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In the era of precision cosmology it has became crucial to find new and competitive probes
to estimate cosmological parameters, in an effort of finding answers to the current cosmological
tensions/discrepancies. In this work, we show the possibility of using observations of Super Massive
Black Hole (SMBH) shadows as an anchor for the distance ladder, substituting the sources usually
exploited for such purpose, such as Cepheid variable stars. Compared to the standard approaches,
the use of SMBH has the advantage of not needing to be anchored with distance calibrators outside
the Hubble flow since the shadows physical size can be estimated knowing the mass of the SMBH.
Furthermore, SMBH are supposed to inhabit the centre of all galaxies which means, in principle, that
we can measure the size of the shadows in any Supernova type la host galaxy. Under the assumption
that the mass of the SMBH can be accurately and reliably estimated, we find that the Hubble constant
can be constrained with a &~ 10% precision even considering current experimental design of ground-
based interferometers. By constructing a SMBH catalogue based on a specific choice of the SMBH Mass
Function (BHMF), we forecast the constraints on the Hubble constant, finding that a precision of ~ 4%

may be within reach of future interferometers.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction calibrate the absolute magnitude of cosmological SNIa, by obtain-
ing their distance through the observation of other sources in the
same system for which this can be known. The local measurement
quoted above is obtained using the luminosity-period relation
of Cepheids [5,7-9] to obtain the distance of galaxies were SNIa
are observed and, from this, their absolute magnitude, which can
then be used with cosmological SNIa to obtain Hy.

Such a calibration is not the only possible, and new compet-
itive methods have been used to anchor the distance ladder and
measure the Hubble parameter, e.g. calibration using stars at the
Tip of the Red Giant Branch (TRGB) from the Chicago Carnegie
Hubble program (CCHP) [10,11], the Surface Brightness Fluctua-
tions (SBF) method [12] or Mira variable stars [13,14]. The first
one in particular has reached the same accuracy as the Cepheids
method, but the result shows a moderate statistical tension (20)
with the SHOES inference [10,11]. Recent papers [15-20] have
shown that such a discrepancy can be related to a difference in
calibrating distances to common supernovae hosts, leading to an
offset of 0.2 mag between Cepheids and TRGB SNIa calibration.
Calibrations using the TRGB, independent from [10,11], show
however very good agreement with both the SHOES and CCHP
results [21,22], supporting the possibility that the discrepancy

In present day cosmology, one of the most puzzling results
is the tension in the different available measurements of the
current expansion rate of the Universe, Hy, obtained through
high and low redshift cosmological observations [1-4]. Taking
the most recent local measurement Hy = 73.04 & 1.04 km
s~! Mpc~! obtained by the Hubble Space Telescope (HST) and
the Supernova HO for the Equation of State (SHOES) team [5],
there is a ~50 tension with the constraint inferred by the Planck
Collaboration Hy = 67.4 &+ 0.5 km s~! Mpc~! [6]. Notice that
the latter is not a direct measurement of the expansion rate, but
rather a measurement of the angular size of the sound horizon at
recombination, which can be related to Hy by assuming that the
expansion of the Universe follows the cosmological constant-cold
dark matter (ACDM) model [6].

The former result comes instead from the “distance ladder”
method, which allows to infer the value of the Hubble constant
from observations of Type Ia supernovae (SNIa) immersed in the
Hubble flow. The idea behind the construction of the ladder is to
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in calibrating SNIa distances may be due to some internal sys-
tematics of the TRGB method, e.g. in the choice of the tip of
the red giant branch in stellar catalogues [21]. In addition to
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these, other methods not relying on the distance ladder are also
able to provide low redshift measurement of Hy e.g., through
observations of Strong Lensing Time Delay [23,24], Gravitational
Waves [25,26], Quasars and Gamma-Ray Bursts [27-30], Cosmic
Chronometers [31-33] and Fast Radio Bursts [34].

While no evidence that systematics can account for the ten-
sion in the Hy measurements was found [5-8,35-38], it is helpful
to find new ways of calibrating SNIa measurements, in order to
minimise the risk of falling under systematic effects.

In this paper, we investigate the possibility of applying the
distance ladder method with a completely new observable to
anchor the cosmological SNIa. This relies on the possibility to use
the shadow of a Super Massive Black Hole (SMBH) as a standard
ruler, due to the relation existing between the size of the shadow
and the mass of the SMBH [39-42]. Such a possibility has been
opened by the recent observations of Event Horizon Telescope
(EHT), a telescope array consisting of a wide network of radio
telescope, that for the first time has observed the immediate
environment of a SMBH [43-45].

The possible use of SMBH shadows as standard rulers was
already explored in the literature [46,47], with the aim of con-
straining cosmological parameters. While our approach starts
from the same idea, here we focus on the possibility of using such
observations as a new calibrator for the distance ladder, thus as a
viable option to obtain an estimate of Hy with SNIa observations
independently of the cosmological model.

The aim of this paper is therefore to determine the constraints
achievable on the Hubble parameter by current and future in-
terferometers dedicated to horizon-scale observations of SMBH.
We also review the impact of the experimental uncertainties in
the measurements of the size of the shadows and of the mass of
the SMBH. We further assess how the number of observed SMBH
will be affected by the angular resolution threshold of an ideal
ground-based interferometer.

The paper is organised as follows. In Section 2 we review
the main steps of the distance ladder method to obtain Hy from
SNIa measurements, while in Section 3 we explore the possibility
of using measurement of the angular size of SMBH shadows
as a standard ruler to calibrate the SNIa data set. We produce
synthetic data, as expected to be observed from the present and
next generation of ground-based interferometer, following the
approach of Section 4 and obtain the forecasted precision on Hy
achievable with this method in Section 5. We finally summarise
our conclusions in Section 6.

2. The distance ladder

The distance to any astronomical object can be written in
terms of the so-called distance modulus

= m(z) — M = 5log di(2) + 25, (1)

where m(z) and M are the apparent and absolute magnitude of
the source while d;(z) its luminosity distance;

The luminosity distance can be related to the line elements of
the Universe given a form of the metric. Choosing a Friedmann-
Lemaitre-Robertson-Walker (FLRW) line element ie. ds*> =
—dt? + a*(t)dr? (assuming ¢ = 1), the distance luminosity can
be written in terms of the comoving distance y as

V4 dz/
duz) = (1 +z)/0 s = (), @)

where we have introduced the Hubble rate, (14-z)H(z) = —dz/dt
in terms of the redshift z = a~'(t) — 1.
At low redshifts, Eq. (1) can also be rewritten as

M = 5logyq Hy — 5a5 — 25, (3)
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where the quantity ag is the intercept of the magnitude-Hubble
relation and it is defined, for a generic expansion rate at z > 0,
with a cosmographic expansion [48]

1
eaB+0.2m0 =7z [-1 + 5(qo _ ])Z

1
-5 —qo—3q§+jo)zz+0(z3)] , (4)

where m® = m(z ~ 0), qo is the deceleration parameter and j is
the jerk.

