

All this together gives us an entry in the dictionary, where we look to compute the solutions to the
gravitational equations of motion, and then pull this through the duality to the boundary field
theory by properly identifying source and response components. In this simple example we only
looked at two-point functions, but one can look at any n-point function in general.

There are many more entries in the dictionary. Another interesting quality is how gauge fields
and symmetries interact. The general identification here is that global symmetries in the bound-
ary will correspond to local symmetries in the boundary. This is for example made explicit when
considering a U (1) gauge field in the boundary. The corresponding local U (1) symmetry is dual
to a global U (1) symmetry in the boundary. In general, a gauge field will correspond to the con-
served current that is associate with the related global symmetry. A more comprehensive, but by
no means complete, overview can be found in tablebelow. [61]

SThere are some exact factors of 7 to be taken into account, but these are not essential to the schematic discussion here.

25



2. AdS/CFT: The Holographic Duality

’ Field Theory ‘ Gravity
Large N Classical gravity
Operator O with dimension A Field ¢ with mass m
Source of operator O Leading behaviour of ¢
Vacuum expectation value (O) Subleading behaviour of ¢
Global symmetry Local symmetry
Stress tensor Gravitons
2-form current 2-form field
Finite temperature Non-extremal black hole
Finite chemical potential Charged black hole
Free energy Value of Euclidean on-shell action

Table 2.1.: Some basic dictionary entries which feature in this thesis.

2.3.2. Black Hole Thermodynamics

Mentioned before was that black holes in the interior of the space-time are able to encode for finite
temperature in the boundary CFT. This is actually tightly linked to discoveries by Bekenstein and
Hawking in the 1970’s that black holes carry entropy and can emit thermal radiation. [76}|77] The
laws we are familiar with in our normal everyday thermodynamics have their own parallels in the
form of the laws of black hole thermodynamics. Like the first, second, and third law of ordinary
thermodynamics, there are laws of black hole thermodynamics where we can identify black hole
quantities like surface area and surface gravity with entropy and temperature, respectively.

The black holes in these curved space-times allow for a wide variety of interesting phenomena,
unlike their closely related cousins that live in flat space. The applicability of the ‘no-hair’ theorem
is an example of this: in flat space, it is not possible for black holes to have any kind of structure
on the horizon.[78] Instead, they are uniquely determined by the parameters charge, mass and
angular momentum, which are just global quantum numbers, without any more structure. This
no-go theorem does not hold in negatively curved space-time and therefore we can have all kinds
of ‘hair’ on our black holes, such as scalars that can even acquire some spatial modulation.[79]
Another example is black hole evaporation. Astrophysical black holes in flat space evaporate over
timeA peculiar property of AdS space-time is that it takes only a finite time for massless objects,
for example photons from Hawking radiation, to go from the centre of AdS space all the way to
the boundary. This is in stark constrast to geodesics of massive particles, which will never reach the
boundary in finite proper time. If one then assumes that any energy that these photons could carry
is reflected back from the boundary into the interior of the space-time, eventually the reflected
radiation will end up in thermal equilibrium with the radiation emitted by the black hole. As
such the black holes can form an equilibrium state. 80| Therefore unlike in flat space, stationary

¢For astrophysical black holes this happens extremely slowly, even on cosmological timescales.
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black holes in AdS can exist and we can understand their dual to be some very late-time field theory
in full local thermal equilibrium. [61]

2.3.3. Top-Down vs Bottom-Up

One of the open problems in the field of holography is that while it is conjectured that the
AdS/CFT correspondence holds quite generally, we only have a limited number of examples
where the duality is known to be exact. In order to understand fully what system we are describ-
ing and that the duality remains valid, we can start to play mathematical tricks with these known
exact correspondences, such as dimensional Kaluza-Klein reductions. Together with convenient
limits we can have a good idea what the conformal field theory is on the field theory side of the
duality, while ending up in a gravitational theory that is more manageable than full-blown type
IIB string theory, just to give an example. A side effect of this is that almost invariably, Kaluza-
Klein reductions which get rid of some dimensions give rise to extra dilatonic scalar fields that
get coupled into the gravitational side.[61] This general framework is known as the top-down
approach to AdS/CFT. It is not always the most convenient approach to take, as the actions can
either be difficult to deal with or in our case uninteresting from a condensed matter point of view.
This is for example due to those extra scalars. The holographic dictionary in table has some
relevant entries such as the free energy and chemical potential, but these scalars have no good in-
terpretation and they certainly do not turn up explicitly in real-world condensed matter systems.
From the top-down approach, it can be very hard or impossible to get the exact ingredients in
terms of fields and operators that you would like to describe on the condensed matter side.

The bottom-up approach attempts to remedy this problem by taking a different point of view
of the duality. It treats the duality as a more phenomenological tool by simply choosing some ele-
ments that have in top-down models been shown to have a certain dual interpretation and building
an action from that and trusting that the correspondence will still apply. The downside of this is
that while we can compute quantities like retarded Green’s functions and vacuum expectation
values this way, there is no way of finding out what the exact Hamiltonian is of the theory dual
to the gravitational action we have posed. As a result, the duality can now not be used to find
the physics of a specific boundary theory, but it can give generalities about the physics of strongly
coupled field theories. In this work, most of the models presented are of the bottom-up variety,
as the translational symmetry breaking that we employ does not follow naturally from top-down
constructions.

2.4. Holographic Applications to Condensed Matter Physics

The stage is now set, we have a way of posing our problem and a large number of questions that
we would like to address. Let us see how the holographic duality can aid us in this. While the
statement of the duality is clear, and the weak-strong nature of it is appealing for the purposes of
performing computations, there is some more machinery to discuss.
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2.4.1. Hydrodynamics

It turns out that the duality can encode for real-world physics in some surprising ways. What we
are often interested in, as mentioned earlier, is the long-wavelength, low energy limit of the physics
of the boundary theory. This can be achieved by doing what boils down to a gradient expansion,
assuming that the only fluctuations that play a role are small and slow. Degrees of freedom are
always slow when they correspond to conserved or nearly conserved quantities. Quantities that
are not conserved for any perturbation in them will dissipate and thermally equilibrate quickly,
without much of a chance to propagate over wavelengths. On the other hand, conserved quan-
tities obey many continuity equations, which prevents them from doing exactly this, and instead
perturbations will propagate for a long time or undergo some diffusion process in order to return
to local equilibrium. [81] The gradient expansion of the theory into these slow modes is often syn-
onymous with the hydrodynamics of the theory if they are the only slow modes in the theory. This
is a more general consideration than what we would typically call hydrodynamics, after all it does
not concern the flow of a real-world physical fluid like water flowing around in our field theory.
Instead, the hydrodynamics we are concerned with would describe a relativistic ﬂuid This is a
powerful machinery, and it is able to include relevant effects such as (perturbative) ionic lattices
and external electric and magnetic fields.

The applications to holography are quite easy to state and is related to a by now somewhat famous
result. For a relativistic fluid, the stress tensor is given by

™ = (E 4+ P)utu” + Pgh + TI" (2.17)

where I/, P are the internal energy and pressure and u* is the fluid velocity. [81] The first two terms
describe ideal hydrodynamics. II*” is the interesting part, the part where the derivative expansion
comes into play. This can be a complicated term, but crucially it contains a set of constants that
are known as transport coefficients such as the shear viscosity and bulk modulus of the fluid we are
considering. However, these are a priori just a set of coefficients without a particular value: they
represent the microscopic behaviour of the theory, and while their presence may be universal, their
values are anything but that. [81]

This is where we can again use holography. In the gravitational dual, it is possible to compute some
of these transport coefficients directly. This is one of the ways in which we can learn a lot about
the field theory by looking at the gravitational side. While we will be considering only linear fluc-
tuations in hydrodynamics, the mapping between gravity and hydrodynamics goes much deeper,
showing that the Navier-Stokes equations can actually be found from the Einstein equations.[83,

84]

A particularly famous result that is related to this is the computation of the shear viscosity.[8s}
86| The first-order terms in the gradient expansion of equation (2.17) will for example contain
the shear viscosity, 77. For example, to first order, the hydrodynamic constitutive relations in the

7There are other ways of constructing hydrodynamics, for example in a non-boost invariant setting, which do not feature
in this work.[82]
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Landau frame are given by [31]
T = Eutu’ + PAM — not" — CAM 9yu + 0(9?), (2.18)
where A is a projector with the flat space metric
A =M +utu”, (219)

( is the bulk viscosity and o#" is the transverse traceless symmetric tensor [31]

o = AraAVB (&ﬂtﬁ + g — (Zinagauu“> . (2.20)

For AdS black holes at zero density, it actually turns out that this shear viscosity is related to the
zero-frequency scattering cross-section of the black hole. This in turn can be expressed in terms of
the area and volume of the black hole and therefore also the entropy of the black hole by the laws
of black hole thermodynamics. When including geometric factors, this yields the ratio

n 1 A

s T kg (2.21)
This ratio of viscosity to entropy is known as the minimal viscosity, as it is conjectured to be a
lower bound on the viscosity of a strongly interacting field theory.[85] Remarkably, this bound also
seems to hold at finite density. Most strongly interacting materials found in nature are nowhere
near this bound though. Only the quark-gluon plasma, which was studied in detail around the
same time as the minimal viscosity was discovered, has a surprisingly small value for this ratio, even
though it does not have ingredients like the large-IV of holography.87] A charitable interpretation
can see this as a hint that holography can indeed tell us useful things about the real world.

2.4.2. Conductivities from Holography: Real-time Information

Holography is not only limited to computing hydrodynamic transport coefficients. One of the
more technically useful aspects of holography is that it gives access to real-time information about
the dual system. This is in stark contrast to typical field theoretical results, where it is often neces-
sary to work in imaginary time to make computations feasible. Finite temperature is then encoded
in the radius of the time circle in imaginary time. That in itself is not a problem, but the difficulties
come when trying to translate back into real time, as that is what we observe. The Wick rotation
that has to take place is technically very challenging, and often means that it is impossible to get
anything but the most general scaling dimensions out.[88] Holography is in this aspect very differ-
ent. Since temperature is already encoded in the thermodynamics of the black holeﬂ, it turns out
that computing real-time properties of field theory involve driving the holographic system out of

8The temperature equals radius in imaginary time still shows up in black hole physics too. For the Schwarzschild solution
in flat space for example, one can rotate to a Euclidean space-time, where the temperature is found from the radius of
the time circle is fixed in order to avoid a conical singulartiy in this space-time. This is a more ad-hoc argument than
the original derivation of black hole temperatures, but it is an interesting connection.
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equilibrium, and looking at the real-time evolution. This gets us real-time field theory observables
without having to resort to any Wick rotations. [71]

For the sake of illustration, let us consider the electrical AC conductivity of the field theory. We
can choose to take a static black hole in equilibrium and apply a time-dependent electric field E(¢)
to it. This will in general drive the black hole out of equilibrium. Let us assume that this field is
oscillating at some finite real frequency w. This electric field is assumed to be a small perturbation,
which does not back-react on the initial black hole background. The electric field £'is then induces
a current response J, and their proportionality is the conductivity o

J(w) = o(w)E(w). (2.22)

In a conformal field theory at zero density, on dimensional grounds this conductivity takes the

form
d—2

o(w) ~ w2, (2.23)
where d are the number of transverse spatial dimensions. Since we typically consider AdS,, our
boundary will have d = 2 transverse dimensions and hence o becomes exactly frequency inde-
pendent.[j61]

That is a fairly trivial result, and we do not need to rely on any holographic computation to find
this out. At finite temperature, one can no longer rely on dimensional analysis. Nevertheless,
the holographic computation of this result at finite temperature is rather straightforward at zero
chemical potential and it is a good starting point to show the power of holography. In order to
compute the conductivity, we will make use of linear response theory.[88] In linear response, we
know that we can find the conductivity from the retarded Green’s function via

o) = Gl (w). (224)

The retarded Green’s function is that of the current operator, which is defined by

GB () = —i / dtdre (1) {[J(1.), 7(0.2)] ) (2.25)

©(t) is the step function that takes care of the time ordering here such that ¢ > 0. In a previ-
ous chapter, we encountered exactly how to compute Green’s functions by considering leading
and subleading behaviours of a field theory. In this case, we now need to consider a black hole in
order to do the computation at finite temperature. As we are at zero density, this will be the AdS-
Schwarzschild black hole, which can be parameterised by only its horizon radius which sets its tem-
perature after scaling out some other parameters such as the AdS radius and Newton’s constant.
In order to find the conductivity, we need the bulk dual of the current. What we now need to do is
find the Green’s function that is related to turning on a perturbative electric field £, = Fy;. For
a spatially homogeneous electric field, in terms of the gauge field this will correspond to turning
on a component A, dx which in Fourier space will have behaviour like A, = a, (r)e~ ™t The
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exact boundary behaviour can be extracted by carefully looking at the near-boundary expansionﬂ
which will find that the expansion for A, goes as [61]

1
a
0
Azo<az+7m+~~, (2.26)
where a®! are the leading and subleading behaviours near the boundary, respectively. One can
solve for the equations of motion, and the condition for the retarded Green’s function is fixed by

choosing the infalling boundary conditions. [71] The solutiowill have

0
Ay

=c¢, al=iwc (2.27)

for some constant c. Using the dictionary to extract the Green’s function from holography, we
can find that for any temperature

1 _n 1a,

This is exactly the result is found for the zero-density CFT, since it has no dependence on fre-
quency.[[64] More importantly though, there is no dependence on temperature either, which one
might not have expected. At zero temperature, there is no scale in the CFT, so there cannot be
any identifiable features at some w;, as this would indeed be an indication of some scale. However,
temperature is a scale in the theory, as it can be combined with kg for example to create an energy
scale. It is then surprising that the introduction of this scale does not appear to have any effects.
lex]

2.5. Finite Density: The Reissner-Nordstrom Black Hole

Zero density is not the most interesting system though. Apart from some very fine-tuned systems,
such as graphene at exact charge neutrality, this is not a system we are likely to see appear in exper-
iments.[89]] Luckily going to finite chemical potential in holography is a rather simple affair, and
it does not require the development of a lot of new machinery. The star player in respect has long
been the Reissner-Nordstrom black hole. This black hole can be constructed as a compactifica-
tion of some 11-dimensional M -theory, which we will not go into the details of.[90} |91] For our
purposes, the starting point will be the Einstein-Maxwell action

1 A 1 .
S = /d4x\/—g (W {R— QLQ} — @FWF’ > , (2.29)

where F' = dA is the field strength for the U (1) gauge field A. We will always use the units where
2k%2 = 167G = 1,e = 1,A = —3, L = 1. Note that here, in contrast to the scalar example
that was discussed in the section above, this gauge field is coupled in to gravitation action in the

°For the gauge field no holographic renormalisation is necessary/
°See box 7.3 [61]
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full action, as such the back-reaction of the gauge field on the metric is taken into account. The
equations of motion that arise can with some manipulation be written as

1 1 .
Ruu + 3guu = 5 (F,uprp - ZguVFpon ) 3 (2 30)
v, F =0,

This set of equations admits a black hole solution with a finite charge with AdS, asymptotics. The
black hole can be written using a metric

i 1
dshy = “+ —f(2)dt* + ——dz* + dx® + dy?
2 f(2)
B (2.31)
2+
The emblackening factor f(z) for Reissner-Nordstrom is given by [90}92]
z z 22 223
— (1= ) |1+ 2 +2 = , .
fo=(1-2) 1+ 2+ 2755 (252

The emblackening factor has two roots at 2, z_, which are the locations of the outer and inner
horizon at finite temperature respectively. At zero temperature these collapse to a double root. We
will only be considering finite temperature here, and therefore we will treat our space-time as if it
ends at 2, = 2. We will always be able to rescale the horizon radius such that z;, = 1, for both
ease of notation and later numerical convenience.

However, there are some scenarios where keeping the horizon radius explicit is useful, for example
when computing thermodynamic susceptibilities, as was done in section Most observables
that are directly computed are typically given or found in units of horizon radius as that is often
a free parameter in the solutions. This has a deeper root in the diffeomorphism invariance that
is encountered in the gravity side. For practical purposes, that means that all the parameters we
referring to, whether they are radii, expectation values, or other objects, have to be phrased with
reference to some scale. In the dual boundary, 2, has no natural meaning, but there we can express
all dimensionfull quantities in terms of the chemical potential When we state for example that
we take the parameter 1 = 2, thatis shorthand for yt = 22p,. The boundary of the AdS space-time
is located at z = 0 in this parametrization.

2.5.1. Scaling Properties of Reissner-Nordstrom

Another key property of the RN black hole is its particular near-horizon geometry. If we depart
from the metric as presented in equation (2.31), we can take the horizon to be located at z = 1. In

"In relevant condensed matter systems, such as the cuprates, the typical size of p is about 1 V. In natural units, this
corresponds to a temperature of about 10 K .Room temperature would be on the order of T' = 3 x 1072, to give
a sense of scale.
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a series expansion around z = 1, the emblackening factor will expand as

F&) % 1) = 1)+ 3 /1) =17+ (5)

where black hole thermodynamics tells us (see equation (2.40) below) that f/(1) o< T. At T = 0
then, we can find after a rescaling of the radial coordinate that the near-horizon geometry up to
some constant factors can be written as

ds? = = ( At + de ) +da? + dy?. (2.34)

This geometry is now no longer AdS,, but rather AdSs x R? in coordinates (¢, &) x (z,y IA
similar metric can still be found by making the right choices of coordinate substitutions in a series
expansion in 7" for '/ j1 < 1.[71, /93] What is interesting here is the symmetries of this AdSs x R?
space-time. In empty AdS,, there is a global scaling symmetry

(t,2,y,2) = At, 2,9, 2). (2.35)

In this AdSs x R? case thereisa symmetry that goes as

(t,8) = At €), (z,y) = (z,y). (2.36)

When writing this in terms of a dynamical critical exponent z, which is associated with a scaling

1
t— M, x— A\zx, (2.37)

it can be seen that this AdSs x R? near-horizon geometry corresponds to a z — 00 system. In
other words, the spatial dimensions completely decouple from the temporal and radial dynamics.
This is exactly the local quantum criticality that is seen in the strange metal.[s0} j90] This local
quantum criticality is a feature of the near-horizon geometry, and therefore only of the lowest
energy scales that enter in the problem, near the end of the RG flow. In the UV of the theory this
symmetry is not present, and therefore this is an emergent property of the system. This peculiar
fact, that the RN black hole turns out to have an emergent quantum critical sector, is one of the
reasons that the string theory community has been looking to it as a point of departure for looking
atinteresting condensed matter systems such as the strange metal. This emergent quantum critical
sector is unique and not found in any conventional condensed matter theory, however it turns out
to be one of the most natural and simple to find things when doing holography.[61]

2.5.2. Thermodynamics of Reissner-Nordstrom

The RN black hole is dual to a quantum field theory at both finite temperature and chemical
potential. For this solution, it is possible to evaluate the Euclidean on-shell action I, which ac-
cording to the dictionary in tableyields the thermodynamic potential

Q=TIg. (238)

Or, in general, AdS2 X R? when starting from AdSg4 2.
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2. AdS/CFT: The Holographic Duality

From this it is possible to compute all thermodynamical quantities such as entropy and compress-
ibilities in terms of derivatives of this free energy.[94H96] As luck would have it, in the Reissner-
Nordstrom black hole some of these quantities can actually be evaluated directly from the near
boundary behaviour or horizon integrals through standard dictionary entries without having to
compute the entire free energy and compute derivatives. This is especially useful in numerical set-
tings, where computing and finding the derivatives of the free energy by integrating the on-shell
action can be very challenging. Rescaling all observables to the chemical potential and one can
find out that there is also a finite charge density

1
Lol =- (2.39)
12 2=0 H

The temperature of the black hole can be evaluated by evaluating the surface gravity of the black
hole and is given by [76,|77]
T || 12—

u - 4r 16mp (240)

The black hole entropy, which via black hole thermodynamics can be related to black hole surface
area, is given by
S 4

§ = E = ﬁ (2.41)
This formula for the entropy may seem innocuous, but there is some important physics in it. As
can be deduced from equation , the zero-temperature limit corresponds to 1t — v/12. One
of the characteristics of the RN black hole is that the zero temperature limit has a finite horizon
area.[92] Since the entropy is proportional to the horizon area, this means that the entropy is still
finite even at zero temperature. For condensed matter systems, which we are interested in, this is
a large complication, as they have no entropy at T' = O Naturally, one should feel sceptic of
the results coming out of RN for this very reason. This does not mean though that everything
coming out of this model is useless. In reality, what it means is that we should be keeping an eye
open to places where this might become an important factor and either adapt our interpretations
accordingly, or alternatively switch to other types of black hole solutions where this issue does
not appear. The more cynical view is that this is a fundamental sickness of the AdS-Reissner-
Nordstrom black hole for the purposeses of condensed matter physics and a strong argument for
the use of other black hole solutions such as the Gubser-Rocha black hole of section[2.6] which is
why it has been used for the majority 0fchaptersand[98, 99|

Regarding the energy density and pressure, we can compute these via the expectation value of
the stress-energy tensor <Tw> of the field theory by standard holographic renormalization tech-
niques. In this particular case, that is done by constructing

T =2 (K — Khyy) — 4y, (2.42)

BFor the sake of simplicity, I have not written down the black hole in terms of its charge @), which is the more usual
starting point, but rather already in terms of u. These two quantities are of course related, and can be expressed in
terms of each other.

