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CHAPTER

Introduction

§1.1 Motivation and context

In science, studies on systems that evolve in time are ubiquitous. In most of these
studies mathematical models are essential to analyse and predict the behaviour of
these systems. A large part of these models falls in the category of discrete-time
dynamical systems. A state of the system under consideration is then represented as
a point in some abstract space and the evolution of the system is described as moving
from one point in this space to another in discrete time steps. This evolution can be
modelled to be either deterministic or random.

More formally, a deterministic discrete-time dynamical system models the evol-
ution by a single transformation 7" acting on a state space X, so that if the system
starts at state zg € X, then 21 = T'(x) is the state of the system at time 1, and more
generally,

Tn =T (xp-1), neN (1.1)

is the state of the system at time n. Examples of deterministic discrete-time dynamical
systems are interval maps, in which case the state space X is a bounded interval in
R. See Figure 1.1(a) for an example.

On the other hand, for a random discrete-time dynamical system a set T = {T; :
X — X}ier of transformations on X is considered and the evolution of the system
starting at zo € X is given by

T =T;, (Tn-1), n €N, (1.2)

where the sequence {ip, }nen is drawn from [ N according to some probability law P.
If X is an interval, we then refer to the pair (7,P) as a random interval map. See
Figure 1.1(b) for an example of a random interval map.

The past decades have seen an increasing interest in the mathematical properties
of random interval maps. These systems have applications in electrical engineering,
pseudo-random number generators, etc., and provide realistic models in many fields
such as physics and population dynamics for studying real-world phenomena that
evolve in time and involve noise. This dissertation consists of two parts, each of
which considers a different research area related to random interval maps. We go into
this in more detail in the next two subsections.
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Figure 1.1: Ezample of (a) an interval map, namely the doubling map x — 2x mod 1,
and (b) a random interval map consisting of the two logistic maps ¢ — 2z(l — x) and
z +— 4x(1 — z). The dashed lines indicate parts of an orbit, which in (a) is of the form as in
(1.1) and in (b) of the form as in (1.2).

§1.1.1 Statistical properties of critically intermittent
systems

Typically dynamical systems under consideration exhibit to a certain extent irreg-
ular or chaotic activity. See Figure 1.2. The long-term behaviour of these systems
cannot be predicted by following single orbits, even if they are generated by a single
deterministic transformation. On the other hand, systems with chaotic behaviour
are usually statistically predictable and their long-term behaviour can be analyzed
by using tools from Ergodic Theory. Of particular interest are absolutely continuous
invariant measures, or acim’s for short, and mixing properties.

First of all, an invariant measure gives information about the long-term distribu-
tion of the orbits from (1.1) or (1.2) on part of the space, and this part is large if
the invariant measure is absolutely continuous with respect to the Lebesgue measure.
Furthermore, if this measure is finite, then on this part of the space mixing properties
can be investigated. A dynamical system is mixing if any two observables on the
system become uncorrelated from their initial values in the long run. In applications,
observables are those quantities that can be measured from the states {x,, }nen of the
dynamical system given by (1.1) or (1.2), whereas the states themselves are usually
not detectable. The speed of decay of correlations between any two observables gives
an idea of the level of chaos within the system and can help deriving statistical limit
laws for the system. Formal definitions of all these concepts are given in Section 1.2.

In the first part of this dissertation we are interested in random dynamical systems
that are intermittent. This is a type of behaviour where the system alternates between



§1.1. Motivation and context

0.8

0.6

0.4

0.2

0 50 100 150 200 250 300 350 400

0.6 b

0.4 N

0.2 i

0 1 I 1 1
0 50 100 150 200 250 300 350 400

n

Figure 1.2: Time series of the systems from Figure 1.1: In (a) part of an orbit under the
doubling map* is shown, whereas (b) depicts a typical trajectory under the random map from
Figure 1.1(b) if the two logistic maps are chosen with equal probability and independently at
each time step.

periods of either irregular activity or being in a seemingly steady state. An example
is shown in Figure 1.2(b) where the system spends long periods near zero. This
is in contrast to the system depicted in Figure 1.2(a) which only exhibits chaotic
behaviour. In case an intermittent system admits an acim that is infinite, then this
usually means that the steady state is more prevalent than the irregular activity and
orbits tend to remain long near invariant sets of the system. If a finite acim exists and
the intermittent system is mixing, then typically correlations decay subexponentially
fast, which indicates a weak level of chaos.

The study on intermittent dynamical systems goes back to the seminal article
[PM8&0] by Manneville and Pomeau, who used such systems to model intermittency in
the context of transitions to turbulence in convective fluids, see also [MP80, BPVS86],
and distinguished several different types of intermittency. We are interested in so-
called critical intermittency introduced recently in [AGH18, HPR21|. This is a kind
of intermittent behaviour caused by an interplay of a superattracting fixed point and
a repelling fixed point. To illustrate the concept, consider the random interval map
consisting of the two logistic maps La(z) = 2z(1 —z) and L4(x) = 42(1 —x): for each

'Real numbers in [0, 1) randomly generated by Matlab have 53 bits and thus after at most 53
applications of the doubling map end up in zero. To overcome this, we have used in Matlab a version
of the doubling map rescaled to [0, 7] and then scaled the resulting plot to [0, 1].
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n, independently, let

Lg(l‘n,l), with prob. P2,
Ty = .
L4(an_1), with prob. pa=1—ps.

The dynamics of these two maps individually are quite different: L, exhibits chaotic
behaviour, admits a finite acim and correlations decay exponentially fast, while Lo
has % as a superattracting fixed point with (0,1) as its basin of attraction. Under
random compositions of Ly and L, the typical behaviour is the following: orbits are
quickly attracted to % by applications of Ly and are then repelled first close to 1 and
then close to 0 by one application of L, followed by an application of either Lo or L.
Since 0 is a repelling fixed point for both maps, orbits then leave a neighbourhood of
0 after a number of time steps, see Figure 1.1(b). This pattern occurs infinitely often
in typical random orbits and is the result of the interplay between the exponential
divergence from 0 under L, and L4 and the superexponential convergence to % under
L,. Figure 1.2(b) shows an orbit under random compositions of Lo and L.

The dynamical behaviour of random compositions of the two logistic maps Ly and
L, was studied in [AD00, AS03, AGH18, C02, HPR21| among others. In [AGH1S,
HPR21] the authors investigated the existence and finiteness of an acim for this ran-
dom system and for random systems consisting of rational maps on the Riemann
sphere. One particular result from [AGH18| states that the random dynamical sys-
tem generated by i.i.d. compositions of Lo and L4 chosen with probabilities py and
ps = 1 — po admits a o-finite acim that is infinite in case py > % An interesting
question that was left open in [AGH18] is whether for ps < % this measure is infinite
or finite.

One of the first results in this dissertation answers this question. For a large
family of random interval maps with critical intermittency that includes the random
combination of Lo and L; we show the existence of a unique acim. We give an
explicit expression of a phase transition threshold in terms of the probabilities of
choosing the maps as well as their strengths of convergence to the superstable fixed
point, a threshold that separates the cases where the acim is either finite or infinite.
In particular, the acim of the random interval map composed of Ly and Ly, is finite if
and only if the probability ps of choosing Lo satisfies py < % Moreover, for a closely
related class of critically intermittent random interval maps we show that in case the
acim is finite correlations decay polynomially fast and we give bounds on the rate of
this decay. Finally, we show that a similar phase transition holds for a similar class
of intermittent random interval maps but where the superattracting fixed point is
replaced by an attracting fixed point and the repelling fixed point is replaced by a
weakly repelling fixed point. Among the techniques we will use are Perron-Frobenius
operators, induced transformations and Young towers.

Most studies on random interval maps consider systems where the dynamics are
dominated by only one type of behaviour, e.g. if the system is uniformly expanding as
in [ANV15, M85b, P84], or if only one of the constituent maps governs the dynamics as
is the case in [BBD14, BB16, NTV18|. The random interval maps we study go beyond

10
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this familiar setting and are composed of two types of maps that are very different
from each other, one being chaotic and the other not. We prove statistical properties
that depend on the features of both types of maps as well as on the probabilities of
choosing the maps, a dependence that is new compared to other known results on
random interval maps.

§1.1.2 Extensions of Lochs’ Theorem to random sys-
tems

Besides modelling dynamical phenomena we can also use random interval maps to
generate number expansions, which will be the main object of study in the second
part of this dissertation. A number expansion of a real number is a representation of
this number with a specific set of symbols or digits. For example, for each z € [0, 1]
there exists a sequence (by,),>1 in {0, 1} such that

oo

bn

Tr = 277

n=1
a number expansion referred to as a binary (or base 2) expansion of . Other classical
examples of number expansions include decimal expansions, S-expansions and contin-
ued fraction expansions. These examples have in common that they can be generated
by an interval map. For instance, let T : [0, 1] — [0, 1] be the doubling map given by

2z, if0<az< i,

1.3
20 -1, ifl<az<l, (13)

To(z) =2z mod 1 = {
see Figure 1.1(a). Then the n + 1-th symbol in the binary expansion of a point
xo € [0,1] is zero if x,, as given in (1.1) is smaller than a half, and one otherwise.
For example, the point z( in Figure 1.1(a) has binary expansion (by,),>1 with by =1,
by = b3 = 0, etc. In a similar way we can use suitable random interval maps to
generate number expansions by assigning symbols to subintervals and following orbits
of the form in (1.2).

In [L64] Lochs compared the efficiency between representing real numbers in
decimal expansions and regular continued fraction expansions. It is known that each
irrational x € [0, 1] has a unique decimal expansion

(oo}
dn
"= 2 1gr

where (d,,)n>1 is a sequence in {0, 1, ..., 9}, and moreover that there exists a unique
sequence (a,),>1 in NV such that

11
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which is referred to as the regular continued fraction expansion of z. In [L64] the fol-
lowing question is investigated: Suppose we know the first n decimal digits dy, ..., d,
of a further unknown irrational number z € [0, 1]. What is the largest number m(n, x)
of digits a1, ..., @m(n,) in the regular continued fraction expansion of x that can be
determined from this information? In 1964, Lochs [L64] provided an answer for the
limit n — oo by proving that for Lebesgue almost every irrational = € [0, 1]

. m(n,z) 6log2logl0
lim = 5
n—oo n ™

=0.97027- - . (1.4)

In other words, the first 100 decimal digits determine roughly 97 digits in the reg-
ular continued fraction expansion, which indicates that typically regular continued
fraction expansions are slightly more efficient to represent real numbers than decimal
expansions.

A natural question is whether something similar to Lochs’ result can be said for
other pairs of expansions as well. Interestingly, the right-hand side of (1.4) is the
ratio of the entropies of the interval maps that generate these expansions. In [DF01]
Lochs’ result has been generalised to a large class of pairs of interval maps that
generate number expansions. For such a pair the analogue of the right-hand side of
(1.4) is then the ratio of the entropies of the interval maps with respect to their unique
probability acim.

In this dissertation we further generalise this result and extend Lochs’ result given
in (1.4) to a wide class of pairs of random interval maps that produce number expan-
sions. For this we generalise the method from [DFO01] and apply existing theory on
fiber entropy from [B93] as well as derive new theory on this topic. The random ana-
log of the right-hand side of (1.4) is then a fraction of fiber entropies. Furthermore,
under additional assumptions we also provide a corresponding Central Limit Theorem
by using a method that is similar to the one from [H09] applied to the deterministic
setting from [DFO01].

We also study a question posed in [JMKA13] in the context of S-encoders that is
closely related to Lochs’ result. A S-encoder is an analog circuit that converts analog
input signals into bitstreams and was first introduced in [DDGV02]. In [JMKA13]
Jitsumatsu and Matsumura provide an algorithm that reads the output digits of a
B-encoder with input € [0,1) and converts them into digits that correspond with
the binary expansion of x. The distribution of these base 2 digits are shown to be in
some sense close to that of i.i.d. random variables, thus making it a suitable pseudo-
random number generator. However, in order to produce m base 2 digits in this
way, Jitsumatsu and Matsumura posed the question of what is the minimum required
number k(m) of output digits of the S-encoder. To approach this problem we provide
multiple limit results as m — oo for S-encoders. These results give an indication
on the efficiency of the -encoder being used in [JMKA13] as a potential source for
pseudo-random number generation but also show that in the presence of amplification
or scaling errors the proposed method in [JMKA13] is not optimal.

In the following sections we explain the aforementioned notions in more detail and
provide some of the mathematical tools that are needed in the rest of this dissertation.

12



§1.2. Ergodic Theory

§1.2 Ergodic Theory

This section briefly covers some relevant concepts of Ergodic Theory. We refer the
reader to [P89, W00, DK21] for a more extensive and complete introduction to Ergodic
Theory. In a nutshell, Ergodic Theory is the study on the long-term average behaviour
of systems over time. The state space of the system under consideration is assumed
to be a measure space (X, F, m) with X a set, F a o-algebra on X and m a measure
on (X, F). The evolution is given by a measurable transformation 7' : X — X. We
refer to the quadruple (X, F,m,T) as a dynamical system. Usually we assume T to
satisfy the following property with respect to the reference measure m.

Definition 1.2.1 (Non-singularity). A measurable transformation 7" on a measure
space (X, F,m) is said to be non-singular if for any A € F we have m(A) = 0 if and
only if m(T—1A) = 0.

Suppose that there is some A € F such that T='4 = A. Then T-1(X\A4) = X\ A4,
so in this case T can be decomposed into two transformations 7|4 : A — A and
T|x\a: X\A — X\A. For this reason it is natural to study transformations that are
indecomposable up to sets of measure zero.

Definition 1.2.2 (Ergodicity). A measurable transformation 7" on a measure space
(X, F,m) is said to be ergodic if for any A € F such that T-14A = A we have either
have m(A4) =0 or m(X\A) = 0.

We are interested in invariant measures for 7', which is the topic of the next
subsection.

§1.2.1 Invariant measures

Invariant measures can give an idea on the distribution of points in the orbits under
T on part of the space. They are defined as follows:

Definition 1.2.3 (Invariant measures). Let (X,F) be a measurable space and
T : X — X be measurable. Then a measure p on (X, F) is called invariant with
respect to T if

(T ~1A) = pu(A)

holds for all A € F, or equivalenty if

/Xfonu:/deu

holds for all f € L*(X, ). In this case we also say that T is measure preserving with
respect to pu.

Among the invariant measures for T' we focus usually on those that are absolutely
continuous with respect to some reference measure m. We recall the definition:

13

T HALIVHD)



CHAPTER 1

1. Introduction

Definition 1.2.4 (Absolute continuity and equivalence of measures). Let p
and m be two measures on a measurable space (X, F). Then p is absolutely continu-
ous with respect to m if for each A € F we have that m(A) = 0 implies p(A) = 0.
In this case we use the notation y < m. Furthermore, we say that u and m are
equivalent if < m and m < p.

As is well known, it follows from the Radon-Nikodym Theorem that if u < m
and p and m are o-finite measures, then there exists an m-a.e. unique measurable

functlon : X — [0, 00] called the density for which
dp
A)= [ —dm
1(A) / I

holds for all A € F. If u is also invariant with respect to T, then we usually refer
to 5—?‘7‘1 as an tnvariant density for T and call p an absolutely continuous invariant
measure, or acim for short, for T. Furthermore, when we say that T has a unique
acim pu, then we mean unique up to scalar multiplication, because in this case ¢ - y is
also an acim for each constant ¢ > 0.

If p is an invariant measure for T that is finite, i.e. u(X) < oo, then Birkhoff’s Er-
godic Theorem gives the following characterization of the long-term average behaviour
of orbits that are typical with respect to u.

Theorem 1.2.5 (Birkhoff’s Ergodic Theorem). Let T be a measure preserving
and ergodic transformation on a measure space (X, F, u) with finite measure . Then

lim — Zf T ) ) /X fdp for p-a.e. v € X (1.5)

holds for any f € L*(X, u).

The statement in (1.5) might hold only for a small or negligible part of the space,
for instance when p is a linear combination of Dirac measures. On the other hand,
if v is absolutely continuous with respect to a reference measure m for which sets of
positive measures are considered large, e.g. the Lebesgue measure, then (1.5) holds
for a non-trivial part of the space. This illustrates the significance of acim’s.

In general a transformation can admit multiple acim’s. The next result, which
can be derived from Birkhoff’s Ergodic Theorem as shown in [DK21, Theorem 3.1.2],
gives conditions under which a transformation admits precisely one (up to scalar-
multiplication) finite acim.

Theorem 1.2.6. Let T be an ergodic transformation on a measure space (X, F,m).
If u is a finite acim of T that is equivalent to m, then p is the only (up to scalar
multiplication) finite acim of T.

This result can be strengthened under additional conditions on the dynamical
system (X, F,m,T), which is done below in Theorem 1.2.10. One of these conditions
is that T is conservative, which means that almost every point in a set of positive
measure will return to this set under iterations of 7"

14



§1.2. Ergodic Theory

Definition 1.2.7 (Conservativity). A measurable transformation T on a measure
space (X, F,m) is said to be conservative if m(A\J,,~; T~™A) = 0 holds for each
A € F such that m(A) > 0.

The next result, Maharam’s Recurrence Theorem, gives a sufficient condition for
a transformation to be conservative with respect to an invariant measure. For this,
we need the following definition.

Definition 1.2.8 (Sweep-out set). Let (X, F,m,T) be a dynamical system. A set
A € Fis called a sweep-out set for T if 0 < m(A) < oo and m(X\U,5, T "4) = 0.

Theorem 1.2.9 (Maharam’s Recurrence Theorem). Let T be a measure pre-
serving transformation on a measure space (X, F,u). If there exists a sweep-out set
for T, then T is conservative.

We remark that a transformation T that preserves a measure p is always con-
servative with respect to p if p is finite. This is the content of the famous Poincaré
Recurrence Theorem, which is one of the many results in Ergodic Theory where the
dependence on the finiteness of the invariant measure is crucial. This dependence is
also illustrated by Birkhoff’s Ergodic Theorem, which does not apply if pu(X) = oco.

The following theorem can be found in e.g. [A97, Theorem 1.5.6].

Theorem 1.2.10. Let T be a conservative, ergodic, non-singular transformation on
a o-finite measure space (X, F,m). Then T admits at most one (up to scalar multi-
plication) o-finite acim.

A commonly used technique to obtain an acim is by inducing the transformation
on a suitable subset of the space. More precisely, let (X, F, m) be a measure space and
T : X — X non-singular with respect to m. For aset Y € F such that 0 < m(Y) < oo
and m(Y \U,~; T-"Y) =0, the first return time map ¢y : Y — N U {oo} given by

ey(y) =inf{n>1:T"(y) €Y} (1.6)

is finite m-a.e. on Y, and moreover m-a.e. y € Y returns to Y infinitely often. If we
remove from Y the m-null set of points that return to Y only finitely many times, and
for convenience call this set Y again, then we can define the induced transformation
Ty :Y =Y by

Ty (y) = T#"W(y).

The idea of inducing is to take a subset Y such that Ty is easier to analyse than T’
and deduce properties on 1" via Ty . This is illustrated by the following two results.
The first one can be found in e.g. [A97, Proposition 1.5.2]. Note that this statement
requires m(X \U,>1 T_"Y) = 0, which immediately follows if T" is non-singular and
Y is a sweep-out set for T as is the case below.

Proposition 1.2.11. Let T be a non-singular and conservative transformation on a
measure space (X,F,m) and let Y € F be such that 0 < m(Y) < co. IfY is a
sweep-out set for T and Ty is ergodic with respect to m|y, then T is ergodic with
respect to m.

15
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The next result can be found in e.g. [A97, Proposition 1.5.7]. Note that this
statement asks for T to be conservative w.r.t. m. This is not used in the proof
however and the condition m(Y \ |J,~; 7-"Y) = 0 is enough to guarantee that the
induced transformation is well defined.

Proposition 1.2.12. Let T be a non-singular transformation on a measure space
(X,F,m) and let Y € F be such that 0 < m(Y) < co and m(Y \ U,~, T~"Y) = 0.
If v < mly is a finite invariant measure for the induced transformation Ty, then the
measure p on (X, F) defined by

p(A) = Zu(YmT—k’A\ OT‘jY) (1.7)

k>0 j=1
for A € F is a o-finite acim for T and p|ly = v. Moreover, u is finite if and only if
Jy pydv < .

The last statement of the previous result follows by taking A = X in (1.7), which
gives p(X) = fy wydy. This formula holds true more generally:

Lemma 1.2.13 (Kac’s Lemma). Let T be a conservative, measure preserving and
ergodic transformation on a measure space (X, F,pu). Let Y € F be such that 0 <
w(Y) < oo. Then [, oydp = p(X).

Kac’s Lemma can serve as a powerful tool to show that a certain invariant measure
1t is infinite, where the challenge is to find a suitable Y € F such that fY pydp = 0.
We will exploit this technique several times in this dissertation.

In Sections 1.3 and 1.4 we will discuss more techniques to find (finite) acim’s in
case the dynamical system under consideration is a (random) interval map.

§1.2.2 Mixing and statistical properties

Let T be a measure preserving transformation on a probability space (X, F,u). If
T is ergodic, then it can be shown from Birkhoff’s Ergodic Theorem that for each
f€L>®(X,u) and g € L' (X, ) we have

n—1
1
lim fE /foTk-gdu:/ fd,u-/gdu.
n—oo N P X X X

In other words, observables (also called test functions) get uncorrelated on average
over time. The following definition strengthens this property by getting rid of the
averaging over time.

Definition 1.2.14 (Mixing). A measure preserving transformation 7" on a probab-

ility space (X, F, u) is said to be mizing if

lim foT”~gd,u:/ fdu~/ gdp.
X b'e X

n—oo

for each f € L>°(X,u) and g € LY(X, ).
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We define for each n € N, f € L°°(X, u) and g € L'(X, p1) the correlation function

Corp, 7, (f,9) /f oT™ - gdp — /fdu /gdu,
X

for which we will also sometimes just write Cor, (f, g) if the context allows for it. Then
T being mixing gives lim,,_,~, Cor,,(f, g) = 0. The speed at which Cor,,(f, g) converges
to zero, i.e. the speed at which foT™ and g get uncorrelated, depends on the degree of
chaos within the dynamical system as well as on the regularity of the observables. It
is in general always possible to find two observables f € L (X, ) and g € L' (X, 1)
for which this loss of memory happens arbitrarily slowly. However, it is sometimes
possible to obtain for a suitable class of observables that are sufficiently regular a rate
on the decay of correlations that is uniform with respect to the observables in this
class, thus being a good measure for the level of chaos within the system. We will
discuss examples of this in Sections 1.3 and 1.4 for (random) interval maps.

A number of these examples obtain results on the rate of decay of correlations by
constructing a suitable Young tower, a technique introduced in [Y98, Y99| by Young.
We will exploit this technique as well in Chapter 3. The construction of a Young tower
is rather technical and we explain this in more detail in Chapter 3, but let us briefly
indicate here one of its powerful consequences. As we have seen in Proposition 1.2.12,
sometimes an acim p for a dynamical system (X, F, m,T') can be obtained by finding
a finite acim v for an induced transformation 7y with Y € F, and p is then finite if
and only if py is integrable with respect to v. For the latter it is usually sufficient to
verify that ¢y is integrable with respect to m|y. If a Young tower can be constructed
on Y, then T is mixing with respect to p and more can be said depending on the tail
of the distribution of ¢y with respect to m|y. More precisely, if the tail is polynomial
or exponential, then the correlation function for Hoélder continuous functions with
respect to p decays polynomially or exponentially fast, respectively.

Mixing and correlation decay rates are statistical properties of the system that give
an idea on the chaotic behaviour of the system under consideration. Another (but
closely related) indicator for chaos in a dynamical system (X, F, u, T) is the behaviour
of processes of the form {foT™}, cn where f : X — R is a measurable function. If the
system is sufficiently chaotic such processes exhibit stochastic behaviour and there are
many settings known in which these processes satisfy classical results from Probability
Theory. For instance, if i is a probability measure and T is measure preserving with
respect to p, then the processes {f o T"},cn are stationary on (X, F,u), i.e. the
joint probability distribution of {f o T"},en does not change when shifted in time.
Moreover, Birkhoff’s Ergodic Theorem can be rephrased to saying that these processes
satisfy the Law of Large Numbers if T is also ergodic with respect to u. For such
processes the classical Central Limit Theorem reads as follows:

Definition 1.2.15 (Central Limit Theorem). Let 7' be a transformation on a
probability space (X, F,u) that is measure preserving. We say that f € L'(X,pu)
satisfies the Central Limit Theorem ( CLT) if there exists a o > 0 such that

n 1
. (fOTk ffdﬂ _ ¢ —t2)

lim p

n—00
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The results in [L96] provide a large class of ergodic measure preserving transform-
ations T on a probability space (X, F, 1) and functions f € L (X, u) that satisfy the
CLT if the correlation function Cor,(f, f) decays fast enough as n — oo, namely if

> |Corn(f, f)| < 0. (1.9)

neN
See [L96] and references therein for more results on the CLT for dynamical systems.

Other statistical properties of dynamical systems include exactness and Bernoulli-
city and other statistical limit laws like the almost sure invariance principle and large
deviation theorems. In this dissertation we restrict our attention to mixing and the
Central Limit Theorem. Moreover, we only discuss these properties for dynamical
systems (X, F, u, T) where p is a probability (or finite) measure. For infinite measure
systems statistical properties are usually harder to derive since we cannot immediately
apply the tools from Probability Theory.

§1.2.3 Entropy

Shannon introduced the concept of entropy in information theory as a measure for
randomness generated by an information source, see [S48]. This notion was then
introduced to dynamical systems by Kolmogorov [K58] and Sinai [S59]. In this sub-
section we give a brief introduction on this topic.

Let (X, F, u) be a probability space. We call a collection P a partition of X if it is
an at most countable collection of measurable sets, P C F, that are pairwise disjoint
and satisfy X = |Jpcp P, where both properties are considered modulo p-null sets.
The entropy of a partition P is defined as

H,(P) ==Y u(P)logu(P).
PeP

For two partitions P; and Py of X we use the notation P; < Ps to indicate that Py
is a refinement of Py, i.e. that for every P € P there is a Q) € P; such that P C Q.
Moreover, we use Py V Py := {PNQ : P € P1, Q € P2} to denote the common
refinement of P; and Ps.

Definition 1.2.16 (Measure theoretic entropy). Let (X, F,u,T) be a dynam-
ical system where p is a T-invariant probability measure. For a partition P of X with
finite entropy, i.e. H,,(P) < oo, the entropy of T with respect to P is given by

n—1
hu(T,P) := lim lHM( \/ 77+P).
k=0

n—oo N

Furthermore, the measure theoretic entropy of T is given by

h,(T) :==sup h,(T,P),
P

where the supremum is taken over all partitions P with finite entropy.
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It is not very practical to calculate the measure theoretic entropy straight from its
definition. We present some results that facilitate the computation of entropy. For a
collection of measurable sets € C F we use o(€) to denote the smallest sub o-algebra
of F containing £. We say that a partition P of X is a generator for a transformation
T : X — X if the sequence of partitions {P,} given by P,, = Z;S T—*P satisfies
0(UpenPn) = F up to sets of y-measure zero. If X is a Polish space and F the
associated Borel o-algebra, then according to [M57, Theorem 3.3] a sufficient condition
for a partition P of X to be a generator for T is if {P,} separates points, i.e. for each
x,y € X with x # y there exist n € N and A € P, such that x € A and y ¢ A.

Theorem 1.2.17 (Kolmogorov-Sinai Theorem). Let (X,F, pu,T) be a dynamical
system where p is a T-invariant probability measure and let P be a partition of X
with finite entropy. If P is a generator with respect to T, then h,(T) = h,(T,P).

In applications of the Kolmogorov-Sinai Theorem, P usually consists of invertib-
ility domains of T, which are measurable sets on which T is bijective to its image
with measurable inverse. More generally, the following result, which can be found in
e.g. [DK21, Proposition 9.3.1], holds.

Lemma 1.2.18. Let (X, F,u,T) be a dynamical system where u is a T-invariant
probability measure. If P1 < Ps < ... is an increasing sequence of partitions of X
with finite entropy and o(U,,cx Pn) = F up to sets of u-measure zero, then h,(T) =
limy, o0 (T, Pr).

Another tool that can be useful for calculating the entropy is a result known
as Rokhlin’s Formula presented below, which relates entropy to the Jacobian of a
transformation. The next result gives conditions under which the Jacobian function
exists.

Proposition 1.2.19 (Jacobian). Let (X,F,m,T) be a dynamical system where X
is a Polish space, F the associated Borel o-algebra, m a probability measure and T
non-singular. Suppose that P is a partition of X consisting of invertibility domains of
T. Then there exists a m-a.e. unique non-negative function J,,T € L*(X,m), called
the Jacobian of T with respect to m, such that

m(T(B)) :/ I Tdm
B
holds for each measurable B C A and A € P.

In later chapters we will make use of the following change of variables formulae
from [VO16, Lemma 9.7.4].

Lemma 1.2.20 (Change of variables formulae). Under the assumptions of Pro-
position 1.2.19, for each measurable B C A and A € P,

(a) fT(B) edm = [(@oT)JyTdm for any measurable function ¢ : T(B) — R such
that the integrals are defined (possibly +00),
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(b) [pdm = [} (¥/TnT)o (T|B)~tdm for any measurable function ¢ : B — R
such that the integrals are defined (possibly £00).

The following result goes back to Rokhlin [R52], see e.g. [VO16, Theorem 9.7.3].

Theorem 1.2.21 (Rokhlin Formula). Let (X, F, u,T) be a dynamical system with
X a Polish space, F the associated Borel o-algebra, u a probability measure and T
measure preserving with respect to u. Suppose that P is a partition of X with finite

entropy consisting of invertibility domains of T, and that P is a generator for T.
Then

hH(T):/XlOgJMTd,u.

Finally, we state the Shannon-McMillan-Breiman Theorem. For a partition P of
X and z € X we denote by P(x) the partition element of P containing x.

Theorem 1.2.22 (Shannon-McMillan-Breiman Theorem). Let T be a meas-
ure preserving and ergodic transformation on a probability space (X, F,u) and let P
be a partition of X with finite entropy. Then

G (Vo T7FP(x))

n—00 n

= h,(T,P) for p-a.e. x € X.

§1.3 Interval maps

An interval map is a dynamical system of the form (X, B, A\, T") where X is a bounded
interval in R, B the associated Borel o-algebra and A the Lebesgue measure on (X, B).
Without loss of generality we take in this section X = [0,1]. There are numerous
techniques showing the existence of acims for interval maps, but precise formulae
for the densities are in general not known. In this section we review some of these
techniques for the types of interval maps that will be relevant in this dissertation as
well as some of their statistical properties. We refer to [L06] for a more complete
overview.

In general, the question whether an interval map admits an acim is linked to the
degree to which distances between points close to each other get expanded under
iterations of the interval map. Usually an interval map T : [0,1] — [0, 1] admits a
finite acim with exponential decay of correlations if the map is sufficiently smooth
and uniformly erpanding, meaning that there exist constants C' > 0 and ¢ > 1 such
that |[DT™(x)| > Cq¢™ holds for all n € N and all z € [0,1]. A sufficient condition to
be uniformly expanding is if inf,¢cjo,1) [DT ()| > 1 holds and this is usually what is
assumed when considering expanding interval maps.

The first important results on acims for uniformly expanding interval maps have
been derived for so-called Markov interval maps, see e.g. [dMvS93, Section 5.2]. The
main feature of a Markov interval map T : [0,1] — [0,1] is that T is piecewise
monotonic and sufficiently smooth on a finite or countable partition {I;} such that
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for each I; there exists a collection A; C {I;} such that T(I;) = Ucy, I. The
dynamics under 7' can then be modelled by a Markov chain where a state ¢ can
move to state j if and only if I; C T'(I;). A finite acim for T' can then be obtained
by e.g. applying the thermodynamic formalism to this Markov chain, see e.g. [S09].
Moreover, if the Markov chain is irreducible and aperiodic this is the only acim for
T and it has very strong mixing properties under 7', including that the correlation
function for Holder continuous observables decays exponentially fast. In particular,
these observables satisfy the summability condition from (1.9) and therefore typically
satisfy the Central Limit Theorem from (1.8). For more details see e.g. [dMvS93, Y98].

Example 1.3.1 (N-adic transformations). The simplest class of examples of a
Markov interval map are the N-adic transformations Ty : [0,1] — [0, 1] with integer
N > 2 and

Tn(x) = Nz mod 1.

The doubling map from (1.3) is the N-adic transformation where N = 2, see Figure
1.1(a). It can be shown that, for each integer N > 2, T preserves the Lebesgue
measure A on [0,1] and that A is the only acim of Ty.

Example 1.3.2 (Gauss map). Another well-studied Markov interval map is the
Gauss map G : [0,1] — [0, 1] given by G(0) = 0 and for = # 0,

G(z) = % mod 1,

see Figure 1.3(a). It is well known that G preserves the Gauss probability measure
pe on [0,1] with density
d,ug 1 1

d\ (x):10g2x+1’ z € [0.1],

and that peg is the only acim for G.

For interval maps that are uniformly expanding but not Markov, the lack of control
on the images of intervals of monotonicity makes the study on acims more difficult.
For such maps often a functional analytic approach is executed by considering the
Perron-Frobenius operator, which for a piecewise strictly monotonic C'' interval map
T is an operator acting on non-negative measurable functions h on [0,1] as

_ h(y)
Prh(z) = yGTZ{I} DTl (1.10)

A non-negative measurable function ¢ on [0,1] is a fixed point of Pr if and only if it
provides an acim p for T by setting u(B) = [ ¢ dX for each B € B. The celebrated
article by Lasota and Yorke [LY73] shows that the Perron-Frobenius operator of a
uniformly expanding interval map that is piecewise C? and monotonic on a finite
partition has a fixed point that is of bounded variation, thus yielding a finite acim
for the interval map. Moreover, in the same article this result is extended to the case
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1 1

0 111 1 1 0 1 2 34 1
54 3 2 2 345
(a) The map G (b) The map R

Figure 1.3: In (a) we see the graph of the Gauss map G and in (b) the graph of the Rényi
map R is depicted.

that the partition is countable under some additional conditions like long branches.
Other extensions of this result can be found in e.g. [BG97] and references therein.
Furthermore, in the setting of [LY73] the Perron-Frobenius operator restricted to
the space of functions of bounded variations is quasi-compact and therefore has a
spectral gap. This implies for instance for a large class of uniformly expanding (not
necessarily Markov) interval maps that the correlation function for observables of
bounded variation decays exponentially fast. See e.g. [B00, BG97] for more properties
on the Perron-Frobenius operator.

