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PART I1

EXTENSIONS OF LOCHS’
THEOREM TO RANDOM
SYSTEMS







CHAPTER

A Lochs Theorem for random
interval maps

This chapter is based on: [KVZ22].

Abstract

In 1964 Lochs proved a theorem on the number of continued fraction digits of a real
number x that can be determined from just knowing its first n decimal digits. In 2001
this result was generalised to a dynamical systems setting by Dajani and Fieldsteel,
where it compares sizes of cylinder sets for different transformations. In this chapter
we prove a version of Lochs’ Theorem for a broad class of random dynamical systems
and under additional assumptions we prove a corresponding Central Limit Theorem
as well. The main ingredient for the proof is an estimate on the asymptotic size of
the cylinder sets of the random system in terms of the fiber entropy. To compute this
entropy we provide a random version of Rokhlin’s formula for entropy.



CHAPTER 5

5. A Lochs Theorem for random interval maps

§5.1 Introduction

§5.1.1 Extension of Lochs’ Theorem to number the-
oretic fibered maps

Real numbers can be represented in many different ways, e.g. by binary, decimal or
continued fraction expansions, and one can wonder about the amount of information
that each one of these expansions carries. In 1964 Lochs considered a specific question
of this form: Given the first n decimal digits of a further unknown irrational number
z € (0,1), what is the largest number m = m(n, x) of regular continued fraction digits
of x is that can be determined from this information. Lochs answered this question
in [L64] for the limit n — co by showing that for Lebesgue almost every x € (0, 1),

. m(n,x) 6log2logl0

lim = 5 .
n—o0 n s

(5.1)

Over the years Lochs’ result has been refined and generalised in many directions. Let
A denote the Lebesgue measure on [0,1). In [F98] Faivre established a Central Limit
Theorem associated to Lochs’ Theorem:

6 log 2;03; 10

nlLH;OA({x e (0,1): ™M) ;\% < u}) = \/12?/; e At (5.2)

holds for some constant o > 0. See [F97, FO1, W06, WO08| for other results related
to the limit in (5.1) and [LWO08, BI08, FWL16, FWL19] for results where the decimal
expansions in (5.1) are replaced by S-expansions.

In [BDK99| Bosma, Dajani and Kraaikamp highlighted that Lochs’ Theorem can
be seen as a dynamical statement. This viewpoint was further developed in [DF01],
where Dajani and Fieldsteel gave the dynamical equivalent of the local limit statement
from (5.1) for what they called number theoretic fibered maps (NTFM). An NTFM is
a triple (T, p, o) where T': [0,1) — [0, 1) is a surjective map, p is a Borel measure on
[0,1) and o« = {A; : j € D} is an at most countable interval partition of [0, 1) indexed
by some set D, such that

(nl) T4, is continuous and strictly monotone for each j € D;

(n2) u is an ergodic invariant probability measure for T that is equivalent to A with
a density that is bounded and bounded away from zero;

(n3) the partition o generates the Borel o-algebra B on [0, 1) in the sense that if for
each n we use
n—1
Q= \/ T ha={A; NT*A;,n---NnT~ DA, A €a,1<k<n}
k=0
(5.3)

to denote the level n cylinders of T, then the smallest o-algebra containing all
these sets for all n > 1, denoted by 0( Unen an), equals B up to sets of Lebesgue
measure zero;
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§5.1. Introduction

(n4) the entropy — > 4., #(A)log u(A) of a with respect to p is finite.

The name NTFM refers to the fact that an NTFM generates for each x € [0,1) a
digit sequence (dX(z)),>1 with digits in D by setting

dl(z)=j T 'wze Ay, jeD, (5.4)

and for certain maps T these sequences correspond to well-known number expansions.
The procedure from (5.4) can in words be described as follows: After assigning digit
Jj to subinterval A; for each j € D, for each x € [0, 1) the digit sequence from (5.4) is
obtained by writing down in order the digits corresponding to the elements of « that
the orbit of x under T visits.
Example 5.1.1 (N-adic transformations). Let T : [0,1) — [0,1) with integer
N > 2 be the N-adic transformation from Example 1.3.1, A the Lebesgue measure on
[0,1) and o ={A; : j € {0,1,..., N — 1}} the partition given by

Aj:[%,%), jef0,1,...,N—1}. (5.5)
Then (T, A, @) is an NTFM and digit sequences (d2¥ (z)),>1 in {0,1,..., N — 1}¥
can then be obtained by following the procedure from (5.4). This is illustrated in
Figure 5.1 for the case that N = 2. For each z € [0,1) this sequence (d%¥(z))n>1
yields the expansion in integer base N of x given by

dTN

- Z . (5.6)
Indeed, note that
T(z) = N-Ty '(x) — dy¥ ()

holds for each n € N, so that recursively, this gives

_dvw) ) A TR@)
N N2 Nn Nn

Since 0 < TRz < 1, this yields (5.6) by taking n — co.

Example 5.1.2 (Gauss map). Let G : [0,1) — [0,1) and pg be the Gauss map and
Gauss probability measure from Example 1.3.2, respectively, and let & = {A; : j € N}
be the partition of (0,1] given by
1 1
A= (mﬂ jEN.
The triple (G, ug, o) is an NTFM and for each irrational x € [0, 1) the digit sequence
(d$ (z))n>1 in NN generated as in (5.4) gives the regular continued fraction expansion

1

xr =

d§' (z) +

1
g (x) +

d (@) +
See e.g. [DK21, Section 8.1] for a justification.
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5. A Lochs Theorem for random interval maps
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Figure 5.1: Illustration of the generation of digit sequences (dX(2))n>1 given by (5.4) for the
doubling map. The point x depicted satisfies di () =1, d3 (x) = 0, d3 (z) = 0, etc.

Other examples of number expansions that can be obtained by an NTFM include
[-expansions, various Liiroth-type expansions and various types of continued fraction
expansions.

If for two NTFM’s (T, 1, &) and (S, fi,y) we define the number
my.g(n,z) =sup{m € N: a,(z) C v, (2)},

where a,(z) and v, (x) denote the elements of the partitions «,, and v, as in (5.3)
that contain x, respectively, then one can interpret mp s(n, x) as the largest m so that
the level m cylinder for S containing x can be determined from knowing only the level
n cylinder for T that contains z. Equivalently, if we use (dF (z))r>1 and (d (z))k>1
to denote the digit sequences produced by T and S, mr s(n,x) is the largest m such
that the digits df (), ..., d> (z) can be determined from knowing d7 (z),...,d~ (x) of
a further unknown x € [0,1). The authors of [DF01| proved that for any two NTFM’s
(T, p, o) and (S, 1, v) with measure theoretic entropies h,, (1), hz(S) > 0 it holds that

fim ML) () (5.7)

n—00 n h
Lochs’ original result given in (5.1) can be recovered by taking for T' the map T from
Example 5.1.1 with N = 10 and for S the Gauss map S from Example 5.1.2. Similar
to the result in (5.2) by Faivre, Herczegh [H09] proved a Central Limit Theorem
for the statement in (5.7) for a specific class of pairs of NTFM’s. For two NTFM’s
(T, p, o) and (S, 1, 7y) that satisfy h,(T), hz(S) > 0 and several additional conditions,
he proved in [H09, Corollary 2.1] that for each u € R,

hu(T)

mr.s(n,x) ) 1 u 2
. ~ . n /2
nhm u({x €(0,1): NG < u}) = \/27/ e dt (5.8)

for some appropriate constant o > 0.
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§5.1. Introduction

§5.1.2 Number expansions generated by random in-
terval maps

Random interval maps that generate number expansions have received increasing
attention in the past few decades. This is partly due to the fact that often such systems
generate for a typical real number not just one, but uncountably many different
number expansions of a given type. We describe the general procedure to obtain such
expansions.

Let T ={T; :[0,1) — [0,1) };cs be a family of interval maps on [0, 1) and suppose
for each i € I there is a partition «; of [0, 1) into finitely or countably many subin-
tervals. For each i € I we assign to each subinterval of «; a digit and write D; for
the collection of these digits. We then write A; ; for the subinterval corresponding to
the digit j € D;, so that for each ¢ € I we can write a; = {4;; : j € D;}. We now
define digit sequences by following random orbits and at each time step recording,
before a map T; is applied, the digit that corresponds to the partition element of
«; in which the random orbit at that moment is located. More precisely, for each
(w,z) € IN x [0,1) we define the digit sequence (d] (w,z))n>1 where d/ (w,z) € D,,,
is the label of the partition element of «, in which 7"~1(x) lies, i.e.

dl(w,z) =4 i T7 ' (x) €Ay, j, j€Da,. (5.9)
We clarify this method with an example.

Example 5.1.3 (Random integer base transformations). Let 7 = {2,3} and
T = {T;}ier where T, T3 : [0,1] — [0,1] are as in Example 5.1.1, i.e. Ta(x) =
2z mod 1 and T3(z) = 3z mod 1. For the method described above, we associate
to T2 and T3 the partitions Qo = {AQ70,A271} and a3 = {Ag,o,A371,A372} given by
(5.5), meaning that before applying 7> we assign digits 0 and 1 to [0, ) and [3,1),
respectively, and before applying T5 we assign digits 0,1 and 2 to [0, %)7 [%, %) and
[2,1), respectively. For each (w,z) € I x [0,1] we then obtain a digit sequence
(d] (w,x))n>1 as given by (5.9). This is illustrated in Figure 5.2. For each (w,z) €
IN % [0,1] and n € N we have

T:}(.’E) = Wn - Tﬁil(x) - dZ(wv ‘T)v
so that similar as in Example 5.1.1 this iteratively yields

po ) dlw) dlwe) | T
w1 wiwso Wi -+ Wnp Wi Wnp

T2 (2)

W1 W

From lim,, ’ < lim, o0 2% =0, it follows that

0o
df (w,z)
T = Z 20n(w)3n—cn(w)’

n=1

where ¢, (w) = #{1 < k < n : w, = 2}. Thus, the procedure from (5.9) with
T = {T,T3} generates number expansions in mixed integer base 2 and 3.
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Figure 5.2: Illustration of the generation of digit sequences (d) (w,z))n>1 given by (5.9) for
the random map from Example 5.1.8 given by random compositions of T> and Ts. The point
x depicted satisfies, for w = (3,2,3,...), d] (w,z) =1, dJ (w,2) =1, d] (w,z) =1, ete.

There are various other random dynamical systems like the above example re-
lated to number expansions. The random S-transformation was first introduced in
[DKO03] and then further investigated in [DdV05, DAV07, DK07, DK13, K14, BD17,
DJ17, S19, DKM21]. Interesting features of this system are its relation to Bernoulli
convolutions, see e.g. [JSS11, DK13, K14], and to S-encoders, see Chapter 6 and
e.g. [IDDGV02, DGWY10, G12, KHTA12, JMKA13, MIS*15, SJO15, JM16] and the
references therein. A random system producing binary expansions was studied in
[DK20], random dynamical systems related to continued fraction expansions appear
in [KKV17, DO18, BRS20, AFGTV21, DKM21, KMTV22| and random Liiroth maps
are considered in [KM22a, KM22b|.