Thus, if for a given astrophysical object one has measurements
of its apparent magnitude, and a way to obtain its absolute
magnitude, it is possible to exploit these relations to obtain a
measurement of Hy.

Indeed, calibrating sources to obtain such a measurement is
not always feasible and therefore the sources commonly used
for such an approach are “standard candles”, i.e. sources whose
absolute magnitude is constant. The most common source used to
infer cosmological distances are SNIa, sources that are extremely
bright, and thus can be seen at quite high redshifts, and that
behave as standardisable candles, i.e. there exists a relationship
between SNIa peak luminosity and the shape of their light curve.
While the peak luminosities are not exactly identical for all SNIa,
due to the differences in mass and chemical composition of their
progenitors, their intrinsic dispersion is small and therefore their
absolute magnitude M can be taken as constant (see e.g [49-53]
and reference therein for a detailed discussion about SNIa light
curve reconstruction). Therefore, if one is able to calibrate the
absolute magnitudes of SNIa at very low redshifts where their
distance can be measured also by other means, such a calibration
can be assumed to be valid also for SNIa that are immersed in the
Hubble flow, and can therefore be used to infer Hy.

One method to achieve such a measurement is to identify
SNIa in galaxies where Cepheids stars are present. Thanks to their
period-luminosity relation, which also needs to be calibrated
through observations of Cepheids in nearby hosts, one is able to
obtain the distance to the host galaxy, and therefore to use this
to calibrate the magnitude M of the SNIa [5,7-9].

Connecting the distance of nearby Cepheids, with the ones in
SNIa hosts and then with the SNIa in the Hubble flow is what is
typically called the distance ladder and each step of the ladder is
called rung. Practically, the distance ladder relies on a three rungs
approach:

1. The period-luminosity relation of Cepheids is calibrated
using sources that are close enough for their distance to be
measured via parallax. This allows to obtain the luminosity
of more distant Cepheids;

2. The distance of SNIa whose host galaxies also contains a
Cepheid can be obtain through the period-luminosity rela-
tion of the latter. With the distance to the SNIa measured,
one can use Eq. (1) to obtain a measurement of M;

3. with such measurement of M, assuming the same absolute
magnitude holds for all SNIa, Eq. (3) can be used with the
data of SNIa in the Hubble flow to obtain Hy.

As we noted in Section 1, this is not the only possible ap-
proach to calibrate the SNIa absolute magnitude. In particular,
the second rung of the ladder can be performed by substituting
Cepheids stars with any other methodology able to measure
distance to galactic hosts: SBF, Mira variable and the TRGB are
perfect examples of distance ladders independent of Cepheids
distances. These alternative and independent methodologies have
been proven successful in the inference of Hy, showing consis-
tency within the total error budget across the various methods.
However the terrific increase in accuracy that these methodolo-
gies have experienced in the latest decades have shown that some
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small discrepancies exist between them [5,10,14]. We further
stress that the common denominator to all these methods is
the use of observations that need to be calibrated with nearby
distances (or anchored as it is commonly said in literature). This
constitutes the first step of the ladder and the same anchors are
used across the various methods. While still within the region of
being moderate statistical fluctuations, these discrepancies have
led to question not only the validity of these approaches, but
also the assumptions made in all of the rungs of the distance
ladder [15-21,54].

It is therefore timely to find new methodologies that can
overcome some or all these problems, in particular the need for
anchoring in local hosts.

In this work, we investigate a different method to calibrate
supernovae observations, and therefore to obtain the current rate
of the expansion of the Universe Hy, exploring the possibility of
obtaining the distance to low redshift supernovae by observing
the shadow of SMBHs in their host galaxies. As we elaborate
later in this manuscript, SMBH shadows can be self-calibrated
(if one has measurements of the mass of the BH casting the
shadow) removing the need for anchoring with nearby hosts.
Furthermore, SMBH (and BH generally speaking) are supposed to
be present in any elliptical or spiral galaxies (and perhaps less
massive and active BH with mass within 10* and 10° solar masses
may be present in irregular and dwarf galaxies) making them very
abundant in the Universe.

3. Black hole shadows as standard rulers

The recent observations by EHT have highlighted how the
measurement of the immediate environment of SMBHs is now
within the reach of current facilities [44,55-58]. Such observa-
tions can provide significant information since, when surrounded
by an emission region, black holes are expected to exhibit a dark
shadow caused by effects due to gravitational lensing of light rays
and by the capture of photons at the event horizon [59,60]. The
shadow is caused by the difference in luminosity between the
accelerated particles falling into the BH and the BH itself (which
is a perfect absorbing surface or else a perfect black body at
temperature T ~ 0!). The apparent angular size of the shadow
can be obtained from the size of the cone of photon escaping [39]

2
sin? Gy = (1 - 2Tm> (3“?") , (5)

where we assumed a Schwarzschild BH, defined the reduced mass
as m = GMgy/c? and r is the distance between the observer and
the centre of the BH. For a distant observer one can take the limit
r > 2m and promote the radial coordinate of the Schwarzschild
metric into the angular diameter distance d4 of the FRLW metric
(see e.g. [40,41] for a full derivation). This leads to (assuming
sinf ~ 0)

len
d(z)”

where lgy = 3+/3m is the physical size of the shadow. BH
shadows can be therefore used as standard rulers if one is able to
obtain gy, i.e. a measure of the BH mass, Mgy. This allows to infer
the distance of a BH by measuring, independently, the apparent
angular size of the shadow for a system at redshift z, 6gy(z), and
the mass Mgy of the SMBH.

Opu(z) ~

(6)

1 It is worth noting that the BH surface is expected to emit a thermal
radiation by Hawking mechanism [61-63]; however such a radiation would have
an energy so small that it would be negligible with respect to the luminosity
of the photons orbiting around the BH.
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It is important to stress here that until this point we as-
sumed that the BHs under examination can be described by the
Schwarzschild metric. However, such an assumption cannot hold
for all BHs, since when the spin of the BH is non-vanishing, one
needs to use metrics able to describe rotating BHs, such as the
Kerr metric [64]. Throughout the rest of this paper, we keep
relying on the Schwarzschild description; we assess the impact
of considering Kerr BHs on our approach in Appendix B.

In addition to the correct description of the spacetime around
the BHs, several other complications might affect the modelling
that leads to Eq. (5) [65]; evolving accretion mechanisms and
changes in the plasma distribution of the accretion disk can
indeed lead to modifications of this equation [66,67], and second
order effects on the photons travelling to the observer, such
as weak gravitational lensing, can also have an impact. In this
work, we neglect these complications, taking advantage of the
fact that we are only using BH shadows as calibrators for the
distance ladder. This allows us to focus the analysis on systems
at low redshift, where the details of the BH are better understood
and modelled, while the effect of weak gravitational lensing is
negligible, due to its nature of an integrated effect along the line
of sight.

The recent observations by EHT highlighted how the relation
between Ogy, lgy and Mpy can exploited to measure with great
precision the mass of the BH, having measurements of its distance
and of the apparent angular size of the shadow [45,68].

