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ABSTRACT
In the paper, we consider some piecewise deterministic Markov pro-
cess, whose continuous component evolves according to semiflows,
which are switched at the jump times of a Poisson process. The
associated Markov chain describes the states of this process directly
after the jumps. Certain ergodic properties of these two dynamical
systems have been already investigated in our recent papers. We
now aim to establish the law of the iterated logarithm for the afore-
mentioned continuous-time process. Moreover, we intend to do this
using the already proven properties of the discrete-time system. The
abstract model under consideration has interesting interpretations in
real-life sciences, such as biology. Among others, it can be used to
describe the stochastic dynamics of gene expression.
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Introduction

The law of the iterated logarithm (LIL) characterizes essentially the maximal fluctua-
tions around the mean of a stochastic process in discrete or continuous time. It is
intimately related to the strong law of large numbers (SLLN) and the central limit the-
orem (CLT). The history of results on the LIL dates back to the work by Khinchin [1],
in the specific context of dyadic representations of numbers, and to the one by
Kolmogorov [2], for general sequences of independent, non-necessarily identically dis-
tributed, random variables that satisfy a particular “asymptotic boundedness” condition.
Kolomogorov’s results for identically distributed random variables with finite second
moment were further generalized into the version of the LIL known as the
Hartman–Wintner Theorem [3]. See also [4] and e.g. [5] for the review of results (at
the time of writing) on the LIL in the case of independent random variables.
The main goal of this paper is to prove the validity of the LIL for a class of piecewise

deterministic Markov processes (PDMPs). In this setting, the associated random varia-
bles are neither independent, nor identically distributed. Our method of proof is
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intentionally such that the result for the PDMP is derived from the validity of the LIL
for the Markov chain given by its post-jump locations. The latter has been established
in [6] (see also the references mentioned there).
PDMPs have been introduced by Davis [7] as a general class of stochastic processes.

They are encountered as suitable mathematical models for processes in the physical
world around us, e.g. in biology, as stochastic models for gene expression [8], gene
regulation [9], excitable membranes [10] or population dynamics [11], as well as in
resource allocation and service provisioning (queuing, cf. [7]). Questions of ergodicity
of PDMPs defined on locally compact state spaces have been studied in detail in
[12–15]. The case of non-locally compact state space has been studied much less so far
(see e.g. [9, 11, 16, 17]). A similar statement applies to the study of limit theorems (see
[10, 18]). For more information on the validity of limit theorems (SLLN, CLT or LIL)
for non-stationary processes one may consult [6, 16, 19–21].
A PDMP consists of deterministic motion in a state space (a Polish metric space in our

case) that is alternated at random times of intervention with a random jump in state. In
general, the distribution of the next intervention time and the jump can be both state
dependent (cf. e.g. [9]). Here, and e.g. also in [11], only the jump is distributed condition-
ally given the current state of the system. The process examined in this paper (described in
detail in Section 2) involves jumps that occur at random time points according to a
Poisson process. Any post-jump location is attained by transforming a pre-jump state
using a randomly selected function, and, further, by adding a random shift to the resulting
state. Between any two consecutive jumps, the system is driven deterministically by one of
a finite number of flows, which are switched at the jump times. If the state space is aug-
mented with an index set of the applied movements, then the chain obtained by pairing
the state just after the jump with the index of the movement that is applied thereafter
yields a Markov chain, which intuitively should contain “all information” about the
PDMP. Therefore, it is enlightening to show how properties of the PDMP can be proven
from relevant properties of the Markov chain constituted by the post-jump states.
Essentially, our method of proof splits the problem into subproblems that can be ana-

lyzed separately. One subproblem can be addressed using a version of the LIL for cer-
tain square integrable martingales, whose proof draws heavily on [22, Theorem 1] and
uses the coupling methods applied for establishing [20, Lemma 2.2] (cf. also [23]).
Another builds on the validity of the LIL for Markov chains associated to PDMPs in
the abstract model class, which has been obtained recently (cf. [6, Theorem 4.1]).
We believe that the class of dynamical systems under study is broad enough to cover

models of suitable real-life systems, e.g. biological systems, such as those describing
chemotactic movement of bacteria or ameba (related to the study of so-called velocity-
jump models, employing particular Fokker–Planck equations, see e.g. [24–26]).
Discussion and the detailed study of such application are beyond the scope of this
paper, but they shall be the subject of our further research collaboration.

1. Preliminaries

Let us first introduce a piece of notation, as well as gather the most important defini-
tions and facts, used in this paper.
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1.1. Some notation and basic definitions

For any point x and any set A, the symbols dx and 1A will denote the Dirac measure at
x and the indicator function of A, respectively.
Suppose that ðE, .EÞ is a Polish metric space, and let BE denote the r-field of all its

Borel subsets. Let BbðEÞ stand for the space of all bounded, Borel measurable functions
f : E ! R equipped with the supremum norm kf k1 ¼ supx2E jf ðxÞj: We shall also refer
to certain subspaces of BbðEÞ, namely CbðEÞ, consisting of all continuous functions an
LipbðEÞ, consisting of all Lipschitz continuous functions, as well as the set given by

LipFMðEÞ ¼ ff 2 LipbðEÞ : kf kBL � 1g,
where k � kBL is the norm given bykf kBL ¼ maxfjf jLip, kf k1g, and jf jLip stands for the

minimal Lipschitz constant of f for every f 2 LipbðEÞ: Finally, we will also consider the
space �BbðEÞ of functions f : E ! R which are Borel measurable and bounded below.
The spaces of finite and probability Borel measures on E will be denoted by MfinðEÞ

and M1ðEÞ, respectively. Further, we also define

MV
1, rðEÞ ¼ l 2 M1ðEÞ :

ð
E
VrðxÞ lðdxÞ < 1

� �
for any r> 0 and any given Lyapunov function V : E ! ½0,1Þ, that is, a function
which is continuous, bounded on bounded sets, and, in the case of unbounded E, satis-
fies lim.Eðx, �xÞ!1 VðxÞ ¼ 1 for some fixed point �x 2 E: For brevity, for any f 2 �BbðEÞ
and any signed Borel measure l on E, we will write hf , li for

Ð
Ef ðxÞ lðdxÞ: As usual,

supp l will stand for the support of l 2 MfinðEÞ:
To evaluate the distance between probability measures, we will use the so-called

Fortet–Mourier distance (see e.g. [27]), defined as follows:

dFMðl1, l2Þ ¼ sup hf , l1 � l2ij j : f 2 LipFMðEÞ
� �

for l1, l2 2 M1ðEÞ:
Let us indicate that, under the assumption that ðE, .EÞ is a Polish space, the convergence
in dFM is equivalent to the weak convergence of probability measures, and also the space
ðM1ðEÞ, dFMÞ is complete (for the proofs of both these facts see e.g. [28]).

1.2. Markov operators and the semigroups of Markov operators

A function P : E�BE ! ½0, 1� is called a (sub)stochastic kernel, if, for any fixed A 2 BE,
Pð�,AÞ : E ! ½0, 1� is a Borel measurable map, and, for any fixed x 2 E, Pðx, �Þ : BE !
½0, 1� is a (sub)probability Borel measure. For any two kernels P : E�BE ! ½0, 1� and
R : E�BE ! ½0, 1�we can define their composition PR : E�BE ! ½0, 1� given by

PRðx,AÞ ¼
ð
E
Pðy,AÞRðx, dyÞ for x 2 E and A 2 BE: (1.1)

Following this rule, for any (sub)stochastic kernel P : E�BE ! ½0, 1�, we can define its
n-th step kernels Pn : E�BE ! ½0, 1�, inductively on n 2 N, by setting Pn ¼ PPn�1,
where P0 is given by P0ðx,AÞ ¼ dxðAÞ for every x 2 E and any A 2 BE:

Moreover, for any stochastic kernel P, we can define a regular Markov operator
ð�ÞP : MfinðEÞ ! MfinðEÞ and its dual operator Pð�Þ : BbðEÞ ! BbðEÞ in the following way:
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lPðAÞ ¼
ð
E
Pðx,AÞ lðdxÞ for l 2 MfinðEÞ, A 2 BE, (1.2)

