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S2

Supplementary material Chapter 2

These are the supplementary materials accompanying Chapter 2. The supplementary
materials are structured as follows. In section S2.1 we discuss two more example trials for
illustration of measurement error in an endpoint. In section S2.2 we explain why and under
which assumptions ignoring measurement error will lead to incorrect inference. Section
S2.3 provides an explanation of corrected effect estimators (and why these are consistent)
and explains the methods used for confidence interval estimation. In section S2.4 a proof is
given that measurement error depending on prognostic factors does not introduce bias in
the treatment effect estimator. In section S2.5 an approximation for the bias and variance
of the corrected estimator is derived.

$2.1. [llustrative examples

We introduce here two additional example trials from literature, hypothesize that these
trial could also have used endpoints measured with error to illustrate how the use of an
endpoint that is contaminated with error would affect trial inference. We assume that the
original endpoints used in our example trials are measurement error free.

$2.1.1. Example trial 2: energy expenditure

Poehlman and colleagues [1] studied the effects of endurance and resistance training
on total daily energy expenditure in a randomised trial of young sedentary women.
Participants were randomized to one of three six-month during exercise programmes:
endurance training, resistance training or the control arm. Some controversy regarding
the effect of exercise training on total energy expenditure (TEE) existed at the time of the
start of the trial, partly because of the difficulty to assess daily energy expenditure [1].
Starting 72 hours after completion of the training program, TEE of the participants was
measured by doubly labelled water during a ten day period, which is considered the gold
standard in measuring energy expenditure in humans [2]. In short, the study found no
evidence for an effect of resistance and endurance training (compared to placebo) on total
energy expenditure. Post-trial, measured TEE was higher in the control arm than in the
two intervention arms. Table 1 shows the decrease in TEE of the women exposed to the
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existence training programme versus the placebo arm.

$2.1.2. Example trial 3: rheumatoid arthritis disease activity

The U-Act-Early trial tested the efficacy of a new treatment strategy for rheumatoid
arthritis (RA) in patients with newly diagnosed RA [3] in a three-arm trial: tocilizumab plus
methotrexate versus tocilizumab only versus methotrexate only, all as initial treatment. For
endpoint assessment, this trial used a validated RA disease activity measure (the Disease
Activity Score 28, DAS28) [4]) which is commonly used and recommended to measure
endpoints in RA clinical trials [5, 6]. In short, the trial showed that immediate initiation
of tocilizumab with or without methotrexate is more effective than methotrexate alone to
achieve sustained remission in newly diagnosed RA patients. The difference in mean DAS28
score in the tocilizumab plus methotrexate versus methotrexate only group after 24 weeks
is shown in Table S2.1. The sample size of the former groups reported in Table S2.1 is based
on measurements available at 24 weeks of follow up.

A common alternative approach to measure energy expenditure (example trial 2) is
by a accelerometer, that measures body movement via motion sensors to assess energy
expenditure (e.g. [2]). As compared to double labelled water (example trial 2), the
accelerometer is cheaper, but less accurate [2]. Lastly, instead of endpoint assessment
by DAS28 (example trial 3), where assessment is done by trained medical staff [4], trials
could alternatively use the patient-based RA disease activity score (PDAS), where endpoint
assessment is done by the patient [7].

For the example trial in the paper and each of the aforementioned example trials here, in
Table S2.1 we show to what extent the Type-Il of a test for treatment effect changes when a
hypothetical lower standard of endpoint measurement would have been used introducing
classical measurement error. The table clearly shows the anticipated increase in Type-II
error with increasing error at the same sample size.

$2.2. Measurement error structures

Consider a two-arm randomized controlled trial that compares the effects of two treatments
(X € {0,1}), where 0 may represent a placebo treatment or an active comparator. Let Y
denote the true (or preferred) trial endpoint and Y* an error prone operationalisation of Y.
We will assume that both Y and Y* are measured on a continuous scale. Throughout, we
assume that Y” is measured for all i = 1,..., N randomly allocated patients in the trial. We
assume that the effect of allocated treatment (X € {0, 1}) on preferred endpoint Y is defined
by the linear model

Y =ay+pyX +e, (52.1)

where By defines the treatment effect on the endpoint, and ¢ has expected mean 0 and
variance o?2. Throughout, we assume that X is fixed. Further, we assume that model S2.1
is inestimable from the observed data because the endpoint Y* instead of Y was measured.
We will assume that the relation between Y and Y~ is given by a linear model,

Y'=6)+0,Y +e, (52.2)

where e is a random variable whose distribution is independent of ¢, Y and X. The
parameters 6, and 60; define the relation between Y and Y*, where it is assumed that 6,
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Table S2.1: Impact of classical measurement error on Type-Il error in the three
example trials. Effect estimates, standard errors and sample sizes are based on
results in the papers by Makridis et al. [8] (trial 1), Poehlman et al. [1] (trial 2)
and Bijlsma et al. [3] (trial 3)

Example | Effect Standard | Sample | p* | Type-Il
Estimate | Error Size Error®
Trial 1 6.9 1.27 393 0 -
243 108 0 20%
2.71 108 1/5 | 29%
2.45 132 1/5 | 20%
Trial 2 -246.0 369.00 35 0 -
88.70 600 0 20%
109.00 600 1/3 | 38%
88.70 900 1/3 | 20%
Trial 3 -1.4 0.08 198 0 -
0.41 8 0 18%
0.50 8 3/7 | 1%
0.44 12 3/7 | 18%

Proportion of observed variance in endpoints due to measurement error.

® Type-Il error calculations are based on results provided in section 3.1.

does not equal 0. We assume that both parameters 6, and 6, are estimable only in the
external calibration sample comprising individuals not included in the trial (j = 1,..., K).

Simple OLS regression estimators for fy, ay and o2 (the variance of the errors ¢) in

(52.1) are,

Zi(Xi - X)(Y; - Y*)

XX - X)?
Y- prX,
Y; -y - r-Xi,

5

(S2.3)

(S2.4)
(S2.5)

(S2.6)

respectively. In a two-arm trial, the interest is in making inferences about fy, which cannot
be directly estimated because in the trial the endpoint of interest Y was replaced by Y. In

the following we will show: a) that ﬁAy* may be a poor estimator for fy (section 3.1-3.4),
and b) how adjustments to ﬁy* using information from the calibration model described by
(52.2) can improve inference about the treatment effect (section 4). As a starting point,
in the following section relevant and known properties are defined for the special case
that Y* = Y, which is then followed by the properties under different measurement error
structures for Y in subsequent sections.
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$2.2.1. No measurement error
Consider the hypothetical case that Y* is a perfect proxy for Y, i.e. Y* = Y. By using that
Y = ay + By X + ¢, as defined in (52.1), it follows that:

Y'=ay+fyX +e

From standard regression theory (e.g. [9]), we know that if the errors ¢ satisfy the regular
Gauss-Markov assumptions [9] and their variance is defined by o2, the OLS estimators ﬁy,
dy,and s (defined by 52.3,52.4, and S2.6, respectively) are Best Linear Unbiased Estimators
(BLUE) for Py, ay, and o2, respectively.

Moreover, if the ¢ are independently and identically (iid) normally distributed, the
OLS estimators ﬁAY* and &y (defined in S2.3 and S2.4, respectively) are the Maximum
Likelihood Estimators (MLE) of By and ay, respectively. Note that the errors ¢ satisfy the
Gauss-Markov assumptions if we assume that they are iid normally distributed with mean
0 and constant variance o°.

Hypotheses for the treatment effect Sy, can be defined by:

Hy = Py = Po.
Hy = Py # B

Under normality of the error terms ¢, the OLS estimator ,3} defined in (52.3) is the MLE for
Py and s? is an unbiased estimator for o2, the following is known for the Wald test:

T = M ~ ty_2, (S2.7)
\/ Var(By-)
where,
—~ A s?
Var(ﬂy*) = m (52.8)

Assuming no measurement error in Y and X, under Hy, T follows a Student’s t distribution
with N -2 degrees of freedom [9]. Under Hu, T follows a Student’s t distribution with N -2

degrees of freedom and non-centrality parameter (fy - ﬁo)/\fﬁr(ﬁ}*).

$2.2.2. Classical measurement error
There is classical measurement error in Y* if Y* is an unbiased proxy for Y [10]:

Y =Y +e, (52.9)

where E[e] = 0 and Var(e) = 72 and e mutually independent of Y, X, ¢ (in (52.1)). By using
that Y = ay + fyX + € from (52.1), it follows that:

Y'=ay+pyX+e+e

Given the aforementioned assumptions, the sum of eand ¢, §; = e+¢, has variance Var(§;) =

o2 + 2. It follows that if the errors §; satisfy the Gauss-Markov assumptions, /§Y* in (52.3)
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remains a BLUE estimator for fy. Also, &y- in (52.4) and s? in (52.6) remain BLUE estimators
for ay and the variance of §;, respectively.

Further, if &, is iid normally distributed with mean 0 and variance o2 + 72, then éy-
is the MLE for ay and ﬁy* is the MLE for fy. Obviously, given that ¢? > 0 and 7% > 0,
the variance of the OLS regression estimator ﬁy~ is larger if there is classical measurement
error in the outcome compared to the case when there is no measurement error. Under
the null hypothesis, the Wald test-statistic T defined in (S2.7) still follows a Student’s t
distribution with N - 2 degrees of freedom. However, under the alternative hypothesis,

the non-centrality parameter of T, (fy - ﬁo)/\/@r(ﬁy&, will be smaller in the presence of

classical measurement error.

To summarize, in the presence of only classical measurement error, Type-II error for
detecting any given treatment effect increases, Type-l error is unaffected and the treatment
effect estimator is unbiased MLE under standard regularity conditions.

Heteroscedastic classical measurement error

In the preceding we assumed that the Gauss-Markov assumptions were met. But notably,
in the case that the variance of the errors e in (52.9) varies per treatment arm, the errors
are no longer homoscedastic (as needed to satisfy the Gauss-Markov assumptions) but
heteroscedastic. In the case of this type of heteroscedastic classical measurement error, it
can be shown that the variance of fy- will be underestimated by the default estimator of
the variance of ﬁAY* defined by (52.8), affecting both Type-I and Type-Il error.

$2.2.3. Systematic measurement error
There is systematic measurement error in Y~, if Y* systematically depends on Y. Assuming
this dependence is linear, the relation between Y* and Y can be defined as:

Y =6+ 0,Y +e, (52.10)

where E[e] = 0 and Var(e) = 2. Throughout, we assume systematic measurement error
if 8 # 0 or 6; # 1 (and of course, 8; # 0 in all cases). We assume mutual independence
between e and Y, X, ¢ (iin S2.1). Naturally, if ; = 0 and 8; = 1 the measurement error is of
the classical form.

By using that Y = ay + fyX + ¢ from (52.1), it follows that:

Y =0y + Oay + 0,y X + O1¢ +e.

Given the aforementioned assumptions, 8, = ;¢ + e with expected variance 6252 + 2. It
follows that under the Gauss-Markov assumptlons ﬂy defined in (S2.3) is BLUE for 6, Sy,
and ay- defined in (SZ 4) is BLUE for 6y +ay and s? defined in (52.6) is BLUE for the variance
of 9, (i.e. 9212 +0 ) Conversely, ,BY is no longer BLUE for fy. Note that in this case s? is
BLUE for 6202 + 72, that is, depending on 6;, smaller or larger than o2 (the variance of the
error terms if there is no measurement error).

If we further assume that J, is iid normally distributed, we can conclude that ay- is the
MLE for 6, + ay and [?y* is the MLE for 6;fy. Conversely, ﬁy~ is no longer the MLE for
Py, if there is systematic measurement error in Y*. In the absence of a treatment effect, as
0y = 0if By = 0, T defined in (S2.7) still follows a Student’s ¢ distribution with N - 2
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degrees of freedom. In the presence of any given treatment effect, T follows a non-central
Student’s t distribution with N — 2 degrees of freedom and non-centrality parameter

618y - ﬁo)/\/ﬁr(ﬁ}). Depending on the value of 6y, the non-centrality parameter will be

smaller or larger than the non-centrality parameter in the absence of measurement error
(see section 3.2).