In this chapter we extend the version of Lochs’ Theorem in (5.7) to the setting of
random dynamical systems and give a corresponding Central Limit Theorem in the
spirit of (5.8). The class of random dynamical systems we consider, which we call
random number systems, contains the class of deterministic NTFM’s and all of the
random dynamical systems related to number expansions mentioned above. A random
number system consists of a family of maps T = {T; : [0,1) — [0,1)};er, where the
index set I is a possibly uncountable Polish space, each map T; : [0,1) = [0,1), 4 € I,
admits an appropriate partition a; = {A; 0, Ai1,...} of [0,1) and there exists an ap-
propriate probability measure p on I x [0, 1). (The precise definition will be given in
Section 5.2.) Thus a random number system is a quintuple (I, P, {T;}icr, i, {i bicr),
where P is the probability law on IV determining the random choices. For ease of
notation we also write 7 for this quintuple.

Generating a digit sequence for x by means of (5.9) gives information about the
location of z in the following way:

n
d] (w,2),...,d] (@) = (1, dn) = € () Tot e \Awegy (5.10)
k=1

As the right side shows, this information about the location of x provided by the digit
sequence is under the assumption that w = (wy,ws,...) € IV is known. This setting
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§5.1. Introduction

is interesting from a number theoretic point of view and will be investigated in this
chapter, but for more practical applications where w € IV models e.g. some noise in
the system, it is not very feasible to assume that w is known or can be observed with
full accuracy. In such cases the following model might be more realistic:

n
(J1,---,Jn) Observed for unknown z = z € U ﬂ Tt o Ao e
(wiye.own)EI™ k=1

(5.11)

where A; ; =0 if j ¢ D,;. We consider the setting of (5.11) in Chapter 6 for a specific
random interval map that models the A/D conversion in a [-encoder and where
fluctuations in the system are due to noise and thus unknown, see footnote 1 on page
164. Finally, note that the models (5.10) and (5.11) coincide if the corresponding
digit sets {D; };cs are pairwise disjoint.

§5.1.3 Main results

For a random number system 7 = (I,P, {T;}icr, i, {@i }icr) we define analogous to
(5.3) the random level n cylinders as follows: For each w € IN and n € N we define
the partition

n—1
ky—1
awvn = \/ (Tw) awk+1
k=0
—1 —1
= {Awhjl N Twl sz,jz n--- nTwl--w,,L,lAwmjn : Awmjk € Oy, 1<k< n}

(5.12)

Furthermore, we write oy, () for the random (n,w)-cylinder that contains z. Given
two random number systems 7 = (I, P, {T} }ier, pt, {ei }ier) and S = (J,Q, {S;}jet, 0,
{vj}ies), for eachn € Nyw € I, & € JY and = € [0, 1), let

mr.sn,w,@,z) =sup{m € N: oy n(x) C vo.m(x)}. (5.13)

This quantity can be interpreted as follows: For given w € IN and @ € JV,

mr .s(n,w,®, ) is the largest level m for which we can determine the random (m,®)-
cylinder for S containing = from knowing only the random (n,w)-cylinder for 7 that
contains x. Alternatively, it is the largest m such that df(@,z),...,dS (&, z) can
be determined from knowing the digits d] (w,),...,d! (w,z) of a further unknown
x € [0,1). In this chapter we obtain the following Random Lochs’ Theorem, where the
measure theoretic entropy from (5.7) is replaced by fiber entropy, which for a random
number system 7 is a quantity h?(7") € [0, 00) and will be defined in Section 5.5.

Theorem 5.1.4. Let T = (I,IP, {Ti}ie[, My {OZi}ie[), S = (J7 Q, {Sj}je], P, {’Yj}je.f)
be two random number systems. If K (T), hiP(S) > 0, then

~ fib
lim my s(n,w,o0,x)  h*(T)

Jim " = hﬁb(S) A-a.e.

for P x Q-a.a. (w,) € IN x JN,
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CHAPTER 5
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We like to make two remarks about this result. Firstly, the quotient of measure
theoretic entropies that appears as the value of the limit in the deterministic setting
has been replaced by a quotient of fiber entropies in the random setting. Secondly,
the setup allows for the index set I of the family {7}};c; to be uncountable, so that
the results apply to e.g. random pS-transformations where the value of 5 can range
over a whole interval, see Example 5.7.5 below. This makes the proofs more involved.

In [DFO01] an essential ingredient to prove (5.7) is the following general result on
interval partitions. If P = {P,}°2, is a sequence of interval partitions and ¢ > 0, we
say that P has entropy ¢ A-a.e. if

lim —M =c A-a.e.,
n—o00 n

where P, (z) denotes the element of the partition P, containing x.

Theorem 5.1.5 (Theorem 4 of [DF01]). Let P = {P,}52, and Q = {Q,}52, be
two sequences of interval partitions. For eachn € N and x € [0,1), put

mp o(n,z) =sup{m € N: P, (z) C Qn(x)}.

Suppose that P has entropy ¢ € (0,00) A-a.e. and Q has entropy d € (0,00) A-a.e.
Then

lim mp.o(nz) _ ¢ A-a.e.

n—o0 n d

The proof of (5.7) goes roughly along the following lines. An application of the

Kolmogorov-Sinai Theorem and of the Shannon-McMillan-Breiman Theorem to the
NTFM’s T and S provides the appropriate asymptotics for the size of the cylinder
sets from (5.3) for both maps T and S to establish the positive entropy conditions
and then Theorem 5.1.5 completes the proof. To achieve Theorem 5.1.4 we also
employ Theorem 5.1.5 and therefore the main achievement here is obtaining the right
asymptotics for the size of the random cylinder sets from (5.12). More precisely
Theorem 5.1.4 will appear as a corollary of the following theorem.

Theorem 5.1.6. Let T = (I,P,{T;}icr, pt, {i}icr) be a random number system.
The following hold,

(i) For P-a.a. w € I" we have

lim — log AMaw,n ()

n—0o0 n

= hib(T), A-a.e.

(ii) Let v denote the marginal of u on IN. Furthermore, let F be the skew product
on IN x [0,1) given by F(w,z) = (tw,T,, (x)), where T denotes the left shift on
IN. If h,(T) < o0, then

R (T) = h,(F) — hy (7).
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§5.2. Random number systems

(11i) If for each i € I and A € «; the restriction T;| 4 is differentiable, then

REP(T) = / log |DT,,, (z)| du(w, ).
N x[0,1)

The first part of this theorem gives the required estimates for the asymptotic sizes
of the cylinder sets from (5.12) and, when combined with Theorem 5.1.5, leads to
Theorem 5.1.4. The limit from Theorem 5.1.4 is expressed in terms of the fiber
entropies of the two random number systems. Parts (ii) and (iii) of Theorem 5.1.6
give different ways to determine this limit. The second part works in case the entropy
of the marginal of 4 on IV is finite. The third part gives a random version of Rokhlin’s
Formula for entropy.

We also prove a Central Limit Theorem for Theorem 5.1.4 in case we compare the
digits obtained from a random number system 7 = (I, P, {T; }icr, 1, {@i }icr) to those
from an NTFM (S, fi,~) under additional assumptions on both systems. To be more
specific, for such systems we obtain that for all u € R,

R (T)

mr s(n, w, ) —n5- 1 u )
. N . ? u(S) _ —t /2
nlgréou({(w,x)el x [0,1) : P §u}) ——m[we dt,
(5.14)

for an appropriate constant x > 0.

The remainder of this chapter is organised as follows. In Section 5.2 we give
a precise definition of random number systems. We then consider in Section 5.3 a
special but wide class of random number systems for which the proof of Theorem 5.1.6
is relatively easy. In Sections 5.4 and 5.5 we provide some preliminaries for the proof of
the general case and give a precise definition of fiber entropy. We prove Theorem 5.1.6
in Section 5.6 and obtain Theorem 5.1.4 as a corollary and we prove the Central Limit
Theorem from (5.14). In Section 5.7 we provide some examples.

§5.2 Random number systems

In this section we define the dynamical systems that we are interested in. Let
(I, B, P) be a base space where [ is a Polish space with associated Borel o-algebra
B and where P is a Borel probability measure on the product o-algebra B?I such that
the left shift 7 on I is non-singular with respect to P, i.e. P(7~*A) = 0 if and only
if P(A) =0 for all A € BY. For each i € I, let T; : [0,1) — [0,1) be a Borel measur-
able transformation. Let B denote the Borel o-algebra on [0,1) and A the Lebesgue
measure on [0,1). Associated to the family {7} : [0,1) — [0,1)};cs let F be the skew
product transformation

F:1%x[0,1) = IN x [0,1), (w,2) = (Tw, T, (z)).
Let p be an invariant probability measure for F on IN x [0,1). For each i € I

let a; = {A;0,4i1,...} be a partition of [0,1) by countably many subintervals of
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CHAPTER 5

5. A Lochs Theorem for random interval maps

[0,1), possibly containing empty sets.! A random number system is a collection T =
(I,P,{T:}ier, p, {cvi ticr) on [0,1) that satisfies the following conditions.

(r1) The map I x [0,1) 3 (i,z) — T;(x) € [0,1) is measurable.
(r2) For each i € T and A € «;, T;| 4 is strictly monotone and continuous.

(r3) The partition A = {A(j) : j >0} of I x [0,1) given by

A() ={(w,z) : z € Ay, ;} = U[z] x A;; foreachj>0 (5.15)
iel

is measurable, i.e. A(j) € BY x B for all j > 0.

(r4) For P-a.a. w € I" we have that, for all B € B, A(T,;' B) =0 if \(B) = 0.

(r5) For P-a.a. w € I" we have o U Q) = B up to sets of \-measure zero.
neN

(r6) The F-invariant measure 4 is ergodic and equivalent to PP x .
(r7) The entropy of A w.r.t. p, ie. Hy(A) = =354 u(A(4)) log u(A(j)), is finite.

Most of the conditions (r1)—(xr7) are easily verified in specific applications and not
very restrictive. We give some comments on them.

- Conditions (r1) and (r3) are typical measurability conditions and are immediate
in case I is at most countable (and equipped with the discrete topology). It easily
follows from (rl) that the skew product F' is measurable.

- Condition (r2) is needed to get digit sequences (d] (w,z)),>1 as in (5.9). It
follows from (r5) that, for P-a.a. w € IV, knowing (d) (w,z)),>1 determines x € [0,1)
uniquely A-a.e.

- Condition (r4) is a form of fiberwise non-singularity and from (r6) it follows that
1 is the only probability measure that is both F-invariant and absolutely continuous
w.r.t. P x \ as can be seen from Theorem 1.2.6. In case [ is countable, then it is easy
to verify that (r4) already follows from only assuming (r6).

-TIf welet 77 : INx [0,1) — I be the canonical projection onto the first coordinate
and write v = p o 7r;1 for the marginal of the invariant measure x on IV, then from
(r6) it follows that v is 7-invariant, ergodic and equivalent to P. In particular, again
by Theorem 1.2.6, if P is 7-invariant, then v = P.

- Condition (r7) guarantees that the fiber entropy defined later on is well defined.
Note that if A is a finite set (that is, if A contains a finite number of non-empty
elements), then (r7) is automatically satisfied.

We now present some classes of systems for which the assumptions from the defin-
ition of random number system are satisfied.