Pf ðxÞ ¼
ð
E
f ðyÞPðx, dyÞ for f 2 BbðEÞ, x 2 E: (1.3)

Obviously, hf , lPi ¼ hPf , li for any f 2 BbðEÞ and any l 2 MfinðEÞ: Moreover, note
that any operator Pð�Þ of the form (1.3) can be extended, in the usual way, to a linear
operator on �BbðEÞ, preserving the above-mentioned duality property, and hence it is
reasonable to apply Pð�Þ to any Lyapunov function. For notational simplicity, we shall
use the same symbol for the extension as for the original operator on BbðEÞ: An oper-
ator ð�ÞP, of the form (1.2), is said to be Markov–Feller if Pf 2 CbðEÞ for
every f 2 CbðEÞ:
We call l� 2 MfinðEÞ an invariant measure of ð�ÞP if l�P ¼ l�: If ð�ÞP has a unique

invariant measure l� 2 M1ðEÞ and there exists q 2 ð0, 1Þ such that

dFMðlPn, l�Þ � cðlÞqn for any l 2 MV
1, 1ðEÞ, n 2 N,

where cðlÞ is a constant depending only on l, then ð�ÞP is said to be exponentially erg-
odic in dFM.
Let us consider EN0 with the product topology. For every n 2 N0 define /n : E

N0 ! E by
the formula /nðxÞ ¼ en, where x ¼ ðe0, e1, :::Þ 2 EN0 : According to [29, Theorem 2.8], for
any l 2 M1ðEÞ and any stochastic kernel P : E�BE ! ½0, 1�, there exists P 2 M1ðEN0Þ
such that ð/nÞn2N0

is a time-homogeneous Markov chain on the probability space

ðEN0 ,BEN0 ,PÞ with transition function P and initial measure l, that is

Pnðx,AÞ ¼ Pð/kþn 2 Aj/k ¼ xÞ for every x 2 E, A 2 BE, n, k 2 N0, (1.4)

and

lðAÞ ¼ Pð/0 2 AÞ for any A 2 BE:

The chain defined as above shall be further called the canonical Markov chain. Clearly,
PðBÞ may be read as the probability of the event ð/nÞn2N0

2 B
� �

for any B 2 BEN0 :

Conversely, it is clear that the one-step transition law of any time-homogeneous
Markov chain determines a stochastic kernel and the corresponding n-step kernels,
which satisfy (1.4). As far as the dual operator Pð�Þ is concerned, we have

Pnf ðxÞ ¼ E f ð/nÞj/0 ¼ x
� �

for x 2 E, f 2 BbðEÞ, n 2 N:

A regular Markov semigroup ðPtÞt2Rþ is a family of regular Markov operators

ð�ÞPt : MfinðEÞ ! MfinðEÞ, t 2 Rþ, which form a semigroup (under composition) with
the identity transformation ð�ÞP0 as the unity element. Provided that ð�ÞPt is a Markov-
Feller operator for every t 2 Rþ, the semigroup ðPtÞt2Rþ is said to be Markov-Feller,

too. If, for some l� 2 MfinðEÞ, l�Pt ¼ l� for every t 2 Rþ, then we call l� an invari-
ant measure of ðPtÞt2Rþ :

Let ð/ðtÞÞt2Rþ be an E-valued time-homogeneous Markov process, defined on prob-

ability space ðX,F,PÞ, with continuous time parameter t 2 Rþ: Suppose that, for any
t 2 Rþ, Pt : E�BE ! ½0, 1� is defined by
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Ptðx,AÞ ¼ Pð/ðtÞ 2 Aj/ð0Þ ¼ xÞ for x 2 E, A 2 BE, t 2 Rþ: (1.5)

It is well-known that these transition probability functions form a semigroup of stochas-
tic kernels under the composition operation defined by (1.1). Thus, the family of the
corresponding Markov operators ðPtÞt2Rþ is a regular Markov semigroup. The dual

operator of Pt, t 2 Rþ, can be expressed in the form

Ptf ðxÞ ¼ E f ð/ðtÞÞj/ð0Þ ¼ x
� �

for x 2 E, f 2 BbðEÞ
Now, let ð/nÞn2N0

be a Markov chain with transition law P, and let

ð/ð1Þ
n Þn2N0

, ð/ð2Þ
n Þn2N0

be its copies with initial distributions l1 2 M1ðEÞ, l2 2 M1ðEÞ,
respectively. A time-homogeneous Markov chain ð/ð1Þ

n ,/ð2Þ
n Þn2N0

evolving on E2

(endowed with the product topology) is said to be a Markovian coupling of ð/ð1Þ
n Þn2N0

and ð/ð2Þ
n Þn2N0

whenever its transition law C : E2 �BE2 ! 0, 1½ � satisfies
Cððx, yÞ,A� EÞ ¼ Pðx,AÞ, Cððx, yÞ, E� AÞ ¼ Pðy,AÞ for any x, y 2 E, A 2 BE,

and its initial distribution a 2 M1ðE2Þ is such that

aðA� EÞ ¼ l1ðAÞ, aðE� AÞ ¼ l2ðAÞ for any A 2 BE:

In what follows we always assume that the coupling is defined canonically on the coord-

inate space ððE2ÞN0 ,BðE2ÞN0 Þ endowed with an appropriately constructed measure

C 2 M1ððE2ÞN0Þ:

1.3. The law of the iterated logarithm for Markov processes

Consider an E-valued time-homogeneous Markov chain ð/nÞn2N0
with initial distribu-

tion l 2 M1ðEÞ and an E-valued time-homogeneous Markov process ð/ðtÞÞt2Rþ with

initial distribution � 2 M1ðEÞ: For any function g 2 LipbðEÞ, let us introduce
ðsnðgÞÞn2N0

and ðsðgÞðtÞÞt2Rþ , given by

snðgÞ ¼
Pn�1

i¼0 gð/iÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n ln ð ln ðnÞÞp for n > e and snðgÞ ¼ 0 for n � e; (1.6)

sðgÞðtÞ ¼
Ð t
0 gð/ðsÞÞdsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2t ln ð ln ðtÞÞp for t > e and sðgÞðtÞ ¼ 0 for t � e: (1.7)

Suppose that l� 2 M1ðEÞ and �� 2 M1ðEÞ are the unique invariant measures for the
Markov operator and the Markov semigroup induced by the transition laws of ð/nÞn2N0

and ð/ðtÞÞt2Rþ , respectively. We say that the Markov chain ðgð/nÞÞn2N0
satisfies the LIL

if, for bg :¼ g � hg, l�i and some rðbgÞ 2 ð0,1Þ,
lim sup
n!1

snðbgÞ ¼ rðbgÞ and lim inf
n!1 snðbgÞ ¼ �rðbgÞ P-a:s:

Accordingly, we say that the Markov process ðgð/ðtÞÞÞt2Rþ satisfies the LIL if, for

�g :¼ g � hg, ��i and some �rð�gÞ 2 ð0,1Þ,
lim sup
t!1

sð�gÞðtÞ ¼ �rð�gÞ and lim inf
t!1 sð�gÞðtÞ ¼ ��rð�gÞ P-a:s:
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2. An abstract model

In the beginning, we shall discuss the structure and assumptions of the model under
consideration. Let us indicate that this model was initially introduced in [16], where we
have also elaborated on its possible applications. Further, let us summarize the already
known results that are used further in this paper.

