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Abstract

We define an integral of real-valued functions with respect to a measure that takes its
values in the extended positive cone of a partially ordered vector space E. The mono-
tone convergence theorem, Fatou’s lemma, and the dominated convergence theorem
are established; the analogues of the classical .#’!- and L!-spaces are investigated. The
results extend earlier work by Wright and specialise to those for the Lebesgue integral
when E equals the real numbers. The hypothesis on E that is needed for the defini-
tion of the integral and for the monotone convergence theorem to hold (o -monotone
completeness) is a rather mild one. It is satisfied, for example, by the space of regular
operators between a directed partially ordered vector space and a o-monotone com-
plete partially ordered vector space, and by every JBW-algebra. Fatou’s lemma and the
dominated convergence theorem hold for every o -Dedekind complete space. When E
consists of the regular operators on a Banach lattice with an order continuous norm, or
when it consists of the self-adjoint elements of a strongly closed complex linear sub-
space of the bounded operators on a complex Hilbert space, then the finite measures
as in the current paper are precisely the strongly o -additive positive operator-valued
measures. When E is a partially ordered Banach space with a closed positive cone,
then every positive vector measure is a measure in our sense, but not conversely. Even
when a measure falls into both categories, the domain of the integral as defined in this
paper can properly contain that of any reasonably defined integral with respect to the
vector measure using Banach space methods.
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1 Introduction and overview

Let X be a locally compact Hausdorff space. The Riesz representation theorem states
that, for a positive linear functional 7 : C.(X) — IR, there exists a Borel measure p
on X such that

n(f)=/deu

for f € C¢(X). The measure u is uniquely determined when certain regularity prop-
erties of it are supposed. It is bounded if and only if 7 extends to a positive linear
functional on C.(X), in which case the above equation holds for all f € Cyp(X). In
[13], we shall establish similar representation theorems for positive linear operators
7w :Ce(X) - Eandm : Co(X) — E,where E is a (suitable) partially ordered vector
space.! The class of spaces for which these theorems hold is fairly diverse. This is the
case, for example, when E is a Banach lattice with an order continuous norm; when
E consists of the regular operators on a KB-space; when E is the space of all self-
adjoint elements of a strongly closed complex linear subspace of B(H ), where H is a
complex Hilbert space; and when E is a JBW-algebra.” In [12], we shall consider pos-
itive algebra homomorphisms 7 from C.(X) or Co(X) into (suitable) partially ordered
algebras. The representing measures are then spectral measures that take values in the
algebra. This existence theorem for abstract spectral measures immediately implies
the classical one for representations of (the complexification of) Co(X) on complex
Hilbert spaces, as well as the one for positive representations of Cp(X) on KB-spaces
in [14]. In [11], we shall be concerned with representation theorems for vector lattices
(resp. Banach lattices) of regular linear operators from C.(X) and Cy(X) into Dede-
kind complete vector lattices (resp. Banach lattices with order continuous norms) in
the spirit of [4, Theorem 38.7]. The relation with existing representation theorems for
positive linear operators will be discussed in [13]. There appears to be no previous
work in the vein of [12] or [11].

The representation theorems in [11-13] are all of the following form. For a positive
operator 7 from C.(X), say, into a partially ordered vector space E, there exists a
Borel measure ¢ on X such that

1 In the course of the present paper and its sequels [11-13] we shall encounter maps with C¢(X) or Co(X)
as domains that are sometimes positive linear operators, sometimes vector lattice homomorphisms, and
sometimes positive algebra homomorphisms. For each of these contexts, a canonical symbol for such maps
could be chosen. However, since our results for these contexts are related, we have chosen to use the same
symbol 7 throughout, thus keeping the notation as uniform as possible.

2 We shall use [2, 3] references for JBW-algebras. In these books, a JBW-algebra is supposed to have an
identity element; see [3, Definitions 1.5 and 2.2]. In other sources, this need not be the case. However, as
[17, Lemma 4.1.7] shows, the existence of an identity element is, in fact, automatic.
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7(f) = /Xofdu

for f € Cc(X). Here p assigns an element of the extended positive cone of E to each
Borel subset of X. The integral is, as we have called it in the current paper, the order
integral—hence the superscript—of f with respect to w. The goal of the present paper
is to develop the theory of this order integral to the extent where also the three basic
convergence theorems have been made available. It provides the very language for
the sequels [11-13] to the present paper, but its results—including the convergence
theorems—may also be of use elsewhere. In fact, as we shall argue in Sect. 7, when
E is a partially ordered Banach space, then the order integral provides a tool to work
with that is better than the integral with respect to positive vector measures.

This paper is organised as follows.

In Sect. 2, we collect the necessary prerequisites about partially ordered vector
spaces. It is explained how a point at infinity can be added to a partially order vector
space E, to accommodate the fact that—as is already obvious from Lebesgue measure
on the real line—representing measures need not be finite. The section also contains a
stockpile of technical tools that are helpful when working with the ordering in E and
the extended space E in the present paper and its sequels.

Section 3 provides a number of examples of spaces where the representation theo-
rems in [13] are valid. This material is not yet needed in the current paper. We have,
nevertheless, still included it here, to show that there are natural spaces, including
spaces of operators, to which the theory of the order integral in this paper applies.

In Sect. 4, measures with values in the extended positive cone ET of a partially
ordered vector space E are introduced. The basic (convergence) properties are estab-
lished and the Borel-Cantelli lemma is proved. For two important examples of spaces
of operators, it is shown that the finite measures in our sense are precisely the strongly
o -additive positive operator-valued measures. In this section, it is still possible to work
with algebras rather than o -algebras of subsets.

Section 5 covers outer measures in the context of partially ordered vector spaces.
This material is needed in the proof of one of the Riesz representation theorems in
[13], but does not reappear in the present paper.

Section 6 starts with the definition of the order integral for measurable functions
with values in the extended positive real numbers; the measure is now supposed to be
defined on a o -algebra. After that, the monotone convergence theorem, Fatou’s lemma
and the dominated convergence theorem are established. The section concludes with
vector lattice properties of the general .#!- and L!-spaces.

In the final Sect. 7, we consider the situation when the partially ordered vector space
happens to be a Banach space with a closed positive cone. In this case, one can also
speak of positive vector measures and ask for the relation between such measures and
the positive measures in Sect. 4, and also for the relation between their integrals. It will
become clear that every positive vector measure is a positive measure as in Sect. 4,
but not conversely. It can occur that a measure falls in both categories, while the order
integral properly extends any integral that one may reasonably define using Banach
space methods.
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It appears that Wright was the first to realise how the o -additivity of a measure
with values in the extended positive real numbers can be generalised to measures with
values in the extended positive cone of a partially ordered vector space E, and that
a theory of integration can be built on this. This was first done in [26] when E is
a Stone algebra, i.e., a Banach lattice algebra of the form C(X) for an extremally
disconnected compact Hausdorff space X. It is also mentioned there that this can be
done equally well if E is a o -Dedekind complete Banach lattice. Topology is no longer
present in [27, p. 193], where it is noted that an order integral can be defined if E is a
o-Dedekind complete vector lattice, and that analogues of the Lebesgue convergence
theorems can be obtained. Details are, however, not included. In [28, p. 678], the
measures are defined in the most general context—that of a o-monotone complete’
partially ordered vector space—where this definition is meaningful. Definition 4.1 in
the current paper is taken from that source. An order integral is defined in [28] and
a monotone convergence theorem is established. Fatou’s lemma and the dominated
convergence theorem are alluded to as more complicated results to be worked on later;
the outcome appears not to have been published.

Apart from the facts that we extend the theory well beyond that in [26-28] by
including results such as the Borel-Cantelli lemma, Fatou’s lemma, the dominated
convergence theorem, as well as material on outer measures and vector lattice prop-
erties of .#!- and L'-spaces, there are also two important differences between the
approach in [26-28] and that in our work. Firstly, we define the order integral for mea-
surable functions that take values in the extended positive real numbers. The presence
of an extra ‘infinity’ for functions besides the one for the measure is technically a
little more complicated than when working with finite-valued functions. It is, how-
ever, desirable, to allow this so that the sharpest versions of the monotone convergence
theorem and Fatou’s lemma can be formulated and proved. We shall benefit from this
when studying ups and downs in [12]. Secondly, we believe that our approach to the
definition of the order integral of an (extended) positive measurable function is more
natural. In [26, 28], the integral of a measurable function f : X — IR™ is defined
to be infinity when there exists a ¢ > 0 such that {x € X : f(x) > c} has infi-
nite measure. When this is not the case, then f can be approximated pointwise from
below by (finite-valued) elementary functions that have supports with finite measure;
the integral of f is then defined using such approximants. In our approach, the inte-
gral of a measurable function with values in the extended positive real numbers is
always defined using (finite-valued) elementary functions. Such an elementary func-
tion is allowed to have a support with infinite measure, in which case its integral is
automatically infinity as a consequence of the action of the positive real numbers on
the extended positive cone E+ of E. Provided one argues carefully with the opera-
tions on and the ordering of this extended cone, one thus obtains a completely natural
integration theory for measurable functions with values in the extended positive real
numbers. This is then used as a the starting point for finite-valued measurable func-
tions.

The order integral as defined in the present paper has the usual Lebesgue integral as
a special case. It will become clear that, in the end, it is possible to choose arguments

3 See Definition 2.1.
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for the real case that, after being reformulated and adapted appropriately, yield valid
proofs for the general case. Still, there are a few caveats when glancing over a proof
for the real case and concluding, perhaps all too quickly, that the result holds more
generally. Consider, for example, the fact that a measurable function that is almost
everywhere equal to zero has zero integral. For positive functions, this follows from
the definitions. For general functions, this then ‘obviously’ follows from the inequality
|/ fdul < [|f]du. This inequality is, however, meaningless for general partially
ordered vector spaces, which implies that the proof of [15, Proposition 2.23.b] cannot
be used in the general case. Even though it is not difficult to remedy this, it still
shows that it is easy to make mistakes when thinking that results from the real case
are ‘clearly’ also true in general. The real numbers form a topological algebra, a
complete metric space, and their partial ordering is a linear ordering. Arguments that
rely on these properties—which are entrenched in our way of thinking—are to be
circumvented for the general theory. One has to (be enabled to) convince oneself—
with the formal technical tools in Sect. 2 at hand—that it is actually possible to do this.
It is for this reason that we have given proofs of all results.* Some of them—and in
particular arguments of an algebraic nature that work for any commutative monoid—
are identical to those for the real case. Many of them, however, have to be adapted to
some extent for the general context. We did not want to necessitate the reader to keep
moving back and forth between other sources and the paper and have, therefore, kept
the latter self-contained.

Remark Inthe current paper, the function is real-valued and the measure takes its values
in (the extension of) a partially ordered vector space. These roles can be reversed. For
this set-up, the reader is referred to [16, 18, 20, 24, 25].

2 Partially ordered vector spaces

In this section, we establish some terminology and notation for partially ordered vector
spaces, and collect a number of technical facts. We introduce various types of order
completeness and relate these to the extended space that is obtained by adjoining a
point at infinity.

Unless otherwise indicated, all vector spaces we shall consider are over the real
numbers. Operators between two vector spaces are always supposed to be linear, as
are functionals. All vector lattices are supposed to be Archimedean.

If E is a partially ordered vector space, then E™ denotes its positive cone. We do
not require that E* be generating, i.e., it need not be the case that E = E* — ET.
Equivalently, we do not require that E be directed. We do require, however, that E™
be proper, i.e., that ET N (—E+) = {0}.

