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EXPLICIT SERRE WEIGHTS FOR TWO-DIMENSIONAL
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In memory of Bas Edizhoven

ABSTRACT. Given a totally real number field F' and a mod p Galois represen-
tation p: Gp — GLQ(Fp), we propose an explicit definition of the set of Serre
weights W (p) attached to p. We prove that our explicit definition is equiv-
alent to previous definitions available in the literature. As a consequence we
obtain an explicit Serre’s modularity conjecture for Hilbert modular forms over
totally real number fields. Our work generalises previous work of Dembélé—
Diamond—Roberts and Calegari-Emerton—Gee—Mavrides which together give
explicit and equivalent sets of weights when p is unramified in F'.

1. INTRODUCTION

Let F' be a totally real field, p a prime and p: Gp — GLQ(FP) a continuous
representation of the absolute Galois group of F. The weight part of Serre’s modu-
larity conjecture aims to predict the set of weights W (p) of Hilbert modular forms
such that the reduction of their associated Galois representation leads to p. A con-
jectural set of weights was first formulated in [4] under simplifying assumptions and
in [3] in general. In [9] it was proved that these conjectures give the correct sets of
weights. All descriptions of W(p) in these papers make use of subtle questions in
integral p-adic Hodge theory, making it hard to do explicit computations in many
cases. In this paper we give an alternative explicit definition of W(p) only using
local class field theory. We prove that our explicit definition of W (p) is equivalent
to earlier definitions.

Since the set of weights W (p) decomposes as the tensor product of the weights
associated to the local representations, it suffices only to consider the local repre-
sentation ,O\GFp for a fixed prime p | p. If f, denotes the residue field of F}, then
the set of weights W (p|c,, ) consists of Serre weights V" of GLa(f;) (see Defn. ).
When p|g,, is irreducible, the set of associated Serre weights W(p|cy, ) is com-
pletely explicit already. Let us therefore consider the case when p|g . is reducible.

Then P|Gpp is the extension of x2 by x1 for characters x1,x2: Gr, — F;. There-
fore, p defines a cocycle ¢, € Hl(GFF,Fp(Xlxz_l)). For a given Serre weight V',
we define a distinguished subspace Ly C Hl(Gpp,Fp(xlxgl)) using p-adic Hodge
theory (see Defn. 2.2). Traditionally, the set of Serre weights associated to p|c,,
is defined as: V € W(pl|gy, ) if and only if ¢, € Ly.
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In this paper we use local class field theory and the Artin—-Hasse exponential to
define a basis {co | & € W} of H}(Gp,,F,(x1x5 ")) explicitly (see Cor. B1), where
W is an indexing set. We define a subset J> C W (see Defn. EI2) and, roughly
speaking, we define L& := span({c, | o € J2H}) (see Defn. EI4). The main
theorem of this paper is as follows.

Theorem A. The following subspaces of HI(GFP,FP(Xl)(Q_l)) are equal:
Ly = LYY,

We emphasise that the definition of LéH is in terms of explicitly defined basis
elements, and no p-adic Hodge theory is needed for our definition. Suppose we
define a set of Serre weights WAH (p) via: V € WAH(p|GFp) if and only if ¢, € L{H.
The set of Serre weights WAH(p) is now defined in terms of local class field theory.
As a consequence we get an explicit definition of W (p) for arbitrary totally real fields
F and representations p : G — GLa(F,). In our result we have no restrictions on
the ramification of p in F'. From the previous theorem together with the results of
[9], we immediately obtain the following theorem.

Theorem B. Let F' be a totally real field and p > 2 a prime. Suppose p : Gp —
GLy(F)) is a continuous representation. Suppose that p is modular, that plarc,)
is irreducible and if p =5, suppose further that the projective image of pla,(c,) is
not isomorphic to As.

For each place p | p of F' with residue field f,, let V,, be a Serre weight of GLa(f,).
Then p is modular of weight ®y,V, if and only if V, € WAH(p|GFp) for all p | p.

We note that the condition p > 2 and the so-called Taylor-Wiles condition in
this statement is due to the use of modularity lifting theorems in [9], but is not
needed for the local results of this paper.

The approach of redefining Ly explicitly in terms of local class field theory
and the Artin-Hasse exponential can first be found in [6] under the assumption
that p is unramified in F. Assuming unramifiedness the authors of that paper
construct a basis {¢; | 0 < i < f} of HY(Gp,,Fp(x1x5 ")) and an indexing set
w(J). Roughly speaking, they conjecture that span({c; | i € u(J)}) = Ly. This
‘unramified conjecture’ was later proved in [5]. In the unramified case it follows
straightforwardly that the bases appearing in our paper and [6] coincide (assuming
the same choices were made when defining the bases). It also follows, although less
straightforwardly, that the indexing sets J“}H and u(J) coincide. In this paper we
may therefore say that we generalise the results of [6] and [5] to allow for arbitrary
ramification of p in F.

The existence of an explicit Serre weights conjecture when p is ramified in the
base field is of great importance for many applications. It may come as no sur-
prise that an explicit recipe for the set of weights may be used to compute the
set of weights explicitly. An example of this approach can be found in [6] §8] in
which the explicit description is used to calculate W(p) in some non-trivial cases.
One immediate application of the results in this paper in forthcoming work is the
strengthening of [7, Thm. 4.9]. This theorem is the main local result used to prove
weight elimination (i.e. the set of weights is a subset of the set of predicted weights)
for generic representations in [7]. We can use the explicit results of this paper to
show this theorem holds for a greater class of representations while at the same
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time largely simplifying the proof of the theorem. We have reasons to expect our
class of representations to be optimal for this theorem to hold.

1.1. Brief history and outline of the paper. For a totally real field F', a prime
p and a mod p Galois representation p: Gg — GLQ(FP)7 the question whether this
representation can arise as the reduction of the Galois representation associated to
a Hilbert modular form was first rigorously studied in [4] under the hypothesis that
p is unramified in F. This being a generalisation of Serre’s famous conjecture [13]
for F' = Q, it was long believed that a similar conjecture could be formulated for
totally real fields. In the conjecture of [4], the authors were able to predict the set
of weights of Hilbert modular forms leading to the given representation precisely
for the first time. The unramifiedness hypothesis was later removed in [I1], [8] and
[3]. Building on previous work of Gee and co-authors it was proved in [9] for p > 2
that the predicted set of weights of [4] and its extensions is correct in the sense
that if p comes from a Hilbert modular form then it must come from a form of
weight predicted by the conjectures and every predicted weight occurs. In [15] the
local results of [9] and their proof of the weight elimination part of the conjecture
were extended to p = 2. One unifying aspect of all these conjectures is that the
predicted sets of weights are defined using abstract p-adic Hodge theory making
it complicated to do explicit computations in many cases. The main goal of this
paper is to give a more explicit definition of the set of weights attached to p.

In §2] we will recall the usual definition of the set of weights W (p) as found in
the literature. Many equivalent definitions exist, however none of them explicit in
the sense of the definition later introduced in this paper, so we pick a definition
that is suitable to us.

In §3] we define an explicit basis of H'(Gx,F,(x)) using local class field the-
ory and the Artin—Hasse exponential. We do this by first defining a filtration on
HY(Gk,Fp(x)) given in terms of restrictions to higher ramification groups. We
study the jumps in this filtration. Then we use local class field theory to relate
this filtration to a filtration on the units of a local field M by higher unit groups.
The Artin—Hasse exponential proves to be the perfect tool to get good control of
elements in these higher unit groups increasingly closer to 1. Therefore, we can
write down a basis of each graded piece for the filtration by unit groups and the
‘duality’ with H' allows us to ‘translate’ this back into a basis of H' (G, Fp(x)).

In §lwe first use the classification theorem of [9] to give the distinguished spaces
Ly (after restriction to H*(Gk__,F,(x))) in terms of étale-p modules. Next we use
Artin—Schreier theory and restriction to the absolute Galois group of a local field
M, over which the character y becomes trivial to describe Ly as a subspace of
Hom(Gas., F,). The basis from §3is easily expressed in terms of G/ using local
class field theory because it was defined in terms of higher unit groups of M. Then
we use an explicitly known formula for the evaluation pairing Hom(Gys__, F)) ¥
G, — F) to compare the basis elements of §3to Ly .

Our explicit definition of the space Ly is given in Definition 14l In this def-
inition some unfamiliar quantities appear such as an indexing set J{}H defined in
Definition All these quantities can be computed easily and quickly on a com-
puter using any programming language that supports basic integer operations. This
makes our reformulation of the conjecture really explicit. Nonetheless, it would be
satisfying to find a more direct formula for expressing the indexing set J{}H as was
done in [6l §7] under the assumption that p is unramified in F. Some progress
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under other simplifying assumptions is made towards finding a direct formula for
J&H in [14, Ch. 7, but in general the problem is still open.

We remark that special cases of §8l and §4l are related to Abrashkin’s papers [I]
and [2].

2. BACKGROUND AND NOTATION

Let F be a totally real field and p a fixed prime. Given a representation p :
Gr — GLy(F,), in this section we will carefully define the set of Serre weights
W (p) attached to p using p-adic Hodge theory as found in the literature. The
definition we give here is [3, Defn. 4.1.4]; we refer the reader to their paper and [9]
for a discussion of different possible definitions of the sets of weights attached to p.

