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ARTICLE OPEN

Quantum critical Eliashberg theory, the Sachdev-Ye-Kitaev
superconductor and their holographic duals
Gian-Andrea Inkof 1✉, Koenraad Schalm2✉ and Jörg Schmalian1,3✉

Superconductivity is abundant near quantum critical points, where fluctuations suppress the formation of Fermi liquid
quasiparticles and the BCS theory no longer applies. Two very distinct approaches have been developed to address this issue:
quantum-critical Eliashberg theory and holographic superconductivity. The former includes a strongly retarded pairing interaction
of ill-defined fermions, the latter is rooted in the duality of quantum field theory and gravity theory. We demonstrate that both are
different perspectives of the same theory. We derive holographic superconductivity in form of a gravity theory with emergent
space-time from a quantum many-body Hamiltonian—the Yukawa Sachdev-Ye-Kitaev model—where the Eliashberg formalism is
exact. Exploiting the power of holography, we then determine the dynamic pairing susceptibility of the model. Our holographic
map comes with the potential to use quantum gravity corrections to go beyond the Eliashberg regime.

npj Quantum Materials            (2022) 7:56 ; https://doi.org/10.1038/s41535-022-00460-8

INTRODUCTION
Superconductivity is the natural ground state of a clean metal with
Fermi liquid properties. A cornerstone of paired-electron super-
conductivity in Fermi liquids is Eliashberg theory1,2, which extends
BCS theory by accounting for the dynamics of soft boson quanta
that mediate the electron-electron interaction3. Experimentally,
superconductivity is particularly abundant near quantum critical
points4–6; yet here electrons no longer form a Fermi liquid and the
Cooper instability paradigm does not apply. Indeed, repeating
Cooper’s analysis for a non-Fermi liquid but with instantaneous
pairing interaction7 suggests, at first glance, that superconductiv-
ity should rather be the exception than the rule7–9. Important
progress was made by realizing that dynamical retardation effects
—naturally present in the Eliashberg formalism—are crucial in
critical systems10–16. Examples are gauge-field induced composite
fermion pairing17,18, color magnetic interaction in high-density
quark matter12,19, superconductivity due to magnetic10,11,20 or
Ising nematic18,21 quantum critical fluctuations, or pairing in U(1)
and Z2 spin-liquid states18. The justification of the quantum-critical
Eliashberg theory is in many of these cases far from clear. While it
is believed to capture the most relevant dynamics and the scaling
properties22,23 a different perspective of its validity is clearly
desirable.
A tremendous amount of insight into quantum critical systems

has been gained from a fundamentally different perspective given
by the holographic dual formulation in terms of a higher-
dimensional Anti-de Sitter (AdS) space24–26. This also extends to
superconductivity. The holographic superconductor27,28 can con-
sistently describe order-parameter condensation in strongly
coupled theories without quasiparticles and naturally encapsu-
lates quantum critical points (QCPs) in addition to thermal
transitions. Also here, these results are often pushed beyond the
matrix large-N theories for which holography is formally justified.
This should capture the most relevant dynamics, even though
reliable quantitative information is, in essence, limited to systems
where additional symmetries constrain the holographic model

enough, e.g. the canonical example of N ¼ 4 super Yang–Mills29,
or, as of relevance here, the (0+1)-dimensional model of Sachdev-
Ye-Kitaev (SYK)30–32.
In this article, we show how the mutually complementary

regimes of quantum critical Eliashberg theory and holographic
superconductivity actually overlap and are, in fact, different
perspectives of the same identical physics. We obtain an explicit
transformation of the Yukawa-SYK theory that makes the
gravitational character, contained in the critical normal state,
explicit for superconducting instabilities. In this sense, we derive
holographic superconductivity in form of a gravity theory with
emergent space-time from a quantum many-body Hamiltonian
where the Eliashberg formalism is exact. Our result fleshes out
early indications that order parameter susceptibilities can be
matched this way33, and this map also gives an explicit physical
meaning of the additional holographic coordinate in terms of the
two time variables that occur in pair correlation functions. We
focus on the quantum-critical transition to superconductivity in
SYK-like models. This model describes a 0+ 1-dimensional
quantum system and can obviously only serve as a toy model
for realistic systems. However, there is evidence that our approach
is relevant for finite-dimensional compressible quantum critical
metals: systems with negligible momentum dependence of the
self energy10–16 yield an Eliashberg equation that is identical to
ours and, as we will see, that can be rewritten as a Klein–Gordon
equation in AdS2. Furthermore, the Yukawa-SYK model discussed
in this paper was recently extended to describe critical Fermi
surfaces in two dimensions34. Generalizing our holographic map
to this model we expect a description in AdS2 �R2. Hence, the
quantum critical Eliashberg approach of refs. 10–16 should be
applicable whenever the low-energy holographic description has
an AdS2 sector, and, vice versa, that the holographic AdS2
description can be used in systems where the quantum critical
Eliashberg equations apply.
In the normal state, the SYK model is described by a low-energy

effective action, the so-called Schwarzian theory, that can also be
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derived from two-dimensional gravity with a scalar field (the
dilaton)35–38, where the same pattern of breaking of the conformal
symmetry occurs. In fact, the structure of the Schwarzian action
can be guessed with considerations of conformal symmetry alone
—see refs. 36,39 for cases where the low-energy action is
dominated by non-local terms. In stark contrast, our map between
SYK-Eliashberg theory and holography clearly cannot be derived
using conformal symmetry alone: the presence of an explicit scale,
the critical temperature Tc, breaks scale-invariance, and the
dynamical equation of order parameter formation is sensitive to
certain details of the system. Instead, the SYK-Eliashberg dynamics
and its holographic equivalent describe the semi-universal RG-
flow; semi-universal in the sense that it is grounded in a universal
quantum critical SYK superconducting transition in the infrared
(IR) from which it inherits certain universal scaling properties, but
may have different microscopic, ultraviolet (UV) origins. This is
sketched in Fig. 1.
Using this map as an anchor, we exploit the power of

holography to investigate the previously unknown dynamical
pairing response of the SYK superconductor. This can be seen as
an extension of the mapping of DC transport in Wilson–Fisher-
type QCPs to holography, and using this map to predict finite-
frequency responses near criticality40.

