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ABSTRACT

In the paper, we consider some piecewise deterministic Markov pro-
cess, whose continuous component evolves according to semiflows,
which are switched at the jump times of a Poisson process. The
associated Markov chain describes the states of this process directly
after the jumps. Certain ergodic properties of these two dynamical
systems have been already investigated in our recent papers. We
now aim to establish the law of the iterated logarithm for the afore-
mentioned continuous-time process. Moreover, we intend to do this
using the already proven properties of the discrete-time system. The
abstract model under consideration has interesting interpretations in
real-life sciences, such as biology. Among others, it can be used to
describe the stochastic dynamics of gene expression.
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Introduction

The law of the iterated logarithm (LIL) characterizes essentially the maximal fluctua-
tions around the mean of a stochastic process in discrete or continuous time. It is
intimately related to the strong law of large numbers (SLLN) and the central limit the-
orem (CLT). The history of results on the LIL dates back to the work by Khinchin [1],
in the specific context of dyadic representations of numbers, and to the one by
Kolmogorov [2], for general sequences of independent, non-necessarily identically dis-
tributed, random variables that satisfy a particular “asymptotic boundedness” condition.
Kolomogorov’s results for identically distributed random variables with finite second
moment were further generalized into the version of the LIL known as the
Hartman-Wintner Theorem [3]. See also [4] and e.g. [5] for the review of results (at
the time of writing) on the LIL in the case of independent random variables.

The main goal of this paper is to prove the validity of the LIL for a class of piecewise
deterministic Markov processes (PDMPs). In this setting, the associated random varia-
bles are neither independent, nor identically distributed. Our method of proof is
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intentionally such that the result for the PDMP is derived from the validity of the LIL
for the Markov chain given by its post-jump locations. The latter has been established
in [6] (see also the references mentioned there).

PDMPs have been introduced by Davis [7] as a general class of stochastic processes.
They are encountered as suitable mathematical models for processes in the physical
world around us, e.g. in biology, as stochastic models for gene expression [8], gene
regulation [9], excitable membranes [10] or population dynamics [11], as well as in
resource allocation and service provisioning (queuing, cf. [7]). Questions of ergodicity
of PDMPs defined on locally compact state spaces have been studied in detail in
[12-15]. The case of non-locally compact state space has been studied much less so far
(see e.g. [9, 11, 16, 17]). A similar statement applies to the study of limit theorems (see
[10, 18]). For more information on the validity of limit theorems (SLLN, CLT or LIL)
for non-stationary processes one may consult [6, 16, 19-21].

A PDMP consists of deterministic motion in a state space (a Polish metric space in our
case) that is alternated at random times of intervention with a random jump in state. In
general, the distribution of the next intervention time and the jump can be both state
dependent (cf. e.g. [9]). Here, and e.g. also in [11], only the jump is distributed condition-
ally given the current state of the system. The process examined in this paper (described in
detail in Section 2) involves jumps that occur at random time points according to a
Poisson process. Any post-jump location is attained by transforming a pre-jump state
using a randomly selected function, and, further, by adding a random shift to the resulting
state. Between any two consecutive jumps, the system is driven deterministically by one of
a finite number of flows, which are switched at the jump times. If the state space is aug-
mented with an index set of the applied movements, then the chain obtained by pairing
the state just after the jump with the index of the movement that is applied thereafter
yields a Markov chain, which intuitively should contain “all information” about the
PDMP. Therefore, it is enlightening to show how properties of the PDMP can be proven
from relevant properties of the Markov chain constituted by the post-jump states.

Essentially, our method of proof splits the problem into subproblems that can be ana-
lyzed separately. One subproblem can be addressed using a version of the LIL for cer-
tain square integrable martingales, whose proof draws heavily on [22, Theorem 1] and
uses the coupling methods applied for establishing [20, Lemma 2.2] (cf. also [23]).
Another builds on the validity of the LIL for Markov chains associated to PDMPs in
the abstract model class, which has been obtained recently (cf. [6, Theorem 4.1]).

We believe that the class of dynamical systems under study is broad enough to cover
models of suitable real-life systems, e.g. biological systems, such as those describing
chemotactic movement of bacteria or ameba (related to the study of so-called velocity-
jump models, employing particular Fokker-Planck equations, see e.g. [24-26]).
Discussion and the detailed study of such application are beyond the scope of this
paper, but they shall be the subject of our further research collaboration.

1. Preliminaries

Let us first introduce a piece of notation, as well as gather the most important defini-
tions and facts, used in this paper.
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1.1. Some notation and basic definitions

For any point x and any set A, the symbols J, and 1, will denote the Dirac measure at
x and the indicator function of A, respectively.

Suppose that (E, g;) is a Polish metric space, and let #y denote the o-field of all its
Borel subsets. Let B,(E) stand for the space of all bounded, Borel measurable functions
f : E — R equipped with the supremum norm ||f||, = sup,; |f(x)|. We shall also refer
to certain subspaces of By,(E), namely C,(E), consisting of all continuous functions an
Lipy(E), consisting of all Lipschitz continuous functions, as well as the set given by

Lipem(E) = {f € Lipy(E) = [[fllpr < 1},
where || - || is the norm given by||f||s, = max{|f|;,, [[fll-}> and [f];;, stands for the
minimal Lipschitz constant of f for every f € Lip,(E). Finally, we will also consider the
space By(E) of functions f : E — R which are Borel measurable and bounded below.

The spaces of finite and probability Borel measures on E will be denoted by .#,(E)
and ./ (E), respectively. Further, we also define

e ={nean®): [ v wa) <o

for any r>0 and any given Lyapunov function V : E — [0,00), that is, a function
which is continuous, bounded on bounded sets, and, in the case of unbounded E, satis-
fies limy, (y,3)—c0 V(x) = 0o for some fixed point x € E. For brevity, for any f € B,(E)
and any signed Borel measure u on E, we will write (f,u) for [.f(x)u(dx). As usual,
supp u will stand for the support of u € .45, (E).

To evaluate the distance between probability measures, we will use the so-called
Fortet-Mourier distance (see e.g. [27]), defined as follows:

dpv(ps 1) = sup{[{fo iy — )|+ f € Lippm(E)}  for  py, y € 41 (E).