One of the important aspects of Serre’s conjecture for a totally real field F is
that the set of weights W (p) associated to this representation only depends on the
restriction of p to local representations p\GFp : Gp, — GLy(F,), where p | p is
a prime of F' dividing p and F, denotes the completion of F' at this prime. This
allows us to write the whole paper locally, because we get back to the global case
via

Wi(p) = {V =QupVe | Vb € W(p|GFp) for all p |p}

Therefore, we assume from now on p : Gx — GLo(F},), where K is a finite extension
of Q,. Another important feature is that the recipe for the set of weights W(p)
associated to p is already completely explicit in the case that p is an irreducible
representation. Since our goal is to obtain an explicit way of describing this set, we
may therefore assume that p is reducible.

Since p is reducible, we may write

L(xa o) X ¢
(5 0) e (B 9)

for some characters x1,x2 : Gx — F; and where x = Xlxgl. It is not hard to
check that ¢, defines a cocycle in H'(G g, F,(x)), which is well-defined up to mul-
tiplication by a scalar in F;. We will now define a subspace Ly C HY (G, F,(x))
depending on a so-called Serre weight V. The set of weights W (p) associated to p
is then defined via
VeW(p) < ¢, € Ly.

In other words, an explicit description of the set of weights W (p) is equivalent to
an explicit description of the subspace Ly for all Serre weights V. In the remainder
of the paper we will try to do the latter.

Definition 2.1. A Serre weight for K is an irreducible Fp—representation of
GL2(k), which is necessarily of the form

Vi = ® (det N Sym"*_e*kz) ®kA Fp
A€Hom(k,F,)

for some uniquely determined integers ny, 8, with 6,7y — 0y € [0,p — 1] for all A
and 0y < p—1 for at least one .

For a crystalline representation p : G — GLQ(QP) and 7 € Hom(K, Qp), we let
HT.(p) denote the T-labelled Hodge—Tate weights — see §2.1] for our conventions
on Hodge Tate weights. Furthermore, we say that p has Hodge type (n,0) if
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HT,, ,(p) = {0i,m: + 1} and HT,, , = {0,1} for j > 0. Following [9] we will say a
representation is pseudo-Barsotti—Tate (or pseudo-BT) of weight {n; + 1} if it
has Hodge type (n,0). We will often write {r;} where r; := n; + 1 for the weight of
a pseudo-BT representation.

Definition 2.2. For any ordered pair of characters xi,x2 : Gxg — F: and a
Serre weight V0, let the distinguished subspace Ly, , (x1, x2) be defined as the

subset of H (G, F,(x)) obtained as the reduction of all crystalline representations
of Hodge type (7, 0) of the form
()?1 * >
0 X2/’

where X1 and Y» are any crystalline lifts of x; and xs, respectively.

Note that any such reduction gives a representation which is an extension of yo
by x1 and, therefore, by the process explained above a class in H*(Gx,F,(x))-
When Ly, ,(x1,x2) is non-empty, it is a subspace — this follows, for example, from
the results of [9].

It follows from the definitions that

Ly, ,(x1,Xx2) = LVE,Q,Q(HWZ& ® XLHw;ei ® X2)-
i i

Therefore it suffices to give an explicit description of the distinguished subspaces
(for aribtrary x; and x2) in the case when the determinant in our Serre weight
is trivial, or, equivalently, we only consider reductions of pseudo-Barsotti—Tate
representations in the definition of the distinguished subspaces.

2.1. Notation. In this paper p will denote a fixed prime number and K will be
a finite extension of Q, with ramification index e, residue degree f and residue
field k. We will fix all necessary algebraic closures and embeddings between them:;
Gk = Gal(K/K) denotes the absolute Galois group of K and similarly for other
fields. We fix an embedding 7o € Hom(k, F,) and label the remaining embeddings
of the residue field via the rule 77, ; = 7;. This is the convention as in [9] and [5]
and opposite to [6]. We now label the embeddings

Hom(K,Qp):{Ti,j|i:0,...,f—1; j=0,...,e—1}

in any way such that the embedding ¥ — F, induced by 7;; is 7;. We fix a
uniformiser 7w of K and set mg := mx. For each n > 1 we choose a p™-th root of
mx such that 71'er1 = 7,. We define the rising union K, := J,,~q K (7,); when
p = 2 we, furthermore, require that mx was chosen so that Ko, N Ky~ = K, where
Kpeo := U, 51 K((pr) with (e a primitive p"-th root of unity in K — it follows
from [I5 Lem. 2.1] that this is always possible. For any unramified extension L of
K we let Frobg € Gal(L/K) denote the arithmetic Frobenius.

Let 7 be a root of 27’ ~1 + 7 in K. Recall that we have a character W, : G —
k* defined by o + o(r)/m mod 7x. For an embedding 7 € Hom(k,F,), we get a
character w= : Gg — F; via ws := T ow,. For T = 7; we will sometimes simply
denote this character by w;; these characters are often called the fundamental
characters of level f. The (p-adic) cyclotomic character € : G — Z; of Kis
defined by o(¢) = ¢(?) for any o € Gk and ¢ any compatible sequence of higher
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8744 MISJA F.A. STEINMETZ
p-th roots of unity in e~ (K); by abuse of notation for its reduction modulo p we
will sometimes use the same terminology: € : Gx — F .

Let Cx denote the completion of K. For an integer i, we write Cg (i) for the
i-th Tate twist, i.e. the same underlying vector space with G i acting as the i-th
power of the p-adic cyclotomic character. Given a crystalline representation p :
Gr — GL(V) on a Q,-vector space V we define its Hodge-Tate weights as follows:
for 7 € Hom(K, Qp) we define the 7-labelled Hodge—Tate weights HT,(p) of p
to be the multiset of integers containing the integer ¢ with multiplicity

dimap (V Qr, K (:JK(—Z'))GK7

where Galois acts diagonally. It follows from the definition that the cyclotomic
character € has Hodge—Tate weight 1.

3. EXPLICIT BASES OF SPACES OF EXTENSIONS

In this section we define an explicit basis of H'(Gx,F,(x)) in terms of local
class field theory and the Artin—Hasse exponential. In the next section we will use
this basis to give an explicit description of the distinguished subspaces Ly from §2
Let us emphasise that the basis elements in this section may depend on the choice
of uniformiser we make, but in the next section we will take an appropriate subset
of basis elements spanning a subspace which is independent of this choice. The
results of this section can be seen as generalising results of §3 and §5 of Dembélé,
Diamond and Roberts [6].

3.1. The filtration on H!(Gg,F,(x)). Let 7 be a root of a?’' =1 4 g in K.
Recall that we have a character W, : Gxg — k> defined by o — o(w)/m. For

1 =20, ..., f—1, we get the fundamental characters w; : Gx — F; of level f by
defining w; :=T7T; 0w,. If ¥ : Gg — T s any continuous character, then we can
write x|; = [[; wil;, fora; € [1,p]]ﬁ The f-tuple (ag,a1,...,ar—1) is uniquely
determined by x| 1, if we, furthermore, require that a; < p for at least one i. We
will call this f-tuple the tame signature of y; this is an element of the set

S:={1,2,....p} —{(p,p,...,p)}.
We define an action of Gal(k/F,) = (Frob) = Z/fZ on the set S via

Frob-(ao,al, .. .,af_l) = (a17a2, .. .,ao).

Note that this notation makes sense since if y has tame signature a@, then Froboy
has tame signature Frob(@). We define the period of @ € S to be the cardinality
of its orbit in S under the action of Gal(k/F,). We will call the period of the
tame signature of y the absolute niveau of the character. We will write f’ for
the absolute niveau of x and f” := f/f' for the size of the stabiliser of the action
of Gal(k/F,). Whenever convenient we will consider the indices of the a; to be

LOur choice of a; € [1, p] instead of a; € [0, p—1] is mainly to be consistent with the conventions
of [6]. None of the results in this paper depend on this convention, but some combinatorial results
may change with a different convention — it is possible that easier combinatorics was the motivation
of this choice in [6] initially.
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elements of Z/fZ, so ay = ag etcetera. We can also write x|, = w[; for all

0 <i< f, where we deﬁne@

f
nii= Y a7 =aip’ ot aiap
j=1

3.1.1. Definition of the filtration. Suppose x is a continuous character Gg — F;.
Recall from [I2, Ch. IV,83] that we have a decreasing filtration on Gk by closed
subgroups G given by the upper numbering on Gg for u € R. Recall also that

% = G for u < —1, that for —1 < u < 0 we have G}% = Ik, the inertia subgroup
of Gk, and that | J,., G% = Pk, the wild inertia subgroup of Gk. For s € R, we
will define an increasing filtration Fil°® on H' (G, F,(x)) by the rule

Fil' B (G, Fyp(0) == () ker (H' (G, Fy(0)) == H' (G, Fy (1))
u>s—1
We will, furthermore, define
Fil< H(Gre, Fy(x)) = | Fil' H' (G, Fy (1)
t<s
and define the associated grading by

5 _ Rl HY(Gr, Fp(X))
gr® (HY(Gr, Fp(x))) = Fil<* H'(Gx, Fp(X))

3.1.2. The filtration for s < 1. Let us first study this filtration on the interval
s € (—o0,1]. We see immediately that Fil* H(Gk,F,(x)) = 0 for any s < 0. For
0 < s <1, we have

Fil' B (G, Fyp (1) = ker (H' (G () == H' (1, F, ()

Since |J,.oG% = Pr. a class ¢ of H'(Gr,Fy(x)) lies in Fil' HY(Gg,F,(x)) if
and only if z(Pg) = 0 for any cocycle z representing ¢. Since Pk is the maximal
pro-p subgroup of Ir, we see that H'(Ix/Px,F,(x)) = 0 and it follows from
inflation-restriction that the restriction map

H' (I, Fp(x)) = H' (Pk, Fp(x))

is injective. Therefore, any cocycle with trivial restriction to Px must also have
trivial restriction to Ix. In other words,

Fil' H' (G, Fp(x)) = Fil’ H' (G, Fp(x)).