IFor notational convenience we take {0,1,2,...} as digit set for each T;. If for a map T; the digit
set would naturally be a finite set, then we take for «; a collection that contains countably many
empty sets.
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§5.3. A special case

- A class of maps that satisfy (r2) and (r4) and that are well studied is the class
of Lasota-Yorke type maps. A Lasota-Yorke type map is a map T : [0,1) — [0,1)
that is piecewise monotone C? and non-singular with |DT'(x)| > 0 for all  where the
derivative is defined. In that case an obvious candidate for the partition from (r2) is
the partition of [0,1) given by the maximal intervals on which T is monotone.

- Given a family {T;};c; of Lasota-Yorke type maps for some appropriate in-
dex set I, a sufficient condition for A to be a generator in the sense of (r5) is that
inf(; 5y [DTi(x)| > 1. In case I is finite, this is equivalent to the condition that each
T; is expanding. We can allow for neutral fixed points as well and still get (r5) if we
assume that the branches of the maps are full, i.e. map onto the whole interval (0,1),
and expanding outside each neighborhood of the neutral fixed point. Examples in-
clude the random Gauss-Rényi map from Example 1.4.2 that we again will encounter
in Example 5.7.4 below and random Manneville-Pomeau maps.

- There exist various sets of conditions under which the existence of an invariant
measure u for the skew product F' that satisfies (r6) is guaranteed. See Section 1.4
and the references mentioned there for some results in this direction for the case that
P is a Bernoulli measure.

- The results from [KM22a] give an algorithm for determining explicit formulae
for invariant probability measures of the form P x p with p < A in case all maps
T; are piecewise linear Lasota-Yorke type maps satisfying some further conditions.
Having an explicit formula facilitates the computation of the entropy of A and the
verification of (r7).

Remark 5.2.1. If [ consists of only one element, then the random number system
reduces to an interval map. In this case, conditions (r2), (r5) and (r7) are equival-
ent with assuming that (nl), (n3) and (n4) hold for this interval map, respectively.
Moreover, it follows from (r6) that the interval map is onto [0, 1) up to some A-measure
zero set and it follows from (r6) that this interval map satisfies (n2) except that the
density does not necessarily have to be bounded and bounded away from zero. Thus
in particular, each NTFM is an example of a random number system where the index
set consists of only one element. Furthermore, note that in case I = {1} contains
only one element, then h, (1) = 0 and Theorem 5.1.6(ii) gives that hi®(T) = h,(T}),
where p is the ergodic invariant probability measure for 77 equivalent to A. Hence,
Theorem 5.1.4 is an extension of the result in (5.7) from [DF01] and shows that (5.7)
remains true for two NTFM'’s for which the condition in (n2) on the bounds on the
density is dropped.

§5.3 A special case

Let T = (I,P,{T; }ier, b, {@i }icr) be a random number system. In this section we
put the following additional four conditions on 7:

(s1) The index set I is countable.

(s2) Writing ¢ = {[i] : i € I} for the countable partition of I" given by the 1-
cylinders, we assume that the entropy of ¢ w.r.t. the marginal v of y on IN is
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finite, i.e. H, (1) < 0.

(s3) For all w € I we have o (|, cy ®w,n) = B.

(s4) The density d’;

-t~ is bounded and bounded away from zero.

Note that (s3) is a slight strengthening of (r5). A class of random interval maps
can be derived from [P84, 112, M85a, M85b, P84] that satisfy the conditions of a
random number system as well as the additional conditions (s1)-(s4). These random
interval maps are expanding on average and are composed of Lasota-Yorke type maps
such that the corresponding invariant density is bounded, and admit a suitable cov-
ering property such that the density is bounded away from zero, thus satisfying (s4).
Moreover, the base space then consists of a finite or countable index set I equipped
with a Bernoulli measure or Markov measure.

Let T be as above satisfying (s1)-(s4). We will prove Theorem 5.1.6 for 7. It is
clear that ¢ is a generator for the left shift 7 on IN w.r.t. v. Furthermore, we define
t={[i] x [0,1) : i € I} being the partition ¢ embedded into I x [0,1), and we define
the countable partition & of IV x [0, 1) given by

E={li]xA;j:ieljeNy},

where as before A; ; are the partition elements of a;. Note that £ is the common
refinement of 7 and the partition A given by (5.15), i.e. £ =TV A.

Lemma 5.3.1. The partition & is a generator for F.

Proof. We write &, = Z;é F~*¢and 1, = \/Z;& 77k, for each n € N. Then for each
(w,x) € IN x [0,1) and n € N we have

En(w, ) = w1 wn] X Ay p(T) = tn(w) X ayn(x), (5.16)

where &, (w, ) denotes the partition element of £, containing x, and a similar meaning
for 1, (w) and ay (7). Let (w,z), (©,y) € IN x [0,1). If w # @, then there exists
n € N such that ¢, (w) # ¢, (©) and thus &, (w,z) # &, (0,y). If w = @ and = # y,
then according to (s3) there exists n € N such that o, ,(z) # a,n(y) and thus
En(w,x) # &n(@,y). Hence {&,} separates points, so £ is a generator for F. O

It follows from (s2) that h,(7) < co. Furthermore, we obtain from (s2) and (r7)
that

H,(§) < Hu(t) + Hu(A) = Hy (1) + Hu(A) < oo,
so that by Lemma 5.3.1 we have h,(F) < co. We have the following two results:

Proposition 5.3.2. For P-a.a. w € IN we have

lim _logMawa(@)) _ hu(F) — h, (1), A-a.e.

n—00 n
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Proof. Combining Lemma 5.3.1 and H, (&) < oo with the Kolmogorov-Sinai Theorem
(Theorem 1.2.17) and the Shannon-McMillan-Breiman Theorem (Theorem 1.2.22)
yields that

i — log ,u(fn (w, x))

n—00 n

= hu(F), pa.e. (5.17)

By (r6) we can replace in (5.17) p-a.e. with P x M-a.e. and by (s4) we can replace
1 (&n(w, x)) with v x A(&, (w, x)), i.e.

lim 287X A, 2)) ho(F), P x \ae. (5.18)

n—oQ n

Also, we obtain from the Kolmogorov-Sinai Theorem and the Shannon-McMillan-
Breiman Theorem together with the equivalence between v and P that

1 n
L CIC)) R S Y (5.19)
n— 00 n
Combining (5.16), (5.18) and (5.19) now yields the result. O

Proposition 5.3.3. If for eachi € I and A € «; the restriction T;| 4 is differentiable,
then

hu(F) = / log | DT, (x)|du(w, ) + h, (7).
I%[0,1)

Proof. Note that the partition ¢ of IN consists of invertibility domains of 7. It follows
from the Rokhlin Formula (Theorem 1.2.21) that

hy (1) = /IN log J, Tdv,

where J,7 is the Jacobian of 7 w.r.t. v. Furthermore, note that ¢ is a partition of
IN x [0,1) by invertibility domains of F. For each i € I, j € Ny, C € BY N [i] and
DeBn A;Z:j we have
v X AMF(C x D)) =vx \7(C) x T;(D))
:/ T ()| DT, ()| dv x A(w, 2).
CxD

Using standard arguments we can show from this that for each A € £ and each
measurable B C A we have

v x \(F(B)) = /BJVT(WMDTM (@)]dv x \(w,2),

so the Jacobian J,«)F of F' w.r.t. v X X exists and is given by

JusxaF = J,7(w)| DT, (z)], for v x A-a.e. (w,z) € IV x [0, 1).
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Furthermore, by the change of variables formula from Lemma 1.2.20(a) this gives for
each A € ¢ and each measurable B C A that

dp
F(B :/ dv X \
wEe) = [ S

du dv x A
_/B(dyxAOF>J”“F -

so the Jacobian J, F of F' w.r.t. u exists and is given by

Using Lemma 5.3.1 and H,,(§) < o0, it follows from the Rokhlin Formula that

hy(F) = / log J,, F(w, z)dp(w, x).
INx[0,1)

We conclude that
dv X \

dp
hu(F) = /1og (dyx \ oF)du+/log (JVX,\F)de—/log( dpe )dM
B dp dv x A
= /bg(dvx N )du+/log|DTwl(m)|du(w,a:)
+/log (Jo7(w))dp(w, x)

_ / log | DT, ()| djs(w, ) + hy (7).

So the above two propositions prove Theorem 5.1.6 in the special case that T
satisfies (s1)-(s4).

Remark 5.3.4. We used condition (s4) for replacing (&, (w, z)) in (5.17) with v x
A({n(w, x)) For this purpose, instead of assuming (s4), it is also sufficient to assume
that v x M-a.a. (w,z) € IN x [0,1) is a density point for z%< w.r.t. v x ), i.e.

dvx
! dv x \ = 5.20
rlﬁJl v X A(B((w,x),r)) /B((w,w),r) dv x N X I % )\(w,x), ( )

where B((w,z),r) denotes the open ball centered at (w,z) with radius » > 0 with
respect to a compatible metric, e.g. the one of the form as in (3.3). Then combined
with Lemma 5.3.1 it follows that for P x A-a.a. (w, ) and every £ > 0 there exists an
N € N such that for each integer n > N we have

du ,u'(gn(wax)) dp
dx W) eSO MNen(@,0) = dv @) te

Using this and the fact that df’;/\ (w,2) € (0,00) holds for Px M\-a.e. (w,x) € INx[0,1)

by (r6), we can indeed then replace (&, (w,x)) in (5.17) with v x A(&,(w,z)). An
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example when (5.20) is satisfied v x A-a.e. is when

Jim sup v X )\(B((w,a:), 2r))

< 00, x M-ae. (w,z) €IV x[0,1),
s v A(B(a.)) 00 v a.e. (w,x) x [0,1)

see e.g. [HKST15, Section 3.4]. This is for instance the case if P is a Bernoulli measure
or Markov measure (recall that v = P if P is 7-invariant).

Note that the reasoning in this section does not work for proving Theorem 5.1.6 in
full generality, because the classical Kolmogorov-Sinai Theorem, Shannon-McMillan-
Breiman Theorem and Rokhlin Formula as applied in this section require a partition
that is finite or countable with finite entropy. To overcome this problem, we will
apply instead a fiberwise version of those theorems. However, the fiberwise Shannon-
McMillan-Breiman Theorem and Rokhlin Formula we will use require that the un-
derlying base map of the skew product is invertible. So we first need to extend the
dynamics on the base space so that it becomes invertible, which we will do in the next
section.

§5.4 Invertible base maps and invariant measures

Let T = (I,P,{T;}icr, i1, {cvi }icr) be a random number system. One of the con-
sequences of (r1)—(r7) is that 7 admits a system of conditional measures, i.e. a family
of measures {p, },em such that

e 4, is a probability measure on ([0, 1), B) for v-a.a. w € IV,

o for any f € L'(IN x [0,1), 1) the map w f[o 1y f(w, @) dpe (@) on IV is meas-
urable and

/fo[o,ufd”:/lN( o f(w’x)dﬂw(l“))dV(w)- (5.21)

Moreover, if { iy}, is another system of conditional measures for p, then p, = fi,
for v-a.a. w € IN. (See [A97, Theorem 1.0.8] together with [VO16, Proposition 5.1.7]
for a justification.)