'4Zero-temperature entropy does arise sometimes, for example in frustrated systems, but these are not in the scope of this
thesis.[97]
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where h,,, is the induced metric at a slice at a constant radial z = € away from the boundary,
K,,, and K are extrinsic curvature and its trace, respectively, and ft, v run over the non-radial
indices (¢, x, y). The constant —4 arises from the Gibbons-Hawking-York counterterm.|7s} 100]
When appropriate counterterms are taken into consideration, in the limit € — 0 the following
expression becomes finite, yielding us the stress tensor

Al

<T,“,> = ll_r}(l) T,“,. (2-43)

Evaluating this in the homogeneous Reissner-Nordstrom black hole this gives

2
—T', =277, = 2TY =2 + % (2-44)

This means that the corresponding internal energy and pressure are given by

E 2P 1 w2
;ﬁ’:/ﬁ:;ﬁ<2+2>. (2.45)

Note from this that this is a conformal system as the trace of the stress tensor vanishes

<T~#> —E—2P=0. (2.46)

2.6. Einstein-Maxwell-Dilaton Theory

The Reissner-Norstrom black holes that have been discussed so far are ubiquitous in AdS/CFT,
as they are just about the simplest system that can provide a finite chemical potential. The ease of
computations in the system has been the main driver for its popularity. The thermodynamics of
the RN states are however rather problematic, as there is no condensed matter system we could
want to describe that has the property of finite ground-state entropy. In this sense, the RN black
hole is only one of a much larger family of black holes which can have different types of near-IR
scaling behaviours.

A part of this family of black holes can conveniently be explored by coupling a dilatonic field
into the theory.[61, [1o1, [ro2] Dilatons are rather general in holography, as mentioned above in
section These dilatonic fields are dynamical and back-react onto the geometry, but more
important is the way in which they couple to the Maxwell sector. A generic EMD Lagrangian
where a single dilaton field ¢ is coupled in can be written as

Levp = R — @FMVFW — %V,@V“qﬁ —V(9). (2.47)

There are here two coupling functions, Z(¢) and V(¢). V is the potential for the scalar, which

also includes the cosmological constant in its series expansion, V' (0) = 2A.
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Often, V' (¢) can take the form of a sum of exponentials, sometimes balanced to form hyperbolic
geometric functions. The coupling function Z(¢) presents a modification of the coupling con-
stant of the Maxwell sector in the theory. This changes the effective value of the charge density in
the system, as through the holographic dictionary

porr = Z($)F*| . (2.48)
2=0

Compare this to the Einstein-Maxwell setup that was used for the RN black holes, where Z(¢) =
1. A crucial difference with the RN black hole is in the low-temperature IR geometry. Where for
RN we are left with a finite-size extremal black hole that carries a large amount of zero-temperature
entropy, the general EMD black holes can have horizons that keep shrinking all the way to zero
temperature, giving the entropy a temperature dependence

S~T «a>0. (2.49)

The form of the potentials V, Z is generically what determines the scaling properties of the solu-
tions.[ror, [102] The dilaton takes on a large value at the horizon, and therefore in order to under-
stand the horizon scaling we only need to consider what the leading near-horizon behaviours of
the potentials are.[102] In typical top-down cases, the exponentials scale near the horizon like

Z ~e?, Ve, (2.50)

But, as we have seen before, in holography we are not bound by only exact top-down constructions,
and we are able to take other values for the parameters. The potentials are typically parametrized
by the factors 7, § as

Z=e", V = Voe %9, (2.51)

The scaling analysis in these theories is a bit more complicated than in the Reissner-Nordstrom
case. In standard coordinates, the metric of the deep IR at zero temperature can be described as

1
ds? ~ 204 <—r22dt2 + r2di? + 742d7‘2) . (2.52)

Here the coordinate 7 ranges from the interior 7 = 0 to the boundary r = o0o. The parameter
2 is one we have encountered above — this is the same dynamical critical exponent as before. The
parameter 0 is the hyperscaling violation exponent. [r03-105] In a very rough description, a theory
with parameters (z, §) will display scaling of the thermodynamical observables as if the theory
has dynamical critical exponent z but lives in d — 6 dimensions.[ro4] The choices made for the
coupling exponents 7, d can be mapped onto resulting values of z, .[102] It is important that
in the presence of @ # 0, the near-IR theory is no longer scale-invariant, but rather it is scale-
covariant, with under the scale transformation[ro4]

t— Nt, = ME, r— A (2-53)

The metric then transforms as
ds? — \20/4q2. (2.54)
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There are several interesting ideas that we can consider for ¢, z. For example, @ = d — 1 can
be thought of as describing the physics of a system near its Fermi surface, which is always has a
lower dimensionality than the dimensionality of the theory.[104] For reasons that will become
clear soon, the most interesting value in relation to the strange metal is the rather peculiar choice
of z, —0 — oc.

2.6.1. The Gubser-Rocha Conformal-to-AdS2 Metal

When considering the thermodynamics of these EMD systems, we can find that the entropy will
scale with temperature as

S ~ T8/ (2.55)

If we wish to describe a strange metal, we would ideally like to consider an entropy that scales as
temperature like

S~T!. (2-56)

This is the well-known Sommerfeld entropy, also experimentally observed in strange metals. [52]
To take full advantage of the power of holography we would want to do this in a setting where we
are locally quantum critical.[so] In other words, that means z — o0o. These two ideas can only
both be satisfied in the limit

-0
z,—0 — oo, such that — = 1. (2.57)
z

A hyperscaling violation exponent of minus infinity is rather strange, and definitely is hard to
think about in terms of an effective dimensionality of a problem. Nevertheless, it is a well-defined
limit.[rot, [ro2] It has been shown that these models can reproduce the linear-in-1 resistivity of
strange metals as well. [106] To be more exact, these systems correspond to the choice y = =6 =
1/ V/3in term of the coupling exponents. That means we have that the following couplings

Z(¢) = e?V3,  V(¢) =2Acosh (\%) . (2.58)

This choice of potential is consistent with what was discussed earlier, as it is only the leading expo-
nential behaviour that is relevant in the IR, so only one of the exponential terms in the hyperbolic
cosine will be of relevance there. This potential has the added benefit of having the property that

V’<¢>] _o, (259)
6=0

which allows for proper AdS asymptotics. [102]] This system turns out to have an analytical solution
in the form of a black-brane solution. [98}[107] The metric, scalar and gauge profiles of this solution
can be parametrized in terms of the charge @) of the black hole for a horizon radius of zg = 1
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as
1

2 LZQ 2 (da 2
= (-r@ar + 52 ot +a)).

¢ = ? log (1+ Qz), (2.60)

A= 300+0)~—~at

1+Qz

ds® =

The two functions f, g are given by

_(1_2) 5 42
f(z) = 0 (1+(1+3Q) +(1+3Q(1+Q)) )

g(z) = (1+Q2)**.

The chemical potential is given by 1 = 1/3Q(1 + Q). In contrast to the RN solution, from a
simplicity standpoint the preferred parameter for this theory is (), as the expressions in terms of
the chemical potential, though equally valid, are simply horrible to read. Nonetheless, in a similar
fashion to RN we will prefer to think of observables and parameters in units of chemical potential,
as that is a scale we can make reference to when looking at physical experiment. Black hole charge
itself does not have a physically relevant measure. The thermodynamics of this state are given by

_3WIHQ T _ V3
4 po Ar/Q'

The entropy is again given by the horizon area

S=4W/\/H:47T(1+Q)3/2:>%=47T 13562, (2.63)

(2.61)

T

(2.62)

and the charge density is

V1i+Q
V3Q
As can be expected, the temperature dependence of the thermodynamical observables is clearly

different from those in the Reissner-Nordstrom black hole. It is easiest to think in the parameter
Q. The temperature scales as

p=p(l+Q)=p/p*= (2.64)

T/u~Q "2, (2.65)
so at low temperature Q) is large. The entropy similarly scales as
S/p® ~ Q2 (2.66)
in the large-@) regime, so indeed we have that
% ~ % (2.67)
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at low temperatures T'/ 1 < 1. The scaling at large T is different, as for large T" we have that the
parameter () is small, and therefore

_ A1+ Q

S/ = —Y——2~1/Q ~ T 68
it = LT~ 1/Q (269

The charge density also shows two different regimes. For large () the charge density scales as
p/ut ~ Q% ~ T, (2.69)

while for small () the constant term dominates in the numerator, meaning that

p/pP ~ Q2 T (2.70)

The stress tensor in this system requires a bit more consideration. The full discussion of this has
been the subject of one of the papers that make up this thesis, as given in chapter Other ref-
erences that have dealt with this topic have overlooked certain subtle points in relation to near-
boundary expansions of the analytical solution when considering quantization choices.[108} [ro9]
The resulting stress tensor including counterterms is now expressed as

Tij = 2Ki; — 2 (“Ry55) — 2(K + 2)7ij + Vij |co®N*0.¢ + A¢¢2/2} ; (2.71)

where N, is the outward-pointing unit normal vector. The coeflicients are then fixed to be

1
A¢ = ZC¢ - 1, Cp = g (2.72)

The first of these is easy to understand, as both terms can contribute to cancelling the lowest-order
divergence. The argument for choosing ¢4, = 1/3 is more subtle, but essentially boils on choosing
the scalar to be a marginal operator in the theory. The resulting thermodynamics are that of a one-
charge theory, rather than the generic two-charge that would arise from coupling in a scalar to the
boundary theory. The full details can be found in chapter The resulting expressions for the
stress energy tensor are rather simple,

T} =277 = 2TY = 2(1+ Q). (273)
Hence the energy and pressure can be expressed as
E 2P 2 s 2 1\%?
—=—=—01+Q <1+> . 2.74
R R ( ) (2.74)
where again we recover a conformal theory.

2.6.2. DC Conductivity in the Gubser-Rocha Model

The DC conductivity of this system is formally divergent. The system is translationally invariant,
so momentum is conserved and there is no resistance in the system to a DC perturbation. Thereis
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alarge amount of spectral weight contained in a J-peak located at the origin. An important result
was found in massive gravity variations on the RN and GR model where momentum is no longer
conserved.[106} t1oH12] Massive gravity is a slightly peculiar construction, where a frame-fixing
occurs due to the introduction of a reference metric. This breaks diffeomorphism invariance, and
as a result the graviton acquires a mass. Massive modes propagating in the bulk space-time now
only have a finite lifetime, so this causes linear momentum to be able to decay in the system. Since
momentum is now no longer conserved, this renders the DC conductivity finite. Spectacularly, in
the GR model when momentum is indeed not conserved, the resistivity acquires a dependence

ppc x T + O(T?). (2.75)

This is a phenomenal result, and we might expect to be able to find this in other systems where
conservation of momentum is removed through more realistic methods, as massive gravity, though
holographically a sound theory, has little bearing on the physics in the lab. In particular, one could
break translations into an (ionic) lattice, which has indeed been shown to have similar effects in
terms of breaking momentum conservation. o} trx] This is the theme of this thesis.

2.7. Breaking Translational Symmetry

The allusion to massive gravity models just made aside, all results so far have got one thing in com-
mon, and that is that all models are perfectly translationally invariant, momentum is still perfectly
conserved. The two transverse directions (z, y) do not contain any structure at all. Of course in
actual physical systems, this is not the case. For Drude-like transport, which is observed in even the
strange metals at low frequency, the source of momentum dissipation is not something as holo-
graphic and weird as a ‘massive gravity’ construction. Instead, we know very well that translational
and rotational symmetries of space-time are broken into some crystal lattice. [113] There are several
ways to break translational symmetry in holography. The computationally more straightforward
ones are models that break translational symmetry in a homogeneous way, which means that the
differential equations that describe the systems are only dependent on the radial coordinate and
any dependence on the transverse coordinates is engineered to be absent. [r14-rr7] This again is a
very particular construction, and if we are to do an honest job using holography to model physical
systems in the presence of a crystal lattice we should have an actual lattice present. This requires
a periodic modulation that captures both the rotational and translational properties of a crystal
lattice. The way to really achieve that is to let go of the simple radial-only models and turn the
problem of solving for the bulk geometry into a set of partial differential equations, that now can
also depend explicitly on the transverse coordinates as well as the radial coordinate. This type of
symmetry breaking is often called inhomogeneous symmetry breaking, and it is of this type that
the remainder of this thesis explores the intriguing consequences.
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The effort of breaking translational symmetry inhomogeneously in holographic condensed matter
systems goes back over a decade. The basic idea rather simple. Translational symmetry breaking is
introduced explicitly by modulating one of the source terms of the field theory. There are different
setups with different fields being sourced, and there are many things that can be computed, but
first let us focus on the generics, how the translational symmetry is broken and what the general
improvements in the works related to this thesis have been to various existing setups in order to
get more accurate results. [07} {1} 114} 118-12.4]

Now let us finally break the translational symmetry, but keep the setup static, without any time de-
pendence. While we can in principle use holography to compute non-stationary, time-dependent
black holes, this is technically extremely challenging, not to mention in the presence of transla-
tional symmetry breaking.[125] As mentioned before, the static solution is thought to describe
late-time locally thermally equilibrated states.

3.1. Spatial Modulation

The first real calculations using holographic lattices were done by Horowitz, Santos and Tong,
where they took Reissner-Nordstrém and imposed a lattice in two different ways, first by modu-
lating the the source term of an extra backreacted scalar field, and also by modulating the chemical
potential. [118} 120 The modulation of the chemical potential is what comes closest to reproducing
an actual ‘jonic lattice’, where regions of high and low chemical potential are spatially distributed,
and have regions of low and high charge density associated with them, without the need for extra
scalar fields.

The procedure to do this increases in complexity the more dimensions get their translational sym-
metry broken. I will first state the most general ansatz that is used for two-dimensional lattices.
After this, I will show an example computation for a one-dimensional lattice in RN without extra
scalars, as this simplifies the setup considerably and allows for the highlighting of some important
points.

3.L.1. Bidirectional Lattices

The lattices presented in this thesis have translational symmetry broken in either one or two di-
rections in the boundary. The mechanism by which this was imposed is general in both RN and
GR black holes. It is possible to have a wide variety of extra phenomena take place, for example
pseudoscalars that spontaneously break translational symmetry. [119} 121, [126] However, research
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projects started in these directions were never brought to a satisfying conclusion, and are there-
fore not included in this thesis. In this work, only the chemical potential, set by A;(z = 0), is
modulated explicitly.

3..2. RN Lattice Model

The action and equations of motion for the full Reissner-Nordstrom setup are given by

S = / d*z\/—g (R —2A — leF,WFW) . (3.1)

with associated Einstein and Maxwell equations

1 1 .
Ruu + 3gul/ = 5 (Fuprp - zguVFpon ) 3 (3 2)
v, F = 0.

Since time-reversal symmetry is not broken, it is possible to find solutions to the equations of
motion where 8 fields are coupled together: the time component of the gauge field, the diagonal
metric terms, and the spatial-radial off-diagonal metric terms. Other terms, such as the spatial
terms of the gauge field, do not couple in as these would present themselves as effective magnetic
fields in the electromagnetic field strength tensor. We do not break time reversal symmetry in our
lattice, which means that these modes decouple. There is still some gauge freedom stemming from
diffeomorphism invariance, which expresses itself in the Einstein equations by yielding constraint
equations rather than dynamical equations for some of its components. These gauge freedoms will
need to be fixed, more on which will follow in section In general then we need to therefore
solve for all 8 fields non-linearly simultaneously in order to obtain a fully back-reacted solution.

The metric is most conveniently parameterized via

1 1
ds® = 2 (—Qttf(Z)nf + ani + nyﬁi + f(Z)QZZdZ2) ’
ne = dt, (33)

Ne = dz + erdy + Qz-dz,
ny = dy + Qy.dz,

accompanied by the gauge field
A= (1l — 2)adt (3.4)

The function f(z) is kept fixed here to be equal to that in equation

fz)=(01-2) <1+z+z2—/i£)>. (3.5)

42



3.1. Spatial Modulation

In principle, these functions @;;, a,, ¢ can be functions of x, y and 2, where we do not allow
time dependence in order to maintain the static black hole. Translational symmetry breaking is
wired in as follows. We will always restrict to rectangular lattice setup where we assume that
there are two independent periodicities going on in both of the transverse directions where we
identify the coordinates

x~x+ Ly, y~y+ Ly (3.6)

All of the functions @5, a,,, ¢ will therefore be assumed to have the same periodicity. For purely
spontaneous translational symmetry breaking considerations this is all that is done, although one
must be careful to pick a period which is compatible with the preferred wave vector of the instabil-
ity. In the case of explicit modulation we choose the chemical potential to be also some periodic
function with the same period, however we can choose freely how to fill this in. In practice, we
always use a single harmonic potential in one or two directions to fill the periodic domain, but it
is possible to have multiple periods of the explicit potential in the domain. This means that the
time component of the gauge field can go like

ag(z,y,2=0)=[i (1 + Az cos (Gyx) + A, cos (ny)) . (3.7)
In order to satisfy periodic boundary conditions, this must mean that
21N,
Ly, ="""2Y 8
z,y G:p,y (3 )

The resulting Einstein equations, when the ansatz is plugged in, is to not mince words a complete
mess. There are many hundreds or thousands of terms following from all the different combi-
nations of derivatives and non-linearities In the presence of any kind of translational symme-
try breaking there is no analytical non-perturbative solution, and therefore the equations of mo-
tion have to be evaluated numerically. In order to properly numerically evaluate this problem,
we want to be able to phrase this as a boundary value problem. Two of the boundaries, namely
in the = and y directions are straightforward, as periodic boundary conditions will impose con-
ditions on the fields and their derivatives at the points of identification over the entire range of
z. The boundary conditions on both ends of the radial direction require a bit more thought. At
the boundary we want to impose AdS asymptotics —we are doing AdS/CFT after all —possibly
supplemented by our explicit translational symmetry breaking term. At the horizon it is regularity
of the fields, as well as the requirement of constant temperature across the black hole horizon that
yields enough boundary conditions for a well-posed boundary value problem.