Let us indicate that, under the assumption that (E, ) is a Polish space, the convergence
in dpy is equivalent to the weak convergence of probability measures, and also the space
(M1 (E),dpm) is complete (for the proofs of both these facts see e.g. [28]).

1.2. Markov operators and the semigroups of Markov operators

A function P : E X % — [0, 1] is called a (sub)stochastic kernel, if, for any fixed A € %y,
P(-,A) : E — [0,1] is a Borel measurable map, and, for any fixed x € E, P(x,-) : #p —
[0,1] is a (sub)probability Borel measure. For any two kernels P : E x % — [0,1] and
R : E X #g — [0, 1] we can define their composition PR : E X B — [0, 1] given by

PR(x,A) = J P(y,A)R(x,dy) for x € E and A € %p. (1.1)
E

Following this rule, for any (sub)stochastic kernel P : E x % — [0,1], we can define its
n-th step kernels P": E x #g — [0,1], inductively on n € N, by setting P" = PP""1,
where P° is given by P°(x,A) = §,(A) for every x € E and any A € %g.

Moreover, for any stochastic kernel P, we can define a regular Markov operator
()P : Mgn(E) — Mfn(E) and its dual operator P(-) : By(E) — By(E) in the following way:
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uP(A) = J P(x,A) u(dx) for u € Mg (E), A€ B, (1.2)
E

Pf(x) = JEf(y) P(x,dy) for f € By(E), x € E. (1.3)

Obviously, (f,uP) = (Pf,u) for any f € By(E) and any u € .#5,(E). Moreover, note
that any operator P(-) of the form (1.3) can be extended, in the usual way, to a linear
operator on By(E), preserving the above-mentioned duality property, and hence it is
reasonable to apply P(-) to any Lyapunov function. For notational simplicity, we shall
use the same symbol for the extension as for the original operator on B,(E). An oper-
ator (-)P, of the form (1.2), is said to be Markov-Feller if Pf € C,(E) for
every f € Cy(E).

We call u, € #,(E) an invariant measure of (-)P if u, P = p,. If (-)P has a unique
invariant measure p, € .#,(E) and there exists g € (0,1) such that

dpv(UP", ) < c(u)q" for any pe MY, (E), n€N,

where ¢(u) is a constant depending only on y, then (-)P is said to be exponentially erg-
odic in dp,.

Let us consider E™ with the product topology. For every n € Ny define ¢,, : E™° — E by
the formula ¢, (®) = e,, where w = (e, ey,...) € ENo, According to [29, Theorem 2.8], for
any u € ./ (E) and any stochastic kernel P : E x % — [0,1], there exists P € .4, (E™)
such that (¢,),cy, is a time-homogeneous Markov chain on the probability space

(ENo, B, P) with transition function P and initial measure g, that is
P'(x,A) = P(¢r., € Al = x) for every x € E, A € B, n,k € Ny, (1.4)
and
U(A) =P(¢p, € A) for any A € HBg.
The chain defined as above shall be further called the canonical Markov chain. Clearly,

P(B) may be read as the probability of the event {(¢,),cy, € B} for any B € Hp, .

Conversely, it is clear that the one-step transition law of any time-homogeneous
Markov chain determines a stochastic kernel and the corresponding #n-step kernels,
which satisfy (1.4). As far as the dual operator P(-) is concerned, we have

P'f(x) = E(f(¢,)|¢o =x) for x € E, f € By(E), neN.

A regular Markov semigroup (P;),.p. is a family of regular Markov operators
()P : Mpin(E) — Mpn(E), t € Ry, which form a semigroup (under composition) with
the identity transformation ()P, as the unity element. Provided that (-)P; is a Markov-
Feller operator for every t € R,, the semigroup (Pt)rem is said to be Markov-Feller,
too. If, for some u, € .4 5,(E), nP, = p, for every t € Ry, then we call u, an invari-
ant measure of (P;),cp -

Let (¢(t)),cr, be an E-valued time-homogeneous Markov process, defined on prob-
ability space (Q, 7,P), with continuous time parameter t € R.. Suppose that, for any
te Ry, Py E X %Bp — [0,1] is defined by
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Pi(x,A) =P(¢(t) € Alp(0) =x) for x €E, A€ B, teR,. (1.5)

It is well-known that these transition probability functions form a semigroup of stochas-
tic kernels under the composition operation defined by (1.1). Thus, the family of the

corresponding Markov operators (Pt),.p is a regular Markov semigroup. The dual

operator of P, t € Ry, can be expressed in the form
Pf(x) =E(f(¢(1))|$(0) = x) for x € E, f € By(E)

Now, let (¢,),y, be a Markov chain with transiton law P, and let

<¢(l))nENO’ (¢(2))neNo be its copies with initial distributions y, € .#,(E), w, € #,(E),

n n

respectively. A time-homogeneous Markov chain (¢£11)’¢£12))neN0 evolving on E°

n

(endowed with the product topology) is said to be a Markovian coupling of ((;5(1)),16N0

and (¢,(12))n€N0 whenever its transition law C : E* x Zp — [0, 1] satisfies

C((x,y),A X E) = P(x,A), C((x,y),E x A) = P(y,A) for any x,y € E, A € %y,
and its initial distribution o € .#(E?) is such that
a(A X E)=py(A), a(Ex A) = pu,(A) for any A € HBg.

In what follows we always assume that the coupling is defined canonically on the coord-

inate space ((EZ)NO,,%(EZ)NO) endowed with an appropriately constructed measure
C e 1 ((E)™).

1.3. The law of the iterated logarithm for Markov processes

Consider an E-valued time-homogeneous Markov chain (¢,),cy, with initial distribu-
tion y € .#,(E) and an E-valued time-homogeneous Markov process (¢(t)),r, with
initial distribution v € .#,(E). For any function g € Lip,(E), let us introduce
(5n(8))nen, and (s(g)(t))cr, > given by
>y &)
sn(g) = m for n>e and  s,(g) =0 for n <e; (1.6)

)= _he(@)ds

s(g)(t 2tIn (In (t))

for t > e and  s(g)(t) =0 for t <e. (1.7)

Suppose that p, € .#,(E) and v, € .#,(E) are the unique invariant measures for the

Markov operator and the Markov semigroup induced by the transition laws of (¢,),x,
and (¢(t)),cg,» respectively. We say that the Markov chain (g(¢,)),cy, satisfies the LIL
if, for g := ¢ — (g, u,) and some a(g) € (0, 00),

limsups,(g) = o(g) and liminfs,(g) = —a(g) P-a.s.