The dynamics on the base space I of a random number system is given by the
left shift 7 on the set IN, which is not invertible. This setup corresponds to the
setup for random systems associated to number expansions that is adopted in most
of the references mentioned in the introduction. To prove Theorem 5.1.4, however,
we employ known theory on random systems and fiber entropy that is available for
skew products with invertible dynamics on the base space. One can easily extend the
one-sided shift in the first coordinate of F' to a two-sided (thus invertible) shift and
as we shall see next, this has no profound effect on the invariant measures.

Let 7 denote the left shift on I% and extend the skew product F' to a map F that
is invertible in the first coordinate by setting

F T2 x[0,1) = 1% x[0,1), (@, ) — (F(Q), Tp, (2)).
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Let B% denote the Borel o-algebra on IZ. Use 7 : I — I to denote the canonical
projection. To keep notation simple for two-sided sequences & € I” and n > 0 we use
the same notation for 77, o, and pg as for one-sided sequences, i.e.

Tg = 77:(@)7 Aon = Ax(@)ny Mo = Hr()-
The skew product F' is measurable due to (rl). The next proposition gives a relation
between the (ergodic) invariant measures of F' and those of F. Tt can be found in
a slightly more restrictive setting in Appendix A of [GH17] (see also the references
therein), but the proof carries over unchanged to our setting. We reproduce the
statement here for our setting for convenience. Use 7y : IZ x [0,1) — I%Z and II :
IZ % [0,1) — IN x [0,1) to denote the respective canonical projections.

Proposition 5.4.1 (|[GH17, Proposition A.1 and Remark A.2]). Let u be an
F-invariant probability measure with marginal v = po 71'1_1 and system of conditional
measures {fy},emi. Then the following statements hold.

(i) There exists an F-invariant probability measure fi with marginal ¥ = fi o 7?1_1

and a system of conditional measures {fiz}ocrz such that, for v-a.a. & € I,
fis(B) = lim piz—r ((T;’_%)’l(B)), BeB.
(ii) Conversely, let i be an F-invariant probability measure with marginal U = fi o
7?;1. Then the probability measure
fi=jioll!
is F-invariant and has marginal 7 = Do~ 1.
(iii) The correspondence p < fi given by (i) and (ii) is one-to-one and has the
property that p is ergodic for F if and only if [i is ergodic for F.

From Proposition 5.4.1 and (r6) we obtain an F-invariant and ergodic probability
measure [ with a system of conditional measures {fig}scsz for the marginal o =
Lo 7?;1. The following lemma will be used later.

Lemma 5.4.2. For v-a.e. & € I% it holds that ji; < X. Moreover, [i < U x A and
for U x A-a.e. (0,x) € I% x [0,1) we have

dip. .+ dig
@ Ao = @)

Proof. Combining that 7 is non-singular with respect to P with (r4) gives that for
eachn > 1,

P{we IV :3IBeB XB)=0 and A\(T")"'B) > 0}) = 0.

Recall that v and P are equivalent. Furthermore, the measure 7 is invariant with
respect to 7 and ¥ o 7! = v. This gives for each m € Z that

P ™ Hwe IV :3BeB AB)=0 and A(T")"'B) >0}) =0.
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Taking m = —n it follows for v-a.e. & € IZ and n > 1 that

AB)=0 = X(Tfwg) 'B)=0, VBeB. (5.22)

Z

The measures 1 and v x A are equivalent by condition (r6). Let A € BY and B € B.
Then by (5.21)

dp
/A o (B) dv(w) = u(A x B) = /A /B (0,2 A (@) d(),

which means that for any B € B we can find a v-null set Np, such that for all
w € IN\ Np we have

polB) = [ 2.2 dA@).

Since B is countably generated, we can find a v-null set N, such that for each w €
IN\ N and all B € B,

o(B) = / S (0, 2) dA(a).

Hence, j1,, < A for v-a.e. w € IN and for those w,

it gy = A

N VS w,x) A-a.e.

It immediately follows that P-a.e. & € I satisfies iz, < A and since ¥ is 7-invariant,
we get that for -a.e. @ € I%, 12—z < ) for each n. Combining this with (5.22) and
Proposition 5.4.1(i) gives that i, < A for D-a.e. @ € IZ. Since {fis} is a system of
conditional invariant measures, we get that for each A € B% x B (cf. (5.21)),

) = d:;’( )dir x A&, z),

&

i) = [ io(40) i

where A, = {x € [0,1) : (@, x) € A}. This means that i < © x A and that for
D x Aa.e. (@, ) it holds that ;2 (&, z) = %2 (z). O

§5.5 Fiber entropy

The concept of fiber entropy was introduced in [AR66]. Here, as well as in the later
works [B82] and [M86], the entropy of a skew product is studied for the case that
the associated transformations are all measure preserving with respect to the same
measure. In [K86] and [LY88], the notion fiber entropy is considered for skew products
of transformations with a Bernoulli measure on the base space. These two settings
are extended in the works [B92| and [BC92|, where the invariant measure of the skew
product admits a system of conditional measures.

Let T = (I,P,{T;}icr, pt, {i }icr) be a random number system. Here we intro-
duce fiber entropy for 7 following the approach of Bogenschiitz [B93]. Two standing

135

G YHLIVH))



CHAPTER 5

5. A Lochs Theorem for random interval maps

assumptions in [B93] (and one of the reasons why we extended F' to F ) are that the
dynamics on the base space are invertible and that the o-algebra considered on the
first coordinate is countably generated. By our definition of F and the assumption
that I is a Polish space, we satisfy both these assumptions.

Consider the sub-o-algebra A := B% x [0,1) of B x B. From 7 o #; = #t; o F we
see that F~!'4 C A and in this situation we can define the conditional entropy of a
partition P of IZ x [0, 1) given A as in [B93] using the conditional expectation by

Hy(PJA) = / > Eu(lplA)logEs(1p|A) djt
I1%2x[0,1) Pep

Then H;(P|A) < Hy(P) (see e.g. [K86, Lemma I1.1.2(vi)|). The fiber entropy of T
is defined in [B93, Definition 2.2.1] as

n—1
REP(T) :=sup lim H (\/ F_kP|A),

n—,oo N
P k=0

where the supremum is taken over all partitions P satisfying Hj(P|A) < oo.

As usual for entropy it is often not very practical to compute the fiber entropy of
a system directly from the definition. One way to determine hfiP(T) follows from the
main theorem of [BC92], which gives the Abramov-Rokhlin Formula

ha(F) = ho(7) + B™(T). (5.23)

This leads to an expression for A7) in case h,(7) < co. Furthermore, the literature
provides two versions of the Kolmorogov-Sinai Theorem for random systems, namely
[K86, Lemma II.1.5] and [B93, Theorem 2.3.3]. The first of these results requires a
generating partition P of the product space IZ x [0, 1) in the sense that

a( \/ F_kP) VA= B?xB (up to sets of i-measure zero). (5.24)
k>0
The latter requires a partition ~ of [0,1) that satisfies for 7-a.a. & € %
cr( \/ (Tg)*l'y) = B (up to sets of jig-measure zero).
k>0

For random number systems a natural candidate for a generating partition is provided
by the family of partitions {c;};c; and the corresponding partition A on IN x [0,1)
from (5.15). A is easily extended to a partition A of IZ x [0,1) by setting

A={IA(j) : j >0}

The property (r5) is not enough to guarantee that the conditions of [K86, Lemma
I1.1.5] are satisfied by A and the conditions of [B93, Theorem 2.3.3] are not satisfied
either, since we consider a family of partitions {a;};c; on [0, 1) rather than a single
partition . Nevertheless, since from (r7) we have

Hy(AJA) < Hy(A) = Hu(A) < oo, (5.25)
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and from Lemma 5.4.2 we know that /i, < A holds for P-a.e. @ € I%, by a reasoning
completely analogous to the proof of [B93, Theorem 2.3.3] we still obtain that

n—o00 N

n—1
REP(T) = lim lHﬂ( \V} F—kA|A). (5.26)
k=0

Hence, A serves enough as a generating partition to have a Kolmogorov-Sinai type
result and therefore an expression of hfi®(T) in terms of A. The reason we have put
(r5) as a property of random number systems and not a condition like (5.24) is that
compared to condition (5.24) from [K86, Lemma II.1.5], condition (r5) is easier to
verify.

The sequence (an)nen given by a, = Hu( Z;S F‘kA\A) is subadditive (see
e.g. [K86, Theorem II.1.1]), thus it follows from Fekete’s Subadditive Lemma together
with (5.26) that

n—1
(T = inf lHﬂ( \/ F*’“AM).

neN N
k=0

In particular, (r7) implies via (5.25) that hfP(T) < oo.

Using standard arguments (see e.g. [VO16, Lemma 9.1.12]) one can deduce that

n—oo N n—oo

n—1 n—1
lim — H, k\!()ﬁ"“AM) = 1im Hy (Ao k\z/ FHA) v A).

This leads to the following expression for the fiber entropy of 7:

n— oo

AP (T) = lim Hﬂ(A|0<n\_/1f7_kA> \/.A).

For a partition P of IZ x [0,1) we can for each @ € I obtain a partition Py of
[0,1) by intersecting it with the fiber {&} x [0,1), i.e. Py = {Z; : Z € P} where
Zy ={x€]0,1): (&,z) € Z}. With this notation, note that

n—1
F—kA) PEA) =T Yy .
( \/ F A) = Qon and <k\_/1 F A)@ Twl Qron

H[L( \7 FﬁkALA) = . Hﬂ@ (Ota,m) dl)(d)) (527)
k=0 )
and
H, (A|a(n\/1 F*kA) v A) = [ Hy, (a0 |o(T5  arsn))dir(@)
M A f [ w1 @& Hrwomn
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Hence, hfP(T) can be rewritten as

AP (T) = lim 1 H;, (0gn) di(Q) (5.28)

n—,oo N, Iz

= lim Hj, (a@,
n—oo Iz

o(T; aron))dD(@). (5.29)

Remark 5.5.1. Condition (r7) ensures that H;(A|A) < oo as follows from (5.25),
which enables us to rewrite A1 (7") as in (5.26). It follows from (5.27) that H,(AJA) <
oo is also ensured by requiring

/I Hp (0s,) di(@) < oo, (5.30)

which is in general weaker than condition (r7). In view of this, we will call a collection
T = (I,P,{T: }ier, ty {vi }icr) on [0,1) satisfying (r1)-(r6) together with (5.30) a
random number system as well. All our results also hold in this case.

§5.6 Proofs of the main results

§5.6.1 Asymptotic size of cylinder sets

In this and the next subsection we prove the three statements of Theorem 5.1.6 and we
obtain Theorem 5.1.4 as a corollary. We start with Theorem 5.1.6(i) on the asymptotic
size of cylinder sets. Let T = (I, P, {T; }icr, pt, {i }icr) be a random number system.

Theorem 5.6.1. For P-a.a. w € IN we have

lim _log)\(aw,n(x)) _ pfib(

n— oo n

T) A-a.e.