To give a quick summary, at the boundary we can impose that only the diagonal metric fields are
equal to 1, which recovers AdS asymptotics

Qij,i:j’zzo =1, Qij,i;ﬁj‘z:o =0. (3.9)

"Note that the ansatz presented above is slightly less general than the one presented in [127], but is much more straight-
forward to deal with in the case of rectangular lattices. The reduced complexity of the ansatz also makes it easier for
computer algebra software to handle the very large equations that come out when the equations of motion are applied
to this ansatz.

*Anecdotally, these equations can become so big that when compiled into C-code, simply cannot handle the sheer size
and errors out.
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along with a gauge field
fiay|,_, = plz,y) (3.10)

The chemical potential pi(z, y) is what can set our explicit ionic lattice, via

wx,y) = pa(z,y) = [ (1 + Ay cos(Gpx) + Ay cos(ny)) ) (3.11)

The boundary conditions at the horizon at 2 = 1 follow from regularity and can be found im-
posing a series expansion on the equation of motion after gauge ﬁxin in powers of z — 1 and
requiring that each of the terms in the series expansions vanish. This will give a set of in general
non-linear boundary equations of the form

aZFi‘Zzl = g ({Fj,alF],ayFJ}) 5 (3.12.)

or in other words, boundary conditions can be found for the radial derivatives of all the fields F’
in the ansatz in terms of all the other fields and their tangential derivatives on the horizon. This is
then supplemented by the condition

Qtt|z:1 = sz’z:l (3.3)

which encodes for the surface gravity and therefore temperature to be constant across the black
hole horizon.

3...3. DeTurck Method

There is one major thing missing from the equations before they can be solved. The Einstein
equations are hyperbolic-elliptical, which poses problems for any numerical effort.[128} 129] The
problem that has been posed throughout sectionso far ostensibly has the form of a boundary
value problem. This type of problem, especially in a non-linear setting, lends itself very well to
numerical approaches when the problem is elliptic. This is due to the fact that the eigenvalues
of the principal symbol of an elliptic problem all have the same sign, and therefore it is possible
to use relaxation-like approaches, where we start from an initial guess and let the system ‘settle’
into the true solution. The Einstein equations as we posed them are not elliptic. [128] Instead, due
to gauge freedom, it is only elliptic for the physical degrees of freedom. The way this problem is
phrased leaves some room for gauge freedom, which presents itself as an invariance under coor-
dinate reparametrization. The exact phrasing and solution to this problem have been described
in great detail.[129] The main message to take away is that we want to fix this gauge invariance in
our equations, which would render the equations for all fields elliptic. This is one by using the
DeTurck method, also known as the DeTurck trick.[130] The equation of motion for the gauge
field in the explicit lattice does not require a gauge fix, as typically radial gauge a, = 01is chosen.

The problem is in essence that we can decompose any perturbation to a solution to the equations
of motion into a pure gauge and a transverse part. The principal symbol acting on the pure gauge
mode actually annihilates it. This makes the equations for the gauge degrees of freedom into some

3See sections|3.1.3
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kind of lower-order constraint equations in this system. The fix comes by picking a particular
vector M, the DeTurck vector, which is defined by

& =g" (Tﬁy - fﬁu) : (3.14)

Here f‘i‘w is the Christoffel symbol for some reference metric, which is a known solution to the
Einstein equations. Choosing a gauge then can be done by for example choosing £€# = 0. This
is still a constraint equation. However, we can be even smarter about this, and generate what is
called the Harmonic Einstein equations. First we define the harmonic Ricci tensor as

R, = R — V(). (3.15)

which we insert into the equations of motion by simply taking R,,,, — Rfy. This turns the set of
equations into a manifestly elliptic one. It turns out that finding a solution to the harmonicized
equations of motion will then simultaneously take care of solving the original equations of motion
as well as the gauge condition. Additionally, finding a solution and showing that its DeTurck
vector vanishes guarantees that the solution is not a Ricci soliton. [128]]

3.1.4. Thermodynamics of the Lattices

Assuming that a solution to the equations of motion has been found, the first thing that is pos-
sible to do is to evaluate the thermodynamics of the phase. The procedure is essentially the same
as outlined in section The difference now is that the components of the metric and gauge
field are now not analytically known, but instead we have to work with numerical values and their
numerical derivatives. We can perform a near-boundary expansion up to order 23, and use the
equations of motion to constrain several of the terms that appear in the boundary expansion. Us-
ing the expansions we can find the expressions that are summarized in table The field theory

(T = (-2- 5 +305Qu) .oy,
Tyt = (14 5+ 303Qua )|,y
(1)) = (1 + 5+ %&;’ny) o
p/i? = (a—0.a4) /|
plE =l

S/E? = Am\/QuaQyy /2| _,

Table 3.1.: Observables in the RN Lattice in terms of the UV expansions of the fields in the ansatz,
where values per unit cell can be obtained by averaging over the unit cell in the transverse
directions.
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3. Numerical Holography and Lattices

is still conformal, provided one uses the correct prescription in GR models explained in chapter
as the trace of the stress tensor still vanishes:

(TH+T2 + 1Y) o (92Qu + 03Qua + 02Qu )| =0, (3.16)
z=0

which can be found as a constraint for the third-order components from the near-boundary ex-
pansion of the equations of motion. The accuracy to which this holds can be used as a convergence
check, since a well-converged solution will have equation (3.16) vanish to some good accuracy.

3.2. Solutions to the Unidirectional Lattice

Numerical solutions to this differential equation problem need to deal with another problem: the
equations are not well defined at the horizon and boundary, as some coefficients of the equations
scale as 2~ % as z — 0. Therefore, simply putting it in a black-box algorithm like Mathematica’s
NDSolve is unlikely to provide useful results, as it will attempt to evaluate the equations of mo-
tion so close to the boundary that this results in an incredibly stiff problem. One option is to make
an explicit series expansion to some finite cut-off and integrating from there. [131] This method was
used in many early constructions of numerical holography, and can be improved by going either to
a high order in series expansion or making the cut-off very small. This has some disadvantages, as
explicitly constructing the power expansion required to get high accuracy becomes quite cumber-
some especially when the boundary starts to have one or two transverse spatial dimensions. Due
to the nature of the Einstein equations these are simply big expansions, and take a long time to
compute even with modern computer algebra systems.

The alternative is to discretise the problem on a structured grid, where there is one set of grid points
located at the boundary, and another some finite 2 away from it. On this grid, we can then solve
the problem with finite-difference methods. On the boundary and horizon, we will then only
evaluate the boundary conditions. The Dirichlet and Robin boundary conditions presented in
section are finite on those points. Using a high-enough order in the finite difference scheme
makes the divergence at §z not too extremely high, not as divergent as required for (adaptive)
black-box routines.

The iterative scheme used needs to depart from some ansatz for the solution. It does not necessarily
need to be a solution to the equations of motion in some way, but it needs to be ‘close enough’
to the true solution we are trying to arrive at. The parameters in this scenario are the chemical
potential, (1, lattice vector G, and lattice strength A;. As I have set the horizon radius 2, = 1,
the temperature is then set by the chemical potential to be

T 12—

- = i (3-17)

m 167p
Convenient as a starting point for the iterative scheme is often to pick the Reissner-Nordstrom
background at the temperature we desire, or otherwise a known numerical solution at parameters
close to the ones we desire. Note that in the translationally invariant RN solution, the parameter
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G, does not have any signiﬁcance The solutions for small lattice strength A, will be close to the
analytical Reissner-Nordstrom solution. The resulting lattices are shown in ﬁgure

Figure 3.1.: This is an example of a bulk picture of the unidirectional lattice. This particular profile
is of the bulk electric field F;, = —0,A;. The parameters here are ' = 0.15y,
G=4p, A, =0.1.

3.2.1. Numerical Convergence of Holographic Lattices

Testing the validity of an ansatz and the code used to compute the numerical solutions is often
one of the most important and yet one of the most easy to overlook parts of writing code. This
is especially true in an academic setting, where the desire to get results sometimes outweighs the
‘proper’ procedure of testing the code thoroughly before using it in production. Furthermore,
it can be possible for the code, even if it is not wrong, to give answers that reach unsatisfactory
levels of precision at certain parameters. In the holographic lattices, this can for example be caused
by low temperatures or large gradients in the problem. Therefore, it is crucial that there are tools
available that can be used not only as sanity checks, but also to prove that a given solution to a
problem is satisfactory. In this case there are several tools available. The most useful ones are the

4This makes for a good check to see if observables are correctly implemented, as the translationally invariant solution
should have no mind of any finite G whatsoever.
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trace of the stress-energy tensor and the DeTurck vector. In the case of the trace of the stress-
energy tensor, it is good practice to have the trace vanish to a much greater accuracy than each
of its individual components. The DeTurck vector can be shown to be a purely spatial quantity
and therefore it is enough to check that its norm £ = £#¢,, > 0 vanishes, rather than having
to compute whether each component vanishes independently. In order for precision to be un-
der control, these will need to display some key properties, most importantly that it should show
that the knobs we can tune that we expect to increase accuracy actually do so. The unidirectional
lattice was the primary inspiration for the Python code, which was written to be a very general
n-dimensional (non-)linear PDE solver. As it is written in Python it is not extremely fast, however
what it lacks in speed it makes up for in flexibility. It is most suited to two-dimensional differential
equations, so that is why the unidirectional lattice together with the radial direction is a good test
for its performance. This convergence is shown in ﬁgure Unsurprisingly, increasing the num-
ber of points in the lattice as well as the differentiation order increases the precision. The DeTurck
vector shows a similar picture in ﬁgure The difference between the lowest and higher-order fi-
nite difference approximations is large, and the diminishing returns between difference order 6
and higher becomes even more apparent, to the point that beyond 40 x 80 points there is no
benefit to the higher-order differentiations any more.

1074 4
/]
()
107° 4
10—6 4
10°
Ny X N,

Figure 3.2.: Convergence of the trace of the boundary stress energy tensor as a function of total
number of grid points in the problem. For this particular case, the convergence is done
at a fixed low temperature and lattice vectoras 7" = 0.01u, G = 0.05u, A, = 0.2,
and N, = 1.5 x N,. The individual components of T} are O(1).

3.2.2. Bidirectional Lattice

The bidirectional lattice has a lot more degrees of freedom to solve for, as there are now IV, times
more points in the grid, as well as 15 functions up from 6. In order to tackle this problem, it was
necessary to write code in a compiled language. We opted for C, where we were able to use the

48



3.3. Einstein-Maxwell-Dilaton lattices
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Figure 3.3.: Convergence of the L? norm of the &2 over the whole grid. The rate of convergence
changes from approximately N ~1 to N=% when increasing the differentiation order
from 2 to 6. Again, this is done at a fixed low temperature and lattice vector as T' =

0.01p, G = 0.05u, Ay = 0.2,and N, = 1.5 x INV,.

PETSc library which is suited to run on computing clusters and supercomputers. We can still
perform the same convergence checks, however the flexibility of the code is now more limited.
In practice, this means that switching differentiation order, which was simply a parameter in the
previous code, is now more complicated. The difficulty lies in constructing the Jacobian matrix.
This matrix needs to not only couple many fields, but also be consistent in a distributed-memory
scheme. While the positions where entries need to be placed is easy to describe an symbolically
calculate in a program like Mathematica, this is not easily done in pure C. Therefore, based on the
1D results, the order-4 derivatives seem like a good choice. They offer much higher accuracy, but
do not increase memory usage by too much, as the number of entries of the matrix per row scales
as differentiation order squared due to the mixed derivatives that appear in the expressions. This is
clearly seen in ﬁguresand The extra cost in terms of memory use and time it takes to solve
makes order 6 and above not worth the trouble.

3.3. Einstein-Maxwell-Dilaton lattices

The Gubser-Rocha black hole that was discussed before in section can also be generalised to
include translational symmetry breaking effects. The steps that have to be taken to go from the
translationally invariant black branes to the EMD lattices is very reminiscent of those necessary
to go from the RN black hole to its lattice counterparts.[1o7] The setup is very similar to the RN
ansatz, albeit with one extra field, namely the scalar. In the Gubser-Rocha lattices, we only have
access to explicit translational symmetry breaking through the chemical potential, and there are no
spontaneous symmetry breaking transitions that we are aware of. The general bidirectional lattice
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black hole will have a metric ansatz that looks like
ds* = i 7Qtff(z)772 + g(z) (ern2 +Q 772> + inde2
2’2 L t E T yy'ly f(Z) )
ne = dt (3.18)
Ne = dx + Q:cydy + Qq2dz,
Ny = dy + Qy-dz.
The gauge field and scalar field will take the form

(1—2)
1+Qza

b= ? log (1+ Qzp(x,y,2)) .

t(xv yv Z)»
(3.19)

The rest of the argument goes much the same way. The boundary conditions are given by an
asymptotically AdS boundary and the horizon boundary conditions again arise from a series ex-
pansion near the horizon. More tricky, as highlighted in chapter is the boundary condition of
the scalar. The boundary condition at 2 = 0 that has been employed here is

3Qp + 40,0 —3Qp* =0 (3.20)

which corresponds to an unsourced scalar in mixed ¢, = 1/3 quantisation. This is different from
earlier approaches, where the boundary condition do not maintain key properties like conformal-
ity of the stress energy tensor in the presence of an explicit lattice. [99]]

It will come as no surprise that the derivation of the stress energy tensor and other thermodynamic
observables goes in much the same way as the RN black holes the entropy and charge density are
easy, as they are given by

S/ = 4m\) (1 + QP QuaQuu /]
p/ﬂ2 = ((1 +Q)ar — 8zat) /ﬂ’z:(y

The stress tensor now acquires components not only from the third derivative of the metric fields,
but also from the source and VEV of the scalar field through the ¢-dependent terms in equa-
tion . The full expressions are too long to be included here, but the general structure follows
that of table Using the near-boundary expansions we can deduce that the trace of this does
indeed vanish, giving us always conformal matter, as in the homogeneous case.

(3.21)

3.4. Computing Perturbations

Thermodynamics of the black hole states are good first observables, as they can readily be evaluated
from black hole backgrounds by simply reading off certain components. As mentioned before, itis
quantities like (thermo)electrical conductivities that we really would like to be able to work with.
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In general, many of the quantities that are relevant to physical experiment, such as momentum
susceptibilities, conductivities, viscosities and much more can be expressed in terms of two-point
functions in the field theory. The procedure to do this is fairly standard, but nonetheless requires
a great deal of numerical effort in order to extract worthwhile information at physically interesting
parameters. The principle is again the same as in section Some of the components of the
metric and gauge field are perturbed without back-reaction. The equations of motion are then ex-
panded to linear order which gives access to two-point functions in the field theory. The difficulty
comes mainly because of the nature of the problem. Not only are the fields at finite frequency and
momentum complex-valued, which generally restricts the number of useful numerical solvers and
preconditioning routines that exist for the proble but the problem is also a linear rather than
non-linear one. While this removes the need to make many solutions and updates, it does mean
that to get a good solution the differential equation we need to solve with higher accuracy, as we
cannot rely on the guarantee that if we make a ‘good enough’ update step we still get to a good
solution as is the case in the non-linear case. Instead, we need to make sure that we get the solu-
tion correct directly. This is in general a tricky thing, and here I present only the overview to show
how these techniques are all connected. Many of the results in this section only make sense in the
context of a particular lattice setup but the methods will carry over onto other setups too.

3.4.1. Optical Conductivities in the Homogeneous Reissner-Nordstrom
Black Hole

The translationally invariant RN black hole forms a good starting point for these considerations.
The quintessential example is the electrical conductivity, which is why it featured prominently for
pure AdS in section What is new here is that at finite chemical potential, there are multiple
modes that start to couple in to the electrical conductivity. In particular, if we perturb the gauge
field by

Ay = 0A,(2)e ™" (3.22)

we can see that this couples to metric perturbations

Gat = 5hxt(z)e_iwt7 gzz(z) = 5hxz(z)e_i‘m' (32'3)

There is a lucky coincidence here as it is possible to make a gauge choice to be in radial gauge
to make A, vanish, and by combining the other two equations of motion the problem can be
reduced to a single second order ordinary differential equation for A, (z). The resulting equation
in terms of the chemical potential 1, the emblackening factor f(z) and the parameter 7y as [132]
2 A2 22
i, - 2
0
This equation does not have a simple analytical solution, and is only able to be solved numerically.
Boundary conditions come from sourcing the (perturbative) electric field f;; = 0; A5 along with

(foAL) + 6A, = 0. (3.24)

5Itis possible to phrase the problem in terms of coupling of real fields by expanding the real and imaginary parts separately,
but that doubles the number of fields and equations in the problem which severely hinders performance.
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3. Numerical Holography and Lattices

insisting on computing the retarded Green’s function, as this is the physically most relevant one.
If we take out an oscillating factor

A:c(z) = f(z)74ﬂw/TAx (Z), (3-25)

then infalling boundary conditions can be imposed by requiring A, to be a series expansion in
(z — 1). This gives us the retarded Green’s function. In general setups, this then gives the same
kind of boundary condition expansions as in the lattice, where we can fix the first-order expansion
coefficient at the horizon in terms of the horizon values. The conductivity is given by

A/
o(w) = iwjl . (3-26)

T |2=0

Since the equation is linear, we can then fix the boundary condition at the boundary to simply
be A;(z = 0) = 1, as we only fix the ratio of coefficients in the expansion at the horizon, and
not the value itselfﬂ Equation (3.26)) then takes care that only the ratio of subleading to leading

component is read off, not the actual value of the solution which is rather arbitrary.

Re o

7

0.0 05 1.0 15 20 W/H

Figure 3.4.: AC conductivity of the RN black hole at finite frequency for different temperatures.
Notice how in the high-frequency limit w 2 p, the optical conductivity approaches
the zero-density CFT limit o(w) = 1.

The resulting conductivity can be seen at different temperatures in figure Spectral weight is
transferred from w < 1tow 2 1 when temperature is lowered, and a depletion of the con-
ductivity appears to happen for low frequency. The intensity of this depletion increases for lower
temperature. Note that the w = 0 value is divergent due to translational symmetry of the so-
lution. This can also be checked in Kramers-Kroning consistency, which indeed produces a 1 /w

6There are many other methods of computing conductivities, such as shooting methods and other bulk matching pro-
cedures. However, since we have access to a general way of computing partial differential equations through the solver
I have developed, it is much more convenient to phrase this in the same framework as the earlier backgrounds and the
lattice conductivities as well.
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behaviour for w — 0.[r33} 134] This kind of result can actually be seen in real condensed mat-
ter systems, for example in graphene, which also has a dip below w = i but recovers a constant
o(w) = 1 at high frequency, as expected fora 2 + 1 dimensional CFT.

