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Abstract

Gauss's class number one problem, solved by Heegner, Baker, and Stark, asked for all

and Artificial Intelligence, imaginary quadratic fields for which the ideal class group is trivial. An application of this
Univegsitystroningeﬂr solution gives all elliptic curves that can be defined over the rationals and have a large
Nijenborgh 9, 9747 AG . .

Goningen, The Netherlands endomorphism ring (CM). Analogously, to get all CM curves of genus tyvo defined over
Full list of author information is the smallest number fields, we need to find all quartic CM fields for which the CM class
available at the end of the article group (a quotient of the ideal class group) is trivial. We solve this CM class number one

problem. We prove that the list given in Bouyer-Streng [LMS J Comput Math
18(1):507-538, 2015, Tables 1a, 1b, 2b, and 2c] of maximal CM curves of genus two
defined over the reflex field is complete. We also prove that there are exactly 21 simple
CM curves of genus two over C that can be defined over Q.

Keywords: CM fields, CM types, Class number, Abelian varieties, Algebraic curves
Mathematics Subject Classification: 11G15, 11R29, 14K22, 14H45

1 Introduction

The endomorphisms of an elliptic curve E : y* = x> +ax + b with 4, b € Q are the rational
maps E — E sending the point O at infinity to O itself. These endomorphisms form a
ring known as the endomorphism ring, and for most elliptic curves, this ring is simply Z,
its elements corresponding only to repeated chord-and-tangent additions.

In the case where the endomorphism ring is different from Z, it is isomorphic to an order
O = Z[%(\/ﬁ + D)] in an imaginary quadratic field K = Q(v/D) with D = 0,1 mod 4
and D < 0. This is called the case of complex multiplication (CM) as the period lattice
A={f Y (2y)~ldx : y € m(E(C))} C C of E has non-real complex multiplications into
itself in the sense thata A C A foralla € O C C.

The question of finding all imaginary quadratic fields K corresponding to CM ellip-
tic curves E with rational 4, b is equivalent to Gauss’ class number one problem of
finding all imaginary quadratic fields of class number one. This problem was finally
solved by Heegner [1], Baker [2] and Stark [3]; the fields are K = Q(+v/D) where
-De{l, 2 3,7 11, 19, 43, 67, 163}.

We consider an analogous problem for curves of genus 2. The period lattice A becomes
a four-dimensional lattice in C? and the integral domains of largest rank that can appear
inside the endomorphism ring of A (or, equivalently, in the endomorphism ring of the

© The Author(s), under exclusive licence to Springer Nature Switzerland AG 2023.

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40993-022-00417-7&domain=pdf
http://orcid.org/0000-0001-9641-5865
https://orcid.org/0000-0001-9954-948X

15

Page 2 of 29 P. Kilicer, M. Streng Res. Number Theory(2023)9:15

Jacobian of the curve) are orders O in CM number fields of degree four. In the case where
this maximum is attained, we say that the curve has CM by the quartic order O.

There are two types of quartic CM fields whose orders can appear as endomorphism
rings of curves of genus two over C: the cyclic ones and and the non-Galois ones. For
non-Galois fields, it is known that the corresponding curves cannot be defined over Q, as
their fields of moduli always contain a real quadratic field (the real quadratic subfield of
the reflex field). So in order to get a list that also features non-Galois CM fields, we find
all CM fields for which there are curves that can be defined over this quadratic field.

The solution (of Uchida [4], Setzer [5] and Louboutin-Okazaki [6]) of the usual class
number one problem for quartic CM fields does not suffice any more. Instead, we need
to find all quartic CM fields for which a certain quotient of the class group (which we call
the CM class group) is trivial.

Murabayashi and Umegaki [7] already found all non-biquadratic quartic CM fields K
for which there exists a curve of genus 2 over Q with CM by the maximal order Og. We
extend their list by also including curves with CM by non-maximal orders and curves with
CM defined over the reflex field.

Lists of fields and curves were given by van Wamelen [8], Bouyer—Streng [9], and Bisson—
Streng [10]. We prove that their lists are complete.

Theorem 3.26 There exist exactly 63 isomorphism classes of non-Galois quartic CM fields
with CM class number one. The fields are exactly those listed in Table 3.

Theorem 4.7 There exist exactly 20 isomorphism classes of cyclic quartic CM fields with
CM class number one. The fields are exactly those listed in Table 4.

Theorem 5.6 There exist exactly 21 curves C/Q of genus 2 up to Q-isomorphism such
that End(J(C )@) is an order in a quartic number field. The fields and 19 of the curves are
those given in van Wamelen [8). The other two curves are y* = x® — 4x° 4+ 10x> — 6x — 1
and y* = 4x° + 40x* — 40x3 + 20x% + 20x + 3, which are given in Theorem 14 of Bisson—
Streng [10].

Theorem 5.7 There are exactly 231 curves of genus 2 over Q up to isomorphism, such
that End(J(C)g) is the ring of integers of a quartic CM field K and C has field of moduli
contained in the reflex field. The corresponding CM fields K are those of Tables 3 and 4,
and the curves are those of [9, Tables 1a, 1b, 2b, and 2c].

Theorem 5.8 There are exactly 301 curves of genus 2 over Q up to isomorphism, such that
End(] (C)@) is an order in a quartic CM field K and C has field of moduli contained in the
reflex field. The corresponding CM fields K are those of Tables 3 and 4.

Remark 1.1 We restrict to non-biquadratic quartic CM fields in Theorems 3.26 and 4.7
as they correspond to curves with absolutely simple Jacobian. The first steps towards
the degenerate case of split Jacobians are made by Gélin, Howe, Ritzenthaler [11], and
Narbonne [12].

In Sect. 2, we define the notions that appear in Theorems 3.26 and 4.7. In Sect. 3, we
prove Theorem 3.26. The plan is as follows. We first show that there are only finitely many
non-Galois quartic fields with CM class number one by bounding their discriminant using
a combination of genus theory and bounds of Louboutin [13] (Sect. 3.1). The bound will
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be too large for practical purposes, but with a careful analysis of how the ramified primes
decompose in K, we improve the bound (Sects. 3.2-3.6), as well as find a formula that is
useful for enumerating the CM fields (Sect. 3.7). We then list all the candidate fields and
check them with a computer.

Section 4 proves Theorem 4.7 in the same way. Finally, in Sect. 5, we give the relation
with curves of genus two and derive Theorems 5.6-5.8.

We now mention some of the main difficulties compared to Murabayashi and
Umegaki [7,14]. First of all, they consider only the cyclic case, while the Galois group
is more complicated in the non-Galois case, leading to many more different splitting
types of ramified primes (Table 1). We therefore needed new ideas for proving that the
ramified primes have square norm, which is important for showing that the discriminant
grows quickly with the number of ramified primes. The many splitting types also made
it more difficult to give an explicit formula for the CM fields in terms of the ramified
primes, which is important for listing the fields, so we develop various tricks for obtaining
such a formula. Moreover, the relative class number bounds for the main result of [7]
are so small that all the fields they need are already listed by Park and Kwon [15], while
in our case the bounds are too large for using existing tables even in the cyclic case. So
we had to enumerate the fields on a computer ourselves, and as this results in fields of
large discriminant, we needed to develop tricks for checking whether they have CM class
number one without computing class groups.

Subsequent work applies our methods also to curves of genus three (Kiliger [16, Chap-
ter 3] and Kilicer—Labrande—Lercier—Ritzenthaler—Sijsling—Streng [17]) and to curves of
genus six (Somoza [18]).

2 CM fields

In this section, we define the CM class group, which appears in the main theorems. In
Sect. 5 we link this to the fields of definition of curves and abelian varieties with CM. We
refer to Shimura—Taniyama [19] and Lang [20] for further information.

A CM field is a totally imaginary quadratic extension K of a totally real number field K,
that is, K = K (v/D), where the number field K and the element D € K are such that
all complex embeddings of K are real and map D to a negative number. For every CM
field K, we will use the notation K to denote this maximal totally real subfield.

Let K be a CM field of degree 2¢g. The automorphism of K given by p : /D +> —+/D
and fixing K corresponds to complex conjugation for every embedding K — C. We
call p complex conjugation and denote it also by . For embeddings ¢ of K into any field,
we denote ¢ o - by ¢. Note that if the codomain of ¢ is a CM field or C, then we have
“op =4

Let N be a field of characteristic 0 with algebraic closure N, and assume that N contains
the image of every embedding K — N. A CM type of K with values in N is a subset
® C Hom(K, N) that contains exactly one element of each of the g complex conjugate
pairs. For example, in the case g = 1, a CM type & consists of one embedding, which is
often taken to be the identity, so CM types are not mentioned in the literature for the case
g = 1. By abuse of notation, we also refer to the pair (K, ) as a CM type.
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A CM type (K, @) is primitive if there is no CM subfield K3 C K for which the set
{$x; : K1 — N}isa CM type.

It is sometimes computationally convenient to identify K with a subfield of N by making
a choice of one embedding, and we do so from now on. We also assume from now on
that N is a Galois extension of Q.

The reflex field of (K, @) is a CM field given by

K'=Q({) ¢ |xeK}) CN
ped
and satisfies Gal(N/K") = {0 € Gal(N/Q) : 0 ® = ®}. If the CM field K is Galois over QQ
and the CM type ® is primitive (which is always true for g = 1), then the reflex field K" is
equal to K, but in general, the fields K and K" do not even have to have the same degree.
Let

Oy = {o € GalN/Q) : ok € P}

Then the set ®" = {0~ !|xr : 0 € ®y}isa CM type of K7, and the pair (K7, ®") is called
the reflex of (K, ).
The type norm of (K, ®) is the multiplicative map

No : K — K7,
x> 1_[ o(x),

satisfying No(x)No(x) = Ng,g) € Q. The type norm induces a homomorphism
between the groups of fractional ideals Ix and Ixr by sending b € Ix to b’ € Igr such
that 6’On = [] ¢(b)On (Shimura—Taniyama [19, Proposition 29 in Sect. 8.3]).

ped
Lemma 2.1 (cf. Example Sect. 8.4(2) of [19]) Let K be a quartic CM field and N the
normal closure of K. Then one of the following holds.