Proof. Since I% is a Polish space on which 7 is invertible and the measure i is F-
invariant and ergodic, we are in the position to apply [Z08, Proposition 2.2(3)], which
gives the Shannon-McMillan-Breiman Theorem for random dynamical systems. We
apply it to the partition A of I% x [0,1), which is an at most countable partition satis-
fying H;(A|.A) < co. Note that [Z08, Proposition 2.2] considers random compositions
of continuous transformations and requires the partition under consideration to be fi-
nite. However, the continuity of the transformations is not used in the proof, and the
necessary condition on the partition is that it is at most countable and satisfies

H;. (Agy) do(@) < oo, (5.31)
IZ

As we already observed in Remark 5.5.1, we obtain [, Hy, (Ap) di(@) = Hu(AJA)
from (5.27), so the condition from (5.31) is satisfied using (5.25). Thus, using the
formula for hfiP(T) from (5.28), [Z08, Proposition 2.2(3)] gives that

lim _108;,[% (Oéa;,n(x)) _ hﬁb(

n—00 n

T),  jrae. (@,x) €I x[0,1). (5.32)

Let C € B% x B be the set of points (&, z) with the following three properties:

138



§5.6. Proofs of the main results

(i) the limit statement from (5.32) holds;

(i) 75(@,7) = %2 (o);

. . . djig
(iii) « is a Lebesgue density point for <&=.

It follows from the Lebesgue Differentiation Theorem that for each w € I Z such that
fi, < A and thus dé‘f € L'([0,1), \) we have that A-a.e. = € [0, 1) is a Lebesgue density
point of d:—/\” Together with (5.32) and Lemma 5.4.2 we deduce that i(C) = 1. Define

dji
do x Mm-1{w,z)ync 0}'

A= {(ww) eI x[0,1):

Then by Proposition 5.4.1,

w(A) =p(IIrANC) = / ap

dv x A=0
H*lAﬁCdI;XA v ’

thus Px A(A) = 0 by (16). Hence, for Px M-a.e. (w, ) there exists an & € IZ such that
(w,2) € C and 7(w) = w and dﬁ‘/\‘b (z) > 0, where this last part follows from property
(ii) of C. For each such (w,z) and @ it follows from property (iii) of elements in C'
that for every € > 0 there exists an N € N such that for each integer n > N,

(%(Js) - s)A(aa,n(az)) < e (apn(z)) < (%(m) + E)A(awm(a:)).

Here we used (r5). Combining this with (5.32) yields the result. O

From this result the Random Lochs’ Theorem from Theorem 5.1.4 immediately
follows.

Proof of Theorem 5.1.4. We have hi®(T) hf®(S) € (0,00), so Theorem 5.1.5 and
Theorem 5.1.6(i) together yield the desired result. O

§5.6.2 The Random Rokhlin Formula

The last item of Theorem 5.1.6 is the Random Rokhlin Formula relating fiber entropy
to the Jacobian of the transformations. We first prove an auxiliary lemma, for which
we introduce some notation.

Assume as in Theorem 5.1.6(iii) that for each ¢ € I and A € «; the restriction T;| 4
is differentiable. Then for each i € I the Jacobian JT; of T; with respect to A\ exists
and is equal to JT; = |DT;(z)| for M-a.e. z € [0,1). From Lemma 5.4.2 together with
the 7-invariance of ¥ it follows that for 7-a.e. @ € IZ, fiz;, < A. By (r5) we obtain
that for r-a.e. & € I%,

0'( lim azg.,) =B up to sets of fi;;-measure zero. (5.33)
n— o0

Since the standing assumptions of [B93] are satisfied, [B93, Lemma 1.1.2] gives that

fio 0 T ! = fiza, p-a.a. & € I”. (5.34)
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Let
E={0eI”: izs < X and (5.33) and (5.34) hold}.
Then #(E) = 1. For & € E let Cy = {z € [0, 1)'d“m( ) > 0}, define hg : [0,1) —
[0, 00) by
dfize -1 .
hd)(y): (ZT(?J)) ) lfyecvfm
1 if y € [0, 1)\Cg,
and define

() s
JTL:,1 (Z) dA

ZET@_ll {y}

which, as we will see in the proof of Lemma 5.6.2 below, is well defined as an operator
from Ll(/:t‘;,) = Ll([O, 1),ﬂ@) to L1<ﬂ.;—(;,)

Lemma 5.6.2. For @ € E, ¥ € L'(ji5) and n > 1 the following hold.
(i) B, (V)0 (T5 aron)) (@) = Ep, (Lot|o(aro ) (To, @) for fig-a.c. z.
(1) limy, oo Bp, (Lotlo(azon)) = Ep,, (Lo¥|B) = Lot for fizg-a.e. x.

Proof. By (5.34) and the definition of Cg, ﬂ@,(Tng@) = [17(Cy) = 1. Using the
change of variables formula from Lemma 1.2.20(b) we obtain for all B € a+, ,, that

. o dﬂ‘rw Y(2) dﬂw
/Bﬁwwdum B /3ma Loy A= /Bmc Z JTo, (2)  dA o D)

2€T;  {y}
- djg .
-y / (2 o (1, 1) () M)
AECE;;;I T@l(A)ﬁBf—]Cg, w1
dfig
> / o - e g
Acag, ANT ' BNT ' Co dr
— [ vda.
T;'B
In particular, Lg : L (fig) — L'(fizo) is well defined. We obtain that
I Lo dfize
By, (Lot|o(0ron)(Toz) = > 1B(Tw1$)BAM73
BCang firo(B)
RN TA
= 1,1 X Awi_
B€asg,n TQlB N’L:)(TA 1B)
Y djig
- Y L@ ylatdits
fia(A)

AGTL;;O‘%L&,'IL
= Ep, (Y|o(T5, aran)) (@)

for jizg-a.e. x. This gives (i). Part (ii) follows from combining (5.33) and Lévy’s
Upward Theorem. O
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This lemma is enough to prove the following Random Rokhlin’s Formula.

Theorem 5.6.3. If for each i € I and A € «; the restriction T;|a is differentiable,
then
RIP (T =/ log | DT, (z)| du(w, ).
INx[0,1)

Proof. We follow the reasoning of the proof of [VO16, Theorem 9.7.3]. Write ¢(x) =
—zlogz. As before, set A = B% x [0,1). Then using (5.31) and the Dominated
Convergence Theorem, we see from (5.29) that

R (T) = / nh_}rr;OH (awl U(Ta)_lla+@7n))dl9(af})
IL
= [ /[ AZ 6(Ep (Lalo (75 v, ) @) dfs@)0(@) (o

/ / o Tim g, (Lalo(T5 ar0n)) (@) dic (2)d7(2),
7 4 [0,1)

where for the last equality we used the Dominated Convergence Theorem again as
well as the continuity of ¢. From Lemma 5.6.2 with ¢ = 14 we get for each © € F
from (i) that

Ep, (Lalo(T; azon)) (@) = Ea,, (Lolalo(azon)(To,x)  fg-ace. (5.36)
and from (ii) that
lim By, (Lolalo(aren)) = Lola  fizp-ace. (5.37)

Recall that C, = {z € [0,1) : d“”’( ) > 0} satisfies fiz5(Cy) = 1. Combining (5.36)
and (5.37) with (5.35) and using fizg = fig © Tw1 and the change of variables formula
from Lemma 1.2.20(b) we conclude that

BT / /01) O(Lala(@)) diira(x) di(@)

1 d/L@ h@ OT@ dﬂ(;,
- /IZ Ag;l [/T L(A)NC, (JTwl Klog( JTo, 1 W)) > (T

hAOT(;j d/:Lw ~ ~ (oA
—— 2 ) (2) djig(z)dD(@
/Iz /m e s, ) @) o) @)

/ log J T, () dju(is, z) — / log hy © T, (&) dii(G, )
I1%2x[0,1)

I%2x0,1)

dfic .
— log — (o) dji(w, x).
/sz[o,l) 8 % (1) di(w, )

For each (@, ) € IZ x [0,1), set
. {(%(m))l, if fie < A and %2 (2) > 0,

At dA} di (&)

otherwise.

)
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Then for each @ € F and x € Tgll (Ca),
he o Ty, (z) =m0 F(&,x).

With the F-invariance of [ this yields

[ oghao Ty @di@ o) = [ [ logno Floys) dia(e)dn(@)
I2x[0,1) T;ll Cs

The result now follows. O

Proof of Theorem 5.1.6. Parts (i) and (iii) are given by Theorem 5.6.1 and The-
orem 5.6.3, respectively. By (5.23) for part (ii) it is enough to show that hy(F) =
h,(F) and hy(7) = h,(7). The latter follows immediately, because (I%, B%,0,7) is
the natural extension of the system (I, By, v, 1), i.e. (IZ,B% i, 7) is the smallest (in
the sense of the o-algebra) invertible system that has (I, BY, v, 7) as a factor, and
entropy is preserved under this construction (see e.g. [DK21, Chapter 5]). For the
first part, note that (IN % [0,1), BY x B, u, F) is a factor of (IZ x [0,1), 87 x B, i, ).
Hence, hy(F) > h,(F). Conversely, let C = {C1,C4,...} be a countable set that
generates Br, so O'(C) Br. Define for each n € N the partition 7, of I given by
= {CAUZ1Cj ri=1,....n} U{X\U_, Ci}. Then o(yn) C o(yn41) for each
n 2 1 and (hmn_mo ~r) = By. Similarly, since B is countably generated there exists
a sequence of finite partitions (8,,)n>1 of [0,1) such that o(lim, . 8,) = B. Then

n={( XIxXA_,xA_,1X - xA,xIx---)XB:A; €vp,i=-n,...,n,B€ B}

(where Ao is on the 0-th position) is a finite partition of IZ x [0,1) for each n € N
such that o(lim, . &,) = B% x B. Note that F= ¢, specifies sets in positions 1
to 2n + 1 in the first coordinate. Recall that IT : IZ x [0,1) — I x [0, 1) denotes the
canonical projection. We conclude using Lemma 1.2.18 that

ha(F) = lim ha(F,&) = lim ha(F, F7"g,)
= Mim hy,(FI(F" 15n)> hu(F).

n—oo

This finishes the proof. O

§5.6.3 The Central Limit Theorem

In case we compare a random number system to an NTFM, then under additional as-
sumptions on both systems we can obtain a Central Limit Theorem for Theorem 5.1.4
in a way comparable to what has been done in [H09| for two NTFM’s. Given a ran-
dom number system T = (I,P,{T;}icr, 1, {i }icr) and an NTFM (S, f1,7), for each
neN,welVand z €0,1), let

mr,g(n,w,z) =sup{m € N: o, n(x) C v ()}
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This is the analog of (5.13) for comparing two random number systems. We first
introduce additional assumptions that we put on the systems. The following property
can be found in [H09, Property 2.1].

Definition 5.6.4. Let (.5, fi,7) be an NTFM. We say that S satisfies the zero-property

if
L 108 A(u(@)) — nhg(S)
n— o0 \/ﬁ

The zero-property is rather strong, but [H09, Section 3.2 contains several examples
of NTFM’s that satisfy it, including the N-adic transformations from Example 5.1.1
and S-transformations S(z) = Sz mod 1 with 8 > 1 a so-called Parry number, i.e.
a number S for which the set {S™(8 — 1) : n > 0} is finite. The following lemma,
which compares to [H09, Lemma 2.1], yields a consequence of the zero-property.

=0 A-a.e.