3.4.2. Finite Momentum Correlators

Of course, there is more to transport than just computing the electrical conductivity. Maintaining
the fluid analogy, the current-current correlator should be governed by several poles, for example
a sound mode in the longitudinal sector and a shear mode in the transverse sector. However, it
is not possible to identify these in the homogeneous model unless we go to finite momentum of
the correlator, as we require the vector momentum in order to define transverse and longitudinal
directions. Atk = 0, only modes in the spin zero-sector can appear. The general ansatz for the
pertubation at finite frequency and momentum is

Juv = 9;(3,) + Ehﬂy(z)e—i(wt—kmw—kyy) + 0(8)2,

Ay = AD 4 cb ()e 1) 1 O 027
9@ and A©) are the background values of the metric and gauge field that have already been com-
puted. If we enter thisansatzinto the equation of motions (3.2)), at first order in £ we will get a linear
set of coupled differential equations for the perturbations in the presence of a fixed background.
Using the translationally invariant Reissner-Nordstrém background, the perturbations will not
in general have any more dependence on the transverse directions x, 3 other than in the oscillating
exponential. As the background is rotationally invariant, we can freely pick k= ki, k, = 0.
In this case now, the modes fyy, Ryy, B2y, by are odd under parity y — —y and will therefore
decouple from the rest of the perturbations which are even under parity. The even-parity modes
will be the fields that couple in the longitudinal sector, and the odd-parity modes correspond to
transverse sector. [135] There is a rather large amount of gauge freedom left in the equations at the
moment, stemming from diffeomorphism invariance and U (1) gauge symmetry of the Maxwell
field. Common choices to fix the gauge are the radial gauge, which simply sets [x35]

hy.="b,=0. (3.28)
Another popular gauge choice is DeDonder and Lorenz gauges, where [136]
\a (BW = O) , Vb, =0, (3.29)

where h is the trace-reversed perturbation metric

1
h/ﬂ/ = h;tu - iTr(h)gfboy) (330)

This is in principle a general ansatz for computing any perturbation we wish. When sourcing the
correct components of h,,,, one can for example compute correlators

Gruwvru (w, k) ~ (hyhy) - (331)
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In the case of the homogeneous RN black hole things simplify tremendously, and it is possible to
make some clever combination of fields into what are called the master field equations.[3s} 137}
138] This however is rather specific and does not apply whenever a lattice is in play. Therefore, I
will not expand in great detail on this procedure in here. Instead, let us stay focused on electrical
conductivity. The choice of transverse or longitudinal sector will come from our choice of electric
field. The source of the electric field turns out to be the value of the b, , perturbations at the
boundary

E,= ftm’zzm E, = fty’z:O (3-32)
while the responses are

S = fzx’z:w Jy = ny’z:O (3'33)

where f,,, is the field strength tensor at first order in the perturbation parameter €. This corre-
sponds to picking
E, =iwb,(z =0), E, = iwby(z = 0). (3.34)

For the electrical conductivity, the correlators are computed

0.0 (w, k, 2)

Coplok) =3 k2
] s vy

. (3.35)
z2=0

The conductivity then we need to keep in mind that at finite momentum, we need to subtract the
real part of the zero-frequency limit of the correlator in order to remove certain contact-like terms

81, 139]
G(w, k) —Re G(w, k — 0)

w

o(w, k) =

(3-36)

In the translationally invariant situation, we expect two things depending on the direction of k

with respect to E. In the longitudinal channel, where k | E, we expect to see a sound-like re-
sponse, with a corresponding sound peak at some w = vk where v, is the sound velocity. This
kind of response is shown in ﬁgure There is also a diffusion pole which causes some momen-
tum dissipation near w = 0, but in the specific case of longitudinal conductivity this is suppressed

by a factor w? / k2. In the transverse case, where k L E, we expect to see a diffusion pole appear.

Atlow k/u this will form a weak source of momentum relaxation. As a result, we expect a small

Drude peak to form in the low-frequency regime. This is shown in ﬁgure

3.4.3. Lattice Conductivities

In the presence of a lattice, either uni- or bidirectional, this story changes in essence very little.
Again we can write the perturbations similar to equation (3.27), but now with the added modifi-
cation that the perturbations also acquire a spatial modulation

h;tV (Z)eii(wtilz.f> — huy($7 Y, Z)eii(wtilg'f) ,

(o . (337)
bﬂ(z)e—l(wt—km) R bp, (l‘, v, Z)e—z (wt—k-z) .
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— k/u=0.1
kip =02

0.0 02 0.4 06 08 1.0 0.0 02 04 06 08 1.0
w/u w/u
(a) Longitudinal optical conductivity. For the (b) Transverse optical conductivity. Note that for
larger values of k, the sound peak moves to  higher k, the Drude peak lowers and becomes
higher frequency and broadens, indicating in-  wider.
creased attenuation.

Figure 3.5.: Optical conductivity at finite momentum in RN. We choose here a constant source

FE,, and let k=kiork = kg for longitudinal and transverse computations, respec-
tively. In both cases, for large w the CFT result o (w) — 1 is recovered.

The difference now is that the exponentials are not a periodic function on the domains Ly, Ly,
while the perturbations are assumed to be. This is reminiscent of a Bloch wave expansion for per-
turbations that is common in condensed matter physics. The principle of solving the equations is
still a relatively simple affair, as the principle is the same as in all the cases before. The main differ-
ence is that now this turns into a set of linear partial differential equations rather than a set of linear
ordinary ones. The horizon boundary conditions are also given by requiring an order-by-order so-
lution of the equations of motion near the horizon to the infalling waves. The argument that
from symmetry k,, can be set to zero in general is lost, because the uni- and bidirectional lattices
break rotational invariance badly. Another difference is that now the differential equation for the
perturbations has to be computed on a given (numerical) background. The variable coefficients
in the differential equations are then also dependent on a set of background fields instead of just
the radial coordinate. The gauge fixing terms described in sectionstill apply, and will now in
general depend on both spatial dimensions as well as background fields. This is mainly a practical
challenge from a programming point of view, not from a conceptual one. The evaluation of the
correlator is then the same as in equation (]ED, with the added point that we need to average over
the spatial dimensions in order to get the proper response The optical responses in several types
of 1D holographic lattices have been extensively studied in other works. [107}[118} 120} 136} 140] The
main result that can be highlighted here is that in the presence of a weak (ionic or other) lattice,
there is also a small amount of momentum relaxation, as in the case of the transverse conductivity

7Since we always take the source to be spatially homogeneous, the average only needs to be done over the expectation
value. It is possible to do both finite wave vector sourcing and responses, see the discussion on inverting the alternate
quantization later in chapter

55



3. Numerical Holography and Lattices

in pure RN, but now also in the £ = 0 channel. As a result, we again expect a finite Drude peak
to appear.

3.4.4. DC conductivities

The limit w — 0 in the definition of the conductivity as in equation is problematic when
we try to deal with conductivity at zero-frequency. Namely, the DC limit is well defined, but
evaluating at exactly w = 0 contains a divide-by-zero, which is something that computers do
not handle well. DC transport contains a lot of information about the system and therefore it is
good to have access to it. Conveniently, there is an easier way to find these. In general, they are
computed by taking particular combinations of time-independent perturbations to the metric and
gauge field. This procedure has been investigated in great detail, with an interesting result at the
end. It turns out that the DC conductivity in both Reissner-Nordstrém and dilatonic black holes
can be evaluated by solving a Stokes flow-like problem at the black hole horizon. 114} 140H146]

In the most general setting, where we not only have the Einstein-Maxwell action but potentially
also other scalar fields, it turns out that by perturbing the black hole just right and using the sym-
metries in the equation of motion the horizon equations that need to be solved becomes a system
of four equations, where [142}[146]

nir (=29 oy + 0 V,00 Vg™ ) — ax Q7 - I

PH (El + Vzw) —Tsyg (Cz — V147TPT> =0, (3'38)

0;,Q7 =0, 0;J7 = 0.

These g, sp, pu are horizon quantities that play the role of shear viscosity, entropy and charge
density in this Stokes-like problem for a fluid with velocity v;, pressure p and forcing term w;
living on the black hole horizon. s is the same as the entropy we assign to the black hole when
considering its thermodynamics, and gy = sp /4, akin to the famous result for minimal viscos-
ity.[85] Additionally, one can find that V ;v = 0 must also be satisfied, making this a Stokes-flow
like incompressible flow problem. The thermal and electrical gradients are here sourced by (;, E;
and can in principle depend on spatial position, although I will not consider that in this thesis.
The unknowns here are the field v/, w, p, while the rest of the quantities are given in terms of
bulk fields evaluated at the horizon. @;, J; are the resulting heat and electrical currents. These are
defined on the horizon, but it can be shown that their unit cell averages @, J are not renormalised
from the horizon to the boundary, and are therefore equal to the averages of the DC currents we
want to interpret in the boundary theory. The conductivities are then found with

(@) = (e ) (€) o)
Q' TaY TR )\ ¢ ) '

Here a, & are the thermoelectric conductivities and & is the thermal conductivity.

The exact forms of these depend on the exact setup that is being used.[142]] What is the case is
that this simplifies in certain scenarios. Specifically, if translational symmetry is broken in some
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kind of homogeneous way, where there is no lattice, the thermoelectric conductivity can be eval-
uated by just evaluating certain horizon quantities. The case of the unidirectional lattice is simple
too, where now thermoelectric currents can be expressed in terms of integrals over horizon quan-
tities. 40| For the bidirectional lattice due to the lack of remaining symmetries there is no such
simplification and one has to resort to actually solving the Stokes differential equations nu-
merically. This can be done rather simply, as this is just yet another modification of the code solving
a perturbative problem in the presence of a background, like in the AC case, but now restricted to

only the horizon

3.5. Outlook

All this together provides a lightning overview of the methods that have been used in the produc-
tion of this thesis. The results of these endeavours will be presented in the following chapters, in
papers on fermionic spectral functions in holographic lattices, optical and DC conductivities in
Gubser-Rocha black holes, and thermodynamics and quantization considerations in the Gubser-
Rocha model. All the numerics contained therein are based on the equations that have been pre-
sented here. Their practical efficient implementation into computer code is a story in and upon
itself, which unfortunately could not be included in this thesis due to constraints of length. For
this in-depth discussion on the numerical solutions of non-linear elliptic boundary value problems
in two and three dimensions, there are more in-depth discussions available. [147]

80ne thing to keep in mind for accuracy is that in the way the setup is currently phrased, there are zero modes present
for the fields p, w, as they can be augmented by a constant shift p — p + ¢, without changing the Stokes equations,
as they only appear as derivatives in the Stokes equations. In order to get a correct linear solve, one should expect to
have to fix the values of p, w at some point in the domain. This will remove the zero (or often numerically very small)
pair of eigenvalues from the matrix that is used to solve the problem.
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4. Holographic Lattice Fermions

4.1. Attribution

This paper was published under the title “Isolated Zeros Destroy Fermi Surface in Holographic
Models with a Lattice” in the Journal of High Energy Physics (JHEP) 2020, article 151 [148], to-
gether with A. Krikun, A. Romero-Bermudez, K. Schalm, and J. Zaanen. Relevant codes for this
section will be published together with the publication of this thesis at [149} [r50].

4.2. Introduction

The physics of strongly correlated electron systems remains a major puzzle in modern condensed
matter theory. The possible deviations from conventional Fermi liquid behaviour are simulta-
neously extremely interesting and extremely hard to study. Nonetheless, evidence coming from
experiments in high temperature superconductors and other strange metallic systems points out
that such non-Fermi liquid systems do exist in nature and display many unconventional phenom-
ena. The defining feature of non-Fermi liquid behavior is the absence of long lived quasiparticles
anchored on a well-defined Fermi surface, which could be used as building blocks for Fermi liquid
perturbation theory. Such signatures of a destruction of the quasiparticles are seen in the angle re-
solved photoemission (ARPES) studies of experimentally realized strange metals [1s1]. In high T’
superconductors in the normal phase, the spectral width, or the inverse lifetime, of the fermionic
excitation at the Fermi level becomes unnaturally broad in the anti-nodal directions, whereas one
still observes well defined quasiparticles at the nodes [s2} 153] — the nodal-antinodal dichotomy.
In the pseudogap phase the phenomenon of so-called Fermi arcs is even more striking: the sharp
Fermi surface simply ends at a point in the Brillouin zone, which is topologically forbidden for a
Fermi liquid-like system [r54]. A careful theoretical understanding of these phenomena has been
hampered by an absence of conceptually new approaches that do not rely on a stable quasiparticle
description.

The holographic duality provides such a conceptually novel way to treat the strongly correlated
systems without the need to postulate the quasiparticle description to begin with; for a review see
[61]. It has been shown in the earlier works [93} /155, 156] that one can obtain a spectrum with or
without the long lived fermionic quasiparticles depending on the parameters of the holographic
model. The natural question arises of whether it is possible to achieve the transition between these
regimes as a function of direction in the Brillouin zone, as it is observed in real materials. This is
the question we address in the present work. Most of the earlier works in holography on single
fermion spectral functions are restricted to isotropic setups, with the rare exceptions including
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(115} [157H160]). In order to study anisotropy and the effects of the Brillouin zone boundary, we in-
troduce a periodic modulation of the chemical potential, which mimics the ionic lattice, breaks the
rotational symmetry down to a discrete group and introduces Bloch momentaﬂ A similar study
has been performed recently in [158} [160] which also includes a spontaneous breaking of transla-
tional invariance. In our case we restrict ourselves to a simpler setup that includes only an explicit
periodic lattice, without spontaneous striped order. This allows us to perform the analysis of our
results in the cleanest possible way. Similarly, in order to isolate the effects of the periodic lattice,
we don’t consider any non-minimal interaction terms in the Lagrangian of fermions coupled to
gravity in holographic dual description.

As expected, we observe the generic effects of a periodic potential: the fermionic dispersion rela-
tion becomes multivalued in the first Brillouin zone due to the presence of lattice copies from the
neighbouring zones. Umklapp gaps appear from the interaction between these copies and results
in the formation of Fermi pockets. These basic effects had already been observed before in various
holographic models with periodic potentials [r57-159]. It simply shows the universality of Umk-
lapp at the boundary of the Brillouin zone in fermionic responses in periodic potentials. However,
we report here that, for substantially strong lattice potentials (much stronger then considered pre-
viously in i.e.[157}159]), a novel physical effect appears: the partial destruction of the Fermi sur-
face due to the interaction of poles and zeros in the Green’s function. A noticable spectral weight
suppression in strong holographic mixed spontaneous and explicit lattices was observed earlier in
158, 160]. However the effect which we observe is different: in our purposely simple tractable
model we can completely identify that there is not just suppression, but that the Fermi surface is
actually destroyed due to a collision of the defining pole with a zero in the Green’s function

Zeros of the fermionic Green’s function have been observed in holographic models in several con-
texts. One kind of zeros, the “alternative quantization zeros”, has been pointed out in the early
works using bottom-up models [93} /155, |156] as well as in top-down constructions [161]. The exis-
tence of these zeros is understood straightforwardly within the holographic approach: they origi-
nate from the fact that, for a range of the parameters, a particular holographic theory can be treated
as a dual to two distinct quantum theories on the boundary [74]. These two treatments are the
“direct” and “alternate” quantization of the boundary operators and the simultaneous existence of
both leads to the appearance of zeros in the Green’s function of one theory, precisely at the point
where the other one has poles. As we will see below, in the presence of a strong lattice potential
these “alternative quantization zeros” approach the pole corresponding to the putative Fermi sur-
face. This proximity kills the peak in the spectral response. The origin of this type of zeros is quite
clear from the holographic point of view and universal in that context, but their interpretation in
terms of conventional condensed matter theory remains elusive. We shall comment on possible
interpretations in the discussion section. The phenomenon we observe is somewhat similar to the
“pole-skipping” in holographic correlators for hydrodynamic energy-density modes, discussed re-
cently in [162-166|] and for fermionic modes in [167]]. There one also observes the line of poles in
the spectral density being cut by the line of zeros.

"For the sake of technical simplicity we focus on a quasi-one-dimensional lattice, i.e. we only consider the modulation in
one spatial direction.
*For a discussion on the possible origins of the anisotropic spectral weight suppression observed in [158}160] see [11s]
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This holographic understanding of controlled zeros in the Green’s function has already been ex-
ploited in attempts to describe the zeros in the spectrum arising from Mott physics [168-172].
One mechanism relies on an extra Pauli or dipole coupling present in the fermionic Lagrangian.
It has been shown that in the particular case of massless bulk fermions this can partially convert
the Fermi surface into the line of zeros. We intentionally do not include the extra coupling in our
model, which allows us to distinguish the phenomenon we observe here from the one mentioned
in those works. On the other hand, zeros in spectral functions can have several origins but true
Mott physics is intrinsically linked to the presence of a lattice and translational symmetry breaking
as studied here.

The spectral signature of zeros colliding with poles/peaks is a very identifiable characteristic and for
that reason of high interest. More recently, a new zero-pole collision has been found [r73] unrelated
to holography. It was shown that in the presence of a quantum critical continuum coupled with
two systems with discrete spectra, the spectrum of one such system has a characteristic zero at the
resonance of the other. And this zero may collide with a pole. This effect is in the same class as the
Fano resonance, where the spectrum of a continuum theory interacting with a discrete system has a
zero at the resonance frequency of the latter. Alongside with our main finding we observe this new
class of “resonant zeros” in our holographic model. The reason is that the near horizon geometry
generically encodes a certain type of the quantum critical continuum and the periodic potential
gives rise to the many copies of the discrete particle dispersion spectra within the first Brillouin
zone. The fermion spectral function precisely probes a discrete sector coupled via continuum to
other discrete spectra. The effect of these zeros is also interesting, but not so spectacular as the
one from “alternative quantization” ones. These discrete-continuum-discrete resonant zeros cut
through the Fermi surface and destroy the quasiparticle peak at a particular point, but they do not
remove extended intervals from the Fermi surface.

Our finding that “alternative quantization” zeros interfere with Fermi-surface poles in holographic
models with strong lattice potentials is theoretical and it is our thorough understanding of a pecu-
liar aspect of holographic theories that allows us to unambiguously identify this mechanism. The
result strikingly resembles the phenomenon of Fermi arcs, seen in the pseudogap. The creation
of Fermi arcs was already the motivation for the holographic studies[168-172], but in our work
they are directly tied to the presence of the lattice and anchored to the directional pattern of the
Brillouin zone. Undoped Mortt insulators are known to have zero responses in the single particle
fermionic spectral function. In conventional condensed matter theory there are attempts to ex-
plain the formation of Fermi arcs in the pseudogap phase of the cuprates originating from these
Mortt zeros in the spectral density [r74-178]. In these approaches, it is argued that, due to strong
interactions, the self-energy of the quasiparticle diverges forcing the “dressed” Green’s function to
vanish at certain points in the phase space. These zeros do not violate the Luttinger count [179],
but render the Fermi surface disconnected. It would be interesting to determine whether there is
any connection between our results and this other approach, but as we shall discuss in the con-
clusion, there are a number of fundamental open questions that will require significant further

study.