(1) K =N and Gal(K/Q) = Cy x Cy,
(2) K =N and Gal(K/Q) = Ca,
(3) [N :K]=2andGal(N/Q) = D,.

In case (1), the field K has no primitive CM types. In cases (2) and (3), all CM types of K
are primitive and for all pairs ® and V of CM types of K there is an automorphism y of N
such that vV = y ®.

Proof Everything except the last sentence is in Example Sect. 8.4(2) of [19]. In cases
(2) and (3) a primitive CM type &y is given in loc. cit. as follows. In case (2), we have
Gal(K/Q) = (y) and @9 = {1, y}. In case (3), we have Gal(K/Q) = («, y) with y of order 4
and x of order 2 with xyx = »> and @y = {idx, y|; }. In both cases we can compute that
the four CM types yiQDO are distinct for i = 0, 1, 2, 3. As there are only four CM types, this
proves existence of y and primitivity of ®.

Thanks to Lemma 2.1 we can say that a quartic CM field is primitive or non-primitive
without referring to a specific CM type. Moreover, in the primitive case the isomorphism
class of the reflex field does not depend on the specific CM type.
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Our goal is to find all quartic fields whose orders can occur as the geometric endomor-
phism ring of the Jacobian of a curve of genus two defined over the reflex field. We will
see in Proposition 5.1 that these are exactly the primitive quartic CM fields for which the
following group is trivial.

Definition 2.2 We define the CM class group of a CM type (K, @) to be the quotient
IKr/I()(q)r) where

Io(®") := {b € Ixr : Ngr(b) = (o) and @ € Q for some a € K*}. (2.1)

Lemma 2.3 Let K be a primitive quartic CM field. Then the isomorphism class of the CM
class group of (K, @) depends only on K, not on .

Proof Let @ and W be two CM types of K. By the final sentence of Lemma 2.1, we have
WU =y o O for some y € Gal(N/Q).

Denote the reflex fields of (K, ®) and (K, W) by Kj, and Ky,. From the definition of the
reflex, we get an isomorphism yy = y, «r K} — Ky, and an equality ¥" = ®" o yo_l.
From the final equality, we get ¥" o yp = ®”. and hence

Nyr o y9 = Nor. (2.2)

The isomorphism yy also induces an isomorphism Iy — Ik, which by (2.1) and (2.2)
maps Ip(®P") onto Ip(W"). This proves that yy induces an isomorphism from the CM class
group of (K, @) to the CM class group of (K, V). ]

Definition 2.4 We say that a CM field K is a PQI field (for “Primitive Quartic of CM
class number 17) if

(1) it has degree 4 over Q;

(2) itis non-Galois or cyclic; and

(3) the CM class group of K is trivial (note that this condition does not depend on the
CM type by Lemma 2.3).

Our main results, Theorems 3.26 and 4.7, give the complete list PQ1 fields. See Proposi-
tion 5.1 below for what this has to do with curves of genus 2 and why we call this a solution
to the CM class number one problem for curves of genus 2.

3 Non-Galois PQ1 fields
Our main results, Theorems 3.26 and 4.7, together give the complete list of PQ1 fields.
In Sect. 3, we prove the hardest case, the case of non-Galois fields (Theorem 3.26). The
plan is as follows. We first show that there are only finitely many non-Galois PQ1 fields
by bounding their discriminant (Sect. 3.1). However, the bound we obtain there is too
large for practical purposes. To find a better upper bound, in Sects. 3.2-3.4, we explore
the ramification behaviour of primes in N /Q. This study allows us to construct the reflex
fields K" of PQ1 fields explicitly (see Sect. 3.5), as well as obtain much sharper bounds
(Sect. 3.6). Finally, in Sect. 3.7, we give an algorithm that computes all PQ1 fields and
hence proves Theorem 3.26.
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3.1 Afirst bound
In this section we will find an explicit upper bound for the discriminants of non-Galois
PQI1 fields (Proposition 3.11).

We first prove the following relation between the relative class number /iy := hy /hi,
and the number ¢ of primes in K that are ramified in K.

Proposition 3.1 Let K be a non-Galois PQ1 field. Then we have iy, = 2« —1, where ty is
the number of primes in K that are ramified in K.

Moreover, we have hy, = 2tk =1 where txr is the number of primes in K} that are
ramified in K'.

Remark 3.2 Theanalogue of this result in the case where K /Q is cyclic quarticis (i) = (iii)
of Proposition 4.5 in Murabayashi [14].

Remark 3.3 Combining Proposition 3.1 with a result of Louboutin that gives roughly
e = \/W (where dj; denotes the discriminant of a number field M), we will get
roughly \/m < 271, As tx grows, the left hand side grows more quickly than the
right, so this relation will give a bound on tx. In turn, this will give a bound on 4} and on
the discriminant (Proposition 3.11).

The proof of Proposition 3.1 has two main steps. In the first step (Lemma 3.4) we cut
the relative class number /} up into a part that is 2« ~1 and another part. In the second
step (Lemma 3.6) we show that the other part is 1 for PQ1 fields.

Recall that Ik is the group of fractional ideals in K, let Px C Ix be the subgroup of
principal fractional ideals, and let H = Gal(K/K}) = (7). Then the fixed subgroup I}g[
is the group of fractional ideals that are equal to their complex conjugate, and we have
P = Pg NI We get the following genus theory result.

Lemma 3.4 Let K be a CM field and let pui be the group of roots of unity in K. If O =
/,LKO[?JF, then ]’1[*< = 2t1<—1[11< :IIIEIPK].

Proof We have the exact sequence

1>Ik, > I > P Z/exc.(0Z— 1 (3.1)
p prime of Ky

and

P Ziexk,0Z = (2/20)%.
p prime of K

The map ¢ : I{j — Ix /Px induces an isomorphism
I /PF = im(g) = I P /Px
so by (3.1), we have

(i - PH[PY - Pk, ]
hi, = Uk, : Px,] = -

= 27K [IH Py : Pr][PY : Pk, ],

hence
o e Uk I PK]
hK = — =2 —H a1
hk, [Py : Pk,]
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It now suffices to prove [Pllg (Pr ] =2.

Define ¢ : O — Of by ¢(¢€) = € /€. Then by the assumption O = ;LK(’);&, we have
@(e€) = ¢ /¢ = % where e = {eg with ¢ € ug and €9 € (912. Hence im(p) = u%@

There is a group homomorphism A : PIIg —>ux/ p,%( given by A((a)) = o/e. Indeed, the
map A is well-defined because every generator of the ideal (o) equals € - o for some € € Oy
and €/ € p%. As K = K;(y/=p) with a totally positive element B in K, we have
M((+/—B)) = —1, which is non-square if 4 { #11x, so A is surjective. Now suppose 4 | #pix.
Let ¢ € ux be an element of order the largest power of 2. Then we have A((1 + ¢)) =
(14¢)/(1 + ¢~ 1) = ¢, which is a non-square so A is surjective.

It now suffices to prove that the kernel is P, . Suppose o € K. Then A((&)) = ov/x = 1,
hence (a) € ker(A). Conversely, suppose A((«)) = 1. Then we have a/a = ¢2 for some
¢ € jk, hence (o) = (a/¢) € Pk, . O

Corollary 3.5 Let K be a non-Galois quartic CM field. If K has no roots of unity other
than £1, then Iy = 2K~ [Ix : IH Py ].

Proof Wehave Oy = (’);é+ by [21, Lemma 1] so the result follows from Lemma 3.4. O

Lemma 3.6 Let K be a primitive quartic CM field and let ® be a CM type of K. Then we
have [Ix :[IlgPK] < [gr : Io(®")]. Moreover, we have [Ixr :I}g;PKr] < Ugr : I(®")), where
H' = Gal(K" /K).

Proof To prove the first assertion, we show that the kernel of the map N¢ : Ix —
Ixr /In(®7) is contained in I}gPK. For any a € Ig, we can compute (see [22, (3.3)], which
applies as we have [K” : Q] = 22; or in detail, see [23, Lemma 1.8.4]):

NorNo(a) = NK/Q(a)%, (3.2)

Suppose Ng(a) € Io(®"). Then Nk/g(a)g = (o), where « € K* and aor =
Nir/o(No(a)) = NK/(@(a)2 € Q.So g = (B), where g = NK/Q(CL)_1 -a,and hence g8 = 1.
There is a y € K* such that 8 = y/y (this is a special case of Hilbert’s Theorem 90,
but can be seen directly by taking y = € + Be for any € € K with y # 0). Thus we have
a=Yya- (%) S IIIgPK and therefore [Ix : I}gpl(] < [Igr : I(®7)].

For the second assertion, we show Iy(®") C I?,/Pkr. By swapping (K, ®) with (K", ®")
in (3.2), we get

NoNor(b) = Nir/g(b) (3.3)

o o

Suppose b € Ip(®"). Then we have NKr/@(b)% = (a), where @« € K™ and aa =

No(Ngr g(b)) = N1<r/Q(b)2 € Q. We finish the proof of b € Illg,/PKr exactly as above.
O

Remark 3.7 The second assertion in Lemma 3.6 is also in Proposition A7-(ii) of
Shimura [22]. Murabayashi [14] uses this result to show h} = 2i=1 for cyclic quartic
CM fields. In the non-Galois case, we use the first assertion to show g = 2% ~1 and the
second to show hgr = 2" ~1 see the following proof.