Lemma 5.6.5 (cf. Lemma 2.1 in [H09]). Let T = (I,P,{T;}icr, ity {vi }icr) be a
random number system and let (S, [i,7y) be an NTFM that satisfies the zero-property.
Assume that h*(T), hz(S) € (0,00). Then

)‘(VmT,s(n,wyzr) (x))
tos ( Mt (@)

) =o(v/n) in p-probability.
That is, for each € > 0,

lim p({(w, ) : [108 A(Vmr s (nw,2) (@) — log Mo n(2))| > ev/n}) =0.

n—oo

Proof. By definition of my s(n,w,r) we see that aw n (%) C Yms s(nw.e)(T). Since
u << P x A it suffices to show that for all ,£ > 0 there exists an N € N such that for
all n > N we have

P x )\({(w,x) : log )\(’ymrs(n’w’x) (x)) — log Mo n(z)) > z—:\/ﬁ}) < €.

Fixe,é >0 and set n =¢ 3,’;5(3%) For each n € N, we put

Ap=1"x{zc(0,1] : Ik >n st. |log \(yu(e)) + khy(S)] > %WE}.

Because S satisfies the zero-property, we know that there exists an ng € N such that
P x A(Ay,,) < 5. Note that if (w,z) ¢ Ay, then for each n > ng we have

1
log A(Yn—1(z)) < §nxf— (n — Dha(S),
1
log A(7n () > — 577\/5 —nhu(9),
which when combined leads to

log A(yn—1(x)) —log A(vn(2)) < hi(S) + nv/n. (5.38)
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For each n > 1 put

B = {(w.) € ' x 0,1) % § mT,S(:,w,I) h’;i((?) <2 Vkzn}  (539)

From Theorem 5.1.4 it follows that there exists an integer n; > 2n0$ﬁ,7(s72) such
that P x A(By,) > 1 — 5. Note from (5.39) that for each (w,z) € B,, we have
ny < %nl% < my,s(ni,w,x). Therefore, it follows from (5.38) that, for each

(w,x) € By, \ An, and for each n > ny,

IOg A(WmT,s(n,w,x) (l’)) S h/:b(S) + n\/mT7S(na W, LIZ‘) +1+ IOg )‘(’mer,s(n,w,z)Jrl(l‘))-
(5.40)

For each n > 1 and interval E € ~, use OF to denote the boundary of E, i.e. the
collection of its two endpoints, and use dist(z, 9E) = inf{|x —a| : a € OE} to denote
the distance from z to the nearest boundary point of E. For each n € N and (w, x) €
IN % [0,1) we have that oy, ,(2) € Ymr.s(nwa)+1(T), 50 dist(T, MV s(nwa)+1(T)) <
Ao, (x)) and with (5.40) we obtain for each (w,z) € By, \ 4,, and each n > n
that

IOg /\(erT,s(n,w,m) (.23)) - IOg )‘(aw,n ($))
vn
< lOg )‘(’Vm77s(n,w,x)+1<x)) - lOg diSt(SL’, anT,s(n,w,xH»l(x))

B vn

m n,w,r)+ 1
+77\/ T,S( ) ]

n

For each n € N and interval E € v, we define a new interval E’ by removing from
both ends of E an interval of length —£4\(E). Furthermore, we define

72n2

C =10, 1)\( U U E\E’).

neN Ecy,

Then

)

W | oy

MO Z1-3 3 ) =1~

neN Ecy,

s0 P x A((Bp, N(IN x C)) \ A,,) >1—¢. For each (w,z) € I x C and n € N we
have the bound

diSt(xvaerT,s(n,w,m)-l-l (I)) > 202 A(’YmT,s(n,w,z)—&-l(x))'

Combining this with (5.39) and (5.41) gives for each integer n > ny and each (w,z) €
(Bp, N (IN x 0)) \ Ay, that

18 A s n00) (7)) = 108 Mt () _ |log =25 + () | [2h(T) | 1
Vn = NG N ha(s) T
(5.42)
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We now take an integer N > nj large enough such that for each integer n > N the
right-hand side of (5.42) is bounded by 7,/ 3';;'12(3? = ¢. This yields the lemma. O

Furthermore, we consider random number systems with the following property.

Definition 5.6.6. Let T = (I,P,{T;}icr, b, {cvi }icr) be a random number system.
We say that T satisfies the CLT-property if there is some o > 0 such that

—log Mo n (2 — nhfib Y 2
log A( g(\/)?z h (T)gu})— 1 /_Oce /24t

lim u({(w,:c) € I"x[0,1): o

n—oo

holds for each u € R.
With the properties from Definitions 5.6.4 and 5.6.6 we obtain the following result.

Theorem 5.6.7. Let T = (I,P,{T;}icr, p, {i }icr) be a random number system sat-
isfying the CLT-property with constant o > 0 and let (S,fi,v) be an NTFM that
satisfies the zero-property. Assume that hP(T), hz(S) € (0,00). Then for all u € R,

R (T)
mr.s(n,w,z) — n-— 1 u

lim M({(W,Qf) c IN % [0, 1) : hi(S) < U}) — 7/ e_t2/2 dt,

n—o00 H\/ﬁ /27'(' e

where kK = ha(S)”

Proof. Fix some u € R. We rewrite

fib

M7, (0w, %) — S log Al (@) - b (T)
Ky B hi(S)ky/n
n log )\(Olw,n(f)) - IOg )\(A/mT,s(n,w,z) ($)) (543)

hi(S)kv/n
+ IOg /\(PYmT,s(n,w,af) (LE)) + hﬂ (S)mT,S(n7 w, x)
ha () |

The last term can be written as

10g A(Ym . s (nyw,a) (%)) + ha(S)mT s(n, w, )
ha(S)ky/n

(5.44)
_ 1 m7,s(n,w, ) 108 AN Vimr o (nwe) (@) +ha(S)mr s(n,w, x)
hi(S)k n mr.s(n,w, ) '
. my s(nw,x) hﬁb(T)
From Theorem 5.1.4 we know that lim,, ..o - = Fs < >® for P x A-

ae. (w,z) € IN x [0,1). Since lim, oo m7 5(n,w,z) = 0o for P x M-a.e. (w,z) €
IN % [0,1), it then follows from the zero-property of S that (5.44) converges to 0 as
n — oo P x A-a.e. and thus also p-a.e. Hence it converges in p-probability as well.
Furthermore, we know from Lemma 5.6.5 that the second term on the right-hand side
of (5.43) converges to 0 as n — oo in p-probability.
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Define three sequences of random variables (X,)n>1, (Yn)n>1 and (Z,)p>1 on
IN x [0,1) by setting

fib
v mr g(n,w,z) — nhhﬁ((ST))
n - H\/ﬁ b
—log AMaw,n(x)) — nhﬁb(T)
Y, =

b (S) e/ ’
7 - IOg )‘(awm(l‘)) - log)‘(’YmTvs(n,w,z) ($>)
"= R (S) v/
i 1og AV, s (n,w,2) () + ha(S)mT s(n, w, z)
ha () |

Then by the above for each € > 0, lim,,_,oo 14(|Z,| > €) = 0 and since T satisfies the
CLT-property for each u € R it holds that

. o 1 “ —t2/2
nhﬁn;o w(Yy, <u) = ers [m e dt.

Fix some u € R and some € > 0. We are interested in lim, o (X, < u). From
(5.43) we see that
w( Xy < u) = p(Yn Su—2Zy)
=u(Yn <u—2,, |2, <e)+uY, <u—2Z,, |Z,| >¢).
Since limy, 00 (Y, <u—Z,, |Z,] > €) =0 we get
limsup p(X,, <u) = limsup p(Y, <u—Z,, |Z,| <e)

n—oo n—oo

< limsup (Y, <u+e)

n—oo

1 u+te
= —/ e 2qt,
V2T J oo
On the other hand,

liminf (X, <w) = liminf u(Y,, <u— Z,, |Z,| <¢)

n— oo n— oo

liminf (Y, <u—e, |Z,] <¢)

n— oo

vV

v

liminf (u(Y, <u—¢)— pu(|Z,| > ¢))

n—oo
1 Uu—Ee t2
= — 24t
e .
V2T /_oo
Since this holds for all € > 0 we get the result. O
We will now identify a class of random number systems that satisfies the CLT

property. Let {T; : [0,1) — [0,1)}ier be a countable collection of transformations
that satisfy the following two properties:
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(pl) For each i € I there exists an interval partition «; of [0, 1), such that for each
A € a;, T;] 4 has non-positive Schwarzian derivative and T;(A) = [0, 1).

(p2) There exist 1 < K < M < oo such that, for all z € [0,1) and all i € I,

K < |DTi(z)| < M. (5.45)

In particular, each 7T; is expanding and has finitely many onto branches (so each
partition «; has at most finitely many non-empty intervals) and T}|4 is C® for each
A € a;. Welet D denote the set of all collections {7} };¢1 satisfying conditions (p1) and
(p2) for some countable index set I and show that each element of D gives a random
number system, that under some additional assumptions satisfies the CLT-property.

Proposition 5.6.8. Let {T;}icr € D, {a;}icr the set of partitions given by Property
(p1), let p = (pi)icr be a strictly positive probability vector and let my be the p-
Bernoulli measure on IN. Then there exists a unique measure pu such that T =
(I, mp,{T: }ier, b, {viticr) is a random number system. Moreover, T satisfies the
CLT-property if and only if for each measurable function ¢ : IV x [0,1) — R we
have ¢ o F' # ¢ o F — 1, where F is the skew product associated to {T;}icr and
@ : IV x [0,1) = R is given by

p(w, ) = log | DTy, (z)| — A™(T). (5.46)

To prove Proposition 5.6.8 we use two theorems by Young [Y99], both of which
we have already used in Chapter 3. The results from [Y99] are formulated for Young
towers, i.e. extensions of induced systems for suitable return time maps. We will,
however, apply them to the system itself. That is, we will take the whole space
IN x [0,1) as the inducing domain and as a consequence the return time function R :
IN x [0,1) — N will have R(w,z) = 1 for each (w,z). In particular fINx[o,l) Rdmy x
A = 1. For the convenience of the reader, we will reformulate the results from [Y99]
that are relevant for the proof of Proposition 5.6.8 here for our setting, together with
the necessary conditions.

The skew product F' maps each element [i]| X A, i € I and A € «;, bijectively onto
IN x [0,1). Moreover, both F lijx4 and its inverse are non-singular with respect to
mp X A (giving (r4)). Hence, the Jacobian Jp,, A F exists and is positive mp x A-a.e.
By condition (p2) the collection {[i] x A : i € I, A € «o;} generates the o-algebra
BY x B (giving (r5)). For each (w,z), (@,y) € I x [0,1) write s((w,z), (@,y)) for the
smallest n > 0 such that F"(w,z) and F™(®,y) lie in distinct sets [i] x A. The results
from [Y99, Theorem 1] then imply, among other things, the following: if there are
Cy > 0,1 € (0,1) such that for all [{] x A and all (w,z), (@, y) € [i] x A it holds that

Jm,px)\F(wa CE)

_ -1l <C S(F(Wax)vF(‘:’ay))7 5.47
Jmpx)\F(way) = ( )

then F' admits an invariant and ergodic invariant probability measure i that is abso-
lutely continuous with respect to myp x A with a density that is bounded away from
0. We will use this to show that each {T}};c; € D yields a random number system.
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For the statement about the CLT-property in Proposition 5.6.8 we apply [Y99,
Theorem 4| to ¢ from (5.46). For this we need to verify that fINx[O 1 pdp =0 and
that there is a constant Co > 0 such that

o(w, z) — @@, y)| < Con*l (") E) (5.48)

for all (w,z),(©,y) € IN x [0,1), where 7 is the constant from (5.47). Under these
conditions [Y99, Theorem 4] states that the sequence (ﬁ Yo 01 po F’)n converges
in distribution with respect to p to a normal distribution with mean 0 and variance
o? for some o > 0 if and only if p o F' # 1 o F — ¢ for any measurable function

Y IV x[0,1) = R.