One of the simplest ways to go beyond uniformly expanding interval maps is
by considering interval maps that have derivative bigger than 1 everywhere except
at some neutral fixed point. (A neutral fixed point for an interval map is a fixed
point where the derivative is equal to 1.) Such maps are examples of non-uniformly
expanding maps. The dynamics in the presence of a neutral fixed point are usually
significantly different than that of uniformly expanding maps. The reason for this
is that under uniformly expanding maps nearby points move away from each other
exponentially fast, while points diverge from a neutral fixed point at a subexponential
rate. Consequently, these maps typically exhibit intermittency and orbits spend long
periods of time close to the neutral fixed point while behaving chaotically otherwise.
Furthermore, if an acim exist, its density usually has a pole at the neutral fixed point
and if the acim is infinite, then this means that typical orbits stay too long near the
neutral fixed point for the acim to be normalisable. Also, if the acim is finite, the
rate on the decay of correlations is typically subexponential, see [LO6] and references
therein. A common approach to study non-uniformly expanding interval maps is
to induce the map on a suitable subset such that the induced transformation is a
uniformly expanding (Markov) interval map.

Example 1.3.3 (Rényi map). The Rényi map R : [0,1] — [0, 1] is an example of
a non-uniformly expanding interval map with a neutral fixed point and is given by
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R(1) =0 and for = # 1,

1
R(z) = T mod 1,
which can be obtained by reflecting the Gauss map in the vertical line through %, see
Figure 1.3(b). It is shown by Rényi in [R57a] that T admits no finite acim but does
have a o-finite acim pg on [0, 1] with density

dp,R o 1
W(x)* JJ, IEG(O,I],

which is the only o-finite acim for R.

Example 1.3.4 (LSV maps). For each a € (0, c0), let

T ) if x 1
So + [0,1] — [0, 1], Sa(sc):{2i1+12 ) if IEE%I]}" (1.11)

The map S, has a neutral fixed point at zero. The graph of S, is shown in Figure
1.4(a). Members of the family {S, : « € (0,00)} are called Liverani-Saussol-Vaienti
(LSV) maps and were first introduced in [LSV99]. It follows from older results in
e.g. [P80, T80] that S, admits a unique acim p, with density that behaves like 2.
More precisely, there exist constants Cs > C7 > 0 such that
_ dpig _
Cp-27< ——()<Cy-277, x € (0,1].
dA

In particular, u, is finite if and only if o € (0,1). Furthermore, it is shown in
[HO4, LSV99, Y99, G04] that correlations decay polynomially fast if « € (0,1). More
precisely, in e.g. [Y99] it is shown (in a more general fashion) by constructing a Young
tower that for all a € (0,1), f € L*([0,1], ta) and ¢ : [0,1] — R Holder continuous
there are C' > 0 and N € N such that

Corp, s, ua(f,9) <C- pl-t/e

for each integer n > N. In particular, for such an f the summability condition from
(1.9) is satisfied if a € (0, 3) and it is shown in [Y99] that these observables therefore
satisfy the CLT. Moreover, it is shown in [G04] that for a class of observables that
vanish near zero the rate n'~'/¢ is in fact sharp and that such observables satisfy the

CLT for all « € (0,1).

The previous example falls in a more general class that is referred to as Manneuville-
Pomeau maps, which are transformations on [0, 1] consisting of two increasing branches
onto [0, 1] with neutral fixed point at zero and everywhere else derivative bigger than
1. The intermittent behaviour of these maps was first studied by Manneville and
Pomeau in [PM80, MP80, BPV86| to investigate intermittency of turbulent flows.
The standard Manneville-Pomeau maps are given by z +— x4+ 2+t mod 1 with a > 0
and the LSV maps from Example 1.3.4 were introduced in [LSV99] as a simplification
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of the standard Manneville-Pomeau maps in the sense that the right branch of the LSV
maps is linear. Typically one considers a one-parameter family of Manneville-Pomeau
maps where the parameter determines the behaviour around zero, and typically there
is a phase transition threshold for this parameter that separates the cases where the
acim is either finite or infinite. For the LSV maps S, parametrised by « € (0,00) as
in (1.11) this threshold is o = 1.

1 1
a=1/2
o=2 b a
a=38
0 1 1 0 1l a1l 1
2 2 a
(a) The map Sq (b) The map Lg

Figure 1.4: In (a) we see the graph of the LSV map Sa for several values of o and in (b)
the graph of the logistic map L, is depicted.

Another well-studied class of interval maps that are not uniformly expanding are
smooth maps that have critical points, which are points where the derivative of the
map is zero. We restrict our attention to critical points ¢ € (0,1) of a C? interval
map T that are non-flat, i.e. there exist constants 0 < K < M and ¢ > 1 such that
for each z € [0, 1]

K|z — /7' <|DT(z)| < M|z — "L

In this case ¢ is called the (critical) order of c¢. If T has only one critical point
¢ € (0,1) such that DT > 0 on [0,¢) and DT < 0 on (¢, 1], then T is said to
be unimodal. Furthermore, ¢; = T(c) is referred to as a critical value of T and
the orbit of ¢; under T is called the postcritical orbit. Typically, orbits that get
close to ¢ remain close to this postcritical orbit for some time. It was recognised in
[M81, CE83, NvS91, KN92, Y92, BLvS03, BSvS03| among others that the influence
of a critical point ¢ of T on the dynamics depends crucially on the expansion gained
along the postcritical orbit, that is on the growth of DT"(c¢;) as n grows. Indeed,
orbits that get close to ¢ will stay close to the postcritical orbit for some time due to
the contracting behaviour near c¢. The faster DT™(c1) grows as n grows, the faster the
contraction gets compensated and the shorter orbits “shadow” the postcritical orbit.
For the existence of an acim for unimodal maps it suffices in general to assume that
DT"(cy) stays large enough for all n sufficiently large and no growth of DT™(c;) has
to be assumed [BSvS03], but the rates on which correlations decay is strongly related
with the growth of DT™(c1) [BLvS03, Y92|. For instance, it was shown in [BLvS03]
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using a Young tower that, roughly speaking, if the derivative along all postcritical
orbits of the map grows exponentially or polynomially, then correlations typically
decay exponentially or polynomially, respectively.

Example 1.3.5 (Logistic maps). An important and well-studied class of unimodal
maps is the family {L, : a € [0,4]} of logistic maps given by

Ly :[0,1] = [0,1], Lg(x)=ax(l—x),

see Figure 1.4(b). It can in fact be shown that any unimodal map is semi-conjugate
to a logistic map, see e.g. [dMvS93, Section 2.6] for more details. The dynamical
behaviour of L, depends crucially on the value of the parameter a. For 0 < a <1
all orbits under L, converge to the attracting fixed point zero. If a > 1, then zero
is a repelling fixed point for L, and for 1 < a < 3 orbits instead converge to the
fixed point aT_l with a speed that is dependent on the value of a. For instance, if
a = 2, then the critical value ¢ coincides with “Tfl and there is superexponential
convergence, whereas for a = 3 orbits converge sublinearly fast to “T_l For Lebesgue
almost all a € (3,4) the map L, either has an attracting periodic orbit or a finite acim
[J81, LO2]. Furthermore, it was shown by Young in [Y92] that there exists a subset in
(3,4) of positive Lebesgue measure such that for each a in this subset the map L, has
exponential decay of correlations for observables of bounded variation and also that
such observables satisfy the CLT under L,. Finally, the full branched logistic map
L, admits an ergodic probability acim p and is a special case in the sense that its
invariant density is known explicitly, namely %\‘(m) = % \/11_7 In this case it is clear
what the postcritical orbit looks like, namely it consists of the points 1 and 0. Since
L, is expanding in these two points this map has exponential decay of correlations,

see e.g. [Y92]. For a more extensive discussion on logistic maps, see again [dMvS93].

Usually techniques for obtaining acims for an interval map 7', including the ones
discussed so far, require some control on the distortion of iterates of T'. There are
several definitions in the literature of bounded distortion of a C! map T : I — R
where I is an interval in R. One way to define it is that there exists K > 1 such that
for each x,y € 1,

1 DT(x)

K = DI(y)

<K,
thus indicating that T cannot be too non-linear. This gives the following control

on the sizes of images of intervals: Let J C I be another interval. By the Mean
Value Theorem there exists an z € J with |DT(z)| = 22U) and a y € I with

)
|DT (y)| = % Hence,

LAW) _ DT@) M) _ MT() _ A

K XI) — DT(y) A1)~ MT(D)) NI (1.12)

To guarantee for bounded distortion commonly interval maps where the branches
have non-positive Schwarzian derivative are considered. For a C® map 7 : I — R on
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an interval I the Schwarzian derivative of T at x € I with DT(x) # 0 is defined by

ST(x) = D’T(z) §(D2T(gc))2

DT(xz) 2\ DT(x)
We say that T has non-positive Schwarzian derivative on I if DT'(x) # 0 and ST (z) <
0 for all x € I. A direct computation shows that the Schwarzian derivative of the
composition of two C® maps Ty : I; — R and Ty : I, — R with Ty(I;) C I and I;
and I, intervals satisfies

S(Ty 0 Ty)(z) = ST2(T1(z)) - |IDTy(z)|* + STy (z). (1.13)

Hence, S(T5 o T1) < 0 provided ST} < 0 and ST, < 0. We will use the follow-
ing two well-known properties of maps with non-positive Schwarzian derivative (see
e.g. [dMvS93, Section 4.1]).

Theorem 1.3.6 (Koebe Principle). For each p > 0 there exist K®) > 1 and
M) > 0 with the following property. Let J C I be two intervals and suppose that
T : I — R has non-positive Schwarzian derivative. If both components of T(I)\T(J)
have length at least p - X(T'(J)), then

1 DT (x)

< < K® 1.14
Ko < Drg) =87 Veyed (1.14)
and
DT (x) |T(x) — T(y)]
< mp 2 2N : 1.1
DT(y) ‘ = Ty 0 Tmyed (1.15)

Note that the constants K®) M) only depend on p and not on the map T.

In particular, Koebe’s Principle implies bounded distortion on subintervals of the
domain of a map with non-positive Schwarzian derivative.

Theorem 1.3.7 (Minimum Principle). Let I = [a,b] be a closed interval and sup-
pose that T : I — R has non-positive Schwarzian derivative. Then

|DT(x)| > min{|DT(a)|,|DT(b)|}, Vz € [a,b].

A consequence of the Minimum Principle is that for any 7' : I — R with non-
positive Schwarzian derivative the absolute value of the derivative |DT| has locally
no strict minima in the interior of I.

§1.4 Random interval maps

Recall the definition of a random dynamical system (7, P) given in Section 1.1, where
the evolution of the system is given by (1.2). Frequently random dynamical systems
are studied by a deterministic map called the skew product. Given a family 7 = {T; :
X — X}ier the corresponding skew product is given by

F:I"xX -5 I"xX, (w,z)— (1w, T, (7)),
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where w = (wy,ws,...) € IN and 7 : IN — IV is the left shift on IV, ie. Tw =
(wa,ws,...). We use the following notation for the compositions of the maps T;. For
each w € IN and each n € Ny define

x, if n=0,

(1.16)
T,, 0T, ,0--0T, (x), formn>1.

Ty, () =T (2) = {

With this notation, we can write the iterates of the skew product F' as
F'w,z) = (T"w, TS (x)),

from which it becomes clear that F' generates in its second coordinate the random
orbits of the form in (1.2). For random dynamical systems one is usually interested
in the annealed dynamics, where the behaviour is averaged over w, as well as the
quenched dynamics, where the behaviour is studied for fixed w. In this dissertation
we will mostly focus on obtaining annealed results and for this we will study the skew
product.

For the random dynamical systems that we consider the index set I is assumed
to be a Polish space and we write By for the corresponding Borel o-algebra on I.
Then the probability space (I, BY,P) is referred to as the base space of the random
dynamical system. Furthermore, for the case that [ is finite or countable we introduce
the following definitions. For any n € N we use u € I™ to denote a word w = uy -+ - u,.
The set I° contains only the empty word, which we denote by e. We write I* =
U,>o I™ for the collection of all finite words with digits from /. We use the notation
|u| for the length of w € I*, so |u| = n for w € I", and for two words u € I" and
v € I™ the concatenation of w and v is denoted by uv € I"*™. Furthermore, on I
we use for each u € I" the notation

[u]:[ul"‘un}:{WEIN:C‘Jl:Ulwuawn:un}

for the cylinder set corresponding to u. We also use the notation from (1.16) for finite
words uw € £, m > 1, instead of sequences w € XV, and with n < m.

In the first part of this dissertation we consider random interval maps (7,P) on
[0,1] where T consists of finitely many transformations, and for this setting we denote
¥ instead of I for the index set of T, i.e. T = {T}};ex, to distinguish from the more
general setup above. Moreover, we take IP to be a Bernoulli measure. For a probability
vector p = (p;)jex the p-Bernoulli measure myp on (SN, BY) is defined on cylinder
sets as

mp([u]) = [[pu,, we€E", neN
=1

This defines m,, uniquely since the finiteness of ¥ yields that the o-algebra BY gener-
ated from the discrete topology on X is generated by the cylinder sets. We introduce
the notation

n
pu:HPu,;, uel®, neN
i=1
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to simply write mp([u]) = py. Taking the Bernoulli measure P = m,, as probability
law on the base space means that at each time step for each j € ¥ the map 7} is
applied with probability p; independently from the maps that are applied at other
time steps. In this case we refer to (7,P) as an 4.i.d. random interval map.

Suppose (T,P) is a random dynamical system with index set I and where m is
some reference measure on the state space X. When we speak of an acim p for F' we
mean that the absolute continuity of p is with respect to the reference measure P x m.
Invariant measures of the skew product and in particular acims give information on
the long-term average behaviour of orbits under a random dynamical system. For
instance, suppose p is an ergodic probability acim for F. Then it follows from Birk-
hoff’s Ergodic Theorem applied to (F, p) that for each bounded measurable function
f on X there exists a measurable set A C IV x X with P x m(A) > 0 such that

lim lzjf T (x /f )dp(w, z) (1.17)

holds for all (w,z) € A. In case (7,P) is an i.i.d. random interval map?, then the
finite acims of F' are of a special form as the next lemma below will show.

Given a finite family 7 = {T} : [0,1] — [0,1]};ex and probability vector p =
(pj)jex we say that a Borel measure p on [0,1] is stationary w.r.t. (T,p) if

iju(Tj*lB) = u(B) for all Borel sets B C [0, 1]. (1.18)
jeX

It is easy to verify that myp x p1 is F-invariant if and only if p is stationary. For brevity
we call a stationary Borel measure p on [0, 1] that is absolutely continuous w.r.t. A
an acs measure for (7, p).

Lemma 1.4.1 ([M85a], see also [F99, Lemma 3.2]). Let{Tj : [0,1] — [0,1]},ex
be a finite family of non-singular transformations and let F denote the associated
skew product. Furthermore, let p = (p;)jex be a probability vector. Then the mp X -
absolutely continuous F-invariant finite measures are precisely the measures of the
form my, X p where p is a finite acs measure.

Statistical properties of the skew product F' yield statistical properties of the
corresponding random dynamical system (7,P). For instance, if p is an invariant
probability measure for F' and f is a bounded measurable function on the state space
X of the system that satisfies the Central Limit Theorem from Definition 1.2.15
w.r.t. (F,p) for some o > 0, then this means

€7t2/2dt,

lim p

n— oo

n—1
im0 (F(T, — [ f@)dp(w, z)) 1
(w,x) : <up)=—
O’\/ﬁ V21 J_so
2Lemma 1.4.1 is formulated in [M85a, F99] for i.i.d. random interval maps but in fact holds for all

random dynamical systems where the constituent maps are non-singular and where the probability
law on the base space is a Bernoulli measure.
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hence giving information on the fluctuations of the convergence as in (1.17). As
another example, suppose the state space X is a Polish space, P is 7-invariant and
p is again an invariant probability measure for F. Then there exists a family of
probability measures {p,, },cm on X such that for all bounded measurable functions
fand gon X

Cotnry(f,9) / Corp (1 9)dP(w) + Cornrp(f, ), (1.19)
where
Corylfoa) = [ £oT2-gdp. = [ fdproe- [ adp.
X X

are (forward) fiberwise correlations and f(w fX fdp, and g(w fX gdp,, (see
e.g. [B99, Subsection 0.2] or use (5.21) from Sectlon 5.4 for a Justlﬁcatlon) In other
words, the speed at which correlations decay with respect to (F, p) gives information
on the decay of annealed correlations of the random system.?

Various results on acims and statistical properties for skew products that are
associated with random interval maps have been found in the last decades. We briefly
discuss some techniques and results for i.i.d. random interval maps and refer the reader
to [ANV15] and references therein for a more extensive discussion.

Let (7, myp) be an i.i.d. random interval map where 7 = {T} : [0,1] — [0,1]}ex is
a finite family of piecewise strictly monotonic C*! interval maps. The Perron-Frobenius
operator Pr , associated to (T, p) is defined on the space of non-negative measurable
functions h on [0, 1] by

Prph(z) = piPrh(x (1.20)

JED

where each Pr, is as given in (1.10). Then a non-negative measurable function ¢
on [0,1] is a fixed point of Pr p if and only if the Borel measure p on [0,1] given
by #(A) = [@dX is an acs measure. Hence, it follows from Lemma 1.4.1 that the
integrable fixed points of (1.20) provide precisely the finite acims of F. By applying
techniques similar to the ones for the Perron-Frobenius operator from (1.10) discussed
in the previous section it is possible to obtain analogous annealed results if the random
interval map is uniformly expanding in some sense. We say (7, myp) is ezpanding on
average if

pj
- < 1. 1.21
> e [DT(0) (21

For a large class of i.i.d. random interval maps that satisfy this condition an acs
probability measure can be obtained by applying to (1.20) an approach that is similar

3The second term on the right-hand side of (1.19) is a correlation function with respect to (7, P),
and its speed of decay is typically known. In Chapter 3, where we consider decay of correlations for
the skew product, P is a Bernoulli measure, in which case correlations under 7 decay exponentially
fast.
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to that of Lasota and Yorke for (1.10). Furthermore, exponential decay of annealed
correlations and Central Limit Theorems can be obtained for functions of bounded
variation using the quasi-compactness of (1.20). In [P84, I12] the weaker condition
Dj
sup < 1, (1.22)
vefo.1] 75, [ PT5(2))]

is used to obtain for i.i.d. random interval maps the existence of acs probability
measures among other results.

Example 1.4.2 (Random Gauss-Rényi map). We have seen that the Gauss map
G from Example 1.3.2 admits a probability acim, whereas the Rényi map R from
Example 1.3.3 admits no finite acim but does admit a o-finite acim with density that
has a pole at zero. Now let ({Tp,T1},mp) be the ii.d. random interval map with
P = {po, p1} where the Gauss map Ty = G is chosen with probabity py and the Rényi
map T} = R with probability p; = 1 —pg. This random interval map satisfies (1.22) if
po € (0,1), and it is shown in [KKV17] that for each py € (0, 1) it admits an invariant
probability density of bounded variation, annealed correlations decay exponentially
fast and an annealed CLT holds. In other words, if py € (0,1) the annealed dynamical
behaviour is not as much influenced by the presence of the neutral fixed point of T}
at zero as compared to the pp = 0 case. On the other hand, it is shown in [KMTV22]
that if py € (0,1) the density of the acs measure is provably less smooth than the
invariant density of the Gauss map.

We now give an example of an i.i.d. random interval map that does not possess
any uniform expandingness.

Example 1.4.3 (Random LSV maps). In [BBD14, BB16, Z18, NTV18, BBR19,
BQT21, NPPT21] i.i.d. random interval maps are considered that are composed of
the LSV maps S, from Example 1.3.4 where « is sampled from some fixed subset
A C (0,00). Because the maps S, share the same neutral fixed point at zero such
random interval maps are not uniformly expanding. Instead, it is shown that the
annealed dynamics of such random interval maps are governed by the map with the
fastest relaxation rate, i.e. the map S, _, where ami, is the minimal value of A. In
particular, it is shown in [BBD14] by means of a Young tower for the associated skew
product that for the case that A is finite and a subset of (0, 1] and amin € (0,1) an
acs probability measure exists and annealed correlations decay as fast as n!'~—1/@min
a rate that in [BB16] is shown to be sharp for a class of observables that vanish near
zero. In [Z18] it was shown that an acs probability measure also exists without the
restriction A C (0,1] as long as A C (0, 00) is finite and auiy lies in (0,1). This was
later shown in [BQT21] as well without the finiteness condition on A provided there
is a positive probability to choose a parameter < 1, and for this more general setting
it is also shown in [BQT21] that annealed correlations decay polynomially fast with
a rate that is close (and sometimes equal) to the rate found in [BBD14]. We refer the
reader to [BBR19] for quenched results obtained for random LSV maps.
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§1.5 Outline of dissertation

We conclude this chapter by giving a brief summary of the content of each chapter.

In Chapter 2 we consider a wide class of critically intermittent random systems
on [0, 1]. By using the inducing technique from Proposition 1.2.12 we prove that these
random interval maps admit a o-finite acs measure that is either finite or infinite de-
pending on the probabilities of choosing the constituent maps as well as their critical
orders. The existence of an infinite acs measure is proven with the help of Kac’s
Lemma. On the other hand, a finite acs measure is derived by estimating the sizes of
neighborhoods around points of the postcritical orbits, which is shown to be sufficient
using an argument that involves the Koebe Principle and Minimum Principle.

In Chapter 3 we derive several statistical properties of critically intermittent
systems that are closely related to the ones from Chapter 2 but for which the corres-
ponding skew product is easier to analyse using the Young tower technique. We show
that these systems are mixing and that annealed correlations decay polynomially fast.
We also provide sufficient conditions for an annealed CLT to hold for a class of Hélder
continuous functions.

In Chapter 4 we investigate what happens to the acs measure of the critically
intermittent random systems when the system is modified in such a way that the
superexponential convergence is replaced by exponential convergence and the expo-
nential divergence is replaced by polynomial divergence. We show that a similar phase
transition for the acs measure holds as the one found in Chapter 2, but for the proof
we use techniques different from those executed in Chapter 2 and construct a suitable
invariant set for the Perron-Frobenius operator.

In Chapter 5 we give an extension of Lochs’ result from (1.4) to a large class of
pairs of random interval maps that produce number expansions. For this we gener-
alise the method from [DF01] by applying fiberwise analogs of the Kolmogorov-Sinai
Theorem and Shannon-McMillan-Breiman Theorem. To calculate the fiber entropy
we also deduce a random analog of Rokhlin’s Formula for entropy. Furthermore, we
also provide a corresponding Central Limit Theorem. The chapter is concluded with
applying the obtained general theory to common number expansions.

In Chapter 6 we study the question posed in [JMKA13] that asks what is the
minimum number k(m) of output digits of the S-encoder needed to produce with
this output m base 2 digits of the same input value. We provide several limit results
as m — oo in the case that the quantiser threshold fluctuates but the amplification
factor and scaling factor are fixed. We end this chapter by observing that the method
of [JMKA13]| is not optimal for producing large pseudo-random numbers when the
amplification factor or scaling factor of the S-encoder fluctuates as well.

31

T HALIVHD)






PART 1

STATISTICAL PROPERTIES OF
CRITICALLY INTERMITTENT
SYSTEMS







CHAPTER 2

Absolutely continuous invariant
measures for critically intermittent
systems

This chapter is based on: [HKR122].

Abstract

Critical intermittency stands for a type of intermittent dynamics caused by an in-
terplay of a superstable fixed point and a repelling fixed point. We consider a large
class of random interval maps that exhibit critical intermittency and demonstrate
the existence of a phase transition when varying probabilities, where the absolutely
continuous invariant measure changes between finite and infinite. We discuss further
properties of this measure and show that its density is not in L9 for any ¢ > 1. This
provides a theory of critical intermittency alongside the theory for the well-studied
Manneville-Pomeau maps where the intermittency is caused by a neutral fixed point.



CHAPTER 2

2. Absolutely continuous invariant measures for critically intermittent systems

§2.1 Introduction

The concept of critical intermittency has been illustrated in Subsection 1.1.1 by ran-
dom i.i.d. applications of the two logistic maps Lo(x) = 22(1 — z) and Ly(x) =
4x(1 — x) on the unit interval: Orbits converge superexponentially fast to 5 under
applications of Lo, and as soon as L4 is applied then diverge exponentially fast from
the repelling fixed point, behaving chaotically again for some time once escaped. See
Figures 1.1(b) and 1.2(b). The alternation between chaotic periods and being in a
seemingly steady state is related to the probability of choosing the maps as well as
the critical order ¢ = 2 of Ly, which determines the speed of convergence to % In
[AGH18] it is shown that this random system admits a o-finite acs measure which
is infinite if the probability po of choosing Ly satisfies po > % We will see in this
chapter that this acs measure in fact is finite if and only if ps - €5 < 1. More generally,
we will prove such a phase transition for the acs measure for a large family of random

interval maps with critical intermittency.

In this chapter we consider critically intermittent systems on [0, 1] that are defined
by random i.i.d. applications of so-called bad maps that share a globally superattract-
ing fixed point ¢ € (0,1) and good maps that map ¢ into the common invariant and
repelling set {0,1}. To be precise, the families of maps we consider are defined as
follows.

Throughout the text we fix a point ¢ € (0, 1) that will represent the single critical
point of our maps, both good and bad.

A map T, : [0,1] — [0, 1] is in the class of good maps, denoted by &, if
(G1) Tyljo,) and Tyl(c,1) are C* diffeomorphisms onto [0,1) or (0,1] and Ty(c) €
{Ty(c=), Ty(eH)};
(G2) T, has non-positive Schwarzian derivative on [0, ¢) and (c, 1];

(G3) to T, we can associate three constants r, > 1, 0 < K, < 1 and M, > r, such
that, for each x € [0, 1],

Kyla — "™ < [DTy(x)| < Mylz — | (2.1)

(G4) we have |DT,(0)|,|DT,(1)] > 1.

These conditions imply in particular that T,({0,¢c,1}) C {0,1}, that at least one of
the maps Tyljo,q or Tyli,1) is continuous, and that both branches of Tj are strictly
monotone. Note also that the conditions K, < 1 and M, > r, are superfluous,
since we can always choose a smaller constant K, and larger constant M, to satisfy
(2.1), but we need these specific bounds in our estimates later. The critical point
¢ is mapped to either 0 or 1 under each of the good maps and both 0 and 1 are
(eventually) fixed points or periodic points (with period 2) by (G1) that are repelling
by (G4). Furthermore, a consequence of the Minimum Principle is that |DTy| has
locally no strict minima in the intervals (0,c¢) and (¢, 1). In particular, there cannot
be any attracting fixed points for Ty in (0,¢) and (c,1). Examples of good maps
include the doubling map and surjective unimodal maps, see Figures 2.1(a)-(d).
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The choice of conditions (G1)-(G4) is based on two factors: firstly, these conditions
incorporate the most important properties of the ‘good’ logistic map Ly(x) = 4a(1 —
x), which is the primary motivating example for this chapter, and secondly, some of
the techniques used in this chapter are motivated by the work of Nowicki and Van
Strien [NvS91] where the following result has been proven. Let A denote the Lebesgue
measure on [0, 1].

Theorem 2.1.1 (Main Theorem in [NvS91]). Suppose that T : [0,1] — [0,1] is
unimodal, C3, has negative Schwarzian derivative and that the critical point of T is
of order r > 1. Moreover assume that the growth rate of |DT™ (¢1)|, c1 = T(c), is so
fast that

STIDT™ ()| 7V < oo (2.2)
n=0

Then T has a unique probability acim p which is ergodic and of positive entropy.
Furthermore, there exists a positive constant K such that

u(B) < K - A(B)Y", (2.3)

for any Borel set B C [0,1]. Finally, the density % of the measure p with respect

to A is an L™~ -function where T = r/(r — 1) and L™ = ﬂl§t<7' Lt and Lt = {f €
LY([0,1], ) : fiy [fI'dA < o0}

Formally this result is not immediately applicable to the good maps we introduced.
The difference, however, is not principal and the conclusion remains exactly the same,
the main reason being that the conditions (G1) and (G4) imply the growth rate (2.2),
and hence any good map admits a unique probability acim.

A map Ty : [0,1] — [0,1] is in the class of bad maps, denoted by B, if
(B1) Tyljo,c) and Tp|(cq) are C3 diffeomorphisms onto [0, ¢) or (¢, 1] and Ty(c) = ¢
(B2) Ty has non-positive Schwarzian derivative on [0, ¢) and (¢, 1];

(B3) to Ty we can associate three constants ¢, > 1, 0 < K, < 1 and M, > ¥, such
that, for each x € [0, 1],

Kylx — c|é”_1 < |DTp(x)| < My|x — c|€b—1; (2.4)

(B4) we have |DTy(0)|,|DTp(1)] > 1.

In particular (B1) implies that T3,({0,1}) C {0, 1}, that T} is continuous, and that T}
is strictly monotone on the intervals [0, ¢] and [c, 1]. In contrast to (G3), note that in
(B3) we have assumed that ¢, is not equal to one. This means that DTy(c) =0, so ¢
is a superstable fixed point for each bad map. Furthermore, ¢ has (0, 1) as its basin of
attraction, since it again follows from the Minimum Principle that |DT,| has locally
no strict minima in the intervals (0, ¢) and (¢, 1). Combining this with the Poincaré
Recurrence Theorem, an immediate consequence is that the only finite Tj-invariant
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0 1 1 0 1 1 0 1 1 0 1 1
2 2 2 2
(a) 2 421 — o) (b) @ — 22 mod 1 () @ (1 —20)% (d) @ — (1-22)3 mod 1
1 1 1 1
1 1 1 1
2 2 2 2
0 1 1 0 1 1 0 1 1 0 1 1
2 2 2 2
(6) z +— 2x(1l — x) (f) z — %+4(z—%)3 (g) T %4»8(1—%)4 (h) z — %—lﬁ(m—%)s

Figure 2.1: Eight maps with critical point ¢ = L. The upper four graphs (a)-(d) show good

maps, while in (e)-(h) we see the graphs of four bad maps.

measures are linear combinations of Dirac measures at 0, ¢, and 1. For examples, see

Figures 2.1(e)-(h).

The random systems we consider in this chapter are the following. Let T7,...,TN €
& U be a finite collection of good and bad maps. Write ¥ ={1 < j < N : T; € &}
and ¥p = {1 < j < N : T; € B} for the index sets of the good and bad maps re-
spectively and assume that X, X5 # 0. Write X = {1,...,N} =XgUXpg. Let F be
the skew product associated to {7} }ex, i.e.

F 3N x0,1] = =N x [0,1], (w,z) = (tw, T, (2)), (2.5)

where 7 denotes the left shift on sequences in =N. Let p = (pj)jex be a probability
vector representing the probabilities with which we choose the maps T3, j € X, and
let m,, be the p-Bernoulli measure on XN, Our main results are the following.

Theorem 2.1.2. Let T = {1} : j € £} be as above and p = (p;) ex a strictly positive
probability vector.

(a) There exists a unique (up to scalar multiplication) o-finite acs measure u for
(T,p). Moreover, F is ergodic w.r.t. mp X p.

(b) The density j—’; is bounded away from zero, is locally Lipschitz on (0,¢) and
(¢,1) and is not in L7 for any g > 1.

Theorem 2.1.3. Let T = {T; : j € X} be as above and p = (pj)jex a strictly
positive probability vector. Let p be the unique acs measure from Theorem 2.1.2. Set
0= ZbGEB poly. Then p is finite if and only if @ < 1. In this case, there exists a
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constant C > 0 such that

W(B) < C - N 0FA(B) e (2.6)
k=0

for any Borel set B C [0,1], where rmax = max{ry : g € g} and lyax = max{ly, :
be EB}

As we shall see in (2.28) the bound in (2.6) can be improved by not bounding
mixtures fpry = Hle &y,r, by their maximal value €% 7.y, but this improvement
does not change the qualitative behaviour of the bound.

Theorem 2.1.3 shows that the system undergoes a phase transition where the acs
measure changes between finite and infinite with threshold § = 1. Interestingly, this
situation is significantly different than for the random LSV maps discussed in Example
1.4.3 where the existence of an acs probability measure only depends on whether there
is a positive probability to choose an LSV map with parameter < 1.

It is also worth mentioning that it follows from Theorem 2.1.3 that not only does
no finite acs measure exist if § > 1, but also that no physical measure' for F exists
in this case. Indeed, this follows by applying Aaronson’s Ergodic Theorem [A97,
Theorem 2.4.2| to the infinite measure my, x p.

Since p is an acs measure, the density g—’; is a fixed point of the associated Perron-
Frobenius operator being of the form as in (1.20). Moreover, Theorem 2.1.2 tells that
this density Z—’; is bounded away from zero. Using these two statements it is easy to
see that Z—’; blows up to infinity at the points zero and one and also at least on one
side of c¢. See Figure 2.2 for an example. Furthermore, Theorem 2.1.3 says that %
is integrable if and only if 6 is small enough, namely # < 1. This intuitively makes
sense since for a smaller value of 8 the attraction of orbits to ¢ is weaker on average
and consequently orbits typically spend less time near zero and one once a good map
is applied.

The inequality (2.6) is the counterpart of the Nowicki-Van Strien inequality (2.3),
and naturally gives a substantially worse bound due to the presence of bad maps. It
is not immediately clear how much worse (2.6) is in comparison to (2.3). However,
the following holds.

Corollary 2.1.4. Let T = {T; : j € X} be as above and p = (p;)jex a strictly
positive probability vector. Suppose § = ZbezB poly < 1. Then there exist K > 0 and
> 0 such that for any Borel set B C [0,1] with A(B) € (0,1) one has

1
B <K—/—m—.
HB) < g (1/3(B))
LA probability measure p is a physical measure for a transformation T' : X — X if it is T-

invariant and there exists a set U C X of positive Lebesgue measure (for our setting, this means
mp X A(U) > 0) such that for each continuous function f : X — R we have

) 1 n—1 .
nli{no(J -~ kz_:o f(TFz) = /X fdu, for each x € U.
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Moreover, the acs measure from Theorem 2.1.2 depends continuously on the prob-
ability vector p € RV as the next result shows. Here we write p for the acs probability
measure that corresponds to the probability vector p.