In summary, if there is systematic measurement error in the endpoints, the Type-I error
is unaffected under standard regularity conditions and hence testing whether there is no
effect is still valid under the null hypothesis [11]). Type-ll, however, is affected (it may
increase or decrease) and the treatment effect estimator is a biased MLE.

S$2.2.4. Differential measurement error
There is differential measurement error in Y* when measurement error varies with X.
Assuming a linear model for this variation, formally:

Y = 900 + (901 - eoo)X + 910Y + (911 - elo)XY + ey, (521])

where E[ex] = 0 and Var(ey) = 7% and ey independent of the endpoint of interest Y, and ¢
in (52.1). From the equations it becomes clear that systematic error (equation (52.10)) can
be seen as a special case of differential error, where 6y = 6y; and 6y = 6;;.

By using that Y = ay + fyX + ¢ from (52.1), it follows from equation (52.11) that,

Y* = g9 + 9@y + [6o1 = Ooo + (611 — Bro)ay + 011 By | X + [61 + (611 — 610)X] & + ex.

Let 85x = [ 010+ (011 - 010)X | e+ ex, with expected variance [ 67, + (67, - 67))X | o2 + 72. Since
the the error term &5 is no longer homoscedastic, the OLS estimators defined in (52.3) and
(52.4) are no longer BLUE. However, the OLS estimator ﬁyﬂ in (52.3) is consistent (although
not efficient) for 6y; — Gy + (611 — O10)ay + 011 Py. The OLS estimator d&y- defined in (52.4)
is consistent (although not efficient) for 6yy + O19ary. Nevertheless, the estimator for the
variance of ﬁY* defined in (52.8) is no longer valid.

By using the residuals w; defined in (52.6), a heteroscedastic consistent estimator for
the variance of ﬁyx is:
Zi [(Xi - X)Zwlz]

[X; (X - X%

which is known as the White estimator [12]. From standard regression theory, it is
known that using the above defined estimator, T defined in (52.7) is still valid. Yet,
under differential measurement error no longer [901 = 6y + (011 - Op)ay + Qllﬁy] =0
if fy = 0. Thus, under the null hypothesis, T defined in (52.7) follows a Student’s t
distribution with N - 2 degrees of freedom and non-centrality parameter ([901 - Oy +

Oy — Opay + 0y1f] - ﬂo)/\/@r(ﬁy*). Consequently, Type-l error changes if there is

differential measurement error in Y* and test about contrast under the null hypothesis
are invalid [11]. Moreover, under the alternative hypothesis, T follows a non-central
Student’s t distribution with N — 2 degrees of freedom and non-centrality parameter

([ 601 - Ooo + (611 - O10)ary + 011 By ] —ﬁo)/\[ﬁr(/?y*). Depending on the values of the 8’s and
ay, the non-centrality parameters will be smaller or larger than 0 and the non-centrality
parameter if there is no measurement error, respectively (see section 3.2). Hence, Type-I

Var(fy.) =
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error and Type-Il error could increase or decrease if there is differential measurement error
inY".

To summarize, Type-l error is not expected nominal () if there is differential
measurement error in Y* (see also [11]). Also, similar to systematic error in Y*, Type-Il
error is affected (may increase or decrease) and the treatment effect estimator is biased.

S$2.3. Correction methods for measurement error in a

continuous trial endpoint

To accommodate measurement error correction, we assume that Y and Y* are both
measured for a smaller set of different individuals not included in the trial (j = 1,...,K,K <
N), hereinafter referred to as the external calibration sample. In all but one case, it is
assumed that only Y and Y are measured in the external calibration sample. In the case
that the error in Y* is different for the two treatment groups, it is assumed that the external
calibration sample is in the form of a small pilot study where both treatments are allocated
(i.e., Y* and Y are both measured after assignment of X).

$2.3.1. Systematic measurement error
Using an external calibration set and assuming that the errors e in (52.10) are iid normal,
the MLE of the measurement error parameters in (52.10) are:

i T T - (s2.12)
L UEESCI |
6 = YV©_§ 70,

1 © A
2= —— 204 - by
J

K-2

The superscript (c) is used to indicate that the measurement is obtained in the calibration
set. From section 3.4, under systematic measurement error and assuming that ¢ in (52.1)
and e in (52.10) iid normal and independent, the estimator ﬁAy* defined in (52.3) is the MLE
of 6;fy and, the estimator ay- defined in (52.4) is the MLE of 8, + 6;y. Natural sample
estimators for ay and fy are then

ay = (ay- - éO)/él and ﬂAy = By*/él, (52.13)

where éo and él are the estimated error parameters from the calibration data set. From
equation (52.13), it becomes apparent that él needs to be assumed bounded away from
zero for finite estimates of ay and ﬁy [13].

The first moment of estimators ay and ,BY can be approximated by using multivariate
Taylor expansions and assuming that (ay-, /?y*, éo, él) are normally distributed [13],

lay - y'] 7 5 Py?
— and Elfy]=fy+—5,

E[ay] ~ ay + — ”
67 Syy 67 Syy
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where Sg,? = Z(Y](c) - Y(c))z, the total sum of squares of Y In conclusion, the estimators

ay and ﬁy are consistent. Formal derivations for the presented formulas are provided in
section 52.5.

In the following we will focus on specifying confidence limits for the treatment effect
estimator ﬁy defined in (52.13). We make use of the fact that this estimator is a ratio, which
motivates the use of the Delta method, Fieller method and Zero-variance method [14]. We
also present a non-parametric bootstrap method for specifying confidence limits [15].

Delta method

Assuming that ﬁAyk and él are both normally distributed and applying the Delta method,
the second moment of /?y can be approximated [11]. Formal derivations of the presented
formulas are provided in section S2.5. The Delta method variance ofﬁy is given by:

A 1700+ 2 pir?
Var(fy) = —2[— b
05 Syex S5y

where S, = 2.(X; - X)?, the total sum of squares of X. An approximation of the above

2 72 and

defined variance, denoted by @r(ﬁy), is provided by approximating 6y, 0262 + 1
By respectively by 6;, s?, t? and By [11].

An approximate confidence interval for the estimator ﬁy is then given by

Py + Ha/2,n-2)\ ﬁr(ﬁl/)- (52.14)

Fieller method

A second method to construct confidence intervals for the estimator ﬁAY in (52.13), described
by Buonaccorsi, is the Fieller method [11, 16]. In the case that 6; is significantly different

from zero at a significance level of « (that is, él/ t2/5§;§2 > ty-g), the (1 - ) confidence

intervals of fly are defined by the Fieller method by:

) 2 52 _ (L h2¢ S 52
Py-6; = \/ﬂy* or - (@% -0 )(S—té - By
yy XX

(S2.15)

l I =
upper,lower 2, élz

TZ

57
A formal derivation can be found in section S2.5.

Zero-variance method
The zero-variance method adjusts the observed endpoints Y} by

Y = (Y} - o)/,
where éo and él are derived from (52.10). The adjusted endpoints are regressed on the
treatment variable X, which yields,
s X=X -V DX - X0 -6 410
R -X)? X, - X)? o
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s Y -pyX-6 ..
ay = Y - ﬂf,X = F; = (ay- - 6,)/64,
1
1 i A
SN2 2 Vi= by - pyXi = =
i 91

with ﬁAy*, @y and s? as in equations (S2.3, S2.4 and S2.6), respectively. Thus, [?f, equals ﬁy
and &y equals ay defined in (52.13).

When the value of él (i.e. 6;) is known, the variance of the estimator EY is equal to:

o+ 12/6?

Var(/??) = Var(ﬁyﬂ )/912 = m

Using the standard OLS regression framework the variance of ﬁ}, can be estimated by:

9 R
S5 s2/62

Y _
XX - X2 Y- X))

Var(fy) = (S2.16)
By replacing él by 6; in the above, the quantity in (52.16) is in expectation equal to
Var(B;) (defined above). The quantity in (52.16) is used in the zero-variance method
to construct confidence intervals for ﬁ}, by replacing @r(ﬁ?) for Var(By) in equation
$2.14. In conclusion, this zero-variance approach will provide confidence intervals for the
treatment effect estimator while assuming there is no variance in 0; (giving it its name
zero-variance method). Although the zero-variance approach wins in terms of simplicity,
it may underestimate the variability of the ratio since the variance in 0; is assumed zero.

Bootstrap
An alternative for defining confidence intervals for the corrected treatment effect estimator
ﬁy is by using a non-parametric bootstrap [15]. We propose the following stepwise
procedure:

1. Draw a random sample with replacement of size K of the calibration sample
(Y9, Y(9) to estimate 0y, defined in (52.12).

2. Draw a random sample with replacement of size N of the trial data (Y*,X) to
calculate the corrected treatment effect estimate by fy, = py;/6,. Where fy, is
defined in (S2.3).

3. Repeat step 1-2 B times, with B large (e.g. 999 times).
4. Approximate confidence intervals are given by the (/2,1 - @/2) percentile of the

distribution of fy,.

S$2.3.2. Differential measurement error
For corrections for endpoints that suffer from differential measurement error we will here
assume the existence of a pilot trial, which serves as an external calibration set, where both
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treatments are allocated at random that serves as an external calibration set to estimate
the measurement error model in (S2.11). For notational convenience we rewrite the linear
model in equation (S2.11) in matrix form as:

Y =X0+e, (52.17)

where E(e) = 0 and E(ee”) = 3, a positive definite matrix, with 1';2( on its diagonal. Further,
0 = (01,05, 03,0,) = (6ho, 001 ~ Ooo» 010, 011 — O10)- In the external calibration set, the
measurement error parameters 6 can be estimated by,

0= (X(C)'X(C))—lx(c)'y(c)’ (52.18)

with variance,
Var(6) = (X(0)" x()1x() 5 x()(x()" x(e))-1,

See [12] for a discussion on different estimators for the above defined variance. From
section 2.5 it follows that natural estimators for ay and fy are,

Gy = (ay- - 0p)/6ip and Py = (By- + ay- - 01)/0y; — Gy, (52.19)

where éoo, f)lo, ém and éll are estimated from the external calibration set. Here it is assumed
that both 60, and 0;; are bounded away from zero (for reasons similar to those mentioned
in section 3.1). R

By multivariate Taylor expansions, the first moments of the estimators &y and Sy
defined in (52.19) can be approximated [11], in the same way as the estimators for
systematic measurement error (section 4.1),

1 A A oA
E[&Y] ® Qy + g—z[ayvar(Qlo) + COV(@O(), 910)],
10
A 1 ~ A A
E[fy] = By + 9—2[(ﬂy + ay)Var(611) + Cov(61, 911)]
11
1 R A
_ e—z[aYVar(Qlo) + COV(GO(), 910)].
10

From this, it is apparent that the estimators &y and fy defined in (52.19) are consistent
(details are found in section S2.5). In the subsequent sections we review the Delta method,
zero-variance and propose a bootstrap for specifying confidence limits for the estimator of
the treatment effect under differential measurement error of the endpoints.

Delta method

The variance of the estimator /?y defined in (S2.19) can be approximated by the Delta
method [11]:
« 1 2 " A R
Var(hy) = (B + ay)"Var(Bh) + Var(Br) + Var(ay )+
11
2Cov(ay-, fy-) + Var(o1) + 2(By + ary)Cov(0y, é01)]+
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Var(ay),
where Var(&y) is approximated by:

o
Var(% ~ [Var(ay )+ aYVar(QIO) + Var(QOO) + 2ayCov(900, 910)]

10

An approximate confidence interval for the estimator By in (52.19) is:

By £ tearan-2) Var(By). (52.20)

An approxnmatlon of 911, 910, 9110 +T1, 9100 +r02, 7, 1'0 Py and ay in the above is provided
by: 011, bro, st 5o, 15, 15, ﬁY and &y [11].