Accordingly, we say that the Markov process (g((t))),, satisfies the LIL if, for
g :=g— (g, v.) and some (g) € (0,00),
limsups(g)(t) = a(g) and lqu infs(g)(t) = —a(g) P-as.

t—o0
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2. An abstract model

In the beginning, we shall discuss the structure and assumptions of the model under
consideration. Let us indicate that this model was initially introduced in [16], where we
have also elaborated on its possible applications. Further, let us summarize the already
known results that are used further in this paper.

2.1. The structure of the model and the undertaken assumptions

Consider a separable Banach space (H, || - ||) and a closed subset Y of H. For any x € H
and any r> 0, let B(x, r) denote an open ball in H centered at x and of radius r. Let us
also fix a topological measure space (®,%g,?) with a finite Borel measure . With a
slight abuse of notation, we will further write df only, instead of ¥(d0). Finally, fix
m € N and introduce the set of indexes I := {1,...,m} equipped with the metric d given

by
A B R Ty
d(i.j) = {o, i=].

We shall investigate a random dynamical system (Y(t)),cg, evolving through random
jumps, occurring at random moments 7,, n € N, which coincide with the jump times of a
Poisson process with a given intensity A. In every time interval [t,,_1,7,), where 79 = 0, the
system is driven by one of the given continuous semiflows S; : Ry x Y — Y, i € I. The cur-
rent semiflow, say S;, is switched at a jump time to another (or the same) one S; with probability
7;i(y), depending on the post-jump state y. We assume that these place-dependent probabil-
ities constitute a matrix of continuous functions 7;; : Y — [0,1], i,j € I, such that

Zn,](y) =1forany yeVY, icl
jel
The above description can be shortly formalized by the following formula:
Y(t) =S¢ (t — 14, Yy) for t € [Ty, Tutr), (2.1)

where £, is an I-valued random variable indicating which semiflow has been chosen
after the n-th jump, and Y,:=Y(r,) is a result of some transformation of the state
Y(t,—) just before the jump. The transformation is attained by a function wy : Y — Y,
selected randomly among all possible ones {wy : 6 € ®}, and further disturbed by add-
ing some random shift H,,. Therefore, we can formally write

Y, =wp, (Y(t,—)) + Hy.

It is assumed that, given Y(7,—) =y, the probability of choosing wy (at the jump
time t,) is determined by the density function 0+ p(y,0) such that p: Y x ® —
[0,00) is a continuous map. Moreover, it is required that the map (y, 0) — wy(y) is con-
tinuous. Further, we also assume that, for some ¢ > 0, all the variables H,, n € N, have
a common distribution v* € .#(H) supported on B(0,¢) C H, and that

wo(y) +h €Y for any h € supp(v®), 0 €O, yeY.

We therefore formally consider a stochastic process (Y(t)),, of the form (2.1),

defined as an interpolation of the discrete-time process (Y,) determined by the

neNy
recursive formula
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Y, = Y(t,) = wo,(S¢, ,(Aty, Yy1)) + H, with At :=1, — 17,1 for n €N, (2.2)

where (t4),cn,> (On)pery (En)peny, and (Hp),ey are certain sequences of random varia-
bles (specified below) with values in R, ©, I and H, respectively.

The distribution of (Yo, &) is fixed arbitrarily. The sequence (z,) wherein 79 = 0

neNy?
a.s., is such that 7,  co a.s., as n — oo. The increments At,, n € N, are, in turn,

assumed to be mutually independent and identically distributed according to the expo-
nential distribution with rate 2 > 0. Moreover, the disturbances (H,),.y are identically
distributed with v, introduced above. Finally, the sequences (&), oy and (0,),oy are
defined, inductively on n € Ny, as follows:

P(lps1=j | Yo =p Eu=1; W,) =m(y) for yeY, ijel,
P(0y+1 € D | S¢,(Atys1, Yy) =y; Wy) = J p(»,0)d0 for D € B, y<€ Y,
D

where
W() = (Y(), 60), Wn = (W(), H1>~--aHn> Tl eeos Ty 01,...,0,,, él""’én) for n € N.

We also demand that, for any n € Ny, the variables At,1, H,t1, 0,1 and &, are (mutu-
ally) conditionally independent given W,,, and that At,,;; and H,, are independent of W,,.
Let us now consider the space X := Y x I with the metric g, given by

0 (1in), 2 2)) = I = yall +ed(in,ia)  for  (y1,ir), (2, 12) € X, (2.3)

with a sufficiently large constant ¢ > 1 (defined explicitly in [16]). Now, define

X, = (Y, &,) for n € Ny.
Assuming that u € .#,(X) is the distribution of X, = (Yo, &) and putting Aty := 0, it
is not hard to check that (X, At,),y, is a time-homogeneous Markov chain with initial
distribution  ® ¢ and transition law IT : (X x R}) x Zxxr, — [0, 1] given by

I1((x,s5),D) = ro M’“J p(Si(t,y),H)J , (Z Lp(wo(Si(t,y)) + h, ji t)
0 ) supp(v4) \ “jeI (2.4)

x mi(wo(Si(t,y)) + h)) v°(dh) dO dt

for any x = (y,i) € X,s € Ry and D € #xg,. In our further analysis, (X,),y, Will be
viewed as a suitable canonical Markov chain defined on the probability space (Q, 7, P),
wherein Q := (X X R+)N°,f = %q and P is an appropriate probability measure on #
such that P((Xo,79) € D) = (4 ® d9)(D) for any D € Bx«r,.
Note that (X,,),cy, itself is also a time-homogeneous Markov chain with transition
law P : X x #x — [0, 1] satisfying
P(x,A) =II((x,s),A x Ry) for any x € X, s€ R, and A € %y. (2.5)

Moreover, we have

I1((x,s),X x B) :J Je~"dt for any (x,s) € X x R, and B € %y,
B



364 D. CZAPLA ET AL.

Now, define the continuous-time process (X(t)),.g, on the same probability space
(Q, 7,P), by setting

X(t) = (Y(£), &(t) = (S, (t — > Yn), &) for t € [T, Tpsr). (2.6)
One may check that (X(t)), is an X-valued time-homogeneous Markov process such that
X(t,) = X, for any n € Ny.