15 Page 8 of 29 P. Kilicer, M. Streng Res. Number Theory(2023)9:15

Proof of Proposition 3.1 In case K = Q(¢5), we have iy = hy, = tx = txr = 1 so the
result follows. In all other cases, we have ux = {+1} and g = {£1}, so by Corollary 3.5,
we have iy = 2%~ : [HPg] and Ky, = 2 [Igr - II]g,rPKr]‘ As (K, @) has CM
class number one, we have [Ixr : Io(®")] = 1, so Lemma 3.6 gives [Ix : II’?PK] = [Igr :
IIQI:PKr] = 1. This proves i}, = 2tx—1 and Wer = 2tkr =1, ]

We get the following consequence, which will be very useful later.
Corollary 3.8 IfK is a non-Galois PQ1 field, then we have tx = tgr.

Proof By Proposition 3.1, we have h} = 2! and h}, = 2% ~!. By Louboutin [21,
Theorem A], we have hy = hy, so we get tx = txr. The result hy = hy, also follows
from Shimura [22, Proposition A.7-(i)] or Uchida [24, proof of Corollary], combined with
Washington [25, Proposition 4.16]. For context: the idea behind the proof of h}? = h;r
in [21,22,24] is to first show an identity of L-functions and then combine this with the
analytic class number formula. ]

The next step is to use the following bound from analytic number theory. Let djs denote
the discriminant of a number field M.

Proposition 3.9 (Louboutin) Let N be the normal closure of a non-Galois quartic CM
field K. Assume d}\[/ 8 > 222. Then

2 vk /dk,

Jer? (log(dk /dk,) + 0.057)%

by > (3.4)

Proof This is Remark 27 (1) of Louboutin [13]. O

Lemma 3.10 For real numbers D > 1 and non-negative integers t, let

2 VD
Jer? (log(D) + 0.057)2

where A; is the product of the first t prime numbers. Then f(D) increases monotonically

f(D) = and g(t) = 27" GA 2 ALey2))

for D > 52 and g(t) increases monotonically for t > 12.

Proof The function f (D) is differentiable for D > 1 and the derivative of (D) is positive
for D > 52. Hence f (D) increases monotonically for D > 52.

We will now show that g(t + 1) > g(¢) for all £ > 13. Let p; denote the ¢-th prime
number, so A1 = pr+14;. By the equality L%J = {%], we have

A/ A+ _ Py
Are/21A1t/2) /
Therefore, we get
ge+1)  JPre+n/a (log(5A1¢/21A ¢/2)) + 0.057)?
g(t) 2 (log(5A1e/21A1¢/2)Pf(1+1)/21) + 0.057)2

We claim that the second factor is > % for ¢t > 8. Assuming the claim for now, for ¢ > 12
we have

glt+1) _ VP2
g(t) 2

1
—>1
2
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so that g increases monotonically for £ > 12.
Proof of the claim. By Bertrand’s postulate [26], we have ps11 < 2p; for all integers
s > 1. So we get for all integers s > 4«

pin <2 <2°ppl <547
For all integers ¢ > 8, taking s = [£/2] gives

4 4 2
Ple+1)/2) = Psp1 < 985 = 5A121 A1)

SO

log(pr(e+1)/21) < ;ilog(MfthLt/ZJ) < (V2= 1)1og(5A1/21A11/2)),
hence

10g(5A1¢/21A1¢/2)) + log(Bp(e41)/21) + 0.057 < V2(log(5A(¢/21A12)) + 0.057),
which proves the claim. O

Proposition 3.11 For every non-Galois PQ1 field K, we have
dic/dk, <2-10%.

Proof LetN beanormalclosure of K.Ifdy < 2228 then di/dx, <dx < 2224 < 2.101°.
So from now on, assume dy > 2228.

Take f and g be as in Lemma 3.10. The quotient dx/ d12<+ is the norm of the relative
discriminant of K /K, which is divisible by the product of the norms of the primes of K
that are ramified in K/K. Moreover, as K, is a quadratic field, we have dx, > 5. Hence
we get di /dx, > 5Ar4 /211 /2), Where tx is the number of primes of K that are
ramified in K.

By Lemma 3.10, the value f(D) increases monotonically for D > 52. As we have
dx/dk, = 5A74c/21 8 4cs2) > 52 for tx > 3, we get f(di /dk,) > f(5A /210 1 /21)
if tx > 3. Therefore, under the assumption Ip(®") = Ixr, by Proposition 3.1, we obtain (if
tk > 3)

2K > f(dic/dic,) = f(5A /21 ALt 2)) (3.5)

and hence g(tx) < 1.

On the other hand, by Lemma 3.10 the value g(¢) increases monotonically for ¢ > 13.
We have g(¢) > 1if ¢ = 20. Therefore, we get tx < 19.

Using (3.5) now gives f (dx /dk,) < 218, On the other hand, we have f(2 - 101°) > 218,
so monotonicity of f gives di /di, <2 - 10%°. O

The bound that we get in Proposition 3.11 is unfortunately too large to list all non-Galois
PQL1 fields.

3.2 Strategy
Next we study ramification of primes in a normal closure N/Q of K in order to find a
sharper upper bound.

The main idea is to show that, under the assumption Ip(®”) = Ixr, almost all rational
primes that are ramified in K" /K7 areinertin K7 (Proposition 3.18) hence contribute extra
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K' K Ny K K" () (z) (') () (v
LN
Ky T + (z, ¥*)

Fig. 1 Diagram of subfields and subgroups

strongly to di+ /dg: . This implies that dik- /di: grows as the square of the product of such
ramified primes. We thus get a new lower bound on the class number that grows much
faster with £x than what we had in (3.5). This gives us a better upper bound on dg- /dKjr
in Theorem 3.21.

As inert primes are generated by prime numbers, this will also make it easier to write
down a formula for the fields that we are interested in (Proposition 3.19).

We begin by exploring the ramification behaviour of primes in N /Q.

3.3 Non-Galois quartic CM fields
Let K /Q be a non-Galois quartic CM field with real quadratic subfield K. By Lemma 2.1,
the normal closure N is a dihedral CM field of degree 8 with Galois group

G:=GaN/Q) = (x ¥ :y4 =x* = (xy)2 = id).

We give the diagram of subgroups of G and the corresponding subfields of N in Fig. 1.
Complex conjugation - is y? in this notation and the CM field K is the subfield of N fixed
by (x). Let ® be a CM type of K with values in N. Without loss of generality (by changing
the embedding of K into N and/or swapping y with y~! if needed), we have ® = {id, y|x}.
Then the reflex field K" of ® is the fixed field of (xy*), which is a non-Galois quartic CM
field non-isomorphic to K with reflex type ® = {id, y3|xr}, (see [19, Examples 8.4., 2(C)]).
Denote the quadratic subfield of K" by K.

Let N be the maximal totally real subfield of N, and let T be the quadratic subfield
of N such that N /k is cyclic.

3.4 Classification of the ramified primes in N/Q
We will use the following well-known result.

Lemma 3.12 Let M /L be a Galois extension of number fields and q be a prime of M over
an odd prime number. Then there is no surjective homomorphism from a subgroup of the
inertia group Iy to a Klein four group V.

Proof Suppose that there is a surjective homomorphism from a subgroup of I to V4.
In other words, there exists a biquadratic intermediate extension E/F of M /L such that
p = qNF is totally ramified in E/F. Denote the three quadratic intermediate extensions by
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E; = F(/a;) fori = 1, 2, 3. Without loss of generality, take ;; € O with ord,(e;) € {0, 1}
for each i. Note O, contains Of[,/a;] of relative discriminant 4«; over OF. Since p is odd,
this implies that the relative discriminant A(E;/F) of O, has ordy, (A(E;/F)) = ordy(«;).
At the same time, we have E3 = F(,/aia2) so p ramifies in E; for an even number of i’s.
Contradiction. O

Lemma 3.13 Let (K, ®) be a primitive quartic CM type. Then the following assertions
hold.

(i) If a prime p is ramified in both K, and K, then it is totally ramified in K /Q and
K"/Q.

(ii) If an odd prime p is ramified in Ky (in K7, respectively) as well as in the field T of
Fig. 1, then p splits in K7} (in Ky, respectively). Moreover, at least one of the primes
above p in K is ramified in K" /K[ (in K /K, respectively).

Proof In Table 1, we collect results about the primes in N and their factorization. The
columns / and D list all possible inertia groups / and decomposition groups D of prime
ideals of Oy that are ramified over a rational prime p. The six columns after that list
the factorization of p in some of the subfields of N listed in Fig. 1. By Lemma 3.12, cases
(11)—(15) only occur for odd p. We will explain other columns (and prove the data in
those columns) when we need them.

From the factorization columns, both statements (i) and (ii) follow. O

Remark 3.14 1t s also possible to prove Lemma 3.13 directly without a table, see the first
author’s PhD thesis [16, Lemma 2.3.7]. However, since we will need the table anyway, we
gave a proof using the table.

Lemma 3.15 Let K be a non-Galois PQI field. If K" has a prime p of prime norm p
with p = p, then we have Ky = Q(/p).

In particular, if p is totally ramified in K" /Q, or splits in K} /Q and at least one of the
primes over p in KI_ ramifies in K /K7, then we have Ky = Q(,/p).

Proof Since (K, @) is a PQL type, it follows that
Nor(p) = («) for some « € K™ such that oo = Ngr,q(p) = p.