In this work, we take a complementary approach, and in-
vestigate instead the possible use of such observations for cos-
mological inference provided one is able to measure the mass
of the SMBH with other methods. We show that, under these
assumptions, the observation of shadows of SMBHs is able to
provide a measurement of the distance between these systems
and the observer.

Knowing the black hole mass and the angular size of the
shadow on the sky, it is indeed possible to infer the angular
distance of the BH in a similar fashion to what is done for
Baryon Acoustic Oscillations (BAO), which, similarly, rely on the
observation of a standard ruler, i.e. the size of the sound horizon
at recombination, to infer angular distances [69,70]. Compared
to BAO, however, the BH shadows have the advantage of not
being related to recombination physics, but only rely on the
ability to measure the mass of the BH independently from the
measurement of the size of the shadow, and on the validity of
the assumed theory of gravity (General Relativity in this work).
There is yet another advantage, the BAO peak in the galaxy 2D
correlation function has amplitude that decreases as z — 0
so that in our local Universe the peak is suppressed by non-
linear fluctuations produced by peculiar velocities or other bulk
effects making difficult to measure the BAO angular scale below
z £ 0.05 [69,70]. Conversely, the BH shadows angular size grows
linearly with the BH mass which, in turn, is expected to be
maximal today since the BHs have had time to grow accreting
mass from the stars and gas that surround them or by merging
with other BHs [71,72]. This peculiarity of the BH evolution allows
us to measure bigger shadow sizes in our local Universe than at
cosmological distance and open the possibility of using the BH
shadows to perform distance measurements at low redshifts.

In the following section we describe in detail how measure-
ments of ds(z) could be achieved by upcoming observations;
however, in order to use such measurements as a calibrator for
the distance ladder, we still need to convert the angular distance
of the shadow (d®") into a luminosity distance (d®). Through-
out the paper, we will assume that the mutual scaling of the
two distances is fixed by the reciprocity theorem ds(1 + z)? =
d;; such a relation implicitly assumes that the Distance Duality
Relation (DDR) holds, an assumption that could be violated in
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non-standard cosmological models [73-76]. However, departures
from this relation are a cumulative effect, and in the low redshift
regime, where we perform our investigation, the DDR holds at
least at first approximation. This allows to write the luminosity
distance to the BH shadows as:

5 3v/3G Mgy
c? 03].[ '

AP = (1+2) 7)

4. Supernovae and black holes data sets

In order to forecast the results of the distance ladder calibrated
with upcoming measurements of SMBH shadows, we need to
simulate the data sets that will be available in the near future.
We need therefore to create data for both SNIa and observations
of SMBH shadows. We take

e mock catalogues for future observations of SMBH shad-
ows, where we impose a cut in the angular size of the
shadow corresponding to the angular resolution of EHT and
post-EHT experiments;

e mock SNIa data for the Legacy Survey of Space and Time
(LSST) of the Vera C. Rubin observatory [77].

We provide details on how these data sets are built in Sec-
tions 4.1 and 4.2 respectively.

4.1. A catalogue for SMBH shadows

In this section we describe how to create our synthetic reali-
sation of a SMBH shadows catalogue compatible with upcoming
astrophysical observations. We start from the local SMBH dis-
tribution to get a catalogue of events with an associated mass
and redshift. Given the redshift and assuming a cosmological
model, we can obtain the angular diameter distance for each of
these events, while from Egs. (5) and (6) we can obtain both the
intrinsic and apparent size of the shadow for each of the events.
We then cut out of the catalogue the events for which the shadow
cannot be resolved with the chosen experimental set up, thus
introducing a minimal observable size 0., and we associate an
error on the observables (Mgy and 6gy) for each of the events.

4.1.1. The SMBH mass function

The first ingredient we need for our catalogue is the distribu-
tion in redshift and mass of the SMBHs that can be observed. This
can be obtained starting from the local BH mass function (BHMF),
which is the number of SMBH per unit volume and mass

N
" dvdlogM '

Obtaining this distribution from observations is not trivial, as
astronomical surveys are inevitably incomplete. This is mostly
due to selection bias in the counts of SMBH in any mass bin
and because there is yet no consensus on a broadly applicable
and precise technique to determine accurately the mass of the
SMBH [78]. Thus many different variants of the BHMF exists
nowadays [79-85].

As commonly done in literature [86-88], we choose here a
Schecter-like BHMF with functional shape

M T4+« M
¢sa(M) = ¢ (M) exp (1 - M) , (9)

where ¢, is a normalisation constant and M, is the cut-off mass
of the BH population.

Tuning the parameters of the BHMF we can represent very
different BH populations and assess the impact of different pa-
rameterisations on the final population of SMBH. We choose

¢BH (8)
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here to use a representation of the BHMF as derived in [89,90].
The parameters of such BHMF are derived phenomenologically
fitting observations, obtained inferring the SMBH masses from
the bolometric luminosity of early and late-type galaxies with
the functional form above. The fit is performed in the log-range
of BH masses log;y Mgy € [6, 9] in the local Universe (z ~ 0).
This BHMF can be obtained fixing the parameters to « = —1.19,
logo M, = 8.4, and log,, ¢, = —3 [87]. Consequently, this
BHMEF is characterised by an exponential cut-off for masses above
M, ~ 10°Mg. However it has been argued that ultra-massive
BH with masses above 10° do exists in nature, but a cutoff may
still exist preventing SMBH to have arbitrary high masses [72,83].
To account for this, we use a different value for M, that we fix
corresponding to the estimates of [91] to M, = 3.5 x 10" M.
Such a value is obtained calibrating the estimates in [83] for the
upper limit of the mass of local SMBHs with the observational
constraints on the mass of the SMBH in NGC600 [92]. This pushes
the exponential cutoff of both mass functions to masses around
10'"" Mg. We will refer to this model as SHO9MX.

Until now, we have discussed the local BHMF; however, the
SMBHs we observe today have evolved from primordial seeds
by (primarily) accreting matter from their surroundings and by
merging. While the knowledge of accretion mechanisms have
evolved significantly in the past decades [88,93-95], a well moti-
vativated physical model that can describe the evolution of SMBH
throughout cosmic history is far from being conceived and one
has typically to rely on phenomenological models to describe the
mass evolution of SMBH (see e.g [96,97]).

It is therefore clear that the BHMF needs to evolve in time,
thus in order to asses the number of SMBH of a given mass
at different cosmological epochs one needs to model such an
evolution. We choose here to follow a fully phenomenological
approach that is based on few simple assumptions to construct
a “visibility function”, reproducing the evolution of the BHMF in
a simplistic way. While we do not expect it to be as accurate as
a model which takes into account the complicated mechanisms
involved in SMBH accretion, we will show that it gives realistic
prediction given the uncertainties in the modelling of the SMBH
mass function.