The paper is organized as follows, in the first two sections we give an overview of basic features
of ordinary Fermi surfaces in a periodic potential (Sec.|4.3) as well as the holographic fermionic

61



4. Holographic Lattice Fermions

response in the case of a simple isotropic background (Sec.[4.4). In Section [4.5| we describe the
model and the method. The main result is presented in Sectionand we draw our conclusions
in Section The appendices are devoted to the details of our treatment in the homogeneous
black hole background (App., the construction of periodic backgrounds (App. and the
analysis of the fermionic response (App.[4.C). We also explain the Brillouin zone representation
of the Green’s function in Appendix

4.3. Umklapp Scattering and Fermi Pockets in
Unidirectional Potential

We start by recalling the basic features of the fermionic spectral function in a periodic potential.
We wish to illustrate that at strong lattice potentials there are several non-linear responses, that are
normally not considered in linear analysis of Bloch wave physics and Umklapp. Nevertheless these
non-linear responses follow from a straightforward calculation. We consider a non-interacting
Dirac fermion t) in 2+1 dimensions in the presence of a periodically modulated chemical potential
p(z) = p[14 A sin(pz)] along the z-direction only. In order to facilitate the analysis of our main
results, we keep the y-direction homogeneous. The Dirac equation reads (here the bars denote a
2 + 1 dimensional toy-model in order to avoid confusion with our main treatment below)

[’?Mau - ZM(‘T)’?*} ’(ZJ(LI}, Y, t) = 0) (4'1)
pu(z) ~ p(x + 2nm/p) = p (1 4 Asin(pz)) (4.2)
Y =io, AT =02, =03,

where o; are the Pauli matrices. We introduce frequency, momentum in y-direction as well as the
Bloch momentum in z-direction

’(Z}(x7 Y, t) = ei(kmw+kyy_Wt)/(Zk(x)7 ¢k($) ~ &k(x + 27171’/]?), ne INu (4-3)

to get the equation on the Bloch wave function ¢y, (), which is by construction periodic with the
same period as the potential pi(x):

[—01 (w—p(x)) + iooky + iosk, + 02830] Pr(x) = 0. (4.4)

Here, the Bloch wave function vy, = {1/);7 wt} is a 2-component spinor and the Dirac operator
isa 2 x 2 matrix differential operator. Since the Bloch wave function has the same period as the
potential, it is convenient to expand it in the Fourier series:

1/_)2(33) — CL;; eilp.'r
(wm)) ;(%ﬁ) | 9

62



4.3. Umklapp Scattering and Fermi Pockets in Unidirectional Potential

In this representation, the Dirac equation (4.4)) turns into a matrix equation for the vector wave
: - - oLt
function (let us drop the k index fornow)a = {...,a;,a7,a; 1, a7, ...}

M-a=0
—(ky — 2p) — dw —ik, —iApn/2 0
iky (ky —2p) — dw 0 —i\u/2 ,
iAu/2 0 —(kz —p) — dw —iky,
0 —iAp/2 iky (ky —p) — dw

(4.7)

where dw = w — p for brevity. The Green’s function in the Fourier mode representation is simply
the inverse of the Dirac operator: Gy, = (M ~1);,. In ARPES experiments, the most important
element of the Green’s function is the Giog component, which characterizes the projection of the
fermionic linear response function in a crystal on the plane-wave states of the incident photon and
photo-electron. Therefore, in what follows, we will be focusing on the spectral function associated
with the Gop component of the fermionic Green’s function

A(w, ]f) =Im TI‘GOQ(OJ, k), (4.8)

where the trace is taken over the spin states. Throughout the paper we assume a practical definition
of the Fermi surface as the locus of maxima of the spectral density in the momentum plane at the
Fermi level.

In Fig. we show various examples of the spectral density in the toy model for various
parameters of the background potential | In the left column we consider a weak periodic potential
(A = 0.08) for three values of the size of the Brillouin zone p. For a weak periodic potential all
the results can be easily understood from linear analysis. When the BZ is large enough, the Fermi
surface does not reach the BZ boundary and has the same isotropic shape as in the case without
modulation with Fermi momentum £ ¢. For a smaller BZ (smaller p, middle panel), lattice copies
of the Fermi surface from the neighbouring Brillouin zones are seen. These copies are visible in the
Goo component due to the off-diagonal mixing terms iAu/2 in Eq. (4.6). Therefore, the spectral
density in these lattice copies is suppressed by a factor of A and, in case of the weak potential, they
are hardly visible. When the Brillouin zone size is further reduced (p/2 < k), the neighbouring
Fermi surfaces start to overlap and Umklapp gaps are opened at the Brillouin zone boundary. From
the point of view of the inversion of matrix , this is simply a linear eigenvalue repulsion effect
due to non-zero off-diagonal terms ¢A¢/2. This occurs around the point when the eigenvalues of
the top-left and bottom-right blocks of the matrix become identical. In this case, the series

3The Green’s function of the real equation is real. In order to make the spectral function visible, we evaluate it a
slightly imaginary frequency w = Ey + 11074, Ey =0.4.
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Figure 4.1.: The shape of the Fermi surface of a non-interacting 2-+1 dimensional Dirac toy model in a unidirec-
tional periodic chemical potential. Shown is the spectral density (£.8), which equals the oo component
of the inverse matrix M .

Left column: At weak modulation the shape of the Fermi surface appears circular as in the absence of a lat-
tice. However, lattice copies appear in the neighbouring Brillouin zones (BZ). When the BZ (red dashed
grid lines) becomes smaller than the Fermi momentum, these copies overlap and an Umklapp gap is opened
at the intersection point, giving rise to Fermi pockets.

Right column: At strong modulation amplitude A = 1 nonlinear effects are seen. The shape of the Fermi
surface is now affected even far from the boundary of the BZ. When BZ gets smaller, the FS is first squeezed
and then strong Umklapp gaps are opened, leading to the small dumbbell-like Fermi pockets near k. axis
and the nearly k; independent flat “band” at finite k.

of circular Fermi surfaces turn into a series of Fermi pockets in addition to a an outer band parallel
to x-axis. This “band” is an artefact of the unidirectional modulation of the potential, which we
introduced for simplicity. In the case of a realistic crystal lattice in both - and y- directions, Fermi
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4.4. Holographic Fermi Surfaces and Zeros

pockets would form in the y- direction as well.

For strong modulating potential A = 1, right column of Fig. the situation is more involved.
Even though qualitatively the response is the same, quantitatively non-linear effects will now also
affect the shape of the Fermi surface. Firstly, of course, the lattice copies of the Fermi surface ac-
quire a larger spectral weight due to the stronger mixing and are visible already for large Brillouin
zones (top row). As the BZ decreases, the strong interaction effects that change the shape of the
Fermi surface are seen. It becomes “squeezed” as in the middle row of Fig. Finally, once the
Fermi surfaces overlap, the umklapp gap that opens is so large that the outer “band” gets pushed
far away and is almost flat (independent of k), while the heavily deformed Fermi pockets are
stretched along the BZ boundary, deforming in a dumbbell-like shape, see the bottom row of

Fig.

As we will see below, these different types of the Fermi surface geometries that we find in the toy
model with non-interacting electrons on top of the periodic potential will also appear in the
fermionic response of the strongly coupled holographic model. This will aid us in distinguishing
effects that are due to strong self-interactions from effects that are due to strong lattice poten-
tial.

4.4. Holographic Fermi Surfaces and Zeros

Next we recall the universal presence of zeros in the fermionic spectral response in a finite-density
holographic model of a strongly interacting system of fermions. This is also so in the absence of a
lattice and the simplest example of such a system — the homogeneous model at finite temperature
and chemical potential — is described by a Reissner-Norstrém black hole in the 3+1 dimensional
curved AdS space [61]. The corresponding metric reads

dz?
f(2)

1
RN black hole ds* = — l—f(z)dt2 + da* + dy® +

o (4.9)

with

z z 22 /LQZ}QL 23 z z
f(z)_(l_zh><1+zh+zg_ T (1—Z}L>P<2h> (4.10)

and zj, being the radius of the black hole horizon which is related to the temperature and chemical
potential in the dual theory:
16Tz, = 12 — p?23. (4.11)

The gauge field potential of the charged black hole is simply
Ay = (z — zp) . (4.12)

In what follows we will set 2, = 1 by choosing the appropriate measuring units.
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4. Holographic Lattice Fermions

In order to study the fermionic response in the holographic framework, one considers the Dirac
equation on the curved space-time (4.9) 6193} [155H157} 180} 181]:

L 1 a Ci -
Ffe§c ((% + gwbu”ac‘f b _ quM> —m| U(t,z,y,2) =0, (4.13)

where ¥ = (4T, 4+)7 is a 4-component 3+1 dimensional Dirac spinor, which we break into two
2-component subparts corresponding to the different spin states on the boundary. Here e{b are
the tetrad vectors; wy, is the spin connectio Nac is the Minkowski (—, 4, +, +) metric; A,

is the gauge field, and 0® = 1[T'*,T"*] is the generator of Lorentz transformations, where we
choose the I'-matrices to be

M=o, T2=0’®e% TYL=0’®c% TI2=1®o0;. (4.14)

The tunable parameters here are g and m — the charge and mass of the bulk fermion field. In the
homogeneous background one can immediately expand in plane waves along {x, y} direc-
tions. It is also convenient to rescale the spinor and introduce the new fields (“:

wa — (g/gzz)1/4eikmr+ikyy—iwtga(z) , a€ {T’ i} (4.15)

where g,,,, is the metric and g its determinant. After this redefinition, the equation for (T reads

w+qgA k, 1
o3 +1 g o9 + — —

' f vai v

Taking advantage of the isotropy of the RN black hole, we choose the coordinates in such a way
that k, = 0 and the Weyl spinors (T and ¢* decouple. For ¢4, the k, momentum term has
the opposite sign. Therefore, in the subsector k;, = 0 the two spinors describe left- and right-
moving modes in the 2z-direction. This simplification generically doesn’t happen in the presence
of a lattice, however it still arises when the fermion propagates along the unidirectional potential,

9. — o1| (M(2) —iky—=01¢H(2) = 0. (4.16)

as we will see in the next sectionf]
The analysis near the AdS boundary z — 0 shows the spinor components behave as

b (w, k)z™ + al(w, k)ad(w, k)z=mF + ..

T o _
(zw k)], o= al(w,k)z=™ + b (w, k)b (w, k)zm L + .. | (417)

where the constants a?, bY can be fixed by solving the equations of motion, see Appendix
and can in principle depend on parameters (w, k). Given the expansion of the bulk fermion

+Spin connection is defined as via 9 ey, + wy, eb — |
5This is a consequence of our choice of the I'-matrices . Their reduction on the boundary, defined by the action
of 2+1 dimensional Lorentz generator o#, u, v € (t, , y) on a positive subspace of I'? coincides with ¥* in @
The different spin states which we consider are the eigenstates of ¥ and they decouple in case when the fermions

propagate along x-axis, since in the corresponding 1+1 dimensional problem they possess different chiralities.

e? = 0, where I, is Christoftel symbol.

66



4.4. Holographic Fermi Surfaces and Zeros

profile one identifies the independent coefficients @ and b with respectively the source and the
expectation value of the corresponding fermionic boundary operator ¥ of conformal dimension
A = % + m |93, [sss} 156} [180, 18218s]]. This is called “direct quantization” (Direct Q). It is
important to note however, that this identification is not unique: for m € [0, % one can consider

an “alternative quantization” (Alt. Q, which we denote with tilde: ¥) and consider b as the source

and a as the expectation value of the operator ¥ with conformal dimension A = % —m. In
. . 1 . ..

this regime of m € [0, 5), a single bulk model can correspond to the two distinct boundary

theories, depending on the type of quantization chosen. A useful way of studying alternative

quantization is to consider the direct framework but to extend the range of m to negative values

of m € (—1,0]. In this way the roles of @ and b are switched in (4.17).

Within the linear response approximation, the holographic identification of source and response
allows one to obtain the two-point function of the fermionic operator under consideration: the
fermionic Green’s function G = (W) = (response)/(source). In general the Green’s func-
tion is a matrix, and to divide out the sources requires a few steps. In the notation of [180], given
the relation between the sources and responsesﬂ

bt at
pt =S at | (4.18)

the (retarded) fermionic Green’s function reads
Gr = —iSy, (4.19)

where vt = i0 with our choice of the I'-matrices (4.14)) 93, 155 156} 180, 185-188]. Therefore,
in direct quantization G'T = b'/aT, while in alternative quantization G = a'/b". In other
words, the two point functions in both quantizations are related by

G =b"/at =1/G. (4.20)

In particular and importantly, this means that the poles of the Green’s function in the alternativel
p p Y p y
quantized boundary theory correspond to the zeros of the Green’s function in case of the direct
quantization.

The final point is to determine which type of the Green’s function we are looking at. This is fixed
by the boundary conditions at the black hole horizon, see Appendix The retarded Green’s

function corresponds to a purely infalling solution at the horizon:

Z)fiw/él'n'T'

(=) ~ (zn — (4.21)

Z—Zp

In short, in order to evaluate the Green’s function, one has to solve the Dirac equation (4.16) in
the full bulk geometry and find the ratio between the a and b branches of the AdS boundary
expansion of the solution. The first-order ordinary differential equation (4.16)) together with

®Note that in the boundary fermionic theory the aT is a source to b¥ and vice versa, see [186}187].
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the boundary condition is solved with the numerical shooting method, as we explain in
Appendix[4.A} and for given values of the background parameters {7, 11}, fermionic parameters
{g, m}, frequency and momentum {w, k, = k}, the asymptotic form is read off from the
solution. This gives us the Green’s function G (w, k) from Eq. (4.20). In complete analogy
we can evaluate GH by solving the appropriate equation, or simply use the symmetry mentioned
above GH (k) = G (—k). Finally, we evaluate the fermionic spectral density as

A(w, k) = Im TrG(w, k) = Im(G™ (w, k) + GH(w, k), (4.22)

which is the central object of our study. In what follows we mostly focus on the features of the
Fermi surface, defined as the locus of the spectral density peaks at zero frequency: w(kp) = 0.

The fermionic spectral density at zero frequency in the RN black hole computed this
way is shown on Fig. We have chosen the fermionic bulk mass m = 1/4, the charge ¢ = 1and
T/ = 0.005. The Fermi surface with direct quantization is shown on the left panel. Moreover,
since m < 1/2 alternative quantization is also possible and the result is shown on the right. The
Fermi surfaces are circular, as expected for fermionic excitations at finite chemical potential in
an isotropic background. We also observe the specific holographic feature of the appearance of
multiple nested Fermi surfaces [93]. This is a generic feature in holographic models: the number
of the observed Fermi surfaces depends on the mass and the charge of the bulk fermion as well as
on the background chemical potential, and in principle it can be arbitrary [61].

Here we wish to call attention to another interesting phenomenon which is evident when compar-
ing the results of direct and alternative quantizations: each plotin Fig.includes the position of
the Fermi surface in the other quantization in dashed lines. We see that the Fermi surfaces in the
direct and alternative quantization alternate. This effect is more clearly visible on the left panel of
Fig. where the k;, = 0 cut of the spectral density is shown. Indeed, the solid and dashed verti-
cal grid lines, indicating the Fermi surfaces in the direct and alternative quantization, respectively,
alternate: there is always an alternative quantization FS in between two direct ones.

At this point it is important to remember that, due to the inverse relation between the Green’s
function in Direct Q. and Alt. Q. (4.20), a pole in the alternative Green’s function G always cor-
responds to a zero in the Direct Green’s function G. While a pole near the real axis produces a
discernible peak in the spectral density A, a zero is only reflected in a depletion of spectral density
with a minimum set by the imaginary part of the position of zero in the complex plane, which is
proportional to temperature. This depletion, unlike the peaks, is harder to spot in density plots
like Fig The reason is simply that in order for the depletion in spectral density to be visible,
the latter must have a finite background value. However, the spectral density at zero frequency is
set by temperature itself and therefore the depletion is not seen. Therefore, the most direct way of
detecting the zero in the Green’s function is indeed to study the peaks in its alternatively quantized
counterpart. This is how we will identify the zeroes of the Green’s function in the remainder of

this paper.

Another reason for the absence of detectable depletions of the spectral density is that the trace of
the Green’s function contains several additive terms, only one of which is suppressed. Indeed, in
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Direct quantization, m = 1/4, RN Alternate quantization, m = —1/4, RN
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Figure 4.2.: The fermionic spectral density at near the Fermi level (w = 0.01,/p) in the
isotropic Reissner Nordstrom background form = 1/4, ¢ = 1. The den-
sity plot shows the distribution of the spectral density in momentum plane k;;, k,, for
the direct (left panel) and alternative (right panel) quantization picture. The circular
Fermi surfaces are seen, which are expected for the isotropic background. In both cases
there are two nested FS with different lifetime of the excitation. The positions of the
ES in the other quantization picture are shown with the dashed lines on each panel,

which makes apparent their alternating structure. 7'/ /p = 0.01, u? /p ~ 3.329

a particularly simple example with &, = 0 the Green’s function is diagonal in the spin represen-
tation ) )
_ " W 1 L

Im TrG(w, k) = ImG'" + ImG** = Im [GTT] + Im [GU} . (4.23)
Therefore, the peaks of a single component, shown in dashed in Fig. are clearly seen in the
total Im TrG, while the depletion, if any, would be shaded with the finite value coming from the
opposite-spin component. One could alternatively capture the position of zeros by looking at
the real part of the Green’s function at real w, which changes sign at exactly this point. However
this method suffers from the same problem: the contribution of the two spin components add
together in the trace of the Green’s function and one has to diagonalize it in the spin space in
order to distill the position of zeros.

The Green’s function zeros become particularly important in the case where the peaks in both
direct and alternative quantization of the same spin component (shown with arrows in Fig.
come closer to each other. In this situation, the pole and the zero of the Green’s function in the
complex w plane would recombine and the residue of the pole would vanish In this way, a peak in
the spectral density would be “eaten” by the approaching depletion producing a distinct observ-
able phenomenon. This pattern is similar to what happens in a Fano resonance in a continuum
coupled to a discrete system, but here it is manifested as a destruction of the Fermi surface atw = 0.
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Figure 4.3.: The fermionic spectral density near the Fermi level (v = 0.01,/p) in the
isotropic Reissner-Nordstrom background . The £k = 0 cuts in linear scale
of the direct and alternative quantization pictures are shown. The left panel corre-
sponds to the fermionic massm = 1/4 < 1/2, where the alternatively quantized dual
CFT is well defined, while the right panel corresponds to the case m = 3/4 > 1/2,
where it does not exist. In both cases the clear peaks corresponding to the well defined
Fermi surfaces are seen in both direct and alternative pictures (In case m = 3/4 one
needs larger value of fermionic charge ¢ = 1.2 in order for the FS to be formed). The
dashed lines show the contribution of a single spin component to the spectral density.
The red arrows point out the peaks which, if brought close to each other, may be de-
stroyed due to the proximity of the zero and a pole in the given spin Green’s function.
In all cases T'//p = 0.01, which matches the parameters we will use later on.

In the simple isotropic model described above this does not happen since the poles and zeros are
always separated. In what follows we will show that the situation changes when a strong periodic
background chemical potential is considered.