As p = p, we have (&) = (@). So we get @ = e for a unit € in O with €€ = 1. It follows

that € is a root of unity. Since ux = {1}, we get «> = +p. The case o’

= —p is not
possible, since K has no imaginary quadratic intermediate field. Hence we have a? = p

andso /p € K. O

Proposition 3.16 Let K be a non-Galois PQ1 field. Then K = Q(,/p), where p is a prime
number.

Proof Suppose that there is an odd prime p that is ramified in K. Then p is ramified
either in K} and K orin Ky and T.

If p is ramified in both Ky and K, then by Lemma 3.13-(i), the prime p is totally ramified
in K" /Q. If p is ramified in Ky and T, then by Lemma 3.13-(ii), the prime p splits in K7}
and at least one of the primes over p in K ramifies in K" /K" . In both cases, Lemma 3.15
tells us that K = Q(,/p).
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Table 1 Ramification table of a non-Galois quartic CM field

Case / D Decomposition of p Nor (pxr1) /P € Ky
inN inK in Ky inT in K}, inK"
ay O 0D PP PR PRy PRIPR, PreIPKy PriPhy PRLIPKLy Pho PR, Pribky Y
@ (S B ) LIAETN Pk Pk, 1 PriPrc PR Ph 2
@) S I O A R PPk, PKLIPKy PRI PR Pk 5 2
(@ Oy eRPRy P K, Pl PKLIPKLy PR PR, P v
G @ (x) PRI PRy PR PR, PRIPR PR PRLIPKLy PR B PR PR PK1PKy
© 07y 007 PR PL R PRiPR PG PrIPRy BL PR PiaPiy PK1PKy3
© @ x o y? pRaeh, PrIPh, PKLIPKy PE Pl Piis P
I IS S B TAE T PE Pry KPRy PR PR Pk P
D@ ) ) PR Rl PR PRPE PR PLr PKLIPKLy PR PRyPrs Pribks Y
O (%) ) PP, PPN PRIPRy Ph P2, Pi KLy PRIPR Py PR v
® @ W ) PPy Pk Pia L P, 1Pk Ly PioPrry P v
B 0% by phpd, Pi: PZ,n Phr PrIPKy PRI, p v
© ) ) P i, PR, PeiPic P P i v
(10) v G P v, P2 P PR Pl i v
an oy ey ple, P 1PR, PrLIPKLy PR P s pripey Y
(12 xy) G Pl Pk Pk, 1 Phr PR Pl Pk v
(13) SR AN T Pl PR P PRLIPKLy PRPRy Pk v
(14) by G Pl Pl PE. P P Pk P
(15) G G Ph Pk PR P Pha by Pk v

This table lists all 19 pairs (I, D) where 1 # 1) D < D4 = (x, y) and D/l is cyclic, partitioned into 15 conjugacy classes (1)-(15).
In particular, it contains all possible inertia and decomposition groups of ramified primes of N. This table is a corrected
subset of [27, Table 5]: we restricted to | # 1 and corrected some entries in cases (4), (8), (10) and (15).

The cases (11)—(15) can only occur for p = 2 by Lemma 3.12. If there is a check mark in the last column, then by Lemma 3.15,
such splitting implies ,/p € K (i.e, Ky = Q(,/p)) under the assumption Io(®") = Ixr. The cases with * do not occur under
the assumption Io(®") = Ixr because p is not ramified in K in these cases, but on the other hand . /p € K by Lemma 3.15

Therefore, if an odd prime p is ramified in K, then we have Ky = Q(,/p). If no
odd prime ramifies in K, then the only prime that ramifies in Ky is 2 so we have

Ky = Q(\/E) O
Lemma 3.17 Let K be a non-Galois PQI field. Then the following assertions are true.

(i) If a rational prime [ is unramified in both K /Q and K /Q, but is ramified in K /Q
or K" /Q, then all primes above | in K, and K are ramified in K /K, and K" /K
and 1 is inert in K.

(i) If Ky = Q(/p) with a prime number p = 3 (mod 4), then 2 is inert in K.

Proof (i) Since (K, @) is a PQ1 type, it satisfies Ip(P") = Ixr. So the only possible decom-
position types for a prime that is ramified in K and unramified in both K and K are (2)
and (3) in Table 1 (see the % in the first column of Table 1). Hence the statement follows.

(ii) The prime 2 is ramified in Ky since p = 3 (mod 4). By Table 1, we see that if 2 is
ramified or split in K’ , then we have +/2 € K, a contradiction. This implies that 2 is inert
in K. O

The following proposition will be crucial when we construct PQ1 fields. It is the non-
Galois analogue of Murabayashi [14, Proposition 4.5], but it required a completely new
proof. The idea of the proof is to count the primes that ramify in the two extensions
K"/K! and K /K, using the restrictions that we collected in 3.15-3.17, and to use that
these numbers of primes are equal by Corollary 3.8.
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Proposition 3.18 Let K be a non-Galois PQ1 field. Then there exist prime numbers p
and q such that the following hold.

(i) We have K = Q(/p) and K = Q(,/q), where p and q are prime numbers with
q % 3 (mod 4).
(ii) The primes p and q are split in K| and K| respectively.
(iii) All primes coprime to p and q that are ramified in K" /K are inert in Ky /Q
and K /Q.

Proof Recall from Proposition 3.16 that we have Ky = Q(,/p) for a prime number p.
If p # 3 (mod 4), then p is the only prime that is ramified in Ky. If p = 3 (mod 4), then
p and 2 are two distinct primes that are ramified in K, and hence by the final column of
Table 1, we get that 2 is of Case (14), hence inert in K. This shows that there are four
types of prime numbers that ramify in N /Q:

(I) The prime p, which is ramified in K and possibly in K7,
(II) The primes that are unramified in K, but ramified in K7, say q1, ..., gs.
(III) The primes that are unramified in K and K, but ramified in K, say ry, ..., ri.
(IV) Ifp = 3 (mod4), then 2 # p is ramified in Ky and inert in K’ and is of Case (14) in
Table 1.

Next, we compute the contribution of each ramification type to tx and txr. Let f, and j;’
be the contributions of the primes over p. Set iy = 1 if p = 3 (mod 4), and ip = 0 if
p £ 3 (mod 4).

Claim. We have tgr = _};’ + m + iz and we have tx > f, + s + m + iy with equality only if
all primes of type (III) are inert in K.
Proof of the claim. The contributions of p (type (I)) are f, and ,};’ by definition.

(I) By Table 1 including Lemma 3.15, we see that for i = 1,...,s the prime g; splits
in K and exactly one of the primes above g; in K ramifies in K /K and the unique prime
above g; in K does not ramify in K" /K7 .

(III) By Lemma 3.17-(i), we see that for j = 1, ..., m the prime r; is inert in K7 and all
primes over 7; ramify in K" /K and K /K. It follows that r; contributes with exactly one
prime to tgr, and with at least one prime to tx and with exactly one if and only if ; is
inert in K5 /Q.

(IV) If p = 3 (mod 4), then by Case (14) of Table 1, we see that 2 contributes exactly 1
to tx and txr.

Sowe get tx > f, + s+ m + iy with equality if and only if all primes of type (III) are inert
in Ky and tgr = '};,’ + m + iy, exactly as claimed.

Corollary 3.8 gives tx = txr, which by the claim gives j;’ — fp = s with equality if and
only if all primes of type (III) are inert in K.

We observe that s > 1 holds. Indeed, if s = 0, then all primes that ramify in K also
ramify in K. Hence dg divides di, , whichis equal topif p = 1 (mod 4) and 4p otherwise.
So K = Ky, a contradiction.

By Table 1, we see 1 > f — f, with equality if and only if p splits in K7.

Combining the three previous paragraphs, we get f; — f, = s = 1, all primes of type
(III) are inert in Ky and p splits in K. As K} has a unique ramified prime g = gy, it is
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K} = Q(,/q) with g # 3 (mod 4). And as mentioned in the proof of the claim, the prime
q = qi splits in K. O

3.5 Explicit construction of the fields
Proposition 3.19 Let K be a non-Galois PQ1 field. Then there exist prime numbers p, q,
ands) < -+ < sywithu € {txr — 1, txr — 2} such that all of the following hold.

(i) We have Ky = Q(/p) and K = Q(,/q) with q # 3 (mod 4) and the primes p and q
are split in K and K respectively.
(i) The primes s; are inert in both K, and K.
(tii) There exists a prime p | pOx, an odd integer j and a totally positive generator 7t of p/

such that K" = K (/—ms1 - sy).

(iv) Forevery primeyp | pOx:, every odd integer j and every totally positive generator  of

v, we have K" = Q(/—ms1 - - - su).

Proof Proposition 3.18 states that there exist p and g such that (i) holds. The same
proposition also states that all prime numbers different from p and g that ramify in K/Q
are inert in Ky /Q and in K /Q.

Let 8 be a totally positive element of Ok such that K" = K% (/= B).

Since Oxr D Ok [v/=B] D Ok, the quotient of the discriminant ideals

A(Okr Ok )/ MOk [V =B/ Okz) = MOkr [Oxr ) /(—4B)

is a square ideal in Olq (see Cohen [28, p. 79]). As B is unique up to squares, and we can
take [-minimal B’ € B (I(Jf)2 for each prime [ of OK;, we get

1 (mod 2) if [ is ramified in K" /K[ and ({2,
ord(((8)) = 10 (mod 2) if [ is not ramified in K /K", (3.6)
Oor1 (mod2) if [is ramified in K" /K’ and []2.

