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Quantum-enhanced data science, also known as quantum machine learning (QML), is of growing
interest as an application of near-term quantum computers. Variational QML algorithms have the
potential to solve practical problems on real hardware, particularly when involving quantum data.
However, training these algorithms can be challenging and calls for tailored optimization procedures.
Specifically, QML applications can require a large shot-count overhead due to the large datasets
involved. In this work, we advocate for simultaneous random sampling over both the dataset as
well as the measurement operators that define the loss function. We consider a highly general loss
function that encompasses many QML applications, and we show how to construct an unbiased
estimator of its gradient. This allows us to propose a shot-frugal gradient descent optimizer called
Refoqus (REsource Frugal Optimizer for QUantum Stochastic gradient descent). Our numerics
indicate that Refoqus can save several orders of magnitude in shot cost, even relative to optimizers

that sample over measurement operators alone.

I. INTRODUCTION

A new kind of data is emerging in recent times: quan-
tum data. Tabletop quantum experiments and analog
quantum simulators produce interesting sets of quantum
states that must be characterized. Moreover, the rise of
digital quantum computers is leading to the discovery
of novel quantum circuits that can, once again, produce
quantum states of interest. Quantum sensing, quantum
phase diagrams, quantum error correction, and quantum
dynamics are some of the areas that stand to benefit from
quantum data analysis.

Classical machine learning was developed for the pro-
cessing of classical data, but it is necessarily inefficient at
processing quantum data. This issue has given rise to the
field of quantum machine learning (QML) [1, 2]. QML
has seen the proposal of parameterized quantum models,
such as quantum neural networks [3-6], that could effi-
ciently process quantum data. Variational QML, which
involves classically training a parameterized quantum
model, is indeed a leading candidate for implementing
QML in the near term.

Variational QML, which we will henceforth refer to as
QML for simplicity, has faced various sorts of trainabil-
ity issues. Exponentially vanishing gradients, known as
barren plateaus [7-15], as well as the prevalence of local
minima [16, 17] are two issues that can impact the com-
plexity of the training process. Quantum hardware noise
also impacts trainability [18, 19]. All of these issues con-
tribute to increasing the number of shots and iterations
required to minimize the QML loss function. Indeed, a
detailed shot-cost analysis has painted a concerning pic-
ture [20].
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It is therefore clear that QML requires careful frugality
in terms of the resources expended during the optimiza-
tion process. Indeed, novel optimizers have been devel-
oped in response to these challenges. Quantum-aware
optimizers aim to replace off-the-shelf classical optimiz-
ers with ones that are specifically tailored to the quantum
setting [21-23]. Shot-frugal optimizers [24-26] have been
proposed in the context of variational quantum eigen-
solver (VQE), whereby one can sample over terms in the
Hamiltonian instead of measuring every term [27]. While
significant progress has been made on such optimizers,
particularly for VQE, we argue that very little work has
been done to specifically tailor optimizers to the QML
setting. The cost functions in QML go well beyond those
used in VQE and hence QML requires more general tools.

In this work, we generalize previous shot-frugal and
iteration-frugal optimizers, such as those in Refs. [24, 25,
27], by extending them to the QML setting. Specifically,
we allow for random, weighted sampling over both the
input and the output of the loss function estimation cir-
cuit. In other words, and as shown in Fig. 1, we allow
for sampling over the dataset as well as over the mea-
surement operators used to define the loss function. Our
sampling approach allows us to unlock the frugality (i.e.,
to achieve the full potential) of adaptive stochastic gra-
dient descent optimizers, such as the recently developed
iCANS [24] and gCANS [25].

We discuss how our approach applies to various QML
applications such as perceptron-based quantum neural
networks [11, 28], quantum autoencoders [29], variational
quantum principal component analysis (PCA) [30, 31],
and classifiers that employ the mean-squared-error loss
function [26, 32]. Each of these applications can be uni-
fied under one umbrella by considering a generic loss
function with a highly general form. Thus we state our
main results for this generic loss function. We estab-
lish an unbiased estimator for this loss function and its
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gradient. In turn, this allows us to provide convergence
guarantees for certain optimization routines, like stochas-
tic gradient descent. Furthermore, we show that for this
general loss function one can use the form of the estima-
tor to inform a strategy that distributes shots to obtain
the best shot frugal estimates. We also show how to con-
struct an unbiased estimator of the log likelihood loss
function, which can be used in gradient-free shot frugal
optimization.

Finally, we numerically investigate the performance
of our new optimization approach, which we call Refo-
qus (REsource Frugal Optimizer for QUantum Stochas-
tic gradient descent). For a quantum PCA task, Refo-
qus significantly outperforms state-of-the-art optimizers
in terms of the shot resources required. Refoqus even
outperforms Rosalin [27] - a shot-frugal optimizer that
samples only over measurement operators. Hence, Refo-
qus will be a crucial tool to minimize the number of shots
and iterations required in near-term QML implementa-
tions.

II. BACKGROUND

A. Stochastic Gradient Descent

One of the most popular optimization approaches is
gradient descent, which involves the following update rule
for the parameter vector:

6t =9 —avL(e?). (1)

Here, L is the loss function, « is the learning rate, and
0™ is the parameter vector at iteration t.

Oftentimes one only has access to noisy estimates of
the gradient V£, in which case the optimizer is called
stochastic gradient descent. In the quantum setting, this
situation arises due to shot noise or noise due to sampling
from terms in some expansion of the gradient.

B. Parameter Shift Rule

Estimating the gradient is clearly an essential step in
stochastic gradient descent. For this purpose, one use-
ful tool that is often employed in the quantum case is
the so-called parameter shift rule [33, 34]. We emphasize
that several assumptions go into this rule. Specifically,
suppose we assume that the quantum circuit ansatz U ()
can be expressed as U(0) =[], e~"=7= W, where W, are
unparametrized unitaries, and where o, are Pauli op-
erators. Moreover, we consider the case when the loss
function has the simple form £(8) = (0|UT(8)HU(8)|0)
for some Hermitian operator H. (Note that we will con-
sider more complicated loss functions in this work, and
hence we are just stating this special case for background
information.) In this case, the parameter shift rule gives
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FIG. 1. Schematic illustration of Refoqus. Measure-

ments, or shots, are a precious (and expensive) resource in
quantum computing. As such, they should be used sparingly
and only when absolutely necessary. This is particularly im-
portant in variational QML methods where training a model
requires continuously calling a quantum device to estimate the
loss function or its gradients. Refoqus provides a shot-frugal
optimization paradigm where shots are allocated by sampling
over the input data and the measurement operators.
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where d, is a unit vector with a one on the z-th compo-
nent. Equation (2) allows one to estimate the gradient
by estimating the loss function as specific points on the
landscape. Hence it simplifies the procedure to estimate
the gradient.

C. Lipschitz continuity

The loss function £ is called Lipschitz continuous if
there is some Lipschitz constant L > 0 that satisfies the
bound

IVL(6a) = VL(O)| < L||6a — 6], 3)

for all 8,,0, € dom(L), where ||-|| is the f2 norm. This
property provides a recipe for choosing an appropriate
learning rate, a. Specifically, if (3) holds and we have
access to the exact gradient, then choosing o < 2/L is

sufficient to guarantee convergence using the update rule
in (1).

D. iCANS

Inspired by an adaptive batch size optimizer used in
classical machine learning [35], the iCANS (individual
coupled adaptive number of shots) optimizer [24] was in-
troduced as an adaptive method for stochastic gradient in



the context of the variational quantum eigensolver. It al-
lows the number of shots per partial derivative (i.e., gra-
dient component) to vary individually, hence the name
iCANS.

Consider the gain (i.e., the decrease in the loss func-
tion), denoted G, associated with updating the z-th pa-
rameter #,. The goal of iCANS is to maximize the ex-
pected gain per shot. That is, for each individual partial
derivative, we maximize the shot efficiency:

Sz

where s, is the shot allocation for gradient component x
and d is the number of gradient components. Solving for
the optimal shot allocation gives:

2La o2
T T Lagl 5)

Here, g, is an unbiased estimator for the z-th gradient
component, and o is the standard deviation of a random
variable X, whose sample mean is g,. While iCANS of-
ten heuristically outperforms other methods, it can have
instabilities.

E. gCANS

Recently, a potential improvement over iCANS was in-
troduced called gCANS (global coupled adaptive number
of shots) [25]. gCANS considers the expected gain E[G]
over the entire gradient vector. Then the goal is to max-
imize the shot efficiency

_ _Eld] 6
v 72;1:18907 (6)

where the sum Zi:l sz goes over all components of the
gradient. Solving for the optimal shot count then gives:

_ 2La o, Zi,zl O
2—La |veo))*

(7)
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(Note that an exponential moving average is used to es-
timate o, and |VL£(0)||° as their true value is not ac-
cessible.) It was proven that gCANS achieves geometric
convergence to the optimum, often reducing the number

of shots spent for comparable solutions against its prede-
cessor iCANS.