Corollary 2.1.5. Let T = {T; : j € X} be as above. For each n > 0, let p, =
(Pn.j)jes be a strictly positive probability vector such that sup, Y ycs - Paply < 1 and
assume that limy,_,. p, = p n R]_,\_’. Then the sequence [ip, converges weakly to pip.

As discussed in Section 1.4 the problem of finding acs probability measures for
random interval maps that are expanding on average is well studied and these results
often rely on bounded variation techniques from Lasota and Yorke [LY73]. In [P84,
Section 4] these techniques are extended to a class of i.i.d. random interval maps on
the unit interval that are not expanding on average and are composed of a uniformly
expanding map 7" and a contracting map S such that S contracts no faster than that T’
expands. An example is T'(x) = 2z mod 1 and S(x) = §. Under additional conditions
on S and T and assuming that the probability of choosing T is bigger than S, Pelikan
shows that such a random map admits an acs probability measure. The proof of this
result relies heavily on the explicit expression that Pelikan has for a conjugacy map
between this random map and another random map that is expanding on average and
consists of two Lasota-Yorke type maps. This allows Pelikan to find the order of the
density of the acs measure near the pole at 0. As we see in Theorem 2.1.2 and prove
in Subsection 2.2.3, for our systems the density of the acs measure is not in L? for
any g > 1. This suggests that a similar conjugacy for our systems, if it exists, might
not have such a nice explicit expression. Therefore, we resort to techniques similar to
the ones used by Nowicki and Van Strien in their proof of Theorem 2.1.1 rather than
the techniques introduced by Lasota and Yorke.

1.5 15

1 1

0.5 0.5
0 0 J
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(a) (b)

Figure 2.2: Approximation of g—‘; in case g = {1}, ¥ = {2}, Ti(z) = La(z) = 4z(1 — x)
and Ts(z) = La(x) = 22(1 — x) for two different values of p1. Both pictures depict P7°,(1)
with Perron-Frobenius operator Pr p, where in (a) we have taken p1 = 3 and in (b) p1 = 5.
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§2.1. Introduction

To be more precise, for the existence result from Theorem 2.1.2 we use an inducing
scheme. This approach is inspired by [AGH18], but the choice of the inducing domain
needed some care. With the help of Kac’s Lemma we then obtain that the acs
measure is infinite in case # > 1. To prove that this measure is finite for § < 1
we use an approach similar to the one employed in [NvS91| by estimating the sizes
of preimages of neighborhoods around points in the postcritical orbits. For this we
apply the Minimum Principle and Koebe Principle to iterates of the maps 7j, which
is possible due to (G2) and (B2). The main difficulty to obtain these estimates is that
it may take an arbitrarily long time before the superattracting fixed point is mapped
onto the repelling orbit by one of the good maps, which decreases the regularity of
the density of the acs measure. Furthermore, we will use the following key lemma.

Recall the constants ¢, Kj, and M from (2.4) in condition (B3) and set £y, =
min{f, : b € ¥} and lpax = max{f, : b € Xp}. We prove the next lemma in
Subsection 2.2.3.

Lemma 2.1.6. For alln € N, w € X5 and z € [0,1],

ém by,

- Loy Ly, ~
(K|zfc|) CT @) — o < (Mo - o)) ,

with K = (W beSs ) T0T ¢ (0)1) and BT = (RRAMotbeSslymneT o

max min

It follows that under iterations of bad maps the distance |T}(z) — ¢| is eventually
decreasing superexponentially fast in n. In Section 2.3 we will use the upper bound
on |T*(x) — c| that we obtained in Lemma 2.1.6 to prove that p in Theorem 2.1.3 is
infinite if # > 1. The lower bound from Lemma 2.1.6 will be used to show that p is
finite if 8 < 1.

In (B3) we have assumed that for any bad map T}, the corresponding value ¢, is not
equal to one. Note that a bad map T}, for which we allow ¢, = 1 satisfies | DTy (c)| > 0,
so in this case ¢ is an attracting fixed point for T but not superattracting. It should
not come as a surprise that results similar to Theorem 2.1.2 and Theorem 2.1.3 also
hold in case some or all of the bad maps T} have £, = 1. The proofs presented for these
theorems, however, do not immediately carry over. This has mainly to do with the
constants K and M from Lemma 2.1.6, which are not well defined in case limin = 1.
In the last section we explain how the results are affected in case some or all maps T
satisfy £, = 1 and what the necessary changes in the proofs are.

The remainder of this chapter is organised as follows. Section 2.2 is devoted to the
proof of Theorem 2.1.2 and in Section 2.3 we prove Theorem 2.1.3. In Section 2.4 we
prove Corollaries 2.1.4 and 2.1.5 and explain what the analogues of Theorem 2.1.2 and
2.1.3 are in case £, = 1 for one or more b € X5 and how the proofs of Theorem 2.1.2
and 2.1.3 need to be modified to get these results. We end this chapter with some
final remarks.
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CHAPTER 2

2. Absolutely continuous invariant measures for critically intermittent systems

§2.2 Existence of a o-finite acs measure

From now on we fix an integer N > 2 and consider a finite collection T7,...,Ty €
B U DB of good and bad maps in the classes & and B. As in Section 2.1 we write
Ye={1<j<N:T;e®}and X = {1 <j<N:T; € B} for the corresponding
index sets and assume that X¢,Xp # (). We write ¥ = {1,2,..., N}. In this section
we prove Theorem 2.1.2, i.e. we establish the existence of an ergodic acs measure and
several of its properties using an inducing scheme for the random system F. We fix the
index g € X of one good map T}, and start by constructing an inducing domain that
depends on this g. Throughout this section and the next ones we use the notations
for words and compositions of the maps T introduced in Section 1.4.

§2.2.1 The induced system and first return time par-
tition

The first lemma is needed to specify the set on which we induce. For each k € N let

x and 2}, in (0, c) denote the critical points of T, ; closest to 0 and ¢, respectively.

Furthermore, let g and g}, in (¢, 1) denote the critical points of T} closest to 1 and
¢, respectively.

Lemma 2.2.1. We have z;, 1 0, z}, T ¢, y. L ¢, yr T 1 as k — oo.

Proof. Let a and b denote the critical points of Tg2 in (0,¢) and (¢, 1), respectively.
Then at least one of the branches T92|(07a) and T92|(b’1) is increasing. Suppose that
T7|(0,a) is increasing. It then follows from the Minimum Principle that T (x) >
min{Z, DT7(0) - «} for each 2 € [0,a]. To see this, suppose there is an z € (0,a)
with T2( ) < min{Z, DTZ(0) - #}. Then there must be a y € (0,z) with DT (y) <

mln{DTz( ),1} and a z € [z,a) with DT2(z) > %. On the other hand, by the
Minimum Principle, DT?(y) > min{DT}; (0 ) DTz(z)} a contradiction. Combining
this with DT7(0) > 1 and defining L : (0,1) — (0,a) by L = (T;|(0,a)) "', We see that
L¥(a) | 0 as k — co. Furthermore, define R : (0,1) — (b7 1) by R = (T7|py) " If
T92|(b71) is increasing, we see that similarly R*(b) 1 1 as k — oo. On the other hand, if
T7|(s,1) is decreasing, we have RL*(a) 1 1 as k — oc. Finally, if T7| (o) is decreasing,
then T92|(b’1) must be increasing, which yields LR*(b) | 0 as k — co. We conclude
that 2 | 0 and yx T 1 as kK — oo. It follows from (G1) that ¢ is a limit point of
both of the sets UkeN(Tg‘(O,C))il({xh yr }) and UkeN(Tg‘(al))il({x/ﬁ Yk }). So IE;C Te,
Y L cas k — oo. O

By the previous lemma and (G1), for k¥ € N large enough it holds that

Ty(xy,) < aj or Ty(ay) = yj, and

(2.7)

Tg(y;c) < .Z‘;c or Tg(yl/c) 2 y;w

and, using also (G4), (B1) and (B4), for every j € &,
T; ([0, 2] U [yk, 1]) € [0,2) U (v, 1] and (2.8)

|DT;(x)| >d>1 for all x € [0, zx) U (yx, 1] and some constant d.
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§2.2. Existence of a o-finite acs measure

Fix a x € N for which (2.7) and (2.8) hold. We introduce some notation. Let ¢t € ¥
be such that t # g, and define

C=lg---gt]=I[g"t],

K times
JO:(me;)a le(y;;yn)a J=JyUJy,
Y=CxJ

Lemma 2.2.2. The set Y is a sweep-out set for F' with respect to mp X A.

Proof. For mp-almost all w € YN we have 7"w € [g] for infinitely many n € N.
For any such n and each z € (0,¢) U (¢, 1) either T?(x) € J or T/ (x) ¢ J. If
T7(z) € (0,2,] U [y, 1), then it follows from (2.8) that there is an m > 1 such
that T ™(x) € J. If T(x) € [z}, ¢) U (¢, 9] it follows from (2.7) that T**1(z) =
T,oT(x) € (0,2,]U[y., 1), which means that we are in the first case if 77! (z) ¢ J.
Hence, there exists a measurable set A C %N x [0, 1] with m, x A(A) = 1 such that
for each (w,z) € A we have T?(x) € J for infinitely many n € N.

We define

£=A\ GF*"Y

n=0

and for each = € [0, 1] we define

g, = {w exsV: (wx)e A\ | F‘”Y}7
n=0
which is the x-section of £. It follows from Fubini’s Theorem that &£, is measurable
for A-almost all = € [0, 1] and that

mp X A(€) = / myp(Ey)dN ().
[0.1]
Combining this with mp x A(A) = 1, it remains to show that mp(€;) = 0 holds for
A-almost all z € [0, 1] for which &, is measurable.

Let z € [0, 1] for which &, is measurable. According to the Lebesgue Differentiation
Theorem (see e.g. [T04]) we have that mp-almost all w € XN is a Lebesgue point of
the function 1g . Consider such an w and suppose that w € £,. Then (w,z) € A,
so there exists an increasing sequence (n;);jen in N that satisfies 7,,” () € J for each
J € N. Recall that 7 denotes the left shift on sequences. If w' € 77" C' N [wy - - - wy,],
then T/ (z) = T, (x) € J and so F" (w',z) € Y, which gives ' & &.. So &,
and 77" C N [wy - - - wy,] are disjoint for each j € N, which together with w being a
Lebesgue point of 1¢, yields that

mp (€, UT™™C) N [wy -+ wy,])
mp([wl o 'wn]‘])
_ mp(é’wﬂ[w1~-~wnj]) mp(T_"jCﬂ[wl---wnj}) o0

mp ([wi -+ wn,]) mp([wr -+ wn, )

1

1gm (w) + mp(C’)
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Since mp(C) > 0, we find that w € &, gives a contradiction. We conclude that
mp(Eg) = 0. O

Since F' is non-singular with respect to my, x A, it follows from Lemma 2.2.2 that in
particular

mp x MY\ F7Y) < mp x A(F7(x\ | FY)) =0,
n=1 n=0
Hence, the first return time map @y of the form as in (1.6) and the induced trans-
formation Fy are well defined on the full measure subset of points in Y that return
to Y infinitely often under iterations of F', which we call Y again. The set of points
in Y that return to Y after n iterations of F' can be described as

YOF™Y)= |J [|wrw)x@)7(J) modmyp x A, (2.9)
weCnr—nC

which is empty for n < k. Note that in (2.9) in fact (w1 - wy] = [¢"twit2 -+ - w9 t]
and that by construction each map 77|y in (2.9) consists of branches that all have
range (0,¢) or (¢,1) or (0,1), since any branch of T%|; maps onto (0,1). Therefore,
Y N F~"(Y) can be written as a finite union of products A = [ug”t] x I of cylinders
[ug”t] C C with |u| = n and open intervals I C J, each of which is mapped under F™
onto C' x Jy or C x J;. Call the collection of these sets P,, and let o = J,,~.,, Pn. Let
mp,c and Ay denote the normalised restrictions of mp, to C and A to J respectively.

Lemma 2.2.3.

(1) The collection « forms a countable first return time partition of Y, i.e. mp ¢ x
A1(Unea 4) = 1, any two different sets A, A" € a are disjoint and on any A € «
the first return time map @y is constant.

(2) Let 7 denote the canonical projection of XN x [0, 1] onto the second coordinate.
Any x € J is contained in a set w(A) for some set A € a.

Proof. The fact that mp o xAj(Uc, A) = 1 follows from Lemma 2.2.2. Furthermore,
it is clear from the construction that the first return time map ¢y is constant on any
element of o once we know that any two distinct elements of v are disjoint. To show
the latter, note that for A, A’ € P, this is clear. Suppose there are 1 < m < n,
A=lugtt] x I € P, and A" = [vgFt] x I' € Py, such that AN A’ # 0. Since t # g
we get n > m+ Kk + 1 and [ug”t] = [¢"tveto - UG tUmarta - - - ung™t]. Moreover,
INAI' # B or I = I'. In both cases, note that F™+*+1([vg~t] x 9I') C BN x {0, 1}, so
by (G1) and (B1) also F"([vg”t] x 0I') € N x {0,1}, contradicting that F"(A) C Y.
This proves (1).

For (2) note that, since « is a partition of Y, for each x € J it holds that there
isan A = [ug"t] x I € a with x € I or € 0I. In the first case there is nothing
to prove, so assume that © € JI. Then T, (z) € dJ; for some ¢ € {0,1}. From the
first part of the proof of Lemma 2.2.2 it then follows that there is an n > |u| and an
w € C such that T"(z) € J. If we write I’ for the interval in (7?)~1(J) containing
x, then this means that there exists a set A’ = [vg~t] x I' € o with z € 7w(4"). O
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§2.2. Existence of a o-finite acs measure

The second part of Lemma 2.2.3 shows that even though the partition elements of
« are disjoint, their projections on the second coordinate are not. The same is true
for the first coordinate as the same string « can lead points in J to Jy and Jj.

§2.2.2 Properties of the induced transformation

It follows from (2.9) and Lemma 2.2.3 that for each A € a we have either Fy (A) =
CxJyor Fy(A) = CxJ;. For any [ug”t]| x I € a, the transformation T, |7 is invertible
from I to one of the sets Jy or J;. Define the operator Py, s : L*(J,A;) = L1(J,\))
by

W(Tul; * (x)) e -1
9 fT"LL ®a
Pushie) = { DTl )] 0 7
0, otherwise.

The random Perron-Frobenius-type operator Py : LY (J, \;) — LY(J, \;) is given by

Py= Y mpc(ul)Pur. (2.10)

[ugrtlxIca

Note that Py is not exactly of the same form as the usual Perron-Frobenius operator
in (1.20). Nonetheless, we have the following result.

Lemma 2.2.4. If ¢ € L'(J,\)) is a fized point of Py, then the measure mpc X v
with v = @d\j is invariant for Fy .

Proof. Suppose ¢ € L'(J,\;) is a fixed point of Py. For each cylinder K C C and
each Borel set £ C J we have

mp.c x v(Fy (K x E)) > mpe(ugttinT MK N T, E)

[ugrtlxI€a

= mpo(®) Y mpe(u)) [ Pusedr,

[lugrt]xI€a
= mp,c(K)/ 'Pygﬁd)\J
E
= mpc X V(K x E).
This gives the result. O
In Lemma 2.2.5 below we show that a fixed point of Py exists. For m € N, set

QU = \/;.n:*o1 F;ja. Atoms of this partition are the m-cylinders of Fy. Introducing
for each Z = ﬂ??ol Fy7 ([ujg"t] x I;) in a,, the notation
m—1 m—1

G=1 g, K _
Cy = ﬂ 7= 200 Willy g%t and  Jy = ﬂ Tty (1), (2.11)
=0 =0
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m—1

we obtain Z = Cy x Jz. Writing 7, = 72i=0 1%il|o_ and Ty = Tugu,. -, |7, We
have F{'|z = 7z x Tz. Each Tz has non-positive Schwarzian derivative, so we can
apply the Koebe Principle. The image T7(Jz) either equals Jy or J;. Choose a p > 0
such that Jj := [z, — p, 2}, + p] C (0,¢) and J]| := [y, — p,ys + p] C (¢, 1). There is
a canonical way to extend the domain of each Tz to an interval J, containing Jz,
such that Tz (J7) equals either J§ or Jj and S(Tz) < 0 on J,. Then by the Koebe
Principle, i.e. (1.14) and (1.15), there exist constants K > 1 and M) > 0 such
that for allm € N, Z € a,;, and z,y € Jz,

K®) = DT4(y) <KW, (2.12)
DTy (x) M)
DTi(y) - ‘ = min{A(Jo), A(J1)} Tz (@) = Tz (y)]- (2.13)

Note that for the random Perron-Frobenius-type operator from (2.10) we have for
each m > 1 that

m 1
PY = mp(C) Zgo;m mp,C(CZ)PTzv (214)

where Pr, is of the form as in (1.10).

Lemma 2.2.5 (cf. Lemmas V.2.1 and V.2.2 of [dMvS93]). Py admits a fized
point o € L*(J,\;) that is bounded, Lipschitz and bounded away from zero.

Proof. For each m € N and x € J,

mp.c(Cz)

P () — _Mmpo\Cz)

VI =G 2 DT )
xeTz(?]é)

Using the Mean Value Theorem, for all m € N and Z € «,, there exists a £ € Jz such
that

MTz(Jz))
——— = |DT, . 2.15
s~ DT (9) (2.15)
max{K® nrP _. . .
Set K; = mp(C)-nEiIrf{i\(’%);ng)}’ where p is as in (2.12) and (2.13). Since DTz (§) and

DT (y) have the same sign for any y € Jz, (2.15) together with (2.12) implies

Pr1(z) < Z M(CZ) . K(E)M < K, Z Mp.c X A (Cz x Jz) = K;.

s mp(C) A(Tz(Jz)) dem

(2.16)

Moreover, if for A = [ug”t] x I € a we take z,y € I, then for any Z € v, it holds
that x € Tz (Jz) if and only if y € T (Jz). For such Z, let xz,yz € Jz be such that
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Tz(xz) =2 and Tz(yz) = y. Then by (2.13)

mp.c(Cz) ‘ 1 1
Pyl(z) — Pyl < P, —
G LD D (e M 7 e R ]
:CETz(jz)
1 (2.17)
< —— K4|T’ - T
< ZZ; m”’C(CZ)|DTZ(xZ)| 1Tz(xz) —Tz(yz)]
IETz(Jz)

= Ky Py L(z)|z -yl

Together (2.16) and (2.17) imply that the sequence (- Z?l:_ol P{;l)m is uniformly
bounded and equicontinuous on I for each A = [ug®t] x I. By Lemma 2.2.3(2) it
follows that the same holds on J. Hence, by the Arzela-Ascoli Theorem there exists

a subsequence
mg— 1

(mik ;O P{}l)mk

converging uniformly to a function ¢ : J — [0, 00) satisfying ¢ < K; and for each
A=lugit] x I € and z,y € I,

lp(z) — o(y)| < Kip(z)|o —yl. (2.18)

Hence, ¢ is bounded and by Lemma 2.2.3(2) it is clear that ¢ is Lipschitz (with
Lipschitz constant bounded by K?%). It is readily checked that ¢ is a fixed point of
Py, so that mp ¢ X v with v = ¢ d\ is an invariant probability measure for Fy-.

Because of Lemma 2.2.3(2) and because ¢ is continuous, in order to obtain that
¢ is bounded away from zero on J it suffices to verify for each A = [ug®t]| x I € «
that ¢ on I is bounded away from zero. Suppose that there is A = [ug”t] x I € « for
which inf,e; ¢(z) = 0. Then from (2.18) it follows that ¢(y) =0 for all y € I, hence
v(I) = 0. Either I C Jyor I C Jy. If I C Jy, then for any set A" = [vg"t] x I' € «
with To,(I") = Jy it holds that

mp.c x Aj(A NFylA) >0
and, by the Fy-invariance of mp ¢ X v,
mp.c X V(A NFy A) <my o x v(FytA) = mpo x v(A) =0,

which together give inf,cp p(z) = 0 and therefore, like before, v(I') = 0. There are
sets A’ = [vg"t] x I with I' C J; and Ty, (I") = Jo, so we can repeat the argument to
show that also for any set A” = [vg"t] x I € @ with T,,(I"") = J; we have v(I") = 0.
Sompc xv(A) =0forall A€ a. If I CJ; we come to the same conclusion. This
gives a contradiction, so ¢ is bounded from below on each interval I. O

It follows from Lemma 2.2.4 that mp, ¢ x v with v = @d\; is a finite Fy-invariant
measure. To show that mp ¢ x A; is Fy-ergodic we need the following result, which
states that the sets w(A) for A € ay, shrink uniformly to A-null sets as m — oo.
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Lemma 2.2.6. lim sup{\;(Jz) : Z € a,n} = 0.
m—o0

Proof. Set 6 =sup{A;(Jz) : Z€a} <1l Let m>2and Z = ﬂ;":_ol F;j([ujg"‘t] X
I;)=Cyz x Jz € ayy, as in (2.11). Set

JZ_ m u0u1 U1 j)?

so that Jz = JZﬂTu_0 -, _1). Let J;, i € {0,1}, be such that Ty, ..o, ,(Jz) =

2(
Ji. It holds that Ty ...as,, 2(J ) =1Im—1, 50 MTug- -, »(Jz)) < d and thus
A(T’U/Oul“'um72(jz \ JZ) > )‘(JZ) — 0.

Since Jz \ Jz consists of at most two intervals, with (2.12) and (1.12) applied to this
setting this gives

Ai(Jz) _ Ai(Jz\ Jz) o b A (Tugu .(Jz \ Jz) oL A =9

120220 . _
A (Jz) Ni(Jz) T K@ A j(Tugom,, ,(Jz))  — K@ X;(Jp)

Set Ky := max {1 — 41 ’\f\%}g‘s : i =0,1} € (0,1). Then by repeating the same
steps, we obtain

A(Jz) S K\ (Jz) < - < KPPy (Io) < KPP,
which proves the lemma. O
Lemma 2.2.7. The measure mp c X Ay is Fy-ergodic.

Proof. Suppose E CY with myp ¢ x Aj(E) > 0 satisfies Fy,'E = E mod myp ¢ X Aj.
We show that mp o X Aj(E) = 1. The Borel measure p on Y given by

p(V) = /V 15w, 2)p(@)dimp, o (w)dA s ()

for Borel sets V is Fy-invariant. According to Proposition 1.2.12 and Lemma 1.4.1
this yields a stationary measure & on [0, 1] that is absolutely continuous w.r.t. )\ and
satisfies (mp X @i)]ly = p. Let L:={z € J: g (x) > 0} denote the support of &l
Since

dji d,
mp X A(Y) - d/;( x) = m(w,x) = 1g(w,z)p(x), Mp,c X Ag-a.e.
we obtain, using that ¢ is bounded away from zero,

E=CxL modmpc X Aj.

To obtain the result, it remains to show that A;(J\L) = 0.
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We have C' x L= ., Czx (JzNL)and Fy,"(C x L) =Uye,, CzxT5'L.
From the non-singularity of Fy w.r.t. mp o x Ay it follows that for each m € N,

CxL=E=F,""E=F,"(CxL) modmpc x Aj,
which yields
JzNL=T,'L mod\;, foreach Z € ay. (2.19)

Let ¢ > 0. Since A\j(L) > 0, it follows from Lemma 2.2.6 and the Lebesgue Density
Theorem that there are i € {0,1}, m’ € N and Z’ € ay,,s such that

TZ/(JZ/) =J; and )\J(JZ/ ﬂL) > (1 — 8))\J(JZ/).

By (2.19), T} (J;\L) = Jz/\L mod \;. The Mean Value Theorem gives the existence
of a £ € Jz such that
ATz (Jz1))
As(Jz)
and from (2.12) it follows that

= |DTZ’(€)‘7

A (T (T2 \L)) = / DTl < KODTL O 2\ D),

Hence,

Ar(JA\L) _ ATz (Jz/\L)) < K® Aj(Jz\L) < KD, (2.20)
As(Ji) ATz (Jz)) Ai(Jz1)

So, for each € > 0 we can find i = i(e), Z' = Z'(e) and m' = m/(g) for which (2.20)
holds. If for each gy > 0 and each iy € {0,1} there exists an € € (0,&0) such that
i(e) = i, we obtain from (2.20) that A;(J\L) = 0. Otherwise, there exists g > 0 and
ip € {0,1} such that i(e) = ip for all € € (0,g9). Without loss of generality, suppose
that ig = 0. Then (2.20) gives Aj(Jo\L) = 0. By the equivalence of v and A\; and
the fact that every good map has full branches it follows that

mp,c x v((C x Jo) N Fy ' (C x Jp)) > 0.
Together with the Poincaré Recurrence Theorem this gives that
A={(w,z) € C x Jy: Fy'(w,x) € C x J; for infinitely many m € N}

satisfies myp o XV (A) > 0, and therefore myp ¢ x Aj(A) > 0. Together with A;(Jo\L) =
0 it follows from the Lebesgue Density Theorem that there exists a Lebesgue point
v € m(A)NL of 1;(a)nr. Since x € 7(A), for infinitely many m € N there exists Z,, €
am such that « € Jz, and Tz, (Jz, ) = J;. This again together with Lemma 2.2.6
yields that for each € > 0 there exist m € N and Z € «,, such that

T;(Jz)=J1 and Aj(JzNL)>(1—e)A;(Jz).

Similar as before, this gives A\j(J1\L) =0, so A\;(J\L) = 0. O
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§2.2.3 Proof of Theorem 2.1.2

We will first give the proof of Lemma 2.1.6.
Proof of Lemma 2.1.6. Tt follows from (B3) that for any j € ¥5 and z € [0, 1],

mln{Kb be ZB}‘

max

[13(0) ~ = [130) = T30l = | [ DT )] =

By induction we get that for each n € N and w € %},

n

oL

n—2
min{Kj : b€ EB})HELO bon b .

gmax

|m@%m(

mm{Kb

From (B3) we see that bezB} < 1. The lower bound now follows by observing

that
@+zmqumw-wsz

The result for the upper bound follows similarly, by noticing that in this case from

(B3) it follows that W > 1. O

m mm_1

Together with the results from the previous two subsections we now collected all
the ingredients necessary to prove Theorem 2.1.2.

Proof of Theorem 2.1.2. (1) We have constructed a finite Fy-invariant measure mp ¢ X
v which is absolutely continuous with respect to mp ¢ x Ay. Since F' is non-singular
with respect to myp X A we can therefore by Proposition 1.2.12 extend myp c X v to
a o-finite F-invariant measure my X p that is absolutely continuous with respect to
mp X A. According to Theorem 1.2.10 what is left to show is that F' is conservative
and ergodic w.r.t. mp X A.

Since p < A it follows from Lemma 2.2.2 that Y is a sweep-out set for F' with
respect to my X p. Maharam’s Recurrence Theorem then gives that F' is conservative
with respect to my x p. Furthermore, in the proof of part (2) below we will see that
the density of Z—‘; is bounded away from zero. Hence, A < p and therefore F' is also
conservative with respect to mp x A. Furthermore, combining the ergodicity of Fy
with respect to mp c x Ay and the fact that Y is a sweep-out set for F' with respect
to myp X A gives using Proposition 1.2.11 that I is ergodic with respect to mp x A.

(2) For the density 9 := Z—i it holds that ¢|; = ¢. Since we can take £ in the
definition of J as large as we want, ¢ is locally Lipschitz on (0, ¢) and (¢, 1). Moreover,
it is a fixed point of the Perron-Frobenius operator Py j, being of the form as in (1.20)
and thus for all z € (0,1),

U(z) = PF (@) > pf > %
yeJNTy “{z} J
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From Lemma 2.2.5 we conclude that v is bounded from below by some constant
C > 0. It remains to show that v is not in L? for any ¢ > 1. To see this, fixa b € 3.
Since 1 is bounded from below by C > 0, we have for all k¥ € Ny and z € [0, 1] that

1
b(x) = Priiy(z) > C - popy Z DT )| (2.21)
ye(@, T~ ey |90
Let £y, My, 14, My, K, be as in (B3) and (G3). From (B3), (G3) and Lemma 2.1.6 we
get

k
ID(T,T) ()| = DTy (Ty () [T IDT (T3 ()

=1
k—1
< My|TH () = e TLOMIT () = ")
=0 (2.22)
k—1
. o 3 o
< MyMF(M]y — )% ra=b) H(M|y _ )il
1=0

= Kyly — o7,

for the positive constant K; = MgMé“MZETfl. On the other hand, from (G3) we
obtain for any y € (T, T)~*{z} as in the proof of Lemma 2.1.6 that

K T
|z = Ty(o)| = 1T, Ty (y) — Ty(c)| > Tg\Tb’“(y) — "

g9

and then Lemma 2.1.6 yields
o = Ty(c)] > Kaly —c|s™ (2.23)

for the positive constant Ko = &f(&”g Now for any ¢ > 1 we can choose k € Ny

large enough so that 7 := (1 — ¢, ’ r;')g > 1. Combining (2.21), (2.22) and (2.23) we
obtain

iz (DY (3 i)’

YE(TyTy) = {=}

> Kslo = Ty(c)|™"
for a positive constant K3. This gives the result. O

Remark 2.2.8. The result from Theorem 2.1.2 still holds if we allow the critical
order /;, from (B3) to be equal to 1 for some b, as long as £yax > 1. To see this, note
that in the proof of Theorem 2.1.2 condition (B3) only plays a role in proving that

25 ¢ L9 for any q > 1. Here we refer to Lemma 2.1.6 and the constants K and M,
Wthh are not well defined if ¢,,;, = 1. In (2.22) however, we use the estimates from
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Lemma 2.1.6 only for one arbitrary fixed b € ¥p. By the same reasoning as in the
proof of Lemma 2.1.6 it follows that

((Izﬁ(:)“lllx—q)‘i < |TMz) - < ((]\Z))Qlllx—d)w.

for any b € X g with £, > 1. Hence, if there exists at least one b € X g with £, > 1,
then we can replace the bounds obtained from Lemma 2.1.6 in (2.22) and (2.23) by
constants K1 = Mng(%)(Zlgrg_l)/(zb_l) and Ky = ?(%’)5”9/(@”_1) and obtain
the same result. In case fj,.x = 1, then most parts from Theorem 2.1.2 still remain
valid with the exception that in that case we can only say that % ¢ L1if g > Tr:“:ﬁ

This follows from the above reasoning by taking £ = 0 in the definition of 7 in the
proof of Theorem 2.1.2 and by noting that 7 = (1 — ;1 )g > 1 if ¢ > Tmax_

max Tmax

§2.3 Estimates on the acs measure

In this section we prove Theorem 2.1.3. Recall the definition of § from Theorem 2.1.3:

0= Z puly.

beXp

§2.3.1 The case 0 > 1

To prove one direction of Theorem 2.1.3, namely that the unique acs measure u from
Theorem 2.1.2 is infinite if § > 1, we introduce another induced transformation.
Furthermore, we use that there exists a 6 > 0 such that |DTy(z)| < 1 for all z €
[c —d,c+ 6] and b € X . This implies

|Tp(z) — ¢ < |z — ¢ (2.24)
forall x € [c —d,¢+ 6] and b € ¥p.

Proposition 2.3.1. Suppose 8 > 1. Then the unique acs measure p from The-
orem 2.1.2 is infinite.

Proof. Fix a b € ¥p. Recall the definitions of M from Lemma 2.1.6 and set y =
min{d, M~} with § as given above. Let a € [c—~,c). Then there exists a £ € (a, c)
such that T,(a) > ¢ and T2 (a) > &. Take [bb] x (a,£) as the inducing domain and let

k(w,z) = inf{k € N: F¥(w, z) € [bb] x (a, &)}

be the first return time to [bb] x (a,&) under F. If mp x p([bb] % (a,&)) = oo, then
there is nothing left to prove. If not, then we compute f[bb]x(a o kdmyp X p and use
Kac’s Lemma, i.e. Lemma 1.2.13, to prove the result.

So, assume that my x p([bb] x (a,€)) < oco. The conditions that T;(a) > & and
TZ(a) > & together with the fact that any bad map has c as a fixed point and is
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strictly monotone on the intervals (0, ¢) and (¢, 1), guarantee that for each n € N and
w € X N [bb] we get

T3 ((a,€)) N (a, ) = 0. (2.25)
For any w € [bb] and z € (a,§) it follows by (2.25) and (2.24) that T.”(z) can only
return to (a, &) after at least one application of a good map. Assume that w € [bb] is
of the form
W = (ba b7W3,W4, sy Wny G, Wn42, .. ')a
with n > 2, w; € ¥p for 3 <i<n,ge X, and z € (a,§). Then k(w,z) > n+ 1.
Lemma 2.1.6 yields that

T () — ¢| < (Mry)borton < 2 bonbon, (2.26)
From (G3) and (2.26) we obtain that
5 (@) M M
Ty (x) = Ty(e)| = / DTy(y) dy| < —2|T} (x) — c|"s < =227 forrbonTs,
c Tg T'g

(2.27)

Set

¢ =sup{|DT;(z)| : j € X, z €[0,1]}.
Then ¢ > 1 by (G4), (B4). Assume k(w,z) = m + n for some m > 1. Then
T (x) € (a,€) so that by (G1),

75" (x) = Ty(c)| = minfa, 1 — &}

Because of (2.27) this implies

gml]\ég o7t ben™s > min{a, 1 — £},
Solving for m yields

mZK1+K2£w1"'€w

n

for constants K; = 1 + log (%t&m)/logc € R and Ky = log(2")/log¢ > 0.
Note that K7, Ko are independent of w,z, m and n.