3.1.3. Filtered piece as kernel. Suppose that s > 1. If z is a cocycle representing a
cohomology class in Fil<*, then clearly 2(G5- ') = 0. Conversely, if z is a continuous
cocycle such that z(G% ) = 0, then it follows from the identity G35 ' = MNocs—1 Gk
that

ker(z)U | (Gx —G%)

v<s—1
2We note that our definition of n; differs from [6], since we assumed our embeddings to satisfy

?f+1 = T; rather than ?‘? = Ti4+1 as is assumed there.
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8746 MISJA F.A. STEINMETZ

is an open cover of Gi. Compactness of Gk then implies that there is a vg < s—1
such that G} C ker(z). In other words, we have just proved that

Fil<* H (G, Fyp(x)) = ker (H(Gre, Fy()) —= HY(G5 Ty (0)) -

3.1.4. The jumps in the filtration. Having defined the filtration and its most ba-
sic properties, we are now interested in the jumps of the filtration and the size
of these jumps. That is, we would like to study the dimensions of the spaces
gr* (H'(Gk,F,(x))). Fix a continuous character x : G — F; and let the n; for
1=0, ..., f—1 be as above. The following theorem gives the answer.

Theorem 3.1. For s € R, write d; := dimg_ gr* (HY(Gk,Fy(x))). Then d, =0
unless s =0 or 1 < s < 1—|—ppfl. Moreover, if 1 < s < 1+pr1 and dg # 0 then
s=1+4 % for an integer m #Z 0 mod p. More precisely, the dimensions dg are

given by

(1) do =1 if x is trivial and dy = 0 otherwise.
(2) f1<s<1+ 5 ands=1+ ;"7 for ptm, then

ds:#{ie{(),...,f—l}|mEnimodpf—1}.

(3) d1+% =1 if x is cyclotomic and di, 2. = 0 otherwise.

p—1

Remark 3.2. Note that if t,u € {0,...,f — 1} are such that n; and n,, are both
congruent to m mod (p/ — 1) then the uniqueness of the n; modulo (pf — 1) implies
that n, = n,. Hence, either ¢ = u or @ has a non-trivial stabilizer in Gal(k/F}).
This observation implies that, for 1 < s < 1+ pp_e 7, we have that d, = f/f’ whenever
ds > 0, where f’ is the absolute niveau of x.

For the theorem to make sense, of course, the sum of the dimensions ds must add
up to the F)-dimension of H' (G, F,(x)). Since we will need this in the proof of
the theorem, let us prove it first. To contrast the actual dimensions of the graded
pieces with the dimensions claimed in the second part of the theorem above, let us
write d/, for the values of the dimensions claimed in the theorem.

Proposition 3.3. For j =0, ..., e —1, we have

> diyp =]

Jp_ o _m __Ut+lp
p71<p 71< p—1

Remark 3.4. In fact, the proposition and Remark above imply that for any
j > 0 the set of integers m € Z satisfying

, o o
(1) 2 < iy < L,
(2) ptm and

(3) there exists an i such that m = n; mod (p/ — 1)
has cardinality f’, where f’ is the absolute niveau of x. We will need this later in

3.3

Proof. We have the inequalities p—il < o < % for all 7. It is easy to show

explicitly that there exists a unique integer k; such that
1 ] + 1
2 ) k)0 JP,(J‘F)P 4o
p—1"p—1 p—1 p-—1
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1 P Jjp (G+Dp
QH’F)MJ'“%(F’T—I )’“g’

Moreover, if we write j — 1 =bmodp— 1 for 0 < b < p—1 (when p = 2 we simply
let b = 0), then we can show k; = b+ 1 mod p. We are interested in counting the
number of n; that satisfy

and

Jp i
(3.1) E<pf_1+k'j and n; + k;(p’ — 1) 0 mod p
or
i ) +1
(3.2) pfn_ 1 +(kj+1) < (jp—‘_fl)p and n; + (kj +1)(p/ — 1) # 0 mod p

or both, in which case they should be counted twice. We don’t have to worry
about upper or lower bounds in the first or second case, respectively, since these
are automatically satisfied.

In the case of Equation (B the inequality reduces to the inequality

pr—1"p-1

This inequality is satisfied if and only if n; has coordinates

(ai,ai+1,...,aj,...) = (ai,b—l— 1,b+1,...,b—|—1,aj,...)
with a; > b+ 1. If we, furthermore, require that n; + k;(p/ — 1) # 0 mod p, we see
that this requirement is equivalent to requiring that a; # b+ 1. Hence, the number
of such n; is the same as the number #{a; > b+ 1}.
In the case of Equation ([B2]) the inequality reduces to the inequality
1,1
pl—1 p-1
This inequality is satisfied if and only if n; corresponds to a tuple
(ai,ai+1,...,aj,...) = (ai,b+2,b+2,...,b—|—2,aj,...)

with a; < b+ 1. If we also require n; + (k; + 1)(p/ — 1) # 0mod p, we find
that a; # b+ 2. Hence, in this case we see that the number of n; satisfying both
conditions is #{a; < b+ 1}.
It follows that the total number of n; satisfying one of these equations, counted
with multiplicity, is
#{aj > b—l—l}—l—#{aj < b—|—1} = f
O

A straightforward calculation using the local Euler—Poincaré characteristic gives

ef +2 if x is both trivial and cyclotomic;

i — ef +1 if x is trivial, but not cyclotomic;

dimg H'(Gx,Fp(x)) = e : o
P ef +1 if x is cyclotomic, but not trivial;

ef otherwise.

From the proposition above and this observation we immediately get the following

corollary.
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Corollary 3.5. Let the d, denote the dimensions as claimed in Theorem Bl Then

Z d, =ef.

1<s<1+5%;

Hence, we find )~ d, = dimfp H'(Gk,Fp(x)).

Proof of Theorem Bl Let us write d, again for the values of ds claimed in the
second part of Theorem Bl By Corollary B.5l we know that >~ _d, = " _d,, hence
it suffices to consider only s € R such that d’, > 0 and prove d, = d for these
values of s.

Let us first treat the case s = 0. We already saw above that

Fil” ' (G, Fy () = ker (H (Gic, Fp(x) = H' (I, Fp (X))

and Fil®* = 0 for s < 0. We can use the inflation-restriction exact sequence to show
that the kernel above is isomorphic to H' (Gk /Ix,F,(x)'*). This space is clearly
I-dimensional over F,, if y is trivial and 0-dimensional if y is ramified. However,
if x is unramified and non-trivial, by identifying G /Ix with 7, we may consider
X as a character 7 — F; . By continuity any representation of 7 is completely

determined by the image of 1. An extension of Fp by Fp(x) is always split since
the matrix corresponding to 1 has distinct eigenvalues over an algebraically closed
field (as x is non-trivial). Hence, dimg H' (G /Ix,Fp(x)'%) = 1if x is trivial
and 0 otherwise.

Assume that 1 <s <14 %5 and m := (s — 1)(p/ — 1). We define an extension

M/K by letting M := L(x) for = a root of a?’ =1 4 1 and L/K an unramified
extension of degree prime to p such that X|GM is trivial. The extension M is now a

tamely ramified Galois extension of K of ramification degree p/ —1 and Gal(M/K)
has order prime to p. Combined with the inflation-restriction sequence

0 — H'(Gal(M/K),Fy(x)) = H' (G, Fp(x)) = H' (Gar, Fy(x)) S M)
this gives

H' (G, Fp(x)) = H' (Gr, Fp (0)) M) = Homeai vy 1) (G52, Fp (X))
The isomorphisms of local class field theory give an isomorphism

Gih & Ty = M7/ (M),
and we obtain
HY(Gk,Fp(x)) = Homgaiax) (M /(M*)P, Fp(x)).

Since M/K is tamely ramified of ramification degree p/ — 1, we know that Hasse-
Herbrand function is given by ¥k (z) = (p/ — 1)x for # > 0 and that G% C G
for any u > 0. Using Proposition IV.15 [12 p. 74], it follows that for any finite
extension M'/M and any u > 0 we have

Gal(M'/K)* = Gal(M' /M)y, (ot —1yu) = Gal(M'/M)@' =D,

s ((

So GY%, = GE\’/}f—l)u for u > 0. Moreover, the maps of local class field theory map

F 1) . _ .

