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Abstract: Consider the complete graph on n vertices. To each vertex assign an Ising
spin that can take the values —1 or +1. Each spini € [n] = {1, 2, ..., n} interacts with a
magnetic field 4 € [0, co), while each pair of spins i, j € [n] interact with each other at
coupling strength n_IJ(i)J(j), where J = (J(i))ie[n are i.i.d. non-negative random
variables drawn from a probability distribution with finite support. Spins flip according
to a Metropolis dynamics at inverse temperature 8 € (0, co). We show that there are
critical thresholds g, and %.(8) such that, in the limit as n — oo, the system exhibits
metastable behaviour if and only if § € (8., 00) and i € [0, h.(B)). Our main result is
a sharp asymptotics, up to a multiplicative error 1+ 0, (1), of the average crossover time
from any metastable state to the set of states with lower free energy. We use standard
techniques of the potential-theoretic approach to metastability. The leading order term
in the asymptotics does not depend on the realisation of J, while the correction terms
do. The leading order of the correction term is /n times a centred Gaussian random
variable with a complicated variance depending on S, i, on the law of J and on the
metastable state. The critical thresholds . and h.(8) depend on the law of J, and so
does the number of metastable states. We derive an explicit formula for 8. and identify
some properties of B — h.(B). Interestingly, the latter is not necessarily monotone,
meaning that the metastable crossover may be re-entrant.

1. Introduction and Main Results

1.1. Background. Interacting particle systems evolving according to a Metropolis
dynamics associated with an energy functional called the Hamiltonian, may be trapped
for a long time near a state that is a local minimum of the free energy, but not a global
minimum. The deepest local minima are called metastable states, the global minimum
is called the stable state. The transition from a metastable state to the stable state marks
the relaxation of the system to equilibrium. To describe this relaxation, one needs to
identify the set of critical configurations the system must attain in order to achieve this
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transition and to compute the crossover time. These critical configurations correspond
to saddle points in the free energy landscape.

Metastability for interacting particle systems on lattices has been studied intensively
in the past. For a summary, we refer the reader to the monographs by Olivieri and Vares
[13], and Bovier and den Hollander [6]. Successful attempts towards understanding
metastable behaviour in random environments were made for the random field Curie—
Weiss model, by Mathieu and Picco [12], Bovier et al. [3] and Bianchi et al. [1,2].
Recently, there has been interest in metastability for interacting particle systems on
random graphs. This is challenging, because the crossover times typically depend on
the realisation of the graph. In den Hollander and Jovanovksi [11] and Bovier et al. [7],
Glauber dynamics on dense Erdds-Rényi random graphs was analysed. Earlier work on
metastability for Glauber dynamics on sparse random graphs can be found in Dommers
[8] (random regular graph) and Dommers et al. [10] (configuration model). The present
paper is a first step towards the study of metastability for Glauber dynamics on Chung-
Lu-like random graphs.

To the best of our knowledge, Tindemans and Capel [14] and Dommers et al. [9] are
the only references where the model with the interaction Hamiltonian in (1.2) below has
been studied in detail. Both focus on equilibrium properties only.

1.2. Glauber dynamics on the complete graph with coupling disorder. Let JZ;, be the
complete graph on n vertices. Each vertex carries an Ising spin that can take the values
—lor+l.LetS, = {—1, +1}["] denote the set of spin configurations on .%#;,, where [n] =
{1,2,...,n}. Let (2, .7, &) be an abstract probability space, and let J = (J(i))ie[n]
be a sequence of i.i.d. random variables on this probability space taking values in a
finite set {ay, ..., ar} C [0, 00) of cardinality k € N. The distribution of these random
variables is given by

PJW)=ay) =we€(0,1), ie€lnllelkl], (1.1)

with 3 @0 = 1.
Let H,: S, — R be the interaction Hamiltonian defined by

1
Hi@)=—— 3 JOJ(No@o()~h Y o). oS (1.2)

i,j€ln] ien]
i<j

where /i € [0, 0o) is the magnetic field. We consider Glauber dynamics on S,,, defined
as the continuous-time Markov process with transition rates

e Bl ~Hi (@ if o/ ~ g,

yol) = Lo € S,, 1.3
rn(0,07) !O, otherwise, 70 on (1.3)

where 8 € (0, co) is the inverse temperature, 6’ ~ ¢ means that ¢’ differs from o by a
single spin-flip and [-]+ is the positive part. This dynamics is reversible with respect to
the Gibbs measure

1
(o) = Z—e—ﬂHn“’), o € Sy, (1.4)

n
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where the normalising constant Z,, is called the partition sum. Note that the reference
measure for (1.4) is the counting measure on S,. We write

(01)i>0, 01 € Sy, (1.5)

to denote a path of the Glauber dynamics on S,,, and P, and [E, to denote probability and
expectation on path space given oy = o (we suppress J, i, 8 and n from the notation).

For fixed n, if h = 0 the Hamiltonian in (1.2) has two global minima, at 0 = +1 and
o = —1, while if & > 0 it achieves a global minimum at ¢ = +1 and a local minimum
at 0 = —1. The latter is the deepest local minimum not equal to the global minimum
(at least for 2 small enough). However, in the limit as n — oo, these do not form a
metastable pair of configurations because entropy comes into play.

1.3. Metastability on the complete graph with coupling disorder. Inthis section we state
our main results.

1.3.1. Empirical magnetisations The relevant quantity to monitor in order to charac-
terise the metastable behaviour is the disorder weighted magnetisation

Kp(o) = % > JG)o (@), o €S, (1.6)

iln]
The following quantities will be essential for coarse-graining. Define the level sets
Agn ={i €n]: JG) =ae}, €<kl (1.7)

and the level magnetisations

men(0)=—— Y o), Le[kl o €S, (1.8)
Al i€An
Put
Mmu(0) = (Me(0)) ey € =115 0 €8, (1.9)

and note that K,,(0) = % Zee[k] ag |A[’n| my (o) depends on o only through m, (o).
Thus, with abuse of notation, we may define

1
Kn(m)=— > ac|Ava|me, m = moyeep € (=111, (1.10)
Lelk]

50 that K, (o) = Ky (mu(0)).
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1.3.2. Thermodynamic limit As n — 0o, by the law of large numbers the random
function K, converges uniformly in probability to a deterministic function K given by

K@m)= Y agweme, m= mecp € [—1, 11°. (1.11)
Lelk]

Similarly, the random free energy function F;, converges uniformly in probability to a
deterministic function Fg ; (see (2.15) and (2.26) below for explicit formulas). In Sect. 3,
we show that the stationary points of Fg j are given by m = (my)¢[x], where

my = tanh(Bla; K (m) + h]), £ € [k]. (1.12)

Note that, via (1.12), the k-dimensional vector m is fully determined by the real number
K (m). Therefore, finding the stationary points of Fg j reduces to finding the solutions
of the equation

K =Tgn(K), Tpn(K)= ) arwp tanh(BlacK +h)). (1.13)
lLelk]

1.3.3. Metastable regime It turns out that the critical inverse temperature f. is given by
-1

Be = Z aiwg . (1.14)

Lelk]

Namely, if 8 € (0, B.], thenthe system is notin the metastable regime for any / € [0, 00),
while if 8 € (8., 00), then, for & € [0, co) small enough, it is in the metastable regime
(i.e., (1.13) has more than one solution at which 7 j is not tangent to the diagonal).
Given 8 € (8., 00), the critical magnetic field /.(8) is the minimal value of & for which
the system is not metastable. The metastable regime is thus

B € (Be,00), hel0,he(B)). (1.15)
In Sect. 3, we show that 8 — h.(B) is continuous on (f., 00), with
élfgf he(B) =0, ﬂll)néohc(ﬂ) =C € (0,00), (1.16)

where the explicit value of C is given in (3.12) below. Interestingly, 8 + h.(B) is not
necessarily monotone, i.e., the metastable crossover may be re-entrant.

It turns out that there exists an £ € [k] (depending on B, i and on the law of the
components of J), such that Fg , has 2¢ + 1 stationary points.

1.3.4. Metastable crossover Let ./, be the set of minima of F,,. Givenm € .#,,, define
My(m) = {m € M,\m: F,(m) < F,(m)}. (1.17)

Let 4 (A, B) be the gate between two disjoint subsets A and B of .#,,. We refer to [6,
Section 10.1] for a precise definition of the gate.

Fix m,, € ., as the initial magnetisation. Throughout the paper we assume that the
following hypotheses hold for m,,.
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Hypothesis 1.

1. A, (my,) is non-empty.

2. The Hessian of F,, has only non-zero eigenvalues at m,, and at all the points in
G (my,, A, (my)).

3. There is a unique point t, in 4 (m,, .#,(my,)), which will often be called simply
saddle point.

4. The saddle point t, is such that l’([ ‘A()n| (1 — tzn)]_1 takes distinct values for
different £ € [k], where ry is defined in (4.9) below.

Hypothesis 1(2) and (3) are made to avoid complications. Hypothesis 1(4) is needed in
the proof of Lemma 4.1 below (as in [6, Lemma 14.9]). Neither is very restrictive: if for
some parameter choice they fail, then after an infinitesimal parameter change they hold.
Moreover, if Hypothesis 1(3) fails, it is sufficient to compute separately the contribution
to the crossover time of the various saddle points in the gate.

Let S,[m,] and S,[.#, (m,)] denote the sets of configurations in S, for which the
level magnetisations are m,, and are contained in .7, (m,,), respectively. For A C S,,,
write

ta={t>0: 0, €A, o ¢ A} (1.18)

to denote the first hitting time or return time of A.

We next state our main results for the crossover time. Theorem 1.1 provides a sharp
asymptotics for the average crossover time from any metastable state to the set of states
with lower free energy. Theorem 1.2 shows that asymptotically the crossover time is
exponential on the scale of its mean, a property that is standard for metastable behaviour.