RESULTS
SYK-Eliashberg
The explicit example of Eliashberg's theory for a tractable strongly
coupled quantum critical point we shall focus on is the SYK
superconductor constructed in ref. 41 (see also refs. 42–47). This is a

generalization of the complex SYK model with N charge-q, spin-1/
2 fermions ciσ, and four-fermion interactions to a more generic
Yukawa interaction with M soft bosons ϕk

H ¼ �μ
PN

i¼1;σ¼"#
cyiσciσ þ 1

2

PM
k¼1

π2k þ ω2
0ϕ

2
k

� �
þ 1

N

PM;N

ijkσ
ðgij;k þ g�ji;kÞcyiσcjσϕk :

(1)

In essence, it encodes fermions coupled to a large number of
Einstein phonons at a common frequency ω0 in the strong
coupling limit.
Disorder averaging over the interactions gij,k around a zero mean

can induce superconductivity in states without quasiparticles if
gij;k ¼ ðgkÞij are sampled from the Gaussian Orthogonal Ensemble

rather than the Gaussian Unitary Ensemble with variance g2.
Interpolating between the two ensembles by introducing a pair-
breaking parameter 0 ≤ α ≤ 1 further allows to continuously vary
the superconducting transition temperature Tc and tune it to
vanish at a quantum critical point45. α is defined in Eq. (19) of the
methods section. These results follow after a rewriting of the path-
integral in terms of bilocal propagator fields G τ1; τ2ð Þ ¼
1
N

PN
i¼1 c

y
iσ τ1ð Þciσ τ2ð Þ and F τ1; τ2ð Þ ¼ 1

N

PN
i¼1 ci" τ1ð Þci# τ2ð Þ that cor-

respond at the large-N saddle point to the normal and anomalous
Green’s function of the Nambu-Eliashberg formalism48. Both have
conjugate fields Σ τ1; τ2ð Þ and Φ τ1; τ2ð Þ that play the role of self
energies. The (Euclidean) action of the analysis is rather lengthy
and can be found in the Methods section. In the large N, M limit

Fig. 1 The emergence of the dual holographic theory from the SYK superconductor. a The semi-universal low-energy holographic action
equal to quantum critical Eliashberg theory describing the IR of holographic superconductors (AdSd+2), SYK superconductors, and metals near
quantum critical points. b Below the UV scale Λ, a strongly coupled quantum-critical fluid forms out of interacting fermions and bosons. Below
this scale, the fluctuating order parameter becomes a scalar field with emergent AdS2 gravity and forms an atmosphere around a black hole
event horizon. The frequency ϵ of the relative time τ1− τ2 and the absolute time t= (τ1+ τ2)/2 of SYK pairing fields F τ1; τ2ð Þ ¼
1
N

PN
i¼1 ci" τ1ð Þci# τ2ð Þ determine the set of geodesic half circles that span the anti-de Sitter space (τ, ζ) on the gravity side.
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with M/N fixed, the equations of motion are recognized as strongly
coupled Eliashberg equations41–45.
In the normal state F(τ1, τ2)=Φ(τ1, τ2)= 0, and the theory flows

to an SYK critical state defined by the time-translation invariant
scaling dynamics with fermion and boson propagators

Gnðτ1 � τ2Þ ¼ bg
tanh πqEð Þþsignðτ1�τ2Þ

τ1�τ2j j
1þγ
2

;

Dnðτ1 � τ2Þ ¼ bd 1
τ1�τ2j j1�γ :

(2)

The exponent 0 < γ < 1 can be tuned by varying the ratio M/N
and the charge density n via Eq. (28) of the methods section. In
the SYK literature, one frequently uses Δ= (1+ γ)/4 instead of γ.
The spectral asymmetry parameter E can be directly related to the
particle density n ¼ hcyiσciσi via a generalized Luttinger theo-
rem49,50, where Eðn ¼ 1=2Þ ¼ 0. It is also linked to the density
dependence of the zero-point entropy512πE ¼ ∂S0

∂n . While the two
coefficients bg,d depend on details of the UV behavior, the
important combination μγ � g2bdb

2
g ¼ γ

4π cosh
2 πqEð Þ tan πγ=2ð Þ is

dimensionless and universal. Thus, the normal state of the
Hamiltonian (1) is a strongly coupled, quantum-critical fluid made
of interacting fermions and bosons.
In the superconducting state in the vicinity of the phase

transition, F and Φ remain small. Confining ourselves to Gaussian
fluctuations in the disordered phase, we may then expand the
action to second-order and integrate out Φ. As discussed in the
Methods section, this yields the leading contributions of super-
conducting fluctuations to the SYK action:

S scð Þ=N ¼ R ω;ϵFy ω; ϵð ÞF ω; ϵð Þ
Πn ω; ϵð Þ

� g2λp
2

R
ω;ϵ;ϵ0F

y ω; ϵð ÞDn ϵ� ϵ0ð ÞF ω; ϵ0ð Þ:
(3)

