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Appendix of Part II



APPENDIX C
Appendix: Chapter 5

Inverse of the boundary-layer matrix
The inverse of the matrix Mε defined in (5.115) is given by (α1 and α2 are as in
(5.116))

M−1
ε := 1

Z


−m13 −m14 m13 m14
m21 m22 m23 m24

m31(α2) m32(α2) m33(α2) m34(α2)
−m31(α1) −m32(α1) −m33(α1) −m34(α1)

 , (C.1)

where
Z := αN+1

1 [α2(1− ε)(αN−1
2 + 1) + 2ε(αN+1

2 + 1)]
× [α2(1 +N)(1− ε)(αN−1

2 − 1) + 2ε(N + ε)(α1+N
2 − 1)],

m13 := αN+1
1 [α2(1− ε)(αN−1

2 + 1) + 2ε(αN+1
2 + 1)]

× [α2(1− ε)(αN−1
2 − 1) + ε(αN+1

2 − 1)],
m14 := ε αN+1

1 [α2(1− ε)(αN−1
2 + 1) + 2ε(αN+1

2 + 1)] (αN+1
2 − 1),

m21 := (1 +N)(1− ε)2(αN−1
2 − αN−1

1 )− ε(1− ε)2(α2 − α1)
+ ε2(1 + 2N + ε)(αN+1

2 − αN+1
1 ) + ε(1− ε)(2 + 3N + ε)(αN2 − αN1 ),

m22 := ε [(1− ε)(1 +N)(αN2 − αN1 ) + ε(1 + 2N + ε)(αN+1
2 − αN+1

1 )],
m23 := ε (1− ε)[(N + ε)(α2 − α1)− (1− ε)(αN2 − αN1 )− ε(αN+1

2 − αN+1
1 )],

m24 := −ε(1− ε)[(1 +N)(α2 − α1) + ε (αN+1
2 − αN+1

1 )],

(C.2)

and the polynomials m31(z),m32(z),m33(z),m34(z) are defined as

m31(z) := −(1− ε)2 z − ε (1− ε) + (1− ε)(N + ε) zN − ε(1− 2N − 3ε) zN+1,

m32(z) := −(1− ε)(1 +N)zN − ε (1− ε)− ε(1 + 2N + ε) zN+1,

m33(z) := (1− ε)2 zN + ε (1− ε) zN+1 − (1− ε)(N + ε) z + ε(1− 2N − 3ε),
m34(z) := (1 +N)(1− ε) z + ε (1− ε) zN+1 + ε(1 + 2N + ε).

(C.3)

We remark that most of the terms appearing in the inverse simplify because of (5.117).
We define the four vectors ~c1,~c2,~c3,~c4 as the respective rows of M−1

ε , i.e.,

~c1 := (M−1
ε )T~e1, ~c2 := (M−1

ε )T~e2,

~c3 := (M−1
ε )T~e3, ~c4 := (M−1

ε )T~e4,
(C.4)
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C. Appendix of Chapter 5

A
pp

en
di

x
C

where
~e1 :=

[
1 0 0 0

]T
, ~e2 :=

[
0 1 0 0

]T
,

~e3 :=
[

0 0 1 0
]T
, ~e4 :=

[
0 0 0 1

]T
.
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[24] G. Carinci, C. Giardinà, C. Giberti, and F. Redig. Duality for stochastic models
of transport. J. Stat. Phys., 152(4):657–697, 2013.
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[71] C. Giardinà, J. Kurchan, F. Redig, and K. Vafayi. Duality and hidden symmet-
ries in interacting particle systems. J. Stat. Phys., 135(1):25–55, 2009.
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[128] M. Notohara. The coalescent and the genealogical process in geographically
structured population. J. Math. Biol., 29(1), 1990.

[129] E. Nummelin. General Irreducible Markov Chains and Non-Negative Operators.
Cambridge University Press, 1984.

[130] M. Oomen. Spatial Populations with Seed-Bank. Doctoral Thesis, Leiden Uni-
versity, 2022.

[131] D. Ornstein. On the pointwise behavior of iterates of a self-adjoint operator. J.
Math. Mech., 18(5):473–477, 1968.

[132] A. Pazy. Semigroups of Linear Operators and Applications to Partial Differential
Equations. Springer-Verlag, New York, 1983.

[133] P. Pietzonka, K. Kleinbeck, and U. Seifert. Extreme fluctuations of active
brownian motion. New J. Phys., 18(5):052001, 2016.

[134] F. Redig and F. Sau. Factorized duality, stationary product measures and gen-
erating functions. J. Stat. Phys., 172(4):980–1008, 2018.

[135] G. O. Roberts and J. S. Rosenthal. General state space Markov chains and
MCMC algorithms. Probab. Surveys, 1:20–71, 2004.

[136] G. Rota. An “Alternierende Verfahren” for general positive operators. Bull.
Am. Math. Soc., 68(2):95–102, 1962.

[137] J. Schweinsberg. A necessary and sufficient condition for the Λ-coalescent to
come down from infinity. Electron. Commun. Prob., 5:1–11, 2000.

[138] P. Seidel. The Historical Process of the Spatial Moran Model with Selection and
Mutation. Doctoral Thesis, Friedrich-Alexander-Universität Erlangen-Nürnberg
(FAU), 2015.
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