Theorem 1.1 (Average crossover time with coupling disorder). Let A, (-) be the k x k
Hessian matrix defined in (4.2) below, and y, the unique negative solution of the equation
in (4.20) below. For every my, € ., satisfying Hypothesis 1 and within the metastable
regime (1.15), uniformly in o € S,[my], and with &2-probability tending to 1,

[— det(A, (tp))] T _
Eo [5, 1., aman] = [1+0n(D)] — efrfn(t=Entmo)l,

det(A, (m,)) 2B(—=vn)
(1.19)

Theorem 1.2 (Exponential law with coupling disorder). For every my € 4, satisfying
Hypothesis 1 and within the metastable regime (1.15), uniformly in o € S,[m,] and
with 22-probability tending to 1,

Po (ts,1.4, 1 > 1 Eo [Ts,L,mn]) = [1+0a(Dle™, >0 (1.20)

As the average crossover time estimated in Theorem 1.1 is a random variable, we
next provide more information on the randomness of the quantity in the right-hand side
of (1.19), which depends on the realisation of the random variable J. The prefactor in
(1.19) converges with &?-probability tending to 1 to a deterministic limit, which depends
on the law of J but not on the realisation of J. However, the exponent does not converge
to a deterministic limit. In Theorem 1.3 we compute the exponent up to order O(1).
Recall that F, — Fg;,m, — mandt, — tasn — oo.
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Theorem 1.3 (Randomness of the exponent) For every my € .4, satisfying Hypothe-
sis 1 and within the metastable regime (1.15), in distribution,

nlFy(ty) — Fy(m,)] = n[Fg n(t) — Fp p(m)] + Zv/n+ O(1), (1.21)

where Z is a normal random variable with mean zero and variance in (0, 00), defined
on (2, %, P) and independent of J .

The variance of Z turns out to be a complicated function of 8, h and the distribution
of J. We refer to Sect. 6.3 for further details. Computing the exponent up to order 1 is in
principle possible, but the formulas become rather complicated. Without this precision
the prefactor in (1.19) is asymptotically negligible. Still, knowing this prefactor allows
us to determine what the leading order behaviour of the randomness is.

1.4. Discussion on the continuous case. Bianchi et al. [1,2] study the Curie—Weiss
model with a random magnetic field whose distribution is continuous. Lumping tech-
niques work for discrete distributions but not for continuous distributions. The latter
require coarse-graining techniques to approximate the continuous distribution by a
sequence of discrete distributions. In the present paper we consider pair interaction
random variables with a discrete distribution only. It seems hard to obtain results with a
similar precision for continuous distributions. The techniques employed in [1,2] do not
carry over, because the error introduced by the coarse-graining turns out to be quadratic
rather than linear.

1.5. Techniques and outline. In order to prove Theorems 1.1-1.3 we use the potential-
theoretic approach to metastability developed in Bovier et al. [4,5]. More specifically, we
first find a sharp approximation of the Dirichlet form associated with the coarse-grained
dynamics. We use these results, together with lumpability properties and well-known
variational principles, to obtain sharp capacity estimates that are key quantities in the
proof. For a more detailed overview of the methods, we refer the reader to the monograph
by Bovier and den Hollander [6].

The remainder of the paper is organised as follows. Section 2 provides quantities
and notations that are needed throughout the paper. Section 3 identifies the metastable
regime. Section 4 provides a sharp approximation of the Dirichlet form associated with
the Glauber dynamics in the presence of the disorder. Section 5 provides estimates on
capacity and on the metastable valley measure. Section 6 proves Theorems 1.1-1.3.
Appendix A contains a brief overview on known results for the standard CW model,
which corresponds to the setting without disorder. Appendix B gives numerical evidence
for the presence of multiple metastable states for suitable choices of 8, i and of the law
of the components of J. Appendix C contains an example in which g — h.(f) is not
increasing, implying the possibility of a re-entrant metastable crossover. Appendix D
provides the limit as n — oo of the prefactor in (1.19).

2. Preparations

Section 2.1 introduces further notation and writes the Hamiltonian in terms of the level
magnetisations. Section 2.2 introduces the Dirichlet form associated with the Glauber
dynamics and rewrites this in terms of the level magnetisations. Section 2.3 computes
gradients and Hessians of the free energy as a function of the level magnetisations.
Section 2.4 closes with an approximation of the free energy that will be needed later on.
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2.1. Hamiltonian. Recall (1.7). Abbreviate

|Aca]
pa

@2.1)

We.n =

Since, by the law of large numbers, (w¢ n)ecik] = (@e)eek) € (0, 0o)k as n — oo with
Z-probability tending to 1, we may and will assume that A, , # @ for all £ € [k] and
all n large enough. Recall (1.8)—(1.9). Note that m , (o) takes values in the set

an_{ L=l l,...,l—ﬁ,l}. 2.2)
Hence m,, (o) takes values in the set
Fn = X Fi,n' (23)
Lelk]

The configurations corresponding to M C [, are denoted by
SpM] ={o € S,: mu(o) € M}. 2.4)

For singletons M = {m} we write S, [m] instead of S, [{m}].
Let

1
Hi@)=~5- 3 JOI(Do@o()~h Y o). oS (2.5)

i,j€ln] ien]

which is the Hamiltonian in (1.2), except for the diagonal term — 21’1 Zieln 1/ 2(i), which
is a constant shift. Using the notation above, we can write the Hamiltonian in (2.5) as

2
1
Hyo) = —n | > | Y acoenmen(@) | +h ) ownmen©@) | =nEn(na(@)),
Lelk] Lelk]
(2.6)
where we abbreviate
2
Enm)=—2 | Y acovnme | —h Y ooame, m= e € L 27)
Lelk] Lelk]

2.2. Dirichlet form and mesoscopic dynamics. By (1.3)—(1.4), the Dirichlet form asso-
ciated with the Glauber dynamics equals

1
8, (hh) = 2 3 in(@)ra(o, ") [h(@) = hio")?
zrcr/eS,,

=B Hu(0) =Bl [H,(6")—H, (0)], (o) — ho! )] (2.8)

ZZ

0ESh o ES,,
o'~o
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where £ is a test function on §,, taking values in [0, 1]. Because of (2.6), for any & such
that (o) = h(m, (o)), with h a test function on [;,, we have

&s, (h, )
1
27,

S S e BBl )~ En L [ om) — o'y
mely, m'ely,

S >

cesS, o €S, o ~o,
mp(o) =m mu(c’) =m’

(2.9)

where m = (mg)gepky. lf 0’ ~ o, then o’ = o' for some i € [n], with o’ obtained from
o by flipping the spin with label i. Let ¢’ € [k] be such thati € Ay ,. If o (i) = £1 =
—oi (i), then

me (o) F |Aﬁz_2/}’ =1,

(2.10)
mE,n(U)v e ;é E/.

men(o') = {

. . ’
For m, n}/ e I, we write m ~ m’ when there exists an £’ € [k] such that m’ = m*-*

orm’ = m% ~, where

, it =0,
mfE = 17T T, 2.11)
me, s

Moreover, for £ € [k] and o € S,, with m, (6) = m, the cardinality of the set {¢’ €

Sp: o' ~ o, m,(c') =m"*} equals IE’"“ |A¢ |, namely, the number of (F1)-spins in
o with index in Ag ,. Furthermore,

|A2,n|
1
#Me

o € Sz mu(o) =m}| = [] ( ) me Iy, (2.12)
Lelk] ]
as is seen by counting the number of (—1)-spins with label in A, , of a configuration

with £-th level magnetisation m,. Using these observations, we can rewrite (2.9) as

&s, (h, h)
1 ) B ) )
= —BnEy(m) ~BnLEn(m')—En(m))s o
T 22, D¢ D¢ [h(m) — h(m)]
mely m'ely
|Ag, | 1— nmy 1 +my _
<11 (H"”Iz:e ) 2 Al | = Lo =mtH ¢ S A = mt ) |
Lelk] 2 MV pelk] o3
Next, abbreviate
1 [A¢.nl
Lim) = —~log | [] (Hm /;’ . mely, (2.14)
n Lelk] 2 | Z,nl
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and put
2
1 1
Falm) = Enm) + g h(m) = =3 > acwrnme
Lelk]
1
—h > wpame+ Eln(m), me T, (2.15)

Lelk]

where E, (m) is defined in (2.7). Moreover, define

Fp(m, m/) = e PnlEn ()= En () Z [Ag,nl |:1 _2me ﬂ(m, = me‘+) + H% ﬂ(m, = m&7)i| ’
Lelk]
(2.16)

With this notation, we can write the mesoscopic measure Q,(-) = p, om, Lyon I3,
with w, defined in (1.4), as

1
On(m) = py(Sp[m]) = Z_e—ﬁnF,,(m)’ me Iy, 2.17)

and so the Dirichlet form in (2.13) becomes

1 - _
Es,(h ) = 5 3 Qulm) Y Fam,m") [ (m) — )] (2.18)

mely m'ely,

2.3. Gradients and Hessians. Denote the Cramér entropy by

I()_l—)c1 1—x +1+x1 1+x 2.19)
clx) = ——log| — 5 log( —— - )
Define
Lim) = wealcme). (2.20)
Lelk]
Since |A[’n| = [1 + o,(1)]wen, we can use Stirling’s formula N! = [1 +

on(DINNe N /27N to obtain

(n(l —m2)|Agnl

L(m) = L,(m) + Z %log ) +on™" = I,(m)+ 0@ "logn),

Lelk] 2
B (2.21)
where the error term is uniform inm € I,. For £, £ € [k], we compute
al, 1+
n(m) _ @en o, (1Hme (2.22)
amy 2 1—my
and
821, _
Fhim) _ o g1,
amgamz
- (2.23)
0°1,(m) Wy

om? N l—m%.
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Recalling (2.7), we compute

0E,(m
anm( ) = —agwep Z apwe , mey | — g ph. (2.24)
¢ Celk]
Define
2
_ 1- 1 1-
Fulm) = En(m) + Z1n(m) = —3 Y acwpame | —h Y wpume+ 5 (m).
Lelk] Lelk]
(2.25)

Remark 2.1. By (2.21), F,,(m) = F,(m)+0(n~! logn), where F,, is defined in (2.15).6
Form € [—1, l]k, define
2

1 1
Fgpn(m) = —5 Z agwemg | —h wgmy + B Z welc(my), (2.26)
Celk] ] telk]

Lelk

which corresponds to the uniform limit in probability of F}, as n — oco. Compute

oF 1 1+
) e —log( m‘) —a| Y apwpame | —h 2.27)
dmy 2B 1 —my eld]
and
92F,
OFnlm)_ —ag e ap g, L FE L,
omyg omy (2.28)
?Fy(m)  we, 1 - '
—2 = B - ag a)g!n.
omy B 1— my;

The same formulas apply for I,,, F,, with an error term O (n~!).