Letl,..., [y © OIQ be the primes that ramify in K" /K’ , and let /; € Z- ¢ be the prime
number in I;. Let #; > 0 be minimal such that [[" is generated by a totally positive 1; € Ok
Choose such 1;, and take A; € Z.o whenever possible. Since we have K} = Q(,/q) with
prime g # 3 (mod 4), genus theory implies that Clx; = Cl?g; has odd order, so #; is odd.
Let

tgr

o= 1_[)\?, where ¢; € {0, 1}, &; = ord;,(8) (mod 2).
i=1

The following two claims together prove (ii) and (iii).
Claim 1 We havea/B € (K} *)%
Claim 2 We have a = msy - - - s, for some 7, s; and u as in (iii).

Proof of Claim 1 We first prove that («/B) = («)/(B) is a square ideal in K7 . Let [ be any
prime of K. If [ is unramified in K" /K7, then by (3.6), we have ord(8) = 0 (mod 2). So
by the definition of «, we have ord(() = 0. If [ is ramified in K" /K, then there exists i
such that [ = [;, so we get

ordy; (o) = ordy,(B) - ordy,(A;) = ord;,(8) (mod 2)
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as n; = ordy;(};) is odd. Therefore, the quotient («/p) is a square of a fractional ideal a
of O . Thus a? is generated by the totally positive a/B. So the class of a is 2-torsion in
the group Clla, which has an odd order, so there is a totally positive element u € (K7)*
that generates a. So /8 = u? - v for some totally positive v € O;i' Moreover, since
Clgr = Cl}:r , the norm of the fundamental unit € is negative. Therefore, a unit in (’)K;r is
totally positive if and only if it is a square in Ok . Hence v is a square in Ok so we get
a/B € (KL X)2 O

Proof of Claim 2 For any given i, if [; is inert in K} /Q, then n; = land A; = I; € Z~¢ is
prime. If /; is not inert in K /Q then /; € {p, q}, by Proposition 3.18. If ; = g, then as [; is
ramified in K" /K, by Lemma 3.15 we get ,/q € K, contradiction. So if /; is not inert in
K} /Q, thenl; = p.

Let

{s,...,su} ={li :i=1,...,txr suchthat [;isinertin K /Q
and ord;,(8) = 1 (mod 2)}.

Write pOKl = pp’ and let j € Z- be minimal such that §/ is principal and generated
by a totally positive generator 7. Let 7’ be the quadratic conjugate of 7. Then 7’ is a
totally positive generator of (p’y and we have 7’ = p/. We find a = 74" a ¥ sifor
some a, a € {0,1}. If a = d/, then @ € Z, which leads to a contradiction since K" is
non-biquadratic. So we either have « = 7 [[/_; s; or « = 7/ []/; s;. Swapping p with p’
and 7 with 7’ if necessary, we find that we are in the former case.

To finish the proof of Claim 2, it remains to show u € {txr — 1, txr — 2}.

If p # 2, then by (3.6) we get that u is tx minus 1 for 7 (or 7’), minus at most one for
every ramified prime of K| lying over 2 # p. Since such primes are inert in K /Q, we get
that there is at most one such prime, so u € {txr — 1, txr — 2}.

If p = 2, then by (3.6), as there are only two primes p and p’ over 2 in K, we get
u € {txr — 1, txr — 2}. This proves Claim 2.

Taking a different choice of j or a different generator r as in (iv) does not change the
field by the proof of Claim 1 above. Finally, note that K’ (/o) = Q(/a), and as 7 [ ]/, s;
and 7' [/, s; are conjugate, their square roots generate generate isomorphic number
fields over Q. This proves (iv). O

3.6 A sharper bound for dK’/dKjr
Lemma 3.20 Let K be a non-Galois PQ1 field with normal closure N. Let the notation be
as in Proposition 3.19 and let t = tgr. If u =t — 2, then let s;_1 = 2. Then we have

p4q4siL . ~sf71 <dn and

22
pgsy -+ sy < dr/dge.

Proof Letm, " and p be as in the proof of Proposition 3.19, and write 7 — 7" = /gf with
f € 7. Then the discriminant of Z[/—7s1 - - - s,,] C Ogr is (s1 - - - 5,)°2*pg?f*. As this is a
square times the discriminant dx+ of Ogr, we find that di- is p times a square. As dkr / d125r
is the norm of the relative discriminant of K" /K, we find that it is divisible by the norm
of every prime of K that ramifies in K”. So 011<r/a,’12<:r /p is a square integer divisible by
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s1---sy and if u = ¢t — 2, then (as in the proof of Proposition 3.19) we have 2 t s1-- s,
and d[<r/0112q /p is also divisible by 2. We get that dKr/a,'IZq /p is divisible by (s1 - - - 5;-1)?,
hence dg-r /d[qr is divisible by pq(s - - - s;_1)%, which proves the second assertion.

We also get that di- is divisible by p(gs; - - -s;—1)% and di, is divisible by p, hence dy
is divisible by p?(gs1 - - - s,—1)* and by p*. This proves the result except in the case p = 2,
u =t — 2. However, in that case dg, = 8, hence dy is divisible by 8% = 24p4sf71, which
proves the result. O

Theorem 3.21 Let K be a non-Galois PQ1 field with normal closure N and reflex field K.
Ifd]l\[/8 > 222, then we have hy,, < 25 and dKr/d]q < 2.3.1010,

Proof By Lemma 3.20, we have

dl(’/dlq > pqs% e 'S?qu = PtyrPtyr+1 A?qu:

where pj is the jth prime number and Ay = I—[]kzl Dj.

Let

2vD

Jer%(log(D) + 0.057)
Then we have hxr > f(dkr/dk: ) by Proposition 3.9.

Recall that, by Lemma 3.10, the function f is monotonically increasing for D > 52.
Therefore, if tgxr > 3, then we have f(dKr/qu) > f(pegrPegr+1 AfK,_l). So under the
assumption Ip(®") = Ik, by Proposition 3.1, we have

f(D) =

5 and h(r) = 27 f (pepr AL Y).

2tk =1 Zf(dK’/dlq) Ef(PtKrptI(r+1A?1(,_1),

and hence we get h(txr) < 1.
The function k() is monotonically increasing for ¢ > 4 by arguments similar to those
we used in Lemma 3.10. Indeed, by Bertrand’s postulate [26], we have

PtPt+2 < 2PtPei1 < PiPr+l Af_l

for t > 2. This yields

log(pt+1pt+2A%) + 0.057 = log(ptpt_;_z) + log(ptptHAf_l) + 0.057
< 2(log(pepr 102 1) + 0.057)

for t > 2. Therefore, we get

h(t+1)  /Ptbr+2 (log(ptpr 1A% 1) + 0.057)2 _ VPiPa
h(z) 2 (log(pry1pr2A}) + 0.057)> 8
whenever ¢ > 4, which proves monotonicity.
We compute that (¢) > 1if t = 7. So we get txr < 6 and k%, < 2°. We then compute
f(23 - 10°) > 32, which by 2° > hyr > f(D) and monotonicity of / proves the bound
onD. |

Now that we have an upper bound for /J,, we can find an upper bound for the prime p
and improve the bound for dgr/ dlq.
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Table2 Definition of D, and B, used in Corollaries 3.22 and 3.23

v D, B,

0 3.5.10° 55.10°

1 22107 3.3-107

2 1.32-108 1.875-108
3 75108 1.05 - 10°
4 42.10° 5.75-10°
5 2.3.10'0 2.3-10'0

Corollary 3.22 Let K be a non-Galois PQ1 field with normal closure N. Let v be such that
Wyr = 2. Ifdy]® > 222, then we have dy /dyy < D, with D, as defined in Table 2.

Proof By Proposition 3.9 we have f (dg/ dlq) < hy, for some explicit function f (x). The
function f (x) is monotonically increasing for x > 52 (Lemma 3.10). We can therefore verify
the result by evaluating f in D,, which we did using interval arithmetic in SageMath [29].

O

Corollary 3.23 Let K be a non-Galois PQ1 field with normal closure N. Let the nota-
tion be as in Proposition 3.19. Ifd]l\[/8 > 222, then we have u € {0,1,...,5} and
pq < Bo with By as in Table 2. Moreover, for all positive integers i < u, we have
S1+-8 < max{\/BiTlm), 2222 /(pq)} with B; as defined in Table 2.

Proof By Proposition 3.19, we have u € {t — 1, ¢ — 2}, where t = tx-.

Recall that by Proposition 3.1 and Theorem 3.21, we have 2/ ™1 = /ixr < 2°, which gives
u <5.

Asin Lemma 3.20,if u =t — 2,lets;_1 = 2.

Ifdy < 2228, then Lemma 3.20 gives sy - - -s;_1 < dll\[/4/(pq) < 2222/(pq). Ifdy > 2228,
then by Corollary 3.22, we get

s1-+S-1 <\ Jdir [dr /(pg) < v Di—1/(pq)

with D;_1 defined in Table 2.
In both cases, this proves

s1---se—1 < max{y/Dy_1/(pq), 222%/(pq)), (3.7)

which implies pg < max{D;_;/ A%_l, 2222} where A,_; is the product of the first £t — 1
prime numbers. We check that for all v € {0, ..., 5}, we have D, < A2By, hence we get
pq < Bo.

Moreover, in the case u = t — 2, inequality (3.7) gives sy1---s;, = s1---S—1 <

max{+/D;_1/(pq)/2, 222%/(pq)}. So we conclude that if # < 5, then

s1 -5y < max{y/Dy/(pq), v/Dus1/(09)/2 2222/ (pq)}
= max{y/Dy+1/(pq)/2 222*/(pq)}

and if u = 5 then sy - - -5, < max{,/D,/(pq), 2222 /(pq)}.

