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CHAPTER

Intermittency generated by
attracting and weakly repelling fixed
points

This chapter is based on: [Z].

Abstract

In Chapter 2 for a class of critically intermittent random systems a phase transition
was found for the finiteness of the absolutely continuous invariant measure. The
systems for which this result holds are characterised by the interplay between a su-
perexponentially attracting fixed point and an exponentially repelling fixed point. In
this chapter we consider a closely related family of random systems with instead ex-
ponentially fast attraction to and polynomially fast repulsion from two fixed points,
and show that such a phase transition still exists. The method of the proof however
is different and relies on the construction of a suitable invariant set for the Perron-
Frobenius operator.



CHAPTER 4

4. Intermittency generated by attracting and weakly repelling fixed points

§4.1 Introduction

For the critically intermittent random systems studied in Chapter 2 we asked in
Subsection 2.4.3 the question what happens to the absolutely continuous invariant
measure, if it exists, when the superexponential convergence to c is replaced by expo-
nential convergence to ¢ and the exponential divergence from 0 and 1 is replaced by
polynomial divergence from 0 and 1. In this chapter we investigate this by considering
a random system that generates i.i.d. random compositions of a finite fixed number of
maps of two types: Type 1 consists of the LSV maps from (1.11) and type 2 consists of
LSV maps where the right branch is replaced by increasing branches that map (%, 1]
to itself and for which the derivative close to % is smaller than 1. The random orbits
then converge exponentially fast to % under applications of maps of type 2, and as
soon as a map of type 1 is applied then diverge polynomially fast from 0, see Figure
4.1(a). We will show that such random systems exhibit a phase transition similar to
the ones found in Chapters 2 and 3 in the sense that it depends on the features of the
maps as well as on the probabilities of choosing the maps whether the system admits

a finite absolutely continuous invariant measure or not.

We define the class & = {5, : a € (0,00)} where S, is the LSV map from (1.11),
and the class R = {Ry x : o € (0,00), K € (0,1)} where

Ra K(:L’) =

s

{x(l + 207%) if zel0,3], (1)

L+ K@—H)+20-K)(@-3)? if e

The graph of R, i is shown in Figure 4.1(b). The right branch of R, x is defined
in such a way that % and 1 are fixed points for R, x and that under R, i orbits
eventually approach % from above. The rate of this convergence to % is determined
by K. Let T1,..., Ty € G UfR be a finite collection. Similar as in the previous
chapters we write

ZS:{ISjSNZTjEG},
ER:{ISjSN:TjEm},
S={l,...,N} =S5 UZp.

We assume that ¥g,Xr # (. For each j € ¥ we write o; € (0,00) if Tj(z) =

z(1+2%2%) for z € [0,3]. For j € ¥ we moreover write K; € (0,1) if Tj(z) =
F+Kj(z—3)+2(1 — Kj)(z— 3)? for z € (3,1].

Let F' be the skew product associated to {T}};ex, i.e.
F 3N x0,1] = 2N x [0,1], (w,z) = (Tw, T, (2)), (4.2)

where 7 denotes the left shift on sequences in =N. Let p = (p;);ex be a probability
vector with strictly positive entries representing the probabilities with which we choose
the maps from 7 = {T}};ex. Let mp be the p-Bernoulli measure on YN, Since each
of the maps T (j € ¥) has zero as a neutral fixed point, orbits under (7, p) exhibit
intermittent behaviour in the sense that periods of chaotic behaviour are followed by
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84.1. Introduction
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Figure 4.1: In (a) we see the critically intermittent system consisting of the maps So and

(a
Ra,x given by (1.11) and (4.1), respectively. The dashed lines indicate part of a random
orbit of x. In (b) the graph of Ra i is depicted for several values of o and K.

periods of spending time near zero. The amount of time spent near zero generally
increases for larger values of p; (j € Xr), smaller values of K; (j € £g) and larger
values of o; (j € ).

We set aumin = min{ey; : j € 3}. Throughout this chapter we assume the following:

‘ Assumption: o, < 1. ‘

Furthermore, we set

n= Z pr KO

rEXR
v =sup{d >0: Z p K70 <1}
reXp
Note that if n < 1, then v > amin. We have the following main results.
Theorem 4.1.1. Suppose nn > 1. Then no acs probability measure exists for (T,p).

Theorem 4.1.2. Suppose n < 1.

(1) There exists a unique acs probability measure p for (T,p). Moreover, F is
ergodic with respect to my X p.