2.4. Additional computation. We conclude with a computation that will be useful later
on. Recalling (2.11), we write

n[ L, (m"*) — I,(m)]

1+mg 2 l—mg 2
=nwy, | ——log|1+£ + log|l F ————
’ 2 |Agn| (1+myg) 2 |Agn| (1= my)

1 +
+ ——A
|AZ,n| E,n:|

= ; ; -2 ; + | _ A% -1
=nwg, |::i:’Au’ F ‘Ae,n} +0(n )+ |Ae,n’A£’n:| = Ae,n +0m ), (2.29)
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where
2mp £ A
af, =log [ 1+ — 1Ml (2.30)
’ 1—my F _|Aen|
The same formula applies for I, with an error term of order O (n~'), and hence
n[Lm"*) = L(m)] = Af, + 0™ "). (2.31)

Note that Aj;n = O(1). Therefore, using (2.15), we get

1 [En') = £y | = [Fan®) = Fym) ] = Zn [ 1,0n") = 1)

—n [Fn (mb*) — F,l(m)] - %A;ﬁn +omnYH. 232

3. Metastable Regime

Section 3.1 identifies the stationary points of F,. Section 3.2 identifies the metastable
regime. Section 3.3 provides details on the 1-dimensional metastable landscape.

3.1. Stationary points of F, and Fg.n. By (2.27), the critical points m = (mg)¢efx) of
F, solve the system of equations (with wy_, # 0)

oF, 1 1+
0: n(m) = wr _10g< mz) —ay Z aeza)y,n myr —h 5 £ € [k]

omy ' 2,3 1 —my Celk]
(3.1
Hence
1 1+my
5 log <1 _m£> =Bla| DY avoyamy|+h|. (3.2)
velk]
Since arctanh x = % log 11%’; x € (—1, +1), (3.2) can be rewritten as
my =tanh | B | ag Z apwpamp | +h ||, €€kl (3.3)

o elk]

Similarly, the critical points m = (m¢)¢e[k] of Fp , solve the deterministic equation

me=tanh [ B lac| Y apwpme |+h|], £elkl. (3.4)
U elk]

Note that this can also be obtained directly from (3.3) after replacing wy , by its mean
value wy.
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3.2. Metastable regime. We are interested in identifying the metastable regime, i.e., the
set of pairs (8, h) for which Fg ; has more than one minimum. Put

K = K(m) = Z ap wymy. (3.5)
Lelk]

From the characterisation of the critical points of Fg j, in (3.4) it follows that

K =Tgn(K), Tpn(K)= ) arwp tanh(BlacK +h)). (3.6)
Lelk]

Note that any critical point m = (mg¢)¢ek) € [—1, 17% of F, 8,n 18 uniquely determined
by K (m) € R. Consequently, the problem of solving the k-dimensional system in (3.4)
can be reduced to solving the 1-dimensional Eq. (3.6). Recalling Hypothesis 1(2), the
system is in the metastable regime if and only if (3.6) has more than one solution that is
not tangent to the diagonal.

Compute

T, (K) =B Z a? we (1 — tanh®(BlacK +h)),
Lelk]
Ty (K) = —28° Z aj w tanh(BlagK +h1) (1 — tanh®(BlacK +AD)).  (3.7)
Lelk]

For h = 0, the system is metastable when

1

2 b
Zle[k] ay we

B> (3.8)

in which case Tg ;, has a unique inflection point at K = 0, implying that (3.6) has three
solutions K € {—K*,0,+K*} with K* > 0. Otherwise (3.6) has only one solution
K =0.

We proceed with the more interesting case & > 0.

3.2.1. Number of solutions

Lemma 3.1 (Number of solutions). For h > 0, the number of critical points of Fg j, i.e.,
solutions of (3.6), varies in {1,3,...,2¢ + 1}, where £ € [k] and 20 — 1 is the number
of inflection points of Tg ..

Proof. For h > 0 and K positive and large enough, Té’ 4 (K) < 0. Moreover, for & > 0
and K negative with | K| large enough, Té’ 5 (K) > 0. Therefore, Tg ; has at least one
inflection point and the number of inflection points of Tg ;, cannot be even: it takes
values in {1, 3, ..., 2k — 1} depending on 8, & and on the law of the components of J.
Consequently, if 2¢ — 1 (€ € [k]) is the number of inflection points, then the cardinality
of the solutions of (3.6) takes values in {1, 3, ..., 2¢ + 1} depending on 8, h and on the
law of the components of J. O

We conjecture that for any finite k there exist 8, & and a law of the components of
J such that (3.6) has any number of solutions in the set {1, 3, ..., 2k + 1}. We found
numerical evidence for this fact for k € {2, 3, 4}. See Appendix B.
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Lemma 3.2 (Unique strictly positive solution). For every f > 0 and h > 0, (3.6) has
exactly one strictly positive solution.

Proof. Put W(K) = Tg;(K) — K. The solutions of (3.6) are the roots of W.
Clearly, W(0) > 0. Moreover, limg_, o W(K) = —o0 because limg_, o T4 (K) =
Z[E[k] ag wg > 0 is finite. Therefore, by continuity, a root of W (K) exists in (0, o).
Let K be the smallest positive root of W. Next we will prove that this root is unique.
Indeed, W(K)” < 0 when K € [0, 00), meaning that K — W(K)' is strictly decreas-
ing. By continuity, since W(K) > 0 for all K € [0, I%), we have W(I?)’ < 0 and

limg .o W(K) = —1. Therefore, W(K)" < 0 for all K € (ﬁ, 00), and so W is
strictly decreasing. Moreover, W(K) < W(K) = 0forall K € (K, 00). Thus, K is the
only positive root of W. O

3.2.2. Metastable regime

Lemma 3.3 (Characterisation of the metastable regime). Equation (3.6) has at least
three solutions not tangent to the diagonal if and only if there exists K < 0 such that
K > T, h(K ), i.e.,

K > )" ajwp tanh(BlacK + h)). (3.9)
Lelk]

Proof. Using Lemma 3.2, we see that (3.6) has at least three solutions if and only if it has
at least two strictly negative solutions. As above, we define W(K) = Tlg »(K)— K. The

solutions of (3.6) are the roots of W. Now, assume that there exists a K < 0 such that
K > Tg.n(K). Since W(K) < 0and W(0) > 0, W(K) has a root in (K, 0), implying
that (3.6) has at least one solution in (K, 0). Moreover, since limg_, _oo Tgn(K) =

— de[k] ag wy is finite, we have limg — _oo W(K) = 00. Because W(K) < 0, it follows
that W has at least one root in (—oo, K). With the same argument it can be shown that
the negative roots of W are always even. The opposite implication is trivial. O

Remark 3.1. Applying the intermediate value theorem to the derivative of W(K) =
Ts.n(K) — K, we get that if the condition in Lemma 3.3 is satisfied, then there exists a

K<OsuchthatT/h(K)_1andK>Tﬂh(K) '
Theorem 3.1 (Metastable regime). Define, as in (1.14),
Be = 1 (3.10)
Zee az w
The metastable regime is
B € (Be, ), h e [0,he(B)), (3.11)

with B — Bh.(B) non-decreasing on [B., 00). Furthermore, if the support of the law of
the components of J is put into increasing order, i.e., a; < ay < --- < ay, then

lim A = r g — Wy 3.12
Jim B) = z?ﬁ*(zaw[ Wy Zazae wz) (3.12)

=1

where the minimum is over all £ € [k] such that the quantity between brackets is positive.
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Proof. Recalling Lemma 3.3, we look for conditions for the existence of a K < 0
satisfying (3.9). If such a K exists, then by Remark 3.1 there exists a K < 0 satisfying
(3.9) such that Té,h(K) = 1, which reads

Z a? oy tanh?(BlagK + h]) = Z aZ wp — % (3.13)

Lelk] Lelk]

Since the left-hand side of (3.13) is positive, it admits solutions only if

- < a;y wy = (3.14)
ﬁ ZEX[,;] /3

Therefore, (3.14) is a necessary condition for the metastable regime.
Now assume (3.14). Since tanhx ~ x, x — 0, for |K| < B(maxeep ag)~! and
h | 0, we have

K =Tgu(K)= ) agwy tanh(BlacK +h]) ~ Y agwy BlaK +h], (3.15)
Lelk] Lelk]

which reads

-1
— D are (E — %) h (3.16)

Lelk]

and proves the existence of a negative solution. A positive solution is guaranteed by
Lemma 3.2. The existence of a third (strictly negative) solution of (3.4), for every 8 > B,
and for & | 0, follows as in the proof of Lemma 3.3. Therefore, the lower bound on .
is sharp.