Subsets of a partially ordered vector space E of the form {x € E : a < x < b} for
a,b € E such that a < b, are called order intervals in E; they are denoted by [a, b].
A subset of E is called order bounded if it is contained in an order interval.

Order completeness properties of partially ordered vector spaces are at the heart of
the current paper and the sequels [11-13]. We list them in the following definition,

4 Lemma 6.1 and a few statements surrounding it form an exception.
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which also contains some self-evident notation that we shall use. Index sets for nets
are supposed to be partially ordered, and not just pre-ordered.

Definition 2.1 A partially ordered vector space E is called

(1) o-monotone complete if every increasing sequence {a,}- , in E that is bounded
from above has a supremum \/ZOZ1 a, in E;

(2) monotone complete if every increasing net {a,},ep in E that is bounded from
above has a supremum \/, _, @) in E;

(3) o-Dedekind complete if every non-empty at most countably infinite subset S of E
that is bounded from above has a supremum \/{x : x € S} in E;

(4) Dedekind complete if every non-empty subset S of E that is bounded from above
has a supremum \/{x : x € S} in E.

Equivalently, one can define these properties by requiring the existence of infima
when replacing ‘increasing’ with ‘decreasing’ and ‘bounded from above’ with ‘boun-
ded from below’. Still equivalently, one can define these properties under the
supposition that the sequence, net, or subset is contained in E™.

There are evident logical implications between these four properties. For vector
lattices, Dedekind completeness (resp. o -Dedekind completeness) and monotone com-
pleteness (resp. o-monotone completeness) are equivalent. If E is directed and if E
is o-Dedekind complete, then, for every x1, xo € E, the subset {x}, x2} is bounded
from above, so that it has a supremum. Hence E is then a vector lattice.

A partially ordered vector space E is Archimedean if \{ex : ¢ > 0} = 0 for all
x € ET.One can equivalently require that /\{r,x : n € N} = Oforeveryx € E* and
every (or just one) sequence {r,}>° | C IR™\{0} such that r,, | 0. Still equivalently,
one can require that, whenever y € E * and x are such that nx < y foralln € N
(or such that rx < y for all » € R™), it follows that x < 0. As was observed in
[28, Lemma 1.1], every o-monotone complete partially vector space (and then also
every monotone complete, o-Dedekind complete, or Dedekind complete partially
order vector space) is Archimedean. Indeed, if x > 0, then A{x/n : n € IN} exists
since E is o-Dedekind complete, and it satisfies \{x/n:n € N} = A{x/(2n) :n €
N} =1/2 A{x/n : n € N}. Hence A\{x/n : n € N} = 0. We shall use this automatic
Archimedean property at a few essential moments; see the proof of Lemma 6.2, for
example.

We record the following analogue of the well-known inequality for the limit inferior
and the limit superior of a sequence of real numbers. We shall need it in the proof
of the dominated convergence theorem; see Theorem 6.13. The proof is completely
analogous to the proof for the case where £ = R.

Lemma 2.2 Let E be a o-Dedekind complete partially ordered vector space, and let

{x4}52.| be an order bounded sequence in E. Then \/,— | \iep, Xk and \p—; \/ pep Xk
existin E, and

oo 00 0o 00
V As= AV
n=1k=n n=1k=n
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In [13], we shall, amongst others, consider Riesz representation theorems for posi-
tive operators  : Co(X) — E;here X is a locally compact Hausdorff space and E is
a partially ordered vector space. Once could hope that, ideally, such theorems would
state that this operator 7 is given by integration of a scalar-valued function with respect
to an E*-valued measure. However, as the case where E = R and 7 (f) := f]R fdx
already shows, we cannot expect this measure to be actually finite. To be able to develop
a theory of measure and integration that incorporates this inevitable phenomenon, we
need to adjoin an element oo to E* and let R™ act on the augmented structure. As is
also done in, e.g., [26, 27], we shall actually adjoin oo to the whole space E, which
is necessary for a formulation of some of the results; see part (4) of Lemma 4.4), for
example. The construction is as follows.

Firstly, we let E := E U {oo} be a disjoint union, and we extend the partial ordering
from E to E by declaring that x < oo forall x € Fﬂe elements of E that are in E
will be called finite. We set Et := E™ U {oo}. Then E is the set of positive elements
of E. Secondly, we make E into an abelian additive monoid by defining 0o + x = 00
and x + 0o := oo for all x € E; then ET is a sub-monoid of E. Thirdly, we define
r- o0 = oo forall r € RT\{0}, and define 0 - oo := 0. Thus the additive monoid R*
and the multiplicative monoid IR™ both act as monoid homomorphisms on E*. It is
easily checked that, when x, y € E are such that x < y,then x +z < y + z for all
z € E,and that rx < sy forall , s € RT such that r < 5.

We have now carried out the desired construction, but one can also go further, as
follows. The construction in the previous paragraph can be applied to R. The set of
positive elements of IR is then the familiar extended positive real half line R*. It is an
abelian additive monoid. The action of R* on E7 can then be extended to an action
ofﬁonﬁby@ning o0-0:=0andoo-x =ooforall x € F\{%Thenthe
additive monoid R+ acts as monoid homomorphisms on E+. If x, y € Et are such
that x < y andr, s € R* are such that r < s, then rx < sy.

The construction in the previous step can be applied with £ = IR, which yields
an action of R* on itself. Thus the familiar multiplicative structure on the extended
positive real half line is obtained. It is compatible with the action of Rt on E*: if
r,s e Rt andx € E*, thenr - (s - x) = (rs) - x. Hence the multiplicative monoid
R+ also acts as monoid homomorphisms on E*.

We shall employ the usual notation in which a; 1 means that {a, }, e is an increas-
ing net in E (or in E), and in which a; 1 x means that {a; },ca is an increasing net
in E (or in E) with supremum x in E (or in E). The notations a;, | and a;, | x are
similarly defined. We shall be careful to indicate explicitly whether we are working
in E or in E whenever this is necessary.

In the next two results, we collect a few technical facts that will be used repeatedly
in the sequel. They are quite obvious when E = IR, but it is essential for many of the
proofs in the current paper and its sequels that they are generally valid. The tedious
proofs are elementary.

Lemma 2.3 Let E be a partially ordered vector space, and let S C E be non-empty.

() If S < b_?and \/{s : s € S} exists in E, then this supremum is also the supremum
of S in E; likewise for the infimum.
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(2) If\/{s : s € S} exists in E and is finite, then S consists of finite elements, and the
supremum of S exists in E and equals the supremum of S in E.

(3) If S # {00}, then \{s : s € S} exists in E if and only if \{s : s € S N E} exists
in E. If this is the case, then these infima are equal.

4) \/{s : s € S} = oo in E if and only if S is not bounded from above by a finite
element.

(5) If \/{s : s € S} exists in E, then, forall x € E, \/{x +s : s € S} exists in E and
equals x + \/{s : s € S}, likewise for the infimum.

6) If \/{x +5 : 5 € S} exists in E for some x € E, then \/{s : s € S} exists in E,
and \/{x +s :s € S} = x + \/{s : s € S}; likewise for the infimum.

(7) If \/{s : s € S} exists in E, then, for allr € RY, \/{rs : s € S} exists in E and
equals r \/{s : s € S}, likewise for the infimum.

Lemma 2.4 Let E be a partially ordered vector space.

(1) If A and B are non-empty subsets of E such that \/{a:a € Atand \/{b: b € B}
exist in E, then \/{a +b : a € A,b € B} exists in E and equals \/{a : a €
A} +\/{b:be B}, likewise for the infima.

2) If{ay}ren and {bk}keA C EarenetsinE anda, b € E are such that {ar}ren 1 a
and {b)}yen T bin E, then {a; + by} Pt (a+b)in E; likewise for decreasing nets.

Lemma 2.5 Let E be a partially ordered vector space.

(1) If E is o -monotone complete (resp. o -Dedekind complete), then every increasing
sequence in (resp. every at most countably infinite subset of) E has a supremum
in E. If the sequence (resp. set) is bounded from above by a finite element, then
the supremum in E equals the supremum in E. If the sequence (resp. subset) is not
bounded from above by a finite element, then the supremum in E equals 0o.

(2) If E is o-monotone complete (resp. o -Dedekind complete), then every decreasing
sequence in (resp. every non-empty at most countably infinite subset of) E that is
bounded from below in E has an infimum in E. If all terms of the sequence are
equal to oo (resp. if the set equals {00}), then this infimum in E equals oo. If the
sequence contains finite terms (resp. if the subset contains finite elements), then
the infimum in E equals the infimum in E of the decreasing subsequence of finite
terms (resp. the subset of finite elements of the subset), which is bounded from
below by a finite element.

(3) If E is monotone complete (resp. Dedekind complete), then every increasing net
in (resp. every non-empty subset of) E has a supremum in E. If the set (resp. net)
is bounded from above by a finite element, then the supremum in E equals the
supremum in E. If the set (resp. net) is not bounded from above by a finite element,
then the supremum in E equals co.

(4) If E is monotone complete (resp. Dedekind complete), then every decreasing net
in (resp. every non-empty subset of) E that is bounded from below in E has an
infimum in E. If all terms of the net are equal to oo (resp. if the subset equals
{00)), then this infimum in E equals oc. If the net contains finite terms (resp. if
the subset contains finite elements), then the infimum in E equals the infimum in
E of the decreasing subnet of finite terms (resp. the subset of finite elements of the
subset), which is bounded from below by a finite element.
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3 Monotone complete and normal partially ordered vector spaces

In [11-13], we shall be concerned with positive operators 7 : C.(X) — E orm :
Co(X) — E, where X is a locally compact Hausdorff space and E is a partially
ordered vector space; in [12], E is even a partially ordered algebra. The goal in [13]
is to find an E*-valued measure on the Borel subsets of X that represents 7 via the
order integrals of the present paper. Such results will then be applied in [11, 12]. It
will become apparent in Sects. 4 and 6 that, to be able to define order integrals with
respect to E~T-valued measures and develop their theory at all, E needs to be at least
o-monotone complete. Furthermore, it will become clear in [13] that, for o-monotone
complete spaces—so that the order integrals in the aspired representation theorems
make sense to begin with—the most convenient ones for which there actually is such
a representing theorem, are the spaces that are even monotone complete and that are
also normal. The latter notion will be defined below.

This section contains a number of examples of monotone complete normal spaces;
see the Propositions 3.10-3.13 and Theorem 3.14. These form a preparation for the
sequels to the current paper, but they may also serve as a motivation for the work on
the order integral later in this paper.

The link between our measures in Sect. 4 and the usual strongly o -additive ones
in the context of Proposition 3.12 (resp. part (1) of Theorem 3.14) will be established
in Lemma 4.2 (resp. Lemma 4.3). Apart from this connection, the remainder of the
paper is independent of the current section.

We start by recalling some of the usual notions and introducing the notations that
we shall use.

If E and F are vector spaces, then L(E, F) denotes the vector space of operators
from E into F'. Anoperator T € L(E, F) between two partially ordered vector spaces
is order bounded if it maps order bounded subsets of E into order bounded subsets of
F. The order bounded operators from E into F form a vector space that is denoted by
Lob(E, F). An operator T € L(E, F) is positive if T(E™) C FT, and regular if it is
the difference of two positive operators. The regular operators from E into F form a
vector space that is denoted by L (E, F'). A positive operator is order bounded, so that
L(E,F) C Low(E, F) € L(E, F). If E is directed, then these three vector spaces
are all partially ordered via their positive cones £;(E, F)*. We shall write E™ for
Lon(E, R). If E is a Banach lattice, then E~ coincides with the norm dual E* of E.