(2) The density % with respect to the Lebesgue measure A is bounded away from
zero and on the intervals (0,%] and (3,1] is decreasing and locally Lipschitz.
Furthermore, for each 8 € (Gmin,y) N (0,1] there exist a1, as > 0 such that

U 2) < ay a1, refog)l 6y
R <a(o-g) ve(z) @
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CHAPTER 4

4. Intermittency generated by attracting and weakly repelling fixed points

See Figure 4.2 for a plot of %ﬁ. In addition to Theorem 4.1.1 we argue in Section
4.3 that if n > 1 then an infinite acs measure exists and no physical measure (see
footnote 1 on page 39) for F exists. Together with Theorem 4.1.2 this shows that the
random system undergoes a phase transition with threshold » = 1. It is not clear if
an acs probability measure exists when 17 = 1. We discuss this in Section 4.3 as well.
Note that if 2762 p-K 1 <1, then v > 1. So in this case we can take 8 = 1, and
then Theorem 4.1.2(2) says that there exists a > 0 such that

s

< a- g Cmin 1]. 4,
0 a-x , x € (0,1] (4.5)

This bound is also found in [LSV99] where only one LSV map 71 € & with ay € (0,1)
is considered and no maps in fR. This suggest that in case ZTezR pr K7t < 1 the
attraction by the maps {7} ex, to % does not change the order of the pole of the
invariant density at zero. Note however that the density in the setting of [LSV99)] is
shown to be continuous on (0, 1), which in general is not the case for the density in
the setting of Theorem 4.1.2. See Figure 4.2(b).

351 35
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Figure 4.2: Approzimation of Z—i in case g = {1}, ¥r = {2}, p1 = E and o = aa = %
for two different values of Ka. Both pictures depict P'°°(1) with P as in (4.17), where in
(a) we have taken Ky = 1~ (sonp <1< p2K5 1) and in (b) Ko = S (son< paKyt < 1).

With Theorem 4.1.2 we can derive the following result, which says that the density
df—;’ in L'(\) = L'([0,1],)\) depends continuously on the probability vector p € RY
w.r.t. the L'(\)-norm. Here we write y,, for the acs probability measure that corres-
ponds to the probability vector p.

Corollary 4.1.3. For eachn € N, let p, = (pn,j)jex be a strictly positive probability
vector such that sup,, ETEZR D r K Omin <1 and assume that lim, oo P, = P in
Rf . Then

dpip, . dﬂp

n—>oo H L1(N) -
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84.1. Introduction

Note that the convergence in Corollary 4.1.3 is stronger than in Corollary 2.1.5
where only weak convergence for the acs measure is derived.

Let us briefly give a heuristic explanation of why the value of 1 determines whether
(T, p) admits an acs probability measure or not. We do this by referring to techniques
involving inducing. First of all, as results like Kac’s Lemma, Proposition 1.2.12 and
the Young tower technique discussed in Chapter 3 indicate, given a subset Y in which
orbits stay relatively short, the expected time! to first return to Y after leaving Y
is finite typically if and only if an acs probability measure exists. Let us now argue
for our random systems that for n < 1 (n > 1) the expected time to first return
to Y = X% x (3,1) after leaving Y is finite (infinite), thus suggesting the result of
Theorem 4.1.1 and the first part of Theorem 4.1.2. If X = (), then our system is an
i.i.d. random LSV map and as explained in Example 1.4.3 we know that in this case
the existence of an acs probability measure depends on how long orbits stick close to
zero. As follows from the results in [BBD14, BB16, Z18, BQT21], this stickiness at
zero is governed by the LSV map with the fastest relaxation rate, i.e. having parameter
Qmin- In particular, a point (w,x) € Y with z close to % typically needs of the order
(z— &)~ iterations under F to first return to Y as shown in [BB16, Theorem 1.1].

1

In this case the expected return time to Y behaves roughly as x := fll (x—5) mindx,
2

which is finite if and only if ai, < 1. If Xz # 0, then the influence of the stickiness
at zero is enhanced because points in (%, 1) close to % are sent closer to zero when
first a number of times maps from fR are applied before a map from & is applied. In

this case the expected return time to Y after leaving Y behaves roughly like

i DY (m P, [ (T,.mo...oT,.l(x)—%)w"""da:. (4.6)

m=0r1EXR rTm€XR  J=

First of all, for all r € g and z € ($,1) we have T,(z) > 1 + K,(z — }) and so
the quantity in (4.6) can be bounded from above by x> >>_ n™. Hence, if n < 1,
then it is reasonable to expect that the expected return time to Y after leaving Y is
finite. On the other hand, if » > 1, then there exists € > 0 small enough such that
Ne = D rexy Pr(Ky + €)% > 1 as well. Since for z € (1,1) sufficiently close to
3 we have T).(z) < & + (K, + £)(z — §), the quantity in (4.6) can be bounded from
below by &~ _ 1™ = oo with & € (0,x]. Hence, if n > 1, then this suggests that
the expected return time to Y after leaving Y is infinite.