F. Rosalin

Shot-frugal optimizers like iICANS and gCANS rely on
having an unbiased estimator for the gradient or its com-
ponents. However, this typically places a hard floor on
how many shots must be allocated at each iteration, i.e.,

going below this floor could result in a biased estima-
tor. This is because the measurement operator H is typ-
ically composed of multiple non-commuting terms, each
of which must be measured individually. Each of these
terms must receive some shot allocation to avoid having
a biased estimator. However, having this hard floor on
the shot requirement is antithetical to the shot-frugal na-
ture of iCANS and gCANS, and ultimately it handicaps
these optimizers’ ability to achieve shot frugality.

This issue inspired a recent proposal called Rosalin
(Random Operator Sampling for Adaptive Learning with
Individual Number of shots) [27]. Rosalin employs
weighted random sampling of operators in the measure-
ment operator H = > G H;, which allows one to achieve
an unbiased estimator without a hard floor on the shot
requirement. (Even a single shot, provided that it is ran-
domly allocated according to an appropriate probability
distribution, can lead to an unbiased estimator.) When
combined with the shot allocation methods from iCANS
or gCANS, the operator sampling methods in Rosalin
were shown to be extremely powerful in the context of
molecular chemistry problems, which often have a large
number of terms in H.

We remark that Ref. [27] considered several sampling
strategies. Given a budget of sy shots and N terms,
a simple strategy is to distribute shots per term equally
(sj = Stot/N) - referred as uniform deterministic sam-
pling (UDS). Defining M = }_|c;|, one can also use
weighted deterministic sampling (WDS) where the shots
are proportionally distributed: s; = sy * % One can

les

add randomness by using p; = 5 to define a (non-
uniform) probability distribution to select which term
should be measured. This is referred to as weighted ran-
dom sampling (WRS). Finally, there exists a hybrid ap-
proach where one combines WDS with WRS - referred to
as weighted hybrid sampling (WHS). Ref. [27] found that
the WRS and WHS strategies performed similarly and
they both significantly outperformed the UDS and WDS
strategies on molecular ground state problems. Because
of these results, we choose to focus on the WRS strategy
in our work here.

While Rosalin was designed for chemistry problems, it
was not designed for QML, where the number of terms
in H is not the only consideration. As discussed below,
QML problems involve a (potentially large) dataset of in-
put states. Each input state requires a separate quantum
circuit, and hence we are back to the situation of having
a hard floor on the shots required due to these multiple
input states. This ultimately provides the motivation
for our work, which can be viewed as a generalization of
Rosalin to the setting of QML.
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FIG. 2. Illustration of a generic variational QML framework. Given a dataset of quantum states S, the input states to
the QML model are tensor product states of the form p; = p;; ® ... ® pi,,. The number of samples m depends on the QML task
at hand. The parameterized quantum model denoted Mg, acts on m copies of the input Hilbert space. Finally, an operator H;
is measured to estimate a quantity to be used when evaluating a loss function £(6). The latter evaluation is then inputted to a
classical optimizer that proposes new parameters @ in order to minimize the loss. Hence, one can repeat the quantum-classical
loop of evaluations and updates until the desired stopping criteria are satisfied.

ITIT. FRAMEWORK
A. Generic Variational QML Framework

Let us present our general framework for discussing
(variational) QML methods; see Fig. 2 for an illustra-
tion. This framework is meant to unify multiple liter-
ature QML algorithms under one umbrella. We discuss
how specific literature algorithms are special cases of this
framework in Section I B.

In a generic QML setting, one has a training dataset
composed of quantum states:

S={p}s, (8)

where each p; is a trace-one positive semi-definite matrix,
i.e., a density matrix. Each of these training states may
come with an associated probability, with the associated
probability distribution denoted as

P ={p: i]\Ll : )

In variational QML, one trains a parameterized quan-
tum model, which we write as Mg for some set of pa-
rameters 8. With a large degree of generality, we can
assume that My is a linear, completely-positive map. In
general, Mg could act on multiple copies (m copies) of
the input Hilbert space. (Multiple copies allow for non-
linear operations on the dataset, which can be important
in certain classification tasks.) Hence we allow for the
output of this action to be of the form:

~sto (@) 0

where we employ the notation p; = p;, ®...®p;, . Given
that we are allowing for multiple copies of the input
space, one can define an effective dataset S,, composed
of the tensor product of m states in S and an effective
probability distribution P,,.

A QML loss function is then defined in an operational
manner so that it could be estimated on a quantum de-
vice. This involves considering the aforementioned math-
ematical objects as well as a measurement operator, or a

M ( ) Me(pn@ ®p1m

set of measurement operators. We allow for the measure-
ment operator to be tailored to the input state. Hence
we write H;, with ¢ = {i1,...,4,,}, as the measurement
operator when the input state on m copies of the Hilbert
space is p; = p;; ®...® p;,, . Moreover, each measurement
operator can be decomposed into a linear combination of
Hermitian matrices that can be directly measured:

t;
Hy=> cijhi;- (11)
j=1

Generically, we could write the loss function as an aver-
age over training states chosen from the effective dataset
D,,:

0) = Zpif(Ei(e)) : (12)

Here, ¢ is an application-dependent function whose input
is a measurable expectation value F;(8). Specifically, this
expectation value is associated with the p; input state,
with the form

E;i(6) = Tr[Me(pi)Hi] . (13)
There are many possible forms for the function £. How-

ever, there are multiple QML proposals in the literature
that involve a simple linear form:

U(E;(0)) = Ei(0), (14)
and in this case, we refer to the overall loss function as
a “linear loss function”. Alternatively, non-linear func-

tions are also possible, and we also consider polynomial
functions of the form:

D
= a B0 (15)
z2=0

where D is the degree of the polynomial. In this case, we
refer to the loss as a “polynomial loss function”.
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FIG. 3. Applications benefiting from Refoqus. Many
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B. Examples of QML loss functions

Now let us illustrate how various QML loss functions
proposed in the literature fall under the previous frame-
work. Crucially, as shown in Fig. (3) these loss functions
can be used for a wide range of QML tasks.

1. Variational quantum error correction

Variational quantum algorithms to learn device-
tailored quantum error correction codes were discussed
in Refs. [4, 36]. The loss function involves evaluating the
input-output fidelity of the code, averaged over a set of
input states. The input state is fed into the encoder &, ,
then the noise channel N acts, followed by the decoder
Dep,. The concatenation of these three channels can be
viewed as the overall channel

Mg =Dg,oN o0&, , (16)

with parameter vector @ = (61, 605). Then the loss func-
tion is given by:

L(0) = Z ﬁTr

[i)eS

[l (Wil Mo ([0i) ()], (17)

where S is some appropriately chosen set of states. It is
clear that this loss function is of the form in (12) with ¢
having the linear form in (14).

2. Quantum autoencoder

Inspired by the success of classical autoencoders, quan-
tum autoencoders [29] were proposed to compress quan-
tum data by reducing the number of qubits needed to

represent the dataset. Consider a bipartite quantum sys-
tem AB composed of na and np qubits, respectively,
and let {p;, |;)} be an ensemble of pure states on AB.
The quantum autoencoder trains a gate sequence U (6) to
compress this ensemble into the A subsystem, such that
one can recover each state |1;) with high fidelity from
the information in subsystem A. One can think of B as
the “trash” since it is discarded after the action of U(8).

The original proposal [29] employed a loss function that
quantified the overlap of the trash state with a fixed pure
state:

L(0) =1 - Trp[|0)(0] p3"] (18)
= Trap[HcU(0)pRpU(0)'] (19)
= > pi Tran[HoU(O) ) (bl U(O)T].  (20)

Here, piy = >, pi [¢:) (1] is the ensemble-average in-
put state, pit = Tra[U(0)p5U(0)1] is the ensemble-
average trash state, and the measurement operator is
Ho=14—-1,4® |0><0|

Note that H is a global measurement operator, mean-
ing it acts non-trivially on all qubits, which can lead to
barren plateaus in the training landscape [8]. To rem-
edy this issue, Ref. [8] proposed a loss function with a
local measurement operator acting non-trivially only on
a small number of qubits:

Lo0)=1- ;ZTB (0]

= Zm Trap[HLU(O) [00) (i UO)T],  (22)

®11) 0“‘3} (21)

WhereHL—llAB——Z 1 1A ®(0)(0]; ® 17, and 17 is
the identity on all qu%lts in B except the j- th qubit.

It is clear from (20) and (22) that both loss functions
fall under our framework. Namely, they have the form in
(12) with ¢ having the linear form in (14).