Order completeness properties of partially ordered vector spaces can be inherited
by spaces of operators between them. For example, if E is a directed partially ordered
vector space that has the Riesz decomposition property, and if F is a Dedekind com-
plete vector lattice, then the spaces £ (E, F) and Lo, (E, F) coincide and are Dedekind
complete vector lattices; see [6, Theorem 1.59]. In particular, they are monotone com-
plete partially ordered vector spaces. The latter statement is also a consequence of
the following result. We are not aware of a reference for it, even though the type of
argument in it is well known; see [5, proof of Theorem 1.19], for example.

Proposition 3.1 Let E be a directed partially ordered vector space, let F be a mono-
tone complete (resp. o -monotone complete) partially ordered vector space, and let V

be a linear subspace of L(E, F) containing L.(E, F).

@ Springer



32 Page 10 0f 39 M. de Jeu, X. Jiang

Let {T) }ren be an increasing net (vesp. Let {T,}°° | be an increasing sequence) in
V. Then {T)}yen (resp. {T,},2 ) is bounded from above in V if and only if, for all
x € E*, {Tix}yen (resp. {Tnx}flozl) is bounded from above in F. In this case, {T) }).en
(resp. {T,,}°2.) has a supremum T in V. For x € E™, it is given by Tx = Ven Thx
(resp. Tx = sup,~; Tpx).

In particular, V is a monotone complete (resp. o-monotone complete) partially
ordered vector space.

Proof We prove the statements for the monotone completeness and the o -monotone
completeness of V at the same time. Let {7 },ca be an increasing net (possibly an
increasing sequence) in V.

If the net is bounded from above by an element S of V, then T;x < Sx for all
x € ET, so that {Ty.x};ea is bounded from above in F forall x € E*.

Conversely, suppose that {T3x};.c is bounded from above in F forallx € ET. We
shall show that the pointwise formula for 7 as in the statement of the theorem actually
defines an element of V. This is then clearly the least upper bound of the netin V.

Choose any A9 € A. Using that the nets {73 }sea and {T3x}sep for x € ET are
increasing, one easily sees, by considering the net {7} — Tj,}i>1, € VT, that it is
sufficient to prove that the pointwise formula defines an element of V when 7) > 0
forall A € A.

Supposing, therefore, that {Tj},ca € VT, we define T : ET — F™T as in the
statement of the theorem by

Tx = \/ Thx (3.1)

AEA

for x € E™. Since {T;x};.cy is increasing and bounded from above, the supremum in
the right hand side of Eq. (3.1) exists as a consequence of the pertinent completeness
property of F.Itis clear that T (rx) = rT (x) forallr > O and x € E™. Next we show
that 7 is additive on ET. Fix x1, xp € ET. Forall . € A, we have

Th(x; +x2) = T (x1) + T).(x2) < Txy + Txa,

so T (x1+x2) < Txy+ T x;. For the reverse inequality, consider arbitrary A1, X, € A.
Choose A3 € A suchthat A3 > Ajand A3 > A;. Then, using that {7} }, ¢4 is increasing,
we have

Ty, x1 4 Th,x2 < Tagxt + Toyxo = Toy (1 + x2) < T'(x1 + x2),

which easily implies that 7' (x; + x2) > Tx; + Tx>. Hence T is additive on E™.
Next, if x € E is arbitrary, we choose x1, x2 € E1 such that x = x; — x2, and we
define Tx := Tx; — Tx,. It is then easy to see that T is well defined and that T is
linear, so that T € L(E, F). Since clearly T > 0, we also have T € L,(E, F). Since
L(E,F)CV,wehave T € V, as required. O

The underlying spaces of the monotone (o -)partially ordered vector spaces of oper-
ators in Proposition 3.1 are themselves partially ordered vector spaces, but there also
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exist monotone complete partially ordered vector spaces of operators where this is no
longer the case. An important class of examples is provided by the following result,
which is a direct consequence of [10, Lemma 1.6.4].

Proposition 3.2 Let H be a complex Hilbert space, and let L be a strongly closed
complex linear subspace of B(H). Let Lg, be the real vector space that consists of the
self-adjoint elements of L, supplied with the partial ordering that is inherited from the
usual partial ordering of the self-adjoint elements of B(H). Then Lg, is a monotone
complete partially ordered vector space.

More precisely, if {Ty} e is an increasing net in L, that is bounded from above in
Ly, then {T)}cp converges in B(H) with respect to the strong operator topology, its
limit SOT— lim;, T}, is an element of Lg,, and is equal to the supremum \/{T : . € A}
of the T, in Lg,.

Remark 3.3 In view of Kadison’s anti-lattice theorem [19, Theorem 6], the space Lg,
figuring in Proposition 3.2 will not generally be a vector lattice. For example, if
dim H > 2, then, by Kadison’s result, 5(H)s, is not a vector lattice. The space
B(H)s, for dim H > 2 also provides an example of a monotone complete partially
ordered vector space that is not Dedekind complete. It is, in fact, not even o-Dede-
kind complete. To see this, suppose that it is o-Dedekind complete. Since B(H )s, is
directed, every subset {7, T2} is bounded from above, so that it then has a supremum.
Thus B(H)s, is a vector lattice, but we know this not to be the case.

Now that the monotone completeness of the above spaces of operators has been
established, we turn to normality. As a preparation, we start with the following defi-
nition.

Definition 3.4 Let E and F be partially ordered vector spaces, and let T : E — F be
a positive operator. Then T is called order continuous (resp. o-order continuous) if
Tx; | Oin F whenever x; | 0in E (resp. if Tx, | Oin F whenever x,, | 0 in E).
One can, equivalently, require that Tx; 1 Tx in F whenever 0 < x; 1 x in E (resp.
that Tx, 1 Tx in F whenever 0 < x, 1 x in E). A general operator in L(E, F)
is order continuous (resp. o-order continuous) if it is the difference of two positive
order continuous operators. We shall write Loc(E, F) (resp. Lyoc(E, F)) for the order
continuous (resp. o-order continuous) operators from E into F.

Itis easy to see that the sum of two positive order continuous (resp. o -order continu-
ous) operators is again a positive order continuous (resp. positive o -order continuous)
operator, and it follows that Loc(E, F) (resp. Lyoc(E, F)) is a linear subspace of
L:(E, F). If E is directed, then it is a partially ordered vector space with the posi-
tive order continuous operators (resp. the positive o -order continuous operators) as its
positive cone, which is generating by definition. We shall write EJ for Lo (E, R) and
EZ. for Looc(E, R). It is the space EJY that will be of help in the context of Riesz
representation theorems for vector-valued positive maps. It has (E;0)™, the positive
order continuous functionals, as its generating positive cone.

Remark 3.5 If E and F are vector lattices, where F is Dedekind complete, then the
above notion of order continuous operators agrees with the usual one in the literature.
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To see this, recall that T : E — F is order continuous in the sense of [29, p. 123]
if |[Txx| | 0in F whenever x; | O in E. Hence a positive T is order continuous
in the sense of [29, p. 123] precisely when it is order continuous in the sense of our
Definition 3.4. Furthermore, by [29, Lemma 84.1], T : E — F is order continuous in
the sense of [29, p. 123] if and only if 7" and 7~ are order continuous in the sense of
that same definition, i.e., if and only if they are positive order continuous operators in
the sense of Definition 3.4. In addition, [29, Theorem 84.2] implies that the set of all
T : E — F that are order continuous in the sense of [29, p. 123] form a vector space.
It follows that the notions of (and notations for) order continuous operators coincide
if E and F are vector lattices, where F' is Dedekind complete. A similar argument
shows that this is also the case for o -order continuous operators.

Definition 3.6 Let E be a partially ordered vector space. Then E is called normal
when, forx € E, (x,x’) > Oforallx’ € (EJ)" ifand only if x € E*. We say that E

is o-normal when, for x € E, (x,x’) > O forall x’ € (EJ; )" ifand only if x € E™.

Clearly, if E is (o-)normal, then (E(;)‘|r separates the points of E.

As with order continuous operators, if E is a vector lattice, then our notion of
normality coincides with that in the literature. To see this, we include the following
result.

Lemma 3.7 Let E be a vector lattice, and let A be an order ideal of E~. Then the
following are equivalent:

(1) A™ separates the points of E;
(2) A separates the points of E;
(3) Forx € E, (x,x") > 0forall x' € AT ifand only ifx € ET.

If A = E™, then the fact that part (2) implies part (3) can be found as [5, Theo-
rem 1.66]). The following proof is an adaptation of the proof for that case.

Proof 1t is clear that part (1) implies part (2), and also that part (3) implies part (1). It
remains to be shown that part (2) implies part (3).

One implication in part (3) is trivial, so we turn to the non-trivial one. Let x € E
be such that (x, x’) > O forall x’ € AT.If x’ € AT, then [5, Theorem 1.23] shows
that there exists y' € E™~ such that 0 < y’ < x” and

(.Xi, -x/) = —(x, y/),

Since A is an order ideal, we have y’ € A*. Hence (x, y’) > 0 by assumption, and
we see that (x 7, x’) < 0. On the other hand, it is clear that (x—, x”) > 0. We conclude
that (x~,x") = O forall x’ € A", sothat (x~,x’) =O0forallx’ € A. Thenx~ =0
by the separation property of A, and therefore x € E™. O

As a consequence, a vector lattice is normal in the sense of our Definition 3.6 if
and only if E[ separates the points of E, i.e., if and only if it is normal in the sense
of [1, p. 21]. For vector lattices, therefore, our notion of normality coincides with the
one in the literature.

As will become clear in [13], the importance of normality for our work on Riesz
representation theorems lies in the following observation.
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Proposition 3.8 Let E be a normal partially ordered vector space. Suppose that
{x)}ren is anetin E, and that x € E.

(1) If x|, then x;. | x if and only if (x, x") = infyea (x, X') forall x' € (EZ)™.
(2) If x 1, then x; 1 x if and only if (x, x) = sup, .5 (xa, x) for all x' € (E;)™T.

Proof We prove part (1) where x;, | ; part (2) follows from this.

If x; | x,sothatx; —x | 0,andifx” € (EJ)™, then, by definition, (x; —x, x") | 0.
Hence (x;, x") | (x, x’), so that, in particular, (x, x") = inf;ca (x5, x).

Conversely, suppose that (x, x") = infea (x;, x') forall x” € (EZ) ™.

With A € A fixed, we then have (x, x") < (x3,x"), or (x — x3,x") < 0, for all
x' e (E(;)Jr. Since E is normal, we conclude that x < x;. Hence x is a lower bound
of {x) : A € A}.

If X is a lower bound of {x; : A € A}, and if x" € (EJ)™ is fixed, then certainly
(X, x") < (x5, x") forall L € A. Hence (X, x") < inf;cp (xy, x'). Since the right hand
side of this inequality equals (x, x’) by assumption, we have (X, x") < (x, x") for all
x' e (E(;)’L. Since E is normal, we see that X < x.

We conclude that x = A{x; : A € A}. Hence x;, | x. O

A similar proof establishes the following.

Proposition 3.9 Let E be a o-normal partially ordered vector space. Suppose that
{xn}o2 | is a sequence in E, and that x € E.