Since h +— Tp ;(K) is strictly increasing for every fixed 8 > 0 and K € R, there
exists a unique critical curve  + h.(B) such that the system is metastable for 0 <
h < h¢(B) and not metastable for & > h.(8). We know that h.(8) > 0 for 8 > B.. By
passing to the parametrisation g = hf3, we get that § +— Tg ,(K) is strictly decreasing
for every g and for every K < 0, from which it follows that 8 +— g.(8) = Bh.(B) is
non-decreasing.

We next focus on the limit of 4.(8) as B — oo. By Lemma 3.3, we may focus
on the existence of K satisfying (3.9). In the limit as 8 — oo, tanh(B[a¢K + h]) —
20_p/q,(K) — 1, where ©,(-) is the Heaviside function centred in x. Thus, for all
e [k+1],

k £—1
h h
1. / 7t h /K+h = — / 4+ / ’, K _ s
S Z ap oy tanh(Blag D Zaz wg Zaz wy € ( o ae)
Uelk] U=t =1
(3.17)
and, for all £ € [k],
h
lim ’ / tanh 'K +h]) = — ’ r + ’ ’ I{:——7
S Z ag g (Blag D Z ap wy Zaz wy, o

velk] =(+1 =1
(3.18)
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where we set — L = —o0 and —-"— = co. Thus, for K € (—L, —ﬁ) (3.9) can be
ap ak 1 ap—| a

written as

K> — Z ap wp + Z ap wyr. (3.19)

=1

Therefore, (3.9) has a solution if and only if there exists an £ € [k] such that

— ap we + ap wp < ——, (3.20)
Z Z

=1

in which case a solution K of (3.9) exists in

( Zag/ wyr + Zag/ Wy, ——) 3.21)

=1

Note that the quantity between brackets in (3.12) is always positive for £ = 1. Thus, the
minimum is always finite. )
The proof is complete after we show why we may drop the case where K = — :7 for

some £ € [k]. In this case the condition for K to satisfy (3.9) is

— ap wyr + ap wpr < ——, (3.22)
Z Z

=(+1 =1

which implies (3.20). Thus, if K= ;—f satisfies (3.9), then also some other K in (3.21)
satisfies (3.9). Therefore, the condition in (3.20) is equivalent to having metastability. O

Lemma 3.4 (Re-entrant crossover). The function B +— h.(B) is not necessarily non-
decreasing.

Proof. In Appendix C we provide an example of § > h () that is not increasing. O

3.2.3. Bounds on the inflection points and on the critical curve

Lemma 3.5 (Bounds on inflection points). All solutions of T} 5.1 (K) = 0 are contained

in the interval

h h

—— , = . (3.23)
MiNgek) d¢  MaAXge[k] Ao

In particular, they are all strictly negative.

Proof. f K > — then tanh(B[a¢K + h]) > 0 for all £ € [k], which implies

maxg [k ag’
T/_D’)”h(K) <0.IfK < W then tanh(B[a¢K + h]) < O for all £ € [k], which
implies T/é/,h(K) > 0. ]

Lemma 3.6 (Upper bound on h). SUpge g, o) he(B) < (Maxeepry ae) Y- pepp @t @r.
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Proof. Use Lemma 3.3 to characterise the metastable regime and Remark 3.1. We claim
that if a solution K of (3.9) with Té’ 5 (K) = 1 exists, then it must be negative and strictly
less than an inflection point. Using this fact, together with Lemma 3.5 and the inequality
in (3.9), we obtain a necessary upper bound on #:

h

> agwy tanh(BlagK +h]) < ————. (3.24)
telk] mane[k] ay

Using that tanh(,B[agIE' + h]) > —1, we conclude the proof.
We are left to prove the claim. By Lemma 3.5, all inflection points are negative, and
Té’ 4(K) < 0for K > 0. Assume, by contradiction, that Té’ R(K) < Oforall K e

(K, 00). Then Té,h is strictly decreasing. Therefore, Té’h(K) < 1forall K € (K, 00),
which implies Tg 5 (K) — T 4(0) < K. Since Tg ;(0) > 0, there exists a K € (K,0)
such that Tf}’h(k) > 0 > K. Thus, Tﬁ,h(lg) — Tp,,(0) > I%, which contradicts what
we have proved for all K € (K, 00). O

3.3. Quasi 1-dimensional landscape. Given K € R, by standard saddle point approxi-
mation, the leading order of

1
- /3_11 log ({U: Ky (my (o)) = K}) (3.25)
turns out to be the function G, : R — R defined by
Gu(K)=  inf  F,(m). (3.26)
m: K,(m)=K

Recalling definitions (2.25) and (3.5), using Lagrange multipliers and integrating the
condition K, (m) = K, we obtain

1 log?2
GulK) = —3 K> = =2

—inf | Kt + Z Db logcosh [B(h —tae)] | . (3.27)
teR =T

Lemma 3.7 (Alternative characterisation for the critical points).

1. If m* is a (not maximal) critical point for F,, then K, (m*) is a critical point for G,,.

2. If K is a critical point for G, then m* = (mj)¢e(x) with mj = tanh (8 [a¢K + h])
(recall (3.3)) is a critical point for F,.

3. F,(m*) = G, (K,(m™)) for any (not maximal) critical point m*.

Proof. Similar to [3, Lemma 7.4]. O

We have already seen that K, (m) fully determines any critical value m of F},, and is
useful to order them. Lemma 3.7 exhibits the one-dimensional structure underlying the
metastable landscape and provides a tool to describe the nature of the critical points of
F,.

Remark 3.2. The above results extend to the limit n — oo: replace F,, by Fg j, and G,
by Gg,¢, obtained after replacing wy , by wg in (3.27), and K, (-) by K (-). [ )
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4. Approximation of the Dirichlet form Near the Saddle Point

In this section we approximate the Dirichlet form associated with the coarse-grained
dynamics near the saddle point. This is a key step to obtain capacity estimates in the
following section. Further details and examples on the techniques we use here can be
found in [6, Chapters 9, 10 and 14].

Section 4.1 introduces some key quantities that are needed to express the mesoscopic
measure. Section 4.2 introduces an approximate mesoscopic measure that leads to an
approximate dynamics. Section 4.3 approximates the harmonic functions associated with
this dynamics. Section 4.4 computes an approximate Dirichlet form. Section 4.5 uses
the latter to approximate the full Dirichlet form.

4.1. Key quantities. Letm, = (my ;)eck) andt, = (t; )eefk) in I, be alocal minimum
of F,, and the correspondent saddle point, respectively, as defined in Sect. 1.3.4. Note
that both m,, and t,, satisfy (3.3). Consider the neighbourhood of t,, defined by

D, = {m €l dim,t,) < C'n~1/? 1og1/2n} , 4.1)

where d is the Euclidean distance and C’ € (0, 00) is a constant. Abbreviate the Hessian
of F,

An(m) = (V2F,)(m), m e Ty, (4.2)
and put
A, = A,(t,). 4.3)
By (2.28),

(An(m)) g = —a wpnap wp,+0m™ "), L#L,

1 1921,
Db — a% a)%’n + O(n_l) = _—,,(m) — alg a)%’n + O(n_l).

B 1—m? B Img?

(Ay(m))ee =
(4.4)

Note that A, (m) is a diagonal matrix minus a rank one matrix. Compute

1 (OF%)

2
ﬂl_mg/

detAy(m) = | 1= )" Baj wpall —mj] [1+0(n ] @.5)
Le(k]

elk]

4.2. Approximate dynamics and Dirichlet form. For any two vectors v, w &€ R¥, let
(v, w) denote their scalar product. For any k x k matrix M and any v € R¥, let M - v
denote their matrix product, as v was in RF x 1.

For m € 9,, define

~ 1
On(m) = —exp[~5H{lm = ta). &, - Im — t,]) [expl=BnFy k)], (46)

n
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and
Fa(tn. tﬁ’+), m' =mb*,
Fum.m') = Pt ) 8 = m %))
0, else,

where , is defined in (2.16). The transition rates 7, define a random dynamics on %, that
is reversible with respect to the mesoscopic measure Q. The corresponding Dirichlet
form is

by = Y Butm) ¥ falom ) [um) —uenH] . @)

me9, Lelk]
where u is a test function on Z,. Put
re = o (m,m"*) = 7y (o, t5H). 4.9)

Using (2.7) and (2.16), we get

1 —t,

ag
re = |Ag,,,’ u exp| 281 —-h—ay - + Z apwy oty n .(4.10)

velk] +

4.2.1. Approximation estimates Next we estimate how close the pairs (7, 7,) and
(Qn, Oy) are. By Taylor expansion around t,,, we have

Falm) = Fu(t) = (I — ta], Ay - — t,]) + O(d(m, £)%). (11

In particular,

1 4 _
Fo(t5%) = Fo(ty) = EW(An)e,z +0(|Aca|”)
l,n

2 wen 1 2 2 -1
— —a;wy, +0 ((n ®¢.n) )
" n2e}, [ B1-t, " ' (4.12)

+O0((nwen)™)

2 1
-2 (—2 - ag) + 0w ™),

Bwen(l — t[yn)

where the second equality uses (4.4). Moreover, for m € 2, (e; is the unitary vector in
R¥ whose ¢-th component is non-zero),

Fu(m“%) — F,(m)

= (o] A=) 5 ([ e] - [Ep2ed])

+0(d(m, t,)%)
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2
Z(A Ve (me =ty ) + ——5 (Ao + O(d(m, 1,)%)

|A£ n elk] |Ag,n
2 2 Wy n 1 2 2 -1
=+ me —te,) + ———— ———— —a; w; , +on
< nw{,n( L E,n) nzwzn> ( B 1— tén ¢ en ( )
2 _
+ neon Z (=g wep ap g p)(me —ty )+ 0(n 32 1og?/? n)
n