We obtain that for any g € ¥,

/ Kdmgp X [
[b0] x (a.£)

> Z Z mp([bbwg---wng]),u((a,f))(n—l—Kl+K2€(2)H€wi>.

n€N22 W3,...,wWn EXRB 1=3

Since

Z Z mp([w3-~'wn])H£wz::1+29n200a
=3

’I’LEsz W3,...,wn €EX B neN

we get f[bb]x(a7€) kdmp X p = oo and from Lemma 1.2.13 we now conclude that pu is
infinite. O
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§2.3.2 The case § < 1

For the other direction of Theorem 2.1.3, assume 6 < 1. We first obtain a stationary
probability measure i for F' as in (2.5) using a standard Krylov-Bogolyubov type
argument. For this, let M denote the set of all finite Borel measures on [0, 1], and
define the operator P : M — M by

’Pl/Zzpjl/OTfl, veM,

JES

where v o Tj_1 denotes the pushforward measure of v under 7. Then P is a Markov-
Feller operator (see e.g. [LMS04]) with dual operator U on the space BM (][0, 1]) of all
bounded Borel measurable functions given by? U f = EjeE p; foT) for f € BM([0,1]).
As before, let A denote the Lebesgue measure on [0,1], and set A, = P"™\ for each
n > 0. Furthermore, for each n € N define the Cesaro mean p, = %L Z;é Ak
Since the space of probability measures on [0, 1] equipped with the weak topology is
sequentially compact, there exists a subsequence (pin, )ren Of (fin)nen that converges
weakly to a probability measure i on [0,1]. Using that a Markov-Feller operator
is weakly continuous, it then follows from a standard argument that Pp = fi, that
is, {1 is a stationary probability measure for F. The next theorem will lead to the
estimate (2.6) from Theorem 2.1.3. For any w = uy ---ux € ¥, k > 0, recall that
we abbreviate p,, = Hle Dy, and also let £, = Hle ly, if u € T%, where we use
Pu =Ly =1 1in case k = 0.

Theorem 2.3.2. There exists a constant C > 0 such that for all n € N and all Borel
sets B C [0,1] we have

M(B)SC- Y py Y Y puly- AB) T

9€%c  k=0bexk
Before we prove this theorem, we first show how it gives Theorem 2.1.3.

Proof of Theorem 2.1.3. The first part of the statement follows from Proposition 2.3.1.
For the second part, assume that § < 1 and that Theorem 2.3.2 holds. Let B C [0, 1]
be a Borel set. Using the regularity of A, for any 6 > 0 there exists an open set
G C [0,1] such that B C G and A(G) < A(B) + 6. Using that (un, )ren converges
weakly to fi, we obtain from the Portmanteau Theorem together with Theorem 2.3.2
that

f(B) < j(G) < limint i, (G)

<C N > D by (A(B) +0) T

9€¥c  k=0pexk

2By definition of a Markov-Feller operator, the space of bounded continuous functions is required
to be invariant under the dual operator U. If there is a g € X for which Ty is discontinuous (namely
at c), we then first identify [0, 1] with the unit circle ST so that Ty can be viewed as a continuous
map on S'. With the same identification any acs measure on S! then gives an acs measure on [0, 1].

54
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Since 6 < 1, the sum is bounded and with the Dominated Convergence Theorem
we can take the limit as § — 0 to obtain

AB)<C- 3" gy D pols- A(B)w 0 (2.28)
9€Xa  k=0bexk

This proves that i is absolutely continuous with respect to the Lebesgue measure on
[0,1]. It follows that the probability measure [ is equal to the unique acs measure
from Theorem 2.1.2. The estimate (2.6) follows directly from (2.28). O

It remains to give the proof of Theorem 2.3.2. We shall do this in a number of
steps.

Proposition 2.3.3. There exists a constant K1 > 0 such that for all n € N, all
u € X" and all Borel sets A C [0,1] with 0 < 3\(B) < 3 min{c,1 — ¢} we have

MT,'B) < K1 (AT, 1[0,3n)) + AT, ' (¢ — 3n, ¢+ 3n)) + AT, ' (1 = 3n,1])),
where n = A(B).

Proof. Let n € N, uw € £" and a Borel set B C [0,1] with 0 < 3\(B) < 3 min{c,1 —
¢} < 1 be given and write n = A(B). The map T, has non-positive Schwarzian
derivative on any of its intervals of monotonicity (see (1.13)) and the interior of
the image of any such interval is (0,¢), (¢,1) or (0,1). Set By = (n,¢ — n) and
By = (2n,¢ — 2n). Let I be a connected component of T,; ! By, and set f = Ty, |; and
I* = f~'B,. The Minimum Principle yields

|IDf(x)| > mé? |Df(2)], forall z € I". (2.29)
zeol*
Suppose the minimal value is attained at f~!(2n) and set By = (21,37n) and J =
f~!'Bs. By the condition on the size of B it follows from the Koebe Principle that
KM |Df(f~1(2n))| > |Df(2)], for all z € J. (2.30)
Combining (2.29) and (2.30) gives

. B 1 1
AITBNB)) = /]m D1y

N TEET)]
< KO [ e W) = KOG (B)
We conclude that
MT (BN (20,¢ = 2m))) < KDL, (20,30).
In case min,cyr- |Df(2)| = f~1(c — 27), a similar reasoning yields
AT (B0 (20— 2m))) < KON (e = 30,0 — 21)).
Furthermore, a similar reasoning can be done for the interval [c, 1] to conclude that

MNT (BN (c+2n,1-2n))) < K™ (A(T;l(c+2n, c+3n)) + ATt (1—3n, 1—277))).

Hence, setting K; = max{K " 1} gives the desired result. O
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Proposition 2.3.3 shows that to get the desired estimate from Theorem 2.3.2 it
suffices to consider small intervals on the left and right of [0, 1] and around c, i.e. sets
of the form

I.(e):=(c—¢g,c+e) and Iy(e):=1[0,e) U(1l—¢g,1]
for e > 0. We first focus on estimating the measure of the intervals I..(¢).

Lemma 2.3.4. There exists a constant Ko > 1 such that for alln € N, u € X771 x
Yo and all e > 0 we have

MNT, M (e)) < Kae.
Proof. Let n € Nand u € X" ! x . Let ¢ > 0. Suppose that £ > %min{c, 1—c}.
Then

4e

NI () <1< el a

(2.31)

Now suppose € < imin{c,l — ¢}. Again the map T, has non-positive Schwarzian

derivative on the interior of any of its intervals of monotonicity and since u, € Xg
the interior of the image of any such interval is (0,1). Use Z to denote the collection
of connected components of T, 11.(¢). Let A € Z and write J = J4 and I = I4 for
the intervals that satisfy A C J, A C I and

1 1

Tu(J) = {c—gmin{c,l—c},c—k§min{c,1—c}},
3 . 3 .

T.(I) = [cf Zmln{c,l —ch,c+ Zmln{c,l fc}]

Also, write f = T, |;. Since f has non-positive Schwarzian derivative, it follows from
(1.12) applied to this setting

We conclude that

-1 _ < K& (G
AT, 1.(2)) ;IA(A)_K mm{cl_c}Z (Ja) < K mm{cl_c}

Defining K3 = w the desired result now follows from (2.31) and (2.32).0

min{c,1—c}

To find A, (IC(E)), first note that from Lemma 2.1.6 it follows that for all € > 0,
neN, ueXy,

T, (I(e)) C L (K tel). (2.33)
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By splitting X" according to the final block of bad indices, we can then write using
(2.33) and Lemma 2.3.4 that

n—1
=30 30 DD peaA (T le(@) + Y peA(T, e(e))
k=0 vexn—*-1 geXg bexk bexy
S Z Z Z Z pvgb)\ Ugl-[( Z pb>\ ))
k=0wvecxn—k-1gclag bezk bexy
< Z ST N pamEaK e+ Y 2K et
k=0 g€Xc bexk bexy

Taking K3 = max {KQ,Q(EQEZG pg)_l} . K~1>1 then gives

M(Ie(@) < K5 30 ST ST pemeete (2.34)

g€EX g k=0 bez’%

We now focus on Io(e) = [0,) U (1 —¢,1]. Fix an 0 < g9 < $min{c,1— ¢} and a
t > 1 that satisfy

|DT;(x)| > t, for all x € Iy(ep) and each j € X.

Such €¢ and ¢ exist because of (G4) and (B4). From (G3) it follows that for each
0<e<egpand g€ Xg,
K,
/ DTy ( dy' — oz —¢|".
Ty

Set Ky = max{(Kg_lrg)rs71 :g € X} > 1. Then (G1) implies that

Ty () ol =

T o(e) C Io(et ™) U L(K4e™ ). (2.35)

Furthermore, from (B1) it follows that for each ¢ € (0,e¢) and b € X,

T, 'Io(e) C In(et™). (2.36)
Write each u € X" as
u = b1g; - bsgs (2~37)
for some § € {1,...,n}, where for each i we have b; = b;1---b; 1, € Z% and g; =
Gi,1 " Gim, € B¢t for some ki, ms € Ng and kg, ..., ks, mq,...,mz_; € N. Define

5 if ms > 1,
S =
5—1, ifms=0.

o7
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Moreover, we introduce notation to indicate the length of the tails of the block u:

d_|b ngS|7 26{177§}a
Gij = |gz,j+1 o Gim,bit19ir1 - bsgs|, i€ {l,...,8}, 5 €{0,...,m;}.

If necessary to avoid confusion, we write s(u), k;(u), etc., to emphasise the depend-
ence on u.

Lemma 2.3.5. There exists a constant K5 > 0 such that for each 0 < e < ¢gg, n € N
and u =by1gy---bzg; € X7,

— ‘e 1
T Io(e) C Io(et™™) UU bron b1 Le (Ks(at ) g“)

=1

-1
—4qi,5\"9; ;
U U U blgl b 1Q'i—1bi9i,1"'5i,j—11c(K5(gt ) 1])'
i=1j=2

Proof. We prove the statement by an induction argument for 5. Let u be a word with
symbols in ¥, and write u = by gy - - - bzgs for its decomposition as in (2.37). First
suppose that § = 1. If my; = 0, then the statement immediately follows from repeated
application of (2.36). If my > 1, then repeated application of (2.35) gives

T, o) € To(et™ ) U T, (K4(gt—qu)’”53,1)

r_l_
U 911 91,51 (K4( tm) gl’J)'

By setting K5 = K~ 'Ky, applying (2.33) and (2.36) then yields

—1,.-1
T, IO( ) C IO(Et_dl) U Ic (KE)(Et_ql‘l)gbl 791,1)

b191
-1
U 51911 g1, ,1IC<K5(€t7q1=J)T91,j>_

Note that this is true for the case that k1 = 0 as well. This proves the statement if § =
1. Now suppose 5(u) > 1 and suppose that the statement holds for all words v with
5(v) = 5(u) — 1. In particular, the statement then holds for the word bsgs - - - bsgs.
Note that m; > 1. Again, by repeated application of (2.35) it follows that

Tgflljo(gtfdz) C Io(et~ 1) U I, (K4(€tfq1,1)r_;11,1)

ma

ro b
U 91 1°°91,5—1 <K4(Et_(h$j) 91,]>'
Furthermore, applying (2.33) and (2.36) then yields

blglIO(Et dz) C Io(et™ dl) Ul <K5(€t q11)5b1 91 1)

-1
U U b1g1 . gleillc(Kg)(gt_qu)"‘gl,j).
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This together with the statement being true for the word bsgs - - bzgs yields the
statement for u. O

Combining Lemma 2.3.4 and Lemma 2.3.5 gives

1 s l
MT; o (e)) < 26t~ +ZK2K5 (et=4i1)e: Toin +ZZK2K5 (et=93) 9
=1 =1 j=2
Let rmax = max{r, : g € Xg} and set a := ¢'/™max > 1. Then

ZZO‘ " <Zo‘ - 1—1/a

=1 j=2

so that

S m; S 11
)\(TJII()(E)) < 251/T(nax + Ky K Z Zgl/Tmaxa—qz',j + Z K2K5(€t_qi‘1)€bi Tg9i1
i=1 j—=2 i=1

KyKs \ . o
< (2 /Tmax K- K et~ 1), 911
(+1—1/a)€ + Ko 5;( )*

(2.38)

Proposition 2.3.6. There exists a constant Kg > 0 such that for each € € (0,¢)
and n € N,

n—1
Mllo(€) S Ko D pgd 3 poly-cv "

g€X k=0 bez%

Proof. Let n € N. Then with (2.38) we obtain

= ) puT (To(e)))
uexn

s(u)

< <2+ lei{; > Vrmes 4 KoKy Y pa Y (et a1 () 701
— «
uexn =1

KK \
) /Tmax
( " =1/ )

+K2K52 Z 1{17.",S(u)}(i)pu(at*th@(u))

=1 uekn

Coy o) i ) (2.39)

where we defined 7 = | 25! | which is the largest value s(u) can take. Let us consider
the term in (2.39). First of all, note that a word u € X" satisfies s(u) > 1 if and only
if my(w) > 1. Therefore,

n—1

{ue":s(u)>1} = [ JTh x Sg x £nr L
k=0
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Hence, defining the function y on {0,...,n — 1}? by

=> > p,,pg(et*q)e‘?”?l, (k,q) € {0,...,n —1}2 (2.40)

bexk ge¥a

we can rewrite and bound the term with ¢ = 1 in (2.39) as follows:

_ _ n—1
Z 1{1)“‘78(1‘)}(1)pu(5t*Q1,1(u))Zb11(u)Tg11,1(u> — Z Z va(kyn —k— 1)

uesn k=0 pexn—k-1

n—1

< gl/rmax 4 Zx(k:,n —k-1).
k=1
(2.41)

Secondly, note that for each i € {2,...,7} a word u € X" satisfies s(u) > i if and only

if m;_1(u), k;(uw), m;(u) > 1. For each k € {1,...,n—2} and ¢ € {0,...,n — k — 2}
and ¢ € {2,...,7} we define

Ai,k,q = {’U S ynk-a-l. §(’U) =17 — 1,Un—k—q—1 S Zg}
The set A; 1 4 contains all words of length n — k — ¢ — 1 that can precede the word

bigi - -~ bsgs with [b;| =k and |gi2 -+ gi,m,bi+1Git+1 -+ - bsgs| = ¢. So

—2n—k—
{fuexm:s(u)>i :U U Ajpg xS xTex0?,  ie{2,...,7}

Hence, using (2.40) we can rewrite and bound the sum in (2.39) that runs from i = 2
to 7 as follows:

i > 1{1,..4,s(u)}(i)pu(Etfqi’l(u))egil(")r"_’f“”’
=2 uexn
> S Y pupux(kiq)

=2 k=1 q=0 v1E€A;k qv2ELY

n—2n—k—2 (242)
= X k q Z Z Z Py, Poy

k=1 ¢q=0 1=2 v1€EA; |, q V2EXT

n—2n—k—2

IA
(]
=,
-
e

Here the last step follows from the fact that

i YoopwS D, Y pepg sl

=2 V1E€A; k. q veXn—k-a-2 ge¥g
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Combining (2.41) and (2.42) gives

n—1ln—k—1

Z Z ].{1 s(u)} pu( = qll(u)) b (u) 93, 1(u) <5‘1/Trndx +Z Z X

=1 uexn

(2.43)
Furthermore, for each b € ¥4 and g € X we have again by setting rp.x = max{r; :
j € ¥g} and a = !/ max that

n—k—1 n—k—1 _
1 al;!

+—4 é;lr < 75_ . 1b /
2, ¢ 2, S a1 Tog@

q=0 q=0

ly, (2.44)

lfoz ¢

where the last step follows from the fact that f(z) = %5 is a decreasing function
and lim, o f(z) = log . Hence, combining (2.39), (2.43) and (2.44) gives

An(Zo(€))
K K n—1n—k—1 1
2825 1/Tmax 6T
< (z+1_1/ +K2K5) PR SS Y YY (et )
k=1 ¢=0 bexk geXc
9+ KoK 1/rm+KKZZZ gt Ol
2 K5 2885 PbPg log(a)
k=1bexk geXa

-1
<Kg Y pan: 37 puleet o

9€Sc  k=0bexh,

1 2a—1 KoKsa
where K6 = 7min{pg 9esa) (2 + K2K5 o ) + 715)g0¢ . O
We are now ready to prove Theorem 2.3.2.

Proof of Theorem 2.3.2. Let B C [0, 1] be a Borel set. First suppose that A\(B) > <.
Then there exists a constant C' = C(gg) > 0 such that

B)<1<C Y >0 pol - AB) 7
g€le  k=0bexk

Now suppose that A\(B) < % and set ¢ = 3\(B). It follows from Proposition 2.3.3
that for all n € N and all u € X" we have

AT, ' B) < Ki(MTy ' Io(€)) + MTy, ' L(2))).
Together with (2.34) and Proposition 2.3.6 this yields for all n € N that
oo o,
M(B) < Ki-(Ks+ Ko) 3 pg 3 polo-e "o
g€Xa  k=0bexk

This gives the result. O
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§2.4 Further results and final remarks

§2.4.1 Proof of Corollaries 2.1.4 and 2.1.5

In this section we prove Corollaries 2.1.4 and 2.1.5.

Proof of Corollary 2.1.4. We use the bound (2.6) obtained in Theorem 2.1.3. For
convenience, we set £ = {.x and z = /\(B)l/ ™max_ The asymptotics are determined
by the interplay between 0% \, 0 and g/ A 1. First suppose 6 < z'/¢. Then
A(B) > §rmax | 5o for each s > 0 there exists C' > 0 sufficiently large such that

1
B <1< C By

Now suppose 6 > z'/¢. Note that OV > 2V if and only if

lo
log N + Nlogt < log o8],
log 6

Since log N < N, this last inequality is satisfied if we take for example

o (525) = e ()]

where |y| denotes the largest integer not exceeding y. Taking N as in (2.45), note
that it follows from 6 > /¢ that N > 0. Then 0 > 21/¢" for all k < N as well, and
hence

iakml/ékzzek 1/0F + Z 0% 2 1/zk<zak 1/eN + i 0% .1

k=0 k=0 k=N+1 k=N+1
1 N gNH1
< = _pl/t < 1+ 0)6N
S T A e I e G

From (2.45) we see that N > 1+loge log (}ZEZ) — 1, thus

exp(Nlog0) < exp ((1 +1log€ log (i’é%g) - 1) log 9)

log 6
= exp (1-1-15 loglog(1/x) + C(¥, 9)>

eN

— 0(1,0)(log(1/2)) "7 = T(¢,6) <1g<17A<B>>) ’

where we set 3 = lfi(ll/a) > 0, and where C(£,0) € R and C(¢,0) > 0 are constants
that only depend on ¢ and 6. We conclude from the bound (2.6) that

1
“log”(1/A(B))

for some positive constant K. O

wB) < K
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The proof of Corollary 2.1.5 consists of two steps. Firstly we show that any weak
limit point of pp, is a stationary measure, i.e. satisfies (1.18), and secondly that any
weak limit point of p,,, is absolutely continuous with respect to the Lebesgue measure.
The corollary then follows from the uniqueness of absolutely continuous stationary
measures given by Theorem 2.1.2.

Proof of Corollary 2.1.5. For each n > 0, let p, = (pnj)jex be a strictly positive
probability vector such that sup,, Zbezs Pnpls < 1 and assume that lim, ,oc pr, = p
in Rf for some strictly positive probability vector p = (p;);ex. Let fi be a weak limit
point of an arbitrary subsequence of jip,, . Again, note that such a fi exists because the
space of probability measures on [0, 1] equipped with the weak topology is sequentially
compact. After passing to a further subsequence we have for any continuous function
¢ :[0,1] — R that

lim pdup, = / edfi.
nee Jo) [0,1]
Moreover, by the stationarity of the measures pyp, it follows that for each n > 1,
/ edpp, = Pn / o Tjdpp,.
[0,1] jEX

To prove that [ is stationary for p, it is sufficient to show that for each j € ¥,

lim py; / poT)dup, =Dpj / poTjdf. (2.46)
[0,1] [0,1]

n—oo

If j € ¥p this is obvious, since then ¢ o T} is continuous. For j € ¥ the map
¢ o T; might have a discontinuity at c. In this case, we let 5 be the continuous
function given by ¢;5(z) = @oTj(z) for x € I'\ (¢ —6,¢c+0) and g5 is linear otherwise.

Then we have
pn,j/ w5 dip,, — pj/ ws dji
[0,1] [0,1]

)

lim = 01
n—oo

by the weak convergence and since p,, ; — p; as n — oo. Also, we have

< Cpp, ([c—0,c+3d]) > 0asd —0,

Pn,j / ¢ oTjdup, — pPn,; / w5 dpip,
[0,1] [0,1]

)

where the convergence is uniform in n because of (2.6). Similarly,

pj/ <poTjd/1—pj/ wsdfi
[0,1] [0,1]

The last three relations imply (2.46).

To show that [ is absolutely continuous with respect to the Lebesgue measure A
we proceed as in the proof of Theorem 2.1.3. We set 6 = sup,, ZbezB Pnply < 1. Let
B C [0,1] be a Borel set. Every pup, satisfies the conclusion of Theorem 2.1.3, so

N - -1
ip, (B) < Cpp S 0FA(B) b,
0

< Cp(le—9d,c+0]) = 0asd— 0,
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where the constant C,, depends on (3_ s, pn’g)f1 and (min{p,, : g € S} !
(and properties of the good and bad maps themselves that are not linked to the
probabilities). Since p and each p,, n > 0, are strictly positive probability vector
and lim, .. p, = p, both these quantities can be bounded from above and C =
sup,, Cp, < co. From the weak convergence of pp,, to fi we obtain as in (2.28) using
the Portmanteau Theorem that

—k ’l"_l

A(B) < €Y FFA(B) b,
k=0

Hence, i < A. By Theorem 2.1.2 we know that p, is the unique acs probability
measure for (7, p). So, i = pp. O

§2.4.2 The non-superattracting case

With some modifications the results from Theorem 2.1.2 and Theorem 2.1.3 can be
extended to the class B! DO B of bad maps whose critical order ¢, in (B3) is allowed
to be equal to 1. We will list the modified statements and the necessary modifications
to the proofs here. Note that for each T' € B!\ B, we have DT (c) # 0, and due to the
minimal principle, |DT(c)| < 1. We consider T1,...,Ty € & UB! with X5 = {1 <
j < N:T; € B'} and X, Ep as before and such that ¥, X5 \Xp # 0. Furthermore,
we write again ¥ = {1,..., N} = ¢ UXL. We again set lya = max{f, : b € Xp}.

Theorem 2.4.1. Let T = {1} : j € £} be as above and p = (p;) ex a strictly positive
probability vector.

(a) There exists a unique (up to scalar multiplication) o-finite acs measure u for
(T,p). Moreover, F is ergodic w.r.t. mp X p and the density % 1s bounded
away from zero and is locally Lipschitz on (0,¢) and (c, 1).

(b) Suppose lrax > 1.

(i) The measure p is finite if and only if 0 = Zbex}g poly < 1. In this case,
Jor each 0 € (0,1) there exists a constant C(A) > 0 such that

-k . —1

p(B) < C(0) > 0FN(B) max"mex
k=0

for any Borel set B C [0,1], where ryax = max{r, : g € Xg}.
(i) The density Z—’; is not in L1 for any q > 1.

(¢) Suppose liax = 1.

(i) The measure p is finite, and for each n = (m)pesy, such that ny > 1 for
each b € B and O(n) = Zbezg pemy < 1 there exists a constant C(n) > 0
such that

w(B) < C(n)- Z O(n)* A(B) e Tmax
k=0
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for any Borel set B C [0,1], where Nmax = max{n, : b € L}, If
Zbele ‘D%’% < 1, so if the bad maps are expanding on average at the

point ¢, then we can get the estimate
((B) < C - \(B)"max (2.47)

for some constant C > 0 and any Borel set B C [0,1].
(1) If rmax > 1, then ‘;—‘; ¢ L7 for any q > tmexg. If also Zbele \D?Z“'% <1,
then%fEquoralllgq<TTM

max—1

(iti) If rmax = 1 and Lo okt < 1 then 95 € L.

The main issue we need to deal with in order to get Theorem 2.4.1 is adapting
Lemma 2.1.6, i.e. finding suitable bounds for |T(x) — ¢|, since the constants K and
M from Lemma 2.1.6 are not well defined in case £y, = 1. This is done in the next
two lemmas. For the upper bound of |T}(x) — ¢| we assume fpax > 1 since we only
need it for the proof of part (b)(i).

Lemma 2.4.2. Let {T} : j € £} be as above. Suppose {max > 1. There are constants
M > 1 and § > 0 such that for alln € N, w € (X5)N and z € [c — 6, ¢ + 6] we have

~ ewl“‘ewn
T2 (@) =l < (M=)

Proof. Similar as in the proof of Lemma 2.1.6 it follows that there exists an M > 1
such that for any b € X5 and z € [0, 1] we have
Ty () — ¢| < M|z — ¢|*. (2.48)

Furthermore, there exists a 6 > 0 such that |DTy(z)| < 1 for all z € [¢ — §, ¢+ d] and
b € k. This implies

|Ty(z) — ¢| < |z — ¢ (2.49)
for all z € [c — &,c+ 6] and b € ¥%. Note that Xp # () because lpax > 1. We set
v=min{l,: b€ Np}>1and M = M+71. For each n € N and w € (SL)N, write

m(n,w) =#{1 <w; <n: 4, >1}.

The statement follows by showing that for alln € N, w € (X5)N and = € [¢ — 6, ¢+ ]
we have

—m(n,w Lo ""gwn
|Tg(x)—c|g(M<1*v ‘ >>/<v*1>\x—c|) L (2.50)

We prove (2.50) by induction. From (2.48) and (2.49) it follows that (2.50) holds for
n = 1. Now suppose (2.50) holds for some n € N. Let w € (X5)N and y € [c—6, c+4].
If 4,,,,, = 1, then the desired result follows by applying (2.49) with b = w,4+; and
x =TJ (y). Suppose £, , > 1. Then, using (2.48),

T2 () — e < MIT (y) — cf“nr

Loyt
= m(n,w) _ —m(n+1,w) w Wy
< (M(l v )/ (v=1)+v |y—c|> 1 e
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Using that

—-m(n,w) _ Ufm(n+1,w)

_ v
v m(n+lw) _ ,

v—1

the desired result follows. O

Lemma 2.4.3. Let {T}; : j € X} be as above. Let n = (m)pexy, be a vector such that
ny > 1 for each b € k. Set 7, = max{my, £y} for each b € X%. Then there exists a
constant K(n) € (0,1) such that for alln € N, w € (SL)N and x € [0, 1] we have

17 Mwn

N N
(Kl - d) < T2 (@) — .
Proof. Note from (B3) that for each b € =} we have
Kylz — ¢! < Kylz — ¢[*~! < |DTy(z)|.

By setting fmin = min{f, : b € L}, fmax = max{Ay, : b € L} and k(n) =
. . 1
(%) "min =1 the result now follows in the same way as in the proof of Lemma

2.1.6. O

Proof of Theorem 2.4.1. Firstly, note that (a), (b)(ii) and the first part of (c)(ii)
immediately follow from Remark 2.2.8. Moreover, as in [dMvS93, Section 5.4] it can
be shown that (2.47) implies that 2—’; isin LY if rppax >1land 1 < g < %, giving
the remainder of 3(ii). It is immediate that (2.47) implies that % isin L™ if rpa = 1,
so (3)(iii) holds. Hence, it remains to prove (b)(i) and (c)(i).

Suppose ¢ = >, s pply > 1, which means that fn.c > 1. The proof that in
this case pp is infinite follows by the same reasoning as in Subsection 2.3.1 by now
taking v = min{J, %M’l} with § and M as in the proof of Lemma 2.4.2. Now
suppose 6 < 1. Let n = (my)pex1, be a vector such that n, > 1 for each b € YL and
0(n) = Zbezg iy < 1 with again 7, = max{n, £y}. Applying Lemma 2.4.3 yields
that for alle > 0, n € N, b € (X})",

Ty ' (Le(e) C L(K(n)"'e™ ), (2.51)

where we used the notation 7y = M, - - - s, for a word b = by - - - b,,. Following the line
of reasoning in Subsection 2.3.2 with (2.51) instead of (2.33), we obtain that there
exists a constant C'(n) > 0 such that

p(B) < C(m) - 0(m) A(B)ITons (2.52)
k=0

for any Borel set B C [0,1]. In case fpax > 1 we can choose 1 to satisty fmax = max
and such that 6(n) — 0 > 0 is arbitrarily small, which yields (b)(i). In case fpax = 1,
then fimax = Nmax, SO this together with (2.52) yields the first part of (c)(i).

66



§2.4. Further results and final remarks

Finally, for the second part of (c)(i), suppose €max = 1 and A = Zbele ‘D%’% <
1. Setting Kp = |DTp(c)| for each b € (£5)" and n € N, note that for all € > 0,
neN, be (Th)",

Ty M (Ie(e)) C I (K te). (2.53)

By using (2.53) instead of (2.33), letting pp = Kb_lpb play the role of pp in the
reasoning of Subsection 2.3.2 and noting that A* = Ebe(zg )k Db, We arrive similarly

as for Theorem 2.3.2 to the conclusion that there exists a constant C' > 0 such that
for all n € N and all Borel sets B C [0, 1],

M(B)<C- Y pg(iAk)A(B)T?.
k=0

g€Xa

This proves the remaining part of (c)(i). O

§2.4.3 Final remarks

The results from Theorem 2.4.1 contain one possible extension of our main results
to another set of conditions (G1)-(G4), (B1)-(B4). In this section we discuss some
of the questions that our main results brought up in this respect, i.e. about whether
or not some of the conditions (G1)—(G4), (B1)—(B4) can be relaxed, and questions
about other possible future extensions.

A condition that plays a fundamental role in the proofs of Theorem 2.1.2 and
Theorem 2.1.3 is the fact that the critical point is mapped to a point that is a common
repelling fixed point for all maps 7T;. We considered whether this condition can be
relaxed, for instance by assuming that the branches of one of the good maps are not
full. However, in this case the critical values of the random system are not just 0,¢, 1
but contain all the values of all possible postcritical orbits of ¢. This has several
consequences:

- An invariant density (if it exists) clearly cannot be locally Lipschitz on (0, ¢) and
(c,1).

- Proposition 2.3.3 and all subsequent arguments fail, since it is not sufficient to
restrict to neighbourhoods around only 0, ¢ and 1. One might try to solve this issue by
requiring that (on average) the postcritical orbits ‘gain enough expansion’ as is done
in for instance [NvS91] for deterministic maps (see Theorem 2.1.1). An analogous
condition for random systems, however, would be much more difficult to verify since
it would involve all possible random orbits of c.

- The argument using Kac’s Lemma might fail, because in that case there exist
words u with symbols in ¥ and neighbourhoods U of ¢ such that T, (x) is bounded
away from 0 and 1 uniformly in z € U.

There are also some additional questions that our main results raise. It would be
interesting for example to study further statistical properties of the random systems
such as mixing properties and if possible mixing rates in case the acs measure is finite.
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As is well known from e.g. [KN92, Y92, Y98, BLvS03| the good maps individually
have exponential decay of correlations. But since trajectories in the random systems
spend long periods of time near the points 0 or 1 or both, polynomial mixing rates
are expected rather than exponential. This will be the topic of Chapter 3.

The dynamical behaviour of the system is governed by the interplay between the
superexponential convergence to ¢ and the exponential divergence from 0 and 1. In
this chapter we fixed the exponential divergence away from 0 and 1 and the two
regimes # < 1 and # > 1 in Theorem 2.1.3 only refer to the convergence to ¢: For
smaller (bigger) 0 orbits are less (more) attracted to c. It would be interesting to see
under what other conditions on the rates of convergence to ¢ and divergence from 0
and 1 the system admits an acs measure. Could one for example

- take exponential convergence to ¢ and polynomial divergence from 0 and 1?7 We
will investigate this question in Chapter 4.

- replace the conditions (G4) and (B4) stating that all good and bad maps are
expanding at 0 and 1 by the condition that the random system is expanding on average
at a sufficiently large neighbourhood of 0 and 1?7

Finally, in Theorems 2.1.2 and 2.4.1 we have seen that the regularity of the density
% depends on whether or not there is a bad map for which c¢ is superstable: If
lax > 1, then Z—K is not in LY for any ¢ > 1. On the other hand, if /;,,x = 1 and the

bad maps are expanding on average at c, i.e. Zbez}g w%’ﬁ < 1, then the density

has the same regularity as in the setting of Theorem 2.1.1 by Nowicki and Van Strien.
Indeed, in this case, if Fmax > 1, we have % € L9 if and only if 1 < ¢ < w2 and in

T'max

the case that rp,.x = 1 we have ‘;—‘; € L7 for all ¢ € [1,00]. In view of this, one could
wonder for which g > 1 we have g—‘; € L7 in the intermediate case that £, = 1 and
Zbez}g IDTEW > 1, i.e. if ¢ is not superattracting for any bad map and the bad maps

are not expanding on average at c.
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CHAPTER

Decay of correlations for critically
imtermittent systems

This chapter is based on: [KZ22].

Abstract

For a family of random intermittent dynamical systems with a superattracting fixed
point we prove that a phase transition occurs for the existence of an absolutely con-
tinuous invariant probability measure depending on the randomness parameters and
the orders of the maps at the superattracting fixed point. In case the systems have
an absolutely continuous invariant probability measure, we show that the systems
are mixing and that correlations decay polynomially even though some of the de-
terministic maps present in the system have exponential decay of correlations. This
contrasts other known results, where random systems adopt the best decay rate of
the deterministic maps in the systems.



CHAPTER 3

3. Decay of correlations for critically intermittent systems

§3.1 Introduction

For the random systems from Chapter 2 that have an acs probability measure, one
can naturally wonder about the mixing properties and decay of correlations. In this
chapter we explore this further, but instead of the random maps from the previous
chapter we work with adapted versions. We take a subclass of the maps from Chapter
2 and replace the right branches with the right branch of the doubling map. Under
random compositions of these maps orbits then converge superexponentially fast to
% and diverge exponentially fast from 1, see Figure 3.1(a). The way in which we
have adapted the systems from Chapter 2 very much resembles the way in which the
LSV maps from (1.11) are adaptations of the standard Manneville-Pomeau maps. We
work with these adaptations because they allow us to build a suitable Young tower
and use the corresponding results, while preserving the main dynamical properties of

the maps from Chapter 2.

