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Abstract

CrossMark

In 1995, Hadley formulated an elegant effective-index model to describe the formation of
transverse modes in optical cavities (Hadley 1995 Opt. Lett. 20 1483-5). We apply this model to
Fabry—Perot cavities and discuss its limitations, using the well-known paraxial solutions of
these cavities as reference. We also introduce a new model, which we call the phase-plate
model, that has less limitations and yields the correct first-order correction to the resonance
frequencies for longer cavities. The analysis uses scalar optical fields in the paraxial limit.

Keywords: optical cavity, effective index, Fabry—Perot, phase plate

1. Introduction

The formation of eigenmodes in optical cavities is governed
by a balance between two processes: (a) defocusing due to dif-
fraction upon propagation, and (b) focusing due to reflection
from curved mirrors or index guiding in non-uniform media.
Mode formation has been studied in translation invariant struc-
ture like optical waveguides and fibers [1, 2]. But also in
optical cavities, like open Fabry—Perot (FP) cavities [3] and the
monolithic cavities used for microlasers [4] and vertical-cavity
surface-emitting lasers (VCSELS) [5, 6]. Open micro cavities
[7] and monolithic cavities are, among others, of interest for
quantum communication [8, 9].

The effective-index model is an elegant and powerful
method to describe mode formation in optical cavities. The
simplest version of this model, derived in this paper, assumes
that the effects of diffraction and index guiding can be spread
uniformly over the optical cavity length. Mode formation in
such a cavity resembles mode formation in an optical fiber [2].
This model, however, only works for short cavities.
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In this paper, we apply the effective-index model to a two-
mirror FP cavity and address the question when and how
this model breaks down for longer cavities. We also intro-
duce an alternative model, the so-called phase-plate model,
which also works for longer cavities. Both models use a scalar
paraxial approximation of the optical field. This approxima-
tion is valid when typical beam widths are much larger than
the optical wavelength and typical angles are small (paraxial).
More extended, vector non-paraxial, descriptions of the field
are needed for the general case [10-16].

Figure 1 shows the three cavity geometries that we com-
pare in this paper. The left figure shows a plano-concave FP
cavity, with a planar mirror and a concave mirror with radius R
positioned at a distance L. The middle figure shows the simple
effective-index model of this cavity, where the concave mir-
ror is replaced by a flat mirror and the uniform medium is
replaced by a (fictitious) medium with a position-dependent
effective index neg(x,y). The right figure shows the phase-
plate model of this cavity, where the concave mirror is replaced
by a phase plate on a flat mirror and the medium remains uni-
form. Section 2 describes the transition from the FP cavity
to the effective-index model. Section 3 compares the paraxial
solutions of the FP cavity with the solutions of the effective-
index model to show that they agree only in the short-cavity
limit. Section 4 introduces a new phase-plate model to demon-
strate that this model also works for longer cavities.

© 2022 The Author(s). Published by IOP Publishing Ltd
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Figure 1. Three geometries for FP cavities with equal cavity length L and equal guiding from three different mechanisms: (a) modes in a
plano-concave cavity depend on the mirror shape z,(x,y), (b) modes in an effective-index cavity depend on the index profile nes(x,y),

(c) modes in a phase-plate cavity depend on the phase profile acquired upon reflection from the phase-plate mirror. Figure (c) shows how the
cavity roundtrip operator M = P~ BP" combines forward propagation P, reflection B, and backward propagation P~

2. Effective-index model applied to FP cavities

The effective-index model [4-6, 17] is based on a mathemat-
ical trick to partially separate the longitudinal and transverse
variations of the field in an optical cavity. It does so by writ-
ing the intra-cavity field as E(x,y,z) = f(x,y;2)®(x,y), where
Sfx,¥;z) is the resonant intra-cavity field expected for a planar
cavity with a longitudinal structure equal to the structure of the
real cavity at transverse position (x, y). The (x, y) dependence
of the associated resonances translates into an effective-index
nege(x,y) that determines the formation of the transverse eigen-
modes ®(x,y) in the real cavity.

The full effective-index model of Hadley [17] includes the
standing wave character and curvature of the field. This is rel-
evant for complicated cavities like VCSELSs [5, 6], where the
placement of intra-cavity elements in nodes or anti-nodes of
the field have different effects, but not for open/empty FP cav-
ities. Similarly, the difference between group and phase index
is relevant for VCSELSs [5] but not for air-based cavities. FP
cavities can hence be described with a simpler, more intuitive,
version of the effective-index model, which we will derived
from the wave equation.