The assumptions that we use to construct our visibility func-
tion are the following:

e the conditional probability to observe a SMBH with mass
Mgy at redshift z, P(Mpy|z), is described by a log-Gaussian
distribution, and, therefore, the distribution in log M will be
Gaussian;

e the higher mass tail of the BHMF has evolved from seeds
with mass of the order 10°-10° M, thus we assume this is
the lower limit of the mass for the BH we consider;

e we assume that the scaling in redshift of the mean and
variance of the BHMF follows the scaling of distances in
FLRW, Mgy o< Rgy o (] +Z)7].

Implementing these three conditions we can describe the red-
shift evolution of the BHMF by combining the local mass function
with the conditional probability at a given redshift.

The first assumption allows us to write the conditional prob-
ability of measuring a mass Mgy at redshift zero as a Gaussian
distribution in x = log;q Mpy. The variance of this distribution
is fixed requiring that at 2 standard deviation the maximum
mass measurable is 10! M, in agreement with what we have
discussed previously about the existence of a cutoff mass for
ultra-massive BHs. This consideration can be translated in an
equation to determine the standard deviation of the Gaussian oy
by imposing [75]

11
/ P(x|z = 0)dx — 0.95 = 0. (10)
5
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This assumption would still allow for the presence of ultra-
massive BH with Mgy > 10" My with a probability of 5%. In
other words, the high mass tail of the distribution would popu-
late our catalogue with ultra-massive BH with masses that can
exceed significantly the threshold of 10'"" M. However, it must
be taken into account that when combining with the BHMF, this
would weight the higher mass tail of the distribution through an
exponential cutoff which prevents SMBHs to have masses much
bigger than M,.

Applying the second condition means that at high redshift
a considerable number of SMBH still exist with mass of the
order of 10°-10% M. This translate into an higher probability of
measuring these masses compared to masses higher than 10° M.
Combining this with the third condition, implies that only the
variance of the distribution of P(x) will scale with redshift while
its mean remains constant.

The final distribution for the mass Mgy in logspace will be
constructed normalising the peak of the distribution to unity at
all redshift. The form of this distribution is as follows:

oM
’ 1~|—z> ’ (1)

This avoids that at z ~ 0 the distribution deviates significantly
from the local BHMF and at higher redshift the distribution would
only shrink towards small masses rather than changing also in
amplitude. In other words as we increase the value of z the
distribution will scale self-consistently. Notice that, in order to
exactly recover the local BHMF at z = 0, one would need to
assume a uniform distribution i.e. P(x|z = 0) = 1, which would
return the local BHMF when the two are combined. However,
we find that our assumption of a Gaussian distribution leads to
negligible deviations as it impacts only the higher mass tail of the
BHMEF.

Multiplying this distribution with the local BHMF of Eq. (9),
¢sn, We obtain our final expression for the BHMF at given mass
and redshift

D(x,z) = p(x)P(x|z). (12)

Pix|z) =N (x =5

It is worth stressing that for the purposes of this work, using
SMBH shadows to calibrate low redshift SNIa, we only need a
catalogue of local SMBH, which are described by ¢(x). However,
the redshift distribution @(x, z) is necessary to compute the total
number of systems, which will directly impact the number of
systems that fall in the redshift range that we will use to calibrate
SNIa. Indeed, a different choice of P(x|z) could impact the results
and affect the final outcome of our methodology. While we rely
on this simple approach throughout the rest of this work, we also
assess the impact of such an assumption in Appendix A.

4.1.2. Simulated observations

With the redshift dependent BHMF now defined, we can gen-
erate our synthetic SMBHs catalogue, i.e. a set of mock observa-
tions of mass and redshift. To do so, we apply the same procedure
used to realise synthetic catalogues of gravitational waves obser-
vations (see e.g. [98,99]) and integrate @ across the chosen range
of mass and redshift. By construction, the integral of ¢ across a
range of mass and redshift gives the number of available SMBH
in the comoving volume:

B 11 6 XZ(Z)
Niot = 471A/5 dx/0 dz H) D(x,z), (13)

where A is a normalisation constant and we have assumed a
standard FLRW background to express the comoving volume in
terms of the comoving distance x(z) and the Hubble parameter
H(z).
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Table 1
Choices of cosmological parameters, BHMF specifications and measurement
errors used to construct our baseline catalogue.

Cosmology

2m 0.29
Ho [km/s/Mpc] 70.0
Mass function

Local BHMF SHO9MX
Neot 108
Mcut [MO] 10“
Survey specifications

Ocur [pas] 10
04 /OpeH 0.07
om/Mpsn 0.07

From the above equation, it is clear that we can easily nor-
malise the BHMF to unity and use it as a probability density to
extract the mass and redshift needed for our SMBH catalogue
once the total number of SMBH observables in the Universe is
fixed. The estimates of [91] show that the number of SMBHs
exceeding the observational threshold of shadows with size 6 >
10 pas and flux F > 1073 Jy and having optically thin disks
(i.e. for experiment like EHT) is O(10). We found that fixing
Nt = 108 our catalogue has only 6 shadows that exceed the
threshold of 10 pas in agreement with the estimates of [91]. We
therefore fix the total number of observables BHs (conservatively)
to Nt = 10°. This will be our baseline setting for the total
number of SMBHs. We stress however that the estimate of [91]
falls short in predicting the number of M87-like shadows of a
factor of ~50 possibly making our estimates over pessimistic; we
will assess in Section 5 how changing Ny affects the final results.

Having fixed the normalisation through Eq. (13) we can finally
write the bidimensional distribution for mass and redshift as

_ 47nA x*(2)
Niow H(z)

and the masses and redshifts of the SMBHSs in our catalogue can
then be obtained performing a MCMC sampling of P(x, z).

Following this approach, we end up with a set of N pairs of
{Mgy, zgy}; we then assume a fiducial ACDM cosmology, with
Ho = 70 km s~ Mpc~! and £2,, = 0.29, which allows to associate
a distance d" to each redshift. Using Eq. (6) we can then obtain
the apparent angular size of the shadow for each mock SMBH.
The catalogue is therefore transformed in a set of observations
{Mgy, 6y} for each event drawn. Of the full catalogue we only
keep the events at low redshift (z < 0.01), i.e. the range in which
we will calibrate the SNIa. Finally, to each event left we associate
observational errors that we assume as oy /0gy = 0.07 [43], and
oy /Mgy = 0.07 [100-102]. This assumption on the relative
uncertainties of the observables can be extremely optimistic, in
particular for what concerns the measurement of the BH mass.
While for the rest of our analysis we assume the values above,
we also assess the impact of less optimistic assumptions on the
final constraints in Appendix C.

Notice that the choice of the starting local BHMF can signif-
icantly impact the distribution of masses in the catalogues and
determines how many of the simulated shadows will be actually
observable.

We show the final baseline catalogue in Fig. 1, and we recap
the assumptions made to produce it in Table 1.

