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3. Optimal recovery and coverage for distributed Bayesian non-parametric regression

CHAPTER

Optimal recovery and coverage for
distributed Bayesian non-parametric
regression