Here, we Fourier transformed F τ1; τ2ð Þ with regards to the
relative time τ1− τ2, with frequency ϵ, and absolute time
t ¼ τ1 þ τ2ð Þ=2, with frequency ω, respectively. ∫ω⋯= T∑n⋯
stands for the sum over Matsubara frequencies. λp ¼ 1� αð ÞM=N
modifies the coupling constant in the pairing channel and
depends on the pair-breaking strength α. The first term in Eq.
(3) is determined by the particle-particle response function
Πn ω; ϵð Þ ¼ Gn

ω
2 � ϵ
� �

Gn ϵþ ω
2

� �
of the critical normal state. The

second term contains the singular pairing interaction with the
boson propagator Dn ϵð Þ.
Eq. (3) is then the IR effective action for the dynamic order

parameter F(ω)ϵ= F(ω, ϵ) parametrized by a microscopic energy ϵ.
In the dynamics of BCS theory, the ϵ-dependence is neglected.
The Eliashberg dynamics makes clear that ϵ is the relative energy
of the fermions, and therefore representative of the characteristic
energy at which the system is probed. One can indeed think of it
as an RG scale, as our mapping to a holographic model will
make clear.

From Eliashberg to holography
Next, we establish a holographic map based on the effective
action (3). We first consider the case T= μ= 0. It is convenient to
only perform the Fourier transform F t; ϵð Þ with respect to the
relative time and keep the absolute time t. From the Pauli
principle for singlet, even-frequency pairing follows that F t; ϵð Þ
does not depend on the sign of ϵ. This allows us to introduce the
scalar Bose field

~ψ t; zð Þ ¼ c0z
γ�1
2 F t; c=zð Þ; (4)

with z ¼ c ϵj j�1 and positive coefficients c and c0. This relation is in
general non-local in z but takes the local form of Eq. (4) in the limit
of low energy—see Methods section for details. Performing an
inverse Radon transform ~ψ t; zð Þ ! ψ τ; ζð Þ—a necessity pointed

out in35,52—that maps pairs of points (t, z) to a point (τ, ζ) on an
AdS2 geodesic, at low energy it then follows that the SYK theory
takes the form

S scð Þ=N ¼
Z

dτdζ
m2

ζ2
ψj j2 þ ∂τψj j2 þ ∂ζψj j2

� �
: (5)

This is the action of a holographic superconductor in AdS2 with
mass m and with Euclidean signature:

ds2 ¼ gabdx
adxb ¼ 1

ζ2
dτ2 þ dζ2
� �

: (6)

This derivation of a holographic map between strongly coupled
SYK-Eliashberg theory and its equivalent AdS-description, with the
extra, radial direction ζ encoding the RG scale, is the central result
of this paper. The weak-to-strong coupling duality emerges
through an explicit map since we start out from an exact
strong-coupling normal state solution. In the methods section we
give further details on the derivation of Eq. (5), and give explicit
expressions for the constants c and c0 as well as the mass m in
terms of the parameters of the Hamiltonian (1). The time
derivative in Eq. (5) originates from the first term in Eq. (3) and
is due to the ω-dependence of the particle-particle bubble Πn(ω,
ϵ). The kinetic term in the radial direction of the holographic bulk
is due to the singular pairing interaction Dn(ϵ). Both terms
contribute to the AdS2 mass m. The anomalous power-law
dependence Πn(0, ϵ) ~ ∣ϵ∣γ−1 yields a positive contribution
m2

ð1Þ > 0, which reflects the absence of a naive Cooper instability
in critical non-Fermi liquids7,8. However, the singular pairing
interaction Dn(ϵ) ~ ∣ϵ∣−γ also leads to a negative contribution
m2

2ð Þ<� 1
4 that favors pairing. It is, by itself, always more negative

than the AdS2 Breitenlohner–Freedman (BF) bound m2
BF ¼ � 1

4 that
signals the onset of instability in AdS space53–56. The zero-
temperature phase transition takes place when m2 ¼ m2

1ð Þ þm2
2ð Þ

equals m2
BF. This holographic condition is indeed identical to the

one obtained from the Eliashberg equation45.
The holographic map was established at zero temperature.

Since the normal state SYK physics in the IR is controlled by a
conformal fixed point, the finite-T theory at Euclidean time is
mathematically directly related to the zero temperature one51. The
same is true in the AdS2 theory: the black hole geometry is
equivalent to the T= 0 background after a coordinate transforma-
tion57,58. Tracing the transformation, the SYK model precisely
translates to the finite T version of the action (5) but with the
space-time metric of a Euclidean AdS2 black hole

ds2 ¼ 1

ζ2
ð1� ζ2=ζ2TÞdτ2 þ

1

ð1� ζ2=ζ2T Þ
dζ2

 !
: (7)

ζ�1
T ¼ 2πT encodes the location of the black hole horizon, see
Methods section.
Finally, we comment on the holographic map at finite chemical

potential μ. At low energies, the normal state SYK model possesses
an emergent U(1) symmetry51. It allows to relate the normal state
fermion propagator at finite μ to the one for μ= 0. For Πn(ω, ϵ) this
amounts to the shift ω ! ω� i4πqET . On the other hand, the
propagator of a charge q* scalar particle within AdS2 that is
exposed to a boundary electric field E, yields an analogous shift
ω→ ω− i2πq*ET59. Hence, the holographic boundary electric field
E ¼ E is given by the spectral asymmetry of the SYK model with
effective charge q*= 2q of the Cooper pair. Within the gauge Aζ=
0 this yields the vector potential Aτ ¼ iE

ζ 1� ζ=ζTð Þ. Our results are
summarized in Table 1.

Pairing response
Though we have equated the actions, this only implies that the
dynamical equations of motions match. For a true equivalent
mapping, the response to an external source field must also

G.-A. Inkof et al.