It is worth noting that, the large range of masses for the SMBH
population makes the angular size of the shadow span several
orders of magnitude even at similar redshifts. However the state-
of-the-art of BH shadows observations [43,91] only allows to
observe angular sizes above a certain threshold size 6. For the

P(x,z) D(x,z2), (14)
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Fig. 1. The SMBH shadows baseline catalogue obtained from the SHOOMX mass
function. We report here with red data points only the SMBH appearing below
z < 0.01 and for 6., = 10 pas. The yellow data point shows the event observed
by EHT.

EHT instrument 6., = 10 pas [43,91] leaving most of the SMBH
available in the comoving volume invisible. In order to account
for this sensitivity threshold, we apply a hard cut to our simulated
catalogue, only preserving events for which gy > 6.y. We will
however assess in Section 5 how changing this cut can affect the
results.

The events shown in Fig. 1 show those that survive both the
angular and redshift cut (in red), alongside the data point from
available EHT observations (yellow).

4.2. SNla catalogue

As discussed above, a catalogue of SMBH shadow measure-
ments will not be enough to constrain Hy using the distance
ladder. We also need SNIa observations that can be calibrated
with SMBH measurements, together with a set of SNIa in the
Hubble flow. The making of this additional data set requires
again to estimate the redshift distribution in order to produce
a mock catalogue. We start here from estimating the number
distribution of SNIa from the Pantheon catalogue (which contains
1048 of such observations) [49]. This is done by reconstructing
the redshift distribution of SNIa from the sources of the Pantheon
catalogue and then applying an inverse transform sampling tech-
nique? to obtain a statistically equivalent version of the Pantheon
data set in redshift space. We employ the sampled redshifts to
create the set of mock observations needed for the inference of Hy
through the distance ladder. The values of the relative magnitudes
at each redshift is then calculated using Eq. (1) and assuming the
same fiducial cosmology employed for the SMBH catalogues.

For this work, we fix the number of resampled SNIa to be
1000 in the range z € [0.01, 10] and the value of the intercept
ag = 0.715 corresponding to its ACDM value [7]. This range
of redshift is used to ensure that the distribution of the SNIa in
the data set is consistently reconstructed by the inverse sampling
algorithm. However, the high-redshift tail of the distribution does

2 Ynverse transform sampling is a technique that allows to translate a uniform
distribution into a generic one using its cumulative distribution function (CDF).
This can be done solving a integral equation of the form:

+00
CDF(x) —u = / P(x)dx —u =20

—00
where u is a sample of the uniform distribution U[O, 1]. Solving this equation
for different values of u allows to extract samples of a generic probability
distribution P(x).
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not significantly exceed z ~ 2 and basically no SNIa are found
above z ~ 3 as expected from current observations. As a further
check, we note that out of 1000 resampled SNIa we found ~270
below z < 0.15 consistent with the real Pantheon data set [49].
This ensures that our synthetic SNIa data set has exactly the same
statistical properties of the observed one.

To each SNIa relative magnitude we associate an error due to
the brightness uncertainties following [103]

o [(zs)]* = 8u(2s) + Ofhy + g + Oiar » (15)

where opyx = 0.01 is the systematic uncertainties related to
flux calibration, the intrinsic scatter of SNe at fixed colour is
Oscat = 0.025, oiner = 0.12 is the intrinsic distance scatter and
we include an intrinsic dispersion in the distance modulus of the
form: u(z;) = emzs with ey drawn from a Gaussian distribution
N(0,0.01) [103]. We use this error for all the SNIa in the second
and third rungs of the ladder.

5. Constraints on the Hubble constant

In this section we provide details on our analysis pipeline,
which exploits the method of Section 2 using the observables of
Section 4. We then provide the constraint one can obtain on Hy
with both current and forecast data.

5.1. Analysis method

We start noting that the distance ladder performed with SMBH
shadows is only composed of two rungs, precisely the second
and third (see Section 2), as SMBH shadows can provide cali-
brated distance measurements if the mass of the BH is known.
To perform the second rung, a pair observations of a black hole
shadow and of a SNIa in the same galactic host is required. If such
configurations exist, one can estimate M from each pair as

M = m™® — 5log,, d™ = 5log,y Ho — 50z, (16)

where the above relation implicitly assumes d®™ = d?N¢. For each
SMBH shadow in our catalogue, we assume that a measurement
of a SNIa is available in the same galaxy, and we translate the
SMBH distance, d?™, into an estimate of M. We then combine all
the inferred M into a joint likelihood that we employ to constrain
cosmological parameters.

The second step of our ladder consists in fixing ag. This can
be obtained fitting the low redshift part of the cosmological SNIa
catalogue that we discussed in Section 4.2 with the cosmographic
expansion of Eq. (4).

The full pipeline combines these two rungs in a simultaneous
fit of the five free parameters {M, Hy, ag, qo, jo}, Where the ab-
solute magnitude M is used to fit the magnitude measurements
inferred from the SMBH catalogue, while the remaining four enter
the expressions for the luminosity distance, Eqs. (1) and (3),
which are used to fit the low redshift SNIa. We employ a Gaussian
x?2 likelihood for az and we combine this with the joint likelihood
for M to obtain our final constraints on the five parameters. These
parameters are sampled using the public sampler Cobaya [104],
which employs a Metropolis-Hastings algorithms to sample the
parameter space [105,106], assuming flat priors on the parame-
ters set. The final results are obtained analysing the samples using
GetDist [107].

5.2. Constraints using current and forecast data

We now apply the analysis method we presented to the
baseline catalogues for SMBH and SNIa generated following Sec-
tions 4.1 and 4.2. This will provide us with forecast results for
upcoming observations of multiple SMBH images and estimate
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Fig. 2. 68% and 95% confidence intervals for the free parameters of the analysis using the EHT-like (yellow) and baseline (red) data sets. The black vertical line shows
the fiducial value of Hy used to produce the BH and SNIa catalogues. (For interpretation of the references to colour in this figure legend, the reader is referred to

the web version of this article.)

the precision that one will be able to achieve on measurements of
the Hubble constant. With the baseline settings of Table 1, we find
that our catalogue contains six observables shadows for z < 0.01,
i.e. observations available to anchor the distance ladder.

In addition to this, we also assess the precision that could be
achieved with the currently available observations, i.e. a single
shadow observed with the sensitivity of EHT. In order to do so,
we use the EHT measurement of gy = 21 + 1.5 pas [43].3
The EHT collaboration used such a measurement alongside an
independent estimate of the distance, to obtain a measurement
of the SMBH mass. Here instead we assume that an independent
estimate of the mass is available, with a measurement precision
of 7%. Furthermore, we simulate the presence of an observed
SNIa in the same host of the SMBH, whose magnitude is obtained
from our fiducial cosmology and with an uncertainty following
Section 4.2. We name such a calibration data set, containing a
single shadow and a single SNIa, EHT-like.

We show the results obtained with EHT-like and baseline data
sets in Fig. 2, and we report the constraints on the free parameters
in Table 2. From these results we can see that with observations
equivalent to those currently available, one can already obtain a
measurement on the Hubble constant, with Hy constrained with
a precision of ~10%. In the baseline forecast case, with only a
handful more images available, the precision on H, improves to
4%, i.e. a bound larger than those obtained with common methods
to anchor the ladder, but still tight enough to be used to obtain
independent measurements of Hy.