Page 17 of 29
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The number B, of Table 2 is given by

Dy 1/4 ifv <5
B, =
D, ifv =5,

so we get sy - - -5, < max{y/B./(pq), 222/ (pq)}.

Now given an integer i with 0 < i < u, this gives

s1---s; < max{y/Bu/(pq), 222°/(pq)} /(si1 - - - su)

< max{y/372~)B, /(pq), 222*/(pq)}

< max{y/Bi/(pq), 222*/(pq)}.

3.7 Enumerating non-Galois PQ1 fields

Combining Proposition 3.19 with the bound of Corollary 3.23, we now have a good way
of listing candidate non-Galois PQ1 fields. Postponing the discussion of how to recognise
which fields are PQ1 to Sect. 3.8 and Algorithm 3, we get the following algorithm.

Algorithm 1 Computing all non-Galois PQ1 fields
Input: Nothing.
Output: All non-Galois PQ1 fields.

1. Make a list L of all pairs (p, ) of primes with p - ¢ < 5.5 - 10° such that ¢ # 3 (mod 4), p
is split in Q(,/g) and ¢ is split in Q(,/p).
2. For each pair (p, q) € L, iterate over all tuples s; < s < - -+ < s, of primes such that
(i) 0=u=<5,
(ii) s1, ..., s, are are inert in Q(,/p) and Q(,/q),
(iii) forall i < u, we have sy - --s; < max{y/B;/(pq), 222%/(pq)} with B; as in Table 2.

For each such tuple, do the following:

a Create a field K" from (p, ¢, 51, - . ., Sy) as follows.

(i) Write pOx; = pp'.
(ii) Letj be the order of p in the narrow class group of Q(,/g), which is odd because
only the prime ¢ is ramified in Q(,/7). Let 7 be a totally positive generator of p/.

(iii) Let K" = Q(/—ms1 - - - sy).

b Test whether the reflex field K of K" has CM class number one, using Algorithm 3
below. If so, output K.

Proof of Algorithm 1 Let K be a non-Galois PQ1 field. Then Proposition 3.19 states that
the reflex field K" is isomorphic to the field constructed in Step 2a for some p, ¢, s1, . . ., sy,
satisfying the splitting and congruence conditions of Step 1 and the conditions 2(ii).
Moreover, Corollary 3.23 states that p, g, s1, ..., s, satisfy the bounds of Steps 1, 2(i)
and 2(iii).



P. Kiliger, M. Streng Res. Number Theory (2023)9:15 Page190f29 15

Finally, the field “K” in Step 2b is isomorphic to K as the isomorphism class of the
reflex field of K™ does not depend on the choice of a CM type by Lemma 2.1 (see also the
paragraph below the proof of Lemma 2.1). ]

3.8 Checking whether a field is PQ1

Now that we can enumerate all candidate non-Galois PQ1 fields, we need to check which
of them actually have CM class number 1. Computing all class groups is too expensive, so
we need fast ways to eliminate the fields of CM class number > 1.

Recall that the primitive quartic CM field K has CM class number 1 if for every fractional
Ogr-ideal b, there is an element « € K™ with Ngr(b) = (@) and e € Q (2.1). Note that
if o exists, then in fact we have aar = Nir/g(b).

Our first check is the following special case of Theorem D in Louboutin [21].

Lemma 3.24 Let (K, ®) be a non-Galois or cyclic quartic PQ1I type. If a rational prime [
splits completely in K" /Q, then | > %«/dK/dKJr,

Proof Let [ be a rational prime that splits completely in K"/Q. Let b be a prime
ideal in K" above [. By the assumption of CM class number 1, there exists o € K*
such that N¢r(b) = (o) and e = [. Here @ # @, since Vi ¢ K. Then since

Ok D Ok, la] and A(Ok, [«]/Ok,) = (¢ — @)%, we have di/ d12<+ = Ng, 0(dk/x,)
2

Nk, /o(A(Ok/Ok,)) < Nk, oo — @)2). Moreover, since a@ = [, we have ¢(a — @)% <
(2/1)? for all embeddings ¢ : Ky <> R, hence dx /dg, < Nk, jo((@ —@)?) <1612 O

Lemma 3.24 allows us to discard many fields, but not enough, so we need a less crude
test as well.

For recognising whether the ideals N (b) are generated by an element« € K* such that
aa = Nir/(b) we can use class groups and unit groups. However, for small primes b, it
is faster to list Weil numbers, which are defined as follows. Let Q € Z be a positive integer
(usually a prime power in the literature). A Weil Q—number « is an algebraic integer such
that all embeddings in C have absolute value 4/Q. In particular, we want to check whether
Nor(b) is generated by a Weil Q—number for Q = N(b).

Algorithm 2 Checking whether an ideal is generated by a Weil Q—number

Input: An ideal a C Ok in a quartic CM field K with totally real subfield Ky = Q(+/d) for a
square-free integer d; a positive integer Q.
Output: ‘True’ or ‘False’ according to whether a is generated by a Weil Q—number in K.

1. foralla € [0,2,/Q] N %Z,

(a) let B=(24/Q —a)/vd € R.
(b) forallb e [—B BN 3Z,

(i) letB=a+bVd e Ky CK,
(ii) if B2 — 4Qis square in K, then let o = (=8 £ /B2 — 4Q)/2,

(iii) if a is generated by one of o, then return “True’.

2. return ‘False’.
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Proof Ifais generated by a Weil Q—number «, then let 8 = « +@ and write 8 = a+b+/d.
Changing « into —a« if needed, we get a > 0. We get « = (—8 £ /82 — 4Q)/2 and we
get | 8| < 24/Q for all complex embeddings. As a consequence, the numbers & and b are
in the intervals in the algorithm.

Conversely, if the output is true, then a4 is a Weil Q—number that generates a. O

Algorithm 2 takes time linear in Q, so we only want to do it for small Q. Once we
have done this for enough small-norm ideals b to convince ourselves that K has CM class
number one, we do a final verification using the class group, which is possible as we then
only have fields of small discriminant left.

For that final verification, we take generators b of the class group and check that N (b)
is generated by & € K* such that a& € Q. As we have computed the class group and unit
group, we could use [30, Algorithm 2.8], which is available as a_ to_mu(®’, b) in [31]. In
practice Q = Nkr(b) is small, so we use Algorithm 2 instead.

Algorithm 3 Eliminating non-PQ1 fields
Input: A primitive quartic CM field K.
Output: ‘True’ or ‘False’ according to whether the reflex field K of K" is PQI.

1. Choose a CM type @” of K", calculate its reflex field K and the discriminants of K and K.
2. If K7 has totally split primes in K" below the bound %d}(/ 2 /dk, , then return ‘False’.

3. For each prime ideal q in Ogr with Q := Ngr/g(q) < 12log(|dkr )2, use Algorithm 2 to
check whether Ng¢r(q) is generated by a Weil Q—number. If it is not, then return ‘False’.

4. Compute representative prime ideals of a set of generators of the class group Ixr/Pgr.
For each such ideal g, use Algorithm 2 to check whether Ngr(q) is generated by a Weil
Q-number for Q := N(q), and return ‘False’ if it is not.

5. Return ‘True’.

Proof of Algorithm 3 Let (K, ®) be the reflex of (K, ®") with ®” as in Step 1. Note that
the isomorphism class of K does not depend on the choice of ®” (see Lemma 2.1), and
neither does the order of its CM class group (Lemma 2.3).

Steps 2 and 3 only eliminate fields with CM class number greater than 1 (in case of
Step 2 by Lemma 3.24 and in case of Step 3 by definition). In particular, these steps
(which are only meant to speed up the computation) have no effect on the validity of the
output. Step 4 tests exactly (using the definition) whether the reflex (K, ®) has CM class

number one. O

Remark 3.25 Step 3 checks whether K is a PQ1 field or not under assumption of the
generalized Riemann hypothesis (GRH), see Bach [32]. There are no fields eliminated in
Step 4 as expected, as otherwise this would contradict the GRH.

To specify quartic CM fields, we use the following notation of the ECHIDNA database
[33]. Given a quartic CM field K, let D be the discriminant of the real quadratic subfield K
of K. Write K = K (y/—a) where « is a totally positive element of Ok, and take & such
that A := Trx, yo(a) > 0 is minimal and let B := N, /o(—a). We choose o with minimal
B if there is more than one B with the same A. We use the triple [D, A, B] to uniquely
represent the isomorphism class of the CM field K = Q[X]/(X* + AX? + B).
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We implemented the algorithms in SageMath [29,31,34] and obtained the list of the
fields in Table 3. The implementation is available online at [35]. This computation is easily
parallelized and took 3.7 core-days using standard CPUs. In Step 4, we could choose to
use a_to_mu instead of Algorithm 2, which would not change the computation time
much (3.8 core-days instead of 3.7), but we do profit from having Algorithm 2 in Step 3,
as otherwise the computation takes more than 242 core-days. Step 3 is therefore essential
for keeping the computation manageable.

This proves the non-Galois case of our main result:

Theorem 3.26 There exist exactly 63 isomorphism classes of non-Galois quartic CM fields
with CM class number one. The fields are exactly those listed in Table 3.

4 Cyclic PQ1 fields

We now determine all cyclic PQ1 fields. Murabayashi and Umegaki [7,14] already deter-
mined those for which the curves with CM by the maximal order can be defined over Q,
but there are more cyclic PQ1 fields. We will show (Theorem 4.7) that Table 1b of [9] is
complete, which is necessary for proving that the list of all absolutely simple genus-two
CM curves over Q in [10] is complete (Theorem 5.6).