Zero-variance method
The zero-variance method adjusts the observed endpoints Y; by

x = (Yi*x - éOx)/élx,

for x € {0,1} and éOX) and élx derived from (52.18). In the zero-variance method the
above defined adjusted values are regressed on the treatment variable X, yleldlng in

estimators d; and ,By, which are, respectively, equal to the estimators ay and ,BY defined
in (52.19). The variance of these estimators can be approximated with a heteroscedastic
consistent covariance estimator (see [12] for an overview). Confidence intervals for /?1; are
subsequently constructed by using formula S2.20. Similar to what is described in section
4.1.3 discussing the zero-variance method for systematic measurement error, this way of
constructing confidence intervals neglects the variance of the 6’s from the calibration data
set, and will thus often yield in confidence intervals that are too narrow.

Bootstrap
We here alternatively propose a non-parametric bootstrap procedure to specify confidence
limits. This entails the following steps:

1. Draw a random sample with replacement of size K of the calibration sample and
estimate 0 as defined in (52.18).

2. Draw a random sample (with replacement) of size N of the study population and
calculate the effect estimate by ay, = (ay; - 0003)/9103 and ﬁYB = Py, + ay; -
9013)/6113 - ay,. Where fy: and ay; are defined in (52.3) and (52.4), respectively.

3. Repeat step 1-2 B times, with B large (e.g. 999 times).

4. Approximate confidence intervals are given by the (a/2,1 - @/2) percentile of the
distribution of fy,.
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$2.4. Measurement error depending on prognostic factors
Assume that, E[Y|X,S] = a + X + yS, E[Y'|Y,S] = Y + (S, Y*|Y+X (non-differential
measurement error) and S+X (randomization is well-performed).

Suppose that we want to estimate the effect of Y on X (i.e., f§), but instead of Y we
have only measured the with measurement error contaminated Y*. If one is aware that
there is a prognostic factor that confounds the relation between Y* and Y (and this factor
is measured), one could decide to regress Y* on X and S. The regression of Y* on X and S
equals,

E[Y*|X, S]

Eyx,s{Eyx s y[YX, S, Y]|X, S}

= Eyxs{Eysy[Y'IS, Y]IX, S}

= Eyjxs{Y +ES[X, S}

= a+pX+(y+ S
Thus, using the with measurement error contaminated endpoint Y* instead of the preferred
endpoint Y will provide an unbiased estimation of S.

However, if one is not aware of the prognostic factor, one might naively regress Y* on
X, which equals:

E[Y*|X]

Egix{Eyix,s{Eyx s,y [Y'[X, S, Y]IX, S}H X}
Egix{a + X + (y + OSIX}
a+ BX + (y + OE[S].

In conclusion, with ignoring the prognostic factor and using the with measurement error
contaminated endpoint Y* instead of the preferred endpoint Y, the regression of Y* on X
still results in an unbiased estimation of f.

$2.5. Approximation of bias and variance in corrected estimator

$2.5.1. Systematic measurement error
Obvious estimators for ay and fy are:

OA{Y = (&Y* - éO)/él and ﬁy = ,By*/él.
These estimators can be approximated with a second order Taylor expansion by:

By PBr By s 1
b i 9—12(91 -6+ 9—1(/31/* - By)

1 2By - 2 . R
* il (G- 00° - 5561 - 0GBy - )

&Y* Ay ay* A
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bbb g (6 - )
Tz——— - +— -
b, 61 012 1- 01 0~ Y
26y \ \
e (- 00° - 12(91—01)(90—90)].

Simplifying these terms and substraction of the latter two, will lead to the following
approximations for &y and Sy:

By Py ﬁY
PR [ - 0))+ (By- - )]
- 07 - Gy i - ),
dy- - G <=0 1 =0y A .
“Yél . +8—1[— =gl = 0+ Gy )~ By - )]
1 Ay —
gl D6, - 60 - Gy - ay )G - 6+ Gy - )Gy - 0)].

Since E[@l -0]=0, E[BO - 0] =0,Elay- - ay-] =0 and E[ﬁy - By-] = 0 an approximation
of the expected value of the estimator ay is given by:
&Y* - éo Ay — 90 1 Ay — 60
E[——] = + 3
01 91 61 91
- E[(ay- - ay-)(0; - 0,)] + E[(d - 60)(6; - 91)]] =
=0 1 <=0 A . A A
_xr-n, — itk OVar(Gl) - Cov(ay-, 6;) + Cov(8y, 91)] =
0 0 0
1 [ TZ[C(Y - Y(c)] ]
oSy - vopt

E[(4; - 6,)%]

=0ay +

Congruently, an approximation of the expected value of the estimator ﬁy is given by:

By By 1Py o+ A A
E[GTYl] -G 0—12[9—Y1E[(e1 - 6] ~E[(By- - pr)6, - 0)] | =
1 e ~
—Z[ﬁe—};Var(Gl)] =
1 By
= ,BY + Q_iz[z(yj(c‘) _ Y(C))Z]

Only using the first order Taylor expansion of the estimators, approximations of the
variance of @y and Py are respectively:

90

1
Var( ) = E[ayVar(Gl) + Var(ay- - 90) 2ayCov(91,ay - 90)]
1

1
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1 A A N
= 9—12[0(12,Var(€1) + Var(ay-) + Var(,) - 2Cov(éy-, 6)

- ZayCov(él, &Y) + zaYCOV(élﬁ é())] =

1 (6202 + 12y X? ) 72
=9_12[ NY(OG-X2 %

20} - ¥y

TZZ(YJ(C))Z
Tkz - vy
—2y()
@+ DHEXE
:9_12[ NY (X; - %) +ayz( ;C)_)—}(c))z
PO -5 KGO
KX - oy
L
2057 - 597
(67*+ DY 1 G9-ay)
=7[W+ (rmﬂ

& . 02c? + 12 By
V”(@)”‘@[Z<m—xﬂ <?)—¢@V}

+ 20

Fieller method

Assume that ﬁy* and él are normally distributed (note that this assumption is satisfied
with large study samples (N) and large calibration samples (K)). The sum of two normally

distributed variables is normally distributed, hence, /?Y* - ﬁyél is normally distributed.
Furthermore, we have,

Var(By. - By 0y) = Var(By-) + f} Var(dy).

Where,
A 00? + 12
R R
4
. 72
Var(6;)

YA - oy
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If we now divide the term ,BAY* - ,Byél by its standard deviation, we get:

Pr- - b,
2

0252+72 T 2
+
J Y07 305 by

We are interested to find the set of By values for which the corresponding T values lie
within the (1 - @) quantiles of the t-distribution with N - 2 degrees of freedom (this only
holds approximately, see for details [14]). Let us denote these values by 4, from (52.21) we
have,

Ty = (52.21)

G- oy (i R =0
=0 oo tg T v)Py + APy py + otqg ~ Py ) =Y.
205 - 52

2(x; - %)
In the case that 6, is significantly different from zero at a significance level of a (that is,

A 2
0,/ m > t4), solving this for By results in the following (1-) confidence intervals:
yj v

A 92 2472 A
D Gorta - A

(

5 A 52 A T
B0 = |B70F - (oot -
T e

2 A
2 _p2
T

Py =

In the other case, the confidence intervals are unbounded, see for more details [14].

S2.5.2. Differential measurement error
Obvious estimators for ay and By are:

by = (ay- - 0p)/61p and Py = (By- + ay- - 0p1)/01 - Gy.

These estimators can be approximated with a second order Taylor expansion by:

by - - 1 =0~ )
o = 2 - it = + —[ - o (610 = 610) + (ay — ay-) = (6o - 900)]
010 610 N

910
1 [ Ay —

900 A 2 R A
- ——— (019 - 010)° — (@y- - ay-)(019 - 6y9)
0t O

+ (G0 ~ B00)(ro - 910)],

Br- =6 Br - 6n . L[ Py -
61y 011 611 611

(b1 - 61) + (By- - By-) - (Bor - 600))

1 Py =01, 5 .
+ —2[—(911 - 611)% - (By- - By-)(011 - O11)
0t O
+ (fo1 - 001)(01y - 911)],
ay-  ay- 1 ay 4 .
Gr o [ &g g .~ ay-
b, O + 911[ 911( 11— 011) + (&y - ay ))]
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1 ray- 4 «
[ 2 - 00 - Gy - oy Xy - ).
01 b 6

Congruent to the results for the estimators under systematic measurement error, we can
conclude:

Ay — 6 1 R L.
E[u] ® dy + —Z[ayVar(Qlo) + COV(GO(), 010)].
910 010

Congruently, an approximation of the expected value of the estimator ﬁy is given by:

By- + &y - @ N 1 A Ao
E[M -ay| = Py + 9—2[(ﬂy + ay)Var(0;1) + Cov(6yy, 911)]
611 11
1 R A oA
- e—z[aywir(Gw) + Cov( 6y, 910)].
10

And the variance of the estimators is approximated by:

ay- - 4 1
Var(%) ~ %[Var(&y*)
10

+ a%Var(élo) + Var(éoo) + 2ayCov(é00, élo)],
ﬁY* + ay - é01

1 « «
Var(A— - &y) ~ —2[(ﬁy + ay)ZVar(Gn) + Var(ﬁy.) + Var(&y«)
011 011

+ 2Cov(&yx,/§yx) + Var(é(n)

+2(By + ay)Cov(fy, éo1)]
+ Var(day).

Note that in the case of differential measurement error, we assume that Cov(éll, éoo) =0,
COV(911, 610) = 0, COV(QOl, 900) =0and COV(GOl, 610) =0.
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Supplementary material Chapter 3

These are the supplementary materials accompanying Chapter 3. The supplementary
materials are structured as follows. In section S3.1, the variance of the regression calibration
estimator is derived. In section S3.2, the variance of the maximum likelihood estimator for
replicates study is derived.

$3.1. Variance estimation: standard regression calibration
Covariate measurement error. The variance-covariance matrix for the standard
regression estimator fgrc can be approximated by using the multivariate delta method as
described by [1], given by

A Al A A A A At
SpcUnd) =(ASgA); o+ BSaj 1B jde=1...(k+2), ($3.1)

where A is the inverse of the calibration model matrix A. Further, ﬁﬂ* is the
variance—covariance matrix obtained from the naive regression defined in equation (3.2) in
the main chapter and ﬁA,jlst is the (k +2) x (k + 2) matrix relating the jith and jyth column
of A (we refer to Appendix of [1] for a derivation). Additionally, the so-called zero-variance
variance—covariance matrix forﬁ can be estimated by A’Zﬁ-A (i.e., by omitting the variance
in the calibration model matrix). R

A 100(1 - @) percent confidence interval for the jth element of figc is then

where Var(ﬁRCj) is the jth element on the diagonal ofﬁﬁRC. The variance—covariance matrix

flﬁRC can be obtained by either using the delta variance—covariance matrix or zero-variance
variance—covariance matrix. In general, the zero-variance variance—covariance matrix will
underestimate the true variance—covariance matrix and thus lead to too narrow confidence
intervals.

Other methods to construct confidence intervals include stratified bootstrap [2] and
the Fieller method [3-6]. In case of covariate measurement error, the Fieller method can
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only be applied to construct a 100(1 - «) percent confidence interval for the first element
of frc, i-e., grc- From [6] we obtain:

{fi £\ fE - fofal o}, (83.3)

where fy = za/2Var(¢) ¢ fi= za/zCov(qﬁ /11) ¢ /11 fo = za/ZVar(/ll) /11 Where it
is assumed that Cov(qS /11) is null. If the (1 - @) x 100% confidence interval of /11 includes
0, the Fieller method does not lead to bounded confidence intervals. Bootstrap confidence
intervals are obtained by sampling the people in the validation set separately from the
people not included in the validation set [2] and taking the (100 — «) percentiles of the
obtained distribution.