When we apply the effective-index model to a plano-
concave FP cavity, the planar-cavity modes are standing waves
of the form f(x,y;z) = fysinfk;(x,y)z], with k;(x,y)L(x,y) =
gm and integer (longitudinal mode number) g to satisfy the
boundary conditions at the two mirrors. The on-axis cav-
ity length L = L(0,0) defines the reference wave vector ko =
gm/L. The position-dependent cavity length L(x,y) =L —
Zm(x,Y), with mirror shape z,,(x,y), defines an effective-index
profile neg(x,y) = L(x,y)/L. Together this yields k,(x,y) =
ko /nege(x,y).

Next, we substitute E(x,y,z) =f(x,y;z)®(x,y) with the
described form of f(x,y;z) in the wave equation (8?/97% +
A +K)E=0,with A} = 5?/0x> + 8*/0y>. This yields the
effective-index equation

2

k
A4k — 52—
SR

) ®(x,y) =0, (1)

if one neglects the transverse derivatives of f(x,y;z), i.e. if one
neglects ®A | f and 2§Jf- V. ® with respect of fA ] ®. The

eigenvalues k = k; of equation (1) describe the resonance fre-
quencies w; = kjc of the optical cavity. Its solutions ®;(x,y)
describe the associated transverse eigenmodes.

For the typical case 1—nex=2z,/L<1 we simplify
equation (1) by writing k = k; = ko + 0k; and expanding k? and
nZ;, to obtain the dimensionless form

AJ_ Zm(x7y)
( WL

Ok:
) B~ Lol @

This equation resembles the eigenvalue equation of a quantum
mechanical wavefunction ®(x,y) and shows how the mirror
profile acts as an effective potential for the transverse mode
profile. For the typical case z, > 0, the resonance frequen-
cies of the guides modes are (somewhat) larger than those of
the planar cavity (0k; > 0), to compensate for the phase lag
acquired upon propagation and for the shorter effective cavity
length of the concave cavity (ne < 1).

Finally, we consider a plano-concave cavity with a para-
boloidal mirror shape z,,(x,y) ~ r>/2R with paraxial radius
of curvature R. This 2D rotational symmetric geometry sup-
ports several families of transverse modes [18-21], like
Hermite—Gaussian, Laguerre—Gaussian, and Ince—Gaussian
modes, including elegant/complex versions thereof, which
share a common fundamental mode size ~, with 7> = /LR /k.
Members of one family can be transformed into members
of another family due to the frequency degeneracy within
these families [22]. We will focus on the family of Hermite—
Gaussian modes, because their 2D mode profiles factorize as
HG,, (x) x HG,,(y), such that a 1D analysis suffices. The rel-
ative resonance frequencies of these modes are

ok 1 1
— = 1+n, =——1+mn ;
%o (sz( +n,+ny) p LR( +n,+ny) )

with integer transverse modes numbers n, and n,.

3. Paraxial solutions for FP cavities

In this section, we compare the effective-index results with
the well-known paraxial solutions for plano-concave cav-
ities. We present these solutions by writing the forward-
propagating optical field in its scalar slowly-varying form
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E(x,y,z) = ¥ (x,y,2) exp(ikz), where ©(x,y,z) satisfies the
paraxial wave equation [2ik(0/0z) + A ]y =0. We again
focus on the Hermite—Gaussian solutions, which factorize as

U (3,9,2) = G, (3,2)0n, (3,2), where
C X X2 .
om0 =7t (355 = [z + 109
2
6(x,2) = %@ - (n + ;) Xo(2), 4)

with normalization constant C, and likewise for ), (y,z).
The paraxial solution contains three important functions of
z: (a) the beam width v(z), (b) the radius of wave-front
curvature R(z), and (c) the phase lag xo(z) of the funda-
mental beam with respect to a plane wave. The beam width

v(z) =04/ 1 +2%/23, with Rayleigh range zo = \/L(R—L)

and beam waists o = (zo/k) 1/2 and v; = +/R/(R— L), at
the planar and curved mirror, respectively. The radius of
curvature R(z) = z + z3 /z. The fundamental phase lag xo(z) =
arctan(z/zo) yields the (single-pass) Gouy phase xo(L) =
arcsin y/L/R for z=L. The phase lag is xo(z) for the funda-
mental 2D mode and a factor (n, + n, + 1) larger for higher-
order 2D modes.