Before moving forward, another comment regarding the existence of the zeros in the Green’s func-
tion is in order. On the right panel of Fig.we show the results obtained for a different mass
m = 3/4 for which only a single quantization in the dual CFT is possible [ss} 183]. In other
words, one cannot prescribe a physical meaning to the Alt. Q Green’s function. Formally, how-
ever, we can still evaluate the Alt. Q expression by inverting the Direct Q result. The artificially
computed Alt. Q spectral density clearly exhibits the peaks even in this case, which therefore cor-
respond to the zeros of the Direct Q Green’s function. Therefore, we conclude that the general
mechanism of appearance of the zeros, is independent of whether or not the alternatively quan-
tized picture is well defined.
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4.5. Fermionic Spectral Function in a Holographic Lattice

‘We now turn to the study on how the fermionic spectral function discussed in Sec.is affected
by the periodic chemical potential, and in particular when the strength of the lattice potential is
strong. The bulk model with periodically modulated chemical potential — the holographic ionic
lattice — has been introduced in [118] and studied in great detail in [136} [140]. In what follows we
will adhere to the framework used previously by some of us in [[79} 189] [190]. We consider the
holographic model with Einstein-Maxwell action

S = /d4x\/fg <R — in — 2A) , A= -3, (4.24)

where F' = dA is the gauge filed strength tensor, R is the Ricci scalar and A - the cosmological
constant. We introduce the spatially modulated chemical potential (c.f. (4.2))

Ay 2)| | = i) = pof1 + Asin(pa)]. (425)

The non-isotropic black hole solution can now no longer be constructed analytically, but must
be found numerically. In order to find the gravitational background solution it is sufficient to
consider the following metric ansatz

2
di + XQ(dx + szdz)z + de?ﬁ) 5 (4'2'6)

27i T2 Py 2 2
ds z2<Tf( )dt + Z 8

A= Adt.
The blackening factor f(z) is that of the RN black hole and all the other ansatz functions
depend on both z and x coordinates. Given that, at the horizon

(22 — 7-2)| =0, (4.27)

z=

the temperature is still given by (4.11). Using the DeTurck trick [128} 129} 191] and the numerical
methods for solving partial differential equations (PDEs) developed in [79}[147}[189]] we obtain the
background gravitational solutions for a given temperature 1" at a fixed chemical potential. The
lattice wave-vector is p and A is the amplitude of the chemical potential modulation in units of
tto. The details of the numerical procedure and precision control are discussed in Appendix
With the gravitational background solution at hand we proceed to solve the Dirac equation (4.13).
The co-frame is now less trivial than for the isotropic case:

X zZ
e = @dt €y = ;(dﬂj + szdz)v eg = %dy’ €: =

R
but we can still follow the procedure outlined in Sec.[4.4] Since we are now working in a peri-
odic background potential, we express the spinors in Bloch waves (4.4)) instead of plane waves and
therefore the rescaling of Eq. (4.15)) is modified as

wa(z)x) _ (g/gzz)1/4eikmz+ikyy—iwt<a(Z’ 33),
Ca<z7$+277/p) E(“(zﬂ:), a E{Tai}’

dz,  (4.28)

(4-29)
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where (%(z, x) is now a position dependent periodic Bloch wave function. Substituting (4.238)
and (4.29) into the Dirac equation (4.13), we obtain the fermionic equations of motion, which are
now PDEs with (27 /p) - periodic boundary conditions in z-direction (c.f. (4.16)):

_m wtedz ke 2
{62 Z\/TZO:»,H 7 7.02+\/7X01i4(x73)
—ikyﬁgalgi(‘x,z)

(4.30)
.1 Z 1 1z
[ (e dm %)

+ Q.z (81 + %8:3 nQ.. + ’Lk}w) 1} Ci(x, z) = 0.

The equation for the ¢ 1 componentis obtained by a parity transformation: k; — —k;,0; — —0;
and Q,; — —Q;, fori € {z,y}. The AdS boundary and horizon asymptotic behavior ,
, , remain unchanged in the presence of the periodic potential, except that all the
expansion coefficients are now periodic functions of the boundary coordinate x. The details of
the numerical algorithm used to integrate these equations are given in Appendix

Given a solution of (4.30) as a function of both 2 and x, we extract the near boundary coefficients
a(zx) and b(x) defined in Eq. (4.17)). In order to obtain the linear response S-matrix of Eq. (4.18)),

we expand these periodic expansion coefficients in Fourier series similarly to the method shown in

Sec.[4.3}
a(z) = Z a;e'Pr, b(z) = Z b e"P, (4-31)

Therefore, the S-matrix is a infinite matrix with both spin and Fourier indices (c.f. (4.6])).

bl +
) ()

The Green’s function is evaluated in the same way as in Eq. , except that it is now a matrix.
It is worth mentioning that, since the Fourier basis exponents differ from each other by a shift
with exactly one unit of the lattice wave vector p, the indices m, [ can be interpreted as the Bril-
louin zone index. Therefore, the Green’s function Gy, is simply a matrix in the Brillouin zone
representation. We comment on some features of its structure in Appendix

As it was discussed earlier in Sec the most interesting component of the Green’s function for
us is G oo, which measures the overlap between the response function in the material and the plane
waves of the ARPES probe . In order to measure Ggp and the associated spectral density, we
consider a plane wave source a(x) = 1 as a boundary condition when solving the bulk equa-
tions of motion and read off the homogeneous component of the response b(z), see also

Appendix
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In order to evaluate the Green’s function in the alternative quantization picture, one has to invert

the full infinite matrix and the simple formula (4.20) turns into

Goo = (G‘l)oo. (4-33)

In order to perform this inversion one has to evaluate all the components of the Direct Q Green’s
function, which is hard in practice even when one truncates the Fourier series. Therefore, instead
of using this method we evaluate the alternatively quantized Green’s function by solving the Dirac
equation with the negative fermionic mass parameter (see Appendix. As explained above, this
switches the roles of a(z) and b(z) in the linear response calculation. In Appendix[4.D|we check

that the two approaches give identical results.

4.6. Destruction of the Fermi Surface by the Zeros in the
Green’s Function

Let us now analyze the results which we get for the fermionic spectral function in the holographic
model described in Sec. In what follows we study a series of the background gravitational
solutions for various Brillouin zone sizes p, but with fixed charge density p. We also fix the tem-
perature T'/ \/ﬁ and the amplitude of the chemical potential modulation A (4.25). We consider
two cases with weak and strong potential modulation, in direct analogy with the toy model study
performed in Sec.[4.3} We use the same temperature and parameters for the bulk fermion as in the
homogeneous RN-black hole case addressed in Sec.

T
— =10.01, m =1/4, q=1. (4.34)
\/ﬁ
As seen in Fig. the size of the Fermi surface in the absence of the periodic potential for these
parameters is ks ~ 0.94,/p.

4.6.1. Weak Lattice Potential

We start with a weakly modulating lattice with strength A = 0.1. On Fig. we show the mo-
mentum distribution of the spectral density, which in this case displays the circular Fermi surface
with exactly the same size as the homogeneous one (c.f. Fig.. The weak lattice potential does
not affect the shape of the Fermi surface. We choose the size of the Brillouin zone to be smaller
then the Fermi momentum p < 2k, therefore the umklapp copies of the FS overlap and, in
perfect agreement with the observations in toy-model of Sec. we see umklapp gaps opening at
the BZ boundaries. Another feature which is expected is the suppression of the spectral density in
the neighboring Fermi surfaces. Indeed, these are almost invisible in the linear scale plot on top of
Fig. However, the bottom panel shows the logarithm of the spectral density, which makes the
A-suppressed lattice copies of the Fermi surface clearly visible. In a nut shell, the results obtained

7In practice we have control over the mean chemical potential 110, which is set by the boundary condition, but we can
tune it in such a way that the mean charge density, which can be read out for a given background solution stay fixed
when we change the lattice wave-vector p.
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Direct Quantization,m = 1/4,p = 1.4,/p
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Figure 4.4.: The fermionic spectral density in the holographic model with weak unidirec-
tional periodic potential (A = 0.1).
The density plots at small (w = 0.01,/p) show the effects of introducing the periodic
potential. The two plots represent the same data on linear (upper) and logarithmic
(lower) scales. Near the Brillouin zone boundary, indicated by the dashed lines, the
umbklapp gap is starting to open. The weak nature of the potential suppresses the in-
tensity of the copies in neighbouring Brillouin zones, to the extent that they are hardly
visible in the upper plot. The lower plot shows that the copies are clearly visible on a
logarithmic scale.

The background parameters are: p = 1.4,/p, A = 0.1,T = 0.01,/p, u? =~ p/0.3.

in the holographic model with a weak periodic potential are in perfect agreement with both the
standard logic of fermion physics in a periodic potential, and the shape and size of the holographic
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Direct Quantization,m = 1/4,p =1.4,/p
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Figure 4.5.: The frequency resolved fermionic spectral density in the holographic model
with weak unidirectional periodic potential (A = 0.1).
The density plot shows a cut through the same data as Fig in the k;, w plane, at
k, = 0.001,/p. Around (k,w) = (£0.4,0.02), the dark lines crossing through
the inner Dirac cone arise from the “resonant” type zeroes discussed in Sec.@

Fermi surface in the homogeneous background. This serves as a consistency check of our approach
and numerical techniques.

Similarly, a familiar pattern is also seen on the energy-momentum resolved spectral function
shown on Fig. As expected, the usual holographic dispersion relation for fermionic excitations
is recovered. In this case, it consists of the two nested Dirac cones in the vicinity of the Fermi level.
The spectral lines quickly broaden due to the quantum critical self energy ¥ (w) ~ w?“*r (61,
. However, there is one distinctive new feature due to the presence of the holographic
lattice. There is a localized depletion of the spectral weight along the lines which correspond to the
dispersion bands of the neighbouring Brillouin zones. This feature is a consequence of a general
effect pointed out earlier in . Namely, when multiple systems with discrete spectra interact
with each other by means of the quantum critical continuum, the spectral function of one of the
systems develops isolated zeros, or depletions, at the positions of the energy levels of the other
systems. In the case of the holographic model with a lattice, the discrete systems are the umklapp
copies of the fermionic dispersion while the quantum critical continuum originates from the near
horizon geometry . This interesting effect may, in principle, also lead to a destruction of the
Fermi surface at an isolated point, however it will not be relevant in the present study.
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Figure 4.6.: The fermionic spectral density in the holographic model with strong unidirectional

76

periodic potential (A = 8.0), in direct and alternate quantizations near the Fermi level (w =
0.01/p). The squeezing of the outer Fermi surface happens like in the toy model on Fig. @
In the Alt. quantization, where the Fermi surfaces are larger, the outer FS breaks apart in a band
at ky = %3, and a pocket at the BZ boundary due to Umklapp. When the BZ boundary is
brought closer, to p = 1.4,/p, the spectral density appears to be drastically reduced in the
direct quantization near the Umklapp surface. In the alternate quantization, dumbbell shapes
similar to the non-interaction model in Fig. appear. The background parameters are T' =
0.01/pandp = 5,/p,u° = p/0.54 (top); p = 2.4\/p, > = p/1.22 (middle); p =
1.4,/p, > = p/2.04 (bottom).



4.6. Destruction of the Fermi Surface by the Zeros in the Green’s Function

4.6.2. Strong Lattice Potential

Let us now turn to the analysis of the case of strong potential modulation A = 8, depicted in
Fig. Similarly to the toy model study of Sec. we consider a series of backgrounds with dif-
ferent potential wave-vector p which sets the sizes of the Brillouin zone. The parameters considered
allow to access the alternative quantization, which has an inverse Green’s function G =G
In order to analyze the spectral density in Alt. Q, we solve the Dirac equations on top of
the same gravitational background lattice, but taking the negative sign for the bulk fermion mass
m = —1/4 (see Appendix[4.Dlfor the details of obtaining the Alt Q fermionic response). We
show the results of the direct and alternative quantizations side by side on Fig. Note, how-
ever, that we choose logarithmic scale for the Alt. Q results in order to resolve all the features of

the FS.

On the first row of Fig. the BZ is much larger then the Fermi surface in direct quantization (top
left, p = 5./p ~ 5ky). Therefore, since the umklapp surfaces are far away, the FS is not deformed
even in this regime of strong lattice potential. This is expected; when momentum is much smaller
than the BZ, i.e. in the long wave length limit, the periodic structure of the potential becomes
irrelevant and only the mean value of the chemical potential 1 plays a role in the formation of
the Fermi surface On the other hand, the outer FS in the alternate quantization is larger (k; ~
1.5,/p, see Fig.. Therefore, on the top right panel of Fig. we see that, in this case, the FS
is already deformed by the BZ boundaries, similar to the non-interacting toy model in Sec.

When the BZ becomes smaller, p = 3k, second row of Fig. the neighbouring Fermi surfaces
come close to each other and get deformed due to the strong lattice potential in direct quantiza-
tion. This is exactly the same situation observed in the toy model of Sec. For Alt. Q (right
panel), we readily observe the formation of Fermi pockets and the flat outer band. This is again
similar to the toy model at strong lattice potential.

The novel interesting phenomenon arises when the Brillouin zone is squeezed even further. On
the bottom row of Fig.[4.6we show the situation with p = 1.4,/p. Quite strikingly, we see that as
the FS is squeezed further more, the sharp spectral density peaks indicating the shape of the Fermi
surface disappear along the boundary of the BZ in direct quantization. A more detailed view in
Fig.shows this explicitly. On the other hand, the alternative quantization plot displays heavily
squeezed dumbbell-like Fermi pockets, which are centered at the BZ boundaries.

As discussed in Sec. we have a thorough understanding of some of the peculiar features of the
holographic fermionic spectral response. This allows us to figure out the origin of the depletion
of spectral function. The zeros of the direct quantization are the corresponding poles of the al-
ternative quantization Green’s function. In Fig. we show high resolution results of the FS for
Direct and Alternative quantizations. In each plot, we show with the dashed green lines the posi-
tions of the poles in the other quantization scheme. Most strikingly, the position of the secondary
Fermi surface in the Alt. Q overlaps with the primary Fermi surface in the Direct Q, as seen on

the left panel of Fig. Therefore, there are zeros in Direct Q that get pushed towards the poles

8 As is well known by now, this logic can be violated in other holographic models involving homogeneous lattices [r1s}
192] or the periodic scalar lattice [193].
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1 80

Direct Quantization,m = 1/4,p = 1.4\/p

60

40

0
kP 0

Figure 4.7.: The destruction of the Fermi surface in strong unidirectional holographic
lattice potentials (A = 8.0). Zooming on the picture shown on the bottom left in
ﬁgure itis clearly seen that the Fermi surface loses its sharpness and even disappears
around k, = 0.
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Direct Quantization,m = 1/4,p = 1.4\/p Alternate Quantization, m = 1/4,p = 1.4\/p
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Figure 4.8.: Poles and zeros of the fermionic response in strong holographic lattices (A =
8.0). Looking more closely at the spectral densities for large lattices and small BZ
(p = 1.4,/p), for the direct quantization in the left figure the spectral density broad-
ens and disappears near the Umklapp surfaces &k, + 0.7,/p. When tracing out the
Fermi surfaces in direct and alternate quantizations and overlaying them on top of
each other, it becomes apparent that when the Fermi surfaces of the two different
quantization would lie at the same point, they both experience a reduction and broad-
ening of the spectral weight near the FS. The secondary Fermi surface of the alternate
quantization is also shown as a trace on the left. This is not visible on the right-hand
picture due to the choice of color scheme (see the log-scale Fig.instead).
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defining the FS. This effect destroys the Fermi surface in an extended region near the BZ bound-
ary. This cancellation of poles and zeros is the fundamental reason for the novel phenomenon we
observe.

We can expose the “zero-eats-pole” effect in more detail by analysing cuts along the & -axis of the
spectral density. These Momentum Distribution Curves (MDC) are shown in Fig. where we
plot the Direct and Alternative quantizations, in exactly the same fashion as we did in Fig. A
clear depletion is observed in the Direct Q MDC corresponding to the secondary FS peak in the
Ale. Q scheme. As the size of the Brillouin zone (red dashed grid line) is decreased as shown in
bottom left plot of Fig. this depletion approaches the peak shown by filled red pointer and
absorbs it completely at p = 1.4,/p as shown in the bottom right plot of Fig. Therefore, we
conclude that for strong lattices, the Fermi surfaces in both direct and alternative quantizations
are deformed in such a way that the poles and zeros overlap and cancel each other.

This destruction has a dramatic effect on the very existence of the quasiparticle excitations in part
of the kinematic region. This is best seen on Energy Distribution Curves (EDCs), which we show

on Fig. Here, we plot the frequency dependence of the spectral weight at two perpendicu-

lar directions in the Fermi surface: k, = k(w), ky = 0and k, = 0,k, = k‘;‘y). When the
BZ boundary is far away (top panel of Fig. , the EDC:s are practically identical in both di-
rections, confirming that the FS is almost isotropic. In the bottom left panel, the anisotropy is
now manifest, since the FS is deformed by the lattice. Finally, the most drastic effect is seen on the
bottom right panel of Fig. On the one hand, in the k;-direction, there is still a sharp peak
corresponding to a quasiparticle excitation. However, the spectral density in the &, direction (red
line) is totally incoherent — there is no excitation with definite energy which propagates along the
k..-direction.

4.7. Discussion

In this work we have studied the fermionic spectral function in a holographic model with periodic
ionic lattices. Our most important finding is a novel phenomenon which appears as a destruction
of coherent spectral weight peaks of the Fermi surface along the directions of the lattice vector.
We have shown that the origin of this phenomenon is the interaction between poles and zeros of
the fermionic Green’s function. More precisely, due to non-linear effects from the strong back-
ground lattice potential, these are pushed together and suppress each other. What is tantalizing,
is that the patterns of the spectral density observed here look very similar to the results of ARPES
experiments in strongly correlated materials in which nodal-antinodal dichotomy and Fermi arcs
are observed. There one also observes the destruction of the coherent spectral weight in certain di-
rections. It is therefore very interesting to further investigate whether our results can clarify these
unconventional phenomena.

A warning is in order however; one should handle the results of holographic models with great
care. As we discussed in Sec. the presence of zeros in our holographic treatment follows from
the simple logic relying on the existence of two possible choices for the dual CFT operators corre-
sponding to each quantization, and the existence of a Fermi surface in the alternate quantization.
However, as we noted on Fig. when only one quantization is allowed, zeros are still present
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Figure 4.9.: Momentum distribution curves in strong unidirectional holographic lattices
(A = 8.0) in direct and alternate quantizations.
At large lattice momentum, when the BZ boundary is far away from the FS, the the
peaks in direct and alternate quantization alternate along the MDCs (c.f. Fig..
The positions of Direct Q peaks and Alt Q dips are correlated. When the BZ boundary
is brought closer, the peaks and zeroes seem to absorb each other. For p = 1.4,/p,
the quasiparticle peak is eaten by the zero completely.
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Figure 4.10.: Energy distribution curves in for strong unidirectional holographic lattices
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(A = 8.0) in direct quantization near and far from the Umklapp surfaces.
When the BZ boundaries are far away, as in the top picture, the EDCs look very sim-
ilar: they both show a well-defined, sharp peak. The dip on the right shoulder of
the peak corresponds to the alternate quantization zero. When the BZ boundary is
brought closer, first some asymmetry in the sharpness of the peaks appears. When the
BZ boundaries are brought very close, the peak for the EDC near the BZ boundary
gets destroyed by the zero completely.



4.7. Discussion

and perhaps their existence is a more fundamental feature, which is yet to be explored. The fact
that the zeros and (the multiple) poles of the fermionic Green’s function appear in simple models
as alternating series suggests that, as we drive some parameter (chemical potential or temperature)
to zero, they might coalesce and form a branch cut in the complex plane. This signals the truly
unparticle shape of the Green’s function characteristic of the ultraviolet CFT of the holographic
duality. This idea is rather at odds with the physics of experimentally realized strange metals, be-
cause the UV CFT of a holographic model is clearly not the UV theory governing the behaviour
of electrons in real materials. Moreover, the multiple pole features of the fermionic response in
the holographic model arguably rely on the large-IV approximation, which may or may not be
efficient in reality.

However, one can regard our results with a larger perspective; we observe that the destruction
between zeros and poles requires the two fundamental ingredients: the very existence of zeros
in the fermionic Green’s function and strong lattice potentials, which influences the position of
poles and zeros by bringing them closer together so that eventually they annihilate each other.
Even though the understood origin of the zeros in our particular holographic model cannot be di-
rectly mapped to known condensed matter systems, there are models in condensed matter theory,
which display similar features, in particular Mott insulators [174}179]. Our finding suggests that,
if upon doping the insulating Mott zeros of the Green’s function remain present, their proximity
to the quasi-particle poles may indeed be the origin of this spectacular experimental phenomenon.
Doped Mottinsulators are exactly the systems where the real Fermi arcs are observed. In this regard
holographic studies certainly confirm its use as a convenient theoretical laboratory for studying the
phenomenology of the strongly correlated systems which goes far beyond the applicability of the
Fermi liquid theory.
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4.A. Appendix A: Fermionic Equations of Motion in the
RN Background

Here, we discuss in detail the algorithm to numerically solve the Dirac equation in the RN back-

ground (4.16)) for two cases depending on the bulk fermion mass:

1

* m = 7: The case |m| < 1/2, when the alternative quantization is allowed.