Outcome measurement error. The variance—covariance matrix for the standard
regression estimator (ﬁéc,l) can be approximated by applying the multivariate delta
method similar to the variance obtained for the corrected estimator for covariate
maesurement error,

2oyt 2) = B2 nB)j g, + . 1)23,j1,j2(,é*, 1y, Jid2 =1, (k+3),

where B is the inverse of the measurement error model matrix ©. ﬁ(ﬁ*)l) isa(k+3)x(k+3)
matrix where the upper (k +2) x (k +2) comprises the variance-covariance matrix obtained
from the uncorrected regression defined by model (3.6) and the last row and column contain
zeros. Further, iB,lez is the (k + 3) x (k + 3) matrix relating the jith and jyth column

of B (similar to [1]). The so-called zero-variance variance—covariance matrix for /? can be
estimated by B'3 4 1)B.

A 100(1 - @) percent confidence interval can be obtained from equation (S3.2). Further,
100(1 - @) percent confidence intervals for ¢ and  can be approximated by the Fieller
method as defined in model $3.3, where f, = ¢* —zi/ZVar(q;*), fi= 4§76, —zi/ZCov(qg*, 1/6)),
fo = 1/)1% - zi/ZVar(l/}Ll) and idem for y. Additionally, bootstrap can be used to construct

confidence intervals for fzc. Bootstrap confidence intervals are obtained by sampling the
individuals in the internal adjustment set separately from the individuals not included in
the internal adjustment set and taking the (100 - @) percentiles of the obtained distribution.

Differential outcome measurement error in univariable analyses. The
varia-nce—covariance matrix for the standard regression estimator (ﬁéc, 1) can be
estimated similar to non-differential outcome measurement error defined above (by using
the measurement error matrices for differential outcome measurement error). Confidence
intervals can then be obtained from equation (S3.2). Bootstrap confidence intervals are
obtained by sampling the individuals in the internal adjustment set separately from the
individuals not included in the internal adjustment set and taking the (100 - ) percentiles
of the obtained distribution.
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$3.2. Variance estimation: maximum likelihood for replicates
studies

The variance—covariance matrix for the maximum likelihood estimator Sy g can be
approximated by the multivariate delta method [7]. Denote

o= (60,52,032,'? Ko» Ky Kz,O')Z(ly’Z), leaving the 72 from { in the main chapter (see
section 3.3.3) out as this parameter is not needed for the estimation of § = (a,¢,y). A
standard result from linear mixed models is that the estimators of fixed parameters are
asymptotically uncorrelated with the estimators of the variance component parameters
[7]. If one further assumes that the estimators from the linear model of Y given Z are
uncorrelated with the parameters estimated in the linear mixed model, it follows for large

samples that f is multivariate normal with mean { and variance covariance matrix Var(f)
equal to:

Var(4)  Cov(é),6,) 0 0 0 0 0
Cov(8,.8)  Var(s,) 0 0 0 0 0
0 0 Var(&f,‘z) 0 0 0 0
0 0 0 Var(k,) Cov(Ky, Ky)  Cov(iy, Kz) 0
0 0 0 Cov(Ky, Ky) Var(ky) Cov(Ky, Kz) 0
0 0 0 Cov(kz,Ky)  Cov(kz, Ky) Var(k) 0

0 0 0 0 0 0 Var(&yy 2)

If g : R5*2k _ R2*K is the function that transforms " to B = (amLs dMLs Yy )» as
defined in the main chapter, then by the multivariate delta method it follows that in large
samples:

ﬁAML ~ N(ﬂ/\,\]_:]gvar(éc)(]g),):

Where J is the Jacobian matrix of g:

9 9¢ 9¢ ¢
2% 38, oy, T doyy,
da Jda Jda a
= o I 2 e 2
J& =%, 35, 0%, 902y 7
9y 9y 9y 9y
2% 38, doy, T doyy,

Confidence intervals can then be obtained from equation (S3.2). Bootstrap confidence
intervals are obtained by sampling the individuals in the internal adjustment set separately
from the individuals not included in the internal adjustment set and taking the (100 - «)
percentiles of the obtained distribution.
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These are the supplementary materials accompanying Chapter 5. The supplementary
materials are structured as follows. In section S5.1 we introduce notation, describe the
implications of exposure measurement error and describe the different analyses used in
the main chapter. In section S5.2 the parameters of the simulation study from the main
chapter are presented. Section S5.3 contains the additional results from the simulation
study in the main chapter that were left out for brevity there.

$5.1. Notation, impact of measurement error and different

analysis strategies
Throughout the main paper, our interest is the causal effect of the exposure VAT on the
outcome insulin resistance IR, adjusted for a predefined set of k confounders, jointly written
as Z (e.g., age, sex and total body fat). We assume a linear model for the outcome without
interaction between exposure and covariates:

IR = intercept + VAT + y' Z + ¢. (S5.1)

Here, we assume that the residuals errors ¢ are independent of VAT and confounders Z, with
mean 0 and variance o2. Additionally, y is assumed a k x 1 vector of regression coefficients.
The parameter f in equation (55.1) is the parameter of interest. We consider the setting
that instead of the exposure of interest, VAT, WC is measured. The variable WC is the
error-prone substitute measure for VAT, where we assume that WC = 0, VAT + U, where
U is a random variable, with mean 0 and variance 72, and U is assumed independent of
VAT. The factor 6 is a scalar, used to scale VAT to the same scale as WC. We also assume
non-differential measurement error, i.e., WC|VAT+Y. This form of measurement error is
referred to as random (or sometimes classical) measurement error if 8 = 1 and systematic
(or sometimes linear) measurement error otherwise [1, 2]. Since the substitute measure is
often measured on a different scale than the true measure, measurement error will often
be of the systematic form. Using WC instead of VAT in the linear model yields:

E[IR]WC, Z] = intercept’ + f"WC + y* Z. (S5.2)
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Under this model, by the law of total expectation, we have E[IR]WC, Z] = intercept +
B = E[VAT|WC, Z] + y*Z, which relies on the assumption that the measurement error is
non-differential [3]. It follows that,

Var(WC, VAT|Z)

= ith -
Fr=af with a=—0 e

(55.3)
In conclusion, the ordinary least squared estimator for §” is biased for § by a factor a. This

factor is sometimes referred to as the attenuation factor in case of random measurement
error, because in that case Var(WC, VAT|Z) < Var(WC|Z) and hence, a < 1.

$5.1.1. The different analyses with internal validation samples

When a study contains an internal validation sample for which information is available
on both WC and VAT, different analyses can be conducted. Five different estimators
are explained below. The variance of these estimators can be obtained from standard
output of statistical software when no further details on variance estimation are provided
below. The internal validation sample restricted analysis relies on the assumption
that the VAT measures in the main study are completely missing at random and the
regression calibration methods rely on the assumption that measurement error in WC is
non-differential.

Uncorrected analysis. The measurement error is ignored and the relation between
VAT and IR is estimated using the error-prone substitute measure WC. Under the
assumptions in section S5.1, as shown in equation (S5.3), this estimator is biased by a factor
a.

Internal validation sample restricted analysis. The association between VAT and
IR is determined using only the data from the internal validation sample (in which a direct
measure of VAT is available). This approach will naturally yield unbiased estimates if
measures of VAT are missing completely at random in the main study, but power of the
study will substantially decrease as only a part of the data available in the main study is
used.

Standard regression calibration. The basis of regression calibration is the
replacement of WC by a corrected version of WC, based on the regression of VAT on WC and
the confounders Z. In this way, the induced measurement error in the uncorrected analysis
is corrected by regressing the outcome IR on the confounders Z and E[VAT|WC, Z] instead
of WC (i.e., by using the predicted values from regressing VAT on WC and Z, instead of
WC). This method is identical to dividing the least squares estimator §* in equation (55.2)
by the correction factor « defined in equation (55.3) [2]. The variance of this estimator can
be estimated by applying the Delta method described by Rosner et al. [4].

Efficient regression calibration. This analysis pools the estimator of the internal
validation sample restricted analysis with the regression calibration estimator, by using
weights equal to the inverse of the variance of the two estimates, and was described by
Spiegelman et al. [5]. This approach is called efficient regression calibration since it makes
use of the fact that in the individuals included in the internal validation sample, VAT is
actually known and does not neglect this information. The variance of this estimator can
be estimated by taking the inverse of: the sum of the inverse of the variance of the internal
validation sample restricted estimator and the inverse of the variance of the regression
calibration estimator, as described by Spiegelman et al. [5].
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Validation regression calibration. This analysis uses the predicted values from
regressing VAT on WC and Z for individuals outside the internal validation sample and
VAT otherwise. We call this approach validation regression calibration approach since this
is the standard regression calibration approach in internal validation studies [1]. Validation
regression calibration treats the predicted values as if they were known and therefore
neglects their uncertainty.

$5.2. Simulation study parameters

In the simulation study presented in the main chapter, the measurement error variance 7
and the parameter A in the gamma distribution of the residual errors of VAT were varied
according to the R-squared of the measurement error model and skewness of the residuals
errors, respectively. The corresponding values for r and A in the data generating mechanism
found in the main chapter can be found in Table S5.1.

Table S5.1: Values of the parameters R-squared and skewness varied in the simulation study in a full factorial
design.The values for 7 and A present the values for that parameter in the data generating mechanism that
corresponds to the given R-squared and skewness, respectively.

R- d and di
(a) R-squared and corresponding (b) Skewness and corresponding A

R-Squared | 7 Skewness | A
0.2 1.8
0.4 1.1 ?(1) 633
0.6 0.7 5 03
0.8 0.4 3'0 0.1
0.9 0.3 . .

$5.3. Simulation study results

The results of the simulation study that were left out the main chapter for brevity are shown
in the following subsections. Full results of the simulation study can also be found on
the online repository at https://github.com/LindaNab/me_neo. Specifically, Rds summary
files are available at https://github.com/LindaNab/me_neo/results/summaries. These
summary files contain more detailed information on e.g. model based standard errors,
empirical standard errors and Monte Carlo standard errors. Additionally, output of each
single run of the simulation study can be found at https://github.com/LindaNab/me_neo/
data/output and subsequent folders.

$5.3.1. Internal validation restricted analysis

The main results of the internal validation restricted analysis were shown in the main
chapter. Panels A and B in Figure S5.1 show the mean squared error of the association
between visceral adipose tissue and insulin resistance using an internal validation sample
of 25% of the main study’s sample size. Table S5.2 shows the mean squared error of the
association under study in the scenarios where R-squared was equal to 0.9 or skewness was
equal to 1.0, that were left out the main chapter for brevity. Tables S5.3 and S5.4 show the
percentage bias and coverage, respectively, of the association under study in the scenarios


https://github.com/LindaNab/me_neo
https://github.com/LindaNab/me_neo/results/summaries
https://github.com/LindaNab/me_neo/data/output
https://github.com/LindaNab/me_neo/data/output
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where R-squared was equal to 0.9 or skewness was equal to 1.0.

$5.3.2. Validation regression calibration

The main results of validation regression calibration were shown in the main chapter.
Panels C and D in Figure S5.1 show the mean squared error of the association between
visceral adipose tissue and insulin resistance using an internal validation sample of 25% of
the main study’s sample size. Table S5.5 shows the mean squared error of the association
under study in the scenarios where R-squared was equal to 0.9 or skewness was equal to 1.0,
that were left out the main chapter for brevity. Tables S5.6 and S5.7 show the percentage
bias and coverage, respectively, show the percentage bias and coverage of the association
under study in the scenarios where R-squared was equal to 0.9 or skewness was equal to
1.0.