GE\Z/’[ D% onto the unit group 147l =Dl Oy by Corollary 3 to Theorem XV.1 in
[12, p. 228]. If we denote the unit group 1+ 7Oy, by U; for any integer ¢ > 0, then
it becomes apparent that a cocycle in ¢ € H' (G, F,(x)) has trivial restriction to
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GY for allu > s—1 (to Gﬁ;l, resp.) if and only if the corresponding homomorphism
M*/(M*)? — F,(x) factors through M> /(M*)PU,, 11 (through M* /(M *)PU,,,
resp.), where we still let m = (s—1)(pf —1). Note that this is precisely the condition
such that ¢ € Fil* HY (G, F,(x)) (c € FiI** HY(Gk,F,(x)), resp.) and it follows
that

or® (Hl(GK,Fp(x))) = Homgai(v/ k) ((Um A (]\Zt)p)UmH ,Fp(X)) .

First assume 1 < s <1+ %5 and pfm := (s — 1)(p/ —1). This is equivalent to

the requirement that 0 < m < e”((p 31) We claim that U, N (M*)? C Uy,41. Let

x = 1+ unt for positive integer ¢t and a unit u € Oj; and suppose vy (P —1) > m.
But

vpr (2P — 1) = vag(purt + - - + uPrPt) > min(e(p’ — 1) +t, pt)
with equality unless e(pf — 1)+t = pt. If pt < e(p’ — 1) + ¢, then m = pt, which
would contradict the condition p f m. On the other hand, if e(p/ — 1) +t < pt,
then ¢t > (p D gives e(pf — 1)+t > ep((p 7)1) and, therefore, m = e(pf — 1) + ¢
would contradlct the upper bound on m. Hence, vp (2P — 1) > m + 1 as required.
It follows from the claim that

gr® (H'(Gx,Fp(x))) = Homaaim/x) (Un /U1, Fp(x)) -
We let [ denote the residue field of L. The action of o € Gal(M/K) on Uy, /Up41
sends 1 4+ 7™ — 1 4+ o(z)w,(0)n™. Therefore, we have a Gal(M/K)-equivariant
isomorphism

I(@wm)

T

U /Upns1.

Let S; be the set of embeddings | — F,, which restrict to 7; over k. Then the map

14z

is a Gal(M/K)-equivariant isomorphism, where the action of Gal(M/K) on the
direct sum P g Fp(wi") is defined by g - ((z7);) = (wj"(9)Trog)-- (This is the
well-known isomorphism

I ®F, Fp = @ Fp;
7':lf—>fp
x@1— (1(x))r,
in which we keep track of the Galois action.) We note that

T o~ 7 qCGal(M/K)3x
@ F,=In dGil(M/L) Fp.

TES;
The latter representation is just the regular representation of the quotient
Gal(L/K). Since this group is finite abelian of order prime-to-p, its regular rep-
resentation decomposes as a direct sum of all its 1-dimensional representations,

i.e.
Gal(M/K)%= =
Ind g ar) ) Fo @ F,(v),

1/:Gaul(L/K)~>F;<
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and hence we find that

It follows that the dimension of gr* (H!(Gk,F,(x))) is equal to

-1
dimfp HomGal(M/K) (@ (@Fp(ywzm)> ’FP(X)>

=0 v

and this dimension is equal to the number of i such that m = n; mod p — 1, which

proves that dy = d, for all 1 < s <1+ % for which d; > 0.

. . f_q
Finally, assume s = 1 + pef’l, or, equivalently, assume m = %. We may,

furthermore, assume that x is cyclotomic, since we are only considering cases in

which d; > 0. Note that the requirement that x|, is trivial implies that ¢, € M.
M

To show ds = d), = 1, by the earlier calculation, is equivalent to showing

U, —
Homgaia) ) ((Um AU DA Fp(X))

is 1-dimensional. We will prove that the quotient of unit groups is isomorphic to
F,(x) as a module over F,[Gal(M/K)] from which the required result is immediate.
Similarly to the calculation on valuations above, it is easy to show U, N (M*)P =

(U,)? where n = m/p. We can obtain the quotient W]W, therefore, as
the cokernel of the p-power map
Un/Un+1 Um/Um+1-

JE’%IP

A small calculation shows that this map sends 1 + s7™ — 1 + (s? 4 ¢s)m™, where
¢ € Of; is defined by p = ere® =D Since Cp € M, we know that M contains
N = Q,(¢p) = Qp(*/=p). Therefore, there exists a unit u € Of; such that
re® =) = (ur~/=p)P~t = —uP~1p giving —c = (u=1)P~L. We conclude that —c
always has a (p — 1)st root in the residue field and that the p-power map above
has kernel and, thus, cokernel of size p. Write s for the image of any s € Oy,
in the cokernel. The action of Gal(M/K) on this cokernel is given by @' ® p_z
where p, @ Gal(M/K) — F) is the unramified character sending the (absolute)
arithmetic Frobenius Frob, to o € F 7. For any uniformiser 7 of N, we can write
(p =vmn + 1 for a unit v € OF. Hence, one sees that for o € Gal(M/K) we have
olvry) (14 vry)X@ —1

= = x(0) mod 7.
VTN VTN

Since o(v)/v = 1 mod 7, it follows that o(ny)/7n = x(o) mod 7 for any uni-
formiser m of N, in particular 7y = »=/—p. Thence, if 0 € Gal(M/K) is a lift of

Frob,, then
p=l/__
orlo)" = A = w o) = (-0 o),
In other words, we've just shown that W) acts as x ® p_z—1 on the cokernel and,
therefore, @™ must act on the cokernel in the same way since (p/ — 1) | m — n.
Thus, Gal(M/K) acts on the cokernel via the cyclotomic character and Uy, /(U,, N
(M*)P)Up+1 = Fp(x), as required. O
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3.2. Constructing the basis elements. In this subsection we will construct ex-
plicit basis elements of the space H' (G, F,(x)), which we will later use to give an
explicit version of Serre’s conjecture. We will construct the basis by making certain
choices and only at the end of the next section it will follow that our construction
is independent of the choices made.

3.2.1. The Artin-Hasse exponential. Before we move on to define a basis of the Fp-
vector space H' (G, Fp(x)) explicitly, we must first define a homomorphism ¢, in
terms of which our basis will be defined. Recall that the Artin-Hasse exponential
is given by

o
E,(z) = exp Z —

n
n>0 p

It’s a well-known fact that E,(x) is an element of Z,[z] (see, for example, [10]
§7.2.2]), i.e. its coefficients are p-integral elements of Q. Since p is fixed throughout,
we will write E(z) instead of E,(z) from now on.

Suppose [ is a finite field of characteristic p and L is the field of fractions of the
ring of Witt vectors W(l) of I. Let M be a subficld of C, containing L and let
a € M be such that |a] < 1. We define a map

8a2l®Fpr—>O]>\</[®zfp

(3:3) a®b— E([a)a) ®b,

where [a] is a Teichmiiller lift of a € [. It follows from [0, Lem. 4.1] that this map
is a homomorphism which relates the additive structure of [ to the multiplicative
structure of O;; ® F,. We will use this homomorphism to construct an explicit
basis for H' (G, Fp(x)).

3.2.2. An Fp-dual of H'(Gk,Fp(x)). We need a slightly more general set-up than
in the previous subsection. Suppose K/Q, is a finite extension of ramification index

e, of residue degree f and with residue field k. Moreover, we take x : Gx — F; to
be any continuous character. Let M = L() be a totally tamely ramified extension
of an unramified prime-to-p-degree extension L/K, where the ramification degree
en of M/K satisfies eps | p/ — 1 and the uniformiser 7 of M satisfies 77 € K,
and we take M sufficiently large so that X|GM is trivial. Note that ey denotes
the ramification degree of M over K, and the ramification degree ey q, of M over
Qy is given by epr/q, = eme. We recover the set-up of the previous subsection by
taking eys = pf — 1 and 7™ = —7x. Note that the proof of Theorem B.1] follows
in the same way as before, taking into account that now s =1+ % In particular,

forl<s<1+4 pe_pl we still have the isomorphism

gr’® (Hl(GK>Fp(X))) = Homgai(v/x) ((Um A (]\ZT:)P)U,”,H ,E;(X)) )

which, if we furthermore require that s < 1+ %7 and p f m := en(s — 1), can
again be shown to simplify to

gr® (H'(Gk,Fy(x))) = Homgaiar/ i) (U /Um+1, Fp(x)) -
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More generally, for this choice of M we certainly still have
HY Gk, Fp(x)) = Homgaayx) (M, Fp(x))
=, _1\\Gal(M/K) —
= Homg, ((M* @7 F,(1) """ F,).

We will construct our basis of H'(Gg,F,(x)) as a dual basis to a basis for the
space above, therefore it will be useful to give this space a name. Let

— _ Gal(M/K
Uy = (M* @z Fy(x 1) M5

3.2.3. The basis elements u,. Letting f' denote the absolute niveau of x and f” :=
f/f, recall from Section B.I4] that for any 0 < j < e the set of integers m € Z

satisfying
(1) 2 < g < S
(2) p J( m and

(3) there exists an i such that m = n; mod (p/ — 1)

has cardinality f’. Denote this set of integers by W/ and let W’ := Ue ! W, which
is now a set of integers of cardinality ef’. For any m € W', we get a umquely
defined 4,, € {0, ..., f' — 1} via the association m = n;,  mod (pf —1). (Note that
there may be distinct my # mo € W/, possibly even lying in the same component
W, that satisfy im, = im,.) We define W := W' x {0,..., f” — 1} which has
cardinality ef. To any a = (m,k) € W (with m € W' and 0 < k < f) we can
attach an embedding via 7 := 7;, 4. Notice that we also have the congruence
m = n;,, 11 mod (p/ — 1) for any k € Z.