For the proof of Theorem 4.1.1 we will work out the above sketch in more detail
and obtain the result using Kac’s Lemma. On the other hand, for the proof of
Theorem 4.1.2 we will not make use of an inducing technique. The first reason is
that working out in precise detail the above sketch of bounding the expected return
time still requires additional work that is not straightforward. Secondly, as we have
seen in Subsection 2.2 and Chapter 3, inducing techniques often require the induced
transformation to satisfy certain bounded distortion conditions, which are hard to
obtain for the random systems in this chapter since the first branch of the maps 7}

IHere we mean with ‘expected’ that we take the expectation with respect to a reference measure,
which in our random system is mp X A.
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CHAPTER 4

4. Intermittency generated by attracting and weakly repelling fixed points

can have positive Schwarzian derivative (namely if o; > 1). For this reason but also
because the maps 7). (r € ¥ i) have a discontinuity, we cannot use the method from
Subsection 2.3.2 either. Furthermore, we remark that not only in Chapters 2 and 3
but also in this chapter we cannot use the technique from Pelikan in [P84, Section 4]
discussed in Section 2.1. The main reason is that the constituent maps S and T from
Pelikan have competing behaviour at the same fixed point, whereas our systems are
characterised by the interplay between the behaviour at two different fixed points.

Instead, for the case n < 1 we show the existence of an acs probability measure
by considering a suitable set of functions that is invariant with respect to the Perron-
Frobenius operator of the random system. We will then apply the Arzela-Ascoli
Theorem to prove that this set has a fixed point. This approach is similar to the one
in Section 2 of [LSV99] where only one LSV map is considered.

The remainder of this chapter is organised as follows. Section 4.2 concentrates on
proving Theorems 4.1.1 and 4.1.2 and Corollary 4.1.3. This chapter will be concluded
in Section 4.3 with some final remarks.

§4.2 Phase transition for the acs measure

As in Section 4.1, let T, ..., Ty € & UR be a finite collection, write g = {1 < j <
N:T; €6}, 5, ={1<j<N:T,eRtand L ={1,...,N} = ¥gUXp and
assume that Yg, X r # 0 and oy, < 1. Furthermore, we again denote by F the skew
product associated to 7 = {T}},ex given by (4.2), let p = (p;)jex be a probability
vector with strictly positive entries and let m, be the p-Bernoulli measure on N,
Also, recall that

n= Z P

r€EXR

§4.2.1 The case n > 1

In this subsection we prove Theorem 4.1.1, namely that any acs measure for (7, p)
must be infinite if n > 1. Throughout this subsection we use the notations for words
and compositions of the maps 7} introduced in Section 1.4. Furthermore, we will use
the following well-known results.

Let j € ¥ and define the sequence {z,,(j)} in (0, 3] by

1
x1(j) = B and  x,(j) = Tj'[?),ll (zn-1(j)) for each integer n > 2.

3

As explained in e.g. the beginning of Section 6.2 of [Y99] there exists a constant
C; > 1 such that for each n € N

1 1

Ci'n % <wn(j) < Cjn” %, (4.7)
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§4.2. Phase transition for the acs measure

Furthermore, we define for each w € X" the random sequence {x,(w)} in (0, 1] by
1 1 .
x1(w) = 3 and  x,(w) =T, |[0 l](acn,l(ﬂu)) for each integer n > 2.
)

Then, for each w € ¥ and n € N,

1

T2 (@1 @), 2a(@)]) = (w2(r""w), 5 . (4.8)

Letting ¢ € 3 be such that a; = aumin, it has been shown in [BBD14, Lemma 4.4] that
for each w € IN and n € N we have

zn (1) < zp(w). (4.9)

Proof of Theorem 4.1.1. Suppose that n > 1 and that u is an acs probability measure
for (T,p). We will use Kac’s Lemma to arrive at a contradiction. Define

A= (e () sen

5= (3oldu(y) ie>

Y =[] x (4, UBy).

JEX

We consider the first return time map ¢y to Y under F as defined in (1.6). Since
n > 1, there exists 6 > 0 small enough such that

=) pp Mo >, where M, := K, +2(1 - K,)-6 VreXg. (4.10)

reEXR

For each z € (3,1 + 6) we have

+ (KT+2(1—KT)<:L‘—%))(QC ;) <3+M, ( ;) (4.11)

For r = (rq,...,r,) € X% we write M, = [[,_; M,, with M, =1 if n = 0. Further-

more, fix t € Yg. It is easy to see that lim,, . Tt"(%) = %, so there exists an integer

k > 0 such that TF(2) € (3,1 + ) holds.