$5.3.3. Efficient regression calibration

The results of the application of efficient regression calibration for measurement error
correction were as follows. Figure S5.2 shows the mean squared error of the association
between visceral adipose tissue and insulin resistance using an internal validation sample
of 10%, or 40% of the main study’s sample size. Figure S5.3 shows the mean squared error
of the association between visceral adipose tissue and insulin resistance using an internal
validation sample of 25% of the main study’s sample size. Table S5.8 shows the mean
squared error of the association under study in the scenarios where R-squared was equal to
0.9 or skewness was equal to 1.0, that were left out Figure S5.2 and S5.3 for comparability
with Figure 5.5 and 5.6 in the main chapter. Table S5.9 and S5.10 show the percentage
bias in the association between visceral adipose tissue and insulin resistance using an
internal validation sample of 10%, 25% or 40% of the main study’s sample size for a linear
and non-linear measurement error model, respectively. Table S5.11 and S5.12 show the
coverage of the association between visceral adipose tissue and insulin resistance using an
internal validation sample of 10%, 25% or 40% of the main study’s sample size for a linear
and non-linear measurement error model, respectively.

$5.3.4. Standard regression calibration

The results of the application of standard regression calibration for measurement error
correction were as follows. Table S5.13 and S5.14 show the mean squared error of
the association between visceral adipose tissue and insulin resistance using an internal
validation sample of 10%, 25% or 40% of the main study’s sample size for a linear
and non-linear measurement error model, respectively. Table S5.15 and S5.16 show the
percentage bias in the association between visceral adipose tissue and insulin resistance
using an internal validation sample of 10%, 25% or 40% of the main study’s sample size for
a linear and non-linear measurement error model, respectively. Table S5.17 and S5.18 show
the coverage of the association between visceral adipose tissue and insulin resistance using
an internal validation sample of 10%, 25% or 40% of the main study’s sample size for a linear
and non-linear measurement error model, respectively.
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Figure S5.1: Nested loop plot of the mean squared errors in the analysis restricted to the internal validation sample
(panels A and B) and the validation regression analysis (panels C and D) for the three different sampling strategies.
A and C) Linear measurement error model and an internal validation sample of 25% of the main study; and B and
D) Non-linear measurement error model and an internal validation sample of 25% of the main study. Order
from outer to inner loops: Skewness of the residual errors of the gold standard measure (S, 3 levels, increasing);
R-squared of the measurement error model (R?, 4 levels, increasing).
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Figure S5.2: Nested loop plot of the mean squared errors in the analysis using efficient regression calibration
to correct for the measurement error for the three different sampling strategies. A) Linear measurement error
model and an internal validation sample of 40% of the main study; B) Non-linear measurement error model and an
internal validation sample of 40% of the main study; C) Linear measurement error model and an internal validation
sample of 10% of the main study; and D) Non-linear measurement error model and an internal validation sample
of 10% of the main study. Order from outer to inner loops: Skewness of the residual errors of the gold standard
measure (S, 3 levels, increasing); R-squared of the measurement error model (R?, 4 levels, increasing).
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Figure S5.3: Nested loop plot of the mean squared errors in the analysis using efficient regression calibration to
correct for the measurement error for the three different sampling strategies. A) Linear measurement error model
and an internal validation sample of 25% of the main study; and B) Non-linear measurement error model and an
internal validation sample of 25% of the main study. Order from outer to inner loops: Skewness of the residual
errors of the gold standard measure (S, 3 levels, increasing); R-squared of the measurement error model (R?, 4
levels, increasing).
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Table S5.2: Mean squared error of the estimated association between visceral adipose tissue and insulin resistance in the analysis restricted to the internal validation

sample

Scenario IVS 40% of Main Study?| 1VS 25% of Main Study?| 1VS 10% of Main Study?
Linear Skew- R? Mean Squared Error® Mean Squared Error® Mean Squared Error®
ness R SR E R SR E R SR E

Yes 0.1 0.9 | 0.0023 | 0.0020 | 0.0019 | 0.0039 | 0.0031 | 0.0031 | 0.0100 | 0.0080 | 0.0084
1.0 0.2 | 0.0024 | 0.0022 | 0.0022 | 0.0038 | 0.0034 | 0.0033 | 0.0104 | 0.0086 | 0.0080

0.4 | 0.0024 | 0.0021 | 0.0020 | 0.0038 | 0.0031 | 0.0031 | 0.0103 | 0.0077 | 0.0069

0.6 | 0.0024 | 0.0019 | 0.0018 | 0.0039 | 0.0029 | 0.0027 | 0.0100 | 0.0068 | 0.0067

0.8 | 0.0023 | 0.0019 | 0.0018 | 0.0038 | 0.0029 | 0.0027 | 0.0106 | 0.0066 | 0.0070

0.9 | 0.0024 | 0.0019 | 0.0018 | 0.0039 | 0.0028 | 0.0029 | 0.0103 | 0.0064 | 0.0071

1.5 0.9 | 0.0024 | 0.0018 | 0.0017 | 0.0039 | 0.0025 | 0.0026 | 0.0109 | 0.0052 | 0.0059

3.0 0.9 | 0.0024 | 0.0015 | 0.0013 | 0.0040 | 0.0020 | 0.0019 | 0.0120 | 0.0036 | 0.0040

No 0.1 0.9 | 0.0023 | 0.0020 | 0.0019 | 0.0038 | 0.0032 | 0.0031 | 0.0100 | 0.0089 | 0.0081
1.0 0.2 | 0.0024 | 0.0022 | 0.0022 | 0.0040 | 0.0036 | 0.0034 | 0.0104 | 0.0094 | 0.0085

0.4 | 0.0024 | 0.0021 | 0.0020 | 0.0038 | 0.0033 | 0.0031 | 0.0107 | 0.0084 | 0.0074

0.6 | 0.0024 | 0.0019 | 0.0019 | 0.0038 | 0.0029 | 0.0028 | 0.0102 | 0.0074 | 0.0068

0.8 | 0.0024 | 0.0019 | 0.0018 | 0.0039 | 0.0029 | 0.0027 | 0.0103 | 0.0068 | 0.0064

0.9 | 0.0023 | 0.0018 | 0.0017 | 0.0039 | 0.0027 | 0.0026 | 0.0103 | 0.0069 | 0.0064

1.5 0.9 | 0.0024 | 0.0016 | 0.0016 | 0.0039 | 0.0024 | 0.0023 | 0.0108 | 0.0060 | 0.0053

3.0 0.9 | 0.0026 | 0.0015 | 0.0014 | 0.0042 | 0.0019 | 0.0019 | 0.0123 | 0.0038 | 0.0036

?Internal validation sample

" For varying sampling strategies of the internal validation sample, R: random, SR: stratified random, E: extremes
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Table S5.4: Coverage of the estimated association between visceral adipose tissue and insulin resistance in the analysis

restricted to the internal validation sample

Scenario 1VS 40% of Main Study?| IVS 25% of Main Study?| 1VS 10% of Main Study?

Linear Skew- R? Coverage (%)’ Coverage (%)’ Coverage (%)’
ness R SR E R SR E R SR E

Yes 0.1 0.9 | 95.1 | 949 95.1 94.9 | 94.8 94.9 94.6 | 93.8 94.7

1.0 0.2 | 949 | 94.6 94.8 95.2 | 94.2 94.2 94.5 | 94.7 94.3

0.4 | 94.7 | 949 94.5 94.7 | 94.9 94.1 94.7 | 94.5 94.3

0.6 | 95.1 | 94.6 95.1 94.6 | 944 95.3 94.8 | 94.7 94.3

0.8 | 949 | 95.3 95.0 949 | 94.7 95.4 94.5 | 944 94.5

0.9 | 949 | 945 95.1 94.5 | 94.6 94.7 94.4 | 941 94.5

1.5 09 | 95.3 | 945 94.9 95.3 | 944 94.6 94.3 | 94.6 94.5

3.0 0.9 | 952 | 955 95.3 95.2 | 94.6 95.1 94.7 | 939 94.3

No 0.1 0.9 | 95.3 | 95.1 94.9 94.9 | 949 94.6 95.4 | 941 94.3
1.0 0.2 | 95.0 | 95.3 94.6 94.2 | 95.1 94.6 945 | 944 94.1

0.4 | 94.8 | 94.7 94.7 95.1 | 944 94.7 94.3 | 94.7 94.7

0.6 | 94.7 | 95.1 95.0 949 | 95.0 94.7 94.8 | 95.2 94.7

0.8 | 94.7 | 94.6 95.2 95.1 | 94.2 94.9 94.5 | 95.0 94.9

0.9 | 949 | 954 95.4 94.7 | 94.7 95.3 94.5 | 94.7 94.7

1.5 0.9 | 95.0 | 95.2 94.8 94.6 | 95.3 94.7 94.5 | 94.3 95.1

3.0 09 | 94.3 | 94.8 94.7 94.6 | 94.5 94.9 94.0 | 94.6 94.7

?*Internal validation sample

" For varying sampling strategies of the internal validation sample, R: random, SR: stratified random, E: extremes
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Table S5.6: Percentage bias in the estimated association between visceral adipose tissue and insulin resistance in the validation regression calibration analysis

Scenario 1VS 40% of Main Study?| IVS 25% of Main Study?| 1VS 10% of Main Study?
Linear Skew- R? Percentage Bias (%)’ Percentage Bias (%)’ Percentage Bias (%)’
ness R SR E R SR E R SR E
Yes 0.1 0.9 | -0.1 0.0 0.0 0.0 0.0 0.0 0.3 0.3 0.3
1.0 0.2 0.0 -0.4 -0.2 -0.5 -1.0 -0.6 -1.2 -2.2 -1.6
0.4 | -0.1 -1.5 -1.2 0.3 -2.5 -1.9 2.2 -3.9 -3.7
0.6 0.0 =-2.1 -2.3 0.2 -3.7 -3.1 2.3 -6.2 -6.4
0.8 0.1 -2.2 -2.3 0.3 -3.5 -3.0 1.4 -5.6 -4.9
0.9 0.0 -1.5 -1.6 0.1 -23 -1.9 0.6 -3.7 -29
1.5 0.9 0.0 -3.1 -34 0.2 -4.6 -4.1 1.0 -6.8 -5.7
3.0 0.9 0.6 -5.5 -6.8 1.3 -8.2 -8.3 41 | -11.9 -10.6
No 0.1 0.9 | -0.1 -1.6 0.1 -0.1 -1.1 2.3 0.7 0.0 6.4
1.0 0.2 | -0.5 -0.1 -0.3 -1.5 -0.7 -0.9 -3.8 -1.7 =27
0.4 | -0.6 -1.0 -0.9 -0.9 -1.5 -24 -0.2 -2.6 -6.1
0.6 0.5 -1.2 -2.0 0.8 -1.8 -4.4 3.1 -1.4 -6.2
0.8 0.3 -3.2 -2.7 0.7 -3.5 -3.0 2.5 -3.1 -0.4
0.9 0.2 -4.8 =-2.1 0.5 -5.4 -1.3 1.8 -6.5 -0.6
1.5 0.9 0.2 -6.9 -4.3 0.7 -8.6 -4.4 25 | -11.3 -5.6
3.0 0.9 0.7 | -11.6 -9.6 1.8 | -15.6 -11.6 6.7 | -22.1 -17.4

?*Internal validation sample
" For varying sampling strategies of the internal validation sample, R: random, SR: stratified random, E: extremes
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Table S5.8: Mean squared error of the estimated association between visceral adipose tissue and insulin resistance in the efficient regression calibration analysis

Scenario 1VS 40% of Main Study?| IVS 25% of Main Study?| 1VS 10% of Main Study?
Linear Skew- R? Mean Squared Error® | Mean Squared Error® | Mean Squared Error®
ness R SR E R SR E R SR E