Uelk], 'L

2 2(my —ten)
= Z agap we p(my —ty ) + -

L L L 0 log2n),  (413)
2 9
velk] Bn—1t;,)

where the third equality uses (4.4). Form € %,,, wehaved (m, t,,)3 o (11_3/2 logg/2 n).
Therefore, combining (2.17), (4.6) and (4.11), we have

On(m)

= -1
Qn(m)

<C"'n" 2108 ?n, me 9, (4.14)

for some C” € (0, co) constant. Using (2.16) and (2.32), we can write

1 1
Fo(m, mbE) = exp [—,3 |:n [Fn(m&i) _ F,,(m)] _ EA;%n +0 (nlﬂ }%
4.15)
where Ay, is defined in (2.30).
Using (4.7), (4.12), (4.13) and (4.15), we find that, for all m € 2,
= £+ = £+
rm \m,m* m \m,m>
H ( l +) 1= ( 14 +> -1
n (m,m ’ ) ':n(tnstrf )
(1 = my) exp{ [11 + 0= 1210g3/2 n) — +o,,(1)] }
_ -1
—3 +
A=ty exp{ [12 + 02w, 2) — AT, +o,,(1)]+}
|a-moenf-[n-ag, sm0] |
(1 =ty exp [— [—AM +0n(1)]+]
< C"n 12 10g! % n, (4.16)
where C” € (0, 00) is a constant and we abbreviate
2(me — te )
I = _2/3 Z ag ag wl’,n(ml’ - tE’,n) + l—th,
Cell o (4.17)

12 — z ; — 'Ba% .
n \wea(1—1t7,)

Equations (4.14) and (4.16) are relevant for the following approximation.
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4.3. Approximate harmonic function. Let B, be the k x k matrix defined by

Jrerey

n e pnwye n

where A,, is defined in (4.3). Note that

B)ee = (Ap)ee s (4.18)

re

det B, = (det A,) ]_[
Lelk]

(4.19)

2
nwl’n

Let yn(e), £ € [k], be the eigenvalues of B,,, ordered in increasing order. Let y,, = yn(l)

denote the unique negative eigenvalue of B,,, and 0 the corresponding unitary eigenvector.

Define v = (v¢)¢ek) by ve = ﬁg%ﬁ.

Remark 4.1. As in [6, Remark 10.4], it follows by Hypothesis 1 that A, has all strictly
positive eigenvalues but one strictly negative. It can be seen that the same property holds
for the eigenvalues of B,.

Lemma 4.1 (Eigenvalue). The eigenvalue vy, is the unique solution of the equation

Yn

1 a;
-3 — =1+0@m™"). (4.20)
" telk] nBwen(1-82,)  7¢

Proof. We follow the line of proof of [6, Lemma 14.9], using the last point in Hypoth-
esis 1. In our case, [6, Eq. (14.7.12)] reads

1 1
——ag\/T¢ Ao Tpp +\Tie———————— — ¥, ug+0(n_l):0, L e [k].
n C%;] B < nBwen(l —te.n)? )
4.21)
O

Remark 4.2. As in [6, Lemma 14.9], since the left-hand side of (4.20) is increasing in
va for y, > 0, a negative solution of (4.20) exists if and only if

BY  ajwean(l—1,) > 1. (4.22)
Lelk]

Using (4.5), (4.22) holds if and only if det A,, < 0. By Remark 4.1 the latter holds true.
)

Define f: R — [0, 1] as

)=,/ % /x ez g, (4.23)

and g: RF — [0, 1] as
g(m) = f({(v,m —ty)). (4.24)

Recall the definition of ., (m,) given in (1.17).
Let Wy be a strip in I, of width cn~ 12 logl/2 n such that t, € Wy, .#,(m,) N Wy
is empty and W consists in two non-neighbouring parts: W; containing m,, and
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W, containing .7, (m,,). Moreover, we require that, for some fixed constant ¢ > 1,
WoN Z¢ C {m e T, Fy,(m) > F,(t,) +cn~'logn}. Define

0, me Wy,
1, me Wy,
gx), meWy N Dy,
0, m e WoNZy.

g(m) = (4.25)

By choosing Wy and 2, suitably we have, for m ~ m’ (ie., r,(m,m’) > 0) and
¢ € (0, oo) large enough (coming from the definition of Wy),
Qn(m) < Qu(t,)n”7, m e Wo N, (4.26)
(&(m) — §(m")? Fp(m, m") 0, (m) < Qu(t)n™F, me WoN Zy,m' € W§. (4.27)

4.4. Computation of the approximate Dirichlet form. In this section we follow [6, Sec-
tions 10.2.2-10.2.3] to approximate &g, (g, g) defined in (4.8). As in [6, Eq. (10.2.24)],
form € 9, and ¢ € [k] such that m®* € D, compute

2
gm"*) — g(m) = A |vef(v m—t,))
2 2 o1 4 "
+——— 07 (v, m — ) + ———— ] £ (v, 1t — t,))

Al 3[Aeal

2(— n
= vy %exp (—%(—m (v,m — tn>2>
l,n

x (1— Y (v,m—tn)+0(w£in_110gn)>. (4.28)
We n ’

Recalling (4.8)—(4.9), we have
~ - ‘4 2
£5,(8:8) =Y Oulm) Y re[gm") = gm)]
meg, Lelk]

1 _
E exp [—%"([m —t,], A, - [m — tn]>] e AnFnts)
Z,
me9,

2(— Vn),B 2
x Z e (—ﬂn(—yn)w,m —t,) )

l,n
X (1 —
= LM _/3_" - . — —BnFy(ty)
=7z x m;j:n exp[ 3 lm — ty], Ay - [m t,,])]e

x exp (=pn(—y) w.m — ,2) [1+.0 (w;}n~ P 10g" 21 )|

2
B (v.m —t,) + 0w, 2n”! logn))
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— ZLM [1 +0 (a)@_,rlz n—1/2 10g1/2n)] e—ﬂnFn(tn) 1—[ |A€,n‘
" g Lelk]

d —Bim —t,1, Ay - Im —t,
x/% mexp[ 5 (lm ] [m ]))]

X €Xp (—ﬂn(—y,,) (v, m — tn)2>

k1
— Leiﬂ”Fn(tn) (_J/n_)n (nn)z 1_[ Cl)[,n

Z, VIEdeAI\28) |\ 4
x[1+0 (wpyn P 10g" )] (4.29)

where we use [6, Eq. (10.2.33)] with ¢ = ﬂin and d = k. Here % |A4,n| is the inverse of
the step in the ¢-direction, while in [6, Eq. (10.2.33)] the step is ¢.

Remark 4.3. Note that

Eg,(8,8) = E,&, &) [1+0(1)] (4.30)

because g(m) = g(m) [l + o(1)] for all m € W N Z,. The latter can be proved
by approximating the Gaussian integral by 0 or 1 when (v, m — t;;) is proportional to
—n~1210g'? n or n=1/%10g'/? n, respectively. ®

4.5. Final Dirichlet form approximation. We are now ready to compare &, with é;‘@n.
Let h: S, — [0, 1] be such that k(o) = g(m,(0)), o € S,. We split the sum in (2.18)
into four subsets of I}, x I,;:m € WoN 25, m' € Iyym € WoN 9D, m € Wy,

n’
me WoNDy,m' € Wa;m € WoN Dy, m’ € WyN Z,. Then, using (4.25)-(4.27), we
obtain

S0 =00 D e 3 Y 0 (m ) [Em) — g
meWoNg, m'eWoN9,
4.31)
Using (4.14) and (4.16), we obtain

1 i
£, (h. 1) = O(n™F) + 5 3 [1 + 0 (2 10g*> n)] 0, (m)
meWoNg,

Y (1 02 1og1/2n)) 7y (m,m') [20m) — gm)]?
m' eWoND,

1 ~
=[1+o(n-1/210g1/2n)]E o Qumn(m,m) [30m) — gom")]

m,m'eWoND,

1 -
=[1+0(™10g2m) | 3 7 Qulm)f (m.m') [gm) — gm")]’

m,m' €9,

= ga_@,, (g’ g) [1 + O(n_l/z 10g1/2 l’l)]
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=[1+0,(1) Z—neXP Bnk,(t,) «/ﬁ(ﬁ) wen |

(4.32)

where the third equality follows from (4.25)—(4.27) together with (4.14), and the last
equality follows from (4.29)—(4.30).

5. Capacity and Valley Estimates

Section 5.1 provides sharp asymptotic upper bounds and lower bounds on the capacity of
the metastable pair between which the crossover is being considered. These estimates use
the results of the Sect. 4 together with the Dirichlet principle and the Berman—Konsowa
principle, which are variational representations of capacity. Section 5.2 provides a sharp
asymptotic estimate for the mesoscopic measure of the valleys of the minima of F,,
which leads to a sharp asymptotic estimate for F,, inside this valley.

5.1. Capacity estimates. Given a Markov process (x;);>0 with state space S, a key
quantity in the potential-theoretic approach to metastability is the capacity cap(A, B)
of two disjoint subsets A, B of S. This is defined by (see [6, Eq. (7.1.39)])

cap(A, B) = Y u(0)Px(tp < Ta), (5.1)

xeA

where w is the invariant measure and P, is the probability distribution of the Markov
process starting in x.
Recall that ., is the set of local minima of F},.