The Markov transition semigroup associated with the process (X(t)),p, shall be
denoted by (P;),cp, -

Summarizing this part of the paper, let us indicate that, if X is distributed according
to some measure p € .#,(X), then we get

P((Xy, Aty) € D) = (1 ® d9)P"(D) for any D € Bxyr., n €N,

2.7
P(At, € B) = J Je~"dt for any B€ Br,, n €N, @7)
B

P(X(t) € A) = uP;(A) for any A € Bx, t € R,. (2.8)

Let wus further assume that there exist a point y €Y and constants
L,L,Ly, Lz, Ly, Cr, Cy € (0,00),7 € (0,2) such that

L, + (2 + r)%f <1, (2.9)
and, for all 4,i;,i, €I, y1,y2, € Y, t € R,, the following conditions hold:

supJ e"“J wo(S:(£7)) — 7P p(Si(t ), 0) dO dt < oo, (A1)

yeY Jo [©)
1Si, (£:31) = Si, (£:2)11 < Le*|[y1 — yal| + tL (i, i), (A2)

24r 24r
J P O)|lwo(yr) — wo(y2)l|™ d0 < Ly|lyr — y2|”™s (A3)
®

Y mi(n) = 15(2)] < Lallyr =y, L)IP()’D‘)) —p02,0)d0 < Lylyr =y, (A4)

jel

> min{m;, ;(1), 11, (72)} > Cns J min{p(y1,0), p(y2,0)} d0 > C,, (A5)
jel O(y172)

where O(y1,y2) :={0€ O : |wo(y1) — wo(»2)|l < Lw|ly1 — »2/|}. Hypotheses (A1)-(A5)
and their reasonableness are discussed in detail e.g. in [6, 16, 30].

2.2. Certain properties of the model under consideration

Suppose that hypotheses (A1)-(A5) hold with constants satisfying (2.9). Then
[16, Theorem 4.1] implies that the Markov operator P, determined by (2.5), is exponentially
ergodic in dpy; induced by the metric g, given by (2.3). In fact, the exponential ergodicity
itself can be obtained even under slightly weaker assumptions than (A1)-(A5) (cf. [16]). To
be more precise (A1), (A3) and (2.9) may be considered in their weaker versions, wherein r
= — 1. However, to establish the LIL, we need them as given in [6] and also in this paper.
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Let p, stand for the unique invariant probability measure of P, and suppose that the
chain (Xy),cn,
where r € (0,2) is the constant appearing in (2.9), and V : X — [0,00) is the Lyapunov
function given by

governed by P, is initially distributed according to u € .4, .(X),

V(y,i) = |ly —y|| for every (y,i)€ X, (2.10)
where ¥ is determined by (Al). Referring to [6, Theorem 4.1], we know that, for any
g € Lipy(X), the chain (g(X,)),cy, satisfies the invariance principle for the LIL, and
hence also the LIL itself (cf. [6, Section 3.2]), whenever g is not constant u,-almost
everywhere (a.e.), or, equivalently, it is non-constant on a set of positive measure p,.

In [16, Corollary 4.5] we have proven that there is a one-to-one correspondence
between invariant measures of the operator P and those of the semigroup (P;),cp - This

obviously implies that (P;),. has a unique invariant distribution if and only if P admits

the one, which holds, in particular, whenever conditions (A1)-(A5) and (2.9) are satisfied.
The above-mentioned correspondence can be described explicitly, using the Markov oper-
ators associated with the stochastic kernels G, W : X x Zx — [0, 1] defined as follows:

G((y,i),A) = j:c Qe 14(Si(ty), i) dt, (2.11)

W((y,),A) :J r(» ())J Z La(wo(y) + hj) mj(wo(y) +h) v°(dh)d0  (2.12)
© supp (1) “jeI
for any (y,i) € X, A € #x. More precisely [16, Theorem 4.4] says that if u, € .#,(X)
is an invariant measure of the Markov operator P, then v, := y,G is an invariant meas-
ure of the Markov semigroup (P;)g_ . Conversely, if v, € .#,(X) is an invariant meas-
ure of (Pf>t61R+’ then u, := v, W is an invariant measure of P.
Finally, let us denote the renewal counting process with arrival times 7,, n € Ny, by

(Nt) g, > ie.
Ny :=max{n € Ny: 1, <t} for t € R,. (2.13)

3. The main result

Consider the Markov chain (X,,),.y, with transition law P, given by (2.5), as well as the
piecewise deterministic Markov process (X(t)),.p, , defined by (2.6), whose transition

semigroup has been denoted by (P;) Further, recall that under hypotheses

teR, *
(A1)-(A5) and (2.9) both the semigroup (P:),p, and the operator P possess unique
invariant distributions, denoted by v, € .#,(X) and p, € #,(X), respectively.
Moreover, we know that v, = 1, G, where G is defined in (2.11).

Let g € Lipy(X) be an arbitrary function, and define g = ¢ — (g, v,). Following (1.6)
and (1.7), we can introduce

B Z?;ol Gg (Xl)

—— for n >e, $,(Gg) =0 for n <e, (3.1)
2nln (In (n)) ()

Sn(G§>
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_ Jha(X(s))ds

s(g)(t) 2t1n (1n (¢))

for t > e, and s(g)(t) =0 for t <e. (3.2)
We are now ready to state our main result, whose proof is presented in the remain-
der of the paper.

Theorem 3.1. Suppose that conditions (A1)-(A5) hold with constants satisfying (2.9),
and let p* be the unique invariant probability measure of P. Then, for any function
g € Lipy(X) that is not constant p*-a.e. and any initial distribution p € MY , (X) with
V given by (2.10), the process (§(X(t))),cp, satisfies the LIL.