Theorem 4.7 gives only a few more fields than [7], and indeed unlike the non-Galois
case of Sect. 3, we do not need much beyond what is already in [7].

Suppose that K/Q is a cyclic quartic CM field with Gal(K/Q) = (y). In this notation
complex conjugation is y%. As the CM class number does not depend on the CM type
(Lemma 2.3), we choose ® = {id, y}. This CM type is primitive and satisfies K" = K and
" = {id, y3}.

We start with the following result, of which Proposition 3.18 is a non-Galois analogue.

Proposition 4.1 (Murabayashi) A quartic cyclic CM field K is PQI if and only if all of the
following hold:

(i) there is exactly one totally ramified prime in K /Q;
(i) the other ramified primes of K /Q are inert in Ky /Q;
(iii) hg = 2= where ty is the number of ramified primes in K /K.

Proof Thisis Proposition 4.5 (i) and (iii) of Murabayashi [14]. For the notation used there,
see Lemma 4.2 of [14] and the paragraph above it. ]

By weakening the assumptions in [14, Theorem 4.12], we obtain the following result.

Proposition 4.2 Let K be a cyclic PQ1 field. Then there exist prime numbers p, s1, . . ., Sy
withu € {tx — 1, tx — 2} such that all of the following hold.

(i) We have K = Q(,/p) with p # 3 (mod 4).
(if) The prime s; is inert in K4 for all i.

(i) We have K = Q(,/—¢€s1 - - - s, /p) for every € € (9;+ with e /p > 0.

Proof Let B € Ok, be a totally positive element such that K = Ky (v/—p8). We will
construct a totally positive element & € K* in terms of the ramified primes in K /K and
show that « and B differ by a factor in (K )2,
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Table 3 Table of fields referenced in Theorem 3.26

D A B p q Spe-eSy hK+ hg reflex D, A, B

5, 11, 29 5 29 1 1 2 29, 7, 5
5, 13, 41 5 41 1 1 1 41, 1, 20
5, 17, 61 5 61 1 1 1 61, 9, 5
5, 21, 109 5 109 1 1 1 109, 17, 45
5, 26, 149 5 149 1 1 1 149, 13, 5
5, 33, 261 5 29 3 1 2 29, 21, 45
5, 34, 269 5 269 1 1 1 269, 17, 5
5, 41, 389 5 389 1 1 1 389, 37, 245
5, 66, 909 5 101 3 1 2 101, 33, 45
8, 10, 17 2 17 1 1 1 17, 5, 2
8, 14, 41 2 41 1 1 2 41, 7, 2
8, 18, 73 2 73 1 1 1 73, 9, 2
8, 22, 89 2 89 1 1 1 89, 1, 8
8, 26, 137 2 137 1 1 2 137, 13, 8
8, 30, 153 2 17 3 1 4 17, 15, 18
8, 34, 281 2 281 1 1 1 281, 17, 2
8, 38, 233 2 233 1 1 1 233, 19, 32
8, 50, 425 2 17 5 1 2 17, 25, 50
8, 66, 1017 2 113 3 1 2 113, 33, 18
12, 8, 13 3 13 2 1 2 13, 10, 12
12, 10, 13 3 13 1 1 2 13, 5, 3
12, 14, 37 3 37 1 1 2 37, 7, 3
12, 26, 61 3 61 1 1 2 61, 13, 27
12, 26, 157 3 157 1 1 2 157, 13, 3
12, 50, 325 3 13 5 1 4 13, 25, 75
13, 9, 17 13 17 1 1 1 17, 15, 52
13, 18, 29 13 29 1 1 1 29, 9, 13
13, 29, 181 13 181 1 1 1 181, 41, 13
13, 41, 157 13 157 1 1 1 157, 25, 117
17, 5, 2 17 2 1 1 1 8, 10, 17
17, 15, 52 17 13 1 1 1 13, 9, 17
17, 25, 50 17 2 5 1 2 8, 50, 425
17, 46, 257 17 257 1 1 1 257, 23, 68
17, 47, 548 17 137 1 1 1 137, 35, 272
29, 7, 5 29 5 1 1 2 5, 1, 29
29, 9, 13 29 13 1 1 1 13, 18, 29
29, 21, 45 29 5 3 1 2 5, 33, 261
29, 26, 53 29 53 1 1 1 53, 13, 29
41, 11, 20 41 5 1 1 1 5, 13, 41
44, 8, 5 M 5 2 1 2 5, 14, 44
44, 14, 5 1M 5 1 1 2 5, 7, M
44, 42, 45 il 5 3 1 4 5, 21, 99
53, 13, 29 53 29 1 1 1 29, 26, 53
61, 9, 5 61 5 1 1 1 5, 17, 61
73, 9, 2 73 2 1 1 1 8, 18, 73
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Table 3 continued

D A B p q Spe-eSy hK+ hg reflex D, A, B

73, 47, 388 73 97 1 1 1 97, 94, 657
76, 18, 5 19 5 1 1 2 5, 9, 19
89, 11, 8 89 2 1 1 1 8, 22, 89
97, 94, 657 97 73 1 1 1 73, 47, 388
101, 33, 45 101 5 3 1 2 5, 66, 909
109, 17, 45 109 5 1 1 1 5, 21, 109
113, 33, 18 113 2 3 1 2 8, 66, 1017
137, 35, 272 137 17 1 1 1 17, 47, 548
149, 13, 5 149 5 1 1 1 5, 26, 149
157, 25, 117 157 13 1 1 1 13, 41, 157
172, 34, 117 43 13 1 1 2 13, 17, 43
181, 41, 13 181 13 1 1 1 13, 29, 181
233, 19, 32 233 2 1 1 1 8, 38, 233
236, 32, 20 59 5 1 1 2 5, 16, 59
257, 23, 68 257 17 1 3 1 17, 46, 257
269, 17, 5 269 5 1 1 1 5, 34, 269
281, 17, 2 281 2 1 1 1 8, 34, 281
389, 37, 245 389 5 1 1 1 5, 41, 389

The fields are K = Q[X]/(X* 4+ AX? + B) with di, = D.Their reflex fields are K" = Q(\/—ms1 - - - 5,) where 7 is totally
positive of norm p inside the ring of integers of K = Q(,/g). The class number of K is /i, and the class number of K
is h, hy . The reflex field K" is also given by the D, A and B in the final column

By Proposition 4.1, we have Ky = Q(,/p), where p is a prime with p # 3 (mod 4). There
are tx ramified primes in K/K,, and the ones that are distinct from (,/p) are inert in
K /Q, by Proposition 4.1. Let S be the set of prime numbers generating these inert prime
ideals and let s1, 52, - - -, 5, be the elements of {s € S : 5 or ord)(B) is odd}.

We then have u € {tx — 1, tx — 2}.

Since p # 3 (mod 4), by the genus theory for quadratic fields, we have Ng, /g(€) = —1
where € is the fundamental unit of Oy, . Take € > 0 so that e, /p > 0.

Takea = s1---s, if ord(ﬁ)(ﬁ) is even, and take o = €sy - - - s, ,/p otherwise.

Then exactly as in the proof of Claim 1 in the proof of Proposition 3.19, we have
a/B € (K)? hence K = Ky (y—a).

In the case o = s1 - - - 554, we get a biquadratic field, contradiction. Therefore, we have

a=esp---sy/pand K = K (V—a) = Q(/—a). O
The next step is to bound the conductor and the relative class number.

Theorem 4.3 (Louboutin [36], Theorem 5) Let K be a cyclic quartic CM field of conduc-
tor fx and discriminant dx. Then we have

2 4 1/2
1*< > 1— e fK ) (4,.1)
3en? d11</4 (log(fx) + 0.05)2

Most of what is stated in the following two results are also observed in [7].

Lemma 4.4 Let K be a cyclic PQI field. In the notation of Proposition 4.2, ifu = tx — 2,
then let sy _1 = 2. Then we have

fic Zpsi--sy—1 and di > 5fg.



15

Page 24 of 29 P. Kilicer, M. Streng Res. Number Theory(2023)9:15

Proof By Propositions 11.9 and 11.10 in Chapter VII of [37], we havefI? = dx/dx, ,hence
dx = fI?dK L= 5f[?. Moreover, the conductor fx is divisible by the ramified primes, hence
Sk = ps1- - Sge—1. |

Lemma 4.5 For real numbers D > 1 and non-negative integers t, let

and g(t) =271e(A,) (4.2)

2 4grell? D
(D)= —=(1-
3emr? 5DY2 ) (log(D) + 0.05)2

where A; is the product of the first t prime numbers. Then £(D) increases monotonically
for D > 1 and g(t) increases monotonically for t > 0.

Proof We checked monotonicity of f and g in the same way as in Lemma 3.10. ]
Proposition 4.6 For every cyclic PQI field K, we have hy, < 2% and fx < 2-10°.

Proof Lemma 4.4 gives dx > 5f[?. As the factor (1 — 4nel/2d1;1/4) in (4.1) increases

with dr;, Theorem 4.3 gives i}, > £(fx). By Lemma 4.4, we have fxr > psi - - - 55, —1. Let Ay

be the product of the first £ primes. As f is monotonically increasing, we get iy > £(Ay).

By Proposition 3.1, we have /iy, = 2i=1, 50 we obtain 1 > g(tx). As g(t) is monotonically

increasing with £ > 0 and we have g(7) > 1, we get fx < 6. So we get iy < 25,
Moreover, we compute £(2 - 10°) > 2°, and therefore we get fi < 2 - 10°.

Algorithm 4 Computing all cyclic PQ1 fields
Input: Nothing.
Output: All cyclic PQ1 fields.