2.1. The structure of the model and the undertaken assumptions

Consider a separable Banach space ðH, k � kÞ and a closed subset Y of H. For any x 2 H
and any r> 0, let B(x, r) denote an open ball in H centered at x and of radius r. Let us
also fix a topological measure space ðH,BH,#Þ with a finite Borel measure #. With a
slight abuse of notation, we will further write dh only, instead of #ðdhÞ: Finally, fix
m 2 N and introduce the set of indexes I :¼ f1, :::,mg equipped with the metric d given
by

dði, jÞ ¼ 1, i 6¼ j
0, i ¼ j:

�
We shall investigate a random dynamical system ðYðtÞÞt2Rþ evolving through random

jumps, occurring at random moments sn, n 2 N, which coincide with the jump times of a
Poisson process with a given intensity k. In every time interval ½sn�1, snÞ, where s0 ¼ 0, the
system is driven by one of the given continuous semiflows Si : Rþ � Y ! Y , i 2 I: The cur-
rent semiflow, say Si, is switched at a jump time to another (or the same) one Sj with probability
pijðyÞ, depending on the post-jump state y. We assume that these place-dependent probabil-
ities constitute a matrix of continuous functions pij : Y ! ½0, 1�, i, j 2 I, such thatX

j2I
pijðyÞ ¼ 1 for any y 2 Y , i 2 I:

The above description can be shortly formalized by the following formula:

YðtÞ ¼ Snn t � sn,Ynð Þ for t 2 sn, snþ1Þ,½ (2.1)

where nn is an I-valued random variable indicating which semiflow has been chosen
after the n-th jump, and Yn:¼Y(sn) is a result of some transformation of the state
Yðsn�Þ just before the jump. The transformation is attained by a function wh : Y ! Y ,
selected randomly among all possible ones fwh : h 2 Hg, and further disturbed by add-
ing some random shift Hn. Therefore, we can formally write

Yn ¼ whnðYðsn�ÞÞ þHn:

It is assumed that, given Yðsn�Þ ¼ y, the probability of choosing wh (at the jump
time sn) is determined by the density function h 7! pðy, hÞ such that p : Y �H !
0,1Þ½ is a continuous map. Moreover, it is required that the map ðy, hÞ 7! whðyÞ is con-
tinuous. Further, we also assume that, for some e > 0, all the variables Hn, n 2 N, have
a common distribution �e 2 M1ðHÞ supported on Bð0, eÞ � H, and that

whðyÞ þ h 2 Y for any h 2 suppð�eÞ, h 2 H, y 2 Y:

We therefore formally consider a stochastic process ðYðtÞÞt2Rþ of the form (2.1),

defined as an interpolation of the discrete-time process ðYnÞn2N0
determined by the

recursive formula
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Yn ¼ YðsnÞ ¼ whnðSnn�1
ðDsn,Yn�1ÞÞ þ Hn with Dsn :¼ sn � sn�1 for n 2 N, (2.2)

where ðsnÞn2N0
, ðhnÞn2N, ðnnÞn2N0

and ðHnÞn2N are certain sequences of random varia-
bles (specified below) with values in Rþ, H, I and H, respectively.
The distribution of ðY0, n0Þ is fixed arbitrarily. The sequence ðsnÞn2N0

, wherein s0 ¼ 0
a.s., is such that sn " 1 a.s., as n ! 1: The increments Dsn, n 2 N, are, in turn,
assumed to be mutually independent and identically distributed according to the expo-
nential distribution with rate k > 0: Moreover, the disturbances ðHnÞn2N are identically
distributed with �e, introduced above. Finally, the sequences ðnnÞn2N and ðhnÞn2N are
defined, inductively on n 2 N0, as follows:

Pðnnþ1 ¼ j j Ynþ1 ¼ y, nn ¼ i; WnÞ ¼ pijðyÞ for y 2 Y , i, j 2 I,

Pðhnþ1 2 D j SnnðDsnþ1,YnÞ ¼ y; WnÞ ¼
ð
D
pðy, hÞ dh for D 2 BH, y 2 Y ,

where

W0 ¼ ðY0, n0Þ, Wn ¼ ðW0, H1, :::,Hn, s1, :::, sn, h1, :::, hn, n1, :::, nnÞ for n 2 N:

We also demand that, for any n 2 N0, the variablesDsnþ1, Hnþ1, hnþ1 and nnþ1 are (mutu-
ally) conditionally independent givenWn, and thatDsnþ1 andHnþ1 are independent ofWn.
Let us now consider the space X :¼ Y � I with the metric .c, given by

.c ðy1, i1Þ, ðy2, i2Þ
� � ¼ ky1 � y2k þ c dði1, i2Þ for ðy1, i1Þ, ðy2, i2Þ 2 X, (2.3)

with a sufficiently large constant c 	 1 (defined explicitly in [16]). Now, define

Xn :¼ ðYn, nnÞ for n 2 N0:

Assuming that l 2 M1ðXÞ is the distribution of X0 ¼ ðY0, n0Þ and putting Ds0 :¼ 0, it
is not hard to check that ðXn ,DsnÞn2N0

is a time-homogeneous Markov chain with initial
distribution l
 d0 and transition law P : ðX � RþÞ �BX�Rþ ! ½0, 1� given by

P ðx, sÞ,Dð Þ ¼
ð1
0
ke�kt

ð
H
pðSiðt, yÞ, hÞ

ð
suppð�eÞ

 X
j2I

1DðwhðSiðt, yÞÞ þ h, j, tÞ

� pijðwhðSiðt, yÞÞ þ hÞ
!
�eðdhÞ dh dt

(2.4)

for any x ¼ ðy, iÞ 2 X, s 2 Rþ and D 2 BX�Rþ . In our further analysis, ðXnÞn2N0
will be

viewed as a suitable canonical Markov chain defined on the probability space ðX,F,PÞ,
wherein X :¼ ðX � RþÞN0 ,F :¼ BX and P is an appropriate probability measure on F

such that PððX0, s0Þ 2 DÞ ¼ ðl
 d0ÞðDÞ for any D 2 BX�Rþ .
Note that ðXnÞn2N0

itself is also a time-homogeneous Markov chain with transition
law P : X �BX ! 0, 1½ � satisfying

Pðx,AÞ ¼ P ðx, sÞ,A� Rþð Þ for any x 2 X, s 2 Rþ and A 2 BX: (2.5)

Moreover, we have

P ðx, sÞ,X � Bð Þ ¼
ð
B
ke�ktdt for any ðx, sÞ 2 X � Rþ and B 2 BRþ :
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Now, define the continuous-time process ðXðtÞÞt2Rþ on the same probability space

ðX,F,PÞ, by setting

XðtÞ ¼ YðtÞ, nðtÞð Þ ¼ Snn t � sn,Ynð Þ, nn
� �

for t 2 sn, snþ1Þ:½ (2.6)

Onemay check that ðXðtÞÞt2Rþ is an X-valued time-homogeneousMarkov process such that

XðsnÞ ¼ Xn for any n 2 N0:

The Markov transition semigroup associated with the process ðXðtÞÞt2Rþ shall be

denoted by ðPtÞt2Rþ :

Summarizing this part of the paper, let us indicate that, if X0 is distributed according
to some measure l 2 M1ðXÞ, then we get

P Xn,Dsnð Þ 2 Dð Þ ¼ l
 d0ð ÞPnðDÞ for any D 2 BX�Rþ , n 2 N,

P Dsn 2 Bð Þ ¼
ð
B
ke�ktdt for any B 2 BRþ , n 2 N,

(2.7)

P XðtÞ 2 Að Þ ¼ lPtðAÞ for any A 2 BX , t 2 Rþ: (2.8)

Let us further assume that there exist a point �y 2 Y and constants
L, �L, Lw, Lp, Lp,Cp,Cp 2 ð0,1Þ, r 2 ð0, 2Þ such that

L2þrLw þ ð2þ rÞ a
k
< 1, (2.9)

and, for all i, i1, i2 2 I, y1, y2 2 Y , t 2 Rþ, the following conditions hold:

sup
y2Y

ð1
0
e�kt

ð
H
kwhðSiðt,�yÞÞ � �yk2þrpðSiðt, yÞ, hÞ dh dt < 1, (A1)

kSi1ðt, y1Þ � Si2ðt, y2Þk � Leatky1 � y2k þ t�L dði1, i2Þ, (A2)ð
H
pðy1, hÞkwhðy1Þ � whðy2Þk2þr dh � Lwky1 � y2k2þr, (A3)

X
j2I

jpijðy1Þ � pijðy2Þj � Lpky1 � y2k,
ð
H
jpðy1, hÞ � pðy2, hÞj dh � Lpky1 � y2k, (A4)

X
j2I

minfpi1, jðy1Þ, pi2, jðy2Þg 	 Cp,
ð
Hðy1, y2Þ

minfpðy1, hÞ, pðy2, hÞg dh 	 Cp, (A5)

where Hðy1, y2Þ :¼ fh 2 H : kwhðy1Þ � whðy2Þk � Lwky1 � y2kg: Hypotheses (A1)–(A5)
and their reasonableness are discussed in detail e.g. in [6, 16, 30].