3

Published in partnership with Nanjing University npj Quantum Materials (2022)    56 



correspond. We can do so by checking an explicit observable, the
order parameter susceptibility in the normal phase.
We add an external pairing field J0(τ) to the action:

SJ ¼ �
Z

dτJ0 τð Þ
X
i

ci" τð Þci# τð Þ þ h:c:: (8)

J0(τ) is conjugate to the dynamic order parameter OðτÞ ¼
limτ0!τhFðτ; τ0Þi and physically realizable via coupling through a
Josephson junction. Using our holographic map this yields in the
gravitational formulation SJ ¼ � R d2x ffiffiffi

g
p

JðxÞψ�ðxÞ þ h:c:ð Þ
where at low frequencies J τ; ζð Þ ¼ c

c0
ζ
1�γ
2 J0 τð Þ. The corresponding

Euler–Lagrange equation is the inhomogeneous Klein–Gordon
equation in AdS2:

∂2ζ ψþ V ω; ζð Þψ ¼ J ω; ζð Þ
ζ2

; (9)

with potential V ω; ζð Þ ¼ �m2

ζ2
þ iωþ 2qE=ζð Þ2. It appears the

source term is present in the AdS-bulk, in contrast to the usual
holographic reasoning, where one only expects effects of a source
on the boundary, i.e., in the limit of small ζ dual to the UV. To
address this issue, let us first consider static solutions ω= 0. If we
shift ψð0; ζÞ ! ψð0; ζÞ þ Jð0; ζÞ=ðν2 � 1

4 γ
2Þ with constant

ν2 ¼ 1
4
þm2 � 2qEð Þ2; (10)

the l.h.s. of (9) is unchanged but the source disappears from the r.
h.s., i.e., from the bulk. It only enters through the UV boundary
condition; see below. Thus, the new variable ψ can be understood
as a combination of a boundary-sourced field and a source. This is
in full accordance with holographic AdS/CFT where the same
dynamical variable describes both the source (its boundary value)
and the response. Eliashberg's theory is in practice always
considered at ω= 0. Further below we, therefore, follow
holography to generalize this to finite ω by using double-trace
deformations.
The Euler–Lagrange Eq. (9) should be identical to the stationary

Eliashberg equation that follows from the original formulation of
SYK model Eq. (3). Expressed in terms of the anomalous self
energy ΦðϵÞ ¼ F 0; ϵð Þ=Πnð0; ϵÞ, the stationary equation for F
becomes

Φ ϵð Þ ¼ λpμγ

Z
ϵ0

Φ ϵ0ð Þ
ϵ� ϵ0j jγ ϵ0j j1�γ þ J0; (11)

with time-independent source J0 and μγ ¼ μγΓ γð ÞΓ2 1�γ
2

� �
2 cos πγ

2 � sin πγð Þ� �
. This equation is identical to the linearized

gap equation of the Eliashberg theory of numerous finite-
dimensional compressible quantum-critical metals10–12. Thus, our
analysis goes beyond the specifics of the SYK model and is directly

relevant to a much broader class of physical systems. The power-
law behavior in Eq. (11) holds only within an upper (UV) and lower
(IR) cut-off Λ and T, respectively. The relationship between (11)
and Eq. (9) is particularly transparent in the limit of small γ, where,
using ~Φ � Φ� J0, the former takes the form of a differential

equation ∂ϵϵ1�γ∂ϵϵγ ~Φ ϵð Þ ¼ �γλpμγ
~Φ ϵð ÞþJ0

πϵ with UV and IR bound-

ary conditions ∂ϵϵγ ~Φ ϵð Þϵ¼Λ ¼ ∂ϵ ~Φ ϵð Þϵ¼T ¼ 012,19,45. With our holo-

graphic map, we rewrite this in terms of ψ ζð Þ / ζ
1�γ
2 ~Φ c=ζð Þ, which

precisely reproduce the Euler–Lagrange equation (9) for vanishing

ω and E and with correct source J ζð Þ / ζ
1�γ
2 J0. If we now analyse Φ,

instead of ~Φ, this is the equivalent of the earlier shift of ψ by the
source. Then J0 disappears from the bulk and only enters through
the UV boundary condition: ∂ϵϵγΦ ϵð Þϵ¼Λ ¼ γΛγ�1J0, as expected.
The ω= 0 solution of the homogeneous version of Eq. (9), i.e.,

for the shifted field, is

ψ 0; ζð Þ ¼ Aζ
1
2�ν þ Bζ

1
2þν; (12)

where A and B are determined by the boundary condition
translated for ψ(ω, ζ), where ν2 of (10) is a convenient measure of
the mass and charge that vanishes at the BF bound.
We can now easily determine the static susceptibility. Written

with an eye on the holographic computations, it reads

χ ¼ dO
dJ0

����
J0¼0

¼ χc
bþ þ b�GðTÞΛ�2ν

aþ þ a�GðTÞΛ�2ν ; (13)

where G Tð Þ ¼ c2ν B
A ¼ 2ν�γ

2νþγ T
2ν with c from (4) contains the

dependence on the IR behavior, while a± ¼ b± 1 ± 2ν=γð Þ2 and
b±= 1∓ 2ν/γ as well as χc ¼ 2c2gΛ

γ=ðπγÞ.
The static susceptibility determines the phase diagram of the

model shown in Fig. 2. The regime with superconducting order
corresponds to ν being imaginary. In that case, there are solutions
for the order parameter obeying the source-less J0= 0 boundary
conditions. This occurs whenever the denominator in Eq. (13)
vanishes which determines the superconducting transition

Fig. 2 Phase diagram of the SYK model. Phase diagram as a
function of temperature T and ν2 defined in Eq. (10) with γ= 0.9. The
susceptibility diverges at the transition temperature Tc (solid line)
that vanishes in a BKT-like fashion at ν2= 0. Below Tc we have
superconducting order (blue). Between the dashed lines we find
classical critical behavior with Curie–Weiss susceptibility and critical
slowing down χ � tdyn � ðT � T cÞ�1 (we only calculated the upper
dashed curve, the lower one is an educated guess). As the
susceptibility is finite at the BKT quantum critical point, quantum
criticality is identified by the regime where ∂TχðTÞ � 1=ðT log2TÞ
(yellow region). In the quantum-disordered region (red) ∂Tχ(T)
saturates as T→ 0. The quantum critical and quantum-disordered
regimes are separated by a crossover.