Let (w,z) € Y and t and k be as above. Furthermore, fix s € ¥g. Suppose that

welut---trs)=[utirs], forsomeue ¥, reXhn>0.

k times
We then have T),(z) € (3,2) forall 1 <1 <1+ k+n. It follows from T, (z) < 2,
T (%) € (3,5 +0) and (4.11) that

st <12 () < feae () -
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CHAPTER 4
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which gives
3

T2+ () < M, (2Tf (1) - 1) (4.12)

Fix i € ¥ such that a; = amin. There exists an m € N such that T2 F+7(z) ¢
(Tm41(%), Tm (9)]. It follows from (4.8) and (4.9) that

oy (w,z) >2+k+n+m. (4.13)
We give a lower bound for m in terms of r. It follows from (4.7) and (4.12) that
Ol (m+1)"% < M, (2Tf@) - 1).
Solving for m yields
m> Dy M;% —1, (4.14)

where we defined D = C; - (2T} (2) — 1)~*. Combining (4.13) and (4.14) yields

pydmp X p > / pydmp x 11
/ P Z Z [utkrs]x(A,UBy) P

ueX n=0rexy

SO Y mpluttes) [ Do)

weN n=0renn, AuUBy

D2 : Z Cna
n=0

v

where

Dy =D, 'pfps ’ ZpuM(Au UBu) =D 'p?ps sMmp X N(Y)
ueES

Almost every orbit that starts in XV x [0,1] will eventually enter SV x (1, 2), either
via Ujexli] X Aj or via Ujexli] X Bj. Hence, we have | J;Z) F~"Y = N'x [0,1]
up to some set of measure zero, i.e. Y is a sweep-out set. This together with the
F-invariance of myp X p yields

l—mpxu( ZmeM F~Y) Zmpx,u

This gives myp x p(Y) > 0 and so D, > 0. Hence, from (4.15) and ¢ > 1 it now follows
that

/ pydmyp X p = o0. (4.16)
Y

On the other hand, since p is a probability measure by assumption, we obtain from the
Ergodic Decomposition Theorem and Kac’s Lemma in a similar way as in Subsection
3.3.1 that

/ pydmyp x p <1,
Y

which is in contradiction with (4.16). O
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§4.2. Phase transition for the acs measure

§4.2.2 The case n <1

In this subsection we will prove Theorem 4.1.2 and Corollary 4.1.3. For this we
will identify a suitable set of functions which is preserved by the Perron-Frobenius
operator P = Pr , associated to (7, p) being of the form as in (1.20). We will do this
in a number of steps in a way that is similar to the approach of Section 2 in [LSV99].

Suppose 7 < 1. On [0,1] we define for each j € ¥ the functions z — y;(z) and
x> &(@) by y;(z) = (Tjlp,1))~ Y(x) and &;(z) = (2y;(x))*. Furthermore, we define
on [0, 1] the function z(x) = ! and on (4, 1] we define for each r € g the function
zr(x) = (Tr|(%71])*1(x). Whenever convenient, we will just write y; for y;(x) and
similarly for &;, z and z,. Writing ps = ZSEZS ps, we then have

(y5) f(z
Pf(z) = {Zﬂemwamgﬂ’s 5 z € [0,

N[ =

]
4.17)

) £(2) nes) 1 (
dezpa TH(a,+Dg, T Ps o +ZTGERPTDRQ1(ZT) z € (3,1].

Note that z — y;(z), v — §(z), ¢ — 2z(z) and & — 2z.(z) are increasing and
continuous on (0, 1] and (3,1]. This in combination with the fact that R, x is C* on
(,1] with increasing derivative gives that the set

Co = {f € L'(\) : f >0, f decreasing and continuous on (O, %} and (%, 1}}

is preserved by P, i.e. PCy C Cy.

Since n < 1, we have v = sup{d > 0 : ZrezR pr K70 < 1} > Qumin, 50 (Qmin, ) is
non-empty. In the remainder of this subsection we fix a 8 € (min,y) N (0, 1]. We set
Omax = max{ce; : j € B} and d = amax + 2. We need the following two lemmas.

Lemma 4.2.1. For each o > 0 the function x — 715_(2_’_)3;8 is increasing on [0,1].
Proof. Set
(1+x)
o) = —————, 0,1].
fol@) = oy <0l

Furthermore, set g(x) = (1 +2)? and h,(z) = 1 + (o + 1) where z € [0,1]. Then

_ (@) (@) — g}l (a)
ho(z)? '

We have

+(a+1) )-d(1+z)?!
+ ) >142)?% (a+1)

so fl(xz) > 0 holds for all z € [0,1]. O
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Define for each K > 0 and b > 0 the function Hg : (5,1] — R by

(K + 20— K)(z — 1))’ 1
Kiil-K)@-1) ve (3]

HK,b(.’K) =

Lemma 4.2.2. Let K >0 and b > 0.

(i) If b > 2, then Hy is increasing.

(i1) If b <1, then Hg is decreasing.
Proof. Set fx(z) = K +2(1 — K)(z — 3) and gx(z) = K +4(1 — K)(z — 1) where

€ (3,1]. Note that gj () = 2fj (z). Then for z € (1,1)
gr (@) - fre(2)"" fie (@) — fr(@)" - g (2)

9k (2)?
Jx@" - Jie@) (- 55 -2)
9k (x)?

H}(b(x) =

If b > 2, then

gk (x) gk (x) Ix(x)
Y@ T @ 2T k)

and thus Hje () > 0. This proves (i). If b <1, then

—2=0

gr(x) gk ()
@ 2= @) 2 el

and thus Hje () < 0. This proves (ii). O

b-

We can now prove the following lemma.