We describe the systems we consider in more detail. Just as in the previous chapter
we distinguish between so-called good and bad maps. We call a map T} : [0,1] — [0,1]
good if it is given by

1—2(s—2) if z€][0,3)
Ty(z) = { 2 21

3.1
27 — 1 if xel3,1] 3-1)

for some r, > 1 and denote the class of good maps by &. A map T3 : [0,1] — [0,1] is
called bad if it is given by

L_ob=1(l _ b if gefo,i
=12 am ot Eec e
2z — 1 if zels,1]

for some ¢, > 1 and we denote the class of bad maps by 8. The graphs of T, and T
are shown in Figure 3.1(b). Note that if r, = 1, then T}, is equal to the doubling map.
Furthermore, T, with r, = 2 and T}, with ¢, = 2 are on [0, %) equal to the logistic maps
x+— 4x(1 — z) and x — 2x(1 — ), respectively. One easily computes that each good
map T, and each bad map 73 have non-positive Schwarzian derivative when restricted
to [0, %) or [%, 1]. Just like in the previous chapter, let {T7,...,Tn} C B U B be a
finite collection of good and bad maps, write ¥g = {1 < j < N : T; € &} and
Yp = {1 < j <N : T; € B} for the index sets of the good and bad maps,
respectively. We assume that g, Xp # 0. We write X ={1,...,N} =Xz UXp and
let F' be the skew product associated to {7} ex given by

(3.2)

)
)

N

F 3N x0,1] = 2N x [0,1], (w,z) — (tw, T, (z)),
where again 7 denotes the left shift on sequences in V.

Let p = (p;) jex be a probability vector with strictly positive entries representing
the probabilities with which we choose the maps from 7 = {T}};ex. Furthermore, let
m, be the p-Bernoulli measure on ¥, Our first two main results establish that there
exists a phase transition for the existence of an acs probability measure for (7, p)
that is similar to the phase transition found in Chapter 2. Set 0 = ZbeZB ol
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N
N[

) —_____v;‘_..___

1
2

(a) (b)

Figure 3.1: In (a) we see the critically intermittent system consisting of the maps given by
(3.1) with rg =2 and (3.2) with £, = 2. The dashed lines indicate part of a random orbit of
z. In (b) the graphs of (3.1) and (3.2) are depicted for several values of 4 and €.

Theorem 3.1.1. If 6 > 1, then no acs probability measure exists for (T,p).

Theorem 3.1.2. If 0 < 1, then there exists a unique acs probability measure p for
(T,p). Moreover, F is mizing with respect to mp X p and the density Z—’;\ is bounded
away from zero.

Since p is an acs measure, the density g—’; is a fixed point of the associated Perron-
Frobenius operator Pr p, being of the form as in (1.20). Moreover, Theorem 3.1.2 tells
that this density ‘i—’; is bounded away from zero. Using these two statements it is easy
to see that Z—’; blows up to infinity when approaching the points % and 1 from below.
See Figure 3.2 for an example.

Our second set of main results involves the decay of correlations in case 6 < 1.
Equip ¥V x [0, 1] with the metric

d((w,2), (@', y)) = 27 mnUSEZAd g —y) (33)

For a € (0,1), let H,, be the class of a-Hélder continuous functions on ¥V x [0, 1], i.e.

[7(z1) = h(z2)]

Ho = {h:ZNx[O,l] —HR‘ sup{ 21,20 € XX [0,1], 21 ;ézg} <oo}7

d(Zl, 2’2)0‘
and set
H= ] Hao
a€e(0,1)

For f € L (XN x [0,1],my x p) and h € H the correlations are defined by

Corn(f,h):/ foF”-hdmpx,u—/
SNx[0,1]

fdmpx,u/ hdmgp x p.
% [0,1] X [0,1]
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1.5 1.5

1 1
0.5 0.5

0 0

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(a) (b)
Figure 3.2: Approximation of % in case ¥g = {1}, ¥ = {2}, p1 = % and r1 = 2 for two
different values of 2. Both pictures depict P75—?p(1 with Perron-Frobenius operator Pr p,
where in (a) we have taken la = 3 and in (b) f2 = 3.

Set liax = max{l, : b € X g} and

log 6

=_—°" 3.4
log £imax (34)

a!

The following result says that correlations decay at least polynomially fast with degree
arbitrarily close to v;. Here and in the rest of this chapter the notation f(n) = O(g(n))
means that there exists a constant C' > 0 and integer N € N such that for each integer
n > N we have f(n) < C-g(n).

Theorem 3.1.3. Assume that 0 < 1. If v € (71,0), f € L=®(=N x [0,1],mp X p1) and
h € H, then |Cor,(f,h)] = O(n").

For each b € X set

Ty = Z pj (3.5)

jEEB:ZjZKb
and let
1
72:1+max{ 08T :beEB}. (3.6)
log ¢y,
Note that
I L log 6
'yg:max{m:bezlg} §max{ o8 :bEZB} =71
log ¢y, log £

In our final result we show that, under additional assumptions on the parameters of
the random systems, the class of observables f € L (XN x [0,1],m, x ) and h € H
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contains functions for which the correlation decay is not faster than polynomially with
degree v2. The notation f(n) = Q(g(n)) means that there exists a constant C' > 0
and integer N € N such that for each integer n > N we have f(n) > C - g(n).

Theorem 3.1.4. Assume that 0 < 1. Furthermore, assume that vo > v — 1 if
71 < =1 and v2 > 2y, if =1 <y < 0. Let f € L>®(ZN x [0,1],mp x p) and h € H
be such that both f and h are identically zero on ¥V x ([0, 3] U [2,1]) and such that

/ fdmpxu-/ hdmgp x > 0.
¥V x[0,1] =N %[0,1]

Then

|Cor,, (f, h)| = Q(n7?).

In Section 3.4 we provide examples of values of ¢, and probability vectors p that
satisfy the conditions of Theorem 3.1.4.

The proof of Theorem 3.1.2 we present below also carries over to the case that
Y5 = 0. Applying Theorem 3.1.2 to the case that Y5 = ) and X = {g} contains one
element yields together with [LM13, Theorem 1.5] the following result on the good
maps T, € 6.

Corollary 3.1.5. For any T, : [0,1] — [0,1] € & the following hold.

(a) Ty admits an invariant probability measure fig that is mizing and absolutely
continuous with respect to Lebesgue measure \.

(b) There exists a constant a > 0 such that for each f € L*([0,1], uy) and each
function h :[0,1] = R of bounded variation we have

|Corangvltg (f7 h)‘ - 0(67(7"r7')7

where

Corn, 1,y (f, 1) :/fon'hdug—/fdug~/hdug.

This result is expected in view of the exponential decay of correlations found
for the unimodal maps from [KN92, Y92, Y98]. We see that test functions that fall
within the scope of both this corollary and Theorems 3.1.3 and 3.1.4 have exponential
decay of correlations under a single good map while under the random system with
Y5 # 0 they have polynomial decay of correlations.! This indicates that a system
of good maps loses its exponential decay of correlations when mixed with bad maps
and instead adopts polynomial mixing rates. This is different from what has been
observed for other random systems in e.g. [BBD14, BB16, BQT21|, where the random
systems of LSV maps under consideration adopt the highest decay rate from the rates
of the individual LSV maps present in the system. See Example 1.4.3.

IExamples of such test functions are Lipschitz continuous functions that vanish outside of N x
3

(39
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3. Decay of correlations for critically intermittent systems

The remainder of this chapter is organised as follows. In Section 3.2 we list some
preliminaries. In Section 3.3 we prove Theorem 3.1.1. The method of proof for this
part is reminiscent of that in Chapter 2 in the sense that we introduce an induced
system and apply Kac’s Lemma on the first return times. In Section 3.3 we also
give estimates on the first return times and the induced map that we use later in
Section 3.4. For Theorem 3.1.2 the approach from Subsection 2.3.2 no longer works,
because we have introduced a discontinuity for the bad maps (at %) Instead we prove
Theorem 3.1.2, as well as Theorem 3.1.3 and Theorem 3.1.4, by constructing a Young
tower on the inducing domain from Section 3.3 and by applying the general theory
from [Y99] and [GO4]. This is done in Section 3.4 and is inspired by the methods from
[BBD14, BB16]. Section 3.5 contains some further results. More specifically, we show
that for a specific class of test functions the upper bound from Theorem 3.1.3 can be
improved and we obtain a Central Limit Theorem. We end with some final remarks.

§3.2 Preliminaries

We use this section first of all to give some properties of good and bad maps. Secondly,
we give the construction of a Young tower, list some of the results from [Y99, G04]
and present this in an adapted form, rephrased to our setting and only referring to
the parts that are relevant for our purposes.

§3.2.1 Properties of good and bad maps

As in Section 3.1, let 17, ..., Ty € & UB be a finite collection of good and bad maps,
and write ¥ = {1 < j <N : T, € 6} #0, X5 ={1<j< N :T; € B} #0
and ¥ = {1,...,N} = ¥g UXp. For ease of notation, we refer to the left branch
of a map T; by L;, i.e. for 2 € [0,3) we write Lj(z) = T;(z), j € £. We will use
R:[3,1] = [0,1], 2 2z — 1 to denote the right branch of the maps Tj.

Throughout this section and the next ones we use the notations for words and
compositions of the maps 7T} introduced in Section 1.4. We use the same notations
for compositions of the left branches L;, so for w € YN, n € Ny and x € [0, 1) such

12
that L, o+ 0 Ly, (z) € [0,3) for each j =1,...,n— 1 we write

x, if n=0,

3.7
L, oL, ,0---0L, (x), forn>1. (3:7)

Loy w, (x) = L (z) = {
Also in this situation we use the same notation for finite words w € X", m > 1, and
n < m. Furthermore, for any u = uy---ug € Ek, k > 0, recall that we abbreviate
Py = Hlepui and also, as in Chapter 2, let ¢, = Hle 0, if u € 3% where we
use py = 4, = 1 in case k = 0. Finally, recall the notation ¥* = (J,,, X" for the
collection of all finite words (including the empty word) with digits from ¥. Similarly
we define X7, and ¥7}.

For future reference we give two lemmas on the properties of good and bad maps.
The first one involves compositions of bad maps and implies in particular that orbits

starting in [0, %) converge superexponentially fast to % under iterations of bad maps.
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Lemma 3.2.1. For each z € [0, %) and b € ¥} we have

(i) Ly(z) = 5(1 — (1 —2z)%),
(ii) Lyt(z)=1(1— (1 —22)%").

Proof. Part (i) holds trivially if |b| = 0. Now suppose for some k > 0 that (i) holds
for all b € X% with [b| < k. Let bbyy1 € ST, Then Ly(z) € [0,3) and

Lb, ., () = %(1 —(1- 2Lb(x))%+1)

1

=3 (1 — (- 21:)%)’“7%“) - %(1 (1— 2x)é”bk'+1>.

This proves (i), and (ii) follows easily from (i). O

For g € ¢ the map Ly : [0,1) — [0,1) is invertible and for b € Lp the map
Ly : [0,%) — [0, 3) is invertible. For all j € ¥ the map Lj; is strictly increasing with
continuous and decreasing derivative and, if T} is not the doubling map (ie. j € £p
or j € ¥ with r; > 1),

max DL;(xz)=DT;(0) >1 and limDL;(z)=0.
7"6[07%) TT%

This allows us to define for each g € ¥ with r, > 1 the point z, as the point in
(0, 1) for which DLy(z,) = 1 and for each b € S5 the point x; as the point in (0, 1)
for which DLy(xp) = 1.

Lemma 3.2.2. The following hold.

(i) For each g € X it holds that L;*(3) < 1.

(i) For each g € ¥ with rg > 1 it holds that L;l(%) < xg.
(iii) For each b€ Sp it holds that Ly (1) < zy.

Proof. One can compute that

For each b € ¥ we have

_1/1 1 _ 1 _
LH(3) =302 ad m=g-g/0Y) @

Since 74 > 1 and thus 2-1/re > % for each g € ¥¢, (i) follows. Furthermore, one can
show that 271/#=1 > (g . 22)1/(1=2) and 271/% > 21/(=2) hold for all z > 1, which
give (ii) and (iii), respectively. O

(0]
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§3.2.2 Young towers

Let F be the product o-algebra on XN x [0, 1] given by the Borel o-algebra’s on both
coordinates. We call the set on which we will induce Y € F. It will be defined later
and will be such that the first return time map ¢ on Y associated to the skew product
F given by

p(w,z) =inf{n >1: F*(w,z) € Y}

satisfies p(w,x) < oo for all (w,z) € Y. The induced transformation Fy : Y — Y as
given in Subsection 1.2.1 by Fy (w,z) = F*“?)(w, x) is then well defined.

On the inducing domain Y one can construct a Young tower for F. For the
convenience of the reader we briefly give this construction, which is outlined in a
more general fashion and in more detail in [Y99]. Let P be a countable partition of
Y into measurable sets on which the first return time function ¢ is constant, called a
first return time partition. Let pp be the constant value that ¢ assumes on P. The
tower is defined by

A={(z,n) €Y x{0,1,2...} : n < p(2)}

The I-th level of the tower is A; := AN {n = I} and for each P € P let A} p =
A;Nn{z € P}. We equip A with the Borel o-algebra B and let m be the unique
measure on A that corresponds to my, X A on each level of the tower. On A define
the function

Glom) = (z,n+1), ifn+1<opy(z),
" 1 (Fy(2),0), otherwise.

Let the induced map G¥ : Ag — Aq be defined by G¥(v) = G¥*)(v), where z € Y
is such that v = (z,0). We identify G¥ with F'¥ by identifying Ay with ¥ and
using the correspondence G¥(z,0) = (F¥(z),0). The separation time is defined for
each (Zl,ll), (ZQ,ZQ) € A by S((Zl,ll), (22,12)) =0if ll # lg and otherwise letting
s((21,11), (22,12)) = s(z1, z2) be given by

s(z1,22) = inf{n >0 : (G¥)"(21,0), (G¥)"(22,0) lie in distinct Ag p, P € P}.
(3.10)
The setup from [Y99] assumes the following conditions on A and G:
(t1) ged{pp: PP} =1;
(t2) All the sets in the construction above are measurable and m(Y) < co.

(t3) For each P € P the top level A,,_; p above P is mapped bijectively onto
Ag =Y x {0} under the map G;

(t4) The partition n = {A; p : P € P, 0<1<@p — 1} generates B.
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(t5) The restrictions G¥|a, , : Do,p — Ag and their inverses are non-singular with
respect to m, so that the Jacobian J,,,G¥ with respect to m exists and is > 0
m-a.e.

(t6) There are constants C > 0 and S € (0,1) such that for each P € P and all
(2170)3 (2270) € AO,Pa

JmGLP (Zlv O)

JmG‘P(ZQ, 0)

— 1‘ < 05(G%(21,0),G%(22,0)

Under these conditions [Y99] yields the following results on the existence of in-
variant measures for the map G on the tower A and decay of correlations. Define for
all 6 € (0,1) the following function space on A:

ng{f:A%R‘sup{W:U1702€A701¢U2}<00}~ (3.11)

For v € A let ¢(v) :=inf{n >0 : G"(v) € Ag}.

Theorem 3.2.3 (Theorem 1 and 3 from [Y99]). If (t1)-(t6) hold and we have
fY @dm < 0o, then the following statements hold.?

(i) G : A — A admits an invariant probability measure v that is absolutely con-
tinuous w.r.t. m;

(i) The density 4% is bounded away from zero and is in Cg with B as in (t6).

dm
Moreover, there is a constant Ct > 0 such that for each A, p and each vy,vs €
Ap
dv
ﬁ(vl) -1 S C+ BS(Ul,Ug). (312)
%(W)

(iti) G is exact, hence ergodic and mixing.

(iv) (Polynomial decay of correlations) If, moreover, m({v € A : ¢(v) > n}) =
O(n=%) for some a > 0, then for all f € L®(A,m), all § € (0,1) and all

h e Cs,
‘/AfoG"~ﬁdu—/Ade/AﬁdV’:O(n_"‘).

We will also use [G04, Theorem 6.3] by Gouézel which, when adapted to our
setting, says the following.

Theorem 3.2.4 (Theorem 6.3 from [G04]). Let p be an invariant and mizing
probability measure for F on ¥V x [0,1]. Let f € L*°(XN x [0,1],p) and h €
LY(ZN % [0,1], p) be such that both f and h are identically zero on (XN x [0,1])\Y.
Assume that there is a § € (0,1) such that the following three conditions hold.

2The version in [Y99, Theorem 3] of statement (iv) above only states the result for § = 3. Note
however that statement (iv) for the case 0 < § < 3 follows from C5 C Cg and that if 3 < § < 1, then
the bound in (t6) where 8 is replaced by ¢ also holds and therefore [Y99, Theorem 3] can be applied
with § taking the role of 3.
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(g1) There is a constant C* > 0 such that for each n > 0 and z1, 2 € \/Z;é Fy"P,

JFSO(Zl)
1 P7‘< “Lom,
‘%%W@)—O

(92) There is a ¢ > 1 such that p(¢ >n) = O(n=%).
(93) sup{M t 21,20 €Y, 2 #£ 22} < 00.

5s(71.72)

Then there is a constant C > 0 such that

Connralf) = (0 pte>0) [ £dp [ han] < & Kelo,

k>n

where
n=¢,  if¢>2,
Ke(n) =5, if (=2,

n2

n?72, if ¢ € (1,2).

§3.3 Inducing the random map on (%, %)

§3.3.1 The induced system
Define
Q= {weX":w e X for infinitely many i € N},
- 13\ . 1
Y = {(w2) ex (5,1) L TL(w) # 5 for all n € NJ.

The set Y, which equals XN x (2, 4) up to a set of measure zero, will be our inducing
domain. Recall the definition of the first return time function

¢v:Y =N, (w,z) »inf{n>1: F'(w,z) € Y}.

For each (w,z) € Y, the following happens under iterations of F'. Firstly, T,,(z) =
R( ) (0 1). By Lemma 3.2.2 there is an a > 1 such that DT,(y) > a for all

(%) ] and g € ¥. Combining this with Lemma 3.2.1 yields by definition
of Y tha

1
k(w, x) := inf {n >1:T)(x) > 5} < 0. (3.13)
Note that wy(y,2) € L@ Then, again since (w,z) € Y, so T} (x) # % for all n € N,

l(w, z) = inf{n >0 ; TRt ¢ (; i)} < 0 (3.14)

and T @) () — Rllwa) o TE@2) (2) Thus

o(w,z) = k(w,z) + l(w,z) < o (3.15)
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for all (w,x) € Y. We will first derive an estimate for {(w, z).

For each g € X let Jy = (L, *(3), 5)- The intervals .J, are such that if T} (z) € J,

and w11 = g, then T 1 (z) > % For each b € X let J, = [y, %) with z; as defined
above Lemma 3.2.2. Define

m(w,z) :==inf{n > 1 : T} (x) € Ju, ., } < k(w,z). (3.16)
If W (w,2)+1 € La, then Tocn(w’m)ﬂ(x) > % by the definition of the intervals Jg. If
Win(w,az)+1 € 2B, then T(T(M’I)H(:c) € (3,1) by Lemma 3.2.2(iii). We then see by

Lemma 3.2.2(i) that the number m(w, ) is such that after this time any application
of a good map will bring the orbit of z in the interval (%, 1). We have the following
estimate on [.

Lemma 3.3.1. Let (w,z) € Y. Write d = Wp(w,0)+1 " Wr(w,e)—1 € Lp and g =
Wr(w,a) € Y- Then

log ((1 —2. TLH(M’I) (x))_l)
log 2

— 2.

l(w,z) > lqr,

Proof. Set y = T:)n(w’w)(a:). It follows from Lemma 3.2.1 that
T5 " (2) = Ly o Laly) = 1 = (1 - 2y)"4"s.

By definition of R, it follows that I(w, ) is equal to the minimal | € Ny such that

1
2. (1 —2y)fems > T (3.17)

Solving for | gives the lemma. O

With this estimate we can now apply Kac’s Lemma to prove Theorem 3.1.1.

Proof of Theorem 3.1.1. Suppose p is an acs probability measure for (7, p). We first
show that x((3,2)) > 0. Since F?(Y) equals £ x [0,1] up to some set of mp x A-
measure zero and by (3.15) all (w,z) € Y have a finite first return time to Y under
F, it follows that XN x [0,1] equals |J;—, F~"Y up to some set of my, X A-measure
zero. Since p is absolutely continuous with respect to A, we obtain that

oo o0
13
_ N —n _ -2
L=mp x p(E" x[0,1]) < nzz;)mp X w(F~"Y) = ;u(<2, 4)),
from which we see that we indeed must have p((3,3)) > 0. Using the continuity of
the measure, we know there exists an a > § such that p((a,2)) > 0. Note that for

all (w,z) € X% x (a,2)NY we have

7M@) (1) > R(a). (3.18)
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Fix a g € S¢ and consider the subsets A, = [bg]x (a, 2)NY, b € X3, of XN x (a, 3)NY.

Set pp =Y yex, Pb- Then by (3.15), (3.18) and Lemma 3.3.1 we get )
/Lpdmpxu>z Ww,z)dmyp X p
bexy U Ab
log (1 =2 R(a))™")
() 3 o, PO
3 1 1-2-R(a
=u<<aq>>-pg-<rg- R AW
bexy bexy

M=) 08— M- T

k>0

with My = p((a,3)) - pgry - W > 0 and My = 2u((a,3)) - pg. It now
follows from @ > 1 that

/ pdmp X p = 0. (3.19)
Y

On the other hand, since p is a probability measure by assumption, we obtain from
the Ergodic Decomposition Theorem, see e.g. [EW11, Theorem 6.2], that there exists
a probability space (E,&,v) and a measurable map e — pu, with p, an F-invariant
ergodic probability measure for v-a.e. e € E, such that

/Ywdmp xuz/E (/Ysod,ue)du(e).

For each e € E for which pu. is an F-invariant ergodic probability measure we have
[y edpie = pe(X) = 1if pe(Y) > 0 by Kac’s Lemma, i.e. Lemma 1.2.13, and we have
[y wdpe = 0 if p1e(Y') = 0. This gives

/ pdmyp x p <v(E)=1,
Y

which is in contradiction with (3.19). O

§3.3.2 Estimates on the first return time

From now on we only consider the case §# < 1. We first define a first return time
partition for F to Y. For any u € ¥, g € X and s, w € ¥* write

- 13
Poagw = ([usgw] N Q) x (R0 L, 0 L,0R)™ (5, E)
and define the collection of sets

P = {Pusgw L UET, gE NG, 8w E 2*}. (3.20)

See Figure 3.3 for an illustration.
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1
1
2 -
//
0 1 3 1
2 1

Figure 3.3: Example of a first return time partition element Pysgw with |s| =2 and |w| =3
projected onto [0,1]. The yellow area indicates the inducing domain Y projected onto [0, 1].

Proposition 3.3.2. The collection P is a first return time partition of F' to Y and
for all (w,z) in a set Pysgw it holds that k(w,x) =2+ |s| and l(w,z) = |w|, so

p(w,z) =2+ |s| + |w|. (3.21)

Proof. Let (w,z) € Y. Since k(w,z),l(w,z) < oo it is clear that we can find suitable
u€X, g€ X and s,w € ¥* so that (w,z) € Pysgw, s0 P covers Y. Now fix a set
Pysgw € P. By the definition of the set (RI*!o L, o Ly o R)~!(%,2) one has for any
(W, &) € Pysgw that

Th(z) <3, 1<n<1+]s]
TH(z) >3, 2+|s| <n<1+|s|+ |wl,
T ) € (3, 9).

Hence, k(w,z) = 2+ |s| and I(w, z) = |w| for each (w,x) € Pysgw, and (3.21) follows
from (3.15). From this we immediately obtain that the sets in P are disjoint. To see
this, suppose there are two different sets Pysguw, Pasgw € P With Pusgw N Pasgw 7 0
and let (w,z) € Pysgw N Pasgw- Then without loss of generality we can assume that
[@8gw] C [usgw], where the inclusion is strict. But this would give that

plw,z) =2+ [s[+ |w| <2+ (8] + || = p(w, ),
a contradiction. O

For the estimates we give below, we split the word s into two parts s = vb, where
b specifies the string of bad digits that immediately precedes wy (). In other words,

if we write
Ag = {’U ex*: V| € Eg}
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for the set of words that end with a good digit, then for any s € ¥* there are unique
v € Ag and b € ¥} such that s = vb. Recall 7; and 2 from (3.4) and (3.6),
respectively. In the remainder of this subsection we prove the following result.
Proposition 3.3.3. Suppose 0 < 1. Then the following statements hold.

(i) [y edmp x X < oco.

(ii) mp x A >n) = O(n'~1) for any v € (11,0).

(iii) mp X A >n) = Q(nr1271),

For the proof of Proposition 3.3.3 we will first prove three lemmas. Write

s = (min{{DLg<L;1(%)) g€ EG} U {DLb(Lb—lG)) be EB})_I. (3.22)

The number % will serve below as a lower bound on the derivative of the maps 7T} in
some situation. Using Lemma 3.2.2, we see that s € (0,1).

Lemma 3.3.4. For each n € N we have

ZS]Z Z 2maxn 1—j5— kl)f Lok’

Tmax
J=0  k=0bexk, b

Pv
mln{pg g€ EG} Z Z max(n—1—k,1)¢, el
e ObeZk 2 Tmin

mp X A >n) <

mp X Mg >n) >

Proof. For P = Pybgw € P we know from Proposition 3.3.2 that the first return
time is constant on P and equal to op = 2+ |v| + |b| + |w|. Let n € N. Then

mp X M@ >n) = Z myp X A(P

P:pp>n

To obtain the desired lower bound on mp x A(¢ > n) we only consider those P =
Pivbgw € P where v = € is the empty word. From Lemma 3.2.1 we get

13 1 1 1 1
w T T Y R )]
(B™ o LgoLe)™ (55 5\~ olwl+1)6, 'ry ' )7 2 1 o(lwl+2)6, gt

(3.23)

Since R has derivative 2, we then have

13 1 1 1
|w| -1(- < _
A((R °LyolLyoR) (2’ 4)) ! <2(|w|+1>zb Ty 2(|w\+2)e;1rgl>
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and thus

mp X A(p >n)

myp([ubgw)) 1 !
. e ) )
> Z Z z:* Z 4 owl+1)6, try T g(lw|+2)6, Tyt
uET gETG b€23| |>man{n—2—[b],0}
w|>max{n—2—|b|,
D ) > 1 1
g
= — Db < -1 _—1 —1 71) (324)
QEXZ:G 4 kz—obezz:% l—max{%:Qk’O} 2(l+1)£b Tg 2(l+2)lb Tg
I N Do
> 7 -min{p, : g € ¥g} - Z Z omax{n—1-k,1}6, 'r L

k=0bexk

For the upper bound, we look for the smallest derivative to bound the length of
(R*loLyoLyoLy,oR)™Y(4,3). If v =, then from above we see

L3 ﬁ( ! L)
2°4/)) 4 \g(wl+ne, vyt o(lw+2)¢, vyt )
On the other hand, if v = vy ---v; with j > 1, then v; € ¥¢. We have
w /13 1
(R0 Ly020)7 (5.7) < (0.5):

As follows from before s from (3.22) represents the smallest possible shrinkage factor
when applying L, '. If j > 2, then by Lemma 3.2.2(i) we have L;! (L;Jl(%)) <

'Uj—l

A((R‘w‘ oLgoLyo R)_1<

L;jl,l(i)- Hence, s~!?! is a lower bound for the derivative of L, for any v € Ag on

(R®lo L, 0 Lp)~*(L,3). It then follows from (3.23) that

201
13 slvl 1 1
A( Rl oL, 0LyoL R*1<7,7>)<—( . )
(B oLgoLyo Lo o R) (5. 7) ) < 7 Grma v~ guwiog vy

Writing f(n, j, k) = max(n — 2 — j — k,0), we thus obtain that

mp X A(p > n)

Il 1 1
Pvbgw$S ( )
< _
- gezZ:G v;:c;b;]:* wzz: 4 Nolwlng eyt glwl+2)6 g
Z w|> f(n,|v],|b])
I e > 1 1
< 2N ( - _ _) 3.25
- 4;:(:) kz:%gezz:c;bezz:k pbl—f%:jk) 20416 Tyt g(42)t, Ty (329)
K Js
S ) DD e——_
T 44 9(f (nod k) + 1)y M rinax
J=0  k=0bexk
This gives the result. O

The next lemma gives estimates for the last part of the expression on the right-
hand side of the first inequality from Lemma 3.3.4 for an initial range of values of
j. The number of values j for which we obtain an upper bound for the double sum
grows logarithmically with n.
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Lemma 3.3.5. Let v € (71,0), and for each n € N define j(n) = |2 liélfgnj, Then

there exist C1 > 0 and ny € N such that for all integers n > ny and j =0,1,...,5(n)
we have

Z Z 2maxn 1—j5— kl)é ! =G .n771. (326)

Tm ax
k=0 bexk, b

Proof. We will split the sum over k in (3.26) into three pieces: 0 < k < ki(n),

ki(n) +1 < k < ka(n) and k > ka(n). To define ki(n), let a = % € (0,1).

Then for each n € N set k1(n) = LIISE;”%)J = L”lifiggenj. The values a and k1(n) are

such that @¥1(M+1 < p7 and 15 < ne. Since j(n) + ki(n) = O(logn), we can
find an Ny € N and a constant K7 > 0 such that for all integers n > Ny we have
n—1-jn)—k(n)>1and (n—1—j(n)—ki(n))- ryl > K;-n. Then, for all
n> Ny, 0<j<j(n) and 0 <k <ki(n),

max(n—1—7—k,1) >max(n—1—j(n) —ki(n),l) =n—1—j(n) — ki(n)

and fp < Elr%léf <n%forall be E%. Setting pp = ZbGEB py as before, this together

gives

& p = p
b B
Qmax n—1—j—k,1)¢, T’;}.x < Z 2(n717j(n)7k1(n))n*a7”n_u}.x
k=0 bex) k=0 (3.27)
2_K1'n1—a
S -
1—-pB

Secondly, for each n € N set ka(n) = [1(n —1—j(n))] and take an integer Ny > Ny
and constant K5 > 0 such that for all integers n > N; we have ka(n) > ki(n) +1 and
3(n—1-4j(n)) =1 > K, - n. Noting that for each d > 1 the function f on R given

by f(z) = 4% has maximal value @ < @, we obtain for all integers n > Ny,
ka(n) ka(n) /-1
_ b
Z Z max(n—1—j5—k,1)¢ rmjxi z Zpbb i k)r=l et
k=k1(n)+1bexk 2 kDG K=Ky (n)+1 beDk, (2(n—=1—j=k)rmax )b
kz(n) r
S .
b ()41 (n—1—j—k)log2
91{}1 (n)+1 r
< . . max
— 1-0 (n—1—j(n)—ka(n))log2
Tmax -1

< max
~ (1-6)K3log2 "

(3.28)
Finally, for each n > N; we have
oo ka(n)+1 Ko n
k-le___ - Pp 3.29
Z Z 2max(n 1—5— kl)fb Pimax Z Ps 1_pB 1 _pB. ( ’ )

k=kz(n)+1 bexk, k=ka(n)+1

84



§3.3. Inducing the random map on (3, 3)

Combining (3.27), (3.28) and (3.29) yields

—K,n'"@ Kao-n
2 ! +pB Tmax y—1

= S gmex(nm 1kt i 1—ps (1—0)K;log2
- B

Since the first term on the right-hand side decreases superpolynomially fast in n, this
yields the existence of a constant C; > 0 and integer ny > NN; for which the statement
of the lemma holds. O

Lemma 3.3.6. There exist Co > 0 and ny € N such that for each integer n > Ny we
have

= P
b —1
>Cy-n7? 0
Z Z Qmax(nflfk,l)eglﬁ;iln =
k=0 bexh,

Proof. Let b € ¥.g be such that 7 =1+ lli’é;f: with 7, as in (3.5). For each k& € N let

Ay ={b=by-byeSh: b, > foreach j=1,...,k }.

Then ZbeAk P = 7r{f and for each b € Ay we have £, > E’g. This gives

oo oo
b p
Z Z Qmax(nflftl)c,l) T 2 Z Z 2max(nflfl;c,1) ~ip—t

b "min b "min
k=0pexk k=0becAy
3 (3.30)
e k
> -
- P Qmax(nflfk,l)éb_krr;iln ’

For cach n € N we define kg(n) — [Q2ilo8n] — [losn] ey 782 1 > pra-t

and €;k3(n) < n~!. We take N, € N and K3 > 0 such that for each integer n > N,
we have n — 1 — k3(n) > 1 and (n — 1 —k3(n)) -n~'-r_ 1 < Kj. Then we get

min

oo

k
Z T > pha(®) !
Qmax(vL—l—k,l)él:kr71 ="b 2(n—1—k3(n))é;k3(")r’l

k=0 min min

1 (3.31)

—1

min

\

> -0t

9(n—1-ks(n))n=1tr

> - 9Kz pr2—1

for each n > Ny. Combining (3.30) and (3.31) now yields the result with Cy =
T * 2~ Ks, O

Proof of Proposition 3.3.3. First of all, note that

/gpdmpx)\:Zn-mpx/\(cp:n)§2~Zmp><)\(g0>n).
%

n=2 n=1
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Since for each v < 0 we have > > n7"! < oo, (i) follows from (ii). For (ii), let
v € (1,0). It follows from Lemma 3.3.4 and Lemma 3.3.5 that for each integer
n > n; we have

C — 1 ,
P D S TS 1D S 3l
j=0 j=j(n)+1 k=0
Ch 1 ,
PO e ol T S | (O o
T R T G R R

By the definition of j(n), we have s7(™*+1 < n7Y=1 which gives (ii).

Finally, it follows from Lemma 3.3.4 and Lemma 3.3.6 that for each integer n > no

we have

i : e} C
mp X A(p >n) > min{py 946 ab-Cs -p2 L 0

§3.3.3 Estimates on the induced map

Recall that F?(w,z) = (T‘P(W’“)w,Tf(w’z)(a:)). The second part of the next lemma
shows in particular that F'¥ projected on the second coordinate is expanding.

Lemma 3.3.7. Let (w,z) €Y.

(i) For each j=1,...,0(w,z) —1 we have DTf;(:)’x)fj(Tg(x)) >

N[ =

(ii) DTE“") () > 2.

Proof. Let (w,x) € Y. Recall the definitions of k¥ = k(w,z) from (3.13), | = l(w, )
from (3.14) and m = m(w, z) from (3.16). Write3
U=wWsy: Wy €2,
d =Wm+1 " Wrg—1 € ZE)
g =wg € Xg.
Then
T2 (2) = Rl o Ly o Lgo Ly o R(x).