3. Dynamical simulation

Recently a QML-based algorithm was proposed for dy-
namical simulation [37]. Here the idea is to variationally
compile the short-time dynamics into a time-dependent
quantum neural network [38]. Then one uses the trained
model to extrapolate to longer times. The training data
for the compiling process can be taken to be product
states, due to a generalization result from Ref. [39].

Let Ua; be a unitary associated with the short-time
dynamics. Let {|UF)}Y | be a set of product states used
for training, where |UF) = &1 [¥i,5), and where n is
the number of qubits. Let U(0) be the quantum neural
network to be trained. Then the loss function is given
by:

0) w7 )(w VO], (23)

N oq
0) =2 ymlH



where we have defined V(6) := U(6)'Ua;. Here,
the measurement operator is given by H; = 1 —
% 2?21 i) (¥i5] ® 17, where j is the set of all qubits
excluding the j-th qubit.

Once again, this loss function clearly falls under our
framework, having the form in (12) with ¢ having the
linear form in (14).

4. Fidelity for Quantum Neural Networks

Dissipative perceptron-based quantum neural net-
works (DQNNs) were proposed in Ref. [28] and their
trainability was analyzed in Ref. [11]. The loss function
is based on the fidelity between the idealized output state
and the actual output state of the DQNN. Speciﬁcally, we
are given access to training data {|¢i"), |¢")}Y . and
the DQNN is trained to output a state close to |¢9"*)
when the input is |¢;“>

For this application, a global loss function was consid-
ered with the form

Z out] (24)

Here, p"* = Mg(|¢i")(¢!"|) is the output state of the
DQNN which is denoted by Mpg. The measurement op-
erator is the projector orthogonal to the ideal output
state: HE = 1 — |ggm) o],

To avoid the issue of barren plateaus, a local loss func-
tion was also considered in Ref. [11]:

Z Tr HL out} (25)

where the measurement operator is

1 Nout

HF =

7

S| @ 15 (26)

This loss function is relevant whenever the ideal output
states have a tensor-product form across the ng,; output
qubits, i.e., of the form |¢¢") = | M- ® |pgut ).

Clearly, these two loss functions fall under our frame-
work, having the form in (12) with ¢ having the linear

form in (14).

5. Variational quantum state eigensolver

Near-term methods for quantum principal component
analysis have recently been proposed, including the vari-
ational quantum state eigensolver (VQSE) [31] and the
variational quantum state diagonalization (VQSD) algo-
rithm. Let us first discuss VQSE.

The goals of VQSE are to estimate the m largest eigen-
values of a density matrix p and to find quantum cir-
cuits that prepare the associated eigenvectors. When

combined with a method to prepare the covariance ma-
trix as a density matrix, VQSE can be used for princi-
pal component analysis. Note that such a method was
proposed in Ref. [40], where it was shown that choosing
p = >_;pi|wi) (1| prepares the covariance matrix for a
given quantum dataset {p;, |1;)}.

The VQSE loss function can be written as an energy:

L£(6) =Tr [HU(e)pU(e)T ] (27)

—sz UO) i) (il U@)T]  (28)

where U(0) is a parameterized unitary that is trained to
approximately diagonalize p. Note that we inserted the
formula p = ", p; [¢;)(¥s| in order to arrive at (28).

The measurement operator H is chosen to be non-
degenerate over its m-lowest energy levels. For example,
one can choose a global version of this operator:

H=1-> rile;){e|, r;>0 (29)
j=1
or a local version of this operator:
H=1-) r;Z; r€eR, (30)
j=1

where Z; is the Pauli-z operator on the j-th qubit, and
with appropriately chosen real coefficients r; to achieve
non-degeneracy over the m-lowest energy levels. Regard-
less, it is clear that the loss function in (28) falls under
our framework, having the form in (12) with ¢ having the
linear form in (14).

6. Variational quantum state diagonalization

The goal of the VQSD algorithm [30] is essentially the
same as that of VQSE, i.e., to diagonalize a target quan-
tum state p. Let us use:

p=U(0)pU(8) (31)

to denote the state after the attempted diagonalization.
Here we omit the @ dependency for simplicity of notation.

In contrast to VQSE, the VQSD loss function depends
quadratically on the quantum state. Specifically, global
and lost functions have been proposed, respectively given
by

La(0) = Tr[p?] - Tr[2(p)?], (32)
- % Z Tr[Z;(p)%] . (33)

Here, Z and Z; are quantum channels that dephase (i.e.,
destroy the off-diagonal elements) in the global standard
basis and in the local standard basis on qubit j, respec-
tively.

£.(6) = Tr



We can rewrite the terms in the global loss using:

Tr[p*] = Tr[(p ® p)SWAP], (34)
Te[2(5)2] = Tr[(p @ p)WE(ONO @ 1)WG ], (35)

where SW AP denotes the swap operator, and where Wg
corresponds to the layers of CNOTs used in the so-called
diagonalized inner product (DIP) test circuit [30]. Hence,
we obtain:

Lc(0) = Tr[(p® p)Hc] (36)
= piper Tr[(|9) (il @ [obur) (Wi N He] - (37)

i1

where Hg = SWAP — UL(|0)0| ® 1)Ug. Note that
we inserted the relation p = >, p; [¢;)(¢;] in order to
arrive at (37). Also note that one can think of the
qi := pipi» as defining a probability distribution over the
index ¢ = {4,4'}. Hence it is clear that (37) falls under
our framework, with m = 2 copies of the input Hilbert
space, and with ¢ having the linear form in (14).
Similarly, for the local loss, we can write

£1(0) = Tr[(p ® p) Hy] (38)

= Zpipi/ Tr[([i) (5] @ [ar) (o) HL]  (39)

i

where Hy, = SWAP — (1/n) 37, Hy j, and Hy, j is the
Hermitian operator that is measured for the partial diag-
onalized inner product (PDIP) test [30]. Once again, the
local loss falls under our framework, with m = 2 copies
of the input Hilbert space, and with ¢ having the linear
form in (14).

7. Mean squared error for quantum classifiers

The mean squared error (MSE) loss function is widely
employed in classical machine learning. Moreover, it has
been used in the context of quantum neural networks,
e.g., in Ref. [4]. Given a set of labels y; € R for a dataset
{pi}}L,, and a set of predictions from a machine learning
model denoted §;(0), the MSE loss is computed as:

1 N
= ¥ (5= 7:(0)*. (40)
N “

In the case of a quantum model, there is freedom in
specifying how to compute the prediction 7;(8). Typ-
ically, this will be estimated via an expectation value,
such as §;(0) = Tr[Meg(p;)H;] = E;(0). In this case,
the loss function in (40) would be a quadratic function
of expectation value E;(0). Hence, this falls under our
framework, with ¢ having the polynomial form in (15)
with degree D = 2.

C. Possible extensions to our framework

Up until now, we have considered loss functions that
have a linear or polynomial dependence on measurable
expectation values, E;(#). As shown above, this form
encompasses many loss functions used in the literature
and we will show that cost functions of this form enable
cheap gradient estimation and therefore shot frugal opti-
mization.

However, there are also more complicated loss func-
tions that have a less trivial dependence on measurable
expectation values. Omne such loss function is the log-
likelihood which is commonly used in classification tasks
[5, 41].

Let us assume one is provided with a dataset of the
form S = {pi, v}, where p; are quantum states, and
y; are discrete real-valued labels. We aim to train a
parametrized model whose goal is to predict the correct
labels. Here one cannot directly apply the techniques
previously used, as discrete outputs mean we cannot sim-
ply evaluate gradients. Therefore we cannot directly em-
ploy the results in [24, 35]. Hence, a different shot-frugal
method must be employed.

Given S, the likelihood function is defined as

N
=11»: (41)
=1

where we have defined p; = Pr(y;|p;;0) and where it is
assumed that the model’s predictions only depend on the
current input. From here, we can define the negative log-
likelihood loss function as

Pr(S10) : HPr yilpi; 0)

L£(6) = —log (Pr(S]0)) Zlog Di) - (42)

In Appendix A we present a conceptually different ap-
proach for shot frugal optimization, which does not rely
on the unbiased estimation of gradients. Rather, this
approach relies on the construction of an unbiased es-
timator for the log-likelihood loss function. In particu-
lar, we follow the results in [42] and use inverse binomial
sampling in the context of quantum machine learning.
We note that this extension is of independent interest to
gradient-free shot-frugal optimizers (as one cannot lever-
age gradients for problems with discrete outputs), but
leave further exploration to future work.