Our results show how the bounds on ag and qg do not change
switching from EHT-like to the baseline data set. This is due to

3 Let us note that in [43] it is reported a measure of the size of the observed
diameter of the shadow of the SMBH in M87. Therefore in the main text we
reported this result and the corresponding uncertainty divided by two. However
one can instead multiply by two both side of Eq. (5) to obtain the angular size of
the shadow diameter. Note also that there is a small asymmetry in the photon
ring due to the SMBH rotation as discussed in [108].

Table 2
Mean values and 68% errors on the free parameter of our analysis, obtained
using the EHT-like and baseline data sets (Table 1).

EHT-like Baseline forecast
Ho 70.3752 69.9727
ag 0.7150 4+ 0.0026 0.7150 + 0.0026
qo —0.56 £0.15 —0.55+0.16

M —19.35+£0.22

—19.353 +0.091
Jo _

the fact that the constraining power on ag and qq is mostly de-
termined by the low redshift end of the SNIa in the Hubble flow,
and they are therefore independent from the uncertainty of the
calibrator distances. The uncertainty on Hy is instead determined
by the measurement error achievable on the absolute magnitude
M, which is directly related to the errors on the observables, 6gy
and Mgy. In Table 2 and Fig. 2, we can also notice how the jerk
parameter jo is not constrained by the analysis. This is due to
the fact that jo enters the cosmographic expansion at the second
order in redshift; this means that its impact will be relevant at
higher redshift with respect to qo. Since the redshift range of the
cosmological SNIa we use for our analysis is limited to z < 0.15
(see Section 4.2), we do not reach an high enough redshift for j,
to be relevant and therefore we are not able to constrain it.

As mentioned in Section 4.1, in our baseline settings, we
assumed that the observational error on both the angular size of
the BH (oy,,) and on the its mass (ouy,) are 7% of the measured
value for these observables. These assumptions on oy, and oy,
are quite optimistic given that the observation of SMBH shad-
ows is still far from becoming a mature field for cosmological
inference [65]. We therefore assess the impact of less optimistic
assumptions on the observational errors in Appendix C, finding
that this can significantly impact the final results of our approach.

Finally, we want to stress that a constant percentage error
over a whole data set is highly unrealistic; each measurement of
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Fig. 3. Mean values (yellow) and 68% — 95% bounds (red) for Hy obtained changing the threshold observable angle 6., (left panel) and the total number of SMBH
Niot (right panel). The upper x axis shows the fraction of observed events with respect to the total number of available SMBH, for each of the explored cases. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

a SMBH shadow is independent from the others and the pecu-
liarities of each system can make shadows very different across
the catalogue. The examples proposed in this manuscript would
therefore corresponds to a situation in which systematic uncer-
tainties of the SMBH are subdominant compared to the experi-
mental errors.

5.3. Angular threshold and total number of BHs

While we saw above that changing the errors on the ob-
servables with respect to our baseline choices can significantly
degrade our constraints, we have two other assumptions that
can instead impact the results: the angular size threshold for
detection (6) and the total number of expected BHs (N ). Both
these parameters will change (with respect to our baseline) the
number of SMBH shadows that can be employed for the distance
ladder, but in a slightly different way. The value of Ny, will de-
termine the available SMBH per bins of mass and redshift, i.e. the
number of observable shadows. The value of 0., will instead
determine how many of those would be actually measured by an
experiment with given angular resolution. We show the bounds
obtained on Hy changing these parameters in Fig. 3, with the left
panel referring to changes in 6., and the right panel showing
the changes due to N As expected, an increase in 6.y leads
to a lower fraction of the existing SMBH being observables (fops),
which translate into looser bounds on Hy. For the range of 6y
explored here, a significant change in the precision of this method
is found, with our extreme cases being oy, /Ho(Ocye = 1 pas) ~ 2%
and oy, /Ho(Ocue = 20 pas) ~ 9%. Similar results are found when
changing Ny, which directly affect the number of BH available at
the redshifts of interest. We find in this case that the precision on
H07can vary between oy, /Ho(Not = 10°) ~ 7% and oHy/Ho(Not =
107) &~ 2%.

6. Conclusion

One of the most pressing issue in modern cosmology is that of
understanding the nature of cosmological tensions. A promising
avenue is represented by the possibility that these discrepan-
cies may be related to the failure of the standard cosmological
model, thus unveiling the opportunity of discovering new physics
beyond it. In this manuscript we have proposed a new way of per-
forming the distance ladder with cosmological SNIa using horizon
scale observations of SMBH as distance calibrator. Compared with

the usage of Cepheid variable stars, SMBH shadows have the
advantage of having absolute calibration (the physical size of
the shadow) fixed by the theory of General Relativity (see also
Section 3).

This feature of SMBH shadows allows us to perform the dis-
tance ladder with only two rungs; in other words the BH shadows
do not require being anchored with nearby calibrator like in
the case of Cepheid stars. Furthermore SMBH are thought to
inhabit any galaxy in the Universe thus, provided that the shadow
and the SMBH mass can be measured independently, any SNIa
measurement would have an associated SMBH calibrator.

As a proof of concept for the proposed pipeline, we applied
it to mock data sets of SMBH and SNIa. First, see Section 4, we
generated a synthetic realisation of a SMBH shadow catalogue
bounded on a specific choice of the BHMF that we produced using
a Schecter-like functional form, also employing a toy-model for
the conditional probability of finding a SMBH with a given mass
at a given redshift. We then imposed a cut in redshift (zgy ) to keep
only the SMBH present in the redshift range used to calibrate
the distance ladder, and a cut fgy > 6.y = 10 pas to remove
from the catalogues all those SMBH shadows whose angular size
is below the observation threshold. Second, we generated a mock
data set for SNIa, ensuring that this is statistically equivalent to
the observed Pantheon catalogue.

With these two data sets in hand, we applied the distance
ladder methodology we described in Sections 2 and 3 to fore-
cast the precision it could achieve on a measurement of H.
We found that our approach could provide a precision of ~4%
on Hy with the catalogues obtained with our baseline settings.
We also quantified the impact of other assumptions we made
during the production of the synthetic data set, finding how more
pessimistic assumptions on the errors on gy and Mgy, or more
stringent requirement on the threshold size 6., could worsen the
expected precision.

Overall, our results seem to indicate that the approach pre-
sented in this work could be used as an alternative method to
measure Hyp, and that it can therefore contribute to the investi-
gation of the Hubble rate tension by providing an independent
measure of this parameter. Nevertheless, the precision on Hy that
we estimated may be in the reach of upcoming observations
if a reliable method to infer the mass of the SMBH is found.
Currently, as discussed in Section 3, there is no agreement in
how to determine reliably the SMBH mass, which is critical to
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determine the distance of SMBHs directly from their resolved
shadows.