(1) If xn |, then x, | x if and only if (x, x") = inf,>1 (x,, x') for all x' € (E3 )T

oocC

(2) If xu *, then x,, 4 x if and only if (x, x") = sup,~ (xn, x') for all x" € (Eg )*.

agocC

As mentioned in the introduction of this section, the partially ordered vector spaces
that are both monotone complete normal are a convenient context for Riesz represen-
tation theorems in terms of order integrals. We now include a few examples.

Proposition 3.10 A Banach lattice with an order continuous norm is a monotone com-
plete and normal partially ordered vector space.

Proof Let E be a Banach lattice with an order continuous norm. Then E is Dede-
kind complete; see [5, Corollary 4.10], for example.. Hence E is certainly monotone
complete. It follows easily from the fact that E~ = E™ and the order continuity of
the norm that E~ = EJ. Hence EJ; = E*. Since E* separates the points of E,
Lemma 3.7 shows that E is normal. O

Proposition 3.11 Let E be a directed partially ordered vector space, let F be a mono-
tone complete and normal partially ordered vector space, and let V be a linear
subspace of L(E, F) that contains L.(E, F).

Then V is a monotone complete and normal partially ordered vector space.

Proof Proposition 3.1 shows that V is monotone complete. To prove that it is normal,
we define, for x € E* and x’ € (FJ)™, the functional ¢, ,» : V — R by setting
(T, ¢y ) = (Tx,x")for T € V. Then ¢, , is evidently positive. We claim that it is
order continuous. To see this, fix x € E and x’ € (F3e )*, and suppose that Ty | 0
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in V. By Proposition 3.1, this implies that T3x | 0. Since x’ is order continuous, it
then follows that (Tyx, x’) | 0. Hence ¢, s is order continuous, and we conclude
that ¢, v € (V5) ™. Finally, suppose that T € V is such that (T, ¢y ) > 0 for all
x € ETandx’ € (F)™. Since F is normal, this implies that 7x > O forallx € E™T.
Hence T > 0. This proves that V is normal. |

The following example is a continuation of Proposition 3.2.

Proposition 3.12 Let H be a complex Hilbert space, and let L be a strongly closed
complex linear subspace of B(H). Let Lg, be the real vector space that consists of the
self-adjoint elements of L, supplied with the partial ordering that is inherited from
the usual partial ordering on B(H)sy. Then L, is a monotone complete and normal
partially ordered vector space.

Proof In view of Proposition 3.2, we need to prove only that L, is normal. To this
end, we define, for x € H, the functional ¢, : Ly; — R by (T, ¢y) = (Tx, x) for
T € Lg,; here (-, -) denotes the inner product on H. Then ¢, is clearly positive. We
claim that ¢y is order continuous. To see this, suppose that 7, | 0. By Proposition 3.2,
this implies that SOT— lim, 7, = 0. Consequently, we have (T}, ¢y) = (T)x, x) | O.
Hence ¢, is order continuous, and we conclude that ¢, € (V.Y)*. Finally, suppose
that T € L, is such that (T', ¢,) > Oforall x € H.Hence (Tx,x) > Oforallx € H,
so that T > 0. This proves that L, is normal. O

As von Neumann algebras are canonical examples of JBW-algebras (see, e.g., [3,
Definition 2.2] for a definition of the latter), the next example is somewhat related
to Proposition 3.12. We recall that any JB-algebra is partially ordered by its cone
of squares (see [3, Lemma 1.10]) and that this cone is generating; see [3, Proposi-
tion 1.28]. The following is immediate from [3, Corollary 2.17].

Proposition 3.13 A JBW-algebra is a normal and monotone complete partially
ordered vector space.

The Propositions 3.10-3.13 can be combined in various ways. The following imme-
diate result seems worth recording explicitly.

Theorem 3.14 Let E be a directed partially ordered vector space.

(1) If F is a Banach lattice with an order continuous norm, and if V is a linear subspace
of L(E, F) that contains L.(E, F), then V is a monotone complete and normal
partially ordered vector space. In particular, L. (E) is a Dedekind complete and
normal vector lattice for every Banach lattice E with an order continuous norm.

(2) If L is a strongly closed complex linear subspace of the bounded operators on a
complex Hilbert space, with self-adjoint part Lg,, and if V is a linear subspace of
L(E, Lgy) that contains L.(E, L), then V is a monotone complete and normal
partially ordered vector space. In particular, L.(Lg,) is a monotone complete and
normal partially ordered vector space.

(3) If M is a JBW-algebra, and if V is a linear subspace of L(E, M) that contains
L:(E, M), then V is a monotone complete and normal partially ordered vector
space. In particular, L.(M) is a monotone complete and normal partially ordered
vector space.
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4 E+-valued measures

After the motivational Sect. 3, we now start with the actual measure and integration
theory. The current section is concerned with the basics for measures with values in
the extended positive cone E+ of a partially ordered vector space E.

In this paper, a measurable space is a pair (X, 2), where X is a set and €2 is an
algebra of subsets of X; that is, €2 is a non-empty collection of subsets of X that is
closed under the taking of complements and under the taking of finite unions. The
elements of 2 are the measurable subsets of X. It will become necessary only in
Sect. 6 to suppose that €2 is a o -algebra.

The o-additivity of a measure p : Q — R+ requires that p (Uso:1 A,,) =
Zzil w(Ay) in R+ whenever {An};2, is pairwise disjoint sequence in €2 such that
Uff;] A, € Q.5 In this definition, the convergence of the series in R+ has to be
given a meaning. One possibility is to interpret it as the convergence of the sequence
of partial sums in the topology of R+ as the one-point compactification of R. This
does not admit a generalisation to maps u : € — E™ for a general partially ordered
vector space E, since no topology need be present. If u takes values in R+, then one
can, however, equivalently require that 1t (22, Ay) = /ey S0 1(A,) in RF,
where the supremum is to be taken in the partially ordered set R+. Since this involves
only finite sums, topological convergence is no longer an issue and the requirement
does make sense for general E, provided one guarantees that the supremum in the right
hand side always exists. Thus one is led to suppose that E be o-monotone complete.

The following definition is, therefore, a natural one. It is due to Wright; see [26,
p. 111]. We recall that the extension E of a partially ordered vector space E has been
introduced in Sect. 2.

Definition 4.1 Let (X, Q) bea measuilble space, and let E be a o -monotone compleﬁ
partially ordered vector space. An E+-valued measure on Q isamap u : @ — E+
such that:

(1) n@) =0;
(2) whenever {A,,}flo=1 is a pairwise disjoint sequence in €2 with Uﬁil A, € Q, then

00 o N
n (U An> =\/ D _u@an @.1)
n=1

N=1n=1
inE.
Since the partial sums form a increasing sequence in E because i(2) C ET, it
follows from part (1) of Lemma 2.5 that, for a given enumeration of the A,,, the right

hand side of equation (4.1) always exists in E. A moment’s thought shows that this
supremum is actually independent of the choice for the enumeration.

A quadruple (X, 2, i, E), where X is a set, 2 is an algebra of subse_tsof X, E_is
a o-monotone complete partially ordered vector space, and  : Q@ — ET isan E+t-

5 In other sources, such u can then be called a pre-measure; see [7, Definition 1.3.1], for example.
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valued measure on €2, will be called a measure space. We shall refer to the property
under part (2) of Definition 4.1 as the o -additivity of 1.

If u(X) € ET, then we say that y is finite, or that it is E™-valued. It will follow
from part (2) of Lemma 4.4 that then ;(A) € E™ forall A € Q. If u is not finite, i.e.,
if u(X) = oo, then w is said to be infinite.

A measurable subset A of X is o-finite if there exists a sequence {A,}>° | in Q
such that A C Un=1 A, and u(A,) € ET forall n > 1. If X is o-finite, then we say
that w is a o -finite measure.

A null set is a measurable subset of X with measure zero. A measure space is called
complete if a subset of a null set is still a measurable subset. It will follow from part (2)
of Lemma 4.4 that a measurable subset of a null set is again a null set.

A property that a point x in X may or may not have is said to hold u-almost
everywhere, or to hold for p-almost all x in X, if the subset of X consisting of those
points that do not have this property is contained in a null set. It is not required that this
subset of exceptional points be measurable. If the measure is clear from the context,
we shall simply write that the property holds almost everywhere, or that it holds for
almost all x in X.

Before we proceed with the general theory, let us, by way of motivation, consider
two particular cases that we have in mind if £ happens to be a space of operators. They
show that our ordered requirement for the o-additivity of an operator-valued measure
is then the same as the classical o -additivity in the strong operator topology.

The first case is in the context of Propositon 3.12.

Lemma4.2 Let H be a complex Hilbert space, and let L be a strongly closed complex
linear subspace of B(H). Let Lg, be the real vector space that consists of the self-
adjoint elements of L, supplied with the partial ordering that is inherited from the
usual partial ordering on B(H )g,.

Let (X, ) be a measurable space, let i : Q2 — L 2 be a map such that (%) =0,
and let {A,}°° | € Q be such that | J;- | A, € Q.

Then the followmg are equivalent:
(1) n gu,‘i‘;l An; = Vot Xey #(Ay) in Lsa;
(2) w(UnZ) An)x =Y 02 i(Ay)x in the norm topology of H for all x € H.

Proof It is immediate from Proposition 3.2 that part (1) implies part (2).
We prove that part (2) implies part (1). For each N > 1, we have, for all x € H,

N 00

N
<Zu<An)x,x> =D (w(Anx.x) <D (u(A)x, x)
n=1

(S ()

We thus see that Zfzv:l w(A) < (Ufjozl A,,) for all N > 1. Since Z;szzl w(Ap) 1,
Proposition 3.2 shows that the sequence has a supremum in L,, and that this supremum
is also its SOT-limit. It is obvious from the validity of part (2) that this SOT-limit is

M (U,‘iil An)- O
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The second case is in the context of part (1) of Theorem 3.14.

Lemma4.3 Let (X, 2) be a measurable space, let E be Dedekind complete Banach
lattice, let p : Q — L (E)T be a map such that p(¥) = 0, and let {A,}52, € Q be
such that | J;2| A, € Q.

M) I (UpZy An) x = D02, ju(Ap)x in the norm topology on E for all x € E, then
128 (Ugil An) =\ N=i 2111\]:1 n(Ap) in Li(E).

2) If u (Uzozl An) =Vi- Z;jj:l w(Ay) in L.(E) and if the norm on E is o -order
continuous,® then (UZO=1 An) x =Y o2 iw(Ay)x in the norm topology of E for
allx € E.

Proof We prove part (1). If x € E™T, then 25:1 w(Ay)x 1. Since this increasing
sequence is norm convergent, its norm limit is also its supremum, i.e., Zfz\':l w(Ap)x 4
3 w(Ax = 1 (U2, Ay) x. This shows that 30 p(An) 1 i (U2 An).
We prove part (2). Let x € E*. Since Y u(A,) 1 (U= An), we also have
Zflvzl w(Ap)x (Uf;o:l An) x. Since the norm is o-order continuous, we see that
7 (U?zozl An) x =Y o2 i(A,)x in the norm topology of E. By linearity, this is then
also true for arbitrary x € E. O

Continuing with the general theory, we collect the usual suspects in the following
result.

Lemma4.4 Let (X, R, i, E) be a measure space.

(1) IfAy, ..., A, € Qare pairwise disjoint, then u (J/_; Ai) = Y1 u(A;) in E.

) If A1, Ay € Qand A1 C Ay, then (A1) < u(Ay) inE. o

(3) If Ay, Ag € 2, then w(Ay) + n(Az) = (AN A2) + u(AyU Ay in E.