Table 1. Dictionary of the Eliashberg-gravity map. Summary of the
correspondence between the degrees of freedom of the critical
Eliashberg-SYK theory and those of (1+1)-dimensional holographic
superconductor. Notice ζ and τ are related to 1/ϵ and the absolute
time by a Radon transformation.

Field-theory side Gravity side

frequency ϵ of time lag τ1− τ2 holographic dimension ζ

absolute time (τ1+ τ2)/2 time (Euclidean) τ

anomalous propagator F order parameter field ψ

fermion bubble Πn(ω, ϵ) ∂τψ, mass contrib. m2
ð1Þ > 0

pairing interaction Dn(ϵ) ∂ζψ, mass contrib. m2
ð2Þ < 0

Cooper pair charge 2q condensate charge q⋆
spectral asymmetry E AdS2 electric field E

G.-A. Inkof et al.
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temperature:

T c � Λe
� πffiffiffiffiffi

�ν2
p

: (14)

In Fig. 2 the ordered state is shown in blue. One recognizes a
Berezinskii–Kosterlitz–Thouless (BKT) phase transition60–62 at a
critical value of the pair-breaking parameter λp that corresponds to
ν= 0. Right above Tc the susceptibility diverges according to the
mean-field Curie–Weiss law χðTÞ � ðT � T cÞ�1. This happens in
the classical regime marked green in Fig. 2. Note that at the BKT
quantum critical point the order parameter susceptibility is χc and
stays finite. This is in apparent contradiction with the behavior at
quantum phase transitions, where commonly, the order para-
meter response to the external field is divergent. However, the
milder BKT quantum criticality is signaled by a diverging slope of
the susceptibility as it approaches this finite value ∂Tχðν ¼ 0Þ �

4χc
γT log2 Λ=Tð Þ and ∂ν2χðT ¼ 0Þ / χc=ν, fully consistent with results

obtained from holography63,64. The regime in the phase diagram
where this is the behavior for ∂Tχ is indicated in yellow in Fig. 2,
while saturation of the slope happens below the crossover to the
quantum-disordered regime (marked red).
Eq. (13) is purposely written to be recognized as identical to the

susceptibility obtained from a holographic approach based on the
crossover from a higher-dimensional holographic theory AdSd+2 at
high energies to AdS2 ´Rd at low energies63,64. Below we discuss
how the effect of the higher-dimensional space can be incorpo-
rated via appropriated double-trace deformations directly in the
AdS2 model Eq. (5)24,65. This insight allows us to use the power of
holography and determine the dynamic pairing susceptibility.
Using the approach of refs. 63,64 we obtain χ(ω) immediately from
the static susceptibility of Eq. (13) if we replace G Tð Þ by

G T ;ωð Þ ¼ 2ν � γ

2ν þ γ
T2ν Γ u� νð ÞΓ v þ νð Þ

Γ uþ νð ÞΓ v � νð Þ ; (15)

with u ¼ 1
2 þ i2qE and v ¼ 1

2 � i ω�4πTqE
2πT . Here we use retarded

functions, i.e. in-falling boundary conditions at the black hole
horizon59. In Fig. 3 we show the resulting frequency dependence of
the imaginary part of the pairing susceptibility at low T as a
function of ω for varying ν. Most notable is the almost flat behavior
right at the quantum critical point, where at lowest frequencies

holds that ImχðωÞ � 2π
γ log

�2 Λ=ωð Þ. This mirrors the temperature
dependence discussed earlier. Near the classical transition at finite
Tc, we obtain critical slowing down behavior ImχðωÞ � ωtdyn

1þðωtdynÞ2

with order-parameter relaxation time tdyn � ðT � T cÞ�1. In Fig. 4
we also show the impact of a deviation of the charge density from
half-filling, which induces a finite boundary electric field E and a
spectral asymmetry of the two particle response.
Finally, we establish a more direct connection between the

susceptibility of the SYK model and holography in AdS2 without
having to resort to a crossover argument from higher-dimensional
gravitational spaces. To this end, we need to posit the correct
holographic boundary conditions for AdS2. In holography,
boundary conditions at ζ= 0 crucially encode the precise theory
one describes beyond the physics of interest within that theory.
For AdS2 models, this is a more detailed exercise, as the UV does
not decouple as it does in higher-dimensional theories66, and
further UV information is necessary to describe the theory. In brief:
standard boundary conditions correspond to a theory where A ¼
limζ!0 ζ

ν�1
2ψðζÞ � J0 with J0 the external source conjugate to the

operator of interest, and B ¼ limζ!0
ζ1�2ν

2ν ∂ζ ζ
ν�1

2ψjζ¼0 ¼ O as the
response; alternative quantization boundary conditions corre-
spond to B= J0, A ¼ O; a dual theory with so-called double-trace
deformations corresponds to mixed boundary conditions of the
type B= fA+ J0, B ¼ O, where f is an arbitrary coupling constant,
or in alternative quantization24 A= fB+ J0, A ¼ O. When the UV
does not decouple, however, there is a new, fourth possibility,
where one includes the contribution of the leading UV operator.
This corresponds to mixed boundary conditions B= fA+ J0 and a
mixed response B ¼ gAþO with again g an arbitrary constant.
The susceptibility computed from AdS2 is59

χAdS2 ¼
d
dJ0

O ’ O
J0

¼ B� gA
B� fA

¼ 1� gG
1� fG : (16)

Up to normalization, this equals the holographic result obtained
via dimensional crossover59 and the SYK susceptibility Eq. (13).