Lemma 4.2.3. The set
d . 1 d . 1
Ci = {f €Co:x— af(x) incr. on (O, 5], T (a: - 7) f(x) incr. on (5,1]}
18 preserved by P.

Proof. Let f € C;. Let z € (0,4]. Using that for each j € ¥ we have z = y;(1 + &)

and that z(z) — 1 = Z, we obtain
f(yj) ps{ T \¢ 1\d
2P f(x) ;%(yﬂ) 1+(a3+1)£ +7(27%) (z—§> f(2)

d
- i ) e 2 (- 1) )

JED
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§4.2. Phase transition for the acs measure

Because z +— §;(z) is increasing for each j € ¥ it follows from Lemma 4.2.1 that z —

% is increasing for each j € ¥. Combining this with the fact that f € Cy,
that y; € (0, 3] for each j € ¥ and that z € (3,1] we conclude that z — zPf(z) is
increasing on (0, 1.

Now let z € (1,1]. Then

r— 1 T ;if( j)
(- 3) P = () 20 (0) e g

J

) (-

2 zZ — b
_ 1.4 d
Dr T —3 1
+ ( )(%—*)ﬂ%>
TGZER DR(I’V‘VKT(ZT‘) Zr — % 2
Using again that for each j € ¥ we have z = y;(1+¢;), that z — 5 = & and also that

r—1 =K (z—3)+2(1 - K,)(2 — 3)? for each r € S, we obtaln
(=3Pt~ (1) i, P )

*f§@—%f@—éfﬂ@

K + 2 1_K'r)(2r—l))d N

Note that z + (1 — 5-)% and x + (2 — 2)? are positive and increasing on (3, 1].
Combining this with Lemma 4.2.1 and Lemma 4.2.2(i) and with the fact that f € C;
we conclude that z — (z — 1)9Pf(z) is increasing on (3,1]. O

We set t1 = amin +1 — 8 and to = 1 — 8. It follows from S € (aumin, 1] that
t1 € [Oémin, 1) and ¢y € [O, 1-— amin)-

Lemma 4.2.4. For sufficiently large a1, as > 0, the set

= {f €C: f(x) <arxz "on (0, %},f(m) < ag(x — ;)_won(;,l},/ol fdx = 1}
is preserved by P.

Proof. Let f € Co. First, let z € (%, 1]. For each j € ¥ we have y; < % and thus,
using that f € Cq,

(N o o [ )
i) <27 (5) <22 [ plau <27,

Furthermore, for each j € ¥ we have

—_

Tj(i) - %(1+2—%') J1+1) =

109

¥ YALIVH))



CHAPTER 4

4. Intermittency generated by attracting and weakly repelling fixed points

which gives y; € (3, 1]. Setting M := 29T we obtain for each j € ¥ that

%:ydf(y-)- yj_d < 9=d+1l 4d _ \f (4.18)
1+ (a; +1)§; TN (g + 1) - (2y;)% . .

It also follows from f € C; that

1

1\d 1\4d —d a1
— < — — < .92 < .
(Z 2) f(z) < (1 2) f(1)y<27*.2 /é flu)du <2
Using that z € (%7 1], this gives

1y —d 3 1y
co—dt1 (,_ 1 <o—dt1l (2 _ 1 — M. .
f(z) <2 (z 2) <2 (4 2) M (4.19)
Combining (4.17), (4.18) and (4.19) and using that f € Cy gives
1\ —t2
< a - = .
Pf(x) M+ M+ 5 B (zr) a2(Zr )

2
re€Xp

For each r € £ we have z — 1 = K, (2, — 3) + 2(1 — K;)(2r — 3)? and therefore

P dye U2 Ky

1
DRMAZT)(%—% K+ 401 - K —3)

which by Lemma 4.2.2(ii) can be bounded from above by Hg, ,(3) = K27!. Fur-
thermore, since to > 0 we have (z — %)tz < 27tz We obtain

Pf(z) < {M(l +22:) LR > b K (o %)_tz. (4.20)

re€Xpr
We have t5 — 1 = —( and 8 < 7, so

Zpr Kt21 ZpT' r

reEXR reEXR

Hence, there exists an ag > 0 sufficiently large such that the term in braces in (4.20)
is bounded by 1.

Now let = € (0, 1]. Using that f € C, it follows from (4.17) that

Ps - G2 1yt
p; + : (z - 7) . (4.21)
J; 71+ aj+1)§ 2 2

For each j € ¥ we have, using that = y;(1 + ;) and that ¢; € (0, 1),

—t1

Y; _ x*tl(l + fj)tl - x*tl(l + tlfj) P
T+ (aj+1)& T4+ (a;+1)g ~ 14+ (a;+1)& — 7 7

(4.22)
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§4.2. Phase transition for the acs measure

Fix an i € ¥ with a; = auin. Applying for each j € ¥\ {i} the bound (4.22) to (4.21)

and using that z — % = 3 yields
P < {n(5)" v ) 4 Poaz 257 bot) gy gt
€T il — . — Pi - a1 T .
=V Yi 1+ (Oéz' + 1)& p aq !