We have DLy(y) > 1 for all y € [0,23) and all b € Xp. For v € ¥¢g with r, > 1
we obtained in Lemma 3.2.2(ii) that #, > L;'(3) and hence DL,(y) > 1 for all
v € ¥ and y € [0,L;1(3)). It follows from the definition of m that, for each
je{l,...,m—1},

m—1
DLuj"'UnL—l(Lul"'uj—l 0 R(ZC)) = H DL’IM (Lul"‘ui—l ° R(I‘)) Z L. (332)
i=j

3We use different letters here than for the partition elements Pyybgw from P, since the subdivision
here is different (and (w, z)-dependent).
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Let g,t € ¥} be any two words such that d = gt. Using Lemma 3.2.1 we find that
for each y € [0, 3),

D(Ly o Ly)(y) = 2047,(1 — 2y)%"s 71, (3.33)
Furthermore, from (3.17) we see that
2l > %(1 — 2L, 0 R(x))*ars (3.34)
and applying Lemma 3.2.1 to L4 gives
(1 —2Lg 0 Ly 0 R(x))*"9™! = (1 — 2L, 0 R(x))‘a"s*a, (3.35)
Combining (3.33), (3.34) and (3.35) yields
D(R' oLy o0 Lt)(Lg o Ly o R(z))

= 21.20475(1 — 2Lg 0 Ly, 0 R(z))“t"s 1

> 3(1 — 2Ly 0 R(x)) 4" - 2474(1 — 2Ly, 0 R(z))'a™s"a (3.36)

1
= Slrg(1 = 2Ly 0 R(x)™",

which we can lower bound by % To prove (i), for any j € {1,...,m—1} taking g =€
(which means ¢4 = 1) and t = d we obtain using (3.32) and (3.36) that

i 1
DT (Tiz) = D(R' o Ly 0 Lg)(Ly 0 R(x)) - DLu;.uy + (Luyou, , © R()) > 5
For j € {m,...,k — 1} we take ¢ = wp41---wj and t = wj41---we—1 (s0 g = € in

case j =m and t = ¢ in case j = k — 1) and get

DTS (Th(@)) = D(R' 0 Ly o Ly)(Lq © L 0 R(x)) >

TIw

| =

by (3.36). Finally, if j € {x,...,¢(w,x) — 1}, then

DN | =

DTS@_(W@)—J' (Tij (z)) = oftl—j >

This proves (i). For (ii), we write
DT %) (z) = D(R' o Ly 0 Lg)(Lqy © R(2)) - DLy (R(x)) - DR(x).
We have DR(x) = 2 and by (3.32) with j = 1 we get DL, (R(z)) > 1. What is left is
to estimate the first factor. From (3.36) with ¢ = € and t = d we see that
1
D(R' oL, 0 La)(Ly o R(z)) > 5edrg(l — 2L, 0 R(z)) ™.

Note that by the definition of m we have L,, o R(x) € (L;l(%)7 1) if m=r—1,soif

d=c¢, and L, o R(z) € [z4,,3) if m <k — 1. In case m = k — 1 we obtain that

1 —1
Cary(1 — 2Ly o R(z))" > 1, (1 —or;! (5)) =1y 2170 > 2,
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where we used the expression for L;*(3) from (3.8) and the fact that x - 2'/* > 2 for
all z > 1. In case m < k — 1, we have

—1
Carg(1 = 2Ly 0 R(x)) ™! = €4, (1 24,) = 6,77 >0

)

where we used (3.9) and the fact that 217@=1)"" > 2 for all # > 1. Hence, in all cases

DI (2) > -

l\D\H

Recall the first return time partition P from (3.20). For P = P, g44 € P set
] ~i(13
mo(P) = (R"™ 0 L0 Ly o R) (5, Z)
and write Sp for the restriction of the map 7.2 to (P), so

Sp = T5 | nypy = R o Ly 0 Ly 0 Rlry(p)

We give two lemmas on the maps Sp, that will be useful when verifying (t6) for the
Young tower in the next section.

Lemma 3.3.8. There exists a constant C5 > 0 such that for each P € P and all
(w,x), (W', y) € P we have

Ty x \FP (W, ©

’m 1‘<03 |SP SP(y)|~

Proof. For each P € P and all (w,z), (w',y) € P we have p(w,z) = o', y) = pp
and w; = wé- for all 1 < j < ¢p. Hence, for each measurable set A C P we have

p(w,z)

mp X AM(F?(A / ( H p_l)DT“’ “:2) (1) dmy X Mw, T).

By Proposition 1.2.19 we obtain

p(w,z)

Ty x X F? (W, x) ( H Do, ) T“”(“””)()

which, for each P € P and all (w,z), (w',y) € P, gives

DSP 13)

Tmpx 2 F¥ (w, x) 1‘ B ’DTf(”’Z) x
DSp(y)

-1 = 7/ 1’ —’ —1].

Ty \F? (W', y) DT (y)

Let ¢ > 0. As compositions of good and bad maps each Sp has non-positive Schwar-
zian derivative and by Lemma 3.3.7(ii) each Sp satisfies DSp > 2. For this reason
for each P € P we can extend the domain m3(P) of Sp on both sides to an interval

Ip D mo(P) such that there exists an extension Sp:Ip — R of Sp, ie. SP|772(P)
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Sp \M( p), that has non-positive Schwarzian derivative and for which both components
of gp(Ip)\(%, %) have length at least 7. Applying for each P € P the Koebe Principle
(1.15) with I = Ip and J = mo(P) then gives a constant C5 > 0 that depends only
on ¢ such that for each P € P and each x,y € m3(P) we have

DSP(J})

Deois) " 1| < Cs-|Sp(z) — Sp(y)|.

This gives the lemma. O

Recall the definition of the separation time from (3.10). We have the following
lemma.

Lemma 3.3.9. Let (w,z),(w',y) €Y. Then
|z —y| < 275(@o)(@v), (3.37)
Furthermore, if (w,x), (W',y) € P for some P € P, then
|Sp(z) = Sp(y)| < 27 lwm FEW), (3.38)

Proof. Write n = s((w, x), (W', y)) and, for each k € {0,1,...,n — 1}, let P*) € P be
such that (F¥)*(w,z), (F¥)*(w',y) € P*). Then for each k € {0,1,...,n — 1} the
points (Spx-1)0---0Spw )(x) and (Spw-1) 0---0Spw )(y) lie in the domain 75 (P*))
of Spu, so it follows from Lemma 3.3.7(ii) together with the Mean Value Theorem
that

|Spa 00 Spw () = Spw 00 Spw (y)]

Z inf DS (k) Z 2.
|Sp-1) 0+ 0 Spw(x) = Spu-1 00 Spwo(y)| e

We conclude that
[z —y| < 27 Spo () — Spor (y)]
< <27 Spm-n 00 Spo () = Spi-ny 00 Spwo (y)| <277,
which gives the first part of the lemma. For the second part, note that if (w, z), (w', y) €
P for some P € P, then (3.38) follows by applying (3.37) to the points F¥(w,z) =
(7%Pw, Sp(z)) and F¥(w',y) = (79Pw’, Sp(y)). O

§3.4 A Young tower for the random map
§3.4.1 The acs probability measure

We are now in the position to construct a Young tower for the skew product F
according to the setup from [Y99, Section 1.1] that we outlined in Subsection 3.2.2.

As the base for the Young tower we take the set Y. The Young tower A, the I*}
levels of the tower A; and the tower map G : A — A are defined in Subsection 3.2.2,
as well as the reference measure m and the partition n on A. Following the general
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setup in [Y99], inducing the map G on Ay =Y X {0} yields a transformation G¥ on
Ay given by G¥(z,0) = G¥(*)(2,0). Recall that we identify G¥ with F¥ by identifying
Ay with Y and using the correspondence G¥(z,0) = (F¥(z),0). We check that the
conditions (t1)—(t6) from Section 3.2.2 hold for this construction.

Proposition 3.4.1. The conditions (t1)-(t6) hold for the map G on the Young tower
A defined above.

Proof. From the first return time partition P it is clear that (t1), (t2), (t3) and (t5)
hold.
For (t4) it is enough to show that the collection

\/G_"n:{EOOG_1E10~-~HG_”En cEien 1<i<n,n>0}
n>0

separates points. To show this, let (z1,l1), (22,l2) € A be two points. If z; = 29 and
Iy # 1y and P € P is such that z; € P, then A;, p,A;, p € 7 are sets that separate
(21,11) and (z2,12). Assume that z; # z2. Lemma 3.3.7(ii) implies that the map F'¥ is
expanding on Y, so there exist an N > 0 and two disjoint sets A, F € \/SZO(F‘P)_”P
such that z; € A and 29 € E. On these sets the first N first return times to Y
are constant, meaning that if K > 0 is such that G¥(z,,0) = ((F®)N(z,),0), then
Ax {1} € \/fioll G~"n and if L > 0 such that G¥(22,0) = ((F¥)"(z2),0), then
E x {ls} € \/ﬁiff G~ "n. Note that (z1,11) € A x {l1} and (22,l2) € F x {l2} and
(Ax{li})N(E x {ls}) = 0. Hence, (t4) holds.
Finally, from Lemma 3.3.8 and (3.38) we obtain that

JmeAFLP(ZI)

ImpXAT AN ] < Oy - 97 5(FP(21),F(22)) 3.39
TmgsxF?(z2) 1777 (3.39)

for each P € P and all z1,29 € P. This gives (t6) with 8 = % and the proposition
follows. O

Now Proposition 3.3.3(i) and Theorem 3.2.3 imply the existence of a probability
measure v on (A, B) that is G-invariant, exact and absolutely continuous with respect
to m with a density that is bounded (because it is in Cg) and bounded away from
zero and that satisfies (3.12). We use this to construct the invariant measure for F
that is promised in Theorem 3.1.2. Define

m: A= XN x[0,1], (2,1) = F'(2).
Then

m(G(2,0) = m(2, 1+ 1) = F*(2) = F(r(2,0)),  1<¢p(z) -1,
m(G(2,0) = 7(F7(2),0) = F9(2) = F(n(z,1)),  l=¢(z) -1

SomoG =Fom. Let p=vor! be the pushforward measure of v under 7.

Lemma 3.4.2. The probability measure p satisfies the following properties.
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(i) F is measure preserving and mizing with respect to p.
(i) p is absolutely continuous with respect to mp X A.

(i1i) We have
p(ANY)=v((ANY) x {0}), AeF.

Proof. Part (i) immediately follows from the properties of the measure v and the fact
that m o G = F o 7. For (ii), let A € F be such that m, x A(A) = 0. Using that F is
non-singular with respect to my, x A, we obtain that

m(r~1(A)) = (A N ( U FUA) x {1})) <3 mp x A(FTH(A)) =0,
>0

Since v is absolutely continuous with respect to m, it follows that p(A) = v(r~1A) =
0. For (iii) let A € F. We have

pp—1

fAany)=J | HAny)nP) x {i}.

PeP 1=0

By definition of ¢p, we have F'(z) ¢ Y for each z € P and each [ € {1,...,¢0p — 1}.
Therefore
AnY) = [JANnP) x {0} =(AnY) x {0}.
PeP O

Combining Lemma 3.4.2 with Lemma 1.4.1 yields that there exists a probability
measure p that is absolutely continuous with respect to A and such that p = m, x p.
In other words, p is an acs measure for (7,p). We will now prove Theorem 3.1.2,
which shows that p is in fact the only acs measure for (7, p).

Proof of Theorem 3.1.2. Tt follows from Lemma 3.4.2(i) that F' is mixing with respect
to mp x p. Hence, to obtain that g is the only acs probability measure for (7, p), it
suffices according to Theorem 1.2.6 to show that g—’/{ > 0 holds M-a.e. Theorem 3.2.3
asserts that there is a constant C4 > 1 such that

— <Y <o, (3.40)

u(B) =v((2x B)NY) x {0}) > ;- m(((2x B)NY) x {0}) = C; ' - A(B).

Since B wab arbitrary, we have % () > C;' for Ad-ae. z € (3,2). Recall that the
density < 9k is a fixed point of the Perron-Frobenius operator Pr , being of the form
as in (1.20). Fix some g € Xg. The map T2 \(1 B : (3,2) = (0,1) is a measurable
bijection with measurable inverse. For each T € (O 1) let y, be the unique element
in (3,3) that satisfies # = T7(y,). Furthermore, note that SUPye(L,3) DT?(y) <

2DT,(0). We conclude that for A-a.e. z € (0,1)

d —1
du() ) dﬂ( ) > p2 i) jen

Y Zp = > 0.
dX I DTF(ys) — 2DT4(0)

URPY
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This gives that Z—ﬁ is bounded away from zero and therefore that u is the unique acs
measure. O

Remark 3.4.3. Besides Theorems 3.1.1 and 3.1.2 it can also be shown that all the
results from Theorem 2.1.2 carry over. Namely, by following the same steps as in
Section 2.2 it can be shown that (7,p) admits, independent of the value of 6, a
unique (up to scalar multiplication) acs measure that is o-finite and ergodic and for
which the density is bounded away from zero, is locally Lipschitz on (0, %) and [%7 1)
and is not in L? for any ¢ > 1. This measure is infinite if § > 1 and coincides with p if
0 < 1. Similar as in Chapter 2, if # > 1, it follows from applying Aaronson’s Ergodic
Theorem [A97, Theorem 2.4.2] to this infinite measure that no physical measure (see
footnote 1 on page 39) for F' exists.

§3.4.2 Decay of correlations

Recall that for oo € (0,1) we have set H, for the set of a-Holder continuous functions
on XN x [0, 1] with metric d as in (3.3). Also recall the definition of the function spaces
Cs on A from (3.11).

Lemma 3.4.4. Let a € (0,1) and h € Ho. Then hom € Cyjga.
Proof. Since h € H,, there exists a constant C5 > 0 such that
|h(21) — h(22)| < Cs5 - d(21,29)*  for all 21,2 € 2N x [0,1]. (3.41)

From this it is easy to see that ||h]|c < 0o. Let v = (21,01),v2 = (22,l2) € A. If
Iy # 15 or if z; and 2, lie in different elements of P, then s(vy,v3) = 0 and

hom(v1) — hom(vs)] = [A(F1 (21)) — h(F'2(22))] < 2||l|oc = 2[|12]| oo QM(M(’W)d
3.42

Hence, to prove that hom € Cy /2, it remains to consider the case that 21,22 € P for
some PePandly =1y =1€{0,...,0p —1}. Write 21 = (w,x) and 25 = (', y).
Note that w; = w} for each j € {1,2,...,pp}. Hence,

2—min{i€N:wl+i;ﬁw{+i} < 92" min{ieN:wa71+i7éw:pP—1+i} < 2_3(21722).

Furthermore, it follows from the Mean Value Theorem together with Lemma 3.3.7(i)
that
|Tgv (@) — Ter (y)] _ |TH (Th(@) — THL(TE (W)
T (x) = T4 (y)] To(z) = T ()]
Combining this with (3.38) yields that

1
> .
— 2

Lx) =T < 9.9-8(F?(21),F?(22)) _ 4 .9—5(21,22)
T (x) = Ty(y) < 2-2 4.2
and hence by (3.41),
‘h(Fl(Zl)) - h(Fl(zQ))| < 05(2—3(,21,22) +4- 2—5(21,22))a = 5%Cs - g—as(z1,22)

Together with (3.42) this gives the result. O
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We now have all the ingredients to prove Theorem 3.1.3.

Proof of Theorem 3.1.3. To prove the theorem, we would like to use Theorem 3.2.3(iv),
which requires us to bound m(¢ > n), where

@: A= Ng,v—inf{n >0 : G"(v) € Ap}.
Since

{p=0}=A0 = U Ao,p,

PeP:pp>0
{95 = n} = U ALPP—WP? n>1,
PeP:pp>n
we have for each n > 0 that
m(p=n) = Z mp X A(P) =mp X A(p > n).
PeP:pp>n

It follows from Proposition 3.3.3(ii) that for each v € (v1,0) there is an M > 0 and
an N > 1 such that for each n > N,

mp X A(p >n) < M- -n L
Thus, for all n > N,
m@>n)=> m@=k <MY K'<M 0"+ M/ 2V rdx.  (3.43)
k>n k>n n

So, m(¢ > n) = O(n”). Combining Proposition 3.3.3(i), Proposition 3.4.1 and The-
orem 3.2.3(iv) now gives that for each v € (71,0), f € L>(A,v), 6 € (0,1) and
h € Cs,

’/AfoG".fzdy—/Afdy/AﬁdV’:O(nv)' (3.44)

Now, let v € (71,0), f € L=®(XN x [0,1],mp x ) and h € H. Using that mp x pu =
vor~!tand oG = F o, it then follows that

\Corn(f,h)|:‘/A(fwr)oG”-(how)du—/Afwrdz//Ahmrdz/‘.

Since h € H, it holds that h € H, for some a € (0,1), so hon € Cy/2« by Lemma
3.4.4. Since also fom € L*(A,v), we obtain the result from (3.44) with f=fom
and h = hom. O

In order to prove Theorem 3.1.4, we need the following lemma.
Lemma 3.4.5. There exists Cg > 0 such that for each P € P and z1,2z2 € P,

Ty xuF'¥(21)

< Cf - 275(21,22)'
JmPX#FSO(ZQ)

log

93

€ YALIVH)



CHAPTER 3

3. Decay of correlations for critically intermittent systems

Proof. From the definition of the Jacobian we see that J,,G¥?|a, = Jm,xrF¥ with
the identification of Ay and Y. Lemma 3.4.2(iii) and Lemma 1.2.20(a) give us that
for each P € P and each measurable set A C P,

mp X p(F¥(A)) = v(G¥(A x {0}))

_ /AX{O} (;l—yoG“")J G¥ dm

dv dm
= / dm(F“"( 2),0) - Ty s xF?(2) - E(Z,O) dmyp X p(z).
This gives
" dv o o dm
JmeMF (Z) dm (F ( ) O) : JmprF (Z) ' E(Z,O), z €Y,

and thus, for each z1,20 € Y,

Ty F9(

(227())
Im XHFW

+ ‘ og )
’ d:@ (217 O)
Combining Proposition 3.3.3(i), Proposition 3.4.1 and Theorem 3.2.3(ii) gives the
existence of a constant CT > 0 such that, for each A p €nand v, vy € Ay p,

F?(21),0 T ZNF'?
log ’<’log ( (=1 ‘—F‘l XX
d

(FS"( 7 m X)\Ftp

m

‘%(Ul)

dv

B oo oo
dm

Using that |log z| < max{|z — 1|,|]z~! — 1|} for all > 0, we obtain from (3.39) and
(3.45) that

10g JmPXNF ‘ < C+ 9- S(F?(z1),F?(22)) +C .9~ s(F¥(z1),F?(z2) +C+ 2= s(z1,22)
Ty xu ¥ (22
for all 21,2, € P, P € P. The lemma thus holds with Cs = 3CT + 2C5. O

Proof of Theorem 8.1.4. Let f € L®(XN x [0,1],m, x p) and b € H be such that
both f and h are identically zero on ¥V x ([0, 2] U [2,1]) and such that [ fdm, x
po [hdmg x p > 0. Let v € (y1,min{y; +1,-1}) if v < =1 and vy € (v, ) if
—1 <1 < 0. This is possible by assumption. Our strategy is to apply Theorem 3.2.4
with Y as before. For this, we verify (gl), (g2) and (g3).*

For (g3), h € H implies that h € H, for some a € (0,1) and thus how € Cy 9« by
Lemma 3.4.4. In particular this yields (g3) with § = 2. For (g2), Lemma 3.4.2(iii)
and (3.40) give

d
mpxu(go>n):/ d—ydm<C’4 mp X A(p > n).
{o>n}x{oy 1M

4More precisely, we apply Theorem 3.2.4 to versions of f and h that are also zero on (EN X
l )\Y
(3
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§3.4. A Young tower for the random map

Together with Proposition 3.3.3(ii) this implies that
mp X (e >n) = O(n""1).

Finally, (g1) with § = 27 follows from Lemma 3.4.5 by setting C* = Cg and noting
that 2% > % Hence, we satisfy all the conditions of Theorem 3.2.4 with 6 = 27% and
¢ =1—~. Note that

nTh il -y > 2,
Ki_y(n)=¢%8"  if1-—y=2,

n?,  if1—ve€(1,2).

If v < =1, then 1 — v € (max{—72,2},1 — 1) C (2,00) and if =1 < ; < 0, then
1—ve(l—2,1-9)C(1,2). We can thus conclude from Theorem 3.2.4 that

Cor, (f,h) — (imp x u(p > k)) /fdmp x u/hdmp x u’ = 0(nf),
k>n

where € = v —11if 9 < —1 and £ = 2y if —1 <73 < 0. As above it follows from
Proposition 3.3.3(iii) combined with Lemma 3.4.2(iii) and (3.40) that m, x pu(p >
n) = Q(n72~1) and thus

> mp x ple > k) = Qn).
k>n

The result now follows from observing that yo > &. O

We provide some examples of combinations of parameters for which the conditions
of Theorem 3.1.4 hold. As before set iy, = min{l, : b € X} and pp = ZjEEB D
and set 7 = > €T 0= man P Examples that satisfy the conditions of Theorem
3.1.4 include the following.

— If ¥ g consists of one element, then y; = 7».

- If p;l/?) < émin S Emax < p§1/27 or eqUiValently émin > E?H/E?X and PB €

(023 022), then 0 < pp - bmax < £phy, 50 0 < 1 and v, < —1, and
1
o> 14+ —8PB o 951
1Oggmin
4/3 1/ 1/

~ If mg > pg° (or equivalently 7 2 < p§27r3) and lmax € [Tg Q,p];QﬂB), then
0 <pB - lnax < p]§17r3 <land @ > 7p  lyax > Uk, ie. v > —1, and

p > 14 08mE 2108 b 5 o
log £1nax log £max
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CHAPTER 3
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§3.5 Further results and final remarks

We can obtain more information from the results from [G04]. First of all, using the
last part of [G04, Theorem 6.3] the upper bound in Theorem 3.1.3 can be improved
for a specific class of test functions.

Theorem 3.5.1. Assume that § < 1. Let f € L=(XN x [0,1],my x p) and h € H be
such that both f and h are identically zero on XN x ([0, 1]U[2,1]) and [ hdmpxp = 0.
Let v € (71,0). Then

|Cory (f, 1) = O(n*™1).

Proof. The statement follows by applying the last part of [G04, Theorem 6.3]. For
this, (gl), (g2) and (g3) need to be verified. This is done before in the proof of
Theorem 3.1.4. O

In [GO4, Theorem 6.13] a Central Limit Theorem is derived for a specific class of
functions in H with zero integral. This result immediately carries over to our setting
and is given in the next theorem.

Theorem 3.5.2 (cf. Theorem 6.13 in [GO04]). Assume that § < 1. Let h € H
be identically zero on XN x ([0,3] U [3,1]) and with [hdmy x p = 0. Then the
sequence ﬁ ZZ;& hoF* converges in distribution with respect to my, X i to a normally

distributed random variable with zero mean and finite variance o2 given by

02:_/h2dm1’XM‘FZZ/h'hOF’Ldme/"
n=0

Furthermore, we have o = 0 if and only if there exists a measurable function
on XN x [0,1] such that ho F = o F — . Such a function v then satisfies
suthZQeym% < oo and Y(FI(z)) = ¥(z) for each z € Y and each j =
0,1,...,0(2) — 1.

Using [Y99, Theorem 4] we can also derive a Central Limit Theorem, this time for
a more general class of functions in H with zero integral but under the more restrictive
assumption that 6 < ¢!

max*
Theorem 3.5.3. Assume that 6 < (.} . Let h € H be such that [ hdmy x p = 0.
Then the sequence ﬁ ZZ;& ho F* converges in distribution with respect to mp X p

to a normally distributed random variable with zero mean and finite variance o2.

Furthermore, we have o = 0 if and only if there exists a measurable function 1 on A

such that homo G =1 oG — .

Proof. The result from [Y99, Theorem 4] gives a statement for G on A. We have
already seen that h € H implies h o7 € Cy /9« for some o € (0,1). The assumption
that 6 < ¢ implies 3 < —1. Take v € (71, —1). We saw in (3.43) that m(4 > n) =

O(n?). Tt then follows from [Y99, Theorem 4] that % ZZ;; homoGF converges in
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83.5. Further results and final remarks

distribution with respect to v to a normally distributed random variable with zero
mean and finite variance o2, with ¢ > 0 if and only if ho 7o G # 9 o G — ¢ for any
measurable function 1 on A. Since my X p=vor ! and Form =moG, we get for
any u € R that

_

n—

me/J,<\/15:z:§)hOFk§u>=I/(\/l> (hOT&')OGkSu).

n
k=0

The result now follows. O

Under an additional assumption on rmi, = min{ry : g € L} and lnin = {4 :
b € Y¥p} we can weaken the assumption that the test functions in Theorem 3.1.4,
Theorem 3.5.1 and Theorem 3.5.2 should be identically zero on N x ([0, 3] U [3,1]).
Namely, if for an integer [ > 2 we have

27" min {rmin . 91/Tmin glfl/(fm;n—l)} -1

then it suffices to assume that these test functions are identically zero on XN x ([O, %] U
[1- 21%, 1]) Indeed, in this case Lemma 3.3.7 and also Proposition 3.3.3 still carry
over if we induce the random map on (%, 1- 21%) instead, and the result then follows
by applying [G04, Theorem 6.3 and Theorem 6.13] to this induced system in the same
way as has been done in the proofs of Theorem 3.1.4, Theorem 3.5.1 and Theorem

3.5.2. The step in Lemma 3.4.5 where (3.45) is applied will then be replaced by
applying
(z

‘ ()

which can be shown using that g—’/{ is bounded away from zero and is locally Lipschitz
on [%, 1). Asremarked in Remark 3.4.3, the latter can be shown by following the same

~—

&.‘&
S

1 1
1‘§C’~|:17y7 Va:,yeb,lfﬁ}, for some C' > 0,

Q.‘Q..
>=

steps as in Section 2.2. It in particular shows that Z—‘; is bounded on [%, 1- TLL
which replaces the step in the proof of Theorem 3.1.4 where Lemma 3.4.2(iii) and
(3.40) are applied.

We can extend the results in this chapter to the following more general classes of
good and bad maps. Fix a ¢ € (0,1), and let the class of good maps & consist of
maps T, : [0,1] — [0, 1] given by

T, (z) 1l—c " (c—a), if z€]0,c),
€Tr) =
J z=c if x€le 1],

where 7, > 1, and the class of bad maps 9B consist of maps T : [0,1] — [0,1] given
by

c—c bt c—x)r, if xe€(0,0),
Ty@) =" (c—x) . [0,¢)
if z¢€lel],

1—c?
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CHAPTER 3
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where £, > 1. Again, one easily computes that each map from & U3 has non-positive

Schwarzian derivative when restricted to [0, 3) or [4, 1]. For these collections of maps

Lemma 3.2.2 carries over, replacing % with ¢ and % with ¢2, under the additional

assumptions that ¢ < ry- (1 — c)l_rf;l holds for all g € Xg, and that 1 —c¢ > Eib/(l_eb)

holds for all b € ¥ . Furthermore, Lemma 3.3.7 carries over with lower bounds
2
(l_cc) and = in (i) and (ii) instead of § and 2, respectively, under the additional

assumption that

1—c¢)? -
% . min { brélg;{rb . (1 _ C)—l/rb}’grllii/(fmm 1)} > 1.

By equipping XN with the metric dsr (w,w’) = (1 — ¢)minti€N:wiZwi} it can be shown
that under these additional conditions all the results formulated in Sections 3.1 and
3.5 carry over and are proven in the same way.

Finally, polynomial decay of correlations is expected to hold for a more general
class of good and bad maps for which random compositions show critical intermit-
tency, but the proofs may become more cumbersome. Our assumption that all maps
are identical on the interval [3,1] made it easier to find a suitable inducing domain,
but does not seem necessary. Furthermore, the linearity of this right branch and the
explicit forms of the left branches of the good and bad maps made the series in (3.24)
and (3.25) telescopic. A first step to generalise our results to a more general class
might be to require this explicit form of the left branch only close to ¢, though any
generalisations will inevitably make the calculations more complicated.
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CHAPTER

Intermittency generated by
attracting and weakly repelling fixed
points

This chapter is based on: [Z].

Abstract

In Chapter 2 for a class of critically intermittent random systems a phase transition
was found for the finiteness of the absolutely continuous invariant measure. The
systems for which this result holds are characterised by the interplay between a su-
perexponentially attracting fixed point and an exponentially repelling fixed point. In
this chapter we consider a closely related family of random systems with instead ex-
ponentially fast attraction to and polynomially fast repulsion from two fixed points,
and show that such a phase transition still exists. The method of the proof however
is different and relies on the construction of a suitable invariant set for the Perron-
Frobenius operator.



CHAPTER 4

4. Intermittency generated by attracting and weakly repelling fixed points

§4.1 Introduction

For the critically intermittent random systems studied in Chapter 2 we asked in
Subsection 2.4.3 the question what happens to the absolutely continuous invariant
measure, if it exists, when the superexponential convergence to c is replaced by expo-
nential convergence to ¢ and the exponential divergence from 0 and 1 is replaced by
polynomial divergence from 0 and 1. In this chapter we investigate this by considering
a random system that generates i.i.d. random compositions of a finite fixed number of
maps of two types: Type 1 consists of the LSV maps from (1.11) and type 2 consists of
LSV maps where the right branch is replaced by increasing branches that map (%, 1]
to itself and for which the derivative close to % is smaller than 1. The random orbits
then converge exponentially fast to % under applications of maps of type 2, and as
soon as a map of type 1 is applied then diverge polynomially fast from 0, see Figure
4.1(a). We will show that such random systems exhibit a phase transition similar to
the ones found in Chapters 2 and 3 in the sense that it depends on the features of the
maps as well as on the probabilities of choosing the maps whether the system admits

a finite absolutely continuous invariant measure or not.

We define the class & = {5, : a € (0,00)} where S, is the LSV map from (1.11),
and the class R = {Ry x : o € (0,00), K € (0,1)} where

Ra K(:L’) =

s

{x(l + 207%) if zel0,3], (1)

L+ K@—H)+20-K)(@-3)? if e

The graph of R, i is shown in Figure 4.1(b). The right branch of R, x is defined
in such a way that % and 1 are fixed points for R, x and that under R, i orbits
eventually approach % from above. The rate of this convergence to % is determined
by K. Let T1,..., Ty € G UfR be a finite collection. Similar as in the previous
chapters we write

ZS:{ISjSNZTjEG},
ER:{ISjSN:TjEm},
S={l,...,N} =S5 UZp.

We assume that ¥g,Xr # (. For each j € ¥ we write o; € (0,00) if Tj(z) =

z(1+2%2%) for z € [0,3]. For j € ¥ we moreover write K; € (0,1) if Tj(z) =
F+Kj(z—3)+2(1 — Kj)(z— 3)? for z € (3,1].

Let F' be the skew product associated to {T}};ex, i.e.
F 3N x0,1] = 2N x [0,1], (w,z) = (Tw, T, (2)), (4.2)

where 7 denotes the left shift on sequences in =N. Let p = (p;);ex be a probability
vector with strictly positive entries representing the probabilities with which we choose
the maps from 7 = {T}};ex. Let mp be the p-Bernoulli measure on YN, Since each
of the maps T (j € ¥) has zero as a neutral fixed point, orbits under (7, p) exhibit
intermittent behaviour in the sense that periods of chaotic behaviour are followed by
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a=1/2
a=4

NI

K =6/10
K =1/10

Q e ——————

1

2 2

(a) (b)

Figure 4.1: In (a) we see the critically intermittent system consisting of the maps So and

(a
Ra,x given by (1.11) and (4.1), respectively. The dashed lines indicate part of a random
orbit of x. In (b) the graph of Ra i is depicted for several values of o and K.

periods of spending time near zero. The amount of time spent near zero generally
increases for larger values of p; (j € Xr), smaller values of K; (j € £g) and larger
values of o; (j € ).

We set aumin = min{ey; : j € 3}. Throughout this chapter we assume the following:

‘ Assumption: o, < 1. ‘

Furthermore, we set

n= Z pr KO

rEXR
v =sup{d >0: Z p K70 <1}
reXp
Note that if n < 1, then v > amin. We have the following main results.
Theorem 4.1.1. Suppose nn > 1. Then no acs probability measure exists for (T,p).

Theorem 4.1.2. Suppose n < 1.

(1) There exists a unique acs probability measure p for (T,p). Moreover, F is
ergodic with respect to my X p.

(2) The density % with respect to the Lebesgue measure A is bounded away from
zero and on the intervals (0,%] and (3,1] is decreasing and locally Lipschitz.
Furthermore, for each 8 € (Gmin,y) N (0,1] there exist a1, as > 0 such that

U 2) < ay a1, refog)l 6y
R <a(o-g) ve(z) @
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See Figure 4.2 for a plot of %ﬁ. In addition to Theorem 4.1.1 we argue in Section
4.3 that if n > 1 then an infinite acs measure exists and no physical measure (see
footnote 1 on page 39) for F exists. Together with Theorem 4.1.2 this shows that the
random system undergoes a phase transition with threshold » = 1. It is not clear if
an acs probability measure exists when 17 = 1. We discuss this in Section 4.3 as well.
Note that if 2762 p-K 1 <1, then v > 1. So in this case we can take 8 = 1, and
then Theorem 4.1.2(2) says that there exists a > 0 such that

s

< a- g Cmin 1]. 4,
0 a-x , x € (0,1] (4.5)

This bound is also found in [LSV99] where only one LSV map 71 € & with ay € (0,1)
is considered and no maps in fR. This suggest that in case ZTezR pr K7t < 1 the
attraction by the maps {7} ex, to % does not change the order of the pole of the
invariant density at zero. Note however that the density in the setting of [LSV99)] is
shown to be continuous on (0, 1), which in general is not the case for the density in
the setting of Theorem 4.1.2. See Figure 4.2(b).

351 35
3 3
25 25
2 2
1.5 15
1 1
0.5 0.5
0 ' 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(a) (b)

Figure 4.2: Approzimation of Z—i in case g = {1}, ¥r = {2}, p1 = E and o = aa = %
for two different values of Ka. Both pictures depict P'°°(1) with P as in (4.17), where in
(a) we have taken Ky = 1~ (sonp <1< p2K5 1) and in (b) Ko = S (son< paKyt < 1).