3.1. The proof of the main result

Let u* stand for the unique invariant probability measure for P, and let g € Lip,(X) be
an arbitrary function that is not constant yu*-a.e. According to the definition introduced
in Section 1.3, we need to prove that
limsups(g)(t) = a(g) and lqu infs(g)(t) = —a(g) P-as.
t—00 o0

for some G(g) € (0,00).

Recall that, for any t € Ry, N, is given by (2.13). Further, note that whenever ¢ > 13,
which in other words means that N; > e, we have

S@)(0) = /2N¢In (In (Ny)) ( 1 i JTM g(X(s))ds + Rt(g)>,

~ V2tln(In(5)) \2N/In(In(N)) & Js,
where
g) = ! " s))ds
R(g) = /2N In (In (N;)) JTth(X( ))ds.

We can further write

4@m—va““M”< 1 '_O@ﬂﬂmﬁ—hmxo

~ Vin(In(®)) \ V2NIn(In(N) 5
+ R(g) +15Nt(Gg)>,

(3.3)
where sy,(Gg) is defined as in (3.1). Referring to the elementary renewal theorem,
which says that
lim % =/ P-a.s,, (3.4)

t—00
one can easily conclude that

lim Ntln(ln(Nt)):\/zP_

lim T (10 (1) a.s. (3.5)
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For any t € Ry, let I(t), j€{1,2,3}, be random variables defined by

L(t) ==

mZO 5))ds — G (X ))

B =R(@),  Blt) =5(G)

whenever 13 <t. The asymptotic behavior of each of these components shall be analyzed
separately.
First of all, we have

ATN[Jrl
2Nt ln (ln (Nt))

IR:(2)] < 118l for t > 1. (3.6)

Observe that the right-hand side of the above inequality tends to zero, as t — oc.
Indeed, note that

Az, > ”
Z (A())Z 8) _ Ze—m/znln(m(n)) < oo forany &> 0.
n

= 2nln pr

Hence, due to the Borel-Cantelli lemma,

Az,
m St _ 0 P-a.s,
n—co /2nln (In (n))
whence also
A
N+ =0 P-as,
2N;1In (In (N;))

which follows from (3.4). Finally, referring to (3.6), we see that
tlim L(t) =0 P-as. (3.7)

While investigating I3, we shall refer to [6, Theorem 4.2]. Note that the Markov chain
(Xn) en,» for which the sequence (s,(Gg)),cy, is defined, satisfies all the assumptions
required in [6, Theorem 4.2]. Therefore, the only conditions that need to be proven are
Gg € Lipy(X) and (Gg, u,) =0, where the latter follows immediately from the defin-
ition of g and the fact that (Gg, i) = (g,v.) (cf. [16, Theorem 4.4]). Since the bound-
edness of Gg is also obvious, it now remains to show its Lipschitz continuity. Note that,
according to (A2), for any (y1,i1), (y2,12) € X, we have

|Gg (y1,i1) — Gg(y2, 12)| < J de g (S (ty1)sin) — g(S, (t.y2) 12) |t
0

< IgIL,pJ het (IISil(t)yl) = S, (t,72)|| + cd(ir, i) ) dt

oe}

< [glpip ( ALIy1 — y2|y ;'“)tdt—f—d(il,iz)LJ ;e“tdt+cd(i1,i2)>

( 0
- |g|L,P(}}L =l +d(11,12)<%+c>>
=

AL
§|g|up 1= + - +C>Qc(()’1>11) (y2,12)),
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which guarantees that Gg € Lip,(X). Therefore, it follows from [6, Theorem 4.2] that
limsups,(Gg) = 0(Gg) and liminfs,(Gg) = —o(Gg) P-as, (3.8)

where, for any function h € Lipy(X),
o¢] (o @] 2
d*(h) =E,, ((Z Ph(X,)) = P'h(Xo) + h(XO)> ) ,
i=0 i=0

and E,_is the expected value corresponding to the probability measure P, defined by
Py (F) := [xP(F|Xo = x)p, (dx) for F € 7. Hence, due to (3.8) and (3.4), we obtain

1 1
limsup I;(t) = 7 limsup sy, (Gg) = za(Gg) (3.9)
t—o00 t—0o0
and
1
lign inf I;(t) = —ja(Gg)

Note that 6(Gg) < oo, which is explained in details in [6].
Finally, to analyze the asymptotic behavior of I;, we need to appeal to [22, Theorem 1],
whose assertion guarantees the LIL for certain square integrable martingales. Let us first

introduce the sequence (M, (g)),y, given by

k=0 Tk

A%@):OMﬂﬂﬂg):§i<rmgﬂknﬁ—%6yxg>ﬁnneN. (3.10)

Note that (M,(g)),cy, is @ martingale with respect to the natural filtration (F,),y, of
(X, Aty) - Indeed, we have

Tn+1 1
Zn11(8) = Mni1(8) = Ma(g) = | (X(s))ds — > Gg(Xn)
Tn+1 1
= g(Se, (s — rn,Yn),én)ds—TGg(Yn,in) (3.11)
AnTnH 1
- 8(Se, (s, Y,), &, ) ds — ZGg(Y,,,fn),

JO

whence, appealing to (2.7), for any (y,i) € X and u € R, we get

t
E(Zui1(9)|Yn =y, &y =i Aty =u) = J g(Si(s,y),i)ds P(At,y € dt)
R Jo

1
—ng(}’)i)

00 t
= ieitJ g(Si(s,y),i)dsdt — %Gg(y, i)

0

8O

o0 1
- J u%mg@@wﬂ¢—;@vﬂ
0 s .

e NS
=Oeﬂg@®ﬁﬂ¢—;@@@=ﬁ
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which, by the Markov property of the chain (X, Aty),cy,, implies that (My(g)),cy, is 2
martingale. Further, applying the Jensen inequality, we obtain

E(Z.,@) < zm:((]j”“g(sg(s, mfn)ds) ) +2E<<%Gg(Yn>fn))2>

_ 3 8
< 2gILE((Arnin)) + 5 gl = 2 I

which means that the martingale increments Z,(g) = M, (g) — M,—1(g), n €N, are
uniformly bounded in the #*(P)-norm, and thus the martingale itself is square-inte-
grable, as required in [22, Theorem 1].