@) If A1, A2 € Q Ay 2 Ay, and p(Az) € E, then n(Ai1\Az) = n(Ar) — u(Az)
in E.

(5) If{An);2, is a sequence in Q with Uﬁil A, € Q, then

o] oo N
" (U An) <\ Xowan,
n=1 N=1n=1
in E.

Proof Part (1) follows from the definitions when choosing Ay = @ fork > n + 1.
Part (2) is immediate from part (1).
For part (3), we use the disjoint decomposition A1 = (A1 N Az) U (A1\A2) and
part (1) to see that

(A = (A1 N A2) + n(A1\Ay).

6 The combination of the o-order continuity of the norm and the (o-)Dedekind completeness implies that
the norm is even order continuous; see [22, Theorem 2.4.2]
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Similarly, we have

n(A2) = n(Az2 N A + p(A2\Ay).

Hence
w(AD) + 1n(A2) =2u(A1 N A2) + n(AN\A2) + n(A2\AY)

in E. Since A| N A, A1\A7, and A>\ A1 are pairwise disjoint, and since their union
equals A1 U Ag, part (1) shows that the right hand side of the above equation equals
W(AT N Az) + (A1 U Ay), as required.

For part (4), we use part (1) to see that (A1) = wu(Az) + u(A1\Az). Since
u(Ay) € E, it has an inverse —u(A») in the monoid E; adding this inverse to both
sides yields that u(A1\A2) = u(Ay) — - 1(Az), as requlred

For part (5), we let Al = Ajand A, = A \Ujz Ak for n > 2. Then, using
part (2), we see that

00 o] oo N oo N
’ (U m) - (U zn) o= VY e
n=1 n=1 N=1n=1 N=1n=1

m}

We continue with a first rudimentary form of the monotone convergence theorem;
see Theorem 6.9 for the latter.

Proposition 4.5 Let (X, 2, i1, E) be a measure space. If {A,}>° | is a increasing
sequence in 2 such that | J;—; Ay € Q, then u(Ay) + w (Uney An) in E.

Note that, since w(A,) 1 in E, \/,fo=1 u(A,) does indeed exists in E by part (1) of
Lemma 2.5.

Proof Let us first suppose that \/n | w(Ay) € E. In this case, , n(Ap) € E for all
n > 1. Set A1 = Ay and A,, = A \An | forn > 2. Then {A }0"1 is a pairwise
disjoint sequence in 2 such that (72, A, = UP2, Ay € Q.Since iu(Ay) = u(Ay)—
w(Ay—_1) for n > 2 by part (4) of Lemma 4.4, we see that

=V |:,U«(A1) + Z ((An) = 1(An- 1))}

n=2
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o0

=\ u@n
N=2

=\ .

N=1

If \/72 | w(A,) = oo, then certainly

\ 1) = (U An> :
n=1 n=1

On the other hand, by the monotonicity of the measure, we obviously have ;1 (A,) <
w52, Ay) forall n > 1. Hence also

V wan) = (U An> :
n=1

n=1
O

Naturally, Proposition 4.5 implies a counterpart for decreasing sequences of mea-
surable subsets. It is a rudimentary form of the dominated convergence theorem; see
Theorem 6.13 for the latter.

Proposition 4.6 Ler (X, 2, u, E) be a measure space.
If{An}fjo=1 is a decreasing sequence in Q with u(A1) € E suchthat ﬂ;ozl A, €,
then (A | (ﬂg‘;l An) inE.

Proof Set A := (2, Ay.Since Aj\A, 1 U572 (A1\A,) = A1\ A, Proposition 4.5,
combined with part (4) of Lemma 4.4 and part (6) of Lemma 2.3, shows that

p(A1) = u(A) + n(AN\A)

= u(A) + \/ nanan)

n=1

= 1)+ \/ (u(AD) = u(An)

n=1

= (D) + (A + \/ (—n(an)

n=1

= (D) + (A = N\ m(an)

n=1

in E. Since (A1) and /\Z"=1 w(A,) have an inverse in E, we can now conclude that
Aozt (D) = (D). O
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The final result of this section is a generalisation of the Borel-Cantelli lemma. We
refer to [8, Exercise 1.2.89] for the classical result for a probability measure. Note,
however, that our measure need not be finite. This is the reason of the appearance of a
finiteness condition in part (2) that is automatically satisfied for probability measures.

Lemma 4.7 (Borel-Cantelli lemma) Let (X, 2, u, E) be a measure space, and let
{An}02 | be a sequence in Q. Suppose that Ty := Unok A € Qforallk > 1, and

that F = mk:l Ly = mkzl Un:k Ap € Q.

(D) I/ Sy Yoney 1(Ay) € E, then p(I) =0.
Q) Ifu ((Uzil A,,) \1") € E, then w(I') > x in E for all x € E with the property
that w(Ap) > x foralln > 1.

Note that in part (2) it is not asserted that u(I") is finite.

Proof We start by proving part (1). Itis clear from the fact that I’ € I'y and Lemma 4.4
that

oo N

w() < u@ < \/ D u@an 4.2)

N=k n=k

in E for all k > 1.
Furthermore, for all £ > 2, we have

oo N oo N
VY ow@an=\/ D n@a

N=1n=1 N=k n=1

9] k—1 N
= \/ (Zu(An>+Zu(An)>
Z (An) + \/ Zu(An)

n=1 N=k n=k

in E. Since AV Zflv:k w(Ay) is finite for all k > 2, combination with Eq. (4.2)
yields that

ZM(AH) < \/ Zu(An) — ()

N=1n=1

in E for all k > 2. Hence

oo N o N
V Do < \/ D u(Ag) = ()
N=I1n=1
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in E. Since \/$_; Zflv:l w(Ay) is finite, we see that (') < 0, and we conclude that

uT) =0.
We turn to part (2). Since clearly u(I'x) > w(Ag) > x for all k > 1, we have

J\ (T = x, (4.3)

k=1

where we note that the infimum in the left hand side exists since w(I'y) |.
Since I'y\I' | @ and since u(I'1\I') = u (UZO=1 An\l") € E by assumption,
Propositon 4.6 implies that

/\ w(T\IM) = 0. (4.4)

k=1

Combining Egs. (4.3) and (4.4) with part (2) of Lemma 2.4, we see that

p(@) = pn (@) + A\ p@AD) = /\ @@ +u@AD) = A 1) = x

k=1 k=1 k=1

in E. O

5 Et-valued outer measures

One of the Riesz representation theorems for positive operators in [13] is established
using vector-valued outer measures. The present short section, which will not be used
in the later sections of the present paper, contains the necessary preparations for this.
It is a modest modification of [4, Section 14].

Throughout this section, X is a set and E is a o-monotone complete partially

ordered vector space. o
We begin with our definition of an E+-valued outer measure.

Definition 5.1 A map u* : 2X — E+ is called an E+-valued outer measure if

(1) @) =0; B
(2) (A1) < u*(As)in E forall Ay, Ay € 2% such that A| C Ay;
(3) for every sequence {A,}7° ; of subsets of X,

o] oo N
w* <U An) = \/ ZN*(An)
n=1 N=1n=1
inE.

The combination of the parts (1) and (3) shows that «* is not only o -sub-additive,
but also finitely sub-additive.
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As in the real case, a measure can be found from an outer measure. The proofs need
only minor modifications.

Definition 5.2 A subset A of X is called u*-measurable if, forall " C X,
w* () = p* (CNA)+ p* (T NA°) (5.1

inE.
We let Q2 denote the collection of all p*-measurable subsets of X. Obviously,
#, X e Q.and equally obviously €2 is invariant under the taking of complements. We

shall proceed to show that 2 is a o-algebra, and that the restriction of ©* to 2 is an
E+-valued measure.

Lemma 5.3 Let Ay, Ay be subsets of X such that A1 € Q and Ay N Ay = (. Then,
for any subset T" of X,

wH (TN (AU AY)) = (TN AD + (TN A)
in E.

Proof Using that A is u*-measurable and that (A} U Ap) N A{ = A,, we see that,
forany ' C X

p (TN (ATUA)) =p*([CNATUADINAL) + p*([T N (AU AN AS)
= u"(CNAD 4+ p* (TN A).

O
Applying Lemma 5.3 for I' = X yields the following.

Corollary 5.4 Let Ay, Aj be subsets of X such that Ay € Q2 and Ay N Ay = V. Then
w* (AU Ag) = u*(Ay) +p*(Az) in E.

Theorem 5.5 Let X be a set, let E be a o-monotone complete partially ordered vector
space, and let u*: 2X — ET be an E+-valued outer measure.

Then the set Q of u*-measurable subsets of X is a o-algebra. Furthermore, the
restriction of u* to Q is an ET-valued measure on Q.

Proof We start by proving that Q2 is a o -algebra. We have already observed that ) €
and that Q is invariant under the taking of complements, so it remains to be shown
that €2 is invariant under the taking of countable unions.

We show first that €2 is invariant under the taking of finite unions. Let Ay, Aj in
Q. Set A := A1 U Aj. Using the p*-measurability of A; for the first and the fourth
equality, and that of A, for the third equality, we have, for any I' € X,

p* T NA)+p*TNAY =p* ([T NAINAY) + u*([F N ATNAS)
+u ([T N AN AL + p* ([T N AS]NAY)
=p* T NAD+p ([T NAf]NA,)
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+ 1 @) + p* ([T N AT N AS)
= u* (TN A+ p* (TN AT
= u*(I)

in E. Hence A; U Ay € , as desired. It follows that €2 is closed under the taking of
finite unions.

Now suppose that {A,}°2 | is a sequence in 2. We are to show that ;- | A, is pu*-
measurable. Replacing A, with A, \ | J;_, A forn > 2, which we now already know
to be u*-measurable, we may and shall suppose that the A, are pairwise disjoint. Set
© =2, Ap, and Oy = Url:lzl A, for N > 1; then the ®y are u*-measurable.
Using the p*-measurability of ®p in the first step, the monotonicity of u* in the
second step, and Lemma 5.3 and the fact that Q is closed under the taking of finite
unions in the third step, we see that, forall N > land I" C X,

wHD) = u* (T NOy) + 1* (AN OY)
> (T NON) + p1* (AN O
N
=Y ur TN A+ p (ANEY)

n=1

in E. Since this is true for each N > 1, a combination with the o -sub-additivity of u*
implies that, forany I' C X,

oo N

pr) = \/ D0 A + pF (N E°)
N=I1n=1

=0 (U(r n An)) +ut (N e

n=1
=p*TNO)+u* (I NOe°%
> ()

in E. Hence © € Q, as desired.

We shall now show that p* is o-additive on . Let {A,}7° | be a pairwise disjoint
sequence in 2. The monotonicity of «* and the finite additivity of ;* on €2 that follows
from Corollary 5.4 show that, forall N > 1,
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in E. Hence p* (U2, An) = Vivo) S0, 11*(Ay). Since the reverse inequality
holds by the o -sub-additivity of u*, we see that u* is o-additive on 2. O

The following basic property carries over as well from the real case. It implies
that the restriction of p* to the u*-measurable subsets of X is a complete E+-valued
measure.

Lemma 5.6 Let A be a subset of X such that u*(A) = 0. Then A is u*-measurable.
Proof If u*(A) = 0, then, for any subset I" of X,

p* () < " (TN A) +p*(TNAS) < p*(A) +p*(T) = p* (D).