2.2. Certain properties of the model under consideration

Suppose that hypotheses (A1)–(A5) hold with constants satisfying (2.9). Then
[16, Theorem 4.1] implies that the Markov operator P, determined by (2.5), is exponentially
ergodic in dFM induced by the metric .c, given by (2.3). In fact, the exponential ergodicity
itself can be obtained even under slightly weaker assumptions than (A1)–(A5) (cf. [16]). To
be more precise (A1), (A3) and (2.9) may be considered in their weaker versions, wherein r
¼� 1. However, to establish the LIL, we need them as given in [6] and also in this paper.
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Let l� stand for the unique invariant probability measure of P, and suppose that the
chain ðXnÞn2N0

, governed by P, is initially distributed according to l 2 MV
1, 2þrðXÞ,

where r 2 ð0, 2Þ is the constant appearing in (2.9), and V : X ! ½0,1Þ is the Lyapunov
function given by

Vðy, iÞ ¼ ky � �yk for every ðy, iÞ 2 X, (2.10)

where �y is determined by (A1). Referring to [6, Theorem 4.1], we know that, for any
g 2 LipbðXÞ, the chain ðgðXnÞÞn2N0

satisfies the invariance principle for the LIL, and
hence also the LIL itself (cf. [6, Section 3.2]), whenever g is not constant l�-almost
everywhere (a.e.), or, equivalently, it is non-constant on a set of positive measure l�.
In [16, Corollary 4.5] we have proven that there is a one-to-one correspondence

between invariant measures of the operator P and those of the semigroup ðPtÞt2Rþ : This

obviously implies that ðPtÞt2Rþ has a unique invariant distribution if and only if P admits

the one, which holds, in particular, whenever conditions (A1)–(A5) and (2.9) are satisfied.
The above-mentioned correspondence can be described explicitly, using the Markov oper-
ators associated with the stochastic kernels G,W : X �BX ! 0, 1½ � defined as follows:

Gððy, iÞ,AÞ ¼
ð1
0
ke�kt1AðSiðt, yÞ, iÞ dt, (2.11)

Wððy, iÞ,AÞ ¼
ð
H
pðy, hÞ

ð
suppð�eÞ

X
j2I

1AðwhðyÞ þ h, jÞ pij whðyÞ þ h
� �

�eðdhÞ dh (2.12)

for any ðy, iÞ 2 X, A 2 BX: More precisely [16, Theorem 4.4] says that if l� 2 M1ðXÞ
is an invariant measure of the Markov operator P, then �� :¼ l�G is an invariant meas-
ure of the Markov semigroup ðPtÞt2Rþ . Conversely, if �� 2 M1ðXÞ is an invariant meas-

ure of ðPtÞt2Rþ , then l� :¼ ��W is an invariant measure of P.

Finally, let us denote the renewal counting process with arrival times sn, n 2 N0, by
ðNtÞt2Rþ , i.e.

Nt :¼ maxfn 2 N0 : sn � tg for t 2 Rþ: (2.13)

3. The main result

Consider the Markov chain ðXnÞn2N0
with transition law P, given by (2.5), as well as the

piecewise deterministic Markov process ðXðtÞÞt2Rþ , defined by (2.6), whose transition

semigroup has been denoted by ðPtÞt2Rþ . Further, recall that under hypotheses

(A1)–(A5) and (2.9) both the semigroup ðPtÞt2Rþ and the operator P possess unique

invariant distributions, denoted by �� 2 M1ðXÞ and l� 2 M1ðXÞ, respectively.
Moreover, we know that �� ¼ l�G, where G is defined in (2.11).
Let g 2 LipbðXÞ be an arbitrary function, and define �g ¼ g � hg, ��i: Following (1.6)

and (1.7), we can introduce

snðG�gÞ ¼
Pn�1

i¼0 G�gðXiÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n ln ð ln ðnÞÞp for n > e, snðG�gÞ ¼ 0 for n � e, (3.1)
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sð�gÞðtÞ ¼
Ð t
0 �gðXðsÞÞdsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2t ln ð ln ðtÞÞp for t > e, and sð�gÞðtÞ ¼ 0 for t � e: (3.2)

We are now ready to state our main result, whose proof is presented in the remain-
der of the paper.

Theorem 3.1. Suppose that conditions (A1)–(A5) hold with constants satisfying (2.9),
and let l� be the unique invariant probability measure of P. Then, for any function
g 2 LipbðXÞ that is not constant l�-a.e. and any initial distribution l 2 MV

1, 2þrðXÞ with
V given by (2.10), the process ðgðXðtÞÞÞt2Rþ satisfies the LIL.

3.1. The proof of the main result

Let l� stand for the unique invariant probability measure for P, and let g 2 LipbðXÞ be
an arbitrary function that is not constant l�-a.e. According to the definition introduced
in Section 1.3, we need to prove that

lim sup
t!1

sð�gÞðtÞ ¼ �rð�gÞ and lim inf
t!1 sð�gÞðtÞ ¼ ��rð�gÞ P-a:s:

for some �rð�gÞ 2 ð0,1Þ:
Recall that, for any t 2 Rþ, Nt is given by (2.13). Further, note that whenever t 	 s3,

which in other words means that Nt > e, we have

sð�gÞðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Nt ln ð ln ðNtÞÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2t ln ð ln ðtÞÞp 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Nt ln ð ln ðNtÞÞ
p XNt�1

i¼0

ðsiþ1

si

�g XðsÞð Þdsþ Rtð�gÞ
 !

,

where

Rtð�gÞ :¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Nt ln ð ln ðNtÞÞ

p ðt
sNt

�g XðsÞð Þds:

We can further write

sð�gÞðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nt ln ð ln ðNtÞÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t ln ð ln ðtÞÞp  

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Nt ln ð ln ðNtÞÞ

p XNt�1

i¼0

ðsiþ1

si

�g XðsÞð Þds� 1
k
G�gðXiÞ

 !

þ Rtð�gÞ þ 1
k
sNtðG�gÞ

!
,

(3.3)

where sNtðG�gÞ is defined as in (3.1). Referring to the elementary renewal theorem,
which says that

lim
t!1

Nt

t
¼ k P-a:s:, (3.4)

one can easily conclude that

lim
t!1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nt ln ð ln ðNtÞÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t ln ð ln ðtÞÞp ¼

ffiffiffi
k

p
P-a:s: (3.5)
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For any t 2 Rþ, let Ij(t), j2f1,2,3g, be random variables defined by

I1ðtÞ :¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Nt ln ð ln ðNtÞÞ

p XNt�1

i¼0

ðsiþ1

si

�g XðsÞð Þds� 1
k
G�gðXiÞ

 !
,

I2ðtÞ :¼ Rtð�gÞ, I3ðtÞ :¼ 1
k
sNtðG�gÞ,

whenever s3� t. The asymptotic behavior of each of these components shall be analyzed
separately.
First of all, we have

jRtð�gÞj � k�gk1
DsNtþ1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Nt ln ð ln ðNtÞÞ
p for t 	 s3: (3.6)

Observe that the right-hand side of the above inequality tends to zero, as t ! 1:

Indeed, note thatX1
n¼3

P
Dsnþ1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2n ln ð ln ðnÞÞp 	 e

 !
¼
X1
n¼3

e�ke
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n ln ð ln ðnÞÞ

p
< 1 for any E > 0:

Hence, due to the Borel–Cantelli lemma,

lim
n!1

Dsnþ1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n ln ð ln ðnÞÞp ¼ 0 P-a:s:,

whence also

lim
t!1

DsNtþ1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Nt ln ð ln ðNtÞÞ

p ¼ 0 P-a:s:,

which follows from (3.4). Finally, referring to (3.6), we see that

lim
t!1 I2ðtÞ ¼ 0 P-a:s: (3.7)

While investigating I3, we shall refer to [6, Theorem 4.2]. Note that the Markov chain
ðXnÞn2N0

, for which the sequence ðsnðG�gÞÞn2N0
is defined, satisfies all the assumptions

required in [6, Theorem 4.2]. Therefore, the only conditions that need to be proven are
G�g 2 LipbðXÞ and hG�g , l�i ¼ 0, where the latter follows immediately from the defin-
ition of �g and the fact that hG�g , l�i ¼ h�g , ��i (cf. [16, Theorem 4.4]). Since the bound-
edness of G�g is also obvious, it now remains to show its Lipschitz continuity. Note that,
according to (A2), for any ðy1, i1Þ, ðy2, i2Þ 2 X, we have

jG�gðy1, i1Þ � G�gðy2, i2Þj �
ð1
0
ke�kt g Si1ðt, y1Þ, i1

� �� g Si2ðt, y2Þ, i2
� �		 		dt

� jgjLip
ð1
0
ke�kt kSi1ðt, y1Þ � Si2ðt, y2Þk þ cdði1, i2Þ

� �
dt

� jgjLip kLky1 � y2k
ð1
0
e�ðk�aÞtdt þ dði1, i2Þ�L

ð1
0
ke�ktt dt þ cdði1, i2Þ


 �
¼ jgjLip

kL
k� a

ky1 � y2k þ dði1, i2Þ
�L
k
þ c


 �
 �
� jgjLip

kL
k� a

þ
�L
k
þ c


 �
.cððy1, i1Þ, ðy2, i2ÞÞ,
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which guarantees that G�g 2 LipbðXÞ: Therefore, it follows from [6, Theorem 4.2] that

lim sup
n!1

snðG�gÞ ¼ rðG�gÞ and lim inf
n!1 snðG�gÞ ¼ �rðG�gÞ P-a:s:, (3.8)

where, for any function h 2 LipbðXÞ,

r2ðhÞ ¼ El�

X1
i¼0

PihðX1Þ �
X1
i¼0

PihðX0Þ þ hðX0Þ
 !2

0@ 1A,

and El� is the expected value corresponding to the probability measure Pl� defined by
Pμ� ðFÞ :¼ ∫XPðFjX0 ¼ xÞμ�ðdxÞ for F 2 F. Hence, due to (3.8) and (3.4), we obtain

lim sup
t!1

I3ðtÞ ¼ 1
k
, lim sup

t!1
sNtðG�gÞ ¼

1
k
rðG�gÞ (3.9)

and

lim inf
t!1 I3ðtÞ ¼ � 1

k
rðG�gÞ

Note that rðG�gÞ < 1, which is explained in details in [6].
Finally, to analyze the asymptotic behavior of I1, we need to appeal to [22, Theorem 1],

whose assertion guarantees the LIL for certain square integrable martingales. Let us first
introduce the sequence ðMnð�gÞÞn2N0

given by

M0ð�gÞ ¼ 0 and Mnð�gÞ ¼
Xn�1

k¼0

ðskþ1

sk

�g XðsÞð Þ ds� 1
k
G�gðXkÞ

 !
for n 2 N: (3.10)

Note that ðMnð�gÞÞn2N0
is a martingale with respect to the natural filtration ðFnÞn2N0

of
ðXn,DsnÞn2N0

: Indeed, we have

Znþ1ð�gÞ :¼ Mnþ1ð�gÞ �Mnð�gÞ ¼
ðsnþ1

sn

�g XðsÞð Þds� 1
k
G�g Xnð Þ

¼
ðsnþ1

sn

�g Snnðs� sn,YnÞ, nn
� �

ds� 1
k
G�g Yn, nnð Þ

¼
ðDsnþ1

0
�g Snnðs,YnÞ, nn
� �

ds� 1
k
G�g Yn, nnð Þ,

(3.11)

whence, appealing to (2.7), for any ðy, iÞ 2 X and u 2 Rþ, we get

E Znþ1ð�gÞjYn ¼ y, nn ¼ i,Dsn ¼ u
� � ¼ ð

R

ðt
0
�g Siðs, yÞ, i
� �

ds P Dsnþ1 2 dtð Þ

� 1
k
G�g y, ið Þ

¼
ð1
0
ke�kt

ðt
0
�g Siðs, yÞ, i
� �

ds dt � 1
k
G�g y, ið Þ

¼
ð1
0

ð1
s
ke�ktdt �g Siðs, yÞ, i

� �
ds� 1

k
G�g y, ið Þ

¼
ð1
0
e�ks�g Siðs, yÞ, i

� �
ds� 1

k
G�g y, ið Þ ¼ 0,
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which, by the Markov property of the chain ðXn ,DsnÞn2N0
, implies that ðMnð�gÞÞn2N0

is a
martingale. Further, applying the Jensen inequality, we obtain

E Z2
nþ1ð�gÞ

� 

� 2E

ðDsnþ1

0
�g Snnðs,YnÞ, nn
� �

ds

 !2
0@ 1Aþ 2E

1
k
G�gðYn , nnÞ


 �2
 !

� 2k�gk21E Dsnþ1ð Þ2
� �

þ 3

k2
k�gk21 ¼ 8

k2
k�gk21,

which means that the martingale increments Znð�gÞ ¼ Mnð�gÞ �Mn�1ð�gÞ, n 2 N, are
uniformly bounded in the L2ðPÞ-norm, and thus the martingale itself is square-inte-
grable, as required in [22, Theorem 1].
Now, define

h2nð�gÞ :¼ E M2
nð�gÞ

� �
for n 2 N0:

We need to show that h2nð�gÞ ! 1, as n!1, and establish the following conditions:

lim
n!1

1
h2nð�gÞ

Xn
l¼1

Z2
l ð�gÞ ¼ 1 P-a:s:, (3.12)

X1
n¼�n

h�4
n ð�gÞE Z4

nð�gÞ1 jZnð�g Þj<thnð�g Þf g
� 


< 1 for every t > 0, (3.13)

X1
n¼�n

h�1
n ð�gÞE jZnð�gÞj1 jZnð�g Þj	#hnð�g Þf g

� 

< 1 for every # > 0, (3.14)

where �n is so large that hnð�gÞ > 0 for any n 	 �n. Then [22, Theorem 1] will imply the
LIL for the martingale ðMnð�gÞÞn2N0

: To be more precise, according to [22, Theorem 1],
the sequence ðMnð�gÞÞn2N0

satisfies the Strassen invariance principle for the LIL with the
normalizing factors

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2h2nð�gÞ ln ð ln ðh2nð�gÞÞÞ

p , n 	 �n:

In particular, it also satisfies the LIL itself, which, in this case, means that

lim sup
n!1

Mnð�gÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2h2nð�gÞ ln ð ln ðh2nð�gÞÞÞ

p ¼ 1, lim inf
n!1

Mnð�gÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2h2nð�gÞ ln ð ln ðh2nð�gÞÞÞ

p ¼ �1 P-a:s:,

and so, according to (3.4), we further obtain

lim sup
t!1

MNtð�gÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2h2Nt

ð�gÞ ln ð ln ðh2Nt
ð�gÞÞÞ

q ¼ 1 P-a:s:,

lim inf
t!1

MNtð�gÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2h2Nt

ð�gÞ ln ð ln ðh2Nt
ð�gÞÞÞ

q ¼ �1 P-a:s:

Let the part of the proof in which we verify the limit h2nð�gÞ ! 1 and conditions
(3.12)–(3.14) be postponed into the subsequent section, namely Section 3.2 In this sec-
tion, we will also prove that
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lim
t!1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2Nt