Yes 0.1 0.9 | 0.0012 | 0.0012 | 0.0012 | 0.0013 | 0.0013 | 0.0013 | 0.0014 | 0.0014 | 0.0014
1.0 0.2 | 0.0023 | 0.0022 | 0.0022 | 0.0033 | 0.0032 | 0.0032 | 0.0072 | 0.0059 | 0.0060

0.4 | 0.0020 | 0.0019 | 0.0019 | 0.0026 | 0.0025 | 0.0025 | 0.0049 | 0.0038 | 0.0038

0.6 | 0.0018 | 0.0016 | 0.0016 | 0.0022 | 0.0019 | 0.0019 | 0.0033 | 0.0026 | 0.0026

0.8 | 0.0014 | 0.0013 | 0.0012 | 0.0015 | 0.0014 | 0.0014 | 0.0020 | 0.0017 | 0.0016

0.9 | 0.0012 | 0.0012 | 0.0012 | 0.0013 | 0.0012 | 0.0012 | 0.0015 | 0.0013 | 0.0014

1.5 0.9 | 0.0012 | 0.0011 | 0.0011 | 0.0013 | 0.0012 | 0.0012 | 0.0015 | 0.0013 | 0.0013

3.0 0.9 | 0.0013 | 0.0011 | 0.0011 | 0.0014 | 0.0012 | 0.0012 | 0.0021 | 0.0014 | 0.0013

No 0.1 0.9 | 0.0015 | 0.0014 | 0.0014 | 0.0017 | 0.0017 | 0.0017 | 0.0022 | 0.0021 | 0.0024
1.0 0.2 | 0.0023 | 0.0022 | 0.0022 | 0.0035 | 0.0033 | 0.0033 | 0.0082 | 0.0073 | 0.0069

0.4 | 0.0022 | 0.0021 | 0.0020 | 0.0031 | 0.0029 | 0.0029 | 0.0064 | 0.0053 | 0.0050

0.6 | 0.0019 | 0.0018 | 0.0018 | 0.0025 | 0.0023 | 0.0023 | 0.0043 | 0.0037 | 0.0034

0.8 | 0.0017 | 0.0015 | 0.0015 | 0.0020 | 0.0018 | 0.0018 | 0.0030 | 0.0024 | 0.0024

0.9 | 0.0014 | 0.0013 | 0.0013 | 0.0017 | 0.0015 | 0.0015 | 0.0022 | 0.0018 | 0.0019

1.5 0.9 | 0.0015 | 0.0013 | 0.0013 | 0.0017 | 0.0014 | 0.0014 | 0.0023 | 0.0019 | 0.0017

3.0 0.9 | 0.0016 | 0.0014 | 0.0013 | 0.0000 | 0.0016 | 0.0015 | 0.0037 | 0.0025 | 0.0020

?*Internal validation sample

" For varying sampling strategies of the internal validation sample, R: random, SR: stratified random, E: extremes
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non-linear measurement error model

Table S5.10: Percentage bias in the estimated association between visceral adipose tissue and insulin resistance in the efficient regression calibration analysis for a

Scenario IVS 40% of Main Study?| 1VS 25% of Main Study?| 1VS 10% of Main Study?
Linear Skew- R? Percentage Bias (%)" Percentage Bias (%)’ Percentage Bias (%)’
ness R SR E R SR E R SR E

No 0.1 0.2 | -09 | -04 -0.3 -2.0 -1.2 -0.7 -7.9 -4.8 -2.8
04 | -0.3 | -0.3 -0.7 -0.9 -0.6 -1.4 -4.2 -1.9 -34

0.6 | -0.3 | -0.7 -1.2 -0.4 -0.4 -2.5 -2.2 0.3 -3.0

0.8 0.2 | -0.1 0.3 0.4 0.6 1.0 0.7 2.7 4.9

09 | -0.2 | -1.5 -0.1 -0.2 -1.3 1.3 0.3 -0.3 4.5

1.0 02| -11|-04 -0.6 -2.8 -1.4 -1.6 -6.9 -4.2 -4.5

04 | -14 | -1.2 -1.2 -2.3 -1.9 -2.9 -5.4 -4.1 -6.8

0.6 0.2 | -0.9 -1.7 -0.1 -1.4 -3.8 -0.7 -1.9 -5.9

0.8 0.3 | -2.2 -2.1 0.3 -2.6 -2.5 1.0 -3.0 -0.9

0.9 03 | -34 -1.4 0.5 -4.1 -1.2 1.4 -5.4 -0.5

1.5 0.2 | -1.3 | -0.6 -0.9 -2.3 -1.6 -1.6 -7.3 -4.8 -4.5

04| -14 | -15 -1.8 -2.1 -2.5 -3.5 -5.5 -5.0 -9.0

0.6 | -0.1 | -19 -2.6 -0.2 -3.2 -5.5 -0.4 -5.5 -10.0

0.8 | -0.1 | -4.0 -3.7 0.2 -5.3 -5.1 1.5 -7.3 -5.6

0.9 0.0 | -49 -3.1 0.4 -6.5 -3.4 1.9 -9.5 -4.3

3.0 0.2 | -1.3 | -0.8 -0.7 -2.7 -1.6 -1.5 -8.1 -4.6 -5.6

04 | -09 | =25 -2.7 -1.7 -4.4 -5.0 -4.2 -9.5 -12.8

06 | -0.2 | -44 -4.8 -0.1 -7.5 -9.3 1.1 | =133 -18.0

0.8 0.8 | -6.6 -6.4 14 -9.8 -9.5 5.3 | -15.8 -13.7

0.9 0.6 | -8.0 -6.8 1.6 | -11.3 -8.6 56 | -17.6 -12.8

?Internal validation sample

® For varying sampling strategies of the internal validation sample, R: random, SR: stratified random, E: extremes
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Table S5.12: Coverage of the estimated association between visceral adipose tissue and insulin resistance in the efficient regression calibration analysis for a non-linear

measurement error model

Scenario IVS 40% of Main Study?| 1VS 25% of Main Study?| 1VS 10% of Main Study?
Linear Skew- R? Coverage (%)’ Coverage (%)’ Coverage (%)’
ness R SR E R SR E R SR E

No 0.1 0.2 | 94.2 | 93.7 93.4 93.6 | 93.3 92.7 93.0 | 92.7 929
0.4 | 93.6 | 91.8 91.4 93 92.2 91.6 93.2 | 92.7 90.8

0.6 | 92.2 | 91.3 90.0 92.5 | 91.6 89.8 93.2 | 925 90.7

0.8 | 91.3 | 894 89.6 924 | 90.5 90.3 93.8 | 92.6 92.2

0.9 | 90.4 | 89.1 88.7 91.3 | 89.6 89.1 93.7 | 92.2 92.3

1.0 0.2 | 943 | 93.8 92.8 93.6 | 934 93.1 92.0 | 93.2 92.6

0.4 | 93.3 | 92.2 91.7 93.7 | 919 91.1 92.1 | 91.8 89.9

0.6 | 92.1 | 90.7 89.9 929 | 911 89.3 93.3 | 91.5 89.5

0.8 | 90.3 | 88.5 88.0 91.8 | 894 89.2 93.0 | 91.0 90.8

0.9 | 90.0 | 88.1 87.7 91.3 | 884 89.1 93.2 | 90.1 91.0

1.5 0.2 | 941 | 935 93.6 94.3 | 939 93.3 924 | 929 92.3

0.4 ] 931 | 919 91.5 93.0 | 91.7 91.2 92,5 | 91.1 88.8

0.6 | 927 | 914 90.6 93.5 | 90.9 89.1 93.3 | 91.1 87.3

0.8 | 90.6 | 87.3 87.0 91.4 | 88.1 87.2 919 | 88.9 88.2

0.9 | 8.7 | 86.5 86.9 90.8 | 87.0 87.7 92.8 | 85.5 88.9

3.0 0.2 | 935 | 92.7 92.8 93.7 | 93.0 929 91.8 | 921 92.2

0.4 | 92.6 | 91.1 90.9 92,5 | 91.0 89.8 91.1 | 88.0 85.1

0.6 | 914 | 89.3 88.8 91.7 | 87.4 85.3 90.5 | 82.1 76.0

0.8 | 90.1 | 85.8 86.0 90.8 | 83.5 83.2 90.2 | 76.1 79.0

0.9 | 88.6 | 82.1 83.5 89.6 | 78.8 82.1 89.6 | 69.9 78.9

?Internal validation sample

® For varying sampling strategies of the internal validation sample, R: random, SR: stratified random, E: extremes
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Table S5.14: Mean squared error of the estimated association between visceral adipose tissue and insulin resistance in the standard regression calibration analysis for a

non linear measurement error model

Scenario IVS 40% of Main Study?| 1VS 25% of Main Study?| 1VS 10% of Main Study?
Linear Skew- R? Mean Squared Error® | Mean Squared Error® | Mean Squared Error®
ness R SR E R SR E R SR E

No 0.1 0.2 | 0.167 0.025 0.023 0.355 | 0.030 0.025 6.808 | 0.247 | 0.045
0.4 | 0.010 0.009 0.008 0.012 | 0.009 0.009 0.143 | 0.014 | 0.010

0.6 | 0.005 0.005 0.004 0.005 | 0.005 0.004 0.011 | 0.007 | 0.005

0.8 | 0.003 0.002 0.002 0.003 | 0.003 0.003 0.004 | 0.003 | 0.004

0.9 | 0.002 0.002 0.002 0.002 | 0.002 0.002 0.002 | 0.002 | 0.003

1.0 0.2 | 0.036 0.020 0.019 |46.762 | 0.023 0.021 19.508 | 8.612 | 1.576

0.4 | 0.009 0.008 0.007 0.012 | 0.008 0.008 1.074 | 0.012 | 0.008

0.6 | 0.004 0.004 0.004 0.005 | 0.004 0.004 0.014 | 0.005 | 0.004

0.8 | 0.002 0.002 0.002 0.003 | 0.002 0.002 0.004 | 0.003 | 0.003

0.9 | 0.002 0.002 0.002 0.002 | 0.002 0.002 0.002 | 0.002 | 0.002

1.5 0.2 | 0.244 0.021 0.020 1.050 | 0.023 0.021 106.246 | 9.679 | 0.116

0.4 | 0.009 0.008 0.007 0.011 | 0.008 0.007 10.060 | 0.012 | 0.008

0.6 | 0.004 0.004 0.004 0.005 | 0.004 0.004 0.012 | 0.005 | 0.004

0.8 | 0.003 0.002 0.002 0.003 | 0.002 0.002 0.005 | 0.003 | 0.003

0.9 | 0.002 0.002 0.002 0.002 | 0.002 0.002 0.003 | 0.002 | 0.002

3.0 0.2 | 0.036 0.022 0.020 0.402 | 0.029 0.022 66.440 | 0.601 | 0.085

0.4 | 0.011 0.007 0.007 0.019 | 0.008 0.007 2.702 | 0.021 | 0.008

0.6 | 0.006 0.004 0.004 0.007 | 0.004 0.005 0.082 | 0.006 | 0.006

0.8 | 0.003 0.003 0.003 0.004 | 0.003 0.003 0.012 | 0.004 | 0.003

0.9 | 0.002 0.002 0.002 0.002 | 0.003 0.002 0.005 | 0.004 | 0.003

?Internal validation sample

® For varying sampling strategies of the internal validation sample, R: random, SR: stratified random, E: extremes
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non-linear measurement error model

Table S5.16: Percentage bias in the estimated association between visceral adipose tissue and insulin resistance in the standard regression calibration analysis for a

Scenario IVS 40% of Main Study?| 1VS 25% of Main Study?| 1VS 10% of Main Study?
Linear Skew- R? Percentage Bias (%)" Percentage Bias (%)’ Percentage Bias (%)’
ness R SR E R SR E R SR E

No 0.1 0.2 5.6 1.9 0.0 16.4 4.1 1.3 45.8 16.7 7.1
0.4 3.0 1.2 -0.4 5.3 2.1 -0.9 16.4 6.7 -0.4