Now, define

hi(g) == E(M2(g)) for n € N,.

We need to show that h2(g) — oo, as n—00, and establish the following conditions:

lim h2 ZZZ ) =1 P-as., (3.12)
Zhf(g)E(Zﬁ(g)ﬂ{lZn(g)thn(g)}) < oo for every v > 0, (3.13)
Zh ( )M{\z > 0h( >}) < oo for every ¥ > 0, (3.14)

where 7 is so large that h,(g) > 0 for any n > 7. Then [22, Theorem 1] will imply the
LIL for the martingale (M,(g)),cy,- To be more precise, according to [22, Theorem 1],
the sequence (M,(g)),cy, satisfies the Strassen invariance principle for the LIL with the

normalizing factors
1

V/2h2(g) In (In (k2 2))

In particular, it also satisfies the LIL itself, which, in this case, means that

n>n

lim sup Mi(g) =1, liminf _ M, (3) — = —1 P-as,
n—co +/2h2(g)In (In (12(g))) oo /2h2(2) In (In (K2(3)))
and so, according to (3.4), we further obtain
lim sup My, (8) =1 P-as,
= 2%, (&) In (In (R, (2)))
lim inf My, (@) = —1 P-as.

t—00 \/2h§\]t(§)ln(ln (h%,(8)))

Let the part of the proof in which we verify the limit h2(g) — oo and conditions
(3.12)-(3.14) be postponed into the subsequent section, namely Section 3.2 In this sec-
tion, we will also prove that
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/B @)In (In (2, ©)))

lim ATICYEA) =0(g) P-as., (3.15)
where
7(2) = Eu (212) = Ew (M;(2)) € (0,00). (3.16)
Then, provided that (3.12)-(3.14) and (3.15) are established, we obtain
lirtrisogpll(t) =0(g) and limglfll(t) = —0(g) P-as. (3.17)

Finally, combining (3.3) with (3.5), (3.7), (3.9) and (3.17), we can conclude
limsups(g)(t) = a(g) and li{ninfs(g)(t) = —d(g) P-as, (3.18)

t—00

where
5(g) == V7 G o(Gg) +a<g)) € (0,00).

The proof of Theorem 3.1 is therefore completed (provided that the limit k,(g) — oo
and conditions (3.12)-(3.15) are established, which shall be done in the upcom-
ing section).

3.2. The proof of the LIL for an appropriate martingale
Let us consider

Z = {((x1,1), (x2,5)) € (X xR )*: t =5},
and, for any D € #x., define

(D) y = {((x1,1), (x2,1)) € Z: (x1,x2) € D}.

Further, introduce Q : 2 x %5 — [0,1] given by

6(((x1,s), (%2,5)),Z) = Jo ie‘“J@p(xl,xz,t, 0)
(3.19)

X J (Z ]lz(Wj(Xl, Xy, t, 0, h))TCj(X],Xz, t, 9, h)) V‘c(dh) do dt
supp(1?) \ jeI

for ((x1,$), (x2,5)) € Z and Z € By, where x; = (y1,1;) € X, %2 = (y2,12) € X and
wi(x1,x2,1,0,h) == ((wo (Si, (t:31) + h).jo 1), (wo (Si, (1.32) + h).jint)),
7i(x1, %2, 1,0, h) := i, j(wo (Si, (6:31)) + h) Ami,,j(wo (S, (8 32)) + h),
P(x1,x2,1,0) := p(S;, (1, 1), 0) Ap(Si, (£, 12), 0).

Note that 6 is a substochastic kernel, and, for any x;,x, € X, t € R, B € %y, satis-
fies the following properties:

Q(((x1,1), (x2,1)), (B x X)) < I((x1,),B x Ry),
Q(((x1,£), (x2,1)), (X x B) ) < T((x,£), B x Ry).
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For any given distribution m € .#,(X?), on the coordinate space (ﬁ,.7-" ) associated

with &, we can now construct a probability measure C so that

@<(~(()1),)~((<)2)> €D, Aty = 0) =m(D) for any D € %y,
)

and the canonical coupling ((X Ll /Avrn) ()N(E,z),/Av‘cn))neNo of two copies of Markov chain

with transition law II, defined on the space (ﬁ,?, C), is governed by the transition
probability kernel of the form

C=Q+R
where Q is defined by (3.19), and R stands for a complementary substochastic kernel

on Z x By. The latter can be specified by defining the corresponding family of meas-
ures on rectangles {(A X B), : A,B € #x} as follows:

ﬁ«WJMMQMAXEMZI—@&H;“”Dg)

x (T1(Grr, 1,4 x R ) = Q((x1, 1), (22, 1), (A x X)) )
x (TH((xar 1), B % Ry) = Q(((01, 1), (31)), (X % B)) ),

when Q(((x1,1), (x2,1)), Z) < 1, and R(((x1, 1), (x2,)), (A x B),,) = 0 otherwise.
Now, define Q: X* x #y: — [0,1] and C:X? x #x> — [0,1] as the kernels which,
for any (x1,%) € X?, t € R, and D € %y, satisfy

Q((x1,22), D) = Q(((x1,0), (x2,0)), (D) ;) = Q(((x1,), (22, 1), (D) ),
C((x1x2), D) = C(((x1,0), (x2,0)), (D) ) = C(((x1, 1) (32 1)), (D).)-

Later on in this paper, we will write IEXI,XZ for the expected value corresponding to
the measure

(3.20)

(Exl,xz = (Ai <’Xél) — xl’)ﬂsz) = x2>’ X1, X2 c X

Let us indicate that the model under consideration enjoys all the hypotheses assumed
in [31, Theorem 2.1] (see the proof of [16, Theorem 4.1], where these conditions are
verified), which, in particular, means that

(B0) The Markov operator P is Feller.
(B1) There exist constants a € (0,1) and b € (0,00) such that

PV(x) <aV(x)+b for every x € X,

where V is given by (2.10).
Moreover, letting

Fz{wmmm@»e#:a=amvwmm+vwmm<i£}

l1—a

the following statements hold:
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(B2) We have supp Q(x1,x2,-) C F and, for some f§ € (0,1),
J 0.(u,v) Q(x1,x,du x dv) < fo.(x1,x;) for any (x;,x;) € F.
XZ

(B3) Letting U(r) := {(u,v) € F: o.(u,v) < r} for any r> 0, we have
inf  Q(x1, %2, U(Bo.(x1,%2))) > 0.