Proof of Proposition 5.6.8. Let {T;}ier € D, {a;}icr the set of partitions from Prop-

erty (pl), p = (p:)icr be a strictly positive probability vector and my, be the p-

Bernoulli measure on IN. A suitable invariant measure u for the skew product F is

obtained from [Y99, Theorem 1] once we show that (5.47) holds. First note that (rl),
(r2), (r3) follow straightforwardly and (r4), (r5) were already addressed above. By

Property (p2) the partition A is finite, yielding (r7) once we have p. Hence, we focus
n (16).

Since each branch of each T; has non-positive Schwarzian derivative and we have
inf(; ;) |DT;(x)| > 1, it follows from the Koebe Principle, i.e. (1.14) and (1.15), that
there exists K1, Ko > 0 such that for eachw € IN, n €N, A € awnand z,y € A we
have

1 _DIi)

< m < K; (5.49)
and
DT (x T () — T2 ()] . .
) 1{ < Ko S = e (T @) — T3] (5.50)

For each i € I and A € «; we have for all measurable sets F C [i] and B C A that

mp x A(F(E x B)) :/
E

from which it follows that

DTwl( ) dmyp X AMw,x),
x B Puy

L o1 (). (5.51)

Puw,

TmpsrF(w, ) =

Combining this with (5.50) yields for ¢ and A and (w,z), (@,y) € [i] x A that

Iy snF (w, ) B 1‘ DT;(x
T A F (@, y) DTi(y
Assume s(F(w, ), F(©,y)) = n. Then for each 2 < k < n + 1 we have wy = @, and
that TF~1(z) and TF~(y) = TF~1(y) are in the same interval of the partition a,,
and thus from the Mean Value Theorem and property (p2) that

o TalTE @) = T Tk ) | T - 15
k1 — Tﬁfl( ) Tk: 1 Tk lx Tk: 1( )

—1\,K2 Ti@) - Tiw) (5:52)

K < min|DT,
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We conclude that
Ty(x) = Ti(y)| < KT (2) - To(y)| < --- < KI5 (@) = T (y) < K7

Together with (5.52) this shows that (5.47) holds with n = K~!. Hence, we obtain
an F-invariant and F-ergodic measure p that is equivalent to my, x A. This implies
that 7 = (I, mp, {T; }ier, i, {vi }ier) is a random number system.

What is left is to prove the statement on the CLT-property. Note that

n—1
L i _ log |DT;3(x)| — nh™™(T)
Tn ; poF'(w,x) = NG .

Since T = (I, mp,{T; }icr, 1, {ci }ier) is a random number system, Theorem 5.1.6(iii)
implies that fINx[O,l) @dp = 0. Assume for a moment that also condition (5.48) holds,
i.e. that we satisfy the conditions of [Y99, Theorem 4]. It then follows that there is
some o > (0 such that

. N . log| DT ()| — nh™(T) _ 1 /u ~2/2
nh_}ngou({(w,x) eI x[0,1) : o/ < u}) v _Ooe dt

if and only if ¢ o F' # 1 o F — ) for any measurable function v : I x [0,1) — R.
From (5.49) it follows that for each w € IN, n € N and z € [0, 1),

| DT (a) B
Man(@)) < - _ i DT (@)
(@) < G TDTEG)]  Wyen... o) |DTEW)]

< K - |DT ()|~

and similarly
1 1
> .
SUDyca,, . (2) DTS (W) — Ka

)‘(aw,n(x)) >

Hence, if for each n > 1 we write

_ —log Mawn(x)) — nhfiP(T)

X =
n(wax> O’\/ﬁ )
then
_ n _ fib n o fib
log K1 +10g|DTw (x)] = nh">(T) < Xp(w.z) < log K1 +10g|DTw ()] — nh (7')’
o\/n ov/n ov/n ov/n

and we see that to prove the last part of the proposition, it is enough to show that
(5.48) with n = K~ holds.

Let (w,z), (@,y) € I x [0,1). We first consider the case that s((w,z), (@,y)) > 0.
Let ¢ € I and A € o; be such that (w,z), (©,y) € [i] x A. It then follows from (5.51)
that
DT, (x)

) H - ‘ log

( Jmpx)\F(w7x)H
DT@l(y

w,x) — p(w, =|lo —_—||-
p(w,@) — (@,y)| = |log y Yo

149

G YHLIVH))



CHAPTER 5

5. A Lochs Theorem for random interval maps

Recall from the first part of the proof that

M 1] < Ky Ks(F@) F@w),
JnlpxkF(Way) -

Combining this with the fact that for all z > 0,
|log x| < max{z — 1,2~ ! — 1} < max{|z — 1|, |z~' - 1]},

yields that

Jmp X)\F(wa

k m)
gl V=~
& Jmpx)\F(way)

H < Ky - K—s(F(w,z),F(@,y)) < KZ . K*S((ww)}(&,y))’

where Ky = Ky - K. In case s((w,z), (@,y)) = 0 we just notice from (5.45) that

DT, (x)
log 71“ <log M —log K.
‘ DTcZJl (y)
By taking Cy = max{K>,log M —log K} we obtain the result. O

Remark 5.6.9. (i) A natural question is whether a Central Limit Theorem would
hold when comparing two random number systems. For two random number systems
T = (I,P,{T;}icr, b, {ai }icr) and S = (J,Q, {S;}jer, p, {7;}jes) the limit statement
for an annealed result with respect to S would describe a subset of IV x JY x [0, 1).
One might expect that a Central Limit Theorem with measure P x Q x A holds for
random number systems 7 and S with invariant measures p =P x A and p = Q x A,
respectively. For a quenched result with respect to & the arguments for Theorem
5.6.7 might work if S satisfies a random zero-property, where in Definition 5.6.4 we
replace v, (z) and hz(S) by vo,n(z) and hfiP(S), respectively, and ask for the limit to
hold for Q-a.e. @.

(ii) The Central Limit Theorem from [H09, Corollary 2.1] derived for the quantity
mr,s(n,z) for two NTFM’s T and S asks for T to satisfy the zero-property and for
S to satisfy a property called the weak invariance principle, which seems to be quite
strong. By asking that S satisfies the zero-property, we have obtained the Central
Limit Theorem under the somewhat less restrictive CLT-property on the random
number system 7. This implies that the Central Limit Theorem from [H09, Corollary
2.1] also holds under the assumptions that the NTFM T has the CLT-property and
S has the zero-property.

§5.7 Examples involving well-known number expan-
sions

Below we consider some specific examples of random number systems with relations
to number expansions.
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Example 5.7.1 (Random integer base expansions). In this example we gener-
alize the setting of Example 5.1.3. Consider a sequence of integers 2 < N; < N3 <

N3 < .... Set I = {N1,Na,...}, let p = (p;)ics be a strictly positive probability
vector and let m, be the p-Bernoulli measure on [ N Assume that
Zpi log? i < oc. (5.53)
iel

For each i € I, let T;(z) = ¢z mod 1. The maps T; are non-singular and piecewise
strictly monotonic and C'* with respect to the partitions a; = {4; ;};>0 given by

[lm) if0<j<i-—1,
Azlj — 7 K3
0, otherwise.

Thus, conditions (r2) and (r4) are satisfied. The countability of I accounts for (rl)
and (r3). The invariance of myp x A for the skew product F follows directly (using
that all maps T; preserve A) and its ergodicity follows from standard results, such
as e.g. [M85b, Theorem 5.1]. Hence, we get (r6). All maps are expanding, since
DT;(z) > 2 for all 2 € [0,1) and i € I, which implies (r5). Finally, the F-invariant
measure that is obtained by applying Proposition 5.4.1 to mp X X is My X A, where
1y is the p-Bernoulli measure on IZ. Hence, it follows from (5.53) that condition
(5.30) is satisfied (because (1mp X A)g = A for mp-a.e. & by Fubini’s Theorem), so T =
(I, mp,{T: }icr,mp X A\, {; }icr) is a random number system and thus Theorem 5.1.6
applies. Combining Theorem 5.1.6(i), (iii) and (5.53) then gives for mp-a.e. w and
A-a.e. z that
lim —M = hP(T) z/ / log | DT, ()| d\(x)dmy(w)
™ Jo,1)

n— 00 n
= / log widmyp(w) = Zpi logi < oo.
m i€l
Note that the right-hand side is the weighted sum of the entropies hy(7;) = log .

Note also that the collection {T;};c; does not necessarily fall into the set D from
the previous section, since there does not need to be a uniform upper bound on the
derivatives of the maps T;. We show that 7T satisfies the CLT-property nonetheless.
For each j € N, define the random variable X; on I x [0,1) as

Xj(w,z) = — Z Lgi-1y-14(2) log \(A) = —log A(aw, (T3 (2)))-

AEauj

Then {X;};>1 is an i.i.d. sequence on (IN x [0,1), B} x B,m, x A). Since each map
T; preserves A, we obtain

)= — o) a, (T3 Y (z T)amp(w
BugX) = = [ [ loman, (1271 00) dX(@mp
= —/ / log A(aw, (%)) dA(z)dmp(w)
rJo,)

= / log w; dmyp(w) = hEP(T).
IN
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Similarly,

o? = Var(X;) = /IN(logwj — B (T))2dmy (w Zp, log? i — (Zpl logz) .

iel el
(5.54)

It follows from (5.53) that o2 € (0, 00). Also —log A(ay n(x)) = Z?:l X (w, ), hence
from the Central Limit Theorem we get

flog)\(ozwyn(:r)) — nhfP(T) _ Z;L:1 X = nEp,xA(X5)
ov/n B ovn
where the convergence is in distribution with respect to myp x A. Hence, T satisfies
the CLT-property with variance 0% and with respect to m,, x .
Recall that the digit sequence (d) (w, r)),>1 was defined in (5.9) by setting d/ (w, z)
= jn if T7"Y(x) € Ay, ;.- In a similar way as in Example 5.1.3 it can be shown that
this yields a number expansion of = given by

— N(0,1),

> d;(w,x)

. . b
n=1 [Lic: §on.i()

where ¢, ;(w) = #{1 < j < n : w; = i}. Hence, the random number system 7
produces number expansions of numbers x € [0,1) in mixed integer bases Ny, Na, .. ..

xTr =

Consider the random number system 7 from above and another random number
system of this form for 2 < My < My < ... with J = {My, M5, ...} and a probability
vector ¢ = (g;) ;e specifying the Bernoulli measure mg on J N Assume that g satisfies
the condition (5.53) as well. Write {S;};c for the maps Sj(z) = jz mod 1 and let
{7;j}jes be the corresponding partitions into maximal intervals on which the maps S;
are monotone. For the random number systems 7 = (IN, my, {T; }ic1, mp ¥ A, {c }ier)
and S = (JN, mgq,{S;j}jes,mq X X\, {7j}jes) We obtain

W(T) = pilogi, h°(S)=> g;logj.
iel jed

The Random Lochs’ Theorem from Theorem 5.1.4 then states that for my, x mgq-
a.e. (w,@) € IN x JY it holds that

mT’S(’I’L,w,(:},LU) Zié]pi 10g1

lim = - JA-a.e.

n—oo n Zjej qjlogj
In other words, given w,® and the first n digits d] (w, z),...,d] (w, JL‘) of an unknown
x, then typically we can determine approximately the first nz‘gilq)ll(;‘z; digits of = in

mixed integer bases M7, M, ... generated by the random system S.