(4.23)

It remains to find a4 sufficiently large such that the term in braces in (4.23) is bounded
by 1. First of all, using again that = y;(1 + ;) and that ¢; € (0,1) we get

T\l 1 B (1+§i)t1 1+t1§i
(i) Tt (D& T (i + D STy (i +1)&° (4.24)

Furthermore, we have
phTi = gmin — (14 €)M <yt 2% = ¢ (4.25)

It follows from (4.24) and (4.25) that the term in braces in (4.23) is bounded by

1. q,.ot2—1
1+t1§i+% & (14 (o +1)&)
Di : + (1= pi). (4.26)
1+ (g +1)&

Using that 1+ (a; +1)&; < «; + 2 we get that the numerator in (4.26) is bounded by

1+(t1+pi

Lips-ag -2 oy + 2)>§'
aq v

Taking aq > 0 sufficiently large such that ¢; + Py P52 312 (@i 42) <1< a;+1now

yields the result. O

Lemma 4.2.5. The set Cy is compact with respect to the L*(\)-norm.

Proof. For each f € Cs let ¢y denote the continuous extension of (0, 3] 3 a +— ¢ f(z)
to [0, 3] and let ¢y denote the continuous extension of (3,1] 3 z — (z — 3)?f(z) to
[1,1]. Furthermore, we define A; = {¢; : f € C2} and Ay = {1y : f € C2}. For each

f € C5 we have, for z,y € [0, 3] with >y, that

0< ¢p(z) —dr(y) < fla)(a —y?) < ara™ -d/x t=1qt o

< apz?N dlr —y| < ap - 27D L dla — ).

and for x,y € [%, 1] with 2 > y, that

IN

as (a; _ %)_tz .d/yz (t - %)d_ldt (4.28)

I S Lg-dHlts | g
as(x dlz —y| <ag-2 dlx —y|.

IN
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Also, from the definition of Cy in Lemma 4.2.4 and the fact that d > max{t,t2}
we see that ¢7(0) = 1y(3) = 0 holds for each f € Cs. It follows that A; and A,
are uniformly bounded and equicontinuous, so from the Arzela-Ascoli Theorem we
obtain that A; and A, are compact in C([0, 3]) and C([3, 1]), respectively, w.r.t. the
supremum norm.

Now let {f,} be a sequence in Cy. It follows from the above that {f,} has a
subsequence { f,, } such that {¢, } converges uniformly to some ¢* € C([0, 1]) and
{¢y,, } converges uniformly to some ¢* € C([3,1]) (for this we take a suitable sub-

sequence of a subsequence of {f,}). Now define the measurable function f* on (0, 1]
by

Then f* is continuous on (0,1] and (4,1]. Moreover, {f,,} converges pointwise to

f*. First of all, this gives f* € C; once we know f* € L*(\). Secondly, this gives
combined with

1 1\t 1
sup fn, (z) < ayz™™ for z € (0, f], sup fn, () < ag (a: - 7> * for o € (7, 1}
keN 2 keN 2 2

and

3 1 1\ —t2
/ x " dr < oo, / (Jc — 7) dx < oo,
0 3 2

that f*(z) < aiz~" for z € (0, 1] and f*(z) < as(z — 3)7*2 for z € (1,1], and that

1
lim || f* = fo.lli =0 and so / frfda=1
k—o0 0

using the Dominated Convergence Theorem. We conclude that f* € Co and that f*
is a limit point of {f,,} with respect to the L*(\)-norm. O

Using the previous lemmas we are now ready to prove Theorem 4.1.2.

Proof of Theorem 4.1.2. (1) Take f € Cy and define the sequence of functions { f,,} by
fn= % Z?;OI Pif. Using that P preserves Co and that the average of a finite collection
of elements of C5 is also an element of Cy, we obtain that {f,} is a sequence in Co. It
follows from Lemma 4.2.5 that { f,} has a subsequence {f,,, } that converges w.r.t. the
LY(\)-norm to some f* € Ca. As is standard, we then obtain that Pf*(z) = f*(x)
holds for A-a.e. x € [0, 1] by noting that

1P =l < 1P = Phalls + 1P f = Frilln + [ i = £711

;

1 nk—l ) 1 nk—l )
<9 - * H7§ P'Hrl _72 Pt
= 2= Sy L s d k50 !