0.6 0.3 -0.2 -2.1 1.3 1.0 -3.3 6.5 5.2 -1.1

0.8 0.9 0.3 0.5 1.5 1.9 2.2 3.2 5.2 8.9

0.9 0.1 -2.0 0.4 0.2 -1.2 29 1.1 0.3 7.3

1.0 0.2 7.9 0.7 -0.3 -29.6 2.3 0.6 2.3 -5.5 -4.9

0.4 1.0 -2.8 -4.2 3.4 -2.9 -5.8 21.2 0.7 -7.9

0.6 1.9 -2.4 -39 29 -2.8 -6.8 9.0 -0.6 -7.3

0.8 0.8 -4.7 -4.0 1.5 -4.5 -4.0 3.7 -3.2 -0.2

0.9 0.6 -6.0 -2.7 0.8 -6.3 -1.5 2.1 -6.9 -0.5

1.5 0.2 9.8 0.3 -0.5 14.3 1.9 0.4 -79.8 39.5 4.5

0.4 1.0 -4.4 -54 3.7 -5.1 -7.8 -16.0 -3.0 -11.3

0.6 1.2 -5.7 -7.2 2.4 -7.1 -10.9 9.5 -6.9 -13.5

0.8 0.2 -8.3 -7.5 1.2 -9.1 -8.5 4.4 -9.5 -7.3

0.9 0.5 -8.8 -5.6 0.9 | -10.0 -5.3 29 | -11.9 -6.1

3.0 0.2 8.9 -1.5 -2.9 26.9 -0.5 -29 115.6 1.6 -1.5

0.4 3.3 -9.1 -9.2 8.8 | -12.6 -13.4 29.2 | -13.6 -22.0

0.6 2.3 | =131 -13.9 51 | -17.6 -20.0 20.1 | =211 -28.0

0.8 19 | -14.8 -14.1 3.7 | -18.6 -17.5 12.3 | -22.8 -21.2

0.9 1.0 | -149 -12.7 2.3 | -18.5 -14.1 7.6 | -23.7 -19.0

?Internal validation sample

® For varying sampling strategies of the internal validation sample, R: random, SR: stratified random, E: extremes
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Table S5.18: Coverage of the estimated association between visceral adipose tissue and insulin resistance in the standard regression calibration analysis for a non-linear

measurement error model

Scenario IVS 40% of Main Study?| 1VS 25% of Main Study?| 1VS 10% of Main Study?
Linear Skew- R? Coverage (%)’ Coverage (%)’ Coverage (%)’
ness R SR E R SR E R SR E

No 0.1 0.2 | 97.3 | 97.2 97.2 96.9 | 97.3 97.3 94.7 | 96.6 97.0
0.4 | 97.2 | 969 96.6 97.4 | 97.2 96.9 95.6 | 97.1 96.5

0.6 | 96.7 | 96.3 96.1 96.6 | 96.3 96.0 95.4 | 96.8 96.3

0.8 | 95.8 | 95.9 96.1 95.9 | 96.1 96.1 96.4 | 96.4 96.6

0.9 | 95.6 | 95.1 95.5 959 | 95.1 95.5 96.1 | 96.0 96.3

1.0 0.2 |1 974 | 97.3 97.2 97.0 | 97.3 97.1 94.8 | 96.7 96.7

0.4 | 96.4 | 96.3 96.1 96.5 | 96.2 95.7 94.3 | 954 94.3

0.6 | 96.5 | 96.2 96.0 96.5 | 95.9 95.0 95.7 | 954 94.1

0.8 | 95.7 | 94.8 95.1 95.5 | 95.2 94.9 95.3 | 944 95.5

0.9 | 95.6 | 94.1 95.1 95.7 | 94.2 95.5 959 | 929 95.5

1.5 0.2 |1 974 | 97.3 97.5 96.4 | 97.0 97.3 94.4 | 959 96.4

0.4 | 96.5 | 96.2 96.2 96.0 | 95.9 95.5 94.1 | 94.0 92.9

0.6 | 96.4 | 95.7 95.4 96.5 | 95.3 94.2 95.0 | 939 91.5

0.8 | 949 | 93.6 93.7 949 | 92.7 93.4 94.2 | 911 93.2

0.9 | 95.2 | 925 94.6 95.1 | 91.5 94.5 94.8 | 88.4 93.1

3.0 0.2 |1 97.2 | 97.2 97.1 96.6 | 96.6 97.0 939 | 94.9 95.4

0.4 | 96.5 | 95.1 95.7 95.9 | 93.6 94.1 92.9 | 889 86.1

0.6 | 95.2 | 929 92.5 94.5 | 88.9 87.4 92.8 | 80.5 75.1

0.8 | 94.6 | 89.2 90.1 93.6 | 84.1 85.9 91.6 | 73.5 79.5

0.9 | 94.1 | 86.1 89.3 93.3 | 80.0 87.1 90.4 | 66.1 78.7

?Internal validation sample

® For varying sampling strategies of the internal validation sample, R: random, SR: stratified random, E: extremes

S5
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Supplementary material Chapter 8

These are the supplementary materials accompanying Chapter 8. The supplementary
materials are structured as follows. In section S8.1, the bias formulas of a conditional model
and marginal structural model estimated using inverse probability weighting are derived.
Section S8.2 illustrates the application of the bias formulas in a quantitative bias analysis.

$8.1. Quantification of bias due to classification error in a
confounding variable
$8.1.1. Conditional model

Under the assumptions and notation described in section 8.2 of the main chapter and by
the law of total expectation, the expected value of the outcome Y given the covariates A
and L* is,

E[Y|A, L] = Ega - [E[Y]A L' L]] Eparla+BA+yL]

= a+ A+ yE[L|A L]

= o+ ﬁA + }/qs(lL*

= {a+ygoo}+{B+ y(dro - doo)}A
+ {y(do1 — doo)IL"

+  y(P11 = d10 — o1 + Poo)AL",

which relies on the assumption that L* is non-differentially misclassified with respect to
the outcome (i.e., L'+Y|L) and includes an interaction between A and L*. Further, ¢, is
the probability that confounding variable L is one, given that treatment A is a and that
misclassified confounding variable L* is I, or,

Pat- P(L=1A=alL =1)
P(AIL =1,L" = I)P(L = 1|L* = I')

P(A=dL =I)

233
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P(A=dqL=1)PL=1L =1I)

P(A=qL =1T)

o\ P(=EL=DP(L=1)

i P(A=a|L = 1)—P(L':l*)
P(A=all* =)

P(A=da|L=1)P(L" = F|L=1)P(L = 1)
P(A = all* = I)P(L = I')

A= ) r (1 - p) ™ Dpl

(1 - 7). 41 - )(-Del

Here ¢ = P(L* = I') = py(1-A) + p; A and 7j. is the probability of receiving treatment A given
that the misclassified confounding variable L* = I. Note that the above is only defined if
0<¢€<1and0 < . < 1. Tosatisfy that 0 < £ < 1, we use our assumption that 0 < A < 1,
and additionally, we assume that if py = 1 then p; # 1, and if py = 0 then p; # 0 (and vice
versa). Under the assumption that 0 < £ < 1, it follows that,

m. = PA=1L"=1)
= YP(A=1L =F,L=DP(L=IL =T)
= SP(A=1L=DP(L=IL =)
P(L" = FIL=D)P(L =)
P(Lr = I)
(1 - p)Dpl (1 - 1Al
(1-o-tet ’

= SP(A=1L=1)

Xy

we find that 0 < 7. < 1, if, again, 0 < A < 1, and if py = 1then p; # 1, and if py = 0 then
p1 # 0 (and vice versa) and 0 < 7; < 1 (positivity assumption).

The bias in the regression based estimator of the effect of A is y(¢19 — ¢oo) if the
interaction between A and L is included in the model. However, in this model, the
coefficient for A now represents the treatment effect given that L* is null. Typically, only
main effects of A and L* are included in a regression model of Y conditional on A and L*:

Earjar-{ELYIA L]} {o + ydook +{B + y(d10 — doo)}A + {y(do1 — oo}’

+  y($11 = d10 — Po1 + Poo)E[AL'|A, L]
= {a+ydoo + dupt +{B + y(Pro — Poo) + SuatA
+ {y(do1 - ¢oo) + Our-}L",

where uy, uy, and uy- are the coefficients of the linear model E[AL*|A, L*] = uy + ugA+up. L*
and & = y(¢11 = ¢10 — Po1 + ¢oo). Here,

Var(L*)Cov(A, AL") — Cov(A, L*)Cov(L*, AL")
A= Var(L)Var(A) - Cov(A, L')2 ’

Var(A)Cov(L*, AL") - Cov(A, L")Cov(A, AL")
o= Var(L*)Var(A) - Cov(A, L*)? ’

AL - UAZ - quE,

Uy
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where AL*, Z, and L* denote the mean of A times L, A, and ", respectively.

If we want to express uy and u;- in terms of A, m, 71, po, and p;, we can write a linear
model for A conditional on L denoting that P(A = 1|L" = I) = 7. and using standard
regression theory to get an expression for Cov(A, L*):

P sl Gt
E[A‘L]=7[0+(7T1—7TO)L, ﬂl—HOZT(L*),

thus  Cov(A, L) = (7] - np)Var(L'),

where Var(L*) = £(1 - €). Since E[AL*|L" = 0] = 0 and E[AL*|L* = 1] = E[A|L" = 1] = #3, it
follows,
Cov(AL*, L")
E[AL|L] = =L, 7= ——a "
Var(L)

Equivalently, since E[AL"|A = 0] = 0 and E[AL*|A = 1] = E[L*|A = 1], it follows that,

, thus Cov(AL",L") = m;Var(L").

P(A =1L = DP(L" = 1)

E[AL"|A] = E[L'|[A=1]A= ,
[ALA] = E[L]A=1] e
mt  mt  Cov(AL, A) 8
E[JA=1 = —, —==2"""""" thus Cov(AL',A) = —Var(A).
1) a Var(A) 1)

Here, Var(A) = w(1-w), and Var(L*) = ¢(1-¢). Denoting that w = P(A = 1) = n5(1-€) + 73 L.
Combining the different expressions gives,

mt/wVar(A)Var(L') - m;(r; - my)Var(L)?

va = Var(A)Var(L*) - (7 - my)?Var(L*)?
mt/wVar(A) - mj(n; - my)Var(L")
B Var(A) - (7 - mp)?Var(L*)
(1 - w) - (g - )1 - €)
T (- w) - (7 - )R- 1)
7 -7
= f * * %2 * %2 ’
(] — 7y W+ (o — 7y )(1—¢)
miVar(A)Var(L") - njt/w(xi — my)Var(A)Var(L")
s Var(L')Var(A) - (] - m)Var(L"))?
mw - m () - )
T - (7} - m5)?Var(L")/(1 - )
7y (1 - ﬂ{z)t’ + (1 - 7r52)(1 -1)
e (- (- 0)
u = AL - uAZ - uL*E.

The intercept, the coefficient for A and the coefficient for L* of the conditional regression
model for Y given A and L* which includes only main effects of A and L* are, respectively:

a+ Yoo + Sy,
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- M
( _ N1-€x{ 2 2
/3+Y¢10 ¢00< (”I_ﬂ—*{)£+(7r6—ﬂ'6)(l_€))
ﬂ{—ﬂfz
+y (11 — o)\ £ x { 2 : }
y(é11 ¢01( (”;_ﬁ;)h(na—na)(l-f))

and  y(do1 — doo) + Suy-.

$8.1.2. Marginal structural model estimated using inverse probability
weighting

Under the assumptions described in section 8.2 of the main chapter, an MSM-IPW under

model (8.2) is estimated by fitting a linear regression model for A on Y, where each

subject i is weighted by 1 over the probability of that subject’s observed exposure given

the misclassified confounding variable L. Hence, an MSM-IPW proceeds by solving the

weighted regression model,

" A;
IZ;P |L) = Omsm ~ BA;) =0 and ZP(A|L) = Omsm — PA;) = 0.

Solving these equations for sy and f result in the following estimators:

n
L S s (- V- &)
Omsm = Yo — PusmAw  and B = n p

S s - A

where,
= _ iy YiPAL) < Zi AVPAILY
= _ B

Yoy UP(AL) Yo UPAILY)

Let n7; be the number of subjects with A = aand L" = I and ng; be the number of subjects
with A=aand L = I. In a population of n subjects,

nP(A =0,L" = 0) = nP(A = 0|L* = 0)P(L* = 0)
1
= nY P(A=0L=1L =0)P(L=IL" = 0)P(L" = 0)

Moo

1
= n),P(A=0lL=DP(L=I|L" = 0)P(L" = 0)
1
= n),P(A=0lL=DP(L=1P(L =0|L=1)
= ngo(1 - po) + no1(1 - py),

which relies on the assumption that L* is non-differentially misclassified with respect tot
the exposure (i.e., L"A|L). Equivalently,

nor = Moopo + Mor1prs My = nio(1 - po) + nyg(1 - py),
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and ny; = nyepo + N1pr-
Hence,
n n 1
QUPALD = ) s R S IE]
n 1
) Zl Y [PCAIIL = DP(L = I|L)]
~ ”60 1
- [ - m)P(L = [|L* = 0)]
n61 1
v Zz,[(l—m)P<L=l|L*=1)]
n*IO 1
" Zzl[mm:l|v=o>]
% 1
+ .
> P = L = 1)]
Here,

ol 1
Z 2l(1 = m)P(L = [|L* = 0)]
ngo(1 = po) + ngy (1 - py)
(1 -m)P(L =0l =0)+ (1 -m)P(L =1L =0)
ngo(1 = po) + ngy (1 - py)

P =0L=0)(1-1) ~  PIT=0L=D2
(1 -m) P(L=0) +(1-m) P(L =0)
noo(1 = po) + ng1 (1 = py)
Moo LU
nP(L*:O)(l - po) + nP(L*:O)(l - p1)
1
1/(nP(L* = 0))
nP(L* = 0)
My 1
2 Yl - m)P(L = | = 1)]
nP(L = 1)
”zi‘i 1
2lmP(L = 1| = 0)]
nP(L* = 0)

"
ni

1
2 2ylmP(L =1L = 1)]

n(1 - 1),

nt,

n(1-1),
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nP(L"=1) = nt

From these expressions it follows that,

n
D 1/P(AIL}) = 2n(1 - ) + 2t = 2n.
i=1

Further,
d * & ELY;]
D EVPAIL) = s T o)
roy E[Y;]
> Y- m)PI = L = 1)]
L E[Y;]
> > mP(L = I = 0)]
iy E[Y;]
> > P = L7 = 1)]
. §a+ yP(L=1]A=0,L" = 0)
- >, [(1 - m)P(L = [|L* = 0)]
% a+yP(L=1A=0,L =1)
>, [(1 - m)P(L = [|L* = 1)]
Mo g+ B+ yP(L=1A=1L =0)
> [mP(L = L = 0)]
g+ f+yP(L=1A=1L =1)
Y lmP(L = L = 1)]
= na(l-12)+ny(1-20gy + nat + nydy
+ na+ B)(1 -0+ ny(1- 0y
+ nla+p+nydy
= 2na+nf+ny(1-0(do + P10) + nytdor + P11),
and,
zn: Ai/P(AIL) = nzui : nzli -
ZAPAIL) = 2 e =i =0 & P = I = D]

= n(1-py)(1-21)+n(l-p)A+npy(1-21)+npA=n.

Combining these expressions leads to,

E[Yy ] =a+p/2+y/2(1 - (oo + bro) + v/28(do1 + P11)
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and ZW* =n/2n=1/2, and

(A - Ay & (-1/2)?
i; P(AIL) 2 Y,[(1 - m)P(L = I|L* = 0)]
il (-1/2)?
' Z 2l - m)P(L = || = 1)]
N (1 _ 1/2)2
D38 i Ty
al (1-1/2)?

> ¥ [mPL = | = 1)]

= V4x Y UPAL) = n/2.
i=1

Further,
L OE[(Y; - Yo)I(A; - Ay)
Z P(A|LY)

i=1

% Bl = y/2¢n0 + y/4(1 = O)(Poo + P10) + v/4t(Po1 + $11)
21 - m)P(L = I|L* = 0)]

Z Bl — y/2d01 + y/4(1 = (oo + d10) + Y/4or + 11)
¥ [(1 - m)P(L = [ = 1)]

% Bla+yl2¢19 — y/4(1 = O)(Poo + Pr0) — ¥/4(Po1 + P11)
2lmP(L = | = 0)]

Z BI4 + y12¢11 - y/4(1 = D(doo + $ro) — ¥/4Ugo1 + $11)
2lmP(L = L = 0)]

n(1-0(B/4 - y/2¢go + y/4(1 = O)(Poo + P10) + y/4(Po1 + ¢11))  +
ne(B/4 - yl2¢o; + y/4(1 - (oo + Pro) + y/48(go1 + $11))  +

n(1 - 0(B/4+ y/2¢19 - y/41 = O)(Poo + d10) = ¥/4Uo1 + $11))  +
nb(Bl4 + y/2¢1y - y/4(1 - (oo + ¢10) — ¥/48(go1 + $11)) =
n/2(B(1 - &) + Bt - y(1 - O)goo — ytdo1 + y(1 - Do + yld1) =

n/2(B + y(1 - €)(d10 — doo) + Y11 — Po1)-

The above mentioned leads to the following expression for the expected estimated value of
the effect of A, based on the MSM-IPW,

E[B] = B+ y(¢h1o - doo)(1 - ©) + y(d11 - do1)t  and
E[&msm] = a + y/2 x [2(1 - D)oo + 28¢91)] = & + yhoo(1 - £) + Yo L.
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$8.2. Illustration: quantitative bias analysis

Using an example study of blood pressure lowering therapy, we illustrate how the bias
expressions in section 8.3 of the main chapter can be used to perform a quantitative bias
analysis for misclassification of a confounding variable. For our illustration we use data of
the National Health And Nutritional Examination Survey (NHANES) [1, 2]. Specifically, we
study the average treatment effect of diuretic use (A = 1) in comparison to beta blocker
use (A = 0) on systolic blood pressure (Y) using two approaches: by inverse weighting with
the propensity for diuretic or beta blocker use given self-reported categorical body mass
index (BMI) (L"), and using a conditional linear regression with adjustment for self-reported
categorical BMI. This supplement comprises background material that complements the
motivating example in the main chapter. Additionally, equations are derived to inform the
quantitative bias analysis.

NHANES. The NHANES survey consists of questionnaires, followed by a standardized
health examination in specially equipped mobile examination centers. In the 2011-2014
sample 19,151 participants were physically examined. Of the 19,151 physically examined
people, 12,185 participants aged over 16 were asked to fill out a questionnaire, including
questions on self-reported weight and height, used to calculate self-reported BMI. For this
illustration, we used complete data on 585 users of diuretics and 824 users of beta blockers
(excluding non-users and people using both).

Parameters estimated in NHANES. In the NHANES data, it was found that the
prevalence of self-reported overweight/obese was 0.77 (£), the probability of receiving
treatment given that one self-reports to be underweight/normal weight is 0.32 (15), the
probability of receiving treatment given that one self-reports to be overweight/obese is 0.44
(77). Finally, the association between L* and Y, given that A = 0 estimated in a conditional
regression model including an interaction between A and L™ was -6.63.

BMI measured by trained technicians. In the NHANES, anthropometric measures
were also taken by trained health technicians. By using these measures to calculate BMI
category, we found that the specificity of self-reported BMI category was 0.94 (p;), and the
sensitivity was 0.92 (p, = 0.08). The average treatment effect (95 % CI) of diuretics use in
comparison to beta blocker use on mean blood pressure was -3.59 (-5.84; -1.35) estimated
using MSM-IPW (by inverse weighting with the propensity for diuretic or beta blocker use
given categorical BMI). Given that a subject is not overweight/obese, the fitted weights
were 1.48 and 3.09 for beta blocker and diuretics use, respectively. Given that a subject
is overweight/obese, the fitted weights were 1.77 and 2.30, respectively. In comparison, if
self-reported categorical BMI was used, the fitted weights slightly differed: 1.46, 3.17, 1.79
and 2.26, respectively. Consequently, estimates of the average treatment effect differed,
depending on the BMI measure that was used to calculate the inverse probability weights
(-3.59 using categorical BMI versus -3.52 using categorical self-reported BMI (Table 8.3, main
chapter)).

Performing a quantitative bias analysis. To inform a quantitative bias analysis, one
needs to specify the bias parameters for sensitivity (p;) and specificity (1-py) using external
validation data, internal validation data, or an educated guess. From the data, one can
estimate the prevalence of misclassified confounding variable L* (i.e., £), the probability of
receiving treatment given that L* is null (i.e., 75) and the probability of receiving treatment
given that L* is one (i.e., 7r7). We calculate the probability of receiving treatment given that
L is null or one (i..e, 7y, and 7y, respectively) using the data and the assumed values of pg
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and p;. Since,

(1 = po)(1 = A) + (1 - py)A . mopo(1=A) + mypy A
My = 0 0 , and = .

s

it follows that if py = 1, 7; = 75 and if p; = 0, my = 7] (using that 0 < £ < 1, as used in S8.1
section S8.1.1). Further, if py = 1 and 0 < p; < 1, we obtain,

TP - it
a-2

m =, and 7=

Additionally, if p; = 0 and 0 < pg < 1, we obtain
(1 -0 - 7 (1 - po)(1 - A)

my=mn;, and m =

A
If we assume that py # 1 and p; # 0 and use our assumption that 0 < A < 1, it follows that,
. mp(1 -0 - m(1-p)A e mit - mopo(1 - A) (s8.1)
o -pa-n pA |

By rewriting the expression for 7; using the expression for r, it follows that,

mit = mopo(1 - A)

o piA
. m(1-0)-7m; (1-py)A _
I e R
j2U
- (31 - 0) - m(1 - p)D
B 1A
. N Po (1-p)po
i it - (1 - g)_(l—po) + ) Ay
1A
wp o x(q Do
7yt - (1 JZ)(1—11)0) (1 - p)po
= + m
piA (1 - po)p1
* * Po
i e - (1 - E)_(l—po) . (1 —Pl)Poﬂ
piA (1= po)p1 "
Consequently,
* * Po
(1-pDpo mit - (1 - E)(1100)
A-—m = ,
(1= po)p1 piA
mt-my(1-0) (1f’°po)
o= piA

(1=po)p1-(1=p)po
(1-po)p1
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Po
(1-po) (1-po)p

piA (1 -po)p1 - -ppy

- (1 - ¢)

(S8.2)
From expression (58.2) we now obtain a value for 7y, which we use to obtain a value for
from expression (58.1). We calculate the prevalence of L (i.e., A) by,

£-po
P1-Po

otherwise.

A= Po> lfpo =p1 and A=

Subsequently, the expressions for 7y, 71 and A can be used to obtain estimates for ¢
using the expression in section Conditional model. Lastly, an estimate for y can be obtained
by fitting a conditional regression model on Y given A and L*, including an interaction
between A and L*. The coefficient for L* from this model is then divided by (¢y; — @go) to
get an estimate for y, holding that ¢y; # ¢y9. The inequality ¢y # Poo holds if py # py, in
the case that py = py, y is not identifiable from the data (and thus, bias is not identifiable).
The bias expressions (8.3) and (8.4) in the main chapter of the article can subsequently be
used to calculate bias in the average treatment effect estimator.
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