How do the predictions of the effective-index model com-
pare with the exact paraxial result for these three paramet-
ers y(z), R(z) and xo(z)? First, the typical mode size v =
(LR/k*)'/* in the effective-index model is the geometric mean
between the paraxial beam size at both mirrors, i.e. v =
/071 This is a reasonable result for a model that aver-
ages over the cavity length. Second, the wave-front curvature
of the intra-cavity field E(x,y,z) = f(x,y;z)®(x,y), included
in f(x,y;z), varies linearly with position, i.e. 1/R(z)~
(z/L)/R, in the full effective-index model. This resembles the
paraxial result [1/R(z)] = z/(z3 + 2°) = z/ (LR + 2> — L?), but
only when L/R < 1.

Third and most important, we compare the effective-index
result of equation (3), with the paraxial result for the associated
phase lag per unit length

5kj X"unv (L> 1 + Ny + ny . \/z
—_— = - = arcsin ﬁ

k kL kL
I +n,+n, L
~—— |1+ — . 5
kv LR ( 6R> ©)

This comparison shows that the effective-index result
approaches the exact paraxial result only for short (L < R)
cavities, but misses a factor (14 L/6R) for longer cavities.
The next section shows how this factor is recovered in the
phase-plate model.

4. Phase-plate model and roundtrip operator

The phase-plate model replaces the concave mirror of a plano-
concave FP cavity by a flat mirror covered with a fictitious
phase plate that adds a phase factor exp[—i2kz,,(r)], with z,, =

r? /2R, to the reflection. This phase factor makes the reflec-
tion from the planar mirror plus phase plate in figure 1(c) sim-
ilar to the reflection from the curved mirror in figure 1(a).
But not identical, as light propagates slightly less (typically
<) in the real cavity than in the phase-plate model cavity.
Still, we expect the phase-plate model to give a more real-
istic description of the actual physics than the effective-index
model, because it keeps the reflection phase located at the mir-
ror and does not spread it over the full cavity length.

We analyze the resonances of the phase-plate cavity with
the roundtrip formalism, which describes the change of the
complex field amplitude ¢ (x,y;z) per roundtrip as ¢ — M
with the roundtrip operator M [23-25]. Starting from the plane
mirror, the roundtrip operator M_ ;. = P~ BPT, where P+ and
P~ represent the forward and backward propagation between
the two mirrors and B represents the reflections from the
curved mirror (see figure 1(c)). We split this reflection in two
halves, via B = B%, and note that the propagators are equal
after unfolding of the cavity, making PT = P~ = P(L) = P.
With these definitions, we have

M_, =PB x BP=exp(iZ_) x exp(iZy), (6)

where exp(iZ,.) describes the forward path and exp(iZ_) the
backward path. If we would have started the roundtrip at a fic-
titious point halfway between the reflection from the curved
mirror, the roundtrip operator would be M, _ = BP x PB =
exp(iZy) x exp(iZ_). We expect that these two roundtrip
operators have identical eigenvalues, as they describe the same
physics, but eigenmodes that differ by an operator factor
exp(iZy), as they are mathematically related via a unitary
transformation.
The propagation and reflection operators are

. » o
el (Gmrag)) 0

_ ka2
Bexp[ lzR(X +y )] 8)

Equation (7) follows from the paraxial wave equation with
the general propagator P(z), defined via ¢ (x,y;z+ Az) =
P(Az)Y(x,y;z) = dP(z)/dz = (i/2k)A L P(z). It also follows
from the exp(ik.z) evolution of EM plane waves with the

Taylor expansion of the on-axis momentum k, = /k* — k3 =
k—K3 /(2k), with k3 = —(0%/0x* + 9% /0y*). Equation (8)
describes half the phase acquired upon reflection from the
curved mirror.

The solutions of the phase-plate model tend to differ from
those of the effective-index model because the operators P and
B do not commute. But the phase-plate model does reduce
to the effective-index model when the effects of propagation
and reflection are spread uniformly over the cavity, i.e. if we
modify

PB — lim (P'/NB'/MN, )

N—oo
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and likewise for BP. This division is equivalent to writing the
evolution of the field as

o, i [0 & ik 5,
Oizwi Lk ((')xz+8y2> —ﬁ(x +y )} Y, (10)

because Az =L/N — ¢z (infinitesimal line element) in the
limit N — co. Equation (10) is identical to the effective-
index equation (2) for a cavity with a spherical mirror, where
0/ 0z = —idkj; is the spread-out phase lag. It is also equi-
valent to the Schrodinger equation for the 2D harmonic oscil-
lator, where z acts as time coordinate for the corresponding
quantum oscillator [26].