With Theorem 4.1.2 we can derive the following result, which says that the density
df—;’ in L'(\) = L'([0,1],)\) depends continuously on the probability vector p € RY
w.r.t. the L'(\)-norm. Here we write y,, for the acs probability measure that corres-
ponds to the probability vector p.

Corollary 4.1.3. For eachn € N, let p, = (pn,j)jex be a strictly positive probability
vector such that sup,, ETEZR D r K Omin <1 and assume that lim, oo P, = P in
Rf . Then

dpip, . dﬂp

n—>oo H L1(N) -
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Note that the convergence in Corollary 4.1.3 is stronger than in Corollary 2.1.5
where only weak convergence for the acs measure is derived.

Let us briefly give a heuristic explanation of why the value of 1 determines whether
(T, p) admits an acs probability measure or not. We do this by referring to techniques
involving inducing. First of all, as results like Kac’s Lemma, Proposition 1.2.12 and
the Young tower technique discussed in Chapter 3 indicate, given a subset Y in which
orbits stay relatively short, the expected time! to first return to Y after leaving Y
is finite typically if and only if an acs probability measure exists. Let us now argue
for our random systems that for n < 1 (n > 1) the expected time to first return
to Y = X% x (3,1) after leaving Y is finite (infinite), thus suggesting the result of
Theorem 4.1.1 and the first part of Theorem 4.1.2. If X = (), then our system is an
i.i.d. random LSV map and as explained in Example 1.4.3 we know that in this case
the existence of an acs probability measure depends on how long orbits stick close to
zero. As follows from the results in [BBD14, BB16, Z18, BQT21], this stickiness at
zero is governed by the LSV map with the fastest relaxation rate, i.e. having parameter
Qmin- In particular, a point (w,x) € Y with z close to % typically needs of the order
(z— &)~ iterations under F to first return to Y as shown in [BB16, Theorem 1.1].

1

In this case the expected return time to Y behaves roughly as x := fll (x—5) mindx,
2

which is finite if and only if ai, < 1. If Xz # 0, then the influence of the stickiness
at zero is enhanced because points in (%, 1) close to % are sent closer to zero when
first a number of times maps from fR are applied before a map from & is applied. In

this case the expected return time to Y after leaving Y behaves roughly like

i DY (m P, [ (T,.mo...oT,.l(x)—%)w"""da:. (4.6)

m=0r1EXR rTm€XR  J=

First of all, for all r € g and z € ($,1) we have T,(z) > 1 + K,(z — }) and so
the quantity in (4.6) can be bounded from above by x> >>_ n™. Hence, if n < 1,
then it is reasonable to expect that the expected return time to Y after leaving Y is
finite. On the other hand, if » > 1, then there exists € > 0 small enough such that
Ne = D rexy Pr(Ky + €)% > 1 as well. Since for z € (1,1) sufficiently close to
3 we have T).(z) < & + (K, + £)(z — §), the quantity in (4.6) can be bounded from
below by &~ _ 1™ = oo with & € (0,x]. Hence, if n > 1, then this suggests that
the expected return time to Y after leaving Y is infinite.

For the proof of Theorem 4.1.1 we will work out the above sketch in more detail
and obtain the result using Kac’s Lemma. On the other hand, for the proof of
Theorem 4.1.2 we will not make use of an inducing technique. The first reason is
that working out in precise detail the above sketch of bounding the expected return
time still requires additional work that is not straightforward. Secondly, as we have
seen in Subsection 2.2 and Chapter 3, inducing techniques often require the induced
transformation to satisfy certain bounded distortion conditions, which are hard to
obtain for the random systems in this chapter since the first branch of the maps 7}

IHere we mean with ‘expected’ that we take the expectation with respect to a reference measure,
which in our random system is mp X A.
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can have positive Schwarzian derivative (namely if o; > 1). For this reason but also
because the maps 7). (r € ¥ i) have a discontinuity, we cannot use the method from
Subsection 2.3.2 either. Furthermore, we remark that not only in Chapters 2 and 3
but also in this chapter we cannot use the technique from Pelikan in [P84, Section 4]
discussed in Section 2.1. The main reason is that the constituent maps S and T from
Pelikan have competing behaviour at the same fixed point, whereas our systems are
characterised by the interplay between the behaviour at two different fixed points.

Instead, for the case n < 1 we show the existence of an acs probability measure
by considering a suitable set of functions that is invariant with respect to the Perron-
Frobenius operator of the random system. We will then apply the Arzela-Ascoli
Theorem to prove that this set has a fixed point. This approach is similar to the one
in Section 2 of [LSV99] where only one LSV map is considered.

The remainder of this chapter is organised as follows. Section 4.2 concentrates on
proving Theorems 4.1.1 and 4.1.2 and Corollary 4.1.3. This chapter will be concluded
in Section 4.3 with some final remarks.

§4.2 Phase transition for the acs measure

As in Section 4.1, let T, ..., Ty € & UR be a finite collection, write g = {1 < j <
N:T; €6}, 5, ={1<j<N:T,eRtand L ={1,...,N} = ¥gUXp and
assume that Yg, X r # 0 and oy, < 1. Furthermore, we again denote by F the skew
product associated to 7 = {T}},ex given by (4.2), let p = (p;)jex be a probability
vector with strictly positive entries and let m, be the p-Bernoulli measure on N,
Also, recall that

n= Z P

r€EXR

§4.2.1 The case n > 1

In this subsection we prove Theorem 4.1.1, namely that any acs measure for (7, p)
must be infinite if n > 1. Throughout this subsection we use the notations for words
and compositions of the maps 7} introduced in Section 1.4. Furthermore, we will use
the following well-known results.

Let j € ¥ and define the sequence {z,,(j)} in (0, 3] by

1
x1(j) = B and  x,(j) = Tj'[?),ll (zn-1(j)) for each integer n > 2.

3

As explained in e.g. the beginning of Section 6.2 of [Y99] there exists a constant
C; > 1 such that for each n € N

1 1

Ci'n % <wn(j) < Cjn” %, (4.7)
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§4.2. Phase transition for the acs measure

Furthermore, we define for each w € X" the random sequence {x,(w)} in (0, 1] by
1 1 .
x1(w) = 3 and  x,(w) =T, |[0 l](acn,l(ﬂu)) for each integer n > 2.
)

Then, for each w € ¥ and n € N,

1

T2 (@1 @), 2a(@)]) = (w2(r""w), 5 . (4.8)

Letting ¢ € 3 be such that a; = aumin, it has been shown in [BBD14, Lemma 4.4] that
for each w € IN and n € N we have

zn (1) < zp(w). (4.9)

Proof of Theorem 4.1.1. Suppose that n > 1 and that u is an acs probability measure
for (T,p). We will use Kac’s Lemma to arrive at a contradiction. Define

A= (e () sen

5= (3oldu(y) ie>

Y =[] x (4, UBy).

JEX

We consider the first return time map ¢y to Y under F as defined in (1.6). Since
n > 1, there exists 6 > 0 small enough such that

=) pp Mo >, where M, := K, +2(1 - K,)-6 VreXg. (4.10)

reEXR

For each z € (3,1 + 6) we have

+ (KT+2(1—KT)<:L‘—%))(QC ;) <3+M, ( ;) (4.11)

For r = (rq,...,r,) € X% we write M, = [[,_; M,, with M, =1 if n = 0. Further-

more, fix t € Yg. It is easy to see that lim,, . Tt"(%) = %, so there exists an integer

k > 0 such that TF(2) € (3,1 + ) holds.

Let (w,z) € Y and t and k be as above. Furthermore, fix s € ¥g. Suppose that

welut---trs)=[utirs], forsomeue ¥, reXhn>0.

k times
We then have T),(z) € (3,2) forall 1 <1 <1+ k+n. It follows from T, (z) < 2,
T (%) € (3,5 +0) and (4.11) that

st <12 () < feae () -
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which gives
3

T2+ () < M, (2Tf (1) - 1) (4.12)

Fix i € ¥ such that a; = amin. There exists an m € N such that T2 F+7(z) ¢
(Tm41(%), Tm (9)]. It follows from (4.8) and (4.9) that

oy (w,z) >2+k+n+m. (4.13)
We give a lower bound for m in terms of r. It follows from (4.7) and (4.12) that
Ol (m+1)"% < M, (2Tf@) - 1).
Solving for m yields
m> Dy M;% —1, (4.14)

where we defined D = C; - (2T} (2) — 1)~*. Combining (4.13) and (4.14) yields

pydmp X p > / pydmp x 11
/ P Z Z [utkrs]x(A,UBy) P

ueX n=0rexy

SO Y mpluttes) [ Do)

weN n=0renn, AuUBy

D2 : Z Cna
n=0

v

where

Dy =D, 'pfps ’ ZpuM(Au UBu) =D 'p?ps sMmp X N(Y)
ueES

Almost every orbit that starts in XV x [0,1] will eventually enter SV x (1, 2), either
via Ujexli] X Aj or via Ujexli] X Bj. Hence, we have | J;Z) F~"Y = N'x [0,1]
up to some set of measure zero, i.e. Y is a sweep-out set. This together with the
F-invariance of myp X p yields

l—mpxu( ZmeM F~Y) Zmpx,u

This gives myp x p(Y) > 0 and so D, > 0. Hence, from (4.15) and ¢ > 1 it now follows
that

/ pydmyp X p = o0. (4.16)
Y

On the other hand, since p is a probability measure by assumption, we obtain from the
Ergodic Decomposition Theorem and Kac’s Lemma in a similar way as in Subsection
3.3.1 that

/ pydmyp x p <1,
Y

which is in contradiction with (4.16). O
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§4.2.2 The case n <1

In this subsection we will prove Theorem 4.1.2 and Corollary 4.1.3. For this we
will identify a suitable set of functions which is preserved by the Perron-Frobenius
operator P = Pr , associated to (7, p) being of the form as in (1.20). We will do this
in a number of steps in a way that is similar to the approach of Section 2 in [LSV99].

Suppose 7 < 1. On [0,1] we define for each j € ¥ the functions z — y;(z) and
x> &(@) by y;(z) = (Tjlp,1))~ Y(x) and &;(z) = (2y;(x))*. Furthermore, we define
on [0, 1] the function z(x) = ! and on (4, 1] we define for each r € g the function
zr(x) = (Tr|(%71])*1(x). Whenever convenient, we will just write y; for y;(x) and
similarly for &;, z and z,. Writing ps = ZSEZS ps, we then have

(y5) f(z
Pf(z) = {Zﬂemwamgﬂ’s 5 z € [0,

N[ =

]
4.17)

) £(2) nes) 1 (
dezpa TH(a,+Dg, T Ps o +ZTGERPTDRQ1(ZT) z € (3,1].

Note that z — y;(z), v — §(z), ¢ — 2z(z) and & — 2z.(z) are increasing and
continuous on (0, 1] and (3,1]. This in combination with the fact that R, x is C* on
(,1] with increasing derivative gives that the set

Co = {f € L'(\) : f >0, f decreasing and continuous on (O, %} and (%, 1}}

is preserved by P, i.e. PCy C Cy.

Since n < 1, we have v = sup{d > 0 : ZrezR pr K70 < 1} > Qumin, 50 (Qmin, ) is
non-empty. In the remainder of this subsection we fix a 8 € (min,y) N (0, 1]. We set
Omax = max{ce; : j € B} and d = amax + 2. We need the following two lemmas.

Lemma 4.2.1. For each o > 0 the function x — 715_(2_’_)3;8 is increasing on [0,1].
Proof. Set
(1+x)
o) = —————, 0,1].
fol@) = oy <0l

Furthermore, set g(x) = (1 +2)? and h,(z) = 1 + (o + 1) where z € [0,1]. Then

_ (@) (@) — g}l (a)
ho(z)? '

We have

+(a+1) )-d(1+z)?!
+ ) >142)?% (a+1)

so fl(xz) > 0 holds for all z € [0,1]. O
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Define for each K > 0 and b > 0 the function Hg : (5,1] — R by

(K + 20— K)(z — 1))’ 1
Kiil-K)@-1) ve (3]

HK,b(.’K) =

Lemma 4.2.2. Let K >0 and b > 0.

(i) If b > 2, then Hy is increasing.

(i1) If b <1, then Hg is decreasing.
Proof. Set fx(z) = K +2(1 — K)(z — 3) and gx(z) = K +4(1 — K)(z — 1) where

€ (3,1]. Note that gj () = 2fj (z). Then for z € (1,1)
gr (@) - fre(2)"" fie (@) — fr(@)" - g (2)

9k (2)?
Jx@" - Jie@) (- 55 -2)
9k (x)?

H}(b(x) =

If b > 2, then

gk (x) gk (x) Ix(x)
Y@ T @ 2T k)

and thus Hje () > 0. This proves (i). If b <1, then

—2=0

gr(x) gk ()
@ 2= @) 2 el

and thus Hje () < 0. This proves (ii). O

b-

We can now prove the following lemma.

Lemma 4.2.3. The set
d . 1 d . 1
Ci = {f €Co:x— af(x) incr. on (O, 5], T (a: - 7) f(x) incr. on (5,1]}
18 preserved by P.

Proof. Let f € C;. Let z € (0,4]. Using that for each j € ¥ we have z = y;(1 + &)

and that z(z) — 1 = Z, we obtain
f(yj) ps{ T \¢ 1\d
2P f(x) ;%(yﬂ) 1+(a3+1)£ +7(27%) (z—§> f(2)

d
- i ) e 2 (- 1) )

JED
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Because z +— §;(z) is increasing for each j € ¥ it follows from Lemma 4.2.1 that z —

% is increasing for each j € ¥. Combining this with the fact that f € Cy,
that y; € (0, 3] for each j € ¥ and that z € (3,1] we conclude that z — zPf(z) is
increasing on (0, 1.

Now let z € (1,1]. Then

r— 1 T ;if( j)
(- 3) P = () 20 (0) e g

J

) (-

2 zZ — b
_ 1.4 d
Dr T —3 1
+ ( )(%—*)ﬂ%>
TGZER DR(I’V‘VKT(ZT‘) Zr — % 2
Using again that for each j € ¥ we have z = y;(1+¢;), that z — 5 = & and also that

r—1 =K (z—3)+2(1 - K,)(2 — 3)? for each r € S, we obtaln
(=3Pt~ (1) i, P )

*f§@—%f@—éfﬂ@

K + 2 1_K'r)(2r—l))d N

Note that z + (1 — 5-)% and x + (2 — 2)? are positive and increasing on (3, 1].
Combining this with Lemma 4.2.1 and Lemma 4.2.2(i) and with the fact that f € C;
we conclude that z — (z — 1)9Pf(z) is increasing on (3,1]. O

We set t1 = amin +1 — 8 and to = 1 — 8. It follows from S € (aumin, 1] that
t1 € [Oémin, 1) and ¢y € [O, 1-— amin)-

Lemma 4.2.4. For sufficiently large a1, as > 0, the set

= {f €C: f(x) <arxz "on (0, %},f(m) < ag(x — ;)_won(;,l},/ol fdx = 1}
is preserved by P.

Proof. Let f € Co. First, let z € (%, 1]. For each j € ¥ we have y; < % and thus,
using that f € Cq,

(N o o [ )
i) <27 (5) <22 [ plau <27,

Furthermore, for each j € ¥ we have

—_

Tj(i) - %(1+2—%') J1+1) =
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which gives y; € (3, 1]. Setting M := 29T we obtain for each j € ¥ that

%:ydf(y-)- yj_d < 9=d+1l 4d _ \f (4.18)
1+ (a; +1)§; TN (g + 1) - (2y;)% . .

It also follows from f € C; that

1

1\d 1\4d —d a1
— < — — < .92 < .
(Z 2) f(z) < (1 2) f(1)y<27*.2 /é flu)du <2
Using that z € (%7 1], this gives

1y —d 3 1y
co—dt1 (,_ 1 <o—dt1l (2 _ 1 — M. .
f(z) <2 (z 2) <2 (4 2) M (4.19)
Combining (4.17), (4.18) and (4.19) and using that f € Cy gives
1\ —t2
< a - = .
Pf(x) M+ M+ 5 B (zr) a2(Zr )

2
re€Xp

For each r € £ we have z — 1 = K, (2, — 3) + 2(1 — K;)(2r — 3)? and therefore

P dye U2 Ky

1
DRMAZT)(%—% K+ 401 - K —3)

which by Lemma 4.2.2(ii) can be bounded from above by Hg, ,(3) = K27!. Fur-
thermore, since to > 0 we have (z — %)tz < 27tz We obtain

Pf(z) < {M(l +22:) LR > b K (o %)_tz. (4.20)

re€Xpr
We have t5 — 1 = —( and 8 < 7, so

Zpr Kt21 ZpT' r

reEXR reEXR

Hence, there exists an ag > 0 sufficiently large such that the term in braces in (4.20)
is bounded by 1.

Now let = € (0, 1]. Using that f € C, it follows from (4.17) that

Ps - G2 1yt
p; + : (z - 7) . (4.21)
J; 71+ aj+1)§ 2 2

For each j € ¥ we have, using that = y;(1 + ;) and that ¢; € (0, 1),

—t1

Y; _ x*tl(l + fj)tl - x*tl(l + tlfj) P
T+ (aj+1)& T4+ (a;+1)g ~ 14+ (a;+1)& — 7 7

(4.22)
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Fix an i € ¥ with a; = auin. Applying for each j € ¥\ {i} the bound (4.22) to (4.21)

and using that z — % = 3 yields
P < {n(5)" v ) 4 Poaz 257 bot) gy gt
€T il — . — Pi - a1 T .
=V Yi 1+ (Oéz' + 1)& p aq !

(4.23)

It remains to find a4 sufficiently large such that the term in braces in (4.23) is bounded
by 1. First of all, using again that = y;(1 + ;) and that ¢; € (0,1) we get

T\l 1 B (1+§i)t1 1+t1§i
(i) Tt (D& T (i + D STy (i +1)&° (4.24)

Furthermore, we have
phTi = gmin — (14 €)M <yt 2% = ¢ (4.25)

It follows from (4.24) and (4.25) that the term in braces in (4.23) is bounded by

1. q,.ot2—1
1+t1§i+% & (14 (o +1)&)
Di : + (1= pi). (4.26)
1+ (g +1)&

Using that 1+ (a; +1)&; < «; + 2 we get that the numerator in (4.26) is bounded by

1+(t1+pi

Lips-ag -2 oy + 2)>§'
aq v

Taking aq > 0 sufficiently large such that ¢; + Py P52 312 (@i 42) <1< a;+1now

yields the result. O

Lemma 4.2.5. The set Cy is compact with respect to the L*(\)-norm.

Proof. For each f € Cs let ¢y denote the continuous extension of (0, 3] 3 a +— ¢ f(z)
to [0, 3] and let ¢y denote the continuous extension of (3,1] 3 z — (z — 3)?f(z) to
[1,1]. Furthermore, we define A; = {¢; : f € C2} and Ay = {1y : f € C2}. For each

f € C5 we have, for z,y € [0, 3] with >y, that

0< ¢p(z) —dr(y) < fla)(a —y?) < ara™ -d/x t=1qt o

< apz?N dlr —y| < ap - 27D L dla — ).

and for x,y € [%, 1] with 2 > y, that

IN

as (a; _ %)_tz .d/yz (t - %)d_ldt (4.28)

I S Lg-dHlts | g
as(x dlz —y| <ag-2 dlx —y|.

IN
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Also, from the definition of Cy in Lemma 4.2.4 and the fact that d > max{t,t2}
we see that ¢7(0) = 1y(3) = 0 holds for each f € Cs. It follows that A; and A,
are uniformly bounded and equicontinuous, so from the Arzela-Ascoli Theorem we
obtain that A; and A, are compact in C([0, 3]) and C([3, 1]), respectively, w.r.t. the
supremum norm.

Now let {f,} be a sequence in Cy. It follows from the above that {f,} has a
subsequence { f,, } such that {¢, } converges uniformly to some ¢* € C([0, 1]) and
{¢y,, } converges uniformly to some ¢* € C([3,1]) (for this we take a suitable sub-

sequence of a subsequence of {f,}). Now define the measurable function f* on (0, 1]
by

Then f* is continuous on (0,1] and (4,1]. Moreover, {f,,} converges pointwise to

f*. First of all, this gives f* € C; once we know f* € L*(\). Secondly, this gives
combined with

1 1\t 1
sup fn, (z) < ayz™™ for z € (0, f], sup fn, () < ag (a: - 7> * for o € (7, 1}
keN 2 keN 2 2

and

3 1 1\ —t2
/ x " dr < oo, / (Jc — 7) dx < oo,
0 3 2

that f*(z) < aiz~" for z € (0, 1] and f*(z) < as(z — 3)7*2 for z € (1,1], and that

1
lim || f* = fo.lli =0 and so / frfda=1
k—o0 0

using the Dominated Convergence Theorem. We conclude that f* € Co and that f*
is a limit point of {f,,} with respect to the L*(\)-norm. O

Using the previous lemmas we are now ready to prove Theorem 4.1.2.

Proof of Theorem 4.1.2. (1) Take f € Cy and define the sequence of functions { f,,} by
fn= % Z?;OI Pif. Using that P preserves Co and that the average of a finite collection
of elements of C5 is also an element of Cy, we obtain that {f,} is a sequence in Co. It
follows from Lemma 4.2.5 that { f,} has a subsequence {f,,, } that converges w.r.t. the
LY(\)-norm to some f* € Ca. As is standard, we then obtain that Pf*(z) = f*(x)
holds for A-a.e. x € [0, 1] by noting that

1P =l < 1P = Phalls + 1P f = Frilln + [ i = £711

;

1 nk—l ) 1 nk—l )
<9 - * H7§ P'Hrl _72 Pt
= 2= Sy L s d k50 !

* 1 n
<2 fue = f I+ —IP™ f = fla
g

N 2
< 2Ufme = £t =00 k= oo,
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Hence, (7, p) admits an acs probability measure p with Z—ﬁ € Co. It follows from the
properties of Co that g—’; has full support on [0, 1], i.e. there is a version such that

%(m) > 0 for all x € [0, 1], so we obtain from Theorem 1.2.6 that p is the only acs

probability measure once we know that F' is ergodic with respect to myp X p. So let
A C 2N x [0,1] be Borel measurable such that F~*A = A. Suppose my x u(A) > 0.
The probability measure p on N x [0,1] given by

mp X (AN B)

B = ()

for Borel measurable sets B C XN x [0, 1] is F-invariant and absolutely continuous
with respect to mp x A with density

dp 1 dp

Gy < A0 = sy ARy (), mp e (429)

According to Lemma, 1.4.1 this yields an acs measure fi for (7, p) such that p = myp x fi.
From this we see that also

——(w,z) = — (), Mp X A-a.e. (4.30)

Write L for the support of Z—f, ie. L:={z €[0,1]: z—f\‘(x) > 0}. Combining (4.29)

and (4.30) and using that Z—ﬁ has full support on [0, 1], we obtain
A=Y xL modmy, x \ (4.31)
Using the non-singularity of F' with respect to my, x A, we also obtain from this that
F1'A=F13x"x L) modm, x A (4.32)
Combining (4.31) and (4.32) with

SUx L= (]l xL and FUENxL)= ]I xT,'L
JEX JET

yields
L= Tj_lL mod A

for each j € X. For all i € ¥ with «; < 1, in particular for ¢ € ¥ with a; = apin, we
have that T; is ergodic with respect to A, see e.g. [Y99, Theorem 5|. In particular we
have A(L) € {0,1}. Together with (4.31) this shows that m, x A(4) € {0,1}. Since
< A, it follows from the assumption mp x p(A) > 0 that mp x p(Ad) = 1. We
conclude that F' is ergodic with respect to mp, X p.

(2) Since %\‘ € Cy, it follows that % is bounded away from zero, is decreasing

on the intervals (0, 1] and (3, 1], and satisfies (4.3) and (4.4) with a1,a2 > 0 as in
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Lemma 4.2.4. Furthermore, applying the last three inequalities in (4.27) with f = %
yields, for z,y € (0, %] with z > vy,

0< %)~ Biay =y (4P (y) -y % )

—dA d\ dX d\
d
<y L@ -y
<y Tap 27 dla —y

and likewise applying the last three inequalities in (4.28) with f = g—’; yields for
z,y € (3,1] with z >y,

<G -3@=(-3) " ((-3) 50~ (-3)Fw)

<(v-3)  H@(-3) - (-3))

1\ —d
A

0

Hence, j—i is locally Lipschitz on the intervals (0, %] and (%, 1]. O

We conclude this subsection with the proof of Corollary 4.1.3.

Proof of Corollary 4.1.3. For each n € N, let p, = (pn,)jes be a strictly pos-
itive probability vector such that sup, > .cs pn-K, %" < 1 and assume that

lim, o0 Pr = p in RY. In order to conclude that d’;% converges in L'()\) to ‘ZL—)\" we

will show that each subsequence of {d’;’f\" } has a further subsequence that converges

: 1 dup
in L ()\) to D

Let {gx} be a subsequence of {p, }, and for convenience write f5 = ds;’\’“ for each

k € N. First of all, observe that from sup,, >, cs,, P K @™ < 1 and limy, 00 pn =
p it follows from the proof of Lemma 4.2.4 that there exist sufficiently large a1, a2 > 0
and f € (aumin,7) sufficiently close to o, such that Co = Ca(ag, as, ) from Lemma
4.2.4 contains the sequence {fx}. Hence, it follows from Lemma 4.2.5 that {f;} has
a subsequence {fi } that converges with respect to the L'(\)-norm to some f € Co.
We have

1Prpf = flli < |1Prpf = Py, fl + 1Py, £ = frnlls + [ i — Flh
< 1P = Qb - 1P, Flly + 1 Progy,, [ = Prage, frolln + It — Flln
JEX

> 1ps = @l - Il + 21 = Flln-

jex

IN

Since we have lim,, 00 qk,, = p in Rf and lim, 00 || f&,, — f||1 = 0 we obtain that
Prpf(z) = f(z) holds for M-a.e. z € [0,1]. It follows from Theorem 4.1.2 that (7, p)

admits only one acs probability measure, so we conclude that f = d;)f’ holds A-a.e.
Hence, {fy,, } converges in L'(\) to 2. O
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§4.3 Final remarks

Suppose n > 1. Then Theorem 4.1.1 says that no acs probability measure exists.
We claim that in fact no physical measure for F' can exist in this case but that an
infinite acs measure exists with a density that has full support on [0, 1]. Indeed, for
the case that o; < 1 holds for each j € ¥, the existence of a o-finite acs measure can,
regardless of the value of 7, be proven by applying the same steps of the inducing
technique as in Section 2.2 for the inducing domain Y = (J;cx[j] x (z2(4). 1) with
x2(j) as in Subsection 4.2.1 and using that in this case the maps T; have non-positive
Schwarzian derivative. If n > 1, this acs measure then must be infinite by Theorem
4.1.1. Furthermore, it is clear that the corresponding density must have full support
because Y is a sweep-out set. Since for an i.i.d. random LSV map the dynamics are
dominated by the LSV map with the fastest relaxation rate, the existence of such
an infinite acs measure can therefore also be expected under the conditions n > 1
and amin < 1 without assuming «; < 1 for each j € X. Similar as in Chapters 2
and 3, Aaronson’s Ergodic Theorem [A97, Theorem 2.4.2] applied to this infinite acs
measure then yields that no physical measure for F' exists if n > 1.

It does not become clear from the results of Theorems 4.1.1 and 4.1.2 if an acs
probability measure exists if = 1. The proof of Theorem 4.1.1 does not work for
1 = 1 because in this case there exists no ¢ > 0 such that ¢ from (4.10) is at least 1,
and the proof of Theorem 4.1.2 fails for n = 1 because in this case we have v = apin
and therefore the set (amin,7y) N (0,1] from which we pick 8 is empty. For each
& > 0 the result and proof of Theorem 4.1.1 do however carry over if n = 1 and the
maps T, (r € $g) are slightly adapted such that on (3,1 + §) they would be linear
with derivative K. Indeed, in that case the bound in (4.11) can be replaced with
T.(z) = 3 + K,(z — %) where z € (3,1 + §). We therefore conjecture that if n =1
then no acs probability measure exists and a possible approach is to work with a
sharper bound on the term K, + 2(1 — K, )(z — ) in (4.11) that is not uniform in
z € (1,3 +6) as opposed to the upper bound M, in (4.11).

The proof of Theorem 4.1.2 immediately carries over to the case that X = () by
taking 8 = 1, thus recovering the result from [Z18] that a random system generated
by i.i.d. random compositions of finitely many LSV maps admits a unique absolutely
continuous invariant probability measure if ay,in < 1 with density as in (4.5) for some
a > 0. To show that in case ¥ = ) this density is decreasing and continuous on the
whole interval (0, 1] similar arguments as in Subsection 4.2.2 can be used with the
sets Cy, C1 and C; replaced by

Ko

{f € L*(\): f >0, f decreasing and continuous on (0, 1}},

K= {f € Ko : z — g1 f(z) increasing on (0, 1]},
1
Ky = {f €Ky f(x) <ax™* on (0, 1],/ fd\ = 1} with a > 0 large enough.
0

This has been done in [Z18].
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It would be interesting to study further statistical properties of the random sys-
tems from Theorem 4.1.2. As discussed in Example 1.4.3 the annealed dynamics of
random systems of LSV maps are dominated by the LSV map with the fastest relax-
ation rate, namely S, . , and annealed correlations decay as fast as n!'~1/®min, This
behaviour is significantly different from the behaviour of the random systems from
Theorem 4.1.2 where the annealed dynamics are determined by the interplay between
the exponentially fast attraction to % and polynomially fast repulsion from zero. We
conjecture that the random systems from Theorem 4.1.2 are mixing and that in case

Y r = {1} the decay of annealed correlations is at least polynomially fast with degree

[ S, log p1
1— = min{ s ks 1}.

Finally, a natural question is whether the results of Theorems 4.1.1 and 4.1.2 can
be extended to a more general class of one-dimensional random dynamical systems
that exhibit this interplay between two fixed points, one to which orbits converge
exponentially fast and one from which orbits diverge polynomially fast. First of all,
if being C!' and having % as attracting fixed point are the only conditions we put on
the right branches of the maps in fR, then it can be shown in a similar way as in the
proof of Theorem 4.1.1 that (7, p) admits no acs probability measure if

—Qmin
S o (lim DT (@)) > 1
r€EXR wls

by applying Kac’s Lemma. Secondly, we used in the proofs of Lemma 4.2.3 and

1.4 1 ¢
1 T—3 P . 1 T—3 2 . _
Lemma 4.2.4 that DRa ) (ZT_%) is increasing and DR o)) (ZT_%) is de

creasing, respectively, by means of the results on Hg j in Lemma 4.2.2. However, for
other maps that have the property that % and 1 are fixed points and that orbits are
attracted to % exponentially fast this is not true in general. Still a phase transition
is to be expected, but different techniques are needed to prove this. This is also the
case when we drop the condition that 1 is a fixed point of the maps in R, for instance
by taking Ra,x(z) = & + K(x — 3) if € (3,1], in which case Lemma 4.2.3 would
not hold. Thirdly, the results of Theorems 4.1.1 and 4.1.2 might carry over if we
allow the left branches to only satisfy the conditions on the left branch of the maps
{To :[0,1] = [0,1]}ne(0,1) considered in [MO5] or Section 5 of [LSV99]. Each map T,
then satisfies T, (0) = 0 and DT, (z) = 1 4+ Cax® + o(z®) for x close to zero and where
C > 0 is some constant.
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CHAPTER

A Lochs Theorem for random
interval maps

This chapter is based on: [KVZ22].

Abstract

In 1964 Lochs proved a theorem on the number of continued fraction digits of a real
number x that can be determined from just knowing its first n decimal digits. In 2001
this result was generalised to a dynamical systems setting by Dajani and Fieldsteel,
where it compares sizes of cylinder sets for different transformations. In this chapter
we prove a version of Lochs’ Theorem for a broad class of random dynamical systems
and under additional assumptions we prove a corresponding Central Limit Theorem
as well. The main ingredient for the proof is an estimate on the asymptotic size of
the cylinder sets of the random system in terms of the fiber entropy. To compute this
entropy we provide a random version of Rokhlin’s formula for entropy.



CHAPTER 5

5. A Lochs Theorem for random interval maps

§5.1 Introduction

§5.1.1 Extension of Lochs’ Theorem to number the-
oretic fibered maps

Real numbers can be represented in many different ways, e.g. by binary, decimal or
continued fraction expansions, and one can wonder about the amount of information
that each one of these expansions carries. In 1964 Lochs considered a specific question
of this form: Given the first n decimal digits of a further unknown irrational number
z € (0,1), what is the largest number m = m(n, x) of regular continued fraction digits
of x is that can be determined from this information. Lochs answered this question
in [L64] for the limit n — co by showing that for Lebesgue almost every x € (0, 1),

. m(n,x) 6log2logl0

lim = 5 .
n—o0 n s

(5.1)

Over the years Lochs’ result has been refined and generalised in many directions. Let
A denote the Lebesgue measure on [0,1). In [F98] Faivre established a Central Limit
Theorem associated to Lochs’ Theorem:

6 log 2;03; 10

nlLH;OA({x e (0,1): ™M) ;\% < u}) = \/12?/; e At (5.2)

holds for some constant o > 0. See [F97, FO1, W06, WO08| for other results related
to the limit in (5.1) and [LWO08, BI08, FWL16, FWL19] for results where the decimal
expansions in (5.1) are replaced by S-expansions.

In [BDK99| Bosma, Dajani and Kraaikamp highlighted that Lochs’ Theorem can
be seen as a dynamical statement. This viewpoint was further developed in [DF01],
where Dajani and Fieldsteel gave the dynamical equivalent of the local limit statement
from (5.1) for what they called number theoretic fibered maps (NTFM). An NTFM is
a triple (T, p, o) where T': [0,1) — [0, 1) is a surjective map, p is a Borel measure on
[0,1) and o« = {A; : j € D} is an at most countable interval partition of [0, 1) indexed
by some set D, such that

(nl) T4, is continuous and strictly monotone for each j € D;

(n2) u is an ergodic invariant probability measure for T that is equivalent to A with
a density that is bounded and bounded away from zero;

(n3) the partition o generates the Borel o-algebra B on [0, 1) in the sense that if for
each n we use
n—1
Q= \/ T ha={A; NT*A;,n---NnT~ DA, A €a,1<k<n}
k=0
(5.3)

to denote the level n cylinders of T, then the smallest o-algebra containing all
these sets for all n > 1, denoted by 0( Unen an), equals B up to sets of Lebesgue
measure zero;
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(n4) the entropy — > 4., #(A)log u(A) of a with respect to p is finite.

