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Appendix of Part II



APPENDIX C
Appendix: Chapter 5

Inverse of the boundary-layer matrix
The inverse of the matrix Mε defined in (5.115) is given by (α1 and α2 are as in
(5.116))

M−1
ε := 1

Z


−m13 −m14 m13 m14
m21 m22 m23 m24

m31(α2) m32(α2) m33(α2) m34(α2)
−m31(α1) −m32(α1) −m33(α1) −m34(α1)

 , (C.1)

where
Z := αN+1

1 [α2(1− ε)(αN−1
2 + 1) + 2ε(αN+1

2 + 1)]
× [α2(1 +N)(1− ε)(αN−1

2 − 1) + 2ε(N + ε)(α1+N
2 − 1)],

m13 := αN+1
1 [α2(1− ε)(αN−1

2 + 1) + 2ε(αN+1
2 + 1)]

× [α2(1− ε)(αN−1
2 − 1) + ε(αN+1

2 − 1)],
m14 := ε αN+1

1 [α2(1− ε)(αN−1
2 + 1) + 2ε(αN+1

2 + 1)] (αN+1
2 − 1),

m21 := (1 +N)(1− ε)2(αN−1
2 − αN−1

1 )− ε(1− ε)2(α2 − α1)
+ ε2(1 + 2N + ε)(αN+1

2 − αN+1
1 ) + ε(1− ε)(2 + 3N + ε)(αN2 − αN1 ),

m22 := ε [(1− ε)(1 +N)(αN2 − αN1 ) + ε(1 + 2N + ε)(αN+1
2 − αN+1

1 )],
m23 := ε (1− ε)[(N + ε)(α2 − α1)− (1− ε)(αN2 − αN1 )− ε(αN+1

2 − αN+1
1 )],

m24 := −ε(1− ε)[(1 +N)(α2 − α1) + ε (αN+1
2 − αN+1

1 )],

(C.2)

and the polynomials m31(z),m32(z),m33(z),m34(z) are defined as

m31(z) := −(1− ε)2 z − ε (1− ε) + (1− ε)(N + ε) zN − ε(1− 2N − 3ε) zN+1,

m32(z) := −(1− ε)(1 +N)zN − ε (1− ε)− ε(1 + 2N + ε) zN+1,

m33(z) := (1− ε)2 zN + ε (1− ε) zN+1 − (1− ε)(N + ε) z + ε(1− 2N − 3ε),
m34(z) := (1 +N)(1− ε) z + ε (1− ε) zN+1 + ε(1 + 2N + ε).

(C.3)

We remark that most of the terms appearing in the inverse simplify because of (5.117).
We define the four vectors ~c1,~c2,~c3,~c4 as the respective rows of M−1

ε , i.e.,

~c1 := (M−1
ε )T~e1, ~c2 := (M−1

ε )T~e2,

~c3 := (M−1
ε )T~e3, ~c4 := (M−1

ε )T~e4,
(C.4)
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C. Appendix of Chapter 5

A
pp

en
di

x
C

where
~e1 :=

[
1 0 0 0

]T
, ~e2 :=

[
0 1 0 0

]T
,

~e3 :=
[

0 0 1 0
]T
, ~e4 :=

[
0 0 0 1

]T
.
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[143] P. Sjödin, I. Kaj, S. Krone, M. Lascoux, and M. Nordborg. On the meaning and
existence of an effective population size. Genetics., 169(2):1061–1070, 2005.

[144] F. Spitzer. Random processes defined through the interaction of an infinite
particle system. In Lecture Notes in Mathematics, pages 201–223. Springer Berlin
Heidelberg, 1969.

[145] F. Spitzer. Interaction of Markov processes. Adv. Math, 5(2):246–290, 1970.

[146] F. Spitzer. Recurrent random walk of an infinite particle system. Trans. Amer.
Math. Soc., 198:191—-199, 1974.

[147] E. M. Stein. On the maximal ergodic theorem. Proc. Natl. Acad. Sci.,
47(12):1894–1897, 1961.
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[150] R. Vitalis, S. Glémin, and I. Olivieri. When genes go to sleep: The population
genetic consequences of seed dormancy and monocarpic perenniality. Am. Nat.,
163(2):295–311, 2004.

[151] J. Wakeley. The coalescent in an island model of population subdivision with
variation among demes. Theor. Popul. Biol., 59(2):133–144, 2001.

[152] N. I. Wisnoski and L. G. Shoemaker. Seed banks alter metacommunity di-
versity: The interactive effects of competition, dispersal and dormancy. Ecol.
Lett, 25(4):740–753, 2022.

[153] S. Wright. Evolution in Mendelian populations. Genetics., 16(2):97–159, 1931.

[154] S. Wright. The roles of mutation, inbreeding, crossbreeding and selection in
evolution. Proceedings of the XI International Congress of Genetics, 8:209–222,
1932.

[155] S. Yashina, S. Gubin, S. Maksimovich, A. Yashina, E. Gakhova, and D. Gilich-
insky. Regeneration of whole fertile plants from 30,000-y-old fruit tissue buried
in Siberian permafrost. Proc. Natl. Acad. Sci., 109(10):4008–4013, 2012.

224



Bibliography

[156] G. Yin and C. Zhu. Properties of solutions of stochastic differential equations
with continuous-state-dependent switching. J. Diff. Equ., 249(10):2409–2439,
2010.
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