Let us return to the situation where M = L(r) for an unramified extension L of
K of degree prime-to-p and a uniformiser 7 such that 7¢# € K> and x|, is trivial.
This implies that x| 1, factors through Iy, r which has cardinality e, so for any
i we see (X[, ) =w;"M = 1. Any n;, therefore, is divisible by (pf —1)/en. Tt
follows that the set of integers m’ € Z satisfying the three conditions

(1) Jp <« ml ~ Utlp

em p—1 7’

(2) pfm and
(3) there exists an i such that m’ = 234 mod ex

is in bijection with the set W above by the explicit map m — m’ := ;ﬁ{“} Unfor-
tunately, this notation leads to the awkward situation that, in general, m’ ¢ W’,
but we will stick to it because m’ is analogous to the integers n} appearing in [6].
We will write w, for the character Gx — K* defined by o +— o(w)/n and w, for
its reduction mod mx. We note that this character factors through Gal(M/K) and,
since o(m) is a root of z°M — 7™ € K[z], the image of w, is contained in p.,, (K),
the epsth roots of unity in K*. To contrast this with our previous fundamental
character, let us from now on write Wy, : Gxg — k* for the mod p character defined
by o — o(B)/8 for B a root of 2P’ =1 + 7. We have Wnlp, = (wa\IK)(pffl)/eM,
and, therefore, for all 0 <i < f, we have

) f_
iy = (0T /"D,

Writing m’ := meyps/(pf — 1), we see that for any o = (m, k) € W we have

X = (7o 0 W)™

for a unique unramified character p : Gal(L/K) — F: independent of a.
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Recall that we have an isomorphism

l ®Fp Fp = @ l Rk, Fp.
T:k}HFP
By the normal basis theorem [ is free of rank 1 over k[Gal(l/k)] and, thus, ®y , F,
is free of rank 1 over F,[Gal(l/k)]. The latter statement means that | ®j . F,, is
isomorphic to the regular representation of Gal(l/k) over Fp, which splits up in a
direct sum over all characters by Maschke’s theorem. Hence, for each embedding
7, the p-eigenspace A, , defined as

{a@bel®r, Fp|gla)@b=(1®u(g))a®b for all g € Gal(L/K)}

is 1-dimensional over Fp. We let A;, be any non-zero element of A, ,; note that
these elements are linearly independent over F,, for differing embeddings 7.
Then, for any a = (m, k) € W, we define

Ua = Epmt (Ary ) € Of @2 Fp,

where ¢_,v is defined by [B3), giving ef elements u,. Later we will prove that the
elements u, give the explicit basis of U, that we are pursuing. In order for this
even to make sense, we will now show u, € U,. For any g € Gal(M/K), it follows
from the observation w;,(g) = [@,(g)] that

g+ E(lalx™) = E (lg()@r(g)"™ 1= )

for any a € I. Thus, for any a = (m, k) € W,

m

9+ pm M) = € (@ (9)™ @ 1)g(Ar )
= € (@n(9)™ @ 11(9)) Ao ps)-

Since Wx(9)™ @ u(g) = 1@ u(g) (e 0 @r(9))™ = 1® x(g) in | @ 5, Fp, we see
that gus, = (1 ® x(9))u, for all g € Gal(M/K). Therefore, we can view u, as an
element of U,,.

3.2.4. The definitions of utriv and Ucye. The definition of gy is straightforward.
For g € Gal(M/K), it is clear that g(7) = w,(g)7. As noted above, the image of
wy is contained in p.,, (K). Since p is coprime to ey, the p-th power map gives an
isomorphism i, (K) —— fie,, (K). Thus, in fact, w,(g) € (M*)? and we set

Uiy '=T® 1€ M* QF, F,,
which is an element of U, when x is the trivial character.

Suppose x is cyclotomic. Recall from the last part of the proof of Theorem [3.1]
that we have already proved explicitly that, for m = L4 we have

p—17
Un

(Um N (Mx)p)Um-&-l

However, recall that the p-adic exponential converges on values of y € M such

that vas(y) > eme/(p — 1). For 1+ € Uyyqq, we have vpr(log(l + x)) > m and,

thus, we see that exp(log(1 + x)/p) converges to a p-th root of 1+ x. Therefore,

U1 C (M*)P and also U1 C (U, N (M *)P). Thus, we have an injection of the
quotient above into O}, @z F,,.

=Fp(x).
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We extend the injection by scalars to Fp and define ucy. to be any non-trivial
element of
Ueye € Im (Um ®z F, —— O} ¥z Fp) .
It is now obvious from the isomorphism with F,(x) that for any element g €
Gal(M/K) we have that

9(teye) = (X(9) ® Dteye = (1 ® x(9))ueye;

hence, indeed, ucyc € Uy.

3.3. An explicit basis of H!(Gx,F,(x)). In this section we will prove that the
elements as constructed in the previous section give an explicit basis of
H'(Gk,F,(x)). We will do this by proving the following theorem.

Theorem 3.6. Let B denote the elements u, for a € W with, additionally, the
elements Uiy if X is trivial and ucyc if X s cyclotomic. Then B is an Fy-basis of
U,.

Proof. To prove this theorem, we will define a decreasing filtration on U, , which is
dual to the increasing filtration on H'(Gx, F,(x)) defined earlier. Let Fil’ U, = U,
and let Fil"™ U, denote the image of the map

(U @ Fp(x ™) S5 —s (M @ Ty (x 1) S5 = 1

for m > 1. Let gr’™ U, = Fil" U,/ Fil™ "' U, as usual. Tt is immediate by duality
that dimg Uy = dimg HY(Gr,F,(x)). More specifically, whenever 0 < m < pees
and p t m, it follows as in the proof of Theorem Bl and the discussion in §3:2.2]

that
gr® (H'(Gk,Fp(x))) = Homgan/ i) (Um/Unmt1, Fp(x)) 5

where s := 1+ % We claim that

o =, _1\\Gal(M/K
gt Uy = (Up /Ums1 ®F, Fp(x™1) e

In the proof of Theorem B.I] we show that under these assumptions on m we have

that (M>*)? N U,, C Upy1. Letting U; denote the image of U; in M* ® F,, we
obtain an exact sequence of F,-modules

1 —— Upy1 —— Uy —— U /U1 —— 1.
The claim for these m now follows by noting that

(_ ®F, FP(X_l))

is exact since Gal(M/K) has order prime-to-p. In particular, it follows from this
claim that dimfp gr' U, equals ds for 1 < s :=1+ % <1+ pp_el and d, as in
Theorem [311

Since the size of B is equal to the Fp—dimension of Uy, it will suffice to prove
that each graded is spanned by a subset of elements of B. By the dimensions of
Theorem [31] we only need to consider integers m such that ds > 0.

The rest of the proof follows from our constructions. If m = e;’%ﬁ”, then it suffices

Gal(M/K)

to note ucyc is a non-trivial element of gr™ U, = Fil™ U,, which is 1-dimensional.
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EMﬁL

p = m/ for some m € W'

Ifo<m< %7 then we may assume that m =
as defined in §3.2.31 The elements

bS]

Uq = €t (Aro )

for o = (m, k) € W with 0 < k < f” are all non-trivial elements of gr" U,, — this
follows, for example, since F(z) € 1 + z + 2?Z,[z]. It suffices to prove that these
elements are linearly independent in gr" U,,.. Since p { m, we showed that

m ~ = , _1\\ Gal(M/K)
gt Uy = (Up /Upi1 @ Fp(x71)) :

Since the map
l@F, Fy = Un/Uni1 @r, Fp
a®@b— (14 [al7™) @b
induced by e,m is an isomorphism and the elements
{Arap | for = (i, k) with 0 < k < "}

are F-linearly independent in l®F, F,, we see that their images are as well (recall
that we defined 7, := 7,4/, where m = n,;_ mod (pf —1)).
Lastly, if m = 0, it suffices to note that u;y = ™ ® 1 does not lie in Fil! U,. O

Given the basis B above we obtain the dual basis ¢, for a« € W with, additionally,
cur and ¢y if x is trivial or cyclotomic. This dual basis must, simply by duality,
form a basis of H'(Gk,F,(x)) — the subscripts refer to the unramified and tres
ramifiée part of H'(G g, Fp(x)).

Corollary 3.7. The set consisting of the classes co for o € W with, additionally,
Cur if X s trivial and cy, if X is cyclotomic forms a basis of H' (Gk,F,(x)).

Once again we emphasise that the explicit basis as defined here may depend on
the choice of extension M and the choice of uniformiser 7 of M in §3.2.21

4. EXPLICIT SERRE WEIGHTS OVER RAMIFIED BASES

In this section we use the explicit basis obtained in the previous section to give
an explicit definition of the distinguished subspaces Ly defined in §2} we will define
them as a subspace spanned by a subset of our explicit basis elements. In Theo-
rem we will prove the equivalence of our subspaces spanned by explicit basis
elements with the distinguished subspaces Ly, thereby providing all the necessary
theoretical foundation to give a new explicit reformulation of the conjectures on the
modularity of mod p Galois representations of totally real number fields. Results
of {11 and can be seen as generalising results of [0l §3].