* 1 n
<2 fue = f I+ —IP™ f = fla
g

N 2
< 2Ufme = £t =00 k= oo,
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§4.2. Phase transition for the acs measure

Hence, (7, p) admits an acs probability measure p with Z—ﬁ € Co. It follows from the
properties of Co that g—’; has full support on [0, 1], i.e. there is a version such that

%(m) > 0 for all x € [0, 1], so we obtain from Theorem 1.2.6 that p is the only acs

probability measure once we know that F' is ergodic with respect to myp X p. So let
A C 2N x [0,1] be Borel measurable such that F~*A = A. Suppose my x u(A) > 0.
The probability measure p on N x [0,1] given by

mp X (AN B)

B = ()

for Borel measurable sets B C XN x [0, 1] is F-invariant and absolutely continuous
with respect to mp x A with density

dp 1 dp

Gy < A0 = sy ARy (), mp e (429)

According to Lemma, 1.4.1 this yields an acs measure fi for (7, p) such that p = myp x fi.
From this we see that also

——(w,z) = — (), Mp X A-a.e. (4.30)

Write L for the support of Z—f, ie. L:={z €[0,1]: z—f\‘(x) > 0}. Combining (4.29)

and (4.30) and using that Z—ﬁ has full support on [0, 1], we obtain
A=Y xL modmy, x \ (4.31)
Using the non-singularity of F' with respect to my, x A, we also obtain from this that
F1'A=F13x"x L) modm, x A (4.32)
Combining (4.31) and (4.32) with

SUx L= (]l xL and FUENxL)= ]I xT,'L
JEX JET

yields
L= Tj_lL mod A

for each j € X. For all i € ¥ with «; < 1, in particular for ¢ € ¥ with a; = apin, we
have that T; is ergodic with respect to A, see e.g. [Y99, Theorem 5|. In particular we
have A(L) € {0,1}. Together with (4.31) this shows that m, x A(4) € {0,1}. Since
< A, it follows from the assumption mp x p(A) > 0 that mp x p(Ad) = 1. We
conclude that F' is ergodic with respect to mp, X p.

(2) Since %\‘ € Cy, it follows that % is bounded away from zero, is decreasing

on the intervals (0, 1] and (3, 1], and satisfies (4.3) and (4.4) with a1,a2 > 0 as in
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Lemma 4.2.4. Furthermore, applying the last three inequalities in (4.27) with f = %
yields, for z,y € (0, %] with z > vy,

0< %)~ Biay =y (4P (y) -y % )

—dA d\ dX d\
d
<y L@ -y
<y Tap 27 dla —y

and likewise applying the last three inequalities in (4.28) with f = g—’; yields for
z,y € (3,1] with z >y,

<G -3@=(-3) " ((-3) 50~ (-3)Fw)

<(v-3)  H@(-3) - (-3))

1\ —d
A

0

Hence, j—i is locally Lipschitz on the intervals (0, %] and (%, 1]. O

We conclude this subsection with the proof of Corollary 4.1.3.

Proof of Corollary 4.1.3. For each n € N, let p, = (pn,)jes be a strictly pos-
itive probability vector such that sup, > .cs pn-K, %" < 1 and assume that

lim, o0 Pr = p in RY. In order to conclude that d’;% converges in L'()\) to ‘ZL—)\" we

will show that each subsequence of {d’;’f\" } has a further subsequence that converges

: 1 dup
in L ()\) to D

Let {gx} be a subsequence of {p, }, and for convenience write f5 = ds;’\’“ for each

k € N. First of all, observe that from sup,, >, cs,, P K @™ < 1 and limy, 00 pn =
p it follows from the proof of Lemma 4.2.4 that there exist sufficiently large a1, a2 > 0
and f € (aumin,7) sufficiently close to o, such that Co = Ca(ag, as, ) from Lemma
4.2.4 contains the sequence {fx}. Hence, it follows from Lemma 4.2.5 that {f;} has
a subsequence {fi } that converges with respect to the L'(\)-norm to some f € Co.
We have

1Prpf = flli < |1Prpf = Py, fl + 1Py, £ = frnlls + [ i — Flh
< 1P = Qb - 1P, Flly + 1 Progy,, [ = Prage, frolln + It — Flln
JEX

> 1ps = @l - Il + 21 = Flln-

jex

IN

Since we have lim,, 00 qk,, = p in Rf and lim, 00 || f&,, — f||1 = 0 we obtain that
Prpf(z) = f(z) holds for M-a.e. z € [0,1]. It follows from Theorem 4.1.2 that (7, p)

admits only one acs probability measure, so we conclude that f = d;)f’ holds A-a.e.
Hence, {fy,, } converges in L'(\) to 2. O
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§4.3 Final remarks

Suppose n > 1. Then Theorem 4.1.1 says that no acs probability measure exists.
We claim that in fact no physical measure for F' can exist in this case but that an
infinite acs measure exists with a density that has full support on [0, 1]. Indeed, for
the case that o; < 1 holds for each j € ¥, the existence of a o-finite acs measure can,
regardless of the value of 7, be proven by applying the same steps of the inducing
technique as in Section 2.2 for the inducing domain Y = (J;cx[j] x (z2(4). 1) with
x2(j) as in Subsection 4.2.1 and using that in this case the maps T; have non-positive
Schwarzian derivative. If n > 1, this acs measure then must be infinite by Theorem
4.1.1. Furthermore, it is clear that the corresponding density must have full support
because Y is a sweep-out set. Since for an i.i.d. random LSV map the dynamics are
dominated by the LSV map with the fastest relaxation rate, the existence of such
an infinite acs measure can therefore also be expected under the conditions n > 1
and amin < 1 without assuming «; < 1 for each j € X. Similar as in Chapters 2
and 3, Aaronson’s Ergodic Theorem [A97, Theorem 2.4.2] applied to this infinite acs
measure then yields that no physical measure for F' exists if n > 1.