IV. UNBIASED ESTIMATORS FOR
GRADIENTS OF QML LOSSES

Gradient-based optimizers are commonly used when
optimizing QML models. In shot frugal versions of these
approaches, one of the key aspects is the construction of
an unbiased estimator of the gradient [24-26]. There are
two types of loss functions we will consider in this work;



those that have a linear dependence on expectation val-
ues and those that have a non-linear dependence given
by a polynomial function. We will see that for these
two types of losses one can construct unbiased estima-
tors of the gradients and that it is also possible to define
sampling strategies that massively reduce the number of
shots needed to evaluate such an estimator.

Previous work considered how to construct unbiased
estimators of QML gradients. However, the shot frugal
resource allocation strategies presented were sub-optimal
[26] and leave room for improvement. Furthermore, the
more sophisticated shot allocation methods presented
in [27] were purpose-built for VQE-type cost functions.
Here we unify approaches from these two works and show
how one can employ more sophisticated shot allocation
strategies in a general QML setting.

First, we consider the simpler case of linear loss func-
tions where we show one can directly employ the param-
eter shift rule to construct an unbiased estimator for the
gradient. Then we turn our attention to polynomial loss
functions where we present a general form for an unbi-
ased estimator of the gradient. In both cases, we show
that shots can be allocated according to the expansion
coefficients in the expressions we derive. These in turn
depend on the coefficients in the operators to be mea-
sured and the set of quantum states used in the QML
data set. Such shot-allocation schemes are an important
ingredient in the design of our QML shot-frugal optimizer
in the next section. We use the U-statistic formalism [43]
to construct unbiased estimators for the loss function in
each case. For an introduction to U-statistics, we refer
the reader to Appendix B.

A. Loss functions linear in the quantum circuit
observables

1. Using the parameter shift rule

Loss functions that have a linear dependence on expec-
tation values of observables are straightforward to con-
sider. As shown in Ref. [26], the parameter shift rule can
be used directly to construct unbiased estimators of the
gradient of these loss functions. Previously, we wrote our
general linear loss function as

L£(0) = ZpiaEi(e)) . (43)

Let us not consider the case where

By expanding the measurement operator as H; =
Z;;l ¢i,jhi j, we can then write this loss function as fol-
lows

L£(0) = Z qi,j(hi,;(0)), (44)

where ¢; j = pic; j and Tr[Mg(pi)hi ;] = (i ;(0)).
Consider the partial derivative of this loss function
with respect to the parameter 6,,

oL 0(h; ;(0))
Endadg PRGN AN 4

00, Z]: %50, (45)
Suppose we assume that the quantum channel Mg(p;) is
a unitary channel:

Ma(pi) =U(0)p;U(6)", (46)

where U(0) is a trainable quantum circuit whose
parametrized gates are generated by Pauli operators.
This assumption allows us to directly apply the parame-
ter shift rule (see Sec. II). This leads to

™

o).

(47)

Therefore, an unbiased estimator for the gradient can

be obtained by combining two unbiased estimators for the

loss function. Defining g,.(0) to be an unbiased estimator
of the z-th component of the gradient,

oL 1 7T
5. = 3 %:Qi,j(<hi,j(0 +055)) — (hij(0 -0,

5.0)= JIEO+8.5) - LO+8.3)], (49

where EA(H + J,%) are unbiased estimators for the loss
function at the different shifted parameter values needed
when employing the parameter shift rule. This means
that for loss functions that are linear in the expectation
values recovered from the quantum circuit, one can then
use an unbiased estimator for the cost evaluated at dif-
ferent parameter values to return an unbiased estimator
for the gradient.

We can therefore distribute the shots according to the
coefficients g; ; when evaluating a single or multi-shot es-
timate of E(G +6,7%). This can be done by constructing
a probability distribution according to the probabilities
€i,j = 93,51/ >_s j 143,51 Note that this distribution strat-
egy relies on the construction of two unbiased estimators
of the loss function, which are then combined. In the
next section, we show how one can construct such esti-
mators. In practice, we will use the same total number of
shots to evaluate both estimators as they have the same
expansion weights and are therefore equally important.

2. Unbiased estimators for Linear loss functions

Let st represent the total number of shots. We denote

EA’i,j as the estimator for (h; ;(0)), and 2(0) the estimator
for the loss. That is,

; 3 o p 1
L£(0) = Zqz',j&',j . with & ;= SO Zh‘,j,k.
,J 2V

(49)



Here, s; ; is the number of shots allocated to the mea-
surement of (h; ;(0)). Note that s; ; may be a random
variable. As we will work in terms of the total shot bud-
get for the estimation, so;, we impose Z Sij = Stot-
Also, each r; j is an 1ndependent random Varlable asso-
ciated with the k-th single-shot measurement of (h; ;(0)).
We will assume that E[s; ;] > 0 for all ¢,j. Using these
definitions we can show that this defines an unbiased es-
timator for the loss function in the following proposition.

Proposition 1. Let L be the estimator defined in

Eq. (49). L is an unbiased estimator for the cost function
L(0) defined in Eq. (12).
Proof.
Si
ZQUE 51, Z’m,gk
s;

Z Giero 7 E Z Ti k- (50)

Here it is useful to recall Wald’s equation. Wald’s equa-
tion states that the expectation value of the sum of
N real-valued, identically distributed, random variables,
X, can be expressed as

E[ZXi] = E[N]E[X4], (51)

where N is a random variable that does not depend on
the terms of the sum. In our case, each shot is indeed in-
dependent and sampled from the same distribution. Fur-
thermore, the total number of shots does not depend on
the sequence of single-shot measurements. Therefore,

.3(0)) = L£(6). (52)

0= E[si]
f= ij BT E s4,] i
O

Alternatively, one can see that the estimator defined
in Eq. (49) has the form of a degree-1 U-statistic for L.
We the above result, we arrive at the following corollary.

Corollary 1. Let §,(0) be the estimator defined in
Eq. (48). §.(0) is an unbiased estimator for the x-th
component of the gradient.

Proof. The proof follows by taking the expectation values
of Eq. (48) and employing the result from Prop. 1 and
the parameter shift rule. O

We also obtained the variance of the estimator con-
structed above whose derivation can be found in Ap-
pendix C. Such a quantity can be used to compare dif-
ferent strategies for allocating shots among Hamiltonian
terms. Although we do not compare variances, we use
elements of the proof in Appendix C for the following

construction of an unbiased estimator of the MSE in Ap-
pendix E.

Having now constructed an estimator for the loss func-
tion as outlined in the previous section combining two
single or multi-shot estimates of this function evaluated
at the required parameter values will lead to an unbiased
estimator of the gradient.

B. Loss functions with polynomial dependence on
the quantum circuit observables

1. Constructing an unbiased estimator of the gradient

In the case of non-linear dependence on the observables
produced by a quantum circuit, estimating the gradient
is not as simple as simply applying to parameter shift
rule. However, we can still derive estimators for the gra-
dient when the non-linearity is described by a polynomial
function. We begin with the general expression for the
loss functions we consider in this work

= Zpig(Ei(a)) : (53)

Now constructing a polynomial loss function of degree D
requires that

D
=Y a.[Ei(0)), (54)
z=0
which leads to the expression of the loss function,

0) = pis[Dcaslhas O] (55)

where p; . = p;a,. Taking the derivative with respect to

0, leads to

= Zp,-,zz( Z Ci,j<hz 3(9)>)

z—1 8<h17 /(0

(56)
Using the multinomial theorem and given J Hamiltonian
terms, we can expand the second sum in the above ex-

pression,
z—1
57
(b17b27"'bJ> (57)

70) :Zpi,zz Z
ch )>)7

bi+ba+--+by=2—1

H(Cw

;

-1 —1)! .
where (bl,l;’___b]) = m and b; are non-negative
integers. Therefore, we need to construct unbiased es-
timators of the terms (h; ;(0))% and use the previously
established gradient estimators with the parameter shift



rule. Then we will need to consider how to distribute
shots among this estimator. Rewriting Eq. (57) leads to

(z—1)!

Z Z PizZpyr o (08)

%,z bi+ba+---4byj=2z—1 bl.bQ. bJ.

RACH) b,

9| CENES O
Therefore we can distribute the shots accord-
ing to the magnitude of the expansion terms

H] ”c, 31D, 22%. Once again we can con-
struct an wunbiased estimator with the normalized
magnitude of these terms defining the probabilities. We
now explore how to construct an unbiased estimator for
the term (h; ;(0))%, which is essential to construct an
unbiased estimator for the gradients of these kinds of
loss functions.

2. Constructing an unbiased estimator of polynomial terms

In order to construct an unbiased estimator for the
gradient we need an unbiased estimator for terms of the
form

e | (RO (59)

J

We can use the parameter shift rule for the term on
the left-hand side. For the term in the product as each j
index corresponds to a different operator in the Hamilto-
nian, each term will be independent. Therefore, we need
to construct estimators for terms of the form (h; ;(0))>.
This leads us to the following proposition.