4.1. Reductions of pseudo-Barsotti Tate representations. One of the es-
sential ingredients in our proof of the equivalence of the two formulations is the
classification in [9] of representations that arise as reductions of pseudo-Barsotti—
Tate representations. Since we will heavily use their results and their notation, we
will quickly recall their most important results adapted to the case at hand. We
note that in [9] only the case p > 2 is covered. We will use Wang’s extension [15]
of their results to p = 2 for the remaining case.
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4.1.1. Field of norms and étale p-modules. Let us very briefly recall the theory of
the field of norms and étale p-modules. We are given a local field K and a fixed
uniformiser 7. We emphasise that our choices of uniformiser in this section and in
the previous sections must be compatible. We define a compatible system of p"th
roots of our uniformiser as follows: let my = —7x. We define 7, inductively for
any n > 0 as a pth root of m,_1, that is, satisfying 72 = m,_1. Let K,, := K(m,)
and K, = UZOZO K,. If p =2, then we assume that our uniformiser wx was chosen
to satisfy [I5, Lem. 2.1]; that is, we assume Ko N K,~ = K, where we define
Kpe = ,,>1 K((pn) with (pn a primitive p™-th root of unity. The theory of the
field of norms lets us identify

W) = K,
NK, i 1/Kn

u—— (Tp)n,

where the transition maps in the inverse limit are the norm maps. This construction
extends to extensions of these fields and we get a natural isomorphism of absolute
Galois groups Gi((u)) = G- On the other hand there exists an equivalence of
abelian categories between the category of finite-dimensional F,-representations of
Gr((u)) and the category of étale p-modules. These are finite k((u)) @, Fp-
modules M equipped with a ¢-semilinear map ¢: M — M such that the induced
k((u)) @, Fp-linear map ¢*M — M is an isomorphism. The functor T from étale
p-modules to representations of G ((.)) is given by

T: M — (k‘((’u,))SCp ®k((u)) M)@Il .

The isomorphism k®Fpr — Hzfz_ol F,, gives a decomposition M = [], M;, where ¢
now induces Fp—linear morphisms ¢: M;_; — M,;. We will make use of this theory
by describing finite-dimensional F-representations of Gx__ via étale ¢-modules.

4.1.2. The structure theorem of Gee-Liu—Savitt. From now on let us fix a Serre
weight V' =V, o and a pair of characters x1,x2 : Gk — F: as in §20 (Recall that
we were free to assume that V' is of the form V;, o, since we can obtain the case of a
general Serre weight from this one by twisting.) We will write Ly for Ly, ,(x1,x2)
and we will assume this is non-empty. Recall that we defined the integers r; € [1,p]
via r; :=n; + 1 and we write x 1= Xlxgl. For any 0 <14 < f, we may decompose
X as a power of w; and an unramified character p independent of ¢. Then u factors
as a character p : Gal(L/K) — F; for some finite unramified extension L of K of
prime-to-p order.

First we need to get rid of an exceptional pathological case. Later we will define
the subspaces LQH using our constructed basis and we will claim LQH = Ly as
defined above. Before we continue let us define this space in one exceptional case.

Definition 4.1. If x is cyclotomic, 2 is unramified and r; = p for all 0 < i < f,
then we define

Ly" (x1, x2) := H' (Gx, Fy(x))-
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Note that it follows from the last part of the proof [9, Thm. 6.1.8] that if x is
cyclotomic, xs is unramified and r; = p for all ¢, then

LV(Xla X2> = HI(GK’FP(X))v

so in this exceptional case we indeed have that L{“}H(Xl, X2) = Lv (x1, x2)-

We will from now on assume that if y is cyclotomic and x5 is unramified, then
r; < p for at least one ¢. This assumption has the consequence that the restriction
map

res : H' (Gr. Fp(x)) — Hl(GKoo7 Fp(x))

becomes injective when restricted to Ly — this is [, Lem. 5.4.2] for x non-cyclotomic
and follows from the proof of [9, Thm. 6.1.8] when x is cyclotomic. (Note that it
follows from Wang [I5] that these results also work for p = 2.) Alternatively, the
injectivity for x cyclotomic follows from the fact that under the assumption Ly, is
contained in the peu ramifié¢ subspace of H*(Gx,F,(x)) by [14, Thm. 4.1.1]. By [9,
Lem. 5.4.2] the kernel of the restriction map is the tres ramifiée line spanned by the
fixed uniformiser —7g. Therefore, the restriction map is injective on this subspace.
Since we are excluding the case above, we are free to restrict our representations
to Gk, from now on and talk about the corresponding étale p-modules.

4.1.3. The integers t;, s;. Before we state the main theorem of [9], we need to intro-
duce just a little more notation: we need to introduce the integers ¢;, s; correspond-
ing to the maximal and minimal Kisin modules of [9] §5.3]. We will take an ad hoc
approach. Write xa|r, =[], w;"* for the uniquely determined integers m; € [0, p—1]
with not all m; equal to p — 1. Now let S be the set of f-tuples of non-negative
integers (ao, ...,ap_1) satisfying xa2|r, = [[; wi" and a; € [0,e — 1] U [r;,r; +e—1]
for all 4. This set is non-empty by our assumption that Ly is non-empty. If we
write v; for the f-tuple (0,...,—1,p,...,0) with the —1 in the ith position and
vg_q for (p,0,...,0,—1), then it is proved in [9, Lem. 5.3.1] that there exists a
subset J C {0,..., f — 1}, possibly empty, such that

(mao, ... ,mffl) + Zﬂi esS
ied
and we can choose J = Jp,;;, minimal in the sense that it is contained in any other
subset satisfying this requirement. Then we define

(to, S ,tf_l) = (’ITLQ7 ce. ,mf_l) + Z v; € S.
€ Jmin
We will define s; := (r; + e — 1) — t; for all i. Note that it follows from our
construction that s;,t; € [0,e — 1] U [r;,r; + e — 1] and s; +t; = r; + e — 1 for all .

4.1.4. The main structure theorem of Gee-Liu—Savitt. We will understand (a); to
mean the following: (a); = a if i = 0 mod f and (a); = 1 otherwise. Now we are
ready to state the main structure theorem of [9].

Theorem 4.2. The image of the subspace Ly of HY(Gk,F,(x)) after restriction
to HY(Gk_,Fp(x)) consists precisely of those classes that can be represented by
étale p-modules M of the following form: we can choose bases e;, f; of M; for
which ¢ has the form

plei1) = ule;;

o(fi—1) = (a)iv® fi + yiei,
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where a = p(Frobg) and y; € Fplu] is a polynomial of which the degrees of the
non-zero terms lie in the interval

o [0,8; — 1] if t; > r; except, possibly, if x is trivial;

o {t;}U[ri,s; — 1] if t; < r; except, possibly, if x is trivial.

o If x is trivial, we make any single choice of ig € [0,..., f —1] and for iy in
addition to the intervals defined above we also allow terms of degree

f
1 Z r_
{S’io + _ 1 pf k(si()-'rk - t10+k)} :
k

f
p =1

In every case the polynomials y; are uniquely determined by M and every collection
of polynomials subject to the conditions above corresponds to a class in Ly .

Proof. For p > 2, the statement of [9) Thm. 5.1.5] shows that the corresponding
Kisin modules (which are just lattices in M) have the form above. It follows from [9]
§5] in the non-cyclotomic case and [9, §6] in the cyclotomic case that we get the full
subspace Ly, since we chose the ¢; and s; to be minimal and maximal, respectively.
In the non-cyclotomic case it follows from the proof of [9, Thm. 5.4.1] that the
corresponding elements of H'(Gk._,F,(x)) (and hence the corresponding étale ¢-
modules) are uniquely determined by y; and that any collection of polynomials {y;}
satisfying the conditions above corresponds to a class in Ly. In the cyclotomic case
(under the assumption that we are not in the exceptional case above) the proof of
[9, Thm. 6.1.8] gives the same uniqueness and existence result. It follows from Wang
[15] that the results from [J] quoted here and their proofs carry over naturally to
p = 2 (assuming we have carefully chosen our uniformiser of K) giving the required
result in this case as well. O

Definition 4.3. Given {r;,¢;,s; | 0 < i < f} as defined at the beginning of §41.21
and in §£T.3 we define

o 7, :=[0,s; — 1] if t; > ry;

o /= {tl}U[’f’“Sl—l] ift; <.

Here we have simply given the intervals appearing in the theorem a name for
later convenience. We note that (both in the definition and the theorem) we follow
standard conventions and let Z; := @ if t; > r; and s; = 0, whereas, if t; < r; and
s; =1y, we let Z; := {t;}.

4.2. Restricting to G . In this subsection we will use the structure theorem of
[9] from the previous subsection to find the image of Ly (after restricting to Gas__)
in terms of Artin—Schreier theory. Later we will use an explicit reciprocity law (see
Theorem .8 to compare the Artin—Schreier theoretic image of Ly to our explicit
basis elements of the previous section.

Recall that we let M = L(m) be a totally tamely ramified extension of an un-
ramified extension L/K of degree prime-to-p, where the uniformiser = of M is a
solution of ™ + 7 = 0 for ey | p!f — 1 and we take M sufficiently large so that
X|c,, is trivial. We will denote the residue field of M by I.