The results presented in this work rely on the assumption
that our choice of the metric describing the gravitational field
around the SMBHs holds. Such an assumption is necessary to
obtain the relation between the size of the shadow, the mass of
the BH and its distance from the observer. Our baseline results are
obtained assuming a Schwarzschild metric, and we investigated
the effects on the results of a different assumption by switching
to a Kerr metric Appendix B; however, several other possibilities
are available (see e.g. [42,109]) and, potentially, observations of
BH shadows can be used to obtain constraints on the possible
metrics describing the SMBH environment, an investigation that
the EHT collaboration has started, finding consistency with the
Kerr metric [110-112].

In concluding, while the observation of SMBH shadows is still
in its infancy, and many systematic effects need to be better
understood in order to obtain robust and reliable constraints, the
future of these measurements looks very promising and may lead
to a golden era for the study of the very foundations of gravity and
of our Universe.
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Appendix A. Impact of redshift scaling on the BHMF

In constructing our BHMF and its scaling with redshift we have
assumed to know the form of the conditional probability P(x|z)
appearing in Eq. (12). However, as we noted already in the main
text, this assumption is quite simplistic as it does not take into
account all the complicated processes involved in SMBH accretion
physics (see e.g [87,91]). We therefore review in this appendix the
impact of this assumption over the behaviour of our catalogue for
our baseline model.

Let us start discussing the effect of our assumption on the
evolution of the BHMF by first looking at the behaviour of the
marginalised distributions of mass and redshift of the BHMF,
which affect the features of the SMBH in our catalogues. These
functions can be obtained simply integrating over either the mass
Mgy or the redshift z, i.e.

_AmAx(z) (P

P(z) = N HE /5 dx ®(x,z) (A1)
_ 4nA 6 x2(2)

P(x) = Ntot/(; dz HeZ) P(x,2) (A2)
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For the conditional probability we choose instead a model with
an additional parameter describing the index of the scaling with
redshift i.e.

P(x|z) = N(x =5, opm(1+2)P) (A.3)

and we choose two values of p corresponding to our baseline
model i.e. p = —1 and a value corresponding to p; = —0.8.

The corresponding marginalised distributions obtained with
the two values of p are shown in Fig. A.4. As we can appre-
ciate from the plots, the change in the value of p significantly
impact the behaviour of P(x) for SMBH masses <10° but it has
a negligible impact for masses above this threshold. The reason
is that the ultra massive BH in the tail of the distribution are
exponentially less likely than those with smaller masses due to
the behaviour of the BHMF we have chosen and this sums up
to the imposed scaling of P(x|z) leading to a fast depauperation
of the high mass tail of P(x) as the redshift increases (see also
Fig. A.5). However it must be taken into account that P(x) is
integrated over redshift and, therefore, the difference between
the two curves accumulates as the redshift increases. Looking at
the full 2D distribution (Fig. A.5), it is clear that at low redshift
the scaling of the conditional distribution has little impact, as its
variance only decreases linearly with z. Thus, for the redshift of
interest for the construction of the distance ladder, the choice of
P(x|z) is negligible even though it has a significant impact on the
full 2D distribution.

Furthermore, the impact on the redshift distribution is also
negligible for the redshifts that are interesting for the distance
ladder (i.e. z ~ 0). Here the reason is that P(z) depends on the
size of the comoving volume and not only on the scaling of P(x|z).
For very small redshifts, P(x|z) is almost a constant in z, therefore
for z ~ 0 the scaling is determined solely by the scaling of the
comoving volume, i.e. dV/dz ~ x2(z)/H(z). Therefore, there is no
appreciable effect varying p on the SMBH redshift distribution at
low redshift.

In conclusion the distribution of SMBH at low redshift in our
catalogue is determined by the chosen BHMF and the assumed
cosmological model. We note however that choosing an accurate
scaling for P(x|z) and an accurate form of the BHMF is mandatory
if one want to use SMBH shadows to reconstruct the distance-
redshift relation at arbitrary redshift and not only to make the
distance ladder.

Appendix B. Spinning SMBHs and their shadows

The analysis performed in this paper relies on the assumption
that the observed SMBHs have a vanishing spin and can be
described by a Schwarzschild metric, leading to the relation for
the shadow size of Eq. (5).

However SMBHs do rotate and the effect of their spin on the
surrounding environment alters the shape and the size of their
shadows, quantities that now need to be computed in the Kerr
metric, describing rotating BHs [113-115]. This is the case e.g. for
the two SMBHs for which the shadow sizes have been measured
by the EHT collaboration [45,68,108,112].

It is therefore important to assess the impact of rotation on
the constraints obtained in this work. Generally speaking, both
the BH spin and the observer inclination angle will affect the size
of the shadow, with departures from Eq. (5) being maximal for an
observer on the equatorial plane looking at a nearly-maximally
spinning BH. In such a case, the shadow will be deformed of
~7% along the horizontal axis while preserving the same size of a
Schwarzschild shadow on the vertical axis (these axis are defined
in the plane perpendicular to the line of sight) [116-118].

Therefore, rotating BHs will exhibit an asymmetric shadow,
with a degree of asymmetry determined by the value of the BH
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Fig. A.4. Marginalised 1D BHMF distributions for log-mass (left) and redshift (right) obtained from appropriately integrating the full BHMF in Eq. (12) for two

different scalings of P(x|z).

SHO9MX baseline SMBH 2D Pdfs

0.14
0.12
0.10
I
o
s 0.08
(@)]
S 0.06
0.04
0.02
0.00
z
12 SHO9MX pl SMBH 2D Pdfs
0.112
11
0.096
10
- 0.080
5 9
= 0.064
2 s
o 0.048
7 0.032
6 0.016
5 0.000

Fig. A.5. The BHMF represented in the plane z—log Mgy for two different choices
of the BHMF corresponding to p = —1 (top) and p = —0.8 (bottom), see also
Eq. (A.3). In both plots we report the BHMF divided into 30 isodensity contours.

spin and observer inclination [42]. Such an asymmetry, while
complicating the description of the shadow size in terms of the
BH parameters, allows to constrain the BH spin and observer
inclination angle at the same time, independently of the mass of
the BH [119,120].

In principle, one can use the asymmetry between the vertical
and horizontal diameter of the shadow to improve constraints
on the distance measure (see e.g. [42] and reference therein).
However, while such quantities are well defined theoretically,
on the observational side it is very complicated to infer these
two lengths, as the centroid of the shadow cannot be determined
accurately from observations. In order to overcome this issue, one
can make use of quantities averaged over the full extension of the

10

shadow, which are well connected to what EHT-like interferom-
eters would measure. One example is the average radius of the
shadow, defined as [117,118]

1 2
= — / Rdo .
27 0

We note that analytical solutions for the shadow size in a
Kerr space-time can be found only for a handful of cases [42],
with none available for a generic spin and inclinations. Therefore,
one needs to rely on phenomenological relations, obtained from
numerical simulations of light rays travelling around a Kerr BH
to determine the average size of the shadow. With this approach,
the average radius (for an observer at distance much bigger than
the horizon size) can be obtained in the form [118]:

(R) (B.1)

(R) = Ro + Ry cos(2.146; — 22.9°), (B.2)

with Ry and R; being

Ro = (5.2 — 0.209a + 0.445a*> — 0.567a>)m,
3.3
m,
(a — 0.9017)2 + 0.059

where a = J/(cMgy), ] being the angular momentum of the BH,
and 6; being the angle between the observer line-of-sight and J.