6 Integration with respect to an E+-valued measure

In this section, we define the order integral with respect to E~-valued measures. After
that, we proceed to establish the three basic convergence theorems: the monotone
convergence theorem (see Theorem 6.9), Fatou’s lemma (see Theorem 6.12), and the
dominated convergence theorem (see Theorem 6.13). The analogues of the classical
Z1- and L'-spaces are introduced and some of their vector lattice properties are
investigated; see Proposition 6.14 and Theorem 6.17.

6.1 Order integrals

Let (X, 2, u, E) be a measure space, where €2 is now a o -algebra and not merely an
algebra, F is a o -monotone complete partially ordered vector space, and i : € — E+
isan Et-valued measure. In this section, we shall introduce an integral on suitable real-
valued functions that corresponds to these data.” For some of the convergence theorems
involving non-negative functions, such as the monotone convergence theorem, it is, in
fact, more convenient (and more natural) to also allow functions taking values in the
extended positive real numbers. This will, therefore, be our starting point.

While introducing some notation at the same time, we now start with the usual
definitions andilementary results, referring to, e.g., [7, p. 49-52] for details.

We supply R+ with the topology of the one-point compactification of RT, and we
let .7 (X, Q2; RT) denote the set of Q2—Borel-measurable functions f : X — R*. A
function f : X — R is Q-Borel-measurable if and only if {x € X : f(x) <r} € Q
for all (finite) » € RT. The set . A (X, Q; RT) contains the pointwise sum, product,
supremum, and inﬁ@m in RT of two of its elements, and it is invariant under the
pointwise action of R*. Every at most countable subset { f, n > 1} of .Z (X, Q; RY)
has a supremum and an inﬁm_um in (X, Q; RT), which is given by its pointwise
supremum resp. infimum in IR*. Hence the notation f, 1 f can be used to express a
pointwise property in R+ as well as a fact in the partially ordered set .Z (X, Q; RT).

7 The Lemmas 6.1 and 6.2 are actually still valid when 2 is an algebra and  is finitely additive.
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An element ¢ of .Z (X, Q; R*) is an elementary function if it takes only finitely
many values, which are all finite. When S is a subset of X, then we let xs denote
its indicator function, so that ¢ can (non-uniquely) be written as a finite sum ¢ =
Y rixa, forsomen > 1,r,...,r, € RT,and Ay, ..., A, € Q.Herether; areall
finite, butitis allowed that ;. (A;) = oo forsome of the A;. Welet £(X, ©; RT) denote
the set of elementary functions. It contains the pointwise sum, product, supremum,
and infimum in R of two of its elements, and it is invariant under the pointwise action
of RT.

If p = Y !, rixa, is an elementary function, where the A; have been chosen to
be pairwise disjoint, then we define its order integral, which is an element of F, by

n

/Xﬁﬁdll« =Y rip(Ay),

i=1

where r;jt(A;) refers to the action of Rt as monoid homomorphisms on E. We
have added a superscript to indicate that the integral that we shall introduce for more
general functions is defined using order properties. In contexts where E is, in fact, a
partially ordered Banach space, integrals with respect to vector measures can then also
be defined by using norm convergence rather than the ordering; this notation keeps
the distinction clear. We shall return to the connection between these two types of
measures and their integrals in Sect. 7.

The facts that y is finitely additive and that R* acts as monoid homomorphisms
on E imply that the integral does not depend on the choice for the pairwise disjoint
A;. The proof of this is exactly as the proof of [7, Lemma 10.2] for E = R. These
two facts, combined with the fact that (rs)x = r(sx) forall7, s € RT and x € E,
also yield the following result, where the equalities and the inequality are in E.

Lemma 6.1 Let (X, 2, i, E) be a measure space, where Q2 is a o-algebra. Let ¢, ¥ €
(X, RY), and letr > 0. Then:

() [yredp =r[ypdu;
Q@) [y +v)du= [ypdu+ [y du;
() if < ¥, then [ypdu < [y¥ du.

It follows from this that, forp € &(X, Q; RY), [ypdu = Y1, rii(A;) whenever
@ = Y ", rixa, fornotnecessarily disjoint A; € Q. The proofs for all this are exactly
asin [7, p. 55-56]. o

We shall define the order integral of an arbitrary f € . (X, Q; R*) in the natural
way. To know that it is well defined, we need the following preparatory result. The
proof is similar to that of [7, Theorem 11.1] for the real case, but a comparison will
show that it is still not a mere translation. The proof below for the general case will, in
fact, enable one to argue that it is the Archimedean property of the real numbers that
underlies the well-definedness of the integral also in this case, and not the continuity
of the multiplication in the real numbers, as might be a possible interpretation of the
proof of [7, Theorem 11.1].
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Lemma 6.2 Let (X, 2, u, E) be a measure space, where Q2 is a o-algebra. Let ¢ €
E(X, 2 RT) and let {9,)02, € (X, Q; RT) be such that ¢, 1 and ¢ < sup,~| ¢n
pointwise in R*. Then

o oo o
pdp < fgodu
Joem=V oo

in E.

Proof We can write ¢ = Y i* | rixa, for some r; € R™ and A; € Q. Let ¢ be fixed
suchthat) <& < 1.Forn > 1,setl", .= {x € X : ¢,(x) > (1 —&)p(x)}. Then [, is
measurableand ', 1 X,since ¢ < sup,. ¢, and ¢, 1. Thisimplies thatI",NA; 1 A;
fori =1, ..., m, and then Proposition 4.5 shows that u(A; N T',) 1+ w(A;) in E for

i=1,...,m. Since ¢, > (1 — &) xr, ¢, Lemma 6.1 shows that
o] o
[onuza-o [ xrpm 6.1)
X X

for n > 1. Furthermore,

o o m om m
/ xr,¢du = / > rixr,xa; dp = / > rixrana di =Y " ripCy 0 A).
X X X
i=1

i=1 i=1

Since I',NA; t Ajfori =1, ..., m,part(7) of Lemma 2.3 and part (2) of Lemma 2.4
then yield that

0 Lo 0o m m 00
xr,edu = ripTyNA) =) ri \/ nTyNA;)
X
n=1 i=1 n=1

n=1i=1

m 0
=Zrm(Ai)=f @du.

i=1 X

Combining this with Eq. (6.1), we see that

0o o o
V/%Wzaijw.
n=17X X

in E.If [{o du = oo, then we take & = 1/2 to see that \/j~ | [y@, du = 00; we then
have equality in the lemma. If | ;;(p du is finite, then we can write

o0 0 0 o]
\//wndu—[<pduz—e/ pdu.
o Ix X X
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Since this is true for every € such that 0 < ¢ < 1, this implies that

S o o 001 o
du — du > — - du.
n\:/l/);wnﬂ /;(‘PM_ ]gkA¢ﬂ

Since E is Archimedean, the right hand side is zero. This concludes the proof. O

Suppose now that 2 is a o-algebra, and let f € #Z (X, Q; RH). There exists
a sequence {¢, 20:1 C &(X,Q;RY) such that ¢, 1 f pointwise in R*; see [9,
Proposition 2.1.7], for example. We define the order integral of f, which is an element
of Et, by setting

fxofdu = {o/ /Xofpn du.

n=1

Since [ ;() ¢, du 1, the o-monotone completeness of E guarantees that this supremum
exists in E; see part (1) of Lemma 2.5. To show that this definition is independent of the
choice for the sequence {¢,};2 |, let {¥,};2 ;| C (X, Q; IR™) be a second sequence
such that ¥, * f. Then ¢ < f = sup,>; ¥, pointwise in R+ forall k > 1, so that
Lemma 6.2 shows that [ygrdu < \/5o, [y¥ndu in E. Hence \/32, [yordp <
Vo2, [x¥ndu in E. The reverse inequality is likewise true, and we conclude that
[y f du is well defined as an element of E+.

The integral has the usual properties as in the next result. We include the easy proofs
for the sake of completeness. Given the Lemmas 2.3 and 2.4, the proof is analogous
to that for the real case.

Lemma 6.3 Let (X, 2, u, E) be ameasure space, where Qis ac-algebra, let fi, fr €
M (X, Q2 RY), and let 1, r» € RT. Then:

W) [xifi+rafdu=rfyfidu+rfyfrduinE;
(2) If fi < f2 pointwise in RY, then [y fidu < [y f>du in E.

Proof Choose a sequence {,}°2, € &(X, Q2; R™) such that ¢, 1 fi pointwise in
R+, and a sequence (Y}, € &(X, Q2 R") such that ¥, 1 f> pointwise in R+.
Then ri¢, + oY, 1 r1f1 + r2 f2 pointwise in W, so that part (1) follows from
the definition of the integral, combined with part (7) of Lemma 2.3 and part (2) of
Lemma 2.4. L

Since, forall n > 1, ¢, < fo = sup,-; ¥, pointwise in R, Lemma 6.2 yields

that [Ygndu < /52y [y¥ndu = [y frdu. Hence [y fidu = /32, [{endp <
[y f> dp, which is part (2). m]

The importance of the Archimedean property of E—and then also that of the real
numbers—is again illustrated in the proof of part (1) of the following result.

Lemma 6.4 Let (X, Q, u, E) be a measure space, where Q2 is a o-algebra, and let
f e # (X, RY) be such that [} f du is finite. Then:

@ Springer



32 Page 28 0f39 M. de Jeu, X. Jiang

(1) f is almost everywhere finite-valued;
(2) the subset {x € X : f(x) > 0} is o -finite.

Proof We prove part (1). Forn > 1,set A, == {x € X : f(x) > nin R+}. Then
nxa, < f.sothat nu(A,) = [ynxa,du < [yfdu by part (2) of Lemma 6.3.
Hence n(A,) < 1/nf;f du foralln > 1. From {x € X : f(x) = o0} = ﬂ;‘;l Ay,
we see that u{x € X : f(x) = oo} < 1/nfy fdu forall n > 1. Since [y fdpu is
finite, the Archimedean property of E then implies that u{x € X : f(x) = oo} <0,
which shows that u{x € X : f(x) = oo} =0. L

For part (2), set ', := {x € X : f(x) > 1/ninR*} for n > 1. Then one sees
similarly that w(I';,) < nf;f du, which is finite. Since {x € X : f(x) > 0} =
U2 Ty, part (2) is clear. ]

Lemma 6.5 Let (X, 2, u, E) be a measure space, where 2 is a o-algebra. Let f €
M (X, Q; RY). Then the following are equivalent:

() [y fdu=0;
2) f(x) =0foralmostall x € X.

Proof Choose a sequence {¢,}3°, C &(X, Q2; R") such that ¢, 1 f pointwise in
R*.

Suppose that part (1) holds. Then f;;(p,, du = 0 for all n > 1 by part (2) of
Lemma 6.3. For the elementary functions ¢,,, however, it is a direct consequence of
the definition of their integrals that then u({x € X : ¢,(x) # 0}) = 0. Since the set
{x € X : f(x) # 0} can be written as the union Uff’:l{x € X : ¢y(x) # 0}, the
o -sub-additivity of x then implies that u({x € X : f(x) # 0} = 0. Hence part (1)
implies part (2).

Suppose that part (2) holds. Since 0 < ¢,(x) < f(x) for all x € X, we see that
¢n(x) = O foralmostall x € X. For the elementary functions ¢;,, however, itis a direct
consequence of the definition of their integrals that then | ; @, dpu = 0 for all n. Since
Sx@ndu 1 [y fdu, it follows that [y f du = 0. Hence part (2) implies part (1). O

Corollary 6.6 Let (X, 2, u, E) be a measure space, where Q is a o-algebra. Let
f1, e H(X,Q, 1R+)_and suppose that f1(x) = fa(x) for almost all x € X. Then
[y fidw= [y frduinE.