(x15x2)€F
(B4) There exists [ >0 such that
Q(xl,xz,Xz) >1—lo.(x1,x;) for every (x1,x;) € F.
(B5) There exist y € (0,1) and ¢ > 0 such that
IEXMZ (y7") <T, whenever V(x)+ V(xy) < 4b(1—a),
where V is given by (2.10) and
@

—() - - - 4b
p= inf{n eNy: (X.%7) e Fand v(X") +v(x?) < 1—} (3.21)
—da

For the martingale (Z,(g)),cy> given by (3.11), let us consider the sequences of their
copies (fo)(g))neN, i € {1,2}, defined on (Q, 7, C) as follows:

~(i

7% () :zn(g)<()~<ff),ANro), ()?@,A]),...) for ne Ny and i € {1,2}.  (3.22)
According to [6, Lemmas 3.4 and 3.5], we can now state the following result.

Lemma 3.2. Let g € Lipy(X) be a function that is not constant y,-a.e, and suppose that
(3.16) holds. Further, assume that

oS ~
E Exl,xz
n=1

and that there exists r € (0,2) such that

@, _

Zil)(g) —Z,(3)| < 0o for all x,x, € X, (3.23)

supE|Z,(g))"" < oo. (3.24)
neN
Then
K (g
lim @) _ 5(g) > 0, (3.25)
n—oo N

which in turn yields that

lim H%(g) = co, lim
n—00 (&) n—00 nln (In (n))

=0a(2),

and consequently (3.15) holds. Moreover, conditions (3.24) and (3.25) imply that hypothe-
ses (3.12)-(3.14) hold. Hence, due to [22, Theorem 1], the martingale (M, (g)) given

by (3.10), satisfies the LIL.

neNy’
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In view of the above lemma, to finalize the proof of Theorem 3.1, it remains to estab-
lish hypotheses (3.16), (3.23) and (3.24).
Let us introduce the function F(g) : X x Ry — R given by
t

F(g)(x,t) = J g(Si(s,y),i)ds for any x = (y,i) € X, t € R,. (3.26)

0

We will first show that condition (3.16) holds. Having in mind the definition of G,
for every x = (y,i) € X, we can write

J6at = | erasien ds= || aetasioni aras

0 0 Js

- JOC e Jt 2(Si(s,y).i) ds dt = Jm JeME(F)(x, 1) dt.

0 0 0

oe}

It now follows that, for any x € X,

E.[Z(2)] =E[Z@) | Xo =4 = E[(F)(x An) - 1 Gg(x)’]

00

= Je M (3) (x, 1) dt—%Gg(x) J:O Je ME(g) (%, t) dt+%(Gg)2(x)

I (3)(x,t) dt —2 ( JOO JeMF(g)(x.t) alt)2 + (J:C JeME(g) (x.t) dt)2

0 0
00

= | 2 PE)(x 1) dt — (J:O JeME(F) (x.t) dt)z.

Jo

Obviously, the right-hand side of the latter equality is 0 if and only if
R >t +— F(g)(x,t) is constant almost everywhere. But note that, if x = (y,i) € X and
g(x) =g(y,i) # 0, then, due to continuity of ¢ — S;(¢,y) and the identity S;(0,y) =y,
we have g(Si(s,y),i) # 0 for any s € [0,5) and some s > 0. This gives

d
%F(g)(x, t) =g(Si(t,y),i) #0 for any t € (0,5),
and therefore yields that ¢ — F(g)(x,t) is injective on (0,5). Hence, we have shown that

E.[Z%(g)] > 0 whenever g(x) # 0.

From the assumption that g is non-constant u,-a.e. it follows that g(x) = g(x) — (g, v.) /
= 0 on some subset of X with positive measure . This finally shows that

#(3) =B, [2()] = JXEx[Zf(g)]u*(dX) >0,

Let us now proceed with the proof of condition (3.23). According to (3.11) and
(3.22), we have

~ ~(1

n 52 = (1) = (52 ==
Ean|201@) = Z01@)] < B [F@) (R B2 ) — Fl) (XY, 7,00

Gg ()?ff)) ~ Gy ()?f?)

Let us estimate each component on the right-hand side of (3.27) separately. First of all,
according to (3.20) and (2.7), for x1,x, € X, we have

(3.27)

+_EX1>X2

, X1,X% € X.
2 X2
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By |[F@) (R, Aty ) — F(0) (R, Aty )

_ J (J 2e M |F@) (i, t) — F@)(n,j, )| dt) C"((xl,xz), (du x di) x (dv x dj)).
x2 \Jo
Further, according to (3.26), we get

jx 2o M E() (1w ) — F(@) (v, )] dt

< b Je M Jo 8(Si(s,u),i) — g(Si(s,v),j)| dsdt

Jo
[ J e g (Si(s,u),i) — g (Si(s,v),j) | dt ds
0 Js

o0

_ <J°€ ;Mdt) [8(8i(s ), 1) — g (Si(5,v).7)| ds

0

00

= | e *g(Sils,u)i) — g (S(sv).j)| ds,

0

and therefore, for any x;,x, € X, we obtain

Pe) (X ) - F@) (X, Ko )

SLJ e "|g(Si(s,u),1) — g(Sj(s,v).j) | ds (3.28)

0

EXl,Xz

x C" ((xl,xg), (du x di) x (dv x dj)).

The second component on the right-hand side of (3.27) can be estimated similarly, i.e.

e (%)) - ce(x)
< JXZ J:C e—ﬂs{g(si(s, u), i) —g(sj(s, V),J-) } ds (3.29)

X C"((xl,xz),(du x di) x (dv x d])) for all x;,x, € X.