Proposition 5.1 (Asymptotics of the capacity). Let m,, = (g ,)¢eck] € My and M, C
My \My, such that the gate 4 (m,, M,) consists of a unique point t, = (t¢n)ec[k]-
Suppose that B € (B¢, 00) and h € [0, ho(B)). Then, as n — 00,

cap(Sy[m,], S,[M,])

k
1 (—y)n an\2"! (5.2)
_ BnFy,(t,) _
=[1+0,(D] Zne OS] <2/6> ele—[[k] wen |-

Remark 5.1. Proposition 5.1 holds for any subset M,, C .#,,\m,, separated from m,, by
t,, independently on the values of F; on M,,. S

5.1.1. Upper bound: Dirichlet principle An important characterisation of the capacity
between two disjoint sets is given by the Dirichlet principle. For our quantity of interest
this states that

cap(S,[my], Sp[M,]) = inf &g, (u, u), (5.3)
ue

where 47 is the set of functions from S, to [0, 1] that are equal to 1 on S;,[m,,] and 0 on
Sn[Mp].
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Given that, by assumption, ¢ (m,,, M,,) = {t,}, we use the Dirichlet principle in (5.3)
to obtain an upper bound on the capacity. We take as test function 2 € 7 defined in
Sect. 4.5 and, using (4.32), we obtain

Cap(Sn[mn]a Sn [Mn]) < gS,, (h, h)

k
- —pnFu(tyy ___(ZYw)n (y)z (5.4)
[1+o,,<1)] —e —ceor (35 ele_[ oo |-

5.1.2. Lower bound: Berman—Konsowa principle We first note that the process (0;);>0
is lumpable. Indeed, the process (m,(0;));>0 is Markovian because the Hamiltonian
H, (o) depends on m, (o) only (see (2.6)). Therefore, for A = S,[A] and B = §,[B]
with A and B disjoint subsets of I,

cap(A,B) = capr (A, B), (5.5)

where cap - denotes the capacity for the process (m,,(0;)):>0, 1.€., the projection of the

process (07);>0 on the magnetisation space I,. We write P’ and E'" to denote the law
of (m, (01)):>0 induced by the law PP of (07);>0, and its expectation, respectively. By the
lumpability, we can focus on the dynamics on I7,.

Following the line of argument in [6, Section 10.3] (with ¢ = = and d = k), we
obtain the lower bound

cap(Sy[my 1, S,[My]) = capp(my. M) > &, (2. 8) [1 +0(n12 1og1/2n)]

(5.6)

k1
I (=¥n)n mn\? I
—_ pnkyty) N /m/ [T
o Zne [_ det(An(tn))] <2ﬂ> Ee[k] wz’n [1 +0n(1)] ,

where we use (4.29) and (4.30).

We sketch the proof. The main idea is to use the Berman—Konsowa principle for a
suitable defective flow. More precisely, given disjoint subsets A, B of the state space,
for any defective loop-free unit flow fa p from A to B with defect function § (as defined
in [6, Definition 9.2]), we can estimate (see [6, Lemma 9.4], and notation therein)

cap(A, B) > ﬁ(l +[max S(y)} )1 ZPfAvB(y) Z fa,B((x, )
s —i:1 YEA; ?(y) + Y ey wx)plx,y)

—1

(5.7)
where [-]; denotes the positive part and y is a self-avoiding path from A to B. It turns
out that, with a suitable choice of the flow f, the product in the right-hand side of (5.7)
is bounded from below by 1 + O(n~'/21og!'/? n), and the sum over y from below by
&9,(g, &)1 +0,(1)]. This proves (5.6).

We give a sketch of the test flow definition in our setting. Here A = {m, }and B = M,,.
Let v* be the eigenvector corresponding to the unique negative eigenvalue of the Hessian
of F), at the saddle point t,, (unique gate point in ¢ ({m,}, M,,)). Let G,, be the cylinder
in R¥ intersected with I, centred at t,,, with axis v*, radius p = C n~1/2 logl/ 25 and
length p’ = C"n~'/21og!/? n. We will denote by 93 G, the base facing B and by 94 G,
the central part of radius C” n~/?1og!/? n of the base facing A, with C” < C. Choose
the constants so that G,, is contained in %, defined in (4.1).

)
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We define a defective flow f4 p from A to B consisting of three parts: f4, a unitary
flow from A to 94 G,; f, a defective loop-free unit flow from 94 G, to 5 G, inside G;
fB, aunitary flow from dpG,, to B. This choice implies that the sum over y in (5.7) is
relevant only on the paths entering G, in 4G, exiting G, in dpG,,, and afterwards
reaching B without going back to G,,. For this purpose we choose f4 and fp such that
fa((x,y)) and fp((x, y)) are proportional to Q,(x). Form € G, such that mb* e G,
define

On(m)re [g(m"*) — g(m)],

,mb*)) = , 5.8
S (m,m>7)) N @) (5.8)
where g is defined in (4.24), Qn in (4.6), r¢ in (4.9) and

N@= Y Y Outmyre[gm™) —gm)] . (5.9)

medsG, Lelk]:
mb*eG,

The contribution to the sum in brackets in (5.7) turns out to be negligible outside G,,.
Therefore, no further conditions on the flows f4 and fp are necessary, provided the total
flow out of A is 1 and the total flow f4 p is defective and loop-free.

5.2. Measure of the valley. In order to prove Theorem 1.1, we need the following esti-
mate on the measure of the valley of the minima of F,,. Form, € .#,,let A(m,) C I},
be the valley of m,, as defined in [6, Eq. (8.2.10)].

Lemma 5.1 (Gibbs weight of the valley). Given m,, € .#,,

k
1 exp (—pnF,(my)) (nﬂ>2 —1/21..3/2
0,(A(my,)) = —— — Wy, 1+0(n Y*log*n)|,
Tz, et m) \28 gl;{] gl 2]
(5.10)
where Q,, is the mesoscopic measure defined in (2.17), and A,,(m,,) is the k x k Hessian
matrix defined in (4.2).

Proof. The proof follows that of [6, Lemma 10.12 and (10.2.33)]. The relevant contribu-
tion to Q,(A(m,)) is given by the measure of a ball B, of radius p = C n~1/2 logl/2 n
centred in m,, with C constant, contained in A(m,). Indeed, if y € A(m,) and
d(m,, y) > p, then by Taylor expansion of F, around m, we have

0,(y) = ZL expl—BnF, (y)] = Zl exp [—ﬁn[Fn(mn) +cd(m,, y)z]]

(5.11)

n—BecC?
eXp [_ﬂnFn (mn)] i

< Zinexp [—ﬁn[Fn<mn> +cp2]] =~

where ¢ is a constant. The condition y € A(m,) is needed to ensure that F,(y) >
F,(m,,), implying that c is positive. Therefore, we obtain the rough estimate

—BcC?

Q. (A(m,)\B,) < n* exp [—pnF,(my)], (5.12)

n
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where we use that |I;| < nk. The bound in (5.12) is sufficient to show that
0,(A(m,)\B,) is negligible in 0, (A(m,)).
Compute

ZpQn(A(my) N By)
=Zy0n(By) =Zy Y Qu(y) = Y_ e /i

YEB, YEB,
= e Pt N " exp [—’%” (y = my, (A, (my)) - (y — my)) + O(npﬂ
YEB,
= e I+ 0(mp*)] ) exp [—%” (v = my, (A (my) - (v — mn>>]

y€By
— e*ﬂﬂFn(mn) l_[ M [1 + O(l’l,o3)]
2

Lelk]

X / dyexp |:_137n (y —my, (A,(my,)) - (y — mn))]

P

STk

= e (9 [T o, | 10001 (3)

/ 1
det(A,(my;))

Lelk] nﬂ
e_ﬂnFn(mn) <nn>§ 3
= ———== (2] | ][] @ |11 +00pD] (5.13)
Vaet@,m) \28/) |

where we use the Taylor expansion

1
Fa(3) = Famy) + 3 (v = m, (V2F) - m)(y = my))+ 0.y € By,
(5.14)

and the approximation of the sum by an integral is correct up to an error 1 + O(p).
In the last lines we approximated the Gaussian integral on intervals [—p, p] by the
Gaussian integral on R, with an error 1+ O (n~¢). We conclude by looking at (5.12) and
(5.13), and noting that for C large enough Q,(A(m,)\B,) is negligible compared to
0, (A(my,) N B). d

6. Proof of the Theorems

In this section we prove Theorems 1.1-1.3. Section 6.1 uses the asymptotics for the
capacity of the metastable pair from Sect. 5.1 and the asymptotics for the meso-
scopic measure from Sect. 5.2 to prove Theorem 1.1. Section 6.2 proves Theorem 1.2.
Section 6.3 proves Theorem 1.3.



Metastability for Glauber Dynamics on the Complete Graph 333

6.1. Average crossover time. Let us return to the notation of Theorem 1.1, where m,, €
My and A, (my,) = {m € M,\m,: F,(m) < F,(m,)}. To prove Theorem 1.1 we use
the relation

n(A(my))
cap(m,, Mp(my,)) '

B (Tsmy) = [1+0,(D)] (6.1)

Recall notation introduced in Sect. 5.1.2. Because F,(m) < F,(m,) for all m €
Mp(my), (6.1) follows from [6, Theorem 8.15] after proving that ., is a set of
metastable points in the sense of [6, Definition 8.2]. The latter follows along the lines of
the proof of [6, Theorem 10.6], where similar values of capacities and invariant measures
occur.

Using (6.1) in combination with Proposition 5.1 and Lemma 5.1, we obtain that, for
allo € S, [m,],

IEO‘ (tSn[%n(mn)])
o B 0n(A(m,))
= Emn (‘L’,///n(mn)) =[1+o0,(1)] Cap['(mm My (my))
On(A(m,))

— [ +0n(1)]
M cap(S,[m,], Sul A, (my,)])
k
1 exp(=pnF,(my,)) (nx )2 (1—1 w )
n telk l,n
— [1 +0n(1)] Z det(A, (m,)) (2ﬂ> elk]

[
1 (_ n) 2
77 X [=BnFu(tn)] == (%) (Ieepy @en)

_ [_ det(An(tn))] T
=[1+0,(D)],/ det(A, (m,)) (Zﬂ(—yn)) exp [Bn(Fy(t,) — Fy(my))],

(6.2)

where we use that the dynamics depends on the starting configuration o € S,,[m,] only,
through its level magnetisations m, (o) = m,, (see (2.6)), and also use the lumpability.