Even though P and B do not commute, one can still determ-
ine the eigenvalues and eigenmodes of certain combinations
of these operators. We will perform this analysis for one trans-
verse direction (x only); the result is the same for the y direc-
tion and the two results can be simply combined afterwards.
To further simplify the equations, we introduce dimensionless
coordinates & =x/v and &, =y/vy, with 7* = VLR /k, and
write the x-part of the operators as

. o 1 /L &?
P, =exp(iX) with X = 2\/;85)%’

~ 1 /L
B, = Y)withY = — =/ = £2.
exp(i¥) wi 2 Ré}

The Baker—Campbell-Hausdorff (BCH) relation allows one to
express the product of two unitary operators as a single unitary
operator, to more easily find its eigenvalues and eigenmodes.
We first apply this relation to the (x components of the) com-
bined operators exp(iZ;.) = exp(iY) - exp(iX) and exp(iZ_) =
exp(iX) - exp(iY) to find

1D

12)

iZs = i(X+Y) % %[X,Y] + liz([y, X, Y]] — [ ¥]) 4 -
(13)

where [X,Y] = XY — YX is the commutator. The consecutive
terms in this equation obey the commutation relations

xn =% (3+65). (14)
L\ & 2
xixil=-(5) ga--gx a9
1.5
r--(5) e=%r  ao

These equations show that the relative strengths of the higher-
order terms in the expansion of iZ, scale with powers of
+/L/R. Furthermore, the simple form of the double commut-
ators results in a recursion relation between the higher-order
terms in the BCH expansion and in the generic equation

L L L 1 0
iZiZif<R> (X+Y)iﬁg <R) (2 +§0§>’ a7

with  functions AL/R)=1+L/(6R)+ O(L*/R*>) and
g(L/R)=1+L/(6R)+ O(L*/R?), where O indicates the
next order in each Taylor expansion.

Finally, we combine the two single-path operators into a
roundtrip operator, using either M_ = exp(iZ_)exp(iZy) or
its companion M, _ = exp(iZ)exp(iZ_). We already noted
that the eigenvalues of M_ and M__ should be identical,
although their eigenvectors will typically differ by a factor
exp(iZ4 ). Hence, we only consider eigenvalues of the sum
operator i(Zy +Z_). Using the operators and commutators
given above, and the first-order Taylor expansion of f(L/R),
we find

L L
e+ 2 ) =20 (14 ) 0 ) )
(18)

for the roundtrip phase lag. This result is consistent with the
first-order Taylor expansion of the (single-pass) paraxial phase
lag xo(L) = arcsin/L/R = /L/R[1 + L/(6R)], presented in
equation (5). It presents the promised first-order correction
to the (incorrect) resonance frequencies of consecutive trans-
verse modes as derived from the effective-index model.

We end with the remark that the analysis presented in this
paper uses paraxial scalar fields. One might wonder which cor-
rections would appear for non-paraxial vector fields. This cal-
culation is complicated [10-16], but the bottom line is that
non-paraxial and vector effects on dk;/k are order 1/(k°LR).
Hence, it is typically not necessary to go beyond the paraxial
phase-plate model, which predicts a typically larger correction
of the order \/L/R/(kR) with respect to the effective-index
model. Non-paraxial vector corrections are important though
when one is interested in the fine structure in the resonance
spectrum of the transverse modes [24, 25].

5. Concluding summary

This paper applied the effective-index model to plano-concave
FP cavities and analyzed the resulting predictions for the res-
onance frequencies and eigenmodes. The resulting effective-
index equation was shown to be identical to the eigen-value
problem of a quantum-mechanical wavefunction, where the
effective-index profile neg(x,y) acts as a 2D potential. The
paper discussed the limitations of the effective-index model,
showed that the model works fine for very short cavities
(L < R), and introduced corrections of the order L/6R for
slightly longer cavities. Finally, it introduced the phase-plate
model as an alternative model that also works for slightly
longer cavities and showed that this model correctly describes
the mentioned first-order correction. Non-paraxial effects are
not included and are expected to be smaller than the mentioned
paraxial correction.

Data availability statement
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