Proof Set A == {x € X : fi(x) # f2(x)}. Then A is a measurable subset of measure
zero. There exists g € .Z (X, Q; Rt) suchthat fj = ¢+ fixa and f> = g+ foxa.
Then Lemma 6.3 and Lemma 6.5 show that [y fi dj and [} f> du are both equal to
f}?g du. O

We shall now define the order integral on a space of finite-valued measurable func-
tions that need not be positive. We shall write .#Z (X, Q2; R) for the vector lattice of
all R-valued 2—Borel measurable functions on X and .Z (X, Q; R™) for its positive
cone of all positive measurable functions. A function f : X — R is measurable in
the present sense precisely if it is measurable in the earlier sense as a map from X into
RT.

We let 21 (X, Q, u; R) denote the setof all f € .Z (X, Q; R) suchthatf§|f| du
is finite, and write .Z}(X, €, w; R™) for the set of all positive measurable f with
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finite integral. It follows from Lemma 6.3 that £ 1 (X, @, u; R) is an order ideal of
M (X, 2 R1); its positive cone is Z1 (X, , u; RY).

For f € £ (X, Q, u; R), we choose fi, f» € Z1(X,Q, u; RT) such that f =
fi — f>. and we define the order integral of f as [y fdu = [y fidu — [y frdu. It
is an element of E. Invoking Lemma 6.3, the usual arguments show that this is well
defined, and that it defines a positive operator from ¥ 1 (X, 2, u; R) into E.

We single out the following result for reference purposes. This triangle inequality
for the order integral in the case of vector lattices is easily verified by splitting a
function into its positive and negative parts.

Lemma 6.7 Let (X, 2, u, E) be a measure space, where 2 is a o-algebra and
E is a o-Dedekind complete vector lattice. Then |f§f d,u| < f;lfl du for f €
2N(X,Q, 1w R).

Returning to general o-monotone complete partially ordered vector spaces that
need not be vector lattices, we set

A (X, Q, u; Ry ={f € #(X,Q2 R): f(x) =0 for almost all x € X}.

Lemmas 6.5 and Lemma 6.3 imply that .4 (X, Q, u; R) € .Z1(X, Q, u; R) and
that [y fdu = 0 for f € A(X,Q, pu;R), and that [y fidu < [yf>du when
fi, € ! (X, 2, u; R) are such that f] < f> almost everywhere.

For monotone complete E, we shall return to the vector lattice properties of
N (X, 2, u; R) and 21 (X, 2, u; R) in Sect. 6.3 after the monotone convergence
theorem will have been established in Sect. 6.2. For the moment, we conclude this
section with the following result. It involves the o -order continuity of an operator from
Definition 3.4.

Proposition 6.8 Let (X, 2, u, E) be a measure space, where Q2 is a o-algebra and
W is finite, let F be a o-monotone complete partially ordered vector space, and let
T : E — F be a o-order continuous positive operator. Set

pr(A) =T (u(A))

for A € Q. Then (X, 2, ur, F) is a measure space. L
Suppose that f € (X, Q; R7T) is such that f;f du € E is actually finite. Then

[y fdur € F¥ is also finite, and

T ( /X ofdu> - /X "fdur. 62)

Suppose that f € LY (X, Q, u; R). Then f € LY (X, Q, ur; R) and Eq. (6.2)
holds.

Proof 1t is immediate from the o-order continuity of 7 that w7 is an F*-valued
measure.
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The validity of equation (6.2) is clear for elementary functions. The validity for gen-
eral f € #(X,2; RT) then follows from the definition of the order integral and the
o -order continuity of 7. This, in turn, implies the statement for f € £ 1 (X, Q, u; R).

|

6.2 Convergence theorems

We shall now establish the three basic convergence theorems in the general context
and start with the monotone convergence theorem.

Theorem 6.9 (Monotone convergence theorem) Let (i Q, u, E)bea measure space,
where Q is a o-algebra. Let {f,}7°, € #(X, 2% RY) and f € M (X, Q;RT) be
such that f,,(x) 1 f(x) in ﬁfor almost all x € X. Then

/XofnduT/XOfdM

Proof In view of Lemma 6.5, we can, by redefining all f, and f to be zero on a
measurable subset of measure 0, suppose that f,,(x) 1 f(x) in R+ forall x € X. For
eachn > 1,let {¢!'}° bea sequence in &(X, Q; RY) such that ¢! 1 f, pointwise in
R+t asi — o0. Set ¥, = iz ¢} forn > 1. Thenwn €&(X, 2 RY) foralln > 1
and ¥, 1 f pointwise in E. Hence [y fdu = /5o f ¥ du by definition. On the
other hand, since, foralln > 1, v, < f, pointwise in E, we have fx Ypdp < fx fodu
foralln > 1.Hence [y f du < \/pe | [y fn A in E. As the reverse inequality is clear,
the proof is complete. O

inE.

Just as Proposition 4.5 implies Proposition 4.6, Theorem 6.9 implies our next result.
Itis a special case of the dominated convergence theorem; see part (4) of Theorem 6.13.

Corollary 6.10 Let (Xﬁ, u, E) be a measure_space, where Q2 is a o-algebra. Let
{fa)y2) © A (X, QR and f € # (X, 2 RY) be such that f,(x) | f(x)in Rt
for almost all x € X. Iff;()fl du is finite, then

/Xofndw/;fdu

Proof In view of Lemma 6.4 and Corollary 6.6, we can, after redefining all f;, and
f to be zero on a suitable measurable subset of measure zero, suppose that the f,
have finite values and that f;, | f pointwise. Then the functions f| — f, are well-
defined elements of ./ (X, Q; R™). Since [y f, du is also finite for all n, we have
S5t = f) dp =[5 frdu = [{ f du forall n > 1. Similarly, [Y(fi — f)du =
fol du — fo du. Since (fi — f») 1t (fi — f), an application of Theorem 6.9
shows that ([y fidu — [y fudu) t (fyfiduw — [y fdp) in E. We conclude that
[xfudu 4 [y fdu. o

inE.
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The combination of Lemma 6.4 and Theorem 6.9 yields the following.

Proposition 6.11 Let (X_,Q, u, E) be a measure space, where Q is a o-algebra. Let
{fu)Se, € 4 (X, RT) and f € # (X, 2, RT) be such that f,(x) 1+ f(x) in

Wnlp=1 =
R+ for almost all x € X, and suppose that \/ e, f;f,, du is finite. Then {x € X :
\/Zo=1 fn(x) = o0} is a measurable subset of X of measure zero.

We continue with Fatou’s lemma.

Theorem 6.12 (Fatou’s lemma) Let (X, 2, u, E) be a measure space, where Q is a
o-algebra and E is o -Dedekind complete.
If{fn}32, is a sequence in A (X, Q; RY), then

o o0 0o o
lim inf -
/X iminf f, du < '\/ /\/kadu
n=1k=n
in E.
The o-Dedekind completeness is necessary to guarantee that /7o, / ; Jfr du exists

for all n > 1; o-monotone completeness is no longer sufficient here.

Proof Forn > 1,setg, := infx>, fi. Then0 < g, < fr allk > n, so that Lemma 6.3
implies that

ndu < d 6.3
/Xg M</\/;(fkl/« (6.3)

k>n

in E foralln > 1.
Applying Theorem 6.9 to the increasing sequence g, 1 liminf,>; f,, and using
equation (6.3), we then see that

) [0
fxlgggffnduzn\_/lfxgndu
00 00 o
=V A [
n=1 k=n X
in E. O

We conclude with the dominated convergence theorem.

Theorem 6.13 (Dominated convergence theorem) Let (X, 2, u, E) be a measure
space, where Q is a o -algebra and E is o -Dedekind complete.

Let { fu},2 | be a sequence in A (X, Q; R), and let f € ./ (X, 2; R) be such that
fu(x) = f(x) for almost all x in X.

If there exists g € M (X, Q2; R1) such that f;()g du is finite, and such that, for all

n>1 x| <gk)in Wfor almost all x in X, then:
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(1) fre LY X, Q, w;R) foralln > 1;
Q) feL' X, Q2w R);

3) Aozt Viz, [xlfe = fldu = 0;
)

[rau=V/ A [nau= AV [ an

n=1k=n n=1k=n

Proof In view of Lemma 6.5, we may, by redefining all f,;, f, and g to be zero on a
measurable subset of measure zero, suppose that g € .Z (X, Q; R™), that | f,,(x)| <
g(x)forallx € X,andthat f,,(x) — f(x)forallx € X.Sincethenalso|f|(x) < g(x)
forall x € X, the f, and f are in £ (X, Q, u; R).

We turn to part (3). Since 2g — | f, — f| > 0 pointwise, Theorem 6.12 shows that

o o
/ 2gdu = / lim inf (2¢ — |fu — /1) dp

X X
=V A [ ee-1h- i
n=1k=n X
=/X28du—n/=\1k\=/nfxlfn—f|du,

where the final equality is valid since the integrals [y (g — | fn — f) du, [ygdu,
and f ;l fa — flduw all lie in the finite order interval [0, 2 f ; gdu] of E. Cancelling
the finite element [} 2g du, we see that Apo \/re, [x|/n — fldu < 0. Since the
reverse inequality is obvious, the proof of part (3) is complete.

We turn to part (4).

Since g + f,, > 0 for all n > 1, Fatou’s lemma shows that

/(g+f)du=/ liminf (g 4+ f,) dyt
X x nzl

VA [t hoan

n=1k=n

=/X0gdu+<; R/XOfndu,

n=1k=n

from which we see that

/Xof du < (7 /oi /Xofn du. (6.4)

n=1k=n
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Since g — f, > O forall n > 1, Fatou’s lemma shows that

‘L@—fmu=]ﬁ@yug—ﬂmu

X
<V A [ 6= s
n=1k=n X
=/ngu—n/=\lk\_/nfxfndu,

from which we see that

AV [ o= [ ran (65)
n=1k=n

Combining equations (6.4) and (6.5) with Lemma 2.2, we have

AVﬂﬁws£VWSVA£Em§AVAEw,

n=1k=n n=1k=n n=1k=n

which completes the proof of part (4). O

6.3 .#1-spaces and L!-spaces

In this section, we collect some vector lattice properties of . 1 (X, @, u; R) and its
quotient space L! (X, @, u; R) that will be defined below.

Proposition 6.14 Let (X, 2, i, E) be a measure space, where Q2 is a o -algebra.

(1) ZY(X, Q, u; R) is an order ideal of the vector lattice 4 (X, 2; R). As a conse-
quence, it is a o -Dedekind complete vector lattice.

(2) The positive operator [ > f;f du from LY(X, Q, u; R) into E is o-order
continuous.

3) N (X, Q, u; R) is a o-order ideal of (X, Q, u; R).

Proof It was already observed in Sect. 6.2 that ¥ 1 (X, @, u; R) is an order ideal of
A (X, Q2; R), and then it inherits the o -Dedekind completeness of .Z (X, 2; R).

It follows from Corollary 6.10 that the order integral is o-order continuous.