6.2. Exponential law. Inthis section we prove Theorem 1.2. Since the dynamics depends
on the starting configuration o € S, [m,] through its level magnetisation m,(c) = m,
only (see (2.6)), we have

nll{%o ]PO' (TS,,L/Zn(mn)] > t]EU [TSn[-/”u(mn)]])
o e (6.3)
= lim Pp (T(///,,<mn) >tEny, [T///n (mn)]) )

where T is the hitting time of the process projected on I},. Given the non-degeneracy
hypothesis (Hypothesis 1 in Sect. 1.3.4) and the one-dimensional landscape analysis (in
Sect. 3.3), we can apply [6, Theorem 8.45] to the right-hand side of (6.3) and conclude
the proof.
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6.3. Randomness of the exponent. In this section we prove Theorem 1.3. In particular,
we compute F,(t,) — F,(m,) — [Fg ;(t) — F ;(m)] to leading order.
Recalling definitions (2.26) and (3.5), we have

1 1
Fgp(m) = —EK(m)z —h > wgmp+— Y wrdc(me). (6.4)
Lelk] Lelk]

Letm = (my)eek). t = (E)ecpi) € [—1, 11% be the critical points of Fg p closest

to m,, t, (i.e., the critical points of F;, defined above), respectively. Note that m and t
satisfy (3.4), while m,, and t,, satisfy (3.3). Using (2.21), we get

Fu(ty) — F, _ ! e 2
n\ln ﬁ,h(tn) = Z[Kn(tn) K(tn) ]

—h Y oo — ol ten

Lelk]
1 1 (1l —t2 )
+ E Z [wl,n - wZ]IC(tZ,n) + Z 2_ log (TZ’H we n
Celk] tetk] "
k -1
—%+0(n )] 6.5)

and

1 5 2 1
Fpn(ts) = Fpa(®) = =S [K(6)* = K®+ 2 3 xllc(te,) — Icto)]. (66)
Lelk]

By (3.2), we have

1 1+tp,
—log( : ) = BlacK,(ty) +hl,

2 1 —ty,
Diog (1HY) — gkt + 1 6.7
Eog<1_te>—ﬁ[az (t) +h]. (6.7)
Thus,
Ic(ten) — Ic(te) = (ten — t) IG(te) + O((te.n — te)?)
— e —tp)tog () 4 0t — ¢t 2
= (tg,n e)z og 1, ((te,n — tg)
= (ten — t)BlacK (1) + ]+ O((ten — t)?). (6.8)
Moreover,

Kt)* —K®>= Y avap o oplteate , — tety]
£,0 e[k]

= Y acap ooy (telte., — to] + tolte, — ]
£,0'€lk]
+ [ten — tellte n — te]) (6.9)
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and

Kn(tn)2 - K(tn)2 = Z agayg [a)i,n Wyer p — Wy w@’]tf,ntf’,n
L0 elk]

= Y avaptoate, (oo, — opl+orlog, — o
£,0' k]
+ [wgn — w¢llog, — wp]). (6.10)

Similar equalities hold after we replace t by m and t,, by m,. Using the previous
computations, we obtain

Fn(tn) - Fn(mn) - [Fﬂ,h(t) - F,B,h(m)]
= Fu(ty) — Fgn(ty) + Fg p(ty) — Fp p(t)
— [F,(my,) — Fg p(my) + Fg ,(m,) — Fg ;(m)]

1
=—= > avay [teaten —meamp ] (0o, — op] +oplog, — ol

£,0 elk]

+ [we.n — wil[wp , — wp])

1
-5 Z ag ay wg wp [tente n — tety + memy —myg ,my , | 6.11)
.0 elk] '
—h Z [wi,n — wy] [tﬁ,n - mﬁ,n]
Celk]
1 1 1 1—t7
+ B Z [we.n — @e] [Ic(te.n) — Ic(me )] + B Z o log <1—£2n)
Lelk] etk 7" —mg,
1 _
# g 2 n[lelten) = et + o) — Tetme,)] +0 (n').
telk]
Using (6.8), we find
[Fn(ty) — Fy(my,)] — [Fp p(t) — Fp p(m)]
1
=—= Z agay [teaty n — meamyp | (0cop , — wpl + oo, — ol
£,0'e[k)

+ [we,n — wellwg n — wp'])

1
- Z agay wp wp [teaty y — tety + memy —myg my, |

€.0'elk]
—h Z [we,n — wel [ten — my ]
Celk]
1 1 1 -1,
+= Y lwen — o [Ic(ten) — Icme,)]+ = > — log (—2
B i B i I=mj,

1
42 3 o] (e — 0B LacK © +h+ O((ten — %)
Lelk]
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—(mey = mo)B [acK (m) +h] + O(me,n —mo)?)]

+o (n_1> . (6.12)
Since
tente n — tety = (te[te , — te] +tolten — te]+ [te, — tellte , —te]),  (6.13)

we focus on estimating t; , — t.
From Taylor expansion, we get

ten —tg=tanh | B | as Z ap wp pte,+h —tanh | B | a¢ Z ap wp ty +h
velk] velk]

2
=Bay Z aglwe , ty y — wp tp] | 1 —tanh (ﬂ |:a[ Z ap wy ty +h:|)

elk] ' elk]

2
- /32 a% ( Z ag [wgf,n tg/’n — Wy’ t(f]) X tanh (ﬂ |:a[ Z ap wp ty + h:|)

Uelk] ' elk]

2
X |1 —tanh | B | ag Z ap wp ty +h
Celk]

3
+0|df ( Z aplwe nty n — wp tef])

' e[k]
(6.14)
Since
e ten —wpty = (e — o)ty + ety —te), (6.15)
we have
ten —te=pfa [1 - t%] Y arl@pn — 0p) to +0p a(te n — t)]
ekl
2
- B*a;te [1 - t?] > avl(@pn — )ty +op ,(te, — te)]
Velk]
3
+0|a} [ Y avlwp, —on)te +opate, —t)]| |- (6.16)

U elk]
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t
Suppose that t; , —t; ~ j—% By the Central Limit Theorem, w¢ , — wp ~ «Zf’ where
Z is the normal random variable N (0, w¢(1 — wy)). Hence
Zg’ Yet/
=Ba l—t] ar—t,+ = s ) £
Zy Yt
2 2 ¢ o
- atl:—t] ayp’ —t/+ + wyr —_—
B~ aj te AN [ ¢ (ﬁ e) \/ﬁ}
0elk]
. 3
Zy Y,
+0|a} ap | 2t + (2L + 0y ) £ (6.17)
ap> ‘[ (G “”)ﬁ]
= Lﬂ ay [1 ] Z agr tg/Zg/ +a)ng[,)
v velk]

1
4 1—t2] Zo | Y4 = Bactety vwp Yl | +om™!
nﬁaz[ 7 Zaz v | Yy — Baetety Z agrwerY, o(n—")

Uelk] 0’ elk]
and so 5
rere) oty Zyr
Y{ = Ba [1 - t%] celd —+0(TY,  (6.18)
1— ﬁ ZE’E[ az/a)g’ [l — t ]

where the denominator does not vanish because of Remark 4.2. Thus, up to a factor
1 . . . .
O(n—2),Y, ; is a normal random variable with mean O and variance

82 a2 [1 _ t2]2 Y pep @ tyor (1 — wp) 6.19
¢ ¢ R :
(1-p8 Zf’e[k] ag,a)g/ [1-t])

Similar results hold after we replace t by m.
t

Going back to (6.12), using (6.13) and (6.18), and inserting t;,, — t, ~ j—% and

Y
my, —my ~ —= and wy , — wp ~ 2L, we obtain
s ﬁ s f

[Fn(ty) — Fo(my,)] — [Fg n(t) — Fgp(m)]

(0 [ T

< o 2 +Zng/)
Wy ——=
f N
1 Y}, vt vyl ym ym o ypyp
- = apap wpwp | tp— +tpy—— + —m__m,__
0.0elk] e (e\/ﬁ RN VRV n
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+1 Zt 1 t+Y‘Zt I +Y‘gn
—_— — — —_ m —_—
pavn |\ ) U

vt 2
_ e
Z 11 1 (t4+ﬁ)
2n B

L]
‘B/ée[k] " 1—(mg+%)2
. " gtaekw +h+ 0 (YY) S ke 4
- — - — m
Pl Lo )
m\2
+0((Yf >:|+0(n_1>. (6.20)
n
Thus,

[Fn (tn) - Fn(mn)] - [F/S,h (t) - Fﬁ,h(m)]

= : E [tet ] + ‘
agay r—memy] (@ wp
3 eap |tety ¢my zf e\/_

£,0elk]
Y Yf Ym yp
4
- = Z ag agp Wy Wypr (tg + tg/— mg/—)
2 0,0 elk] Vi Vi */_ v (6.21)

Yt ym
—h t t+ —= —1( L)
Zez[k][z mz]\/- ﬁéez[k] [ <l+\/ﬁ> C me+ﬁ}

th Yf —1
+e€2[];] "y [ﬁ lae K (®+ 11 = 7= [acK (m) +h]} +0 (n ) .

Since the random variables Ylt, Y g“, Z, are centred normal, this concludes the proof of
Theorem 1.3.

From (6.21) it is possible to compute explicitly the variance of Z defined in Theo-
rem 1.3, because the variances of all the random variables involved are known (at least
to leading order).
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A. Metastability on the Complete Graph Without Disorder

We give a brief overview of well-known results for the standard Curie—Weiss model. We
refer to [6, Chapter 13] for more details.