Step 1. For each prime number p < 2-10° with p # 3 (mod 4), iterate over all tuples s; < 55 <
- < s, of primes such that

(i) 0<ucx<5
(i) 1, ..., 84 are inert in Q(,/p),

(iii) psisy---sy <2-10°.

Step 2. For each such tuple, take a fundamental unit € in Q(ﬁ) such that € ﬁ > 0, and

construct K = Q(,/—€s1 - - Sy /P)-

Step 3. Test whether the CM field K has CM class number one, using Algorithm 3 for K" = K.
If so, output K.

Proof Propositions 4.2 and 4.6 show that every cyclic PQ1 field is listed. Algorithm 3
eliminates exactly the incorrect fields. O

We implemented the algorithm in SageMath [29,31,34] and obtained the list of the CM
fields in Table 4. The implementation is available online at [35]. This computation took
less than 2 core-hours.

This proves the cyclic case of our main result:

Theorem 4.7 There exist exactly 20 isomorphism classes of cyclic quartic CM fields with
CM class number one. The fields are exactly those listed in Table 4.
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Table 4 Table of fields referenced in Theorem 4.7

D A B fk p 1Sy hy, hi
5, 5, 5 5 5 1 1 1
5, 10, 20 2.5 5 2 1 2
5, 15, 45 22.3.5 5 3 1 4
5, 30, 180 2.3.5 5 2.3 1 4
5, 35, 245 22.5.7 5 2.7 1 4
5, 65, 845 5.13 5 13 1 2
5, 85, 1445 5.17 5 17 1 2
5, 105, 2205 3.5.7 5 3.7 1 4
8, 4, 2 24 2 1 1 1
8, 12, 18 24.3 2 3 1 2
8, 20, 50 245 2 5 1 2
13, 13, 13 13 13 1 1 1
13, 26, 52 23.13 13 2 1 2
13, 65, 325 5.13 13 5 1 2
17, 119, 3332 717 17 7 1 2
17, 255, 15300 3.5.17 17 3.5 1 4
29, 29, 29 29 29 1 1 1
37, 37, 333 37 37 1 1 1
53, 53, 53 53 53 1 1 1
61, 61, 549 61 61 1 1 1

The fields are K = Q[X]/(X* + AX? + B) = Q(,/—es1 - - - su/P), Where € is any totally positive unit in the maximal order of
the real quadratic field K;. = Q(,/p) of discriminant D. The conductor of K is f, the class number of K is ik, and the class
number of K is kg, hy

5 Consequences for curves of genus two with CM
In this section we derive Theorems 5.6—5.8 from the main results.

In order to study a curve C over a field k of characteristic 0 (by which we mean a smooth,
projective, geometrically irreducible curve), we will work with its Jacobian A = J(C),
which is an abelian variety variety of dimension equal to the genus of C; for details we
refer to [38]. The Jacobian satisfies J (C) (k) = PicO(CE) andifk C C,thenJ(C)(C) = Cs/A
for the period lattice A of C.

An abelian variety A over a field k of characteristic 0 has complex multiplication (CM)
if there exists an embedding 6 : K — End(Az) ® Q for a CM field K of dimension
2 - dim(A). In this case, we also say that A (or C) has CM by K or that it has CM by the
order 9_1(End(A;)) CK.

Given A with CM by K via an embedding 6, we obtain a CM-type ® of K with values
in k as follows. Let Tgt,(A) be the tangent space of A over k at 0. Let @ be the set of
homomorphisms K — k occurring in the diagonalisation of the representation K —
Endz(Tgty(Az)) : @ = D(6(«)). Then @ is a CM type of K, and we say that (4, 6) is of type
(K, D).

Our goal in this section is to state the following result and show how it follows from
standard references.

Proposition 5.1 Let K be a quartic CM field and ® a CM type of K. Let C be a curve of
genus 2 over K" such that J(C)c has CM by an order O in K of type ®. If J(C)c is simple
or End(J(C)c) = O, then K is a PQI field.
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A polarized abelian variety of type (K, ®) is a triple P = (4, 6, ¢) formed by an abelian
variety (4, 0) of type (K, ®) and a polarization ¢ of A such that 6(K) is stable under
the Rosati involution of End(Az) ® Q determined by ¢. For more details see Shimura—
Taniyama [19, Chap. 14].

Theorem 5.2 (Shimura—Taniyama) Let P = (4, 0, ) be a polarized abelian variety over
a field k and of type (K, ®). Then the following are equivalent.

(i) The abelian variety A is absolutely simple, i.e., not isogenous over k to a product of
abelian varieties of lower dimension.

(ii) The endomorphism ring End(Ay) is an integral domain of rank 2g.

(iii) The CM type (K, ®) is primitive.

Proof This follows e.g. from [20, 1.3.3 and 1.3.5]. O

The field of moduli of a polarized abelian variety (4, ¢) over a field k of characteristic
zero is the unique field ky C k with the following property [19, 1.4.2, Theorem 2]: for all
embeddings o : k — k, we have

A 9)=(0Aop) = ol =idk,

The first main theorem of complex multiplication tells us that ky - K" is a class field
over K" as follows.

Theorem 5.3 (Shimura—Taniyama) Let P = (A4, 0, ) be a polarized abelian variety of
primitive type (K, ®) with CM by an order in K. Let ko be the field of moduli of (A, ¢). Then
ko - K" contains the unramified class field over K corresponding to the ideal group Iy(®")
of (2.1).

Proof In the case of CM by the maximal order Ok, this is [19, Main Theorem 1 in §15.3],
which in fact gives equality of the fields. In general, this follows from [19, Main Theorem 3
in §17.3]. O

Corollary 5.4 Let (K, ®) be a primitive CM type and let C be a curve over C with CM
of type (K, ®) by an order in K. If C has a model over K, then the quotient Ixr /Io(®P") is
trivial.

Proof If C has a model over K" then the field of moduli of the Jacobian J(C) is contained
in K". Hence by Theorem 5.3, we have I(®") = Igr. m|

Remark 5.5 In the case of CM by the maximal order, the converse to Corollary 5.4 is true
as well and follows from Milne [39,40]. See also Bouyer—Streng [9, Theorem 5.3].

Proof of Proposition 5.1 1f J(C)c is simple or End(J(C)¢) = O, then the CM type is prim-
itive by Theorem 5.2. In particular, the result follows from Corollary 5.4. |

We now prove the following consequences of the main theorems.

Theorem 5.6 There exist exactly 21 curves C/Q of genus 2 up to Q-isomorphism such
that End(J(C )@) is an order in a quartic number field. The fields and 19 of the curves are
those given in van Wamelen [8). The other two curves are y* = x® — 4x° 4+ 104> — 6x — 1
and y* = 4x® + 40x* — 40x3 + 20x2 + 20x + 3, which are given in Theorem 14 of Bisson—
Streng [10].
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Proof For such a curve C, let O = End(](C)@) and K = O ® Q. Then K is a CM field
by [20, Theorem 1.1.3] and is PQ1 by Proposition 5.1. Moreover, Proposition 5.17 in
Shimura [41] shows that K/Q is Galois, so it is cyclic and hence Theorem 4.7 gives all
possibilities for K.

Bouyer—Streng [9] prove that the 19 curves in [8] are exactly the curves with O = Ok
for these fields K and Bisson—Streng [10] prove that the two curves in the statement are
exactly the curves with O C Ok that can be defined over Q. |

Theorem 5.7 There are exactly 231 curves of genus 2 over Q up to isomorphism, such
that End(J(C )@) is the ring of integers of a quartic CM field K and C has field of moduli
contained in the reflex field. The corresponding CM fields K are those of Tables 3 and 4,
and the curves are those of [9, Tables 1a, 1b, 2b, and 2c].

Theorem 5.8 There are exactly 301 curves of genus 2 over Q up to isomorphism, such that
End(J (C)@) is an order in a quartic CM field K and C has field of moduli contained in the
reflex field. The corresponding CM fields K are those of Tables 3 and 4.

Proof of Theorems 5.7 and 5.8 By Proposition 5.1, the CM field K is PQ1. Theorems 3.26
and 4.7 give exactly the fields.

The main result of Bouyer—Streng [9] is the complete list of curves with endomorphism
ring O for those fields. There are 19 defined over QQ in Table 1A, and the rest have a
quadratic field of moduli K. Of the latter, only one representative of the Gal(Kj /Q)-orbit
of these moduli is given in [9], hence the 12+58+36 = 106 entries in Tables 1B, 2B, and 2C
of [9] represent 2 - 106 = 212 moduli points over Q. In total, this gives 19 + 212 = 231,
which proves Theorem 5.7.

Now that we know all PQ1 fields we use the methods of Bisson-Streng [10, Theorem 4]
to find all non-maximal orders of CM class number one and their principally polarized
lattices. We made the SageMath script for this calculation available online at [35]. It
yields 70 isomorphism classes of lattices, each corresponding to an isomorphism class
of curves (including the two listed in Theorem 5.6). Together with the 231 curves in
Theorem 5.7, this gives 301 curves, which proves Theorem 5.8. O

Remark 5.9 Of the 301 curves of Theorem 5.8, exactly 68 do not appear in Theorems 5.6
and 5.7. These curves have CM by non-maximal orders.

We computed numerical approximations of the values of the Igusa invariants of the
curves and rounded them to conjecturally correct values in Kj. Models of the curves
can be computed from the Igusa invariants using the methods of [9,42,43]. The Igusa
invariants and some curve models are available at the same link as the calculation.

Proving correctness of these numerical values goes beyond the scope of this article, but
might be possible using [44], [10, last page of Sect. 6.1.5], [45]. It is not needed for the
proof of Theorem 5.8
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