The name NTFM refers to the fact that an NTFM generates for each x € [0,1) a
digit sequence (dX(z)),>1 with digits in D by setting

dl(z)=j T 'wze Ay, jeD, (5.4)

and for certain maps T these sequences correspond to well-known number expansions.
The procedure from (5.4) can in words be described as follows: After assigning digit
Jj to subinterval A; for each j € D, for each x € [0, 1) the digit sequence from (5.4) is
obtained by writing down in order the digits corresponding to the elements of « that
the orbit of x under T visits.
Example 5.1.1 (N-adic transformations). Let T : [0,1) — [0,1) with integer
N > 2 be the N-adic transformation from Example 1.3.1, A the Lebesgue measure on
[0,1) and o ={A; : j € {0,1,..., N — 1}} the partition given by

Aj:[%,%), jef0,1,...,N—1}. (5.5)
Then (T, A, @) is an NTFM and digit sequences (d2¥ (z)),>1 in {0,1,..., N — 1}¥
can then be obtained by following the procedure from (5.4). This is illustrated in
Figure 5.1 for the case that N = 2. For each z € [0,1) this sequence (d%¥(z))n>1
yields the expansion in integer base N of x given by

dTN

- Z . (5.6)
Indeed, note that
T(z) = N-Ty '(x) — dy¥ ()

holds for each n € N, so that recursively, this gives

_dvw) ) A TR@)
N N2 Nn Nn

Since 0 < TRz < 1, this yields (5.6) by taking n — co.

Example 5.1.2 (Gauss map). Let G : [0,1) — [0,1) and pg be the Gauss map and
Gauss probability measure from Example 1.3.2, respectively, and let & = {A; : j € N}
be the partition of (0,1] given by
1 1
A= (mﬂ jEN.
The triple (G, ug, o) is an NTFM and for each irrational x € [0, 1) the digit sequence
(d$ (z))n>1 in NN generated as in (5.4) gives the regular continued fraction expansion

1

xr =

d§' (z) +

1
g (x) +

d (@) +
See e.g. [DK21, Section 8.1] for a justification.
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Figure 5.1: Illustration of the generation of digit sequences (dX(2))n>1 given by (5.4) for the
doubling map. The point x depicted satisfies di () =1, d3 (x) = 0, d3 (z) = 0, etc.

Other examples of number expansions that can be obtained by an NTFM include
[-expansions, various Liiroth-type expansions and various types of continued fraction
expansions.

If for two NTFM’s (T, 1, &) and (S, fi,y) we define the number
my.g(n,z) =sup{m € N: a,(z) C v, (2)},

where a,(z) and v, (x) denote the elements of the partitions «,, and v, as in (5.3)
that contain x, respectively, then one can interpret mp s(n, x) as the largest m so that
the level m cylinder for S containing x can be determined from knowing only the level
n cylinder for T that contains z. Equivalently, if we use (dF (z))r>1 and (d (z))k>1
to denote the digit sequences produced by T and S, mr s(n,x) is the largest m such
that the digits df (), ..., d> (z) can be determined from knowing d7 (z),...,d~ (x) of
a further unknown x € [0,1). The authors of [DF01| proved that for any two NTFM’s
(T, p, o) and (S, 1, v) with measure theoretic entropies h,, (1), hz(S) > 0 it holds that

fim ML) () (5.7)

n—00 n h
Lochs’ original result given in (5.1) can be recovered by taking for T' the map T from
Example 5.1.1 with N = 10 and for S the Gauss map S from Example 5.1.2. Similar
to the result in (5.2) by Faivre, Herczegh [H09] proved a Central Limit Theorem
for the statement in (5.7) for a specific class of pairs of NTFM’s. For two NTFM’s
(T, p, o) and (S, 1, 7y) that satisfy h,(T), hz(S) > 0 and several additional conditions,
he proved in [H09, Corollary 2.1] that for each u € R,

hu(T)

mr.s(n,x) ) 1 u 2
. ~ . n /2
nhm u({x €(0,1): NG < u}) = \/27/ e dt (5.8)

for some appropriate constant o > 0.
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§5.1.2 Number expansions generated by random in-
terval maps

Random interval maps that generate number expansions have received increasing
attention in the past few decades. This is partly due to the fact that often such systems
generate for a typical real number not just one, but uncountably many different
number expansions of a given type. We describe the general procedure to obtain such
expansions.

Let T ={T; :[0,1) — [0,1) };cs be a family of interval maps on [0, 1) and suppose
for each i € I there is a partition «; of [0, 1) into finitely or countably many subin-
tervals. For each i € I we assign to each subinterval of «; a digit and write D; for
the collection of these digits. We then write A; ; for the subinterval corresponding to
the digit j € D;, so that for each ¢ € I we can write a; = {4;; : j € D;}. We now
define digit sequences by following random orbits and at each time step recording,
before a map T; is applied, the digit that corresponds to the partition element of
«; in which the random orbit at that moment is located. More precisely, for each
(w,z) € IN x [0,1) we define the digit sequence (d] (w,z))n>1 where d/ (w,z) € D,,,
is the label of the partition element of «, in which 7"~1(x) lies, i.e.

dl(w,z) =4 i T7 ' (x) €Ay, j, j€Da,. (5.9)
We clarify this method with an example.

Example 5.1.3 (Random integer base transformations). Let 7 = {2,3} and
T = {T;}ier where T, T3 : [0,1] — [0,1] are as in Example 5.1.1, i.e. Ta(x) =
2z mod 1 and T3(z) = 3z mod 1. For the method described above, we associate
to T2 and T3 the partitions Qo = {AQ70,A271} and a3 = {Ag,o,A371,A372} given by
(5.5), meaning that before applying 7> we assign digits 0 and 1 to [0, ) and [3,1),
respectively, and before applying T5 we assign digits 0,1 and 2 to [0, %)7 [%, %) and
[2,1), respectively. For each (w,z) € I x [0,1] we then obtain a digit sequence
(d] (w,x))n>1 as given by (5.9). This is illustrated in Figure 5.2. For each (w,z) €
IN % [0,1] and n € N we have

T:}(.’E) = Wn - Tﬁil(x) - dZ(wv ‘T)v
so that similar as in Example 5.1.1 this iteratively yields

po ) dlw) dlwe) | T
w1 wiwso Wi -+ Wnp Wi Wnp

T2 (2)

W1 W

From lim,, ’ < lim, o0 2% =0, it follows that

0o
df (w,z)
T = Z 20n(w)3n—cn(w)’

n=1

where ¢, (w) = #{1 < k < n : w, = 2}. Thus, the procedure from (5.9) with
T = {T,T3} generates number expansions in mixed integer base 2 and 3.
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Figure 5.2: Illustration of the generation of digit sequences (d) (w,z))n>1 given by (5.9) for
the random map from Example 5.1.8 given by random compositions of T> and Ts. The point
x depicted satisfies, for w = (3,2,3,...), d] (w,z) =1, dJ (w,2) =1, d] (w,z) =1, ete.

There are various other random dynamical systems like the above example re-
lated to number expansions. The random S-transformation was first introduced in
[DKO03] and then further investigated in [DdV05, DAV07, DK07, DK13, K14, BD17,
DJ17, S19, DKM21]. Interesting features of this system are its relation to Bernoulli
convolutions, see e.g. [JSS11, DK13, K14], and to S-encoders, see Chapter 6 and
e.g. [IDDGV02, DGWY10, G12, KHTA12, JMKA13, MIS*15, SJO15, JM16] and the
references therein. A random system producing binary expansions was studied in
[DK20], random dynamical systems related to continued fraction expansions appear
in [KKV17, DO18, BRS20, AFGTV21, DKM21, KMTV22| and random Liiroth maps
are considered in [KM22a, KM22b|.

In this chapter we extend the version of Lochs’ Theorem in (5.7) to the setting of
random dynamical systems and give a corresponding Central Limit Theorem in the
spirit of (5.8). The class of random dynamical systems we consider, which we call
random number systems, contains the class of deterministic NTFM’s and all of the
random dynamical systems related to number expansions mentioned above. A random
number system consists of a family of maps T = {T; : [0,1) — [0,1)};er, where the
index set I is a possibly uncountable Polish space, each map T; : [0,1) = [0,1), 4 € I,
admits an appropriate partition a; = {A; 0, Ai1,...} of [0,1) and there exists an ap-
propriate probability measure p on I x [0, 1). (The precise definition will be given in
Section 5.2.) Thus a random number system is a quintuple (I, P, {T;}icr, i, {i bicr),
where P is the probability law on IV determining the random choices. For ease of
notation we also write 7 for this quintuple.

Generating a digit sequence for x by means of (5.9) gives information about the
location of z in the following way:

n
d] (w,2),...,d] (@) = (1, dn) = € () Tot e \Awegy (5.10)
k=1

As the right side shows, this information about the location of x provided by the digit
sequence is under the assumption that w = (wy,ws,...) € IV is known. This setting

124



§5.1. Introduction

is interesting from a number theoretic point of view and will be investigated in this
chapter, but for more practical applications where w € IV models e.g. some noise in
the system, it is not very feasible to assume that w is known or can be observed with
full accuracy. In such cases the following model might be more realistic:

n
(J1,---,Jn) Observed for unknown z = z € U ﬂ Tt o Ao e
(wiye.own)EI™ k=1

(5.11)

where A; ; =0 if j ¢ D,;. We consider the setting of (5.11) in Chapter 6 for a specific
random interval map that models the A/D conversion in a [-encoder and where
fluctuations in the system are due to noise and thus unknown, see footnote 1 on page
164. Finally, note that the models (5.10) and (5.11) coincide if the corresponding
digit sets {D; };cs are pairwise disjoint.

§5.1.3 Main results

For a random number system 7 = (I,P, {T;}icr, i, {@i }icr) we define analogous to
(5.3) the random level n cylinders as follows: For each w € IN and n € N we define
the partition

n—1
ky—1
awvn = \/ (Tw) awk+1
k=0
—1 —1
= {Awhjl N Twl sz,jz n--- nTwl--w,,L,lAwmjn : Awmjk € Oy, 1<k< n}

(5.12)

Furthermore, we write oy, () for the random (n,w)-cylinder that contains z. Given
two random number systems 7 = (I, P, {T} }ier, pt, {ei }ier) and S = (J,Q, {S;}jet, 0,
{vj}ies), for eachn € Nyw € I, & € JY and = € [0, 1), let

mr.sn,w,@,z) =sup{m € N: oy n(x) C vo.m(x)}. (5.13)

This quantity can be interpreted as follows: For given w € IN and @ € JV,

mr .s(n,w,®, ) is the largest level m for which we can determine the random (m,®)-
cylinder for S containing = from knowing only the random (n,w)-cylinder for 7 that
contains x. Alternatively, it is the largest m such that df(@,z),...,dS (&, z) can
be determined from knowing the digits d] (w,),...,d! (w,z) of a further unknown
x € [0,1). In this chapter we obtain the following Random Lochs’ Theorem, where the
measure theoretic entropy from (5.7) is replaced by fiber entropy, which for a random
number system 7 is a quantity h?(7") € [0, 00) and will be defined in Section 5.5.

Theorem 5.1.4. Let T = (I,IP, {Ti}ie[, My {OZi}ie[), S = (J7 Q, {Sj}je], P, {’Yj}je.f)
be two random number systems. If K (T), hiP(S) > 0, then

~ fib
lim my s(n,w,o0,x)  h*(T)

Jim " = hﬁb(S) A-a.e.

for P x Q-a.a. (w,) € IN x JN,
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We like to make two remarks about this result. Firstly, the quotient of measure
theoretic entropies that appears as the value of the limit in the deterministic setting
has been replaced by a quotient of fiber entropies in the random setting. Secondly,
the setup allows for the index set I of the family {7}};c; to be uncountable, so that
the results apply to e.g. random pS-transformations where the value of 5 can range
over a whole interval, see Example 5.7.5 below. This makes the proofs more involved.

In [DFO01] an essential ingredient to prove (5.7) is the following general result on
interval partitions. If P = {P,}°2, is a sequence of interval partitions and ¢ > 0, we
say that P has entropy ¢ A-a.e. if

lim —M =c A-a.e.,
n—o00 n

where P, (z) denotes the element of the partition P, containing x.

Theorem 5.1.5 (Theorem 4 of [DF01]). Let P = {P,}52, and Q = {Q,}52, be
two sequences of interval partitions. For eachn € N and x € [0,1), put

mp o(n,z) =sup{m € N: P, (z) C Qn(x)}.

Suppose that P has entropy ¢ € (0,00) A-a.e. and Q has entropy d € (0,00) A-a.e.
Then

lim mp.o(nz) _ ¢ A-a.e.

n—o0 n d

The proof of (5.7) goes roughly along the following lines. An application of the

Kolmogorov-Sinai Theorem and of the Shannon-McMillan-Breiman Theorem to the
NTFM’s T and S provides the appropriate asymptotics for the size of the cylinder
sets from (5.3) for both maps T and S to establish the positive entropy conditions
and then Theorem 5.1.5 completes the proof. To achieve Theorem 5.1.4 we also
employ Theorem 5.1.5 and therefore the main achievement here is obtaining the right
asymptotics for the size of the random cylinder sets from (5.12). More precisely
Theorem 5.1.4 will appear as a corollary of the following theorem.

Theorem 5.1.6. Let T = (I,P,{T;}icr, pt, {i}icr) be a random number system.
The following hold,

(i) For P-a.a. w € I" we have

lim — log AMaw,n ()

n—0o0 n

= hib(T), A-a.e.

(ii) Let v denote the marginal of u on IN. Furthermore, let F be the skew product
on IN x [0,1) given by F(w,z) = (tw,T,, (x)), where T denotes the left shift on
IN. If h,(T) < o0, then

R (T) = h,(F) — hy (7).
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(11i) If for each i € I and A € «; the restriction T;| 4 is differentiable, then

REP(T) = / log |DT,,, (z)| du(w, ).
N x[0,1)

The first part of this theorem gives the required estimates for the asymptotic sizes
of the cylinder sets from (5.12) and, when combined with Theorem 5.1.5, leads to
Theorem 5.1.4. The limit from Theorem 5.1.4 is expressed in terms of the fiber
entropies of the two random number systems. Parts (ii) and (iii) of Theorem 5.1.6
give different ways to determine this limit. The second part works in case the entropy
of the marginal of 4 on IV is finite. The third part gives a random version of Rokhlin’s
Formula for entropy.

We also prove a Central Limit Theorem for Theorem 5.1.4 in case we compare the
digits obtained from a random number system 7 = (I, P, {T; }icr, 1, {@i }icr) to those
from an NTFM (S, fi,~) under additional assumptions on both systems. To be more
specific, for such systems we obtain that for all u € R,

R (T)

mr s(n, w, ) —n5- 1 u )
. N . ? u(S) _ —t /2
nlgréou({(w,x)el x [0,1) : P §u}) ——m[we dt,
(5.14)

for an appropriate constant x > 0.

The remainder of this chapter is organised as follows. In Section 5.2 we give
a precise definition of random number systems. We then consider in Section 5.3 a
special but wide class of random number systems for which the proof of Theorem 5.1.6
is relatively easy. In Sections 5.4 and 5.5 we provide some preliminaries for the proof of
the general case and give a precise definition of fiber entropy. We prove Theorem 5.1.6
in Section 5.6 and obtain Theorem 5.1.4 as a corollary and we prove the Central Limit
Theorem from (5.14). In Section 5.7 we provide some examples.

§5.2 Random number systems

In this section we define the dynamical systems that we are interested in. Let
(I, B, P) be a base space where [ is a Polish space with associated Borel o-algebra
B and where P is a Borel probability measure on the product o-algebra B?I such that
the left shift 7 on I is non-singular with respect to P, i.e. P(7~*A) = 0 if and only
if P(A) =0 for all A € BY. For each i € I, let T; : [0,1) — [0,1) be a Borel measur-
able transformation. Let B denote the Borel o-algebra on [0,1) and A the Lebesgue
measure on [0,1). Associated to the family {7} : [0,1) — [0,1)};cs let F be the skew
product transformation

F:1%x[0,1) = IN x [0,1), (w,2) = (Tw, T, (z)).
Let p be an invariant probability measure for F on IN x [0,1). For each i € I

let a; = {A;0,4i1,...} be a partition of [0,1) by countably many subintervals of
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[0,1), possibly containing empty sets.! A random number system is a collection T =
(I,P,{T:}ier, p, {cvi ticr) on [0,1) that satisfies the following conditions.

(r1) The map I x [0,1) 3 (i,z) — T;(x) € [0,1) is measurable.
(r2) For each i € T and A € «;, T;| 4 is strictly monotone and continuous.

(r3) The partition A = {A(j) : j >0} of I x [0,1) given by

A() ={(w,z) : z € Ay, ;} = U[z] x A;; foreachj>0 (5.15)
iel

is measurable, i.e. A(j) € BY x B for all j > 0.

(r4) For P-a.a. w € I" we have that, for all B € B, A(T,;' B) =0 if \(B) = 0.

(r5) For P-a.a. w € I" we have o U Q) = B up to sets of \-measure zero.
neN

(r6) The F-invariant measure 4 is ergodic and equivalent to PP x .
(r7) The entropy of A w.r.t. p, ie. Hy(A) = =354 u(A(4)) log u(A(j)), is finite.

Most of the conditions (r1)—(xr7) are easily verified in specific applications and not
very restrictive. We give some comments on them.

- Conditions (r1) and (r3) are typical measurability conditions and are immediate
in case I is at most countable (and equipped with the discrete topology). It easily
follows from (rl) that the skew product F' is measurable.

- Condition (r2) is needed to get digit sequences (d] (w,z)),>1 as in (5.9). It
follows from (r5) that, for P-a.a. w € IV, knowing (d) (w,z)),>1 determines x € [0,1)
uniquely A-a.e.

- Condition (r4) is a form of fiberwise non-singularity and from (r6) it follows that
1 is the only probability measure that is both F-invariant and absolutely continuous
w.r.t. P x \ as can be seen from Theorem 1.2.6. In case [ is countable, then it is easy
to verify that (r4) already follows from only assuming (r6).

-TIf welet 77 : INx [0,1) — I be the canonical projection onto the first coordinate
and write v = p o 7r;1 for the marginal of the invariant measure x on IV, then from
(r6) it follows that v is 7-invariant, ergodic and equivalent to P. In particular, again
by Theorem 1.2.6, if P is 7-invariant, then v = P.

- Condition (r7) guarantees that the fiber entropy defined later on is well defined.
Note that if A is a finite set (that is, if A contains a finite number of non-empty
elements), then (r7) is automatically satisfied.

We now present some classes of systems for which the assumptions from the defin-
ition of random number system are satisfied.

IFor notational convenience we take {0,1,2,...} as digit set for each T;. If for a map T; the digit
set would naturally be a finite set, then we take for «; a collection that contains countably many
empty sets.
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- A class of maps that satisfy (r2) and (r4) and that are well studied is the class
of Lasota-Yorke type maps. A Lasota-Yorke type map is a map T : [0,1) — [0,1)
that is piecewise monotone C? and non-singular with |DT'(x)| > 0 for all  where the
derivative is defined. In that case an obvious candidate for the partition from (r2) is
the partition of [0,1) given by the maximal intervals on which T is monotone.

- Given a family {T;};c; of Lasota-Yorke type maps for some appropriate in-
dex set I, a sufficient condition for A to be a generator in the sense of (r5) is that
inf(; 5y [DTi(x)| > 1. In case I is finite, this is equivalent to the condition that each
T; is expanding. We can allow for neutral fixed points as well and still get (r5) if we
assume that the branches of the maps are full, i.e. map onto the whole interval (0,1),
and expanding outside each neighborhood of the neutral fixed point. Examples in-
clude the random Gauss-Rényi map from Example 1.4.2 that we again will encounter
in Example 5.7.4 below and random Manneville-Pomeau maps.

- There exist various sets of conditions under which the existence of an invariant
measure u for the skew product F' that satisfies (r6) is guaranteed. See Section 1.4
and the references mentioned there for some results in this direction for the case that
P is a Bernoulli measure.

- The results from [KM22a] give an algorithm for determining explicit formulae
for invariant probability measures of the form P x p with p < A in case all maps
T; are piecewise linear Lasota-Yorke type maps satisfying some further conditions.
Having an explicit formula facilitates the computation of the entropy of A and the
verification of (r7).

Remark 5.2.1. If [ consists of only one element, then the random number system
reduces to an interval map. In this case, conditions (r2), (r5) and (r7) are equival-
ent with assuming that (nl), (n3) and (n4) hold for this interval map, respectively.
Moreover, it follows from (r6) that the interval map is onto [0, 1) up to some A-measure
zero set and it follows from (r6) that this interval map satisfies (n2) except that the
density does not necessarily have to be bounded and bounded away from zero. Thus
in particular, each NTFM is an example of a random number system where the index
set consists of only one element. Furthermore, note that in case I = {1} contains
only one element, then h, (1) = 0 and Theorem 5.1.6(ii) gives that hi®(T) = h,(T}),
where p is the ergodic invariant probability measure for 77 equivalent to A. Hence,
Theorem 5.1.4 is an extension of the result in (5.7) from [DF01] and shows that (5.7)
remains true for two NTFM'’s for which the condition in (n2) on the bounds on the
density is dropped.

§5.3 A special case

Let T = (I,P,{T; }ier, b, {@i }icr) be a random number system. In this section we
put the following additional four conditions on 7:

(s1) The index set I is countable.

(s2) Writing ¢ = {[i] : i € I} for the countable partition of I" given by the 1-
cylinders, we assume that the entropy of ¢ w.r.t. the marginal v of y on IN is
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finite, i.e. H, (1) < 0.

(s3) For all w € I we have o (|, cy ®w,n) = B.

(s4) The density d’;

-t~ is bounded and bounded away from zero.

Note that (s3) is a slight strengthening of (r5). A class of random interval maps
can be derived from [P84, 112, M85a, M85b, P84] that satisfy the conditions of a
random number system as well as the additional conditions (s1)-(s4). These random
interval maps are expanding on average and are composed of Lasota-Yorke type maps
such that the corresponding invariant density is bounded, and admit a suitable cov-
ering property such that the density is bounded away from zero, thus satisfying (s4).
Moreover, the base space then consists of a finite or countable index set I equipped
with a Bernoulli measure or Markov measure.

Let T be as above satisfying (s1)-(s4). We will prove Theorem 5.1.6 for 7. It is
clear that ¢ is a generator for the left shift 7 on IN w.r.t. v. Furthermore, we define
t={[i] x [0,1) : i € I} being the partition ¢ embedded into I x [0,1), and we define
the countable partition & of IV x [0, 1) given by

E={li]xA;j:ieljeNy},

where as before A; ; are the partition elements of a;. Note that £ is the common
refinement of 7 and the partition A given by (5.15), i.e. £ =TV A.

Lemma 5.3.1. The partition & is a generator for F.

Proof. We write &, = Z;é F~*¢and 1, = \/Z;& 77k, for each n € N. Then for each
(w,x) € IN x [0,1) and n € N we have

En(w, ) = w1 wn] X Ay p(T) = tn(w) X ayn(x), (5.16)

where &, (w, ) denotes the partition element of £, containing x, and a similar meaning
for 1, (w) and ay (7). Let (w,z), (©,y) € IN x [0,1). If w # @, then there exists
n € N such that ¢, (w) # ¢, (©) and thus &, (w,z) # &, (0,y). If w = @ and = # y,
then according to (s3) there exists n € N such that o, ,(z) # a,n(y) and thus
En(w,x) # &n(@,y). Hence {&,} separates points, so £ is a generator for F. O

It follows from (s2) that h,(7) < co. Furthermore, we obtain from (s2) and (r7)
that

H,(§) < Hu(t) + Hu(A) = Hy (1) + Hu(A) < oo,
so that by Lemma 5.3.1 we have h,(F) < co. We have the following two results:

Proposition 5.3.2. For P-a.a. w € IN we have

lim _logMawa(@)) _ hu(F) — h, (1), A-a.e.

n—00 n
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Proof. Combining Lemma 5.3.1 and H, (&) < oo with the Kolmogorov-Sinai Theorem
(Theorem 1.2.17) and the Shannon-McMillan-Breiman Theorem (Theorem 1.2.22)
yields that

i — log ,u(fn (w, x))

n—00 n

= hu(F), pa.e. (5.17)

By (r6) we can replace in (5.17) p-a.e. with P x M-a.e. and by (s4) we can replace
1 (&n(w, x)) with v x A(&, (w, x)), i.e.

lim 287X A, 2)) ho(F), P x \ae. (5.18)

n—oQ n

Also, we obtain from the Kolmogorov-Sinai Theorem and the Shannon-McMillan-
Breiman Theorem together with the equivalence between v and P that

1 n
L CIC)) R S Y (5.19)
n— 00 n
Combining (5.16), (5.18) and (5.19) now yields the result. O

Proposition 5.3.3. If for eachi € I and A € «; the restriction T;| 4 is differentiable,
then

hu(F) = / log | DT, (x)|du(w, ) + h, (7).
I%[0,1)

Proof. Note that the partition ¢ of IN consists of invertibility domains of 7. It follows
from the Rokhlin Formula (Theorem 1.2.21) that

hy (1) = /IN log J, Tdv,

where J,7 is the Jacobian of 7 w.r.t. v. Furthermore, note that ¢ is a partition of
IN x [0,1) by invertibility domains of F. For each i € I, j € Ny, C € BY N [i] and
DeBn A;Z:j we have
v X AMF(C x D)) =vx \7(C) x T;(D))
:/ T ()| DT, ()| dv x A(w, 2).
CxD

Using standard arguments we can show from this that for each A € £ and each
measurable B C A we have

v x \(F(B)) = /BJVT(WMDTM (@)]dv x \(w,2),

so the Jacobian J,«)F of F' w.r.t. v X X exists and is given by

JusxaF = J,7(w)| DT, (z)], for v x A-a.e. (w,z) € IV x [0, 1).
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Furthermore, by the change of variables formula from Lemma 1.2.20(a) this gives for
each A € ¢ and each measurable B C A that

dp
F(B :/ dv X \
wEe) = [ S

du dv x A
_/B(dyxAOF>J”“F -

so the Jacobian J, F of F' w.r.t. u exists and is given by

Using Lemma 5.3.1 and H,,(§) < o0, it follows from the Rokhlin Formula that

hy(F) = / log J,, F(w, z)dp(w, x).
INx[0,1)

We conclude that
dv X \

dp
hu(F) = /1og (dyx \ oF)du+/log (JVX,\F)de—/log( dpe )dM
B dp dv x A
= /bg(dvx N )du+/log|DTwl(m)|du(w,a:)
+/log (Jo7(w))dp(w, x)

_ / log | DT, ()| djs(w, ) + hy (7).

So the above two propositions prove Theorem 5.1.6 in the special case that T
satisfies (s1)-(s4).

Remark 5.3.4. We used condition (s4) for replacing (&, (w, z)) in (5.17) with v x
A({n(w, x)) For this purpose, instead of assuming (s4), it is also sufficient to assume
that v x M-a.a. (w,z) € IN x [0,1) is a density point for z%< w.r.t. v x ), i.e.

dvx
! dv x \ = 5.20
rlﬁJl v X A(B((w,x),r)) /B((w,w),r) dv x N X I % )\(w,x), ( )

where B((w,z),r) denotes the open ball centered at (w,z) with radius » > 0 with
respect to a compatible metric, e.g. the one of the form as in (3.3). Then combined
with Lemma 5.3.1 it follows that for P x A-a.a. (w, ) and every £ > 0 there exists an
N € N such that for each integer n > N we have

du ,u'(gn(wax)) dp
dx W) eSO MNen(@,0) = dv @) te

Using this and the fact that df’;/\ (w,2) € (0,00) holds for Px M\-a.e. (w,x) € INx[0,1)

by (r6), we can indeed then replace (&, (w,x)) in (5.17) with v x A(&,(w,z)). An
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example when (5.20) is satisfied v x A-a.e. is when

Jim sup v X )\(B((w,a:), 2r))

< 00, x M-ae. (w,z) €IV x[0,1),
s v A(B(a.)) 00 v a.e. (w,x) x [0,1)

see e.g. [HKST15, Section 3.4]. This is for instance the case if P is a Bernoulli measure
or Markov measure (recall that v = P if P is 7-invariant).

Note that the reasoning in this section does not work for proving Theorem 5.1.6 in
full generality, because the classical Kolmogorov-Sinai Theorem, Shannon-McMillan-
Breiman Theorem and Rokhlin Formula as applied in this section require a partition
that is finite or countable with finite entropy. To overcome this problem, we will
apply instead a fiberwise version of those theorems. However, the fiberwise Shannon-
McMillan-Breiman Theorem and Rokhlin Formula we will use require that the un-
derlying base map of the skew product is invertible. So we first need to extend the
dynamics on the base space so that it becomes invertible, which we will do in the next
section.

§5.4 Invertible base maps and invariant measures

Let T = (I,P,{T;}icr, i1, {cvi }icr) be a random number system. One of the con-
sequences of (r1)—(r7) is that 7 admits a system of conditional measures, i.e. a family
of measures {p, },em such that

e 4, is a probability measure on ([0, 1), B) for v-a.a. w € IV,

o for any f € L'(IN x [0,1), 1) the map w f[o 1y f(w, @) dpe (@) on IV is meas-
urable and

/fo[o,ufd”:/lN( o f(w’x)dﬂw(l“))dV(w)- (5.21)

Moreover, if { iy}, is another system of conditional measures for p, then p, = fi,
for v-a.a. w € IN. (See [A97, Theorem 1.0.8] together with [VO16, Proposition 5.1.7]
for a justification.)

The dynamics on the base space I of a random number system is given by the
left shift 7 on the set IN, which is not invertible. This setup corresponds to the
setup for random systems associated to number expansions that is adopted in most
of the references mentioned in the introduction. To prove Theorem 5.1.4, however,
we employ known theory on random systems and fiber entropy that is available for
skew products with invertible dynamics on the base space. One can easily extend the
one-sided shift in the first coordinate of F' to a two-sided (thus invertible) shift and
as we shall see next, this has no profound effect on the invariant measures.

Let 7 denote the left shift on I% and extend the skew product F' to a map F that
is invertible in the first coordinate by setting

F T2 x[0,1) = 1% x[0,1), (@, ) — (F(Q), Tp, (2)).
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Let B% denote the Borel o-algebra on IZ. Use 7 : I — I to denote the canonical
projection. To keep notation simple for two-sided sequences & € I” and n > 0 we use
the same notation for 77, o, and pg as for one-sided sequences, i.e.

Tg = 77:(@)7 Aon = Ax(@)ny Mo = Hr()-
The skew product F' is measurable due to (rl). The next proposition gives a relation
between the (ergodic) invariant measures of F' and those of F. Tt can be found in
a slightly more restrictive setting in Appendix A of [GH17] (see also the references
therein), but the proof carries over unchanged to our setting. We reproduce the
statement here for our setting for convenience. Use 7y : IZ x [0,1) — I%Z and II :
IZ % [0,1) — IN x [0,1) to denote the respective canonical projections.

Proposition 5.4.1 (|[GH17, Proposition A.1 and Remark A.2]). Let u be an
F-invariant probability measure with marginal v = po 71'1_1 and system of conditional
measures {fy},emi. Then the following statements hold.

(i) There exists an F-invariant probability measure fi with marginal ¥ = fi o 7?1_1

and a system of conditional measures {fiz}ocrz such that, for v-a.a. & € I,
fis(B) = lim piz—r ((T;’_%)’l(B)), BeB.
(ii) Conversely, let i be an F-invariant probability measure with marginal U = fi o
7?;1. Then the probability measure
fi=jioll!
is F-invariant and has marginal 7 = Do~ 1.
(iii) The correspondence p < fi given by (i) and (ii) is one-to-one and has the
property that p is ergodic for F if and only if [i is ergodic for F.

From Proposition 5.4.1 and (r6) we obtain an F-invariant and ergodic probability
measure [ with a system of conditional measures {fig}scsz for the marginal o =
Lo 7?;1. The following lemma will be used later.

Lemma 5.4.2. For v-a.e. & € I% it holds that ji; < X. Moreover, [i < U x A and
for U x A-a.e. (0,x) € I% x [0,1) we have

dip. .+ dig
@ Ao = @)

Proof. Combining that 7 is non-singular with respect to P with (r4) gives that for
eachn > 1,

P{we IV :3IBeB XB)=0 and A\(T")"'B) > 0}) = 0.

Recall that v and P are equivalent. Furthermore, the measure 7 is invariant with
respect to 7 and ¥ o 7! = v. This gives for each m € Z that

P ™ Hwe IV :3BeB AB)=0 and A(T")"'B) >0}) =0.
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Taking m = —n it follows for v-a.e. & € IZ and n > 1 that

AB)=0 = X(Tfwg) 'B)=0, VBeB. (5.22)

Z

The measures 1 and v x A are equivalent by condition (r6). Let A € BY and B € B.
Then by (5.21)

dp
/A o (B) dv(w) = u(A x B) = /A /B (0,2 A (@) d(),

which means that for any B € B we can find a v-null set Np, such that for all
w € IN\ Np we have

polB) = [ 2.2 dA@).

Since B is countably generated, we can find a v-null set N, such that for each w €
IN\ N and all B € B,

o(B) = / S (0, 2) dA(a).

Hence, j1,, < A for v-a.e. w € IN and for those w,

it gy = A

N VS w,x) A-a.e.

It immediately follows that P-a.e. & € I satisfies iz, < A and since ¥ is 7-invariant,
we get that for -a.e. @ € I%, 12—z < ) for each n. Combining this with (5.22) and
Proposition 5.4.1(i) gives that i, < A for D-a.e. @ € IZ. Since {fis} is a system of
conditional invariant measures, we get that for each A € B% x B (cf. (5.21)),

) = d:;’( )dir x A&, z),

&

i) = [ io(40) i

where A, = {x € [0,1) : (@, x) € A}. This means that i < © x A and that for
D x Aa.e. (@, ) it holds that ;2 (&, z) = %2 (z). O

§5.5 Fiber entropy

The concept of fiber entropy was introduced in [AR66]. Here, as well as in the later
works [B82] and [M86], the entropy o