Proposition 2. Let 2” be an estimator defined as

1
— o h* 7’7:’ i ag? )
ey & e

where the summation is over all subscripts 1 < a1 <
ay < < oy < 855 and R¥(Ti ke, Tigk,) =
szl Ti by - &5 15 an unbiased estimator for the term

gi,j - ri,j,kaz)v (60)

(hi,;(0))* estimated with s; j shots where s; ; > z.

Proof. Eq. (60) is inspired by the form of a U-statistic
for (h; ;(0))%, see Appendix B for more details. Taking
the expectation value and using the U-statistic formalism
one arrives at the desired result. O

Bringing this all together we can formulate a proposi-
tion regarding an unbiased estimator for gradients of loss
functions with polynomial dependence.
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Proposition 3.

=> > (61)

2,2 bi+ba+---+byj=2—1

(z—1)
bleL..bl

ZHC@
7 B ESMJ Elsij.5] P
E[( i,5,57, b Z H Tl’j k‘)‘ﬁ ’

Dizz

$4,5,5" b

,_\

b]
where
T
E[ry; 1] = (haj(0 £ 0z35)) (62)
and b = (by,ba,...,by). The final sum is over all
subscripts 1 < a1 < ag < < o, < s;; and
W (Tigkys o Tigk.) = [t Tigik, - 92(6) s @ unbiased

estimator for 859(?)

Proof. This can be seen to be true by taking the expec-
tation values and invoking the propositions previously
established. O

These same techniques can be used to construct unbi-
ased estimators of the loss function, which we expand on
in Appendix D. In order to provide a concrete example
of using the above propositions, we consider the special
case of the MSE loss function.

8. Constructing an estimator for the gradient of the MSE
loss function

To clarify the notation used above, let us focus on the
special case of the MSE loss function. We consider a
slightly more general form than the MSE cost introduced
above in Eq. (40). Consider a set of labels y; € R for a
dataset {p;}_,, composed of the tensor product of m
states. The set of predictions from the quantum machine
learning model are denoted 7;(0) = 3 ;¢ ;(hi;(0)).
Therefore, we can write the loss as

(0)=3"pi [y =D ciglhas@)]"- (63)

Expanding the previous equation leads to

) = Zpi Wi —vi > cij(hi;(0))

(Zci,j<h11(0)>)

Evaluating the partial derivative with respect to 6, gives,
4(0))

Z —DPiCi,j aé (65)

1,5.5"

+ 2pici jrci i (ha, g (0))

Lyse

Lyse(

. (64)

3»CMSE

9{hi;(9))
a0,



We can distribute the total number of shots s;,; among
these terms according to the relative magnitudes of the
pici j and 2p;ic; jc; 4 coefficients. This can be achieved
by sampling from a multinomial probability distribution
where the normalized magnitude of these coefficients de-
fines the probabilities.

It is important to note that some estimators have a
different minimum number of shots than others. For ex-
ample, the estimator for the last term in the above equa-
tion, involving a gradient and a direct expectation value,
requires a total of 3 for different circuit evaluations. The
estimator for this term can be written as

+,j - 5@’}') : (66)

Therefore, in this case, the minimum number of shots
given to any term can be set to 3 to ensure every estima-
tion of any term in Eq. (63) will always be unbiased. We
expand on this consideration below.

~ 1~ ~
Di,j,j’ = igz’j/(gl

C. Distributing the shots among estimator terms

As previously mentioned the shots can be distributed
according to a multinomial distribution with probabili-
ties given by the magnitude of the constant factors that
appear in the expression for the above estimators. We
note that the shots assigned to a given term may be zero.
In order to ensure the estimate of the above term using a
given number of shots we need to ensure the estimate of
each term is also unbiased. One needs at least 2 shots to
produce an unbiased estimate of the gradient. For terms
of the form (h; ;(0))% one needs at least b; shots, cor-
responding to the degree of U-statistic. Therefore, care
needs to be taken when distributing shots to ensure that
each term measured has sufficiently many. One way to
ensure this is the case is to distribute shots in multiples
of the largest number of shots needed to evaluate any one
term. Any leftover shots can then be distributed equally
across the terms to be measured.

Each term itself may consist of a product of several
expectation values, each with a different required mini-
mum number of shots. The shots distribution with each
term can be selected to correspond to this required min-
imum number of shots per term. To make this con-
crete consider a term of the form in Eq. (59). Estimat-
ing the gradient will take at least 2 shots. Estimating
the product term will take at least Z;Zl b; shots. If
we are given s; ; shots to use to estimate this term we

can assign |2(s; /(2 + ijl b;)| to the first term and

LE}]:1 bi(sij/(2+ ijl b;)] to the product term, dis-
tributing any remaining shots equally among both.

V. THE REFOQUS OPTIMIZER

Now that we have defined unbiased estimators of the
gradient, we have the tools needed to present our new
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optimizer. We call our optimizer Refoqus, which stands
for REsource Frugal Optimizer for QUantum Stochas-
tic gradient descent. This optimizer is tailored to QML
tasks. QML tasks have the potential to incur large shot
overheads because of large training datasets as well as
measurement operators composed of a large number of
terms. With Refoqus, we achieve shot frugality first by
leveraging the gCANS [25] rule for allocating shots at
each iteration step and second by allocating these shots
to individual terms in the loss function via random sam-
pling over the training dataset and over measurement
operators. This random sampling allows us to remove
the shot floor imposed by deterministic strategies (while
still achieving an unbiased estimator for the gradient),
hence unlocking the full shot frugality of our optimizer.

The key insight needed for the construction of the Re-
foqus protocol is that cost functions that have a linear or
polynomial dependence on measurable hermitian matri-
ces, and their gradients can always be written in a form
consisting of a summation of different measurable quan-
tities with expansion coefficients. These coefficients can
in turn be used to define a multinomial probability dis-
tribution to guide the allocation of the shots to each term
when evaluating the loss function or its gradient.

We outline the Refoqus optimizer in Algorithm 1.
Given a number of shots to distribute among Hamilto-
nian terms, one evaluates the gradient components and
the corresponding variances with the iFvaluate subrou-
tine (Line 3). We follow the gCANS procedure to com-
pute the shot budget for each iteration (Line 12). We
refer to [25] for more details on gCANS. The iterative
process stops until the total shot budget has been used.

The hyperparameters that we employ are similar to
those of Rosalin [27], and will come with similar recom-
mendations on how to set them. For instance, the Lip-
shitz constant L bounds the largest possible value of the
derivative. Hence, it depends on the loss expression but
can be set as M =, . |q; j| according to [24]. Moreover,
a learning rate satisfying 0 < oo < 2/L can be used.

VI. CONVERGENCE GUARANTEES

The framework for Refoqus leverages the structure and
the update rule of the gCANS optimizer presented in [25].
Therefore, we can apply the same arguments introduced
to show geometric convergence. We repeat the arguments
and assumptions needed for this convergence result here
for convenience.

Proposition 4. Provided the loss function satisfies the
assumptions stated below the stochastic gradient descent
routine used in Refoqus achieves geometric convergence
to the optimal value of the cost function. That is,

E[L(6)"] — £* = 0(7) (67)

where t labels the iteration, L* is the optimal value of the
loss function, and 0 < v < 1.



Algorithm 1 The optimization loop used in Refoqus.
The function iEvaluate(0,s,{f(pi,ci ;)}) evaluates the
the gradient at @ returning, a vector of the gradient es-
timates g and their variances S. The vectors are calcu-
lated using sgs, shots to estimate the z-th component
of the gradient and its variance, where sg is the mini-
mum number of shots required to obtain an unbiased es-
timator. Note that shots for each component estimation
are distributed in multiples of sy, according to a multi-
nomial distribution determined by the expansion coeffi-
cients that define the gradient estimator. These expan-
sion coefficients are defined by the function f(ps,c; ;),
which returns the probability of measuring the term cor-
responding to the coefficients p;, ¢; ;. For the case of
|pica,jl

linear loss functions f(p;,c; ;) = .
’ i,5 PiCi,j

Input: Learning rate «, starting point 6o, min number
of shots per estimation Smin, number of shots that can
be used in total s;az, Lipschitz constant L, running av-
erage constant p, a vector of the least number of shots
needed for each gradient estimate so, which is loss func-
tion dependent and f(ps,c;,;), which is also loss function
dependent.