1~
EX X
i 1,42

Combining (3.28) and (3.29), gives

Z ”<§> ) @)

e g (Sis,u), i) — g (Si(s.v).j) | ds (3.30)

]Exl X2

x C" ((xl,xz),(du x di) X (dv x d])) for all x;,x, € X.

Consider 7 := 7' qU Z, where Zq:= % x {1} and Z := Z x {0}. Then, there
exists some probability space ((AZ,/JE,(@), on which we can construct a time-homoge-

neous canonical Markov chain (()A(,(:)K;n) ()A(iz),&n),ﬁn)neNo with A7, = 0 and {o =0,
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evolving on Z, and such that its transition law C is given by

~

C(((x1, 1)s (%2, £),0), Z) = (6(((x1,t), (x2,1)),") ® 51)(2)
+(R(((x1,0), (52,0, ) @ 80) (2)

for ((x1,1), (x2,1),() € Z and Z € L@f; (cf. e.g. [16, 20, 31]). By convention, we will fur-

ther write (Exl,xZ(') for @(PA((()I) = xl,f(éz) = x;), and we will denote the corresponding

expected value by ]/Exl, x» XX € X.
Let p be given by (3.21), and, for N € N, define

o _ . 4b
Py = inf{n >N (R0E) epand v(EY) 4 v(RY) < }

Moreover, introduce
T:= inf{n cN: ((}?fﬁ,&&, ()?]({2),&;(),{;{) € EZWQ for all k > n},

and
Hy,, = [1{{;=1} for n,N €N such that n > N.
j=N

Note that, for any x;,x; € X,
n
Cyyxo (Q\HN,,,> = Cyx (L%V{Cj = 0}) < Cyx,(t>N), n>N, n,NeN. (3.31)
]:

Now, fix n, N, M such that n > M > N and introduce

~n,M,N ~
C, ., ()=Cyn(-N{py <M}NHy,) for any x;,x, € X.

Following the reasoning presented e.g. in [20], and applying the estimate (3.31), we
obtain

X1, X2

-~ AH,M,N ~ ~ o~
(Cxl,xz(') S (C () + (CXI,XZ(. N {pN > M}) + (Cxl,xz < N Q\HN,n>) X1, X2 S X)

and therefore, using (3.30) and referring to the fact that g € Lip,(X), we get

2

B2 ® - 2" ®)] <2l ] (] eul(S6 000 (5651).0))

X2
An,M,N<A(

x C

n

Y € du x di,)?f) € dv x dj) (3.32)

X1, X2

4|3 . .
+ % (Coealon > M) + Ca(s > N)),

where g, is given by (2.3). Further, condition (A2) implies the following:
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J e (S5 ), (S5, ) s

_ r“ e (I1Si(5,u) — Si(sv) | + ed(i, ) ds

0

< [ et vl + s+ edte s
. ) . (3.33)
_ LHM B V” J e—(/lfzx)sds 4 d(l,]) J (isefls + Cefls)dS
0

0
L L ¢ o
e (B )a
L L 1
Y i), (1,7)).
< (G h D ewnm)

Note that the last inequality holds, since ¢>1. According to (3.32) and (3.33), we obtain,
for any x;,x; € X,

= =), =@ ,_ ~ L I 1 ‘ .
Bun[20©) = 2, @)| < 2l (Th—ﬁ‘)J @c(<u,z>, )
X (E: A:;N(X“ € du x di, X E dv x dj) (3.34)
4||g - ~
+ ||g/l||0<> (Cxl,xz(pN > M) + Cxl)xz(r > N))

Due to [20, Lemma 2.2], there exist constants ¢, ¢;,¢3 > 0, ¢1,42,93 € (0,1) and p > 1
such that, for any x;,x, € X and n,N,M € N satisfying n>N>M, the following
inequalities hold:

J 0.((u,1), (v,j)) @ZIA;IZN( W e du x dz,X ) e dv x d]) <aq™,
X2
Crnr(py > M) < gy (14 V(x) + V(x2)),
Crnr(t> N) < e3g) (1+ V(1) + V(x2)),
which, together with (3.34), imply that
L n—
Eun|2, @) -7, (g)‘ < 2|gL,p< + 2+ >clql -

IIg;LH (g™ + ca) ) (1 + V(1) + V()

< Clglo (6 + 4 + 4 ) (14 Vim) + V(x)

+

with
L L 4
CZ:261<;L_ +}VZ+}.>+E(C2+CS)

Now, define ny = [4p] and fix an arbitrary n > ny. Letting N = |n/(4p)] and M =
[n/2], we obtain



STOCHASTIC ANALYSIS AND APPLICATIONS . 377

~ =) 1)

BenlZy @)~ 2, @) < Cligllpd" (1 + V() + V(xa) for every x1, € X,

where C:=Cmax{q;',¢q;'} and g:= max{qi/z,q;/‘l,q;/(‘lp)} € (0,1). Since g is
bounded, the above estimation also holds (with some C in the place of C) for n < n.
We finally get

Zil)(g) _ Zf)@) < oo for every x1,x; € X,

5] ~
E Exl)xl

n=1

which proves (3.23).
It now remains to establish (3.24). Referring to (3.11) and (2.11), for every n € N we
obtain

2+4r

At
_ . n+1 _ 1 _
B, = E|| T 8(5(5. 1. &)ds - Ggx,)

0

00 2+4r

ATy
J 8(Se,(s.Y,), &, )ds — J e g (Se, (5. Y,). &) ds

0 0

=K

Since g is bounded, we further get

2+r
1
E|Z,(2)]"" < g2 E (ATHH + E) for every n € N.

One can easily prove that, for r >0, there exists some x € (2,00) such that

(Y, + ‘pz)ZH < ’C( %H + ‘//§+r) for any y;,¢, >0,

whence

N
E|Zn(§)|2+r < K”g”i:r <E((AT1)2Jr ) + }2+r> for every n €N,

which is finite, due to the fact that E‘/El has the exponential distribution. Finally, we get

supE|Z, (2" < oo,
neN

and the proof is completed.
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