The Glauber dynamics is defined as in Sect. 1.2, but with J = 1. For convenience
we write the Curie—Weiss Hamiltonian as

Hy(0) = —2i > oo()—h Y ol). oS, (A.1)
n i,jeln] ie[n]

which is as (2.5) when J = 1. What makes this case easier than the one with disorder is
that the interaction is mean-field. Indeed, we may write

Hy(0) = n[ = 3mn(0)* — hmy (0)], (A2)
with
My(o) = % Z o(i)e[-1,1] (A.3)
ie[n]

the magnetisation. In this case the magnetisation process (m, (¢));>0, defined by
my (t) = my(oy), (A4)
is Markovian. More specifically, it is a nearest-neighbour random walk on the grid

Li={-1-1+2 .. +1—2 +1}. (A.5)

n’

In the limit as n — o0, (A.4) converges to a Brownian motion on [—1, +1] in the
potential Fjg j; given by

1 1
Fg.p(m) = —Em2 — hm + El(m), (A.6)
with
(m) 1—m1 1—m +1+m1 1l+m (A7)
= [¢) (0] .
" 2 B {2 2 B\ T2

the relative entropy of the Bernoulli measure on {—1, +1} with parameter m with respect
to the counting measure on {—1, +1}. Fg ;(m) is the free energy at magnetisation m,
consisting of an energy term —%mz — hm and an entropy term %I (m). See [6, Chapter
13] for more details.
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Fig. 1. Plot of 8 > hc(B)

Since

1 1+m 1 m
! "
Fﬁ’h(m) =-m—h+ _2,3 log(1 —m)’ Fﬁ,h(m) =—1- ,E—l — 7 (A.8)

the stationary points of Fg j are the solutions to the equation

m = Tgp(m), Tgp(m)=tanh[B(m +h)]. (A9)

Since
Th p(m) = B[1 = T3, (m)], (A.10)
Tg, is strictly increasing and has a unique inflection point at m = —h. Consequently,

(A.9) has either one or three solutions. The latter occurs if and only if
B € (Be.oo) and h € (0, he(B)), (A.11)

where B, = 1 is the critical inverse temperature and h.(B) is the critical magnetic field,
i.e., the unique value of & for which Tg ; touches the diagonal at a unique value of the

magnetisation, say —m(f). Clearly, 1 = (1 — m2(B)), i.e.

m(B) =,/1—-p"1, (A.12)

and so ﬁc(ﬂ) solves the equation Tﬁ‘;lc(ﬂ)(—m(ﬂ)) = —m(pB). Hence (see Fig. 1)

3 _ 1 1+m(B)
c(lg)—m(ﬂ)_ﬁl()g T—mp) B=1 (A.13)

The range of parameters in (A.11) represents the metastable regime in which Fg j,
has a double-well shape and, in the limit as n — oo, the Gibbs measure p,, in (1.4) has
two phases given by the two minima of Fg ;,: the metastable phase with magnetisation
m < 0 and the stable phase with magnetisation s > 0. The unique saddle point in the
gate ¢ (m, s) has magnetisation t < 0 (see Fig. 2).

Theorems A.1-A.2 can be found in Bovier and den Hollander [6, Chapter 13]. Here
the notation is the same as the one in Sect. 1. Let S, [m], S,[s] denote the sets of
configurations in S, for which the magnetisation is closest to m, s, respectively.



Metastability for Glauber Dynamics on the Complete Graph 341

Fp i (m)

Fig. 2. Plot of m +> Fg ;,(m) for B, h in the metastable regime

Theorem A.1 (Average crossover time). Subject to (A.11), uniformly in o € S,[m],

1 -t 1
Eo [s,151] = [1 +on(D1 ‘/ T ePrlFn®)=Fpn(m)],
T B )= Ff ()]

(A.14)

Theorem A.2 (Exponential law). Subject to (A.11), uniformly in o € S,[m],
P, (‘L’Sn > tE, ["-'S,l[s]]) =[1+0,(1)] e_', t>0. (A.15)

Figure 2 illustrates the setting: the average crossover time from S,[m] to S,[s]
depends on the energy barrier Fg j,(t) — Fg ,(m) and on the curvature of Fgj at m
and t. The crossover time is exponential on the scale of its average.

B. Examples with Multiple Metastable States

We provide examples of distributions and parameter choices (in the metastable regime)
for which the model with disorder has multiple critical points. More specifically, we
provide numerical evidence that, for k € {2, 3, 4}, (3.6) can have any number of solutions
intheset {3,5..., 2k+1}. The cases with strictly more than 3 solutions present multiple
minimal critical points, i.e. multiple metastable states.

B.1. Case k = 2.

— Figure 3a: 3 critical points, parameters a; = 77, ay = 45, w1 = 0.688, h = 1740,
B =1138.

— Figure 3b: 5 critical points, parameters a; = 774, ay = 36.84, w1 = 0.59, h =
1740, B = 131 8.

B.2. Case k = 3.

— Figure 4a: 3 critical points, parameters a; = 77, a, = 45, az = 33.5, w1 = 0.688,
wr =0.15,h = 1740, B = 113 B..

— Figure 4b: 5 critical points, parameters a; = 77, ay = 45, a3 = 27, w1 = 0.59,
wy =0.15,h = 1740, B8 = 113 B,.

— Figure 4c: 7 critical points, parameters a; = 77, ay = 45, a3 = 33.5, w1 = 0.59,
wr =0.15,h = 1740, B = 113 8.
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(a) 3 critical points. (b) 5 critical points.

Fig. 3. Tg . k =2

T(K) )

(a) 3 critical points. (b) 5 critical points.

(c) 7 critical points.

Fig.4. Tg . k=3

B.3. Case k = 4.

— Figure 5a: 3 critical points, parameters a; = 12, ap = 16, az = 139.5, a4 = 24.5,
w1 =0.474, wy; =022, w3 =0.111, h = 178, B = 3.8 ...

— Figure 5b: 5 critical points, parameters a; = 14, ay = 27, a3 = 57, as = 24.5,
w1 = 0.366, wr = 0.1, w3 =0.13, h =262, 8 = 38.4 .

— Figure 5c: 7 critical points, parameters a; = 2.32, a» = 4.92,a3 =5, a4 = 11.32,
w1 = 0.6, wy = 0.096, w3 = 0.033, h =7.6, 8 = 95.2 B..

— Figure 5d: 9 critical points, parameters a; = 12, ap = 16, a3 = 50.5, as = 24.5,
w; =0474, wr =0.22, w3 =0.111, h = 178, B = 63.2 B..
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(a) 3 critical points. (b) 5 critical points.
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(c) 7 critical points. (d) 9 critical points.

Fig. 5. Tgn. k=4

C. Example of &.(f) Not Increasing

We provide here an example of choice of the law of J for which the critical threshold
B +— h.(B) is not monotone increasing. This implies the possibility of a re-entrant
metastable crossover.

For k = 4, pick a1 = 12, a» = 16, a3 = 50.5, a4 = 24.5 and w; = 0.474,
wy = 0.22, w3 = 0.111. Take & = 100, and plot the function K + Tg ;(K) varying .
For B1 = 4 B, = 0.00762336 the system is metastable: Tg j, intersects the diagonal three
times (see Fig. 6a), which implies that i < h.(B1). For B, = 21 B, = 0.04002264 > B
the system is not metastable: T j intersects the diagonal only once (see Fig. 6b), which
implies that 4 > h.(B2). This shows that i.(8) is not necessarily an increasing function
of B.

D. Limit of the Prefactor

Below Theorem 1.2 we stated that the prefactor in (1.19) converges. For completeness,
in this Appendix we compute its limit, although, as we mentioned after Theorem 1.3, it
is negligible because of the order of approximation of the exponent.

We focus first on y;,. Recall notation in (1.10), (1.11) and (2.1). Then (4.20) can be
written as

1+0n™hH
agwk,n(l —ty.n) exp [_2;3 (—ae (l;_[ + Kn(tn)) - h)+]

" sl

e — 2Vn
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(a) h =100, B = 0.00762336. (b) h =100, B = 0.04002264.

Fig. 6. Tg j,, fixed h and law of the components of J, varying 8

_y ajwg.n (1 — tanh (B [ag K, (t,) + k1) exp [—2B (—a¢ (% + Ka(ty)) — h), ]

Celk] exp 28 (—ac (S +Knt)) 1) |
B(1+tanh(Blac Ky (t,)+h])) —2yn

(D.1)

In the first equality we use (3.3) for t,,, i.e., the approximation of the stationary points
of F, by the stationary points of F},. This makes t; , independent of £, so that we can
use the law of large numbers in the limit as n — oo. Thus, we obtain that y,, converges
to y, the solution of the equation

(D.2)

. <1(1)2(1 +tanh U) e2U+) _
l _ - 9
B—tanh U) © s —2y
where & denotes expectation with respect to & and U = —B[J(1) K(t) + h], with t
solving (3.4). Note that (D.2) is similar to [6, Eq. (14.4.14)].
We are left to find the limit of the determinants ratio. By (4.5),

2 2 1 wl/,n 1
det Ay (m) = | 1 g[;]ﬁaz weall = (mp)?] TG [1+00™h].
(D.3)
Using (3.3) for m € {t,, m,}, we have
Y Bag weall = (men)*]
Lelk]
(D.4)

= Z ﬂag wen |1 — tanh? B | ae Z ap wpr My, +h
Lelk] ' elk]

Using the law of large numbers as above and with the same notation, we find

[—det(A,(t,)] —1+€&(BJ(1)? [1 —tanh?[U(1)]]) H 1 — (my)?

woe det(Aym)) - € (B (D2 [1 — tanh [Um)]]) b T ()7
(D.5)

where U(x) = —B(J (1)K (x) + h).
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