1: initialize: @ <« @, Stor «— 0, g — (0,...,007, § «
0,...,0)T, 8 < (Sminy e Smin)~, X < (0,...,0)7, x
0,...,0)7, €~ (0,...,007, & < (0,...,007, t <0

: while siot < Smae do

g, S + iEvaluate(0, s, {f(pi,c;i ;)})

Stot < Stot + Zm S0Sx

X px+(1—p)g

g < pE+(1—p)S

£+ &/(1—pu")

X X'/(1=p™*h)

0+ 0—ag

for z € [1,...,d] do

11: Sg ’V 2La_ Eax ET 5:—‘

2—La  [Ix]|?
12: end for
13: t+—t+1
14: end while

—

The update rule used in this work and introduced
in [25] and the proof presented here can be directly ap-
plied. This update rule guarantees fast convergence in
expectation to the optimal value of sufficiently smooth
loss functions. The underlying assumption of this re-
sult is that the loss function is strongly convex and has
Lipschitz-continuous gradients. In most realistic QML
scenarios the optimization landscape is not convex, how-
ever, if the optimizer were to settle into a convex region
then fast convergence is expected.

The exact assumptions needed in order to ensure the
geometric convergence of Refoqus to the global minima
are as follows:

1. Elg.(0)] = %52 v € [d].

2. Var[g,(0)] = %j('”], where X, is the sampling-

S

based estimator of g, (6).

3. L(0) is p-strongly convex.
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FIG. 4. Hardware-efficient ansatz with 2 layers used
for VQSE on 4 qubits. Each R, rotation is independently
parametrized according to Ry (0) = e~ *V/2,

4. £(0) has L-Lipschitz continuous gradient.

5. a is a constant learning rate satisfying 0 < a <
min{1/L,2/u}.

6. An ideal version of the update rule holds, that is:

2La Ug[;(zjd,,1 Og)
.= =L vy e [d),
=y La ve@ e C el

where o, = +/Var[X,].

In the previous sections, we have shown how to con-
struct unbiased estimators for the gradient, satisfying the
first assumption. The second assumption is satisfied as
the estimate of the gradient is constructed by calculat-
ing the mean of several sampling-based estimates. As-
sumption 5 is satisfied by construction. Assumption 6
is an idealized version of the update rule used in Re-
foqus. However, the gradient magnitude and estimator
variances cannot be exactly known in general, so these
quantities are replaced by exponentially moving averages
to predict the values of o, and |[VL£(0)||?>. Assumption
4 is also satisfied for all the loss functions we consider in
this work. Finally, as previously noted assumption 5 is
not expected to hold in QML landscapes, which are non-
convex in general. Nevertheless, the convergence guar-
antee provides strong analytical motivation for the func-
tionality of the optimizer in an idealized scenario.

VII. NUMERICAL RESULTS

We benchmark the performance of several optimizers
when applied to using VQSE [31] for quantum PCA [44]
on molecular ground states. We perform quantum PCA
on 3 quantum datasets: ground states of the Hy molecule
in the sto-3g basis (4 qubits), Hy in the 6-31g basis (8
qubits) and BeHs in the sto-3g basis (14 qubits). We use
101 circuits, per dataset. The correspondin% covariance
matrix [40], which can be expressed as 141 i=% [v),; (¥,
We optimize using the local cost introduced in Eq. (30)
and repeated here for convenience:

H=1-) rZ, r;€R (68)
j=1



taking coefficients r; = 1.0 + 0.2(j — 1) and p;, = ﬁ
following the presentation in [31]. Hence the latter coef-
ficients form the ¢; ; = p;r; terms used for shot-allocation
strategies, as outlined below.

When implementing Rosalin and Refoqus we use the
weighted random sampling strategy for allocating shots
as it demonstrated superior performance against other
strategies in the numerical results of [27]. Hence, the
¢ ; coefficients that appear in the loss function (and the
gradient estimators) are used to construct a multinomial
probability distribution defined by the terms LM]'I, where
M =3, ;1¢;|- This distribution is used to probabilisti-
cally allocate the number of shots given to each term for
each gradient estimation.

We use a circuit consisting of 2 layers of a hardware-
efficient ansatz with depth 4, depicted in Fig. 4, with 20,
40, and 70 parameters for the 4, 8 and 16 qubit problems
respectively. These parameters are optimized in order to
minimize the VQSE cost function using the Adam, Ros-
alin, and Refoqus optimizers'. We use the absolute error
in estimating the eigenvalues of the system to benchmark
the overall performance of the output of the optimized
circuit as this is desired output of the algorithm. Given
the exact 16 highest eigenvalues );, and their estimation
A; given current parameters ¢, the latter is computed as
ex =0 (N = X)2

Figure 5 shows the results obtained when running each
algorithm 20 times with different random initialization of
the variational ansatz, up to a total shot budget of 108.
In general, we see that Refoqus is the best-performing
optimizer, achieving a best-case accuracy while using
fewer shots for all shot budgets. In summary, for the
4 qubit system, a median eigenvalue error of 6.8 x 1076,
5.15 x 107% and 6.08 x 10~7 was obtained using Adam,
Rosalin and Refoqus respectively. Although we found
better minimal value with Adam compared to Rosalin
(3.79 x 10~7 and 1.74 x 10~° respectively), Rosalin is
more advantageous at lower shot budgets. However, Re-
foqus achieved a minimal error value of 6.13 x 10~° and
demonstrates a clear advantage over both Adam and Ros-
alin. On both the 8 and 14 qubit systems, we observe a
similar trend although eigenvalue errors are worse over-
all. This is due to the variational ansatz being kept at
a fixed depth while increasing the size of the problem,
which leads to worse performance. Nonetheless, Refoqus
appears to clearly match or outperform both Adam and
Rosalin in the number of shots required to reach a given
accuracy.

Additionally, Refoqus requires fewer parameter up-
dates (iterations) when compared to Rosalin. Indeed,
for the 4, 8 and 14 qubits problems respectively, a me-
dian of 117,89, and 80 iterations were used by Refoqus

1 For Adam, we perform 100 shots per circuit in our simulations.
For Rosalin and Refoqus, we use a minimum of 2 shots per circuit
(this leads to Smin = 202 and spin = 2 for Rosalin and Refoqus
respectively) in conjunction with WRS.
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against 1217, 618, and 353 for Rosalin. We note that
this may be interpreted as another desirable feature of
the optimizer, as this minimizes the number of iterations
needed in the quantum-classical feedback loop to arrive
at a solution of the same (or better) quality. Although
the number of iterations is not a bottleneck in and of it-
self, in current hardware the quantum-classical feedback
can prove restrictive meaning fewer iterations are favor-
able for real-device implementation.

Finally, we note that the variance of the Refoqus re-
sults appears to be larger, suggesting that sampling over
more terms can lead to a larger variety in the quality
of the optimization obtained. Nevertheless, the advan-
tage in shot frugality that arises from sampling over more
terms is clear and despite this larger variance, Refoqus is
clearly the best-performing optimizer.

VIII. DISCUSSION

QML algorithms present a different paradigm for data
processing which is particularly well suited to quantum
data. VQAs are a key contender in giving a near-term
useful quantum advantage. However, both VQAs and
QML models require long run times and large resource
overheads during training (as many iterations and shots
to achieve respectable performances). To address these
challenges, we propose Refoqus as a shot-frugal gradient-
based optimizer based on state and operator sampling.
We outline many cost functions that are of interest to
the community and are easily captured within our frame-
work for Refoqus. Our new optimizer leverages the loss
function of the problem to allocate shots randomly when
evaluating gradients. This randomness allows us to make
resource-cheap gradient update steps, unlocking shot-
frugality. We have shown that Refoqus comes with ge-
ometric convergence guarantees under specific assump-
tions, elaborated in Section VI. Additionally, when ap-
plying our optimizer to a QML task, namely a quantum
PCA task, we obtain significantly better performance in
terms of the number of shots and the number of iterations
needed to obtain a given accuracy.

A potential future research direction is to extend our
analysis to more complicated, non-linear loss functions
such as the log-likelihood, exploring in more detail how
to introduce shot frugality to gradient-free optimizers.
Furthermore, applying our optimizer to a problem of in-
terest on a real device is an interesting and logical next
step.
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Appendix A: Constructing unbiased estimators for
the Log-Likelihood

Here we review a conceptually different approach for
a shot-frugal optimization of a problem utilizing a Log-
likelihood loss function. In particular, we will follow the
results in [42]. First, we assume that one is given a
dataset of the form S = {p;, y;}¥., where p; are quantum
states in some domain R, and y; are discrete real-valued
labels from some domain ) (e.g., in binary classification
Y = {0,1}). Then, we assume that one has a trainable
parametrized model hg : R — ) whose goal is to predict
the correct labels. Note that here one cannot directly
apply the techniques previously used, as discrete outputs
preclude gradient calculations and the use of the results
in [24, 35]. Hence, a different shot-frugal method must
be employed.