DISCUSSION
The low-energy theory of the SYK Hamiltonian Eq. (1) can thus be
formulated in terms of the action

S ¼ Sgravity þ Ssc þ SJ: (17)

Sgravity is the much-discussed AdS gravity in 1+ 1 dimensions
which eventually gives rise to the Schwarzian theory, describing

Fig. 3 Dynamical susceptibility away from criticality. Imaginary
part of the dynamic pairing susceptibility χ(ω) for different values of
the pair breaking, parametrized in terms of ν with γ= 0.01 and T/Λ
= 10−4. Notice the broad continuum right at the BKT quantum
critical point that only decays like 1=log2ω at lowest frequencies.

Fig. 4 Dynamical susceptibility away from charge neutrality. Real
part of the dynamic pairing susceptibility χ(ω) for different values of
boundary electric fields E corresponding to different carrier density
with γ= 0.01, ν= 10−3, and T/Λ= 10−2. Notice spectral asymmetry
away from n= 1/2.
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the SYK normal state35,36. It determines the metric of Eqs. (6) and
(7). Hence the non-Fermi liquid normal state provides the
gravitational background. Superconducting degrees of freedom
of the SYK model then behave like a charge 2q matter field on the
AdS2 background with:

Ssc ¼ N
Z

d2x
ffiffiffi
g

p
Daψ

�Daψþm2 ψj j2� �
; (18)

where Da= ∂a− i2qAa. The finite temperature theory is equivalent
to a change of coordinates that corresponds to a black hole with
an event horizon given by the Hawking temperature. Deviations of
the density from half-filling give rise to a boundary electric field E.
The competition between suppressed pairing due to the absence
of quasiparticles and the enhanced, singular pairing interaction is
merely a balance of two contributions to the mass m and leads to
a quantum critical point of the BKT variety. The Euler–Lagrange
equation of the gravitational theory maps directly onto the
Eliashberg equation intensely studied in the context of quantum
critical metals. External fields that couple to Cooper pairs act on
the AdS2 boundary. We have therefore attained an explicit and
complete AdS-field theory correspondence.
Our derivation of holographic superconductivity from a

microscopic Hamiltonian allows for a deeper and more concrete
understanding of the holographic principle. In its spirit it is
somewhat analogous to the microscopic derivation of
Ginzburg–Landau theory from the BCS model by Gork’ov67; the
result may be obvious for symmetry reasons, but yields explicit
expressions of the parameters of the theory while allowing for all
the practical simplifications that come with the order-parameter
field theory. Our approach should be the natural starting point to
study superconducting fluctuations beyond the Eliashberg limit,
nonlinear effects beyond the Gaussian mean-field level, for
systems as diverse as magnetic and nematic quantum critical
points, or critical spin liquids, and the thermodynamic contribu-
tions from the order parameter condensation. In the holographic
language, those effects correspond to quantum gravity correc-
tions and gravitational back reactions, respectively. Moreover, as
these systems are experimentally probed23,44, it provides a direct
avenue to test holography in the lab.

METHODS
SYK action of bilocal fields
In what follows we analyze the action of the SYK superconductor that
comes from the Hamiltonian Eq. (1). The distribution function of couplings
gij;k ¼ g0ij;k þ ig00ij;k includes a parameter α which interpolates between the
Gaussian unitary and orthogonal ensembles. Specifically

g0ij;kg
0
i0 j0 ;k0 ¼ 1� α

2

� � g2

2N2 δkk0 δii0δjj0 þ δij0δji0
� �

;

g00ij;kg
00
i0 j0 ;k0 ¼ α g2

4N2 δkk0 δii0δjj0 � δij0δji0
� �

:
(19)

α= 0 corresponds to time-reversal symmetric configurations, while for α=
1 time reversal is fully broken.
As is common practice in the theory of SYK-like models we use bilocal

fields, i.e., collective field variables that depend on two time variables. The
effective action of the superconducting Yukawa-SYK problem is41,45:

S ¼ �Ntr log ĝ�1 � Σ̂
� �þ M

2 tr log d�1 � Π
� �

�N G� Σþ eG� eΣþ F � Φþ Fy � Φy
� 	

þ M
2 D� π

� M
2 g

2 ðGeGÞ � Dþ 1� αð Þ FyF
� �� D

� 	
;

(20)

with M boson flavors and N fermion flavors. We use the notation A� B ¼R
dτ1dτ2A τ1; τ2ð ÞB τ2; τ1ð Þ as well as Fy τ1; τ2ð Þ ¼ F τ2; τ1ð Þ� andeG τ1; τ2ð Þ ¼ �G τ2; τ1ð Þ. The fermionic self energy and propagator are

matrices in Nambu space:

Σ̂ ¼ Σ Φ

Φy eΣ
� �

and Ĝ ¼ G F

Fy eG
� �

: (21)

The bare propagators are given as

ĝ�1 τ; τ0ð Þ ¼ � ∂τ σ̂0 � μσ̂zð Þδ τ � τ0ð Þ;
d�1 τ; τ0ð Þ ¼ � ∂2τ � ω2

0

� �
δ τ � τ0ð Þ; (22)

where the σ̂i are 2 × 2 Nambu-space matrices. For large N and M, but
fixed N/M the exact solution of the single-particle problem is given in
terms of the stationary condition δS= 0, which is given by the Eliashberg
equations:

iϵn 1� Z ϵnð Þð Þ ¼ �g2 M
N T
P
n0

D ϵn�ϵn0ð Þiϵn0 Z ϵn0ð Þ
ϵn0 Z ϵn0ð Þð Þ2þΦ ϵn0ð Þ2 ;