Since ep; and p are coprime, we have that for each n > 1 there is a unique p"th
root w'/P" of 7 that satisfies (7'/P")*™ = 1, i.e. the choice of p"th root of 7
is compatible with the choice of p™th root of —mx in the definition of K.,. Let
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M, = M(7"/?") and M,, = Un>o Mn. It follows by the theory of the field of
norms and local class field theory applied to {((u)) that

Gal (M;g>/MOO) ~ Gal (l((u))(p)/l((u))) ~I((w)* @ F,,

where, for any field F, we write F(®) for the maximal exponent p abelian extension
of F. Furthermore, if we let ¢ : I((u))*P — [((u)*P denote the Artin-Schreier map
defined by ¢(x) = 2P — x, then Artin—Schreier theory gives an isomorphism

(4.1) H' (G, Fp) = H' (Gi(uy), Fp) = (1((w))/¥1((w)) @, Fp.

By [12, Ch. X, §3] the element a € I((u)) concretely corresponds to the homomor-
phism fq @ Gyu)) — Fp given by fo(g) = g(x) — x, where z € [((u))*P is chosen
so that 1 (x) = a. Any two-dimensional F-representation p of Gi((u)) that arises
as the extension of a character x by itself corresponds naturally to a cocyle in
Hl(Gl((u)),Fp) via the standard isomorphism

EXtRCpr(Gl((u)))(X7 X) - H1 (Gl((u))ufp)u

1 ¢

(4.2) Py ® (0 1> = [0 = co(0)].

Since M /K is an extension of degree prime-to-p, so is My, /K. Therefore, the
restriction map H'(Gk._,F,(x)) = H (G, F,) is injective and we may describe
Ly completely by its image in H' (G, Fp) or by the classes corresponding to this
image via Artin—Schreier theory, which is what we will do.

If M is an étale p-module with corresponding G k__-representation denoted by
T'(M), then it is easy to check that the étale po-module corresponding to T'(M)|a,,
is

M = 1((0) Or((w)),usuerr M.
Applying this to one of the étale p-modules arising in the statement of Theorem
{2 it follows that (with the obvious choice of basis e;, f; for My, ;) the matrix of

©: MM,i—l — MMJ is
utiem Yi, M
0 (a);u®ieM |2

where we let y; s € Fp[u®™] denote the image of y; € Fp[u] under u — u™. Here
the My, are periodic with period f[l : k], but ¢;,s; and y; as only depend on
1 mod f.

Recall that we defined a = p(Frobg) and that the unramified character p factors

as pu: Gal(L/K) — F;, so that al#*¥l = 1. We will try to find a change of basis
such that the diagonal entries of ¢ : Mjys ;1 — My, are identical. Since

[ W *
p‘IK ~ 0 Hz wf’
en

and xT™ = x5, it follows that (”:T;l) divides

f-1

Z(Si+1+j —tivag)p’
=0
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for all 7. Hence, we may define integers

f-1

€M 11—

Qg = (pf — 1) § 0(3i+1+j —tir1ag)p’ T
i=

If we set e} := u®e; and f! = al¥//J f; for 0 <4 < f[l : k] — 1, then after this change
of basis the matrix of ¢ : Mps ;-1 — M, becomes
ut,;61\4+p0¢,;_1704i aL’L‘*l/fJ yi,MUiai
0 uSieM )
That is, upon noting that ¢;ep; + pa;_1 — a; = s;epr, after the change of basis the
matrix of ¢ : Myr;—1 — Myr; becomes

_ 1 aLi—l/ny ppu(sieartai)
Si€M 7,
e (0 1

for 0 < ¢ < f[l: k] — 1. The exponents of u will be important later, so let us give
them a name.
Definition 4.4. For all 0 <i < f, we define the constants
f-1
Gi= (0 = Vsi+ Y (sivger — tipgp)p’ 17,
j=0

Note that for the exponent in the matrix above we have that

eméi
sien + oy = .
iCM % pf 1
In line with our earlier notation, let us therefore write & for %

Lemma 4.5. We have that & = n; mod p/ — 1 and, therefore, that & = % mod
en for alli.

Proof. From x|; = Xle_l‘IK and Theorem above, we have that [, wf* " =

wi', that is

-1
Z(Si+1+j — ti+1+j)pf717] =N, mod pj —1.
§=0
But this sum is equal to & — s;(p/ — 1). O

Recall that in Section B2Z3] we proved that for any embedding 7 : k — F, we
have that | ® , F,, is free of rank one over F,[Gal(L/K)]. It follows that the
p-eigenspace A, ,, defined as

{a@bel®r, Fp|gla)@b=(1®u(g))a®b for all g € Gal(L/K)}
is 1-dimensional over F,,. For a = u(Frobg), we define the non-zero element
Arp = (1, a l, ... 7al_[l:k]) €l®i, F,
and note that this is in fact a basis of the one-dimensional vector space A, . Here
we have used the standard identification
I Q- Fp EEEASEN pr;

@y —— (oi(2)y)i,
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where the sum runs over all k-embeddings o;: [ — Fp such that o;|, = 7. Similarly,
A1 = (La,... ,albkl=1) ¢ | ® .~ F, spans A ,-1. Using this notation we may
define the element

(GW'”)izo,...,f[z:k]q = ()\ﬂ,ml)izo,.‘.,fq S Z®Fp Fp-

We can consider My as an [((u)) ®r, Fp-module with the obvious choice of
basis. Then the matrix of paq,, becomes

1 (e ", v yinr ) im0 fe
(u’M)i—o,...,f—1®<0 (@™ Az ly“\{u Jizo...f 1).

By the equivalence of categories T between étale ¢-modules and F,-representations
of G((uy) combined with Equations [&.I]) and (2], this étale p-module then corre-
sponds to a class in I((v))/¥l((v)) ®F, Fp. To understand which class exactly, we
prove the following proposition.

Proposition 4.6. Suppose M is an étale p-module over I((u)) such that o :
M — M is given by the matrix

1 =z

0 1/)°

Then the image of M under the isomorphism
1 ~t
Exth, (ay) (1D = U(@) /01((w)

is given by (the class of) z.

Proof. This is a standard argument; see, for example, [I4, Prop. 6.2.3]. |

After extending coefficients to F,,, it follows from the proposition that the Artin—
Schreier extension of {((u)) corresponding to T (M) above is determined by the
element ()\?i’M—lyz’7MU7£;)i=07_“7f_1 — note the absence of a~! because scaling by
an element of F; does not change the extension. Therefore, we have proved the
following result.

Corollary 4.7. The image of Ly in H (G, Fp) = Hom(Gl((u)),Fp) is spanned

by the homomorphisms fy_ A u corresponding via Artin—-Schreier theory to
M A -

the elements
Vi, ou” S € 1((w) @7, Fy € 1((u) @, Fp.
More precisely, the image is spanned by homomorphisms corresponding to

As, w6 g I((u) @r, F,

’

for all0 < i < f and all d € Z;, together with the class A?iow‘l utio® =iy for
1 =
dig = sio + 7 Y (sigtrek = tigprsn)p’ 7
k=0

if x is trivial.
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4.3. An explicit basis of Ly . In this subsection we would like to compare our
description of Ly above to the previously constructed basis elements ¢, for a« € W
and give an explicit description of Ly in this way. To explain our approach we need
to introduce some theory first.

We have a pairing (-,-) : HY(Gpr., Fp) % Gal(Mgg)/Moo) — F,, given by evalu-
ation. Recall that the theory of the field of norms and the local Artin map allowed
us to write Gal(Még) /Ms) ~1((w))* @F, and that we used Artin—Schreier theory

to write H' (G, Fp) ~ (I((w))/91((u))) ®F, Fp. The real advantage is that we
can make the pairing explicit now.

Theorem 4.8. Let 0}, € Gal(Még)/Moo) be the Galois element corresponding via
the local Artin map to an element b € I((u))* @ Fp, and let f, be the element
of H{(Gun.., Fp) corresponding to a € (I((w))/v¥l((v))) @, F), via Artin-Schreier
theory. Then

db
(faso0) = Trl®prp/fP (ReS(a- ?)) ’
where Res(fdu) simply means the coefficient of u=" in f.
Proof. See [12, XIV, Cor. to Prop. 15]. O

Since we already have a description of the image of Ly in H' (G, F,) and we
defined ¢, € H (G, F,(x)), for « € W, as the basis dual to basis elements

Gal(M/K)

Ug €Uy = (M* @F,(x ")) CM*®F,

we may hope to get a description of the elements u,, in Gal(Még) /M) and look to
find conditions under which the pairing of u, with Ly vanishes. The local Artin
map Artj_w1 induces an isomorphism Gal(M®) /M) ~ M* @ F,, so by extension by
scalars to F), we get Artys(us) € Gal(M®) /M) @p, F,.

Lemma 4.9. We have a commutative diagram of pairings

HY(Gy F,) x Gal(MP) /M) —— F,

HY(Gy,F,) x Gal(M® /M) —— F,

in the sense that (pr(a), 5) = (a,res(B)), where the pairings are given by evalua-
tion, the map res is given by restriction to Gar, and pr is given by restricting an
automorphism to M®) .

Proof. Since H' (G, Fp,) = Hom(Gy, Fp) (and similarly for M,,) and the pairings
are given by evaluation, this follows from the definitions. |

By the lemma above it is enough to consider the pairing of Ly with elements of
Gal(Még) /M) that map to the elements Artys(uq) under pr. To be able to use the
explicit reciprocity law of Theorem .8 we need to use the local class field theory of
I((u)) and the theory of the field of norms to get an isomorphism Gal(Még) [Moo) =~
I((u))* ® Fp,. From the field of norms identification I((u)) ~ Hm M, we

My 41/Mn

get a natural map pry, : {((u)) — M by projecting onto the M-component which
is compatible with local class field theory in the following natural way.
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Lemma 4.10. The following diagram commutes

Gal(ME) /Moo) = Gal (I((u)®/1((1)) == U(w)* & F,

Arty ()
lpr J{PYM
Gal(M®) /M) o M* ®F,.
Arty,
Proof. See [5, Lem. 3.1.5]. O

The missing step is to find elements that project to our previous u, under pr;,;.
Recall that E(X) € Z,[X] denotes the Artin-Hasse exponential. Then, for each
r > 1, we get a homomorphism

cur 1 L@p, Fp = 1((u) @z F,
a®b— Elau") @b
and, analogously to our earlier definitions of u, in §3.2.3] we will define
Uo = Eym’ (Ary 1)
for a = (m,k) e W.
Proposition 4.11. Under the map pry; : {((v))* @ Fp, = M* @ F),, we have that
pryy (E(au”)) = E(la]m")

for any r > 1 which is prime to p. In particular, after extending by scalars to Fy,
we have that pry, (i) = us for « € W.

Proof. To see why this is true, we recall that addition in @Mn is defined by the
formula

(z+y)™ = lim Nag, o, (2057 4y 07),

If we write E(X) =3+, ck X" € Z,[X], then we see that

B(au’) = B ((a)a", ([a)x") /7, ([a]x")/7",...))

= & (ol (al=) V. () 7. )

k>0
= lim Nag, (D enllaln™) /"),
k>0

where we have taken the projection onto the M-component in the last line. Now
the proposition follows immediately from [5, Lem. 3.5.1], where it is proved that
for any n > 1, a € [ and r > 1 such that (r,p) = 1 we have

Nyg, i E([@!")(x/77)7) = E([a").

The second claim follows since for all « = (m, k) € W we have that m/' is coprime
to p. O

Now we have covered all the theory to state and prove our explicit version of the
space Ly in terms of the basis elements constructed previously for H*(G g, F,(x))-
Recall that we defined the indexing set W of all basis elements in §3.2.31 In the
following definition we will give the definition of an indexing set J{}H as a subset of
W such that the span of basis elements ¢, over this indexing set will give us Ly, .
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Definition 4.12. We let J3H(x1, x2) denote the subset of all @ = (k,m) € W
such that there exist integers 0 <1i < f, d € Z; and j > 0 such that

(1) pPm/ =& — depr and

(2) im+kf =i—jmod f,
where i, € {0,..., f' — 1} is defined by m = n;,, mod (pf — 1).

Note that, even though we need to calculate the integers s;, t; corresponding to
minimal and maximal Kisin modules to be able to define &; and Z; concretely, these
integers can be calculated completely explicitly (as we have done above) without
the use of any p-adic Hodge theory. The dependence on {r;} or, equivalently, the
dependence on the Serre weight V;, o for n; = 7; — 1 is implicit in the definitions of
Si, ti (hence 51) and IZ -

| TR (x1, x2)| < STl

Proof. By multiplying the left and right hand sides of the first equation in Definition
AT2 by (p/ —1)/en, we obtain the equation

(4.3) p'm=¢&—dp’ —1);

this follows from the definitions of m’ and &]. Therefore, given an o = (m, k) € W,
we can solve the first equation of Definition B.12] for some 4, d and j if and only if
we can solve Equation 3] for the same 4,d and j. It follows that we may assume

without loss of generality that ey; = pf — 1.
For a fixed choice of 0 <4 < f and d € Z;, we set j := v,(& — d(p/ — 1)) and

define
&G —dpl -1)
=

It follows from Lemma that p’a = n; mod (p/ — 1), so

Proposition 4.13.

a

a=mn;_jmod (p/ —1).

Therefore, by definition of W' in §3.2.3] the first equation of Definition will
have a solution for some m € W' if and only if 0 < a < %(pf —1). Suppose
that this is the case. Then we have a unique m € W’ solving the equation, namely
m = a. Since the integers m € W’ are distinct, this means that a = (m, k) € W
solving the first equation of Definition for our fixed choice of (i,d) exists and
is unique up to k € {0,..., f" — 1}.

Note that it follows from m = n;,, mod (pf — 1) and m = n;_; mod (p/ — 1)
that i, = ¢ — jmod f’. The second equation of Definition requires that

= % mod f”, thereby determining k € {0,..., f” — 1} uniquely. In other
words, we have proved that there exists a unique o € J{}H (x1,x2) corresponding
to our fixed choice of (i,d) if

& — d(pf -1 ep
0 , -1
< p < 1@ D
and no « corresponding to (i, d) otherwise. O

We remark that it is possible to show with a direct argument, which carefully uses
the minimality (resp. maximality) of the integers ¢; (resp. s;), that the inequalities
on a in the proof above are always satisfied. This also follows as a consequence of
Theorem ETI6 which implies that [J3 (x1, x2)| = Z ).
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Let ¢, denote the basis elements of H'(Gx,F,(x)) defined in §3.3, where we
assume we define these making the same choices in the definition of M = L(r) as in
the current section, that is, they are defined using the same fixed uniformiser 7y €
K, the same unramified extension L of K and the same 7 satisfying 7™ + i = 0.

Definition 4.14. We define L{#H (1, x2) to be the span of

{cala € J\éH(X17X2)}

together with cyy, if x is trivial and ¢, if x is cyclotomic, x2 unramified and r; = p
for all 3.

Corollary 4.15. dimfp LY (x1, x2) < dimﬁp Ly (x1,x2)-

Proof. This follows immediately from the definitions, Proposition[d.13land Theorem
(A2 (since y; uniquely determines M and vice-versa). O

Theorem 4.16 LV(Xl; Xg) = L‘A}H(Xl, XQ)

Proof. By Corollary ET3lit is enough to prove Ly C LQH. We defined LQH in terms
of the basis elements ¢, dual to u,, so we need to prove that the image of every class
of Ly in H' (G, F)) is orthogonal to the elements Art s (u,) in Gal(M ®) /M) for
aé¢ J{}H under the pairing of Lemma 9l If x is cyclotomic, we also need to prove
orthogonality under pairing with ¢y, which we will do first.

If x is cyclotomic, then the classes that are orthogonal to ucy. are exactly the
peu ramifiées classes. We see this, for example, because the subspace orthogonal to
Ucyc is spanned by the basis elements ¢, for a € W and c,, if x is trivial. Since c;,
spans the one-dimensional subspace defined as Fil'tv™ T {7 Y Gk, Fp(x)), it follows
that these basis elements span the space Fil<M a0 [t (Gr,Fp(x)), which equals the
peu ramifié subspace by [I4], Cor. 4.4.1]. However, since we excluded the exceptional
case in which Ly equals H(G K,Fp), we have that Ly is always contained in the
peu ramifié subspace of H(Gx,F,) by [14, Thm. 4.1.1]. Therefore, Ly is always
contained in the subspace orthogonal to ucye.

As outlined above we apply the explicit reciprocity law of Theorem [4.8] to the
elements i, and the elements of Corollary .71 We must show that for all 0 < ¢ < f,
d€Z; and a = (m, k) ¢ JHH

Tryo . fp/preS (leg(ﬁa) ) )‘Tm/fludeMi&) =0

’

digenm =iy vanishes.

and if x = 1 we also need to show that the pairing with )\71.07
Since

#71u
dlogE(X) = (X + X? + X?" + ... )dlogX

and dlog(A\u™) = n - u~1, the pairing evaluates to

den —&;
Ty,pmt U ’

Trio, 7, /7, Res g m/ Frobj()\Tmu)z/”/”L1 A
pEp/¥p
Jj=0

where Frob : | @p, Fp — | QF, Fp is induced by the pth power map on [. The
residue is given by the coefficient of u~!, hence this can only possibly be non-
zero when p/m’ = ¢! — deys for some j > 0. If x = 1 we must also consider
pPm = &, — disenr, but it follows easily from the observation &; = d;,ens that this
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can never have solutions. In the former case, if such a j exists, then the pairing
evaluates to

m'ﬁ@%fp /F, (Frob? (Ao ) * Arypu-t) -

Since
Frob? (A, ) - Ar, it = Frob? (Ar - Ary 1),
we find that this expression is non-zero if and only if 7, = 7;,_;, i.e. when i, +kf’ =
i —j mod f.
In conclusion, we have proved that for & = (m, k) € W the pairing of u, with

Ly is non-zero when there exist integers 0 < i < f, d € Z; and j > 0 such that

(1) pPm’ = & — deps and

(2) i+ kf ' =i—jmod f.
These are precisely the conditions that imply that a € J{}H, as required. ([l

Corollary 4.17. The space L% (x1, x2) is independent of the choice of the exten-
sion M of K and the choice of the uniformiser m of M.

Proof. This follows immediately since Ly (x1, x2) is independent of the choices and
we have just proved that L{“}H(Xl, X2) = Lv (x1, x2) for any suitable set of choices.
O
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