ð�gÞ ln ln ðh2Nt
ð�gÞÞ� �q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nt ln ð ln ðNtÞÞ

p ¼ erð�gÞ P-a:s:, (3.15)

where er2ð�gÞ :¼ El� Z2
1ð�gÞ

� � ¼ El� M2
1ð�gÞ

� � 2 ð0,1Þ: (3.16)

Then, provided that (3.12)–(3.14) and (3.15) are established, we obtain

lim sup
t!1

I1ðtÞ ¼ erð�gÞ and lim inf
t!1 I1ðtÞ ¼ �erð�gÞ P-a:s: (3.17)

Finally, combining (3.3) with (3.5), (3.7), (3.9) and (3.17), we can conclude

lim sup
t!1

sð�gÞðtÞ ¼ �rð�gÞ and lim inf
t!1 sð�gÞðtÞ ¼ ��rð�gÞ P-a:s:, (3.18)

where

�rð�gÞ :¼
ffiffiffi
k

p 1
k
rðG�gÞ þ erð�gÞ
 �

2 ð0,1Þ:

The proof of Theorem 3.1 is therefore completed (provided that the limit hnð�gÞ ! 1
and conditions (3.12)–(3.15) are established, which shall be done in the upcom-
ing section).

3.2. The proof of the LIL for an appropriate martingale

Let us consider

Z :¼ fððx1, tÞ, ðx2, sÞÞ 2 X � Rþð Þ2 : t ¼ sg,
and, for any D 2 BX2 , define

ðDÞZ :¼ x1, tð Þ, x2, tð Þð Þ 2 Z : x1, x2ð Þ 2 D
� �

:

Further, introduce eQ : Z�BZ ! ½0, 1� given by

eQ x1, sð Þ, x2, sð Þð Þ,Z� � ¼ ð1
0
ke�kt

ð
H
p x1, x2, t, hð Þ

�
ð
suppð�eÞ

X
j2I

1Z wj x1, x2, t, h, hð Þ� �
pj x1, x2, t, h, hð Þ


 �
�eðdhÞ dh dt

(3.19)

for ððx1, sÞ, ðx2, sÞÞ 2 Z and Z 2 BZ, where x1 ¼ ðy1, iiÞ 2 X, x2 ¼ ðy2, i2Þ 2 X and

wj x1, x2, t, h, hð Þ :¼ wh Si1ðt, y1Þ þ h
� �

, j, t
� �

, wh Si2ðt, y2Þ þ h
� �

, j, t
� �� �

,

pj x1, x2, t, h, hð Þ :¼ pi1, j wh Si1ðt, y1Þ
� �þ h

� �
� pi2, j wh Si2ðt, y2Þ

� �þ h
� �

,

p x1, x2, t, hð Þ :¼ pðSi1ðt, y1Þ, hÞ� pðSi2ðt, y2Þ, hÞ:
Note that eQ is a substochastic kernel, and, for any x1, x2 2 X, t 2 Rþ, B 2 BX , satis-
fies the following properties:eQ x1, tð Þ, x2, tð Þð Þ, B� Xð ÞZ

� � � P x1, tð Þ,B� Rþð Þ,eQ x1, tð Þ, x2, tð Þð Þ, X � Bð ÞZ
� � � P x2, tð Þ,B� Rþð Þ:
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For any given distribution m 2 M1ðX2Þ, on the coordinate space ðeX, eF Þ associated

with Z, we can now construct a probability measure eC so that

eC eX ð1Þ
0 , eX ð2Þ

0

� 

2 D, fDs0 ¼ 0

� 

¼ mðDÞ for any D 2 BX2 ,

and the canonical coupling ððeX ð1Þ
n ,fDsnÞ, ðeX ð2Þ

n ,fDsnÞÞn2N0
of two copies of Markov chain

with transition law P, defined on the space ðeX,fF,CÞ, is governed by the transition
probability kernel of the form eC ¼ eQ þ eR,
where eQ is defined by (3.19), and eR stands for a complementary substochastic kernel
on Z� BZ: The latter can be specified by defining the corresponding family of meas-
ures on rectangles fðA� BÞZ : A,B 2 BXg as follows:

eR x1, tð Þ, x2, tð Þð Þ, A� Bð ÞZ
� � ¼ 1

1� eQ x1, tð Þ, x2, tð Þð Þ,Zð Þ
� P x1, tð Þ,A� Rþð Þ � eQ x1, tð Þ, x2, tð Þð Þ, A� Xð ÞZ

� �� 

� P x2, tð Þ,B� Rþð Þ � eQ x1, tð Þ, x2, tð Þð Þ, X � Bð ÞZ

� �� 

,

when eQðððx1, tÞ, ðx2, tÞÞ,ZÞ < 1, and eRðððx1, tÞ, ðx2, tÞÞ, ðA� BÞZÞ ¼ 0 otherwise.
Now, define Q : X2 �BX2 ! ½0, 1� and C : X2 �BX2 ! ½0, 1� as the kernels which,

for any ðx1, x2Þ 2 X2, t 2 Rþ and D 2 BX2 , satisfy

Q x1, x2ð Þ,D� � ¼ eQ x1, 0ð Þ, x2, 0ð Þð Þ, ðDÞZ
� � ¼ eQ x1, tð Þ, x2, tð Þð Þ, ðDÞZ

� �
,

C x1, x2ð Þ,D� � ¼ eC x1, 0ð Þ, x2, 0ð Þð Þ, ðDÞZ
� � ¼ eC x1, tð Þ, x2, tð Þð Þ, ðDÞZ

� �
:

(3.20)

Later on in this paper, we will write eEx1, x2 for the expected value corresponding to
the measure

eCx1, x2 :¼ eC �
			eX ð1Þ

0 ¼ x1, eX ð2Þ
0 ¼ x2


 �
, x1, x2 2 X:

Let us indicate that the model under consideration enjoys all the hypotheses assumed
in [31, Theorem 2.1] (see the proof of [16, Theorem 4.1], where these conditions are
verified), which, in particular, means that

(B0) The Markov operator P is Feller.
(B1) There exist constants a 2 ð0, 1Þ and b 2 ð0,1Þ such that

PVðxÞ � aVðxÞ þ b for every x 2 X,

where V is given by (2.10).
Moreover, letting

F ¼ y1, i1ð Þ, y2, i2ð Þð Þ 2 X2 : i1 ¼ i2 or V y1, i1ð Þð Þ þ V y2, i2ð Þð Þ < 4b
1� a

� �
,

the following statements hold:
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(B2) We have supp Qðx1, x2, �Þ � F and, for some b 2 ð0, 1Þ,ð
X2
.cðu, vÞ Qðx1, x2, du� dvÞ � b.cðx1, x2Þ for any ðx1, x2Þ 2 F:

(B3) Letting UðrÞ :¼ fðu, vÞ 2 F : .cðu, vÞ � rg for any r> 0, we have

inf
ðx1, x2Þ2F

Qðx1, x2,U b.cðx1, x2Þ
� �Þ > 0:

(B4) There exists l> 0 such that

Q x1, x2,X
2

� �
	 1� l.cðx1, x2Þ for every ðx1, x2Þ 2 F:

(B5) There exist c 2 ð0, 1Þ and bc > 0 such thateEx1, x2ðc�qÞ � bc, whenever Vðx1Þ þ Vðx2Þ < 4bð1� aÞ�1,

where V is given by (2.10) and

q ¼ inf n 2 N0 : eX ð1Þ
n , eX ð2Þ

n

� 

2 F and V eX ð1Þ

n

� 

þ V eX ð2Þ

n

� 

<

4b
1� a

� �
: (3.21)

For the martingale ðZnð�gÞÞn2N, given by (3.11), let us consider the sequences of their

copies ðeZðiÞ
n ð�gÞÞn2N, i 2 f1, 2g, defined on ðeX,fF, eCÞ as follows:

eZðiÞ
n ð�gÞ ¼ Znð�gÞ eX ðiÞ

0 ,fDs0� 

, eX ðiÞ

1 ,fDs1� 

, :::


 �
for n 2 N0 and i 2 f1, 2g: (3.22)

According to [6, Lemmas 3.4 and 3.5], we can now state the following result.