W

* m = j: Thecase [m| > 1/2, when the alternatively quantized CFT on the boundary side

is ill-defined (non-renormalizable) [iss}183].
In both cases on top of the direct approach we will also formally evaluate the response in the alter-
native quantization (setting 7m — —m), which can be done in the bulk even in case of m = 3/4,

despite the fact that the boundary dual theory is ill defined.

In order to eliminate divergences at the UV boundary and the oscillations due to the ingoing
boundary conditions at the horizon , we redefine the components of the wave function in
(4.16)

C(z) = 271 — 2) '3 TE(2), (4.35)
and solve for £(z) = (&, &,)7 in what follows.

For our choices of the bulk mass, the rescaling of Eq. (4.35) leads to one of the components ap-
proaching a constant at the boundary z — 0, and the other component scaling as a positive
half-integer power of z. The terms in the equations of motion contain only integer powers of z at
the boundary, therefore one can expand the solution as series (see (4.17))

m—l' & :bzl/z(1+b}z+...)—l—az(ag—&—aiz—i—...) (436)
4 & =a(l+alz+...)+0232 (60 +blz+...), #3
3 & :bz3/2(1+b}z+...)—l—az(ag—&—aiz—i—...)
m=_: (4.37)
4 & =a(l+alz+...)+b2%2(00+0bl2+...),

where the coefficients a’,, b, are fixed by the near boundary expansions of the equations of motion
while @, b are the integration constants describing the source and response, respectively. Impor-
tantly, we see that because the expansion is in half-integer powers of z, the series proportional to a
and b never overlap and therefore there are no logarithmic terms appearing in the expansion [7s),

194].

Near the horizon, both spinor components approach constants for any value of mass. However,
the equation coefficients include the factors of v/f ~ /1 — z, therefore the expansion near hori-
zon goes in half-integer powers of (1 — 2)

z—1: &= h1+hVI—2+bi(1-2)...) (438)
€= —ih(1+bVI—z+b2(1—2)+...),

8s



4. Holographic Lattice Fermions

where h is an arbitrary integration constant and the coefficients b, including the “—i” factor in
front of {5 come from the expansion of the equations of motion near horizon.

In order to render the solutions regular on both ends of the integration interval it is therefore
convenient to rescale the coordinate as well. More specifically, we define

zz(l—(l—r)Q)z, T —>0N\/E/2’ (1—7“)‘Z_>1~\/m. (4.39)

z

With these modifications, the problem reduces to solving two coupled first-order linear ODEs
on theinterval 7 € [0, 1] subject to the boundary conditions (4.36), (4.38). There are 3 inte-
gration constants a, b and h, one of which can be set to unity due to the linearity. The remaining
two are fixed by the two boundary conditions giving a unique solution for fixed w, k,, k,,. We use
the numerical shooting method to obtain this solution. We shoot from both ends of the interval,
using the expansion series and as the initial conditions, and look for the values of free
constants b, h for which the solutions match in the arbitrary point in the interior of the interval.
The advantage of this method is that we have a direct control over the response constant b and do
not need to extract it from subleading terms in the near boundary expansions of the solution as it
is usually done when shooting from horizon only.

4.B. Appendix B: Numerical Calculus and Precision Control
for Gravity Background

In order to obtain the non-homogeneous gravitational background with a periodic boundary con-
dition for the gauge field (4.25), we have to solve the full set of the Einstein equations. These follow
from Eq. (4.24)), which gives a set of 6 coupled non-linear partial differential equations (PDEs) in
coordinates (, z), which are not elliptic. In practice we solve for functions Q s Au defined as

Ay = a1 - 2) Ay, T? =1+ 2Qu, X2 =14 2Qu, (4.40)
V2 =1+ 2Q,,, 22 =14 2Q,., Qus = 2Q4s, (4.41)

such that the RN black hole solution corresponds to the choice Q. (7, 2) = 0, Ay (z, 2) = 1.

We use the DeTurck trick, outlined in [128,[r29} 191] and used for this type of holographic models
in (18} 136]. It allows to recast the Einstein’s equations as a boundary value problem for a set of
nonlinear elliptic equations. We choose the RN black hole as a reference metric, which allows us
to use for the non-homogeneous background the same expression of temperature as a function of

chemical potential as that of the RN black hole .

The boundary conditions in z-direction are periodic, as dictated by the symmetry of the back-
ground lattice potential. It is convenient to rescale the spatial coordinate  — (27/p)Z in order
to fix the integration interval to unity: & € [0, 1). Atthe 2 — 0 boundary we require the metric to
be asymptotically AdS with a nontrivial inhomogeneous source for the gauge field (c.f. (4.2s))

z—=0: Qo (,0) =0, Ai(z,0) =14 Acos(2nz). (4-42)
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The horizon boundary conditions follow from the asymptotic expansion of the Einstein equations
near the horizon f(1) = 0. We expand the unknown functions in the Taylor series down to
the first derivative order and substitute these expansions into the Einstein equations. This gives
us 5 equations in the subleading order which relate the derivatives of the fields to their horizon
values, i.e. generalized Robin boundary conditions. On top of that we get one algebraic equation
Qtt(m, 1) = sz(x, 1) at the leading order, which guarantees the solution to be static [118} 136,
140].

The numeric algorithm follows closely the treatment of our earlier works [79} [147, [189] with
several technical improvements. We used a finite difference discretization of the equations on a
homogeneously spaced grid and realized a Newton-Raphson procedure to solve the nonlinear
boundary value problem. While supplementary procedures were implemented, including a relax-
ation scheme with Orszag regularization, no other methods matched the speed and accuracy of
the direct Newton-Raphson method [195s}196], see also [147].

We ran a comprehensive series of precision and accuracy tests to make a judicious choice of com-
putational parameters. We employed the norm of the DeTurck vector and the value of the trace of
the Einstein tensor as measures of convergence. The thermodynamic potential was used as a phys-
ical observable, from which we could estimate the relative precision of our calculations. From
this analysis, we were able to conclude that the configuration which gives us the best balance be-
tween speed and accuracy of computations for both the backgrounds and the fermions is a grid of
Ng X Ny = 34 X 80 points, where we use 8th-order accuracy central finite difference derivatives in
our finite difference scheme. This achieved relative errors of less than 107 in the thermodynamic
potential, while still allowing for the fermionic equations to be computed quickly and accurately
enough. In order to make sensible comparisons, we work in the canonical ensemble with a con-
stant charge density. Since this is not a parameter in our equations, but rather an observable we
can only extract after solving the background, we employed a root-finding algorithm with a relative
tolerance of 1072 to fix the charge density.

We implement our numerical routines in Python 3.6 using a set of packages that can be found in
the standard SciPy stack [197]. Under the hood, these use the SuperLU [198] package for solving
the sparse linear equations. We have performed several cross checks with a similar code in Mathe-
matica [199], which was used earlier in [79}/189}[190], in order to prove the reliability of the package.
The code was designed such that it could run a large number of small instances in parallel on any
number of machines. This technique was suitable for running on the Lorentz Institute Maris
cluster

4.C. Appendix C: Numerical Calculus for Dirac Equation

There are few subtleties which one encounters when solving the Dirac equation on the non-
homogeneous background (4.30) numerically. First, in order to make the fermionic solutions
regular on both horizon and asymptotic boundary we perform the same set of redefinitions of

the wave-functions (4.35)) and holographic coordinate (4.39)) as it was done in the homogeneous
case discussed in Appendix[4.A]
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Moreover, there are several strategies which one can use in order to solve the set of first order dif-
ferential equations numerically. One of them is to solve a Cauchy problem, integrate the equa-
tions starting from horizon and read off the boundary asymptotes. This is somewhat similar to
the shooting method we discussed above and it was used in the early work [159]. However, when
dealing with PDEs, one has to consider solving for all possible Fourier modes on the horizon and
tracing out all the components of the response matrix Sp; before one gets access to the single
Soo component, which we are mostly interested in. Therefore we find this approach not suitable.
Instead, we consider the boundary value problem, imposing the (position dependent) infalling
boundary conditions at the horizon as well as setting the source a(z) on the asymptotic
boundary z — 0 to a desired Fourier mode. In this way, setting for instance a(z) = e’ with
fixed [ and measuring the full profile of b(z) = >, €™, we get the information on all compo-
nents of the response matrix in a row S, € [—N/2, N/2|, where N is the size of the grid
in the z-direction. This boundary value approach is more useful since we can obtain the desired
value Sy in a single iteration by considering simply a(z) = 1 as boundary condition.

However, a problem arises when one tries to implement the boundary value PDE solving code in
the case of a Dirac equation. The boundary value problem requires setting the boundary condi-
tions for each field on both ends of the integration interval. For a first order differential equation,
like the Dirac equation, this over determines the problem. We avoid this obstacle by formally set-
ting a trivial boundary conditions of the form ‘0 = 0’ for half of the fields on the boundary.
Indeed, after performing the rescaling of the fields we guarantee that the sub-leading spinor
component will behave as & ~ z2™ at the boundary. Therefore, setting &,.(0) = 0 does not
impose any extra constraint in the problem. This precise trick does not work however in case of
alternative quantization, when we formally take m < 0 and the “response” branch ~ 22" di-
verges on the boundary. In the particular case of m = —1/4 studied here, this divergence is
mild enough and we simply get rid of it by further redefining the “response” fermion compo-
nent with an extra factor of z. More precisely, in case of m = —1/4 instead of we use
G = 27™7 Y1 — 2)7%&=T .. This changes the near boundary behavior of the &, component
to & ~ 21/2. As before, the Dirichlet boundary condition & = 0 is trivial and does not over
constrain the problem.

We use a similar logic on the horizon; in addition to the leading behaviour &, (x) = i€s(x), Eq.
(4.38), following from the ingoing boundary condition, we include the sub-leading terms in the ex-
pansion of the equations of motion,. These, relate the derivatives of the functions to their bound-
ary values. Since these relations are obtained from the equations of motion themselves, they do not
introduce extra constraints and we are left with the correct amount of boundary conditions.

Another problem with the first order differential equations is that the matrix which represents the
discretized problem on a lattice does not have a positively defined spectrum of eigenvalues typical
of elliptic problems. Therefore, one can not rely on the iterative methods, because these are not
guaranteed to converge. In our case, the Dirac equation is linear and one does not require to use
iterations of any kind: the problem is solved “in one shot” by inverting the master matrix once.
Even though we managed to make use of this approach, it may not always be applicable, especially
in cases where the pseudospectral collocation is used and hence the matrix is dense, or simply if
the grid is dense and inversion of the huge matrix is not feasible. In this case one can improve
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the situation by substituting the first order equations (4.30) with the second order elliptic ones.
Indeed, if we represent the equations for £ and their P-transformed counterparts for &+
as

Dirac’ = D, [¢T] + K&,  Diract = D_,[¢}] — K¢, (4.43)

we can apply to one of the equations the differential operator of the other equation, and vice versa,
to get the following second order system

(Dirac")? = D_,[D, [€]] + D_.[K,J¢" + K2, (4.44)
(Diract)? = Dy[D_,[¢"]] — Du[IC, 16T + K26¥.

In this form, the second order differential operator for each spinor component is the Laplacian
in curved space. This representation allows us to use the full power of the iterative numerical
techniques designed for elliptic equations. We have observed that the direct inversion of the master
matrix, similar to the one we used in the first order case, becomes numerically less demanding
due to improved features of the differential operators. When using the second order equations
one has to take care that no ghost solutions are obtained which do not solve the original
problem. We can guarantee this by using the expanded first order Dirac equations as the boundary
condition on the horizon. Unlike the first order case, these boundary conditions are not trivial,
but they rather impose the constraint that the first order equations are satisfied at the horizon, and
this constraint is further propagated in the bulk by the second order system. We checked in our
numerical calculations that the two approaches, with the first and the second order differential
equations, give identical results and this cross-check serves as a good confirmation of the validity
of our numerical treatment.

4.D. Appendix D: Green’s Function in the Bloch
Momentum Representation

Here, we study spatial features of the Green’s function in the Bloch momentum representation
and the way the poles in the alternative quantization manifest themselves as zeroes in direct quan-
tization. We focus on the response matrix . In practice, by representing the Dirac equation
as a boundary value problem, as outlined in Appendix we have a direct control over a(z)
and can, for instance, source any given harmonic mode. In most cases we just switch on ag = 1,
corresponding to the constant source and obtain b(z) as the series

W) = 3 (4.45)

Then, we extract the by homogeneous component, which gives Soo = bo/1 (note that we nor-
malized ag = 1 here).

In principle, we can go further and study a full rectangular sector of a (formally infinite) S-matrix.
In order to do so, we consider several harmonic sources a!) () = €iP®

for these cases

and evaluate the responses

(l) Z einrr g " (4.46)
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It is now clear that by extracting N' Fourier modes of the response profiles b)) () for a set of L
harmonic sources we get access to the full NV x L patch of the S-matrix. Formally, in order to treat
the alternative quantization as exchanging the of roles between b(2) and a () and obtain the Spo
component of the Alt. Q response matrix, we have to guess what kind of the boundary “response”
condition a(x) would lead to a constant “source” b(z) = by. In other words, our goal in this case
is to find a set of coefficients a;, such that

> (@) =" Suae™” = by. (4.47)
l l,n

In a vector notation this has a simple form
S - d = boep, (4-48)

whered = (..., a—1,a9,a1,...)and &, is the unit basis vector with the only nonzero compo-
nent at n-th position. Clearly, the result is

a="bS "' e (4-49)

And after taking the ag component we arrive at the expression: Soo = bo Jao = (S 1)go, from
which the equation of the main text follows. As we see here, if Spg has a diverging value, it
will enter the determinant of S and therefore force the (S™1)gp component to vanish in complete
analogy to the simpler homogeneous case we studied in Sec. Given that using the harmonic
sources we can evaluate a large enough sector of the S-matrix, we can invert it approximately and
obtain a required value of (S ~1)g0. However this treatment is not feasible in practice. The other
way of obtaining the alternative quantization picture is by directly setting the boundary condition
for b(z) = 1 and read out the profile of a(z). In this way we directly measure the Sy compo-
nent and no matrix inversion is needed. This approach is equivalent to setting the bulk fermion
mass to its negative value , as we discussed above and it is much less demanding, therefore
we predominantly use it in this work. Nonetheless, the rescaling of the fermionic wave function
discussed in Appendix is different in this case. Consequently, the equations differ from the
direct quantization ones. We find it important to check whether the two approaches do indeed
lead to the equivalent results. On Fig.we show that indeed the result obtained from inverting
the S-matrix for a set of 34 harmonic sources (left panel) coincides with the one which we get by
changing the sign of the bulk fermion mass (right panel).

One extra comment on the structure of the S-matrix is in order. This clarifies the relation between
the shifts in parameter & and the values of the spectral function in the different Brillouin zones. It
is useful to recall that the k-parameter is a part of the definition of the Bloch wave-function (4.29).
The actual solution to the equations of motion near the boundary is

U(z, z) = etk la(z)(1+...) +b(z)z*(1+...)]. (4-50)

From this solution we infer that b = S[k] - &. However, one can represent the same wave-function
in a different way

U(z, z) = etk—P) [d(m)(l + )+ b(@) (1 4. )} ) (4-51)

a(x) = e a(x), b(x) = eP"b(x). (4-52)
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Inverted Direct Quantization, Alternate Quantization,
m=1/4,p=14\/p m=1/4,p=14\/p

04 05 06 07 08 09 10

Figure 4.11.: Comparison of the two treatments of the alternative quantization picture The
comparison between computation in alternate quantization and doing the inversion
procedure from the direct quantization data. The main features (sharpness, shape,
and the reduction of spectral weight near (k., ky) = (0.65,0.40),/p) are demon-
strably reproduced. The inversion procedure does suffer from limited numerical pre-
cision, as the contributions from all the different Green’s function components range
over many orders of magnitude. The non-smoothness of the left-hand side arises be-
cause the width of the FS is smaller than the density of data points, causing the com-
putation to not quite hit the peak. This can be improved in principle, however due to
the prohibitive computational cost of this procedure we don’t show it here.

The @(x) and b(x) functions are still periodic in the unit cell, therefore is a perfectly valid
Bloch wave representation as well. However, the Bloch momentum is now different and the rela-
tion between b(z) and a(z) reads

b=Sk—p|-a (4.53)
Recalling the definition we can relate the Fourier component of a(z) and a(z):

ar = a1, bn = bnya, (4-54)

and together with @[) it allows us to relate the components of S[k] from the different Brillouin
zones

Stk —plp = Slkln-1,-1- (4-55)

This identity serves as another useful check of our numerical procedures and our results are in
agreement with it.
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5. Quantization of the Gubser-Rocha
Model

s.1. Attribution

This paper has been previously published as a preprint on arXiv and has been submitted to
JHEP for publication, and is currently under editorial review, under the title ‘Quantization
and variational problem of the Gubser-Rocha Einstein-Maxwell-Dilaton model, conformal and
non-conformal deformations, and its proper thermodynamics.’, together with N. Chagnet and
K.Schalm.[99]

s.2. Introduction

One of the main insights holography has provided into the physics of strongly correlated systems
is the existence of previously unknown (large V) non-trivial IR fixed points. These fixed points
are characterized by an emergent scaling symmetry of the Lifshitz form categorized by a dynamical
critical exponent z, a hyperscaling exponent 6, and a charge anomalous dimension ¢.

d—

0+¢
=P (s-1)

Here Fis the free energy density and p the charge density [93} 102200} 201]. Within these Lifshitz
fixed points those with z = 00 are special. Such theories have energy/temperature scaling with

e A2 e t A, F o AR, pos A

no corresponding spatial rescaling. These are therefore systems with exact local quantum critical-
ity. Phenomenologically this energy/temperature scaling without a corresponding spatial part is
observed in high 7. cuprates, heavy fermions and other strange metals, where this nomenclature
originates (see e.g. [202])). In holography z = 0o IR fixed points correspond to an emergent AdSs
symmetry near the horizon of the extremal black hole. The two most well-known such solutions
are the plain extremal RN black hole and the extremal GR black hole [98]. The RN solution of
AdS-Einstein-Maxwell theory has been studied extensively primarily because it is the simplest such
model. Its simplicity also means it is too constrained to be realistic as a model of observed locally
quantum critical metals. Notably the RN has a non-vanishing ground-state entropy and emerges
from a d > 2-dimensional conformal field theory. The more realistic GR model arises from a
non-conformal strongly correlated theory, where one isolates the leading irrelevant deformation
from the IR fixed point. This “universal” subsector gives it a chance to be applicable to observed
local quantum critical systems. Moreover the groundstate now has vanishing entropy (to leading
order). In the gravitational description this leading (scalar) (IR )-irrelevant operator is encoded in
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5. Quantization of the Gubser-Rocha Model

a dilaton field that couples non-minimally to both the Einstein-Hilbert action and the Maxwell
action. Even with its more realistic appeal, the more complex nature of the GR dynamics means
it has been studied less; some examples are [106H108} 203} 204].

In the course of these studies of non-minimally coupled EMD theories, it was noted in particular
that the proper holographic interpretation of the analytical Gubser Rocha (aGR) black hole so-
lution depends sensitively on the particular quantization [108}|204]. Within holography, relevant
and marginally relevant scalars allow for different quantization schemes. A relevant operator of di-
mension % < A < dalways has a conjugate operator ofdimensiorﬂ% 1 <Ay =d—A< %,
and one can choose whether one considers the original operator as the dynamical variable (stan-
dard quantization) or the conjugate operator (alternate quantization) or any intermediate linear

combination through a double-trace deformation [205} 206].