Φ ϵnð Þ ¼ g2λpT
P

n0
D ϵn�ϵn0ð ÞΦ ϵn0ð Þ

ϵn0 Z ϵn0ð Þð Þ2þΦ ϵn0ð Þ2 :
(23)

Here, we considered μ= 0 and used Σ̂ ϵnð Þ ¼ iϵn 1� Z ϵnð Þð Þσ̂z þ Φ ϵnð Þσ̂x .
This equation has to be supplemented by a corresponding expression for
the boson self energy41.
In the normal state, the expectation values of Φ and F vanish. Hence,

near the superconducting transition, we can expand for small Φ and F. This
yields

S scð Þ ¼ Φy � Gn � Φ� Gn � g2λp
2 FyF
� �� Dn

� Fy � Φ� F � Φy;
(24)

where Gn and Dn are the finite temperature propagators of the normal
state. If we now use that Gn and Dn only depend on the time difference,
Fourier transform to frequency space, and integrates over the Gaussian
fields Φ and Φ† we obtain Eq. (3) of the main text.
The particle number n is related to the spectral asymmetry E through

the generalized Luttinger theorem49,50:

n ¼ 1
2
� θ

π
� 1� γ

4
sin 2θð Þ

cos πγ=2ð Þ ; (25)

where tan θ ¼ tan π 1þγð Þ
4

� 	
tanh πqEð Þ. In the main text, we give in Eq. (2)

the normal state propagators as function of time. Fourier transformation
yields

Gn ϵð Þ ¼ cg tan θþ isign ϵð Þð Þ ϵj j�1�γ
2 ;

Dn ϵð Þ ¼ cd ϵj j�γ;
(26)

where the coefficients are

cg ¼ 2bgΓ
1�γ
2

� �
cos π

4 ð1þ γÞ� �
;

cd ¼ 2bdΓðγÞ cosðπγ=2Þ;
(27)

and the exponent γ is determined by

1� γð Þ tan π 1þγð Þ
4

1þ tan2 π 1þγð Þ
4 tanh2 πqEð Þ

¼ M
N

γ tan πγ
2

1� tanh2 πqEð Þ : (28)

Derivation of the holographic map at T= μ= 0
First, we summarize the derivation of Eqs. (4) and (5).
We expand in Eq. (3) the zero-temperature expression of Π�1

n ω; ϵð Þ for
small ω≪ ϵ up to ω2:

1
Πn ω; ϵð Þ �

1
c2g

ϵj j1�γ 1� 1� γ

8
ω

ϵ

� 	2� �
: (29)

Let us focus first focus on the ω= 0 limits of the above expression. The
effective action is given by

SðscÞ

c�2
g N

¼
Z

ω;ϵϵ0
Fy ω; ϵð Þ δðϵ� ϵ0Þ

jϵjγ�1 � μ̂

jϵ� ϵ0jγ
 !

F ω; ϵ0ð Þ (30)

with μ̂ ¼ cdg
2λpc2g=2. To proceed we perform a Mellin transform

Fðω; ϵÞ ¼
Z 1

�1

dwffiffiffiffiffiffi
2π

p f wðωÞjϵjiw�1þγ=2: (31)

The action then becomes a set of uncoupled oscillators:

SðscÞ

c�2
g N

¼
Z

ω

dw
π

1� μ̂

2π
rw

� �
f ?wfw ; (32)
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where

rw ¼ R1
�1 dx xj jiw

1�xj jγ xj j1�γ=2

¼ π2=2

Γ γð Þ cos πγ
2ð Þ sinh π

4 2w�iγð Þð ÞΓ 1þiw�γ
2ð Þj j2 :

(33)

To proceed it is convenient to introduce s= 2w/γ and use the field
variable

gs ¼ γ

ffiffiffiffiffi
rγ
2s

8

r
f γ
2s
: (34)

Then we obtain the action

SðscÞ

c�2
g N

¼
Z

ω

ds
2π

qs �
4μ̂
πγ

� �
g?s gs; (35)

where qs ¼ 8=γrγ
2s
. Low energies correspond to small s, where we can

expand

qs ¼ aγ þ bγs
2 þOðs4Þ; (36)

with positive coefficients

aγ ¼ 4sin2 πγ
4ð Þ cos πγ

2ð ÞΓ �γ
2ð Þ2Γðγþ1Þ

π2 ;

bγ ¼ 1
16 γ

2 π2csc2 πγ
4

� �� 4ψð1Þ 1� γ
2

� �� �
aγ;

(37)

with ψ(1) polygamma function. The coefficients aγ and bγ are of order 1 for
small γ, whereas higher-order-in-sterms all vanish with increasing powers
in γ. Therefore, the expansion Eq. (36) is correct for all values of the
exponent γ if s is small, and for all s if γ is small. Hence at small γ it is not a
low-energy expansion.
We now introduce

~ψðω; zÞ ¼ cψ

ffiffiffiffiffiffi
z
2π

r Z
dsgsðωÞ

z
c

��� ����iγs2
; (38)

with cψ ¼ 2
ffiffiffi
2
r0

q
cγ=2�1c0. From Eq. (35) it follows that

SðscÞ

c�2
g N

�
Z

z;ω

m2

z2
j~ψj2 þ j∂z~ψj2

� �
; (39)

with squared mass given by

m2 ¼ m2
ð1Þ þm2

ð2Þ: (40)

Here m2
ð1Þ ¼ γ2aγ

4bγ
> 0 and m2

ð2Þ ¼ � γμ̂
πbγ

� 1
4 : The implication is that with

Eq. (34) the relationship between F and ~ψ is non-local:

~ψðω; zÞ ¼ cψ

ffiffiffi
z
8

r Z
ϵ
KðzϵÞ Fðω; ϵÞ

ϵj jγ=2
; (41)

with KðzϵÞ ¼ Rw ffiffiffiffiffi
rw

p
e�iw log z

cϵj j . However, at low energies KðzϵÞ / δðzϵ�
cÞ and it becomes local and yields the mapping Eq. (4).
We now include the finite-frequency part of Eq. (29) and Fourier

transform from ω to Euclidean time t. One easily finds:

SðscÞ

c�2
g N

�
Z

z;t

m2

z2
~ψ
�� ��2 þ ∂z~ψ

�� ��2 � ∂t~ψ
�� ��2� �

: (42)

Finally, the two coefficients in Eq. (4) are

c20 ¼
bγr0cγ�2

2γ2c2g
; (43)

c2ðγ�1Þ ¼ ð1� γÞγ2
4πbγr0

: (44)

This completes the derivation of the action in Lorentzian de Sitter space
with mass m2 ¼ m2

ð1Þ þm2
ð2Þ.

To transform the problem to AdS2 we follow ref. 52 and use the Radon
transform which takes the explicit form

~ψ z; tð Þ ¼ Rψð Þðz; tÞ ¼ 2z
R tþz
t�z dτ

R1
0

dζ
ζ ψ ζ; τð Þ

´ δ z2 � τ � tð Þ2 � ζ2
� 	

:
(45)

If one now uses that one can relate the Laplacian before and after the
Radon transformation &dS2Rψ ¼ �R &AdS2ψð Þ it follows that the Radon

transform ~ηλ ¼ Rηλ of an eigenfunction ηλ of the Laplacian in AdS2 is also
an eigenfunction of &dS2 . It is however not normalized. Addressing this
issue through so-called leg factors52 one obtains at low energy the action
(5) in AdS2 with modified mass

m2 ¼ m2
BF þ

m2 �m2
BF

1� 4G m2 �m2
BF

� �
 � : (46)

G ¼P1
n¼0

�1ð Þn
2nþ1ð Þ2 � 0:915966 is Catalan’s constant. Near the

Breitenlohner–Freedman bound m2
BF ¼ 1

4 both masses are the same, which
is the reason why we did not distinguish between m and m in the main
text. This completes the holographic map.
If we specify the density n, the ratio of boson and fermion flavors M/N,

and the pair-breaking strength α the three crucial quantities E, γ and λp
are fixed and the gravitational theory is well defined. Only one number -
in our case bg —has to be fixed from a numerical solution of the SYK
model. However it only determines the global factor c0 of the holographic
action.

Holographic map at finite temperatures
In the analysis at finite temperatures, we start from the action for the SYK-
superconductor Eq. (24) without integrating out the conjugate field
Φ τ1; τ2ð Þ. We have to keep in mind that the time integrations go from −β/
2 to β/2 where β= 1/T. Similarly, Gn and Dn are the finite temperature
propagators of the normal state. Using the invariance of the low-energy
saddle point equations under re-parametrization τ ! τ ¼ f τð Þ, both
functions can be obtained from the T= 0 solutions Gn;0 τð Þ and Dn;0 τð Þ via
Gn τ; τ0ð Þ ¼ f 0 τð Þ1þγ

4 Gn;0 f τð Þ � f τ0ð Þð Þf 0 τ0ð Þ1þγ
4 ;

Dn τ; τ0ð Þ ¼ f 0 τð Þ1�γ
2 Dn;0 f τð Þ � f τ0ð Þð Þf 0 τ0ð Þ1�γ

2 ;

with f τð Þ ¼ β
π tan

πτ
β

� 	
. Hence, the finite temperature problem leads to

effective action, identical to the one we analyzed at T= 0, yet in terms of
the field

F τ1; τ2ð Þ ¼ 1þ πTð Þ2τ21
� 	�1þγ

4
1þ πTð Þ2τ22
� 	�1þγ

4

´ F f�1 τ1ð Þ; f�1 τ2ð Þ� � (47)

Hence, we can immediately make the identification that is analogous to Eq.
(4) only in terms of the new function F instead of F and with transformed
variable τ1;2 instead of τ1,2. The scalar field, expressed in terms of the
anomalous propagator field, that replaces (4) at finite temperatures is then:

~ψðt; zÞ ¼ c0jzj
1�γ
2

Z 1

�1
dsF tþ; t�ð Þeics=z; (48)

where t ± ¼ t ± s
2. After performing an inverse Radon transformation from

~ψðt; zÞ to ψðτ; ζÞ, the holographic action can now be transformed from
coordinates ðτ; ζÞ to τ; ζð Þ, where 0 < τ < 1/T, which agrees at the boundary
with the original imaginary variables of the SYK model58

τ ¼ 2ζT
1�ζ2=ζ2Tð Þ1=2 sin τ=ζTð Þ

1þ 1�ζ2=ζ2Tð Þ1=2 cos τ=ζTð Þ
;

ζ ¼ 2ζ

1þ 1�ζ2=ζ2Tð Þ1=2 cos τ=ζTð Þ
:

(49)

where ζT ¼ 1
2πT . In these coordinates the finite-T action of the SYK

superconductor becomes

S scð Þ=N ¼
Z ζT

0
dζ
Z β=2

�β=2
dτ

m2

ζ2
ψ�ψþ ∂τψ

�∂τψ
1� ζ2=ζ2T

þ 1� ζ2=ζ2T
� �

∂ζψ
�∂ζψ

 !
;

(50)

which is the correct finite-T version of a holographic superconductor in
AdS2 with black hole horizon ζT and metric Eq. (7).
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