Lemma 3.2. Let g 2 LipbðXÞ be a function that is not constant l�-a.e, and suppose that
(3.16) holds. Further, assume thatX1

n¼1

eEx1, x2
eZð1Þ
n ð�gÞ � eZð2Þ

n ð�gÞj < 1 for all x1, x2 2 X,
			 (3.23)

and that there exists r 2 ð0, 2Þ such that

sup
n2N

EjZnð�gÞj2þr < 1: (3.24)

Then

lim
n!1

h2nð�gÞ
n

¼ erð�gÞ > 0, (3.25)

which in turn yields that

lim
n!1 h2nð�gÞ ¼ 1, lim

n!1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2nð�gÞ ln ln h2nð�gÞ

� �� �q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n ln ð ln ðnÞÞp ¼ erð�gÞ,

and consequently (3.15) holds. Moreover, conditions (3.24) and (3.25) imply that hypothe-
ses (3.12)–(3.14) hold. Hence, due to [22, Theorem 1], the martingale ðMnð�gÞÞn2N0

, given

by (3.10), satisfies the LIL.
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In view of the above lemma, to finalize the proof of Theorem 3.1, it remains to estab-
lish hypotheses (3.16), (3.23) and (3.24).
Let us introduce the function Fð�gÞ : X � Rþ ! R given by

Fð�gÞðx, tÞ ¼
ðt
0
�g Siðs, yÞ, i
� �

ds for any x ¼ ðy, iÞ 2 X, t 2 Rþ: (3.26)

We will first show that condition (3.16) holds. Having in mind the definition of G,
for every x ¼ ðy, iÞ 2 X, we can write

1
k
G�gðxÞ ¼

ð1
0
e−ks�gðSiðt, yÞ, iÞ ds ¼

ð1
0

ð1
s
ke−kt�gðSiðs, yÞ, iÞ dt ds

¼
ð1
0
ke−kt

ðt
0
�gðSiðs, yÞ, iÞ ds dt ¼

ð1
0
ke−ktFð�gÞðx, tÞ dt:

It now follows that, for any x 2 X,

Ex Z2
1ð�gÞ

� �
:¼ E½Z2

1ð�gÞ j X0 ¼ x� ¼ E Fð�gÞðx,Ds1Þ � 1
kG�gðxÞ

� �2h i
¼
ð1
0
ke�ktF2ð�gÞðx, tÞ dt � 2

k
G�gðxÞ

ð1
0
ke�ktFð�gÞðx, tÞ dt þ 1

k2
ðG�gÞ2ðxÞ

¼
ð1
0
ke�ktF2ð�gÞðx, tÞ dt � 2

� ð1
0
ke�ktFð�gÞðx, tÞ dt


2
þ
� ð1

0
ke�ktFð�gÞðx, tÞ dt


2
¼
ð1
0
ke�ktF2ð�gÞðx, tÞ dt �

� ð1
0
ke�ktFð�gÞðx, tÞ dt


2
:

Obviously, the right-hand side of the latter equality is 0 if and only if
Rþ�t 7! Fð�gÞðx, tÞ is constant almost everywhere. But note that, if x ¼ ðy, iÞ 2 X and
�gðxÞ ¼ �gðy, iÞ 6¼ 0, then, due to continuity of t 7! Siðt, yÞ and the identity Sið0, yÞ ¼ y,
we have �gðSiðs, yÞ, iÞ 6¼ 0 for any s 2 ½0,�sÞ and some �s > 0. This gives

d
dt

Fð�gÞðx, tÞ ¼ �gðSiðt, yÞ, iÞ 6¼ 0 for any t 2 ð0,�sÞ,

and therefore yields that t 7! Fð�gÞðx, tÞ is injective on ð0,�sÞ. Hence, we have shown that

Ex½Z2
1ð�gÞ� > 0 whenever �gðxÞ 6¼ 0:

From the assumption that g is non-constant l�-a.e. it follows that �gðxÞ ¼ gðxÞ � hg, ��i 6
¼ 0 on some subset of X with positive measure l�. This finally shows thater2ð�gÞ ¼ El� ½Z2

1ð�gÞ� ¼
ð
X
Ex½Z2

1ð�gÞ�l�ðdxÞ > 0:

Let us now proceed with the proof of condition (3.23). According to (3.11) and
(3.22), we have

eEx1, x2
eZð1Þ
nþ1ð�gÞ � eZð2Þ

nþ1ð�gÞ
			 			 � eEx1, x2 Fð�gÞ eX ð1Þ

n ,fDsnþ1

� 

� Fð�gÞ eX ð2Þ

n ,fDsnþ1

� 
				 				
þ 1
k
eEx1, x2 G�g eX ð1Þ

n

� 

� G�g eX ð2Þ

n

� 
				 				, x1, x2 2 X:

(3.27)

Let us estimate each component on the right-hand side of (3.27) separately. First of all,
according to (3.20) and (2.7), for x1, x2 2 X, we have
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eEx1, x2 Fð�gÞ eX ð1Þ
n ,fDsnþ1

� 

� Fð�gÞ eX ð2Þ

n ,fDsnþ1

� 
				 				
¼
ð
X2

ð1
0
ke�ktjFð�gÞðu, i, tÞ � Fð�gÞðv, j, tÞj dt


 �
Cn x1, x2ð Þ, du� dið Þ � dv� djð Þ
� 


:

Further, according to (3.26), we getð1
0
ke�ktjFð�gÞðu, i, tÞ � Fð�gÞðv, j, tÞj dt

�
ð1
0
ke�kt

ðt
0
�g Siðs, uÞ, ið Þ � �g Sjðs, vÞ, j

� �		 		 ds dt
¼
ð1
0

ð1
s
ke�kt �g Siðs, uÞ, ið Þ � �g Sjðs, vÞ, j

� �		 		 dt ds
¼
ð1
0

ð1
s
ke�ktdt


 �
�g Siðs, uÞ, ið Þ � �g Sjðs, vÞ, j

� �		 		 ds
¼
ð1
0
e�ks �g Siðs, uÞ, ið Þ � �g Sjðs, vÞ, j

� �		 		 ds,
and therefore, for any x1, x2 2 X, we obtain

eEx1, x2 Fð�gÞ eX ð1Þ
n ,fDsnþ1

� 

� Fð�gÞ eX ð2Þ

n ,fDsnþ1

� 
				 				
�
ð
X2

ð1
0
e�ks �g Siðs, uÞ, ið Þ � �g Sjðs, vÞ, j

� �		 		 ds
�Cn x1, x2ð Þ, du� dið Þ � dv� djð Þ

� 

:

(3.28)

The second component on the right-hand side of (3.27) can be estimated similarly, i.e.