Given S and hg, we can define the likelihood function

Hpu

where we have defined p; = Pr(y;|p;;0) and where as-
sumed that the model’s predictions only depend on the
current input. From here, we can define the negative
log-likelihood loss function as

N

Pr(810) := [ [ Pr

i=1

%|Pu (Al)

£(6) = —log (Pr(S|0)) (A2)

Z log pz

Interestingly, we can reduce the task of estimating the
negative log-likelihood loss function to a Bernoulli sam-
pling problem. Namely, we can assume without loss of
generality that the model specifies a stochastic function
g that takes as input p;, the set of parameters 8 and
outputs a prediction y;. That is, y; ~ g(p,0). Then, we
remark that to estimate the loss function, we do not need
to know the explicit form of g, one only needs to know
the probability for a random sample y from the model
to match the true label y;. Thus, we can convert each
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output from the model into a variable

1 ify=uy;

= 0 otherwise
By construction, z follows a Bernoulli distribution with
probability p;. Thus, we can estimate the log-likelihood
loss function by drawing samples (x1, 9, ...) from said
Bernoulli distribution. In most common cases these sam-
ples can be thought of as single shot-estimates of the
model’s output, and our goal is to minimize this number
of samples/shots.

In [42] the authors study the task of constructing an
unbiased estimator for the negative log-likelihood loss
function of Eq. (A2), where they consider a fixed number
of shots strategy (one uses s fixed shots) and the inverse
binomial sampling (IBS) strategy (where one keeps draw-
ing samples until xx = 1). One can show that the fixed
number of shots strategy always leads to a biased esti-
mator of log(p) (for the special case when one estimates
P = > p_y Tk/s, the estimator can even be infinitely bi-
ased if zy, is always zero!). On the other hand, using IBS
one can define the estimator

(A3)

~ 0 for K=1
L£(0) = A4
(9) { ,i{:_lli for K >1 (A4)

where K is the number of shots needed to obtain a result
xp, = 1. Notably, it can be shown that E[L(8)] = L£(0),
meaning that IBS provides an unbiased estimator for the
negative log-likelihood loss function (see [42]). The num-
ber of shots that IBS takes trial with probability p; is
geometrically distributed with mean 1/p;. For instance,
if p; > 0.5, IBS can require only 1 or 2 shots, while it
will assign more shots to cases of small p;. We also re-
mark that in Ref. [42] the authors derive the estimator
variance, and show that is minimal and non-diverging
if p; — 0. This method then provides a shot-frugal,
minimum-variance, unbiased estimator for the negative
log-likelihood loss function which can be combined with
gradient-free optimizers to train the parameters in the
mode. We further refer the reader to Ref. [42] for a dis-
cussion on how to extend these results to models £g with
continuous outputs.

Appendix B: Using U-statistics to construct
unbiased estimators

The theory of U-statistics was initially introduced by
Hoeffding in the late 1940s [43] and has a wide range of
applications. U-statistics presents a methodology on how
to use observations of estimable parameters to construct
minimum variance unbiased estimates of more complex
functions of the estimable parameters. In the cases we
are interested in here, the estimable parameter is the ex-
pectation value of an observable used when constructing
the cost function.
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First, let P be a family of probability measures on
an arbitrary measurable space. A probability measure is
defined as the probability of some particular event oc-
curring. Let O(P) be a real-valued function defined for
P € P. We define O(P) to be an estimable parame-
ter within P if there exists some integer r for which an
unbiased estimator of O(P) exists constructed from r in-
dependent identically distributed (i.i.d) random variables
according to P. In other words, there is a measurable,
real-valued function h(z1, ..., 2,) such that

EP[(h)(xlv "'71.7”)] = ®(P) VP € Pv (Bl)
where z1,...,z,, are the i.i.d with distribution P. The
degree of O(P) is defined to be the smallest integer r
with this property.

The function h(z1, .., ;) is also referred to as the ker-
nel. This function can be symmetrized by summing over
h with all possible permutations of the random variables
Z1,...,Zpn. That is, the symmetrized version of the kernel

can be defined as follows

" 1
h (1‘1; -~-;xr) = ﬁ Z h(xa(l)a -~-axa(7’))a (B2)

" oEeS,

where the summation is over S, the group of all permu-
tations of a set of r indexes. With these definitions in
hand, we can construct a U-statistic.

Assume we are given s > r samples from P, the U-
statistic with kernel h is defined as,

U, = U(h) = (1) SR (@i, ), (B3
r) Cs

where the summation is over the set C5 of () = #LT),

combinations of r integers chosen from (1,2, ...,s).

As the U-statistic defined above is simply an average of
unbiased estimates for O(P) and is therefore also an un-
biased estimator for O(P). Indeed, it can be proved that
the U-statistic is the best-unbiased estimate for ©(P) in
that it has the smallest variance.

1. Examples of U-statistics

Now that we have introduced U-statistics we can build
intuition with some simple examples. Firstly, let us con-
sider how to construct an unbiased estimate for the mean
1. Recall we first need to construct a kernel function h.
In this case, the kernel will have degree 1 and can sim-
ply be defined as h(x;) = x;. Note this has the required
property that E[h(z;)] = E[z;] = p. Furthermore, in this
case h*(z;) = h(z;), i.e. the kernel is already symmet-
ric. Therefore, the U-statistic for p constructed from s



samples can be written as,

Us(h) = (1) Z% (B4)

1<

which is the well-known formula of the sample average,
and which is used to estimate the mean.

Similarly, we can consider how to construct a U-
statistic for the variance. Consider the kernel h(z;,z;) =
x? — x;xj. This kernel has degree 2. Note once again,
this has the required property that E[h(z;, z;)] = E(2?)—
E(z;z;) = E(2?) — p?, which is the definition of the vari-
ance. Then this needs to be symmetrized, h* = 1/2(x? —
vy +as —airy) = 1/2(xf + 25 — 2wx5) = 1/2(x; — x5)*.
Therefore, the U-statistic for the variance constructed
with the kernel h using s samples is,

Uu(h) = (1)02(”“"‘2) (B6)
1 z; — x)?
- S(S _ 1) %2;( 7 j) 9 (B7)

which corresponds to the sample variance.

As a final example let’s consider constructing an es-
timator of the function ©(P) = P¥. Lets define the
kernel as h(xy,..,xx) = [], i, which clearly fulfills the
properties we require. This kernel is already symmetric
such that h(z1,...,2r) = h*(x1,...,2m). Therefore, the
U-statistic can be defined as,

Us(h) = (i);ﬂx (B8)

This is exactly the form of estimators that we require in
the main text. For our purposes, the number of samples s
is a random variable that is constructed probabilistically.

The framework of U-statistics is perfectly suited to our
purposes. Indeed, it provides a recipe to construct un-
biased estimators for polynomial functions of variables
with some probability distribution. Furthermore, these
estimators have the smallest possible variance. Finally,
the framework shows the minimum number of shots nec-
essary to estimate a given term through the degree of the
kernel.

Appendix C: Variance of estimator for linear loss
functions

In section IV A 2, we constructed an unbiased estima-
tor for the loss function. Denoting the latter L , we proved
in Prop. 1 that E[£] = £(8). We also obtained the vari-
ance of such an estimator, which can be used to compare
different shot-allocation strategies, similar to [27] for the
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Rosalin optimizer designed for VQE. However, we use
elements in the variance calculation in Appendix E to
construct an unbiased estimator for the MSE loss func-
tion.

Proposition 5. The variance on 18

Var(L Z Eq” 3 (C1)

Q’L,jQ’L]
+ Z EFeiEpr ]

51,
4,4’ .5 ’J

[(hi.3(0)) (s ;+(8))Covlsi i, sir o]

where a2 <h2 (0)) — ((h; (0)))? and
The covamance 1s defined as

Cov[s,-,j,si/J/] = E[Si,jsildl] — E[ss,;]E[s; i’ J. (C2)

Proof. Using the definition of the variance and recalling

that E[E] = £(0), we can write
Var(L) = E[£?] — E[L)?
4qi Qz IR
B SR ST
i, 5 i) &l k=1k'=1
— L(0)*. (C3)

We can then decompose the first term into its constituent
parts where indices in the sum are different and equal

54,5 Si
q’t,jq'l, ]
2 g Zmew
87'7] 1, ] ’—
i85 k=1 k'=1
qi, 54 50
= 7‘7 LY E]_
2 Elsi,;]E[sy ;]
i,5,47 5" i A5 ’ J
qi,59,5
v e,
o, o~ E[sij|E[si ]
9,5,4",3" =1, j A5’
qi,59; 5
+ Z . Fs

45,45 iR =i Elsis]Elsi ;]

El = E Z Z Ti,jvai/J,’k/} (05)
k=1k'=1

Si,j Si,5’