To understand the effect of spin and inclination in the determi-
nation of the Hubble constant, we introduce an additional step in
the analysis proposed in the main text. Instead of fitting directly
to obtain Hy from distances obtained with Eq. (5), we now need to
first determine the distance comparing Eq. (B.2) to the measured
size of the shadow varying the mass, the spin, the inclination and
the distance as free parameters; we can then convert the distance
obtained this way into a constraint on Hy. This procedure must
be done singularly for each SMBH in our catalogue, as it is done
e.g. to determine the luminosity distance from gravitational wave
events [25]. For the purpose of showing the impact of spin and
inclination on the constraints on Hy we apply this exercise to the
EHT-like case we proposed in the main text.

The results are presented in Fig. B.6, where we show three
limit cases for illustration:

Ry =103 (0.24 -

1. a general situation where only the mass of the BH is known
while the spin and inclination are free to vary. We choose
broad priors for these parameters namely a € [—1, 1] and
6; € [0°, 90°]. We label this case Kerr BH (purple contours);

2. same as the previous case, but assuming the BH is not
spinning (a = 0), which corresponds to our baseline case
where the shadow size is determined using Eq. (6). We do
however still use the inclination as a free parameter. We
label this case SW BH (yellow contours);
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Fig. B.6. 68% and 95% C.L. on the distance and mass of the BH for three limit
cases described in Appendix B. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)

3. an optimal case where BH mass, BH spin and observer
inclination are known (red contours). This case is exactly
like the Kerr BH one, but with the inclusion of a prior
on spin and inclination as determined in [120] from the
photon dynamic of the shadow of M87. We label this case
as Kerr BH + prior.

In all cases we assume the mass of the SMBH in M87 to be
Mgy = (6.6 £0.4) - 10° M, [100].

To quantify the shift due to the inclusion of spin and inclina-
tion of the BH, we quantify the percentage error on the distance
with the formula:

Joi+o?

. B.3
Do (B.3)

Orel =
where Dgy is the mean value of the posterior of the BH distance
and o, _ the right and left limit at 68% C.L. respectively. We find
that o ~ 0.133 for case (1) while oy ~ 0.10 for case (2) and
(3).

We further note that the spin and inclination parameters have
a weak correlation with the determination of the BH distance
when these parameters are free to vary. However, this correlation
becomes more prominent for high spin, |a|] > 0.5. This can be
manifestly seen in the small shift of the distance posterior in the
Kerr BH + prior case, see Fig. B.7. The uncertainty on the distance
however stays unmodified compared with the SW BH case.

To determine the impact on the value of the Hubble constant
we include this additional scatter in the EHT-like mock proposed
in the main text. We found that the value of the Hubble constant
is minimally affected leading to Hy = 69.875% km s~! Mpc™!, an
increase of <1% of the uncertainty.

We further note that due to the (small) correlation between
spin, distance and mass of the BH, an increase in the uncertainty
of the mass determination would reduce the impact of spin and
inclination on the final errors, as the uncertainty on the mass
dominates. As an example, a factor two worsening of the uncer-
tainty on Mgy would lead to a 2% error on the distance instead
of the 3.5% we find with our baseline Mgy uncertainty. On the
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Fig. B.7. 68% and 95% C.L. on the distance, spin and inclination of the BH for
three limit cases described in Appendix B.

contrary, should the mass measurement improve significantly,
the inclusion of spin and inclination in the analysis would become
crucial.

However given the current observational uncertainties, the
impact of the BH spin and observer inclination has almost no
influence on the measurement of distances from SMBH shadows.
These parameters, in fact, increase the uncertainty on the dis-
tance measure only by ~3.5% (<1% on Hp) if their values are
completely unknown. Nevertheless, given that those parameters
can be determined by the dynamic of the accretion disk around
the BH [120,121], with some prior knowledge of the spin and
inclination parameters it is possible to achieve the same accuracy
obtained with Eq. (6) on Dgy.

Overall, our analysis hints to the fact rotating BHs do not pose
significant limitation to the use of SMBH shadows as cosmological
probe, at least with the current level of observational uncertainty.
The dominant contribution to this measurement is still given by
the determination of the mass (as well as the shadow size) even
in the case of Kerr BHs.

Appendix C. On the mass determination of cosmological
SMBHs

Throughout the analysis done in this paper, even when varying
the observational specifications such as the value of 6., we have
kept fixed the uncertainties on the measurements of fgy and Mgy
to the level of 7%. This was motivated by existing observations
(see Section 4), but such uncertainties are indeed optimistic when
dealing with observations of shadows at distances higher than
those currently observed.

In particular, there are no reliable and robust methods that
can be applied to every system to infer the mass of SMBH, a
significant (and arguably the most prominent) limitation to the
use of these objects as distance tracers. The main issue is that
the available methods are precise, but not necessarily accurate, an
indication that astrophysical systematics are still poorly under-
stood. As an example, M87* has two mass determinations to date:
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Fig. C.8. Trend of the relative error on Hy (in percentage) with changes of the
percentage error on the observed size of the shadow 6gy (yellow line) and on
the BH mass Mgy (red line). (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)

stellar kinematics gives Mpy = (6.64:0.4)-10° M, [100] while gas
dynamics gives Mgy = (3.5709)- 10° M, [102]. The two determi-
nations have an accuracy of ~7% and ~22% respectively, but they
exhibit a ~3.50 tension showing that systematic uncertainties
are still far from being under control. The EHT collaboration has
also determined the mass from the shadow size of M87 to be
Mgy = 6.5 £ 0.2]sac £ 0.7]5ys - 10° Mg [45] showing good
agreement with the measurement of [100] and a 3o discrepancy
with that of [102].

In order to avoid this issue, one could rely on more conserva-
tive estimates of the observed quantities (6gy and Mgy), in order
to avoid inaccuracies due to systematic effects. This however in-
creases the observational uncertainties on the distance to the BH,
and will impact the final constraints on Hy. In order to estimate
how the final constraints degrade with increased uncertainties,
we performed again our baseline analysis, but this time we vary,
separately, the relative uncertainties oy /6gy and oy /Mgy in the
range [7%, 80%].

Our results are shown in Fig. C.8, yellow and red lines showing
how changes in oy /0gy and oy /Mgy, respectively, translate into
changes in the relative error on Hy. We find that indeed the preci-
sion with which the observables are measured have a significant
impact, with the final constraint on Hy ranging from ~5% to ~40%
moving from the most optimistic to the most pessimistic case.
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