1
k
eEx1, x2 G�g eX ð1Þ

n

� 

� G�g eX ð2Þ

n

� 
				 				
�
ð
X2

ð1
0
e�ks �g Siðs, uÞ, ið Þ � �g Sjðs, vÞ, j

� �		 		 ds
� Cn x1, x2ð Þ, du� dið Þ � dv� djð Þ

� 

for all x1, x2 2 X:

(3.29)

Combining (3.28) and (3.29), gives

eEx1, x2
eZ ð1Þ
n ð�gÞ � eZð2Þ

n ð�gÞ
			 			

� 2
ð
X2

ð1
0
e�ks �g Siðs, uÞ, ið Þ � �g Sjðs, vÞ, j

� �		 		 ds
� Cn x1, x2ð Þ, du� dið Þ � dv� djð Þ

� 

for all x1, x2 2 X:

(3.30)

Consider bZ :¼ bZQ [ bZR, where bZQ :¼ Z� f1g and bZR :¼ Z� f0g: Then, there
exists some probability space ðbX,cF, bCÞ, on which we can construct a time-homoge-

neous canonical Markov chain ððbX ð1Þ
n ,cDsnÞ, ðbX ð2Þ

n ,cDsnÞ, fnÞn2N0
with cDs0 ¼ 0 and f0 ¼ 0,

374 D. CZAPLA ET AL.



evolving on bZ, and such that its transition law bC is given by

bCð x1, tð Þ, x2, tð Þ, fð Þ,ZÞ ¼ eQ x1, tð Þ, x2, tð Þð Þ, �ð Þ 
 d1
� 


ðZÞ

þ eR x1, tð Þ, x2, tð Þð Þ, �ð Þ 
 d0
� 


ðZÞ

for ððx1, tÞ, ðx2, tÞ, fÞ 2 bZ and Z 2 BbZ (cf. e.g. [16, 20, 31]). By convention, we will fur-

ther write bCx1, x2ð�Þ for bCð�jbX ð1Þ
0 ¼ x1, bX ð2Þ

0 ¼ x2Þ, and we will denote the corresponding

expected value by bEx1, x2 , x1, x2 2 X:
Let q be given by (3.21), and, for N 2 N, define

qN :¼ inf n 	 N : bX ð1Þ
n , bX ð2Þ

n

� 

2 F and V bX ð1Þ

n

� 

þ V bX ð2Þ

n

� 

<

4b
1� a

� �
:

Moreover, introduce

s :¼ inf n 2 N : bX ð1Þ
k ,cDsk� 


, bX ð2Þ
k ,cDsk� 


, fk

� 

2 bZQ for all k 	 n

n o
,

and

HN, n ¼ \n
j¼N

fj ¼ 1
� �

for n,N 2 N such that n > N:

Note that, for any x1, x2 2 X,

bCx1, x2
bXnHN, n

� 

¼ bCx1, x2 [n

j¼N
ffj ¼ 0g

 !
� bCx1, x2ðs > NÞ, n > N, n,N 2 N: (3.31)

Now, fix n, N, M such that n>M > N and introducebCn,M,N

x1, x2 ð�Þ :¼ bCx1, x2 � \ qN � Mf g \HN, nð Þ for any x1, x2 2 X:

Following the reasoning presented e.g. in [20], and applying the estimate (3.31), we
obtain

bCx1, x2ð�Þ � bCn,M,N

x1, x2 ð�Þ þ bCx1, x2 � \ qN > Mf gð Þ þ bCx1, x2 � \ bXnHN, n

� 

, x1, x2 2 X,

and therefore, using (3.30) and referring to the fact that �g 2 LipbðXÞ, we get

eEx1, x2
eZð1Þ
n ð�gÞ � eZð2Þ

n ð�gÞ
			 			 � 2j�g jLip

ð
X2

ð1
0
e�ks.c Siðs, uÞ, ið Þ, Sjðs, vÞ, j

� �� �
ds


 �
� bCn,M,N

x1, x2
bX ð1Þ
n 2 du� di, bX ð2Þ

n 2 dv� dj
� 


þ 4k�gk1
k

bCx1, x2 qN > Mð Þ þ bCx1, x2 s > Nð Þ
� 


,

(3.32)

where .c is given by (2.3). Further, condition (A2) implies the following:
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ð1
0
e�ks.c Siðs, uÞ, ið Þ, Sjðs, vÞ, j

� �� �
ds

¼
ð1
0
e�ks kSiðs, uÞ � Sjðs, vÞk þ cdði, jÞ� �

ds

�
ð1
0
e�ks Leasku� vk þ s�Ldði, jÞ þ cdði, jÞ� �

ds

¼ Lku� vk
ð1
0
e�ðk�aÞsdsþ dði, jÞ

ð1
0

�Lse�ks þ ce�ksð Þds

¼ L
k� a

ku� vk þ
�L

k2
þ c
k


 �
dði, jÞ

� L
k� a

þ
�L

k2
þ 1
k


 �
.c ðu, iÞ, ðv, jÞ� �

:

(3.33)

Note that the last inequality holds, since c	1. According to (3.32) and (3.33), we obtain,
for any x1, x2 2 X,

eEx1, x2
eZð1Þ
n ð�gÞ � eZð2Þ

n ð�gÞ
			 			 � 2j�g jLip

L
k� a

þ
�L

k2
þ 1
k


 �ð
X2
.c ðu, iÞ, ðv, jÞ� �

� bCn,M,N

x1, x2
bX ð1Þ
n 2 du� di, bX ð2Þ

n 2 dv� dj
� 


þ 4k�gk1
k

bCx1, x2 qN > Mð Þ þ bCx1, x2 s > Nð Þ
� 


:

(3.34)

Due to [20, Lemma 2.2], there exist constants c1, c2, c3 > 0, q1, q2, q3 2 ð0, 1Þ and p 	 1
such that, for any x1, x2 2 X and n,N,M 2 N satisfying n>N>M, the following
inequalities hold:ð

X2
.cððu, iÞ, ðv, jÞÞ bCn,M,N

x1, x2
bX ð1Þ
n 2 du� di, bX ð2Þ

n 2 dv� dj
� 


� c1q
n�M
1 ,

bCx1, x2 qN > Mð Þ � c2q
M�pN
2 1þ Vðx1Þ þ Vðx2Þð Þ,bCx1, x2 s > Nð Þ � c3q

N
3 1þ Vðx1Þ þ Vðx2Þð Þ,

which, together with (3.34), imply that

eEx1, x2
eZð1Þ
n ð�gÞ � eZð2Þ

n ð�gÞ
			 			 � 2j�g jLip

L
k� a

þ
�L

k2
þ 1
k


 �
c1q

n�M
1

þ 4k�gk1
k

c2q
M�pN
2 þ c3q

N
3

� 

1þ Vðx1Þ þ Vðx2Þð Þ

� Ck�gk1 qn�M
1 þ qM�pN

2 þ qN3

� 

1þ Vðx1Þ þ Vðx2Þð Þ

with

C :¼ 2c1
L

k� a
þ

�L

k2
þ 1
k


 �
þ 4
k
ðc2 þ c3Þ:

Now, define n0 ¼ d4pe and fix an arbitrary n > n0: Letting N ¼ bn=ð4pÞc and M ¼
dn=2e, we obtain
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eEx1, x2
eZð1Þ
n ð�gÞ � eZð2Þ

n ð�gÞ
			 			 � �Ck�gkBLqn 1þ Vðx1Þ þ Vðx2Þð Þ for every x1, x2 2 X,

where �C :¼ Cmaxfq�1
1 , q�1

2 g and q :¼ maxfq1=21 , q1=42 , q1=ð4pÞ3 g 2 ð0, 1Þ: Since �g is

bounded, the above estimation also holds (with some bC in the place of �C) for n � n0:
We finally get X1

n¼1

eEx1, x2
eZð1Þ
n ð�gÞ � eZð2Þ

n ð�gÞ
			 			 < 1 for every x1, x2 2 X,

which proves (3.23).
It now remains to establish (3.24). Referring to (3.11) and (2.11), for every n 2 N we

obtain

E Znð�gÞj j2þr ¼ E

ðDsnþ1

0
�g Snn s,Ynð Þ, nn
� �

ds� 1
k
G�g Xnð Þ

				 				2þr

¼ E

ðDsnþ1

0
�g Snn s,Ynð Þ, nn
� �

ds�
ð1
0
e�ks�g Snn s,Ynð Þ, nn

� �
ds

				 				2þr

:

Since �g is bounded, we further get

E Znð�gÞj j2þr � k�gk2þr
1 E Dsnþ1 þ 1

k


 �2þr

for every n 2 N:

One can easily prove that, for r> 0, there exists some j 2 ð2,1Þ such that

ðw1 þ w2Þ2þr � j w2þr
1 þ w2þr

2

� �
for any w1,w2 	 0,

whence

E Znð�gÞj j2þr � jk�gk2þr
1 E Ds1ð Þ2þr

� �
þ 1

k2þr


 �
for every n 2 N,

which is finite, due to the fact that fDs1 has the exponential distribution. Finally, we get

sup
n2N

E Znð�gÞj j2þr < 1,

and the proof is completed.
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