E2 = E[Z Z Ti,j,kri,j’,k'] (Cﬁ)
k=1k'=1

Si,j Sil,j

Es =E[> Y rijsri ju) (C7)
k=1k'=1

Si,j Sij

= E[Z Z T4,5.kT4,5,k ) (C8)

k=1k'=1



Note that since E[ Zk 1 74,5,k is an unbiased estima-

tor of (h; ;(0)), by apphcatlon of Wald’s equation we
obtain

Ey = (hi ;(0)(hy ;1 (0))E[si i 1] (C9)
Ey = (hi,j(0))(hi,j:(0))E[si ;5i,57] (C10)
Ey = (hij(0))(hy ;(0))Elsi,jsy j]- (C11)

For the case {i = i’,j = j'}, care needs to be taken
when expanding the sum as the terms are not indepen-
dent when k' = k. Therefore, we decompose the sum into
the cases where k # k' and k = ¥/,

G,,,J 5’-,_] S’,,_J

Z Z Tz]krz]k/+EZ7ﬂ@Jk

k=1k'=1,k'#k

=FE11+ Ey. (012)

Once again, using Wald’s equation, but taking into ac-
count that the number of entries for the k # k' is
(83,7 — 1), one can show

E41 =E[s; (84,5 — 1)](<h',j(9)>)2-

Finally, using the fact that E[é Zk | T3 ;. 1S an unbi-

ased estimator of <h27j(0)> we obtam

(C13)

Ey 2 = E[si;)(h ;(6)) - (C14)

Bringing all the terms together and writing the expres-
sions containing F1, F5 and F3 in a single sum, we obtain

2
~ i
Var(L) = Z 2 [SZ 1 Elsi,j(si,; —

+ Z £ s Else1(125(6)) — £(6)®
+ Z iq”q’ 3y (8)) har ; (6)
4= ElsijlE[sy ;] “d
2,7, ,]
i#i if j=75'
j#5 if i=i’
Elsi ;s /] - (C15)

Expanding the second term and factorizing leads to,

Var ZquJ )>_
+ Z = qz,ng[,] v

S
4,5,4" 5" 7«’J

(hi,;(0))(hir ;:(8)) — L(8)*.

Which we can then rewrite to prove the desired result,

[(hs,3(6))]°]

] E[Sivjsi',j’]

(C16)

R 2.
_ ij 2
Var(L) = Ess ]

n Z E CIqul 2’ l](hi,j(a»<hi',j/(0)>cov[5i73’s’,j ]

(C17)
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Appendix D: Constructing an unbiased estimators of
loss functions with polynomial dependence

We consider here how to construct estimators for the
loss functions with an arbitrary polynomial of degree D
in the observables, expressed as:

Zszaz ch (D1)
i 2=0
= sz z ZC'L,J s (D2)

where p; ., = pia,,a, € R. Using the multinomial the-
orem, given J hamiltonian terms, we can develop the

power of the sum into a sum of (*777") terms:
—_— . Z .. .. b
ZED DD DR RPN ) | (CROWONER

i,z b1+b2+ J
b=z

(D3)
where (b1 b;me) = m and b; are non-negative

integers. First, one can generalize the formula for an
unbiased estimator of ((h; ;(0)))%:

1 bj s

iy = — 11O rigk)-
T (505 — B amh )

The case b; = 2 was elaborated in Eq.E11.

For Hj<hi,3

(D4)

:(8))%, we define an unbiased estimator as:

84,5

Rin = ! HHme~

b1
E[H] Ht:O (S":J j a=1 kj .
(D5)

J
This involves estimating (Z+§_1)J Zl b; terms to con-
j:
struct the following estimator for the cost:

b1+b2+
by =z

(D6)
and establish the following proposition.

Proposition 6. L is an unbiased estimator for L.

Proof. Taking the expectation over the above definitions:

=Y ¥ (5505, ) TV IER:

b1+b2+

cetby=z
j— . Z .. b
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1,z by +bo+-+by==z J
1 b; sij
H I rism.. (D7)
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Using again Wald’s inequality, we obtain:

bj i bj—1

ETLIL > i) = EQT I (si

j a=1k; j t=0 j

for which, when replacing in the previous equation, we
obtain E[L] = £(0). O

Appendix E: Constructing an unbiased estimator for
the Mean Squared Error Loss Function

The mean squared error (MSE) is widely used in ma-
chine learning. Here, we show how to construct an un-
biased estimator for the MSE as an illustrative example
of previously-studied polynomial function of the observ-
ables in Appendix D4. We start by considering a simpli-
fied case for the MSE, where we do not decompose each
measurement operator H; into a linear combination of
Hermitian matrices. We then tackle the more complex
case where H; is of the form presented in Eq. (11).

1. Step 1: Simplified MSE

Let {p;,y:} be a dataset of N points, where the task
consists of minimizing the following cost:

Lyse = Z pi(y

This corresponds to a weighted MSE cost. The most
common case is when p; = 1/N. We will take a step-by-
step approach to construct unbiased estimators for such
cost.

If we expand the brackets, we obtain,

Lyse = Z;Dz(yz2 —2y;(hs(0)) + (hi(0))?).

— (hi(6)))?, (ED)

We denote & as the estimator for (hi(0)), Q; as the
estimator for (h;(0))?.
gL Z ‘ (E2)
i = E[Sl} Z 1r17k;
Q\i — 1 Z Z Ti,kTik (ES)

k 1k'=1,k'#£k

where 6/'\, is an unbiased estimator which is straightfor-
ward from Wald’s equation. @Q; is also an unbiased
estimator for (h;(0))?, following the reasoning used in

Eq. (C13) in the proof of Prop. 5. Then, defining Lyse

as
Lusp = Z pi(y

we establish the following proposition.

— 2y15 + Qz) (E4)

— ) [ [(Pas(0))" .
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Proposition 7. Ly;sg is an unbiased estimator for
Lyse.

Proof. Using the definitions in Eq. (E2) and Eq. (E4) we
can write

E[EMSE] = E[Zpiyg] - 2E Zyzpz ZT’ k
sz

Z § i kT4, k’

(si —1)]
k 1k/=1,k'#k

Using Wald’s equation we can evaluate this expression to

give

(E5)

EMSE

szyz _22% z 5] hi(0))
+;piM<<hi<e>>>2. (k)

Finally, we can evaluate these terms and factorize, which
leads to,

E[Lmss] = sz — 2y;(hi(0)) + (hi(60))%)  (ET)
= »CMSE . (E8)
]

This means that we can estimate this simplified MSE
loss function by evaluating the first term exactly, sam-
pling from the second term according to the probability
distribution p;y; and sampling the third term according
to the distribution p;.

2. Step 2: Full MSE

Now, we assume the Hamiltonians H; can be decom-
posed into many terms such that H; = Zj cijH;
Hence the new full MSE cost can be expressed as

/MSE_ZPI Zcij (hs,;(0)
= szyz - Qszyzcz] i,j )>
+ Z PiCi jci g (hi j(0))(

640" 3"

O) + 3 pick, {hi0)
" (E9)

Defining g'” as the estimator for T; ; as previously,

1 &
PRI o
" Elsagl

When j # j' we define,

Qi = (E10)

E , E :7'%,) kT4,5 k" 5

E s%ﬂs"'s.] k=1k/'=1



and finally,
84, Si,5
Qij =g Z > rigarigee (E11)
[sl J (S'LJ k 1 k'=1,k'#k

Collecting these terms we define an estimator of the full
MSE loss function as

E/I\/ISE = szyz - QZplyzcw ]g

2 i,

, A
+ D> picigeiy Qi+ > pic Qi

$,5,3" 3" #3 i,

(E12)

which can be used to establish the following proposition.

P/roposition 8. Lhsp is an unbiased estimator for
Lirse-

Proof. Taking the above definition we can write the fol-
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lowing result:

Sz]

§ T’L,jk}
Si,j S5/
E E , E :rw KT, k]

k=1k'=1

szyz -2 szyzcz,j E

MSE

+ § PiCq jCq 51 E
" [84,551,5]
©.5,5".3' #3

Si,j Si,j

D D

k=1k'=1,k'#£k

Tij kT, |-

+
sz ’]Es i, (Si5 —

(E13)
Given that
E[ rijik] = Elsi;](hi ;(0)) (E14)
k=1
}Zj§j7zjwnyk/—-Ebhwquh () (hi ;1 (8))
k=1k'=1
(E15)

D]((hs,3(0)))*.

(E16)

ED . D rigarigw] =Elsig(si; -

k=1k'=1,k'#k

We can combine the above expressions to obtain

szyz - QZszzCz,] )>
+ Z pzcz,JCz,J

4.5,3",5' #3

]MSE

i.3(0))(hi,5:(9))

D mick (s 5(6)))° (E17)
= Lovsk - (E18)
O

This shows we can estimate the full MSE cost function
by evaluating 4 terms. One can be evaluated exactly and
the others can be estimated by sampling from their corre-
sponding probability distributions built with the weights
as parameters.
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