Moreover, if we take the NTFM S(z) = Mx mod 1 for some integer M > 2, then
from Theorem 5.1.4 we obtain for my-a.e. w € IV,
mT,S(n,(A},Z‘) Zie]pi IOgZ

nll_}n;lo - = log M A-a.c.
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From [H09, Section 3.2] we know that S has the zero-property, so that Theorem 5.6.7
gives for each u € R that

Z'glpi logi
mr,s(n,w, ) — n =5

< u})
p =
log]\/[\/ﬁ

lim my, x )\({(ww) e INx0,1) :

n— oo

! /u —2 gy
= — e 5
V2T J oo

where o is as in (5.54).

Remark 5.7.2. Arguments almost identical to the ones in Example 5.7.1 hold for
any random system consisting of GLS-transformations. A GLS-transformation, see
[BBDK96|, is a piecewise linear map T : [0,1) — [0,1) specified by an at most
countable interval partition of [0,1) and for each of these intervals an orientation,
such that 7" maps each interval linearly onto [0,1) with the specified orientation.
For example, we can fix some N € {2,3,...} U{oo} (the number of branches of the
map), n € (0,1) (providing a lower bound on the slope of the branches) and ¢ =
(qj);v:_ol € (0,n)N with Z;V:_Ol ¢; = 1 (the sizes of the intervals). The transformation
T, :[0,1) = [0,1) given by

1
L) =3 (o= ) sy 0) @

is a GLS-transformation mapping each interval [ch;é qk, Zi:o q;.c) linearly and ori-
entation preservingly onto [0,1). We canset I = {q = (qj);y;Ol € (0,n)N : Z;V:*Ol g =
1}, let P be a 7-invariant probability measure on IV and consider the family {7, },e;.

(Note that contrary to in Example 5.7.1 this I is not countable.) We assume that
—/ / log A, (%)) dA(z)dP(w) € (0, 00)
™ J{o,1)

and that the skew product F associated to {Tj},es is ergodic. Then it can in a
similar way as in Example 5.7.1 be shown that 7 = (IN,P,{T,}ser, P x A, {ag }ger)
is a random number system and that

W) = [ () ap).

If we furthermore assume that P = 7V with 7 a non-trivial probability measure on I
and that

// log? Aai(x)) dA(z)dm (i) < oo,
1J]0,1)
then T satisfies the CLT-property with variance
2
o = / / (1og A(as()) +h™(T)) d\(x)dn(i) € (0, 00).
1J[0,1)

Number expansions obtained from this system are random versions of what are called
generalised Liiroth series expansions. A particular instance of this class was studied
in [KM22b].
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Remark 5.7.3. The family of GLS-transformations from Remark 5.7.2 provides ex-
amples of random number systems that do not satisfy (s1) from Section 5.3 by having
an uncountable index set. We can also construct from these transformations random
number systems that satisfy (s1) but not (s2). As an easy example, set I = {2,3,...},
define the probability vector p = (p;)ies by

1

pi=C i- (logi)?

with normalisation C~! = 777 72 and again write m, for the p-Bernoulli

1
n=2 n-(log n)?
measure on 1. Furthermore, for each i € I, let

e if z €[0,5 — #7),
ﬂ : [071) — [07 ]‘)3 E(IE) = : 1i+1 . 1 1
%+1<I_§+2+1) 1fx€[§—l+—1,1)
and oy = {Ai,OaAi,l} with Ai,O = [O 1 m) and Az 1 = [5 — H_%,].) Then T =

(IN,mp, {T; }ie1,mp X A\, {a;}ier) is a random number system that meets (r1)-(r7)
and (s1). However, (s2) is not satisfied, since the entropy H,,,(¢) of the partition
v ={[i] : i € I'} satisfies

— pilogp; = Z logz log(i - (logi)?) - C

el
with C' = C -log(C) - 32, ﬁ = log(C) € R, and thus

- 1 N
H,, (1) > logi—C =C- : __C = oo0.
N cz oy logi = C O3 g O =

This indicates that the class of random systems is considerably bigger than the class
of random number systems that meets the additional conditions (s1)-(s4).

Example 5.7.4 (Random continued fraction expansions). Let ({Tp, 1}, mp)
be the random Gauss-Rényi map from Example 1.4.2, where T = G is the Gauss map
from Example 1.3.2, T} = R is the Rényi map from Example 1.3.3 and p = {po,p1}
with pg = p € (0,1) and p1 = 1 — p gives the probabilities of choosing G and R,
respectively. The partitions ag = {4 ;};>0 and a; = {A1 ;};>0 are given by

AO,j = (L7 L and ALj = .L, @>7 =
j+2 3+1 j+15+2

In [KKV17] it was proven that there exists a measure p, equivalent to A such that

mp X pp is invariant and ergodic with respect to the skew product F' with a density %{’

that is bounded away from zero and is of bounded variation, so in particular bounded.

For the system 7 = (I, myp, {T;}i=0,1,Mp X pp, {; }i=0,1) conditions (r1)—(r6) follow

straightforwardly. For (r7), let M > 1 be such that M-1< ddi)f’ < M and note that

log((j +1)(j +2))
G+DGE+2)

Hyp, (D) < Mlog M + MZ
7>0
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It follows that H,,,x,,(A) < co. Thus (r7) holds and T = (I, myp, {Ti}i=0,1,mp X
Pps{@i}i=0,1) is a random number system. For the fiber entropy we obtain from
Theorem 5.1.6(iii) that

fib = (0] x T )ameqp(wW
W)= [ [ Rl DT @] doyteimy )

= _2/0 plogz + (1 —p)log(l — x) dp,(x).

It follows from equation (8) in [KKV17] that the digit sequences (d] (w,x)),>; from
this random number system give the semi-regular continued fraction expansions of
real numbers z € [0,1] by

—1)«1
Tr=w+ ( ) (_1)wz
d] (w,z) + 14w +
dj (w, ) +1+ws +
1
0 111 21
62 m 6

(a) Sg foralln < B <4. (b) The partition A.

Figure 5.8: In (a) we see the graphs of all the maps Sg for B € [n,d] from Example 5.7.5 for
some 1 < n <2< 6§ < 3. Each shade of grey corresponds to one graph. In (b) we see the
elements of the partition A for values n and § as in (a).

Example 5.7.5. (Random [-expansions in alternate base) Fix two constants 1 <
n < § and let J = [n,d]. For each 8 € J, let Sp : [0,1) — [0,1), 2 — Bz mod 1 be
the S-transformation, which is the piecewise linear map with slope 8 on the partition

78 = {Cs,j}j>0 given by

(4,31, ifo<j<[f]-1
Cpy =< [BA1), ifj=[8] -1,
0, otherwise,

where [3] indicates the smallest integer not smaller than 8. See Figure 5.3(a) for
some graphs. The study of S-transformations was initiated by Reényi in [R57b]. The
[-transformations are related to S-expansions of real numbers, which are expressions
of the form

xzz%’;, by e {0,1,....[8] —1}.

n>1
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Fix some periodic sequence
— JN
U= (UL, Uy e ooy Uy UL, Uy e vy U, Uy - . .) €

of period length m > 2 and consider the shift invariant measure Q on J" defined by
1 m
m ;:1 Ti— 1y, ( )

where d, denotes the Dirac measure at the point y € JN. We define the map v :
{1,2,...,m} x [0,1) = JN x [0,1) by

Y(i,x) = ((Ui,Ui+1, ey Uy UL, Uy« vy Uy ULy e - 2)y )y

which is measurable if we put on {1,2,...,m} x [0,1) the o-algebra
_ { \U{i} x Bi : Bi,...,Bu eB}.
i=1

Defining the transformation T, : {1,2,...,m} x [0,1) = {1,2,...,m} x [0,1) by
T.(i,z) = ((i + 1) mod m, Ty, (z)),

it follows from [CCD21] that there are probability measures fiy, 1, - - . , ftu,m on ([0,1), B)
such that the probability measure p, on ({1,...,m} x [0,1),.A) given by

m ) 1 m
Mu(U{Z}XBi) :EZMu,i(Bi)z By,...,Bm € B,
i=1 i=1

is an ergodic invariant measure for 7, that is equivalent to the probability measure
Ay on ({1,...,m} x [0,1),.A) given by

m 1™
Au {.}XBi = )‘(Bz)a B 7--~7B7nEB-

Define the probability measure p on JN x [0,1) by

m
1
= E Orim1y X Hoi-
m <
i=1

Since Q x A = A\, 09! and 7 is an isomorphism between the dynamical systems
({1,...,m}x[0,1), A, g, T,,) and (JY x [0, 1), BY x B, p, F) with F the skew product
associated to {Sg}ge, it follows that p is an ergodic invariant measure for F' and
that p is equivalent to Q x A. Since d is an upper bound for J, the collection A is
finite and thus H,(A) < oco. Figure 5.3(b) illustrates the sets A(j) for n € (1,2)
and ¢ € (2,3). It follows that S = (J,Q,{Ss}ses, 0, {7V} ses) is a random number
system. From Theorem 5.1.6(iii) we get

hﬁb / / logws dp(w, x) log u;.
N Jo,1) Z
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By the definition of the digit sequence (d< (w, z)),>1 we can write for each w € JV,
x €[0,1) and n > 1 that

SE(CL') = Wnsl;l_l(m> - di(wvx)7

so that

as ds ds Sn
T = l(w’x)+ 2("‘)"1')_’_._._"_ n(wam) + w(‘T) .
w1 wiw2 Wi« Wnp Wi« Wnp

Since lim,,_s o0 Sel@) < limy,—y 00 ni” =0, for each x € [0,1) and w € J" we obtain the

W1 Wy

random mized B-expansion

=3 dﬁ(w,x)’
et W1 Wy

With our choice of Q from (5.55) it holds that for Q-a.e. w € JY with w; = u; the
random mixed [S-expansions produced by the system S are the greedy (ui, ..., unm)-
expansions in alternate base that are the object of study in [CCD21].

With Theorem 5.1.4 we can compare the semi-regular continued fraction digits
from the random continued fraction map from Example 5.7.4 with the alternate base
greedy fS-expansions. If we let T = (I, mp, {T}}i=0,1,Mp X pp,{@;}i=0,1) be the sys-
tem from Example 5.7.4 and let (J,Q,{Ss}scs, p, {75}ses) be the system from Ex-
ample 5.7.5, then Theorem 5.1.4 tells us that for mp x Q-a.e. (w,) € I x JN,

o mrs(n,w,@, ) _ —2f[0’1)p10gx + (1 —p)log(l —x)dp,(x)
n—0o0 n Ly logu;

A-a.e.
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