It does not become clear from the results of Theorems 4.1.1 and 4.1.2 if an acs
probability measure exists if = 1. The proof of Theorem 4.1.1 does not work for
1 = 1 because in this case there exists no ¢ > 0 such that ¢ from (4.10) is at least 1,
and the proof of Theorem 4.1.2 fails for n = 1 because in this case we have v = apin
and therefore the set (amin,7y) N (0,1] from which we pick 8 is empty. For each
& > 0 the result and proof of Theorem 4.1.1 do however carry over if n = 1 and the
maps T, (r € $g) are slightly adapted such that on (3,1 + §) they would be linear
with derivative K. Indeed, in that case the bound in (4.11) can be replaced with
T.(z) = 3 + K,(z — %) where z € (3,1 + §). We therefore conjecture that if n =1
then no acs probability measure exists and a possible approach is to work with a
sharper bound on the term K, + 2(1 — K, )(z — ) in (4.11) that is not uniform in
z € (1,3 +6) as opposed to the upper bound M, in (4.11).

The proof of Theorem 4.1.2 immediately carries over to the case that X = () by
taking 8 = 1, thus recovering the result from [Z18] that a random system generated
by i.i.d. random compositions of finitely many LSV maps admits a unique absolutely
continuous invariant probability measure if ay,in < 1 with density as in (4.5) for some
a > 0. To show that in case ¥ = ) this density is decreasing and continuous on the
whole interval (0, 1] similar arguments as in Subsection 4.2.2 can be used with the
sets Cy, C1 and C; replaced by

Ko

{f € L*(\): f >0, f decreasing and continuous on (0, 1}},

K= {f € Ko : z — g1 f(z) increasing on (0, 1]},
1
Ky = {f €Ky f(x) <ax™* on (0, 1],/ fd\ = 1} with a > 0 large enough.
0

This has been done in [Z18].
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It would be interesting to study further statistical properties of the random sys-
tems from Theorem 4.1.2. As discussed in Example 1.4.3 the annealed dynamics of
random systems of LSV maps are dominated by the LSV map with the fastest relax-
ation rate, namely S, . , and annealed correlations decay as fast as n!'~1/®min, This
behaviour is significantly different from the behaviour of the random systems from
Theorem 4.1.2 where the annealed dynamics are determined by the interplay between
the exponentially fast attraction to % and polynomially fast repulsion from zero. We
conjecture that the random systems from Theorem 4.1.2 are mixing and that in case

Y r = {1} the decay of annealed correlations is at least polynomially fast with degree

[ S, log p1
1— = min{ s ks 1}.

Finally, a natural question is whether the results of Theorems 4.1.1 and 4.1.2 can
be extended to a more general class of one-dimensional random dynamical systems
that exhibit this interplay between two fixed points, one to which orbits converge
exponentially fast and one from which orbits diverge polynomially fast. First of all,
if being C!' and having % as attracting fixed point are the only conditions we put on
the right branches of the maps in fR, then it can be shown in a similar way as in the
proof of Theorem 4.1.1 that (7, p) admits no acs probability measure if

—Qmin
S o (lim DT (@)) > 1
r€EXR wls

by applying Kac’s Lemma. Secondly, we used in the proofs of Lemma 4.2.3 and

1.4 1 ¢
1 T—3 P . 1 T—3 2 . _
Lemma 4.2.4 that DRa ) (ZT_%) is increasing and DR o)) (ZT_%) is de

creasing, respectively, by means of the results on Hg j in Lemma 4.2.2. However, for
other maps that have the property that % and 1 are fixed points and that orbits are
attracted to % exponentially fast this is not true in general. Still a phase transition
is to be expected, but different techniques are needed to prove this. This is also the
case when we drop the condition that 1 is a fixed point of the maps in R, for instance
by taking Ra,x(z) = & + K(x — 3) if € (3,1], in which case Lemma 4.2.3 would
not hold. Thirdly, the results of Theorems 4.1.1 and 4.1.2 might carry over if we
allow the left branches to only satisfy the conditions on the left branch of the maps
{To :[0,1] = [0,1]}ne(0,1) considered in [MO5] or Section 5 of [LSV99]. Each map T,
then satisfies T, (0) = 0 and DT, (z) = 1 4+ Cax® + o(z®) for x close to zero and where
C > 0 is some constant.

116