An additional complication results from the fact that the (static and isotropic) aGR solution is
a two-parameter solution depending on 7" and i, whereas one expects a third independent pa-
rameter encoding the asymptotic source value of the dilaton field. A low-energy scalar can have a
sourced (or unsourced) vacuum-expectation value; this changes the energy of the ground-state and
hence should contribute to the thermodynamics. For minimally coupled scalars this was recently
elucidated in [207].

In this paper we will show that the correct way to interpret the aGR solution is as a two-parameter
subset of solutions within the three-parameter thermodynamic phase diagram. For essentially all
quantization schemes this constrains the source of the dilaton field in terms of the temperature and
chemical potential of the solution. Crucially this implies that derivatives of thermodynamic po-
tentials mix the canonical contribution with an additional contribution from the scalar response.
We will show this explicitly in Section A proper understanding of the solution requires one
to carefully separate out this contribution.

It also turns out, however, that there is a specific quantization scheme where the dilaton corre-
sponds to an exactly marginal operator in the theory. This was previously noted for another set
of the EMD actions [204] In this special quantization choice the aGR solution corresponds to
a solution with no explicit source for the dilaton field. Within this special quantization scheme
one can deform the analytical solution to a nearby solution with a finite scalar source. We do so in
Section We conclude with a brief discussion on the meaning of this newly discovered exactly
marginal deformation.

5.3. Setup

The GR black hole is a solution to the EMD action

S = 5y [ ov=a |- D0F - S0P -vi)] . 6

"The upper bound of A would suggest Aconj > 0 but requiring unitarity of the conjugate theory leads to a higher
bound.
*We thank Blaise Goutéraux for bringing this paper to our attention.

94



5.3. Setup

where the potentials are given by Z (¢) = e?/V3and V(¢) = —6 cosh (QS/ \/§> This action is

a consistent truncation of d = 11 supergravity compactified on AdSy x S7 [98]. The equations
of motion for this system are

Z
R,ul/ — % F,u,pFl/p — legI“jF2j| + %au¢au¢ + %g#uv((b) 9
Vi [Z6)F] =0, o
0o =V'(¢) + Z/L(jb) F?,

1
where we used that, on-shell, R = 2V (¢) + 3 (0¢)?. The static and isotropic metric ansatz that
is asymptotically AdS is
dz?
f(2)

where the coordinate z is the radial direction with z = 0 the AdS boundary (UV). The aGR
solution [98] is then given by

1
ds® = g, dotdat = = [— f(2)dt?* + g(z) (dm2 + dy2> + , (5.4)

9(z) = (1 +Q=)*",

1= z/z z 2\°
JE) == 5 |1 (1 4+3Qa) — + (1 +3Qz, +3Q2z§) (Zh> ] ,
/s (5:5)
A(e) = i(z) = V2L Q) L2 5
P(z) = V3 log[1+ Q=] ,

2
where zj, is the horizon of this non-extremal black hole. From hereon we choose units where

2k% = 16mG = 1, such that the temperature, chemical potential and entropy-density of the
GR-black hole are

f(2) _ 31+ Qzp s = dmay = 47T(l + th)B/z

2
ar | _., ATz, zy

p=A(z =0) = /3Qzn(1 + Qzn)/2n ,

where ap, = \/ gz (2n)gyy (2n) is the area density of the horizon. Expressed in terms of the tem-

2
perature, it is easy to see that the entropy vanishes linearly s = % T + ... atlow temperatures

T=—

)

(5-6)

with no remnant ground state entropy. Important in the remainder is (1) to recall that both the
temperature and the entropy can be read off from the near-horizon behavior of the metric alone.

3Note that the dilaton has dimension zero.
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As local properties of the black hole they do not depend on the boundary conditions. (2) The
analytic solution depends on two parameters ) and 2j,. And (3) note that the metric gauge choice
is not of the Fefferman-Graham (FG) type in that the change in metric functions starts at order 2
and not 23.

s.4. Regularization, boundary terms and choice of
quantization

5.4.1. Boundary action

We must add to the gravitational action a boundary action. This is to regularize its on-shell
value as well as to make the variational principle well-defined. In the case of the scalar it also pre-
scribes the quantization of the scalar field. We will be using in this work a standard multi-trace
deformation of the Neumann boundary theory, which were generally described in [205} 206} 208
and more specifically in EMD theories [204]], with a boundary action of the form

Shay = 7/ B/~ [QK +4+OR, | + Spay.s (57)

Here N* = —/¢%%(0, 0,0, 1) is an outward pointing spacelike unit normal vector defining the
hypersurface z = € < zp, and v, = guv — Ny, is the induced metric on the surface. Fur-
thermore K = " K is the trace of the extrinsic curvature K;; = —!' iV Ny and (?’)}LY
the Ricci scalar curvature of the hypersurface (Latin symbols correspond to coordinates on the hy-
persurface while the greek symbols are those of the original manifold). The first three terms corre-
spond to the usual Gibbons-Hawking-York counterterms necessary to make the variational princi-
ple for the metric well-defined and also to regularize the Einstein-Hilbert-Cosmological Constant
part of the action on shell. In our coordinatization Eq. the induced metric is flat on-shell. The
scalar part of the boundary term Shqy, can take two forms depending on whether we consider

the standard quantization boundary theory where only the ¢ regularization term appears
S A
SS = [ davntet. A=-1, (59)
zZ=€

— here the value of Ay is set to regularize the boundary term arising from varying the bulk ac-
tion — or whether we consider a multi-trace deformation of the alternate quantization boundary

theory
. A
Sty = /7 dBxy/—y { 2ib ¢* + ON"0,p| + Sk, Ay=1. (5-9)

The ¢ N*0,,¢ is a Legendre transform from Dirichlet to Neumann boundary conditions, which
also diverges at leading order and is the reason for the shift in Ay as we will see The multi-
trace deformation S’ is a finite contribution to the boundary action and will be described when

+Strictly speaking ¢ N*9,,¢ is a combination of a true Legendre transform JO = 22~ "2+ 7108, 27~ ¢ (see
Eq. (s.3)) and counterterms.
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the asymptotics of the solution are analysed. We will continue the derivation with the choice
Sbdy.6 = S]() dy; while keeping in mind that a similar derivation can easily be done using in-

stead Shdy,¢ = Séi?w and we will invoke those results when necessary.

Varying the total action S = Spuk + Shdy to first order, a proper holographic interpretation
demands that one obtains a variation of the form [roo|

08 = / - dPay=y BTMV“” +JM5A, + Oplp| (5-10)

where the terms multiplying the EMD fields are interpreted as the operators in the boundary CFT
where T}, is the boundary stress tensor, J,, the boundary current associated with the U(x) charge,
and O, the operator dual to a scalar which may be a non-linear function of the dilaton field. The
important point is that the action evaluated on the black hole solution is equated with (minus)
its Gibbs free energy density. The variation of the action (restricted to preserve isotropy) thus in-
cludes thermodynamic variations. The expression above makes clear that in addition to the tem-
perature and the chemical potential there ought to be a dependence of the Gibbs free energy on
an external (source) variation of (the boundary value of) the scalar field [207].

Performing this variation on Eqs plus , we can write it as a bulk integral of an integrand
proportional to the equations of motion , that vanishes on-shell, and a remaining boundary
part. In the boundary part the normal derivatives of §-y,,,, cancel due to the Gibbons-Hawking-
York term; there are no normal derivatives in A,,. Restricting to boundary indices we hav

Tyj = 2Kij — 2 (*Ry,ij) — 2(K + 2755 + %35 [¢N23z¢ + A¢¢2/2} + T, (s.10)
5.11
Ji = _Z(¢)NZF21 )

where TiI; is the contribution from Sp. The expression for O, requires a more detailed discus-
sion. Focusing on the variation in the dilaton ¢ in (s.10)), we have

0S4 = / d3zy/—y [A¢¢5¢ + ¢N28z(5¢] +0SF . (5.12)
From its linearized equation of motion the dilaton has the following expansion in the near-
boundary region
$(2) = a4+ B2 + O(2%), (5.13)
3 1
where A4 = 5 + 5\/ 9 + 4m?2 and m is the effective mass. In the GR model the effective mass
equals
o} Z
m? = 5 |V(e)+ ﬂfa =-2. (s-14)
0 4
$=0,2—0
This value of the mass —% <m?<1-— % = —g is in the regime where two different quanti-

zations are allowed, i.e. for this value of m both A > 0 and either « (standard) or 5 (alternate)

5The radial components of T}, and J}, vanish due to the projection on the hypersurface.
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can be chosen as the source for the dual CFT operator with the other the response. One can also
choose a mixture of the two, corresponding to a multi trace deformation, as we shall elucidate
below.

The proper holographic normalization is most conveniently performed in a FG ansatz for the met-
ric
1

ds? = = {—Htt(z)dt2 + Hyy(2)da? + Hyy (2)dy® + dz2] , (5.15)

where we require Anti-deSitter (AdS) aymptotics H,,,, (2 = 0) = 1 and use the equations of
motion to constrain the near-boundary expansion of H,,, in terms of a small subset of degrees
of freedom. We will use this ansatz for the remainder of this section. Using that N*(z) = —z,

and substituting into , we can expand the variation w.r.t. the dilaton as
Ay
5S4 = / A3z { a5a + adf(Ay —2) + Bda(Ay — 1) + O(e)} +6SF. (5.16)
Z=€ €

As we claimed in , we must remove the leading divergence by imposing Ay = 1, leaving a
finite contribution

5S, = / &z [-adB+ 0] +6Sp . (s.7)

For the standard quantization term , it is easy to see that a similar derivation leads to Ay =
—1.

One can modify the quantization by the addition of a multitrace deformation. This can in
general be encoded in the boundary action Sg. Following [204), 208, [209], we choose SF =
[ d3z/=7e? F(a) such that, ignoring the metric variation, 6Sr = [ d*z/—=7e?F’(a)dax
Without loss of generality we choose F of the form F(a) = %042 + %Ozg from here on. The
variation of the boundary action then becomes

0S4 = /7 dPPza 68+ (a+ ba)da] . (5.18)

We can therefore identify the VEV of the boundary scalar operator as O, = « while the source
of the operator is

b
Jur = -0+ aa + 5042 . (5.19)

Once again, had we chosen the standard quantization boundary term, then we would have 654 =

Ik d32B5a such that O, = B and ¢ = aleading to the boundary condition Jsq = a.

‘We have now almost all the ingredients to compute the scalar contribution to the stress tensor, but
we still need to derive the variation of S w.r.t. theleading order of the boundary metric in order to
compute the term Tg, as was done before in [204]. Doing so, one simply finds Tg = Y5 el F(a).
It is interesting to note that the contribution S can also be absorbed into corrections to the ?
term as well as a ¢3 term as

A¢+ea

dey:/ d‘*xf[ (2K +4+OR)) + ¢* + ON* 8,0 + ¢3 . (5.20)
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5.4. Regularization, boundary terms and choice of quantization

where A, + €a is a renormalized ¢? coupling which will reproduce the o contribution of F, as
was done in e.g. [205}210]. The ¢* coupling on the other end will reproduce the o contribution
of F. This way of writing the boundary action highlights why we concentrated on F of the form
Fla) = 2o+ ga?’ . Lower order in « terms are constant shifts variationally and can be absorbed
in a field redefinition — they are tadpoles. Any term o for n > d would lead to vanishing contri-
butions €” % in the action — they are irrelevant deformations. The equality Ay = 1 remains true
in order to regularize 0.5.

In the presence of such a boundary action, the contribution Tg in the expression (5.11) simply
includes the ¢2, ¢3 contributions and leads to

A
STy ¢3 - ()

Tij = 2Ki5 — 2 (“Ry.i5) — 2(K + 2)7ij + vij [chZ@zd) +
We recognize the F-dependent part of the stress tensor which agrees with the direct method. Itis
then immediate to compute the trace of the stress tensor

T = % <3aa +2ba? — 45) - f% (acv — 4yt (5.22)

where in the last equality we used the boundary condition (5.19). This result points to the existence
of a line of critical points with a = 0 where the sourceless (JyT = 0 equivalent to the boundary
condition —f + aa + goﬂ = 0) deformation F is just marginal. This is equivalent to only
deforming the boundary theory through a ¢ term which indeed has dimension d and should
therefore be marginal.

For completeness we mention that in the case of the standard quantization the trace of the stress
tensor is simply T;* = a8 = BJsq.

5s.4.2. Choice of quantization and thermodynamics

In this subsection, we will derive the thermodynamics of a black hole solution in a general compat-
ible quantization choice. This goes beyond the analyses in [108} |204] where only the thermody-
namics of a marginal scalar were considered, i.e. the case of alternate quantization with a multitrace
deformation such that the stress tensor remains traceless. In view of extending the choice of possi-
ble theories to non-marginal ones, we will show that the thermodynamics space is extended from
a 2-parameter to a 3-parameter space, as also emphasized for Einstein-Scalar theory in [207].

Let us start with the constraint that a choice of solution imposes on the possible quantization
schemes. Indeed, while the choice of boundary terms in the action and therefore of the boundary
deformation is a priori agnostic of a given solution to the bulk equations of motion, we have seen
that the multi-trace deformation leads to a specific choice of boundary condition on the scalar
(5-19). Not every solution to the bulk equations of motion are compatible with every possible
boundary condition, as was noted in [204, [211]. In the case of the metric corresponding to the

aGR solution , the scalar ¢ has the following fallofts

d~az+ (B —f(0)a)2)2? = az+ (8 —3Qa/4)2?, (5.23)
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where we have related the values of ¢(0), ¢” (0) to the falloffs cv, 3 in the FG ansatz (5.15). This
matching is made explicit in Section Comparing with the full solution , we can therefore
equate o = V3Q /2and 8 = V/3Q? /8. Consider then alternate quantization deformed by an

arbitrary (relevant and marginal) multitrace deformation. In that case the source equals
V3
(@) = Y22 (4a+ (VB - 1)Q) (5:24)

From this equation, we see there are a few distinct cases to consider

. a=0,b=bsgr = 1/\/5: every instance of the 2-parameter aGR solution is com-
patible with this choice and is sourceless J = 0. This is the sourceless marginal deformation
we previously mentioned and which was studied in [108} 204} 211]. From Eq. (5.22), we see
that this boundary theory has T;* = 0.

2. @ = 0,b = 0: the quantization procedure is conventional alternate quantization. In this
case, since the solution is not sourceless, we must impose a Neumann boundary con-
dition 8 = —.J with fine-tuned source J(Q) = —+v/3Q?/8. The explicit source leads
to an explicitly broken conformal symmetry in the boundary. (A similar argument holds
for standard quantization with a Dirichlet boundary condition & = J. One would then

. S .
need to consider the boundary term Spay ¢ = S]g d?)¢ instead, and a fine-tuned source

J(Q) = v/3Q/2. Also here the explicit source leads to an explicitly broken conformal
symmetry in the boundary.)

3. Forall the other cases, one can look for explicitly sourced solutions J = J(Q, a, b) defined
in Eq. E| This case is fundamentally similar to the case 2} with the explicit sourcing

leading to a non-zero trace of the boundary stress-tensor.

In the end, we see that the only natural sourceless description we have of the solutions corre-
sponds to the marginal multi-trace deformation, case The other cases, and are better under-
stood as explicitly sourced deformations where the source is fine-tuned to select a certain subset of
solutions at a fixed Q.

An important aspect is that even though a bulk solution may have different interpretations de-
pending on the quantization choices set out above, the thermodynamics does know about the
quantization choice. Let us consider the free energy of the solutions (]5[) Substituting the solu-
tion into the action, the free energy density §2 of the aGR black hole solution with compatible
boundary condition is given by

Srcgularizcd - d3 Q 0= 1 3 Q2
on—shell = zQ, so Q=—(—+4Q) += (Q(1-V3b)—3a) .
Zh 8
(5.25)

°If we insist on looking for solutions with J = 0, one of the couplings a or b must be fine-tuned e.g., b(Q) = % (1—

4a/Q). Asitwas noted in [211], this means that fixing a, b to some constant will restrict the space of solutions to those
for which Q = n 4\(;§b' Allowing for a finite, albeit fine-tuned, source J = J(Q) leads to the same result and we

will choose this more natural point of view.
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5.4. Regularization, boundary terms and choice of quantization

Furthermore, the holographic dictionary tells us that the chemical potential and the temperature
of the boundary theory are given by (5.6). One might be inclined to use this to deduce a variation
of Q) in the 2-parameter grand canonical ensemble d§2 = —s;dT" — p1dy and derive from it the
thermodynamic entropy and charge density of the theory

51 = — (89) s L= <8Q> : (5.26)
orj, ou )

However, we have seen from Eq. (5.10)) that the free energy variation in the presence of an explicit
source should be corrected by a scalar contribution of the form (see also [207])

dQ) = —s52dT" — podp — O,dJ . (5-27)

This is the full 3-parameter thermodynamics of the system. The fact that the free energy of
theaGR solution only depends on 7" and p, and not on the value of the scalar source means that the
aGR solution should be seen as a 2-parameter constrained solution within this 3-parameter space.
This family of solutions is only a subset of all the possible ones for azy given compatible quanti-
zation scheme. A direct corollary is that to explore only this analytical set of solutions, variations
of J, T, p are not independent. Denoting J as the dependent variable, i.e. it is not independent
but is a function of both T" and f, then the grand canonical potential varies as

OJ(T, ) aJ(T, u)) du

if one constrains one’s considerations to aGR solutions only.

The precise relation of the VEV O, and the source J to the fall-off of the dilaton depends on
the quantization scheme as we have just reviewed. A choice of quantization is not a canonical
transformation, as shown by [207] in the standard quantization case for Einstein-Scalar theories.
Therefore the value of the free energy will depend on this choice. Thisis evident in the dependence
ona, bin Eq. (5.2s). In the full 3-parameter space of solutions this quantization choice dependence
would only appear in the dilaton contribution part. In the constrained 2-parameter space of solu-
tions, it would appear to imply that now also the thermodynamic entropy s; and charge density

p1 deduced from Eq. (5.26)) depend on the quantization, as

(14 Qzp)3/?
2

s = 4w

(1 —‘r—th)
o — Ml + Qzp, [1 _ Q2(2+ Qzp) (Q(l ~ 3 - 2@)] .

142 Q% _ (Q(l—ﬁb)—%)] :
(5.29)

Zn 8(14 Qzp)?

This is strange, as the Bekenstein-Hawking entropy and the charge density — the VEV of the
sourced gauged field — are properties of the black hole solution and do not depend on the bound-
ary action which sets the quantization. Indeed they can be read off directly from the geometry
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as
1 3/2
So = 4T/ Guz (2h)Gyy(2n) = M the area of the horizon of the black hole,
“h
1
pa = —0.A4:(z = 0) = u(_’_zinh) the global U(1) charge.
h

(5:30)

The solution is of course that in the constrained system s1 and p; are not the true entropy and
charge density, as they include the artificial contribution from varying J (7', 11) following from the
constraint to stay within the 2-parameter aGR solution space. It is then a rather straightforward
computation to connect Egs. and through the variation of J expressed in Eq. (5.27).
To that end, we can remember that the source J is constrained by the boundary condition
and that in our choice of quantization, we always have O, = a. In summary, the geometric

expressions for the entropy and charge of the aGR solution are always the correct ones. The dif-
ference from the quantities computed from the Gibbs potential can be attributed to the fact that

; : . ; —_(92) __(9