We have 4 (X, Q,;;R) = {f € L' X, Q,u;R) : [yIfldu = 0} by
Lemma 6.5. Hence A4 (X, R, u; R) is the null ideal of the order integral on
A 1(X , 2, u; R). Since this is a o-order continuous operator, it now follows that
N (X, Q, u; R) is a o-ideal of Z1(X, Q, ; R). o

We shall now introduce the generalisation of the classical L!-space to the vector-
valued case.
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Since A4 (X, 2, u; R) is an order ideal of £! (X, €, u; R), the quotient space
L'X. Q. w:R) =2 (X, Q. : R)/AN (X, Q, 1; R)

is again a vector lattice when it is supplied with the partial ordering that is defined
by the image of the positive cone .Z' (X, Q, u; RY) of Z1(X, Q, u; R) under the
quotient map. The quotient map is then a vector lattice homomorphism. We shall write
[f1 for the image of f € .& 1 (X, 2, u; R) under the quotient map. In Theorem 6.17,
we shall give sufficient conditions on E for L! (X, 2, u; R) to be Dedekind complete.
For this, we need preparations that are of some independent interest.

We say that partially ordered vector space has the countable sup property when,
for every net {x;}rcan < E* and x € E7T such that x;, 1 x, there exists an at most
countably infinite set of indices {A, : n > 1} such that x = sup,~; x;,. In this case,
there also always exist indices A < A < --- such that x;, 1 x.3 For vector lattices,
our countable sup property is equivalent to what is usually called the countable sup
property in that context; namely, that every subset that has a supremum contains an
at most countably infinite subset with the same supremum. In some sources, a vector
lattice with this property is then said to be order separable. As usual, we shall say
that a positive operator between two partially ordered vector spaces is strictly positive
when the intersection of its kernel with the positive cone of the domain is {0}. The
proof of our next result is inspired by [30, p. 65-66].

Lemma 6.15 Let E be a o-Dedekind complete vector lattice, let F be a partially
ordered vector space, and let T : E — F be a strictly positive o -order continuous
operator. Suppose that S is a non-empty subset of E that is bounded above in E, and
that {t,}7° | is a sequence in S such that

(1) S is closed under the taking of finite suprema;
(2) sup T(S) and sup{T (t,) : n > 1} both exist in F and are equal.

Then sup S exists in E. Moreover, if we set s1 '= 11, s =1 V12, s3 =1 V1 V13,
..., then {s,}>° | is a sequence in S such that s, 1 sup S in E and T (s,) 1 sup T (S)

in F. Consequently, T (sup S) = sup T(S).

Proof Since s, € S and s, > t,, forn > 1, it is clear that T (s,) 1 sup 7 (S). Because
{sn}72 | is an increasing sequence in the bounded above set S, there exists an so, € E
such that s, 1 s in E. Hence T (s;) 1 T (So0), SO that T (ss0) = sup T(S).

We claim that s« is an upper bound for S. To see this, take s € S. Since s V 5, 1
SV Soo, We have sup{T'(s Vs,) : n > 1} = T(s V sx). Using that s vV 5,, € S for
n > 1, we have

sup 7(S) > sup{T'(s Vsy) :n > 1}
=T(sV Sc0)
> T(sc0)
=sup T(S).

8 Strictly speaking, it would be better to call this property the monotone countable sup property. We have
refrained from doing so to keep the terminology somewhat simpler.
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It follows that T (s V sec — Soo) = 0. Since T is strictly positive, this implies that
Soo > §, as desired.
Let u be an upper bound for S. Then certainly u > s, forn > 1, so that u > 5.
We conclude that so, = sup S. This completes the proof. O

The following is an easy consequence of Lemma 6.15. The special case where F
is a vector lattice follows from [5, Exercise 1.4.2.a].

Proposition 6.16 Let E be a o-Dedekind complete vector lattice, let F be a partially
ordered vector space that is monotone complete and has the countable sup property,
andlet T : E — F be a strictly positive o -order continuous operator.

Then E is Dedekind complete and has the countable sup property. Moreover, T is
order continuous.

Proof Let S be a non-empty subset of E that is bounded above. Set SV = {s; V
coosp k> 1,581,...,5, € S}. Then sup SV exists by Lemma 6.15. Hence E is
Dedekind complete. Lemma 6.15 also supplies a sequence {s,}>°, in §* such that
s,/ 1 sup S = sup S. This implies that E has the countable sup property.

To show that T is order continuous, take a non-empty upward directed subset
S of E that is bounded above. Using the final statement in Lemma 6.15, we have
T(supS) = T(supSY) = supT(SY). Because S is upward directed, the subsets
SY and § of E are interlaced in the partial ordering on E. Since T is positive, the
same is true for their images T (SY) and T(S) in the partial ordering on F. Hence
sup T(SY) = sup T'(S). This completes the proof. O

We now come to the vector lattice properties of L! (X, 2, u; R).

Theorem 6.17 Let (X, 2, u, E) be a measure space, where 2 is a o-algebra.

The quotient map from £'(X, Q, u; R) onto L'(X, Q, u; R) is a o-order con-
tinuous vector lattice homomorphism, and L! (X, 2, u; R) is a 0-Dedekind complete
vector lattice. The map 1, : L'(X,Q, u;R) — E, defined by setting L(fD =
f;;f du for [f] € LY (X, Q, u; R), is well defined, linear, strictly positive, and o -
order continuous.

If E is monotone complete and has the countable sup property, then L' (X, Q, ju; R)
is a Dedekind complete vector lattice with the countable sup property. Moreover, 1,
is then order continuous.

Proof Since we know from part (3) of Proposition 6.14 that A4 (X, Q, u; R)isao-
order ideal of .#! (X, 2, u; R), it follows from [21, Theorem 18.11] that the quotient
map is o-order continuous. Since an increasing sequence in L! (X, @, u; R) and an
upper bound of it can be lifted to & (X, Q, u; R), the o-Dedekind completeness
of Z'(X,Q, u; R) and the o-order continuity of the quotient map then show that
LI(X, @, u; R) is o-Dedekind complete.

Itis clear that the operator /,, can be defined on L! (X, 2, u; R) and that it is strictly
positive. Its o -order continuity is easily seen to follow from Corollary 6.10.

An appeal to Propositon 6.16 yields the remainder of the statements. O
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7 Comparison with positive vector measures and their integrals

Let (X, ©2) be a measurable space, where €2 is a o-algebra, and suppose that E isa o -
monotone complete Banach space with a closed positive cone. In this section, we shall
discuss the relation between the measures in the present paper and vector measures in
the classical sense, as well as the relation between the corresponding integrals.

We recall that a classical (as we shall call it for the sake of discussion) vector
measure with values in E is amap u : Q — E such that u (@) = 0 and

plUan) =2 u@n, (7.1)
n=1 n=1

whenever {A,}°° | is a pairwise disjoint sequence in Q. Here the series in the right
hand side of Eq. (7.1) is convergent in the norm of E. As is well known, the fact that
complex measures are bounded (see [23, Theorem 6.4], for example), when combined
with the uniform boundedness principle, implies that a vector measure is automatically
norm bounded on 2. This makes clear that the integral that is canonically defined on
the elementary functions extends by continuity to a norm-to-norm continuous classical
E-valued integral on the bounded measurable functions on X.

_Obviously, there is no classical vector measure that can be an analogue of an infinite
E*-valued measure in our sense. It is meaningful, however, to ask for the relation
between E*-valued measures in the sense of our Definition 4.1 and classical E~-
valued vector measures.” To clarify this, we start by observing that, for a net {x; },.ca
in E and an element x of E, the facts that x; 1 and that x) — x in norm imply that
also x; 1 x. This follows readily from the hypothesis that E™ be closed. It is then
immediate that a classical E*-valued vector measure is also an Et-valued measure
in our sense. When the norm on E has the property that ||x — x,|| — O for every
sequence {x,,};'li | in E T and x € E* such that x, 1 x, then the converse also holds,
so that the two notions coincide. When the norm on the Banach space E fails to be
o-monotone order continuous in the sense as just described, then it can actually occur
that there exists an E+-valued measure in our sense that is not a classical E+-valued
vector measure. As an example, we take £ = £°°, and we let {en};’l‘):1 denote the
sequence of standard unit vectors in it. For X we take IN, and for 2 we take the power
set of N. For A € @, we set £(A) :=\/, . en. Then p is an (£°°)*-valued measure
in our sense, but it is not a classical vector measure. Indeed, the terms of the series in
the aspired equality ©(IN) = Zflozl u({n}) = Zflozl e, do not even converge to zero
in norm.

Because ¢ can be embedded isometrically as a Banach lattice into the regular
operators on £ for 1 < p < oo, this example also shows that the two types of
measures do not even coincide when they are required to be operator-valued, which
is one of our important classes of applications of the results of the current paper in
[12, 13]. The reader may at this point wish to recall the Lemmas 4.2 and 4.3, pointing

9 Classical, not necessarily positive, vector measures with values in a Banach lattice are the subject of [16,
Chapter III] and [18, Chapter IV].
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out the role of the strong operator topology rather than the uniform topology for our
operator-valued measures.

To continue our discussion, we take E = ¢°° and X = N again, and we let 2 be the
power set of N again. We define themap i1 : @ — E™ by setting u(A) := >, o €n/n
for A € Q. Then p is an E*-valued measure in our sense, as well as a classical E7-
valued vector measure. It is easy to see—by using the automatic continuity of positive
operators between Banach lattices, for example—that the classical £>°-valued integral
on the Banach lattice of all bounded functions on IN coincides with our order integral on
that space. The space of positive functions that are order integrable is, however, larger
than the bounded functions on IN. The unbounded function fy : N — R*, defined
by setting fo(n) := n for n € N, is order integrable. Indeed, the elementary positive
functions ¢, : N — R* for n > 1, defined by setting ¢, (k) =k when 1l <k <n
and ¢, (k) := 0 when k > n, increase pointwise to fy and the sequence {ZZ=1 ek}f;]
of their order integrals has \/7~ | e, as its supremum. Of course, there are natural
Banach space methods to attempt to extend the domain of the classical integral with
respect to the classical vector measure . A possible approach is to consider those
functions f : N — R for which there is a sequence {@n}52, of bounded functions
on N such that ¢, — f pointwise and such that the sequence { f]N% du};il of
classical integrals is a Cauchy sequence in £°°. One would then have to verify that
the limit of this sequence is independent of the choice of the ¢, or perhaps restrict
oneself to those f for which is the case. Variations on this are also possible. One
can, for example, require that the ¢, be elementary functions, or start with positive
functions and approximate these from below with positive elementary functions. Such
Banach space approaches will, however, never lead to the definition of an integral
for fp. Indeed, the sequence {¢,}° | above consists of positive elementary functions
and approximates f; from below, which is arguably the best approximation one could
wish for. The sequence {}}_; ex}32, of their classical integrals is, however, not a
Cauchy sequence. We thus see that, even when a set map is an E*-valued measure
in our sense as well as a classical ET-valued vector measure, it can still happen that
the associated order integral is intrinsically more comprehensive than the associated
classical integral.

The example in the preceding paragraph can only exist because the norm on £*°
is not o-monotone order continuous. Indeed, suppose that the o-monotone complete
partially ordered Banach space E with a closed positive cone has a o -monotone order
continuous norm, and that u : Q — E7T is a set map. The fact that, for a sequence
{x,}52, in ET and an element x of ET, x,, 1 x if and only if x, — x in norm,
does not only imply that u is a classical vector measure if and only if it is an E*-
valued measure in our sense. It also guarantees that the extension procedure of the
domain of the classical integral, using a pointwise approximation of a positive function
from below by elementary functions, is, indeed, possible and yields the same set of
integrable functions on which the two integral also agree. Since the norms on partially
ordered Banach spaces of operators are typically not o-monotone order continuous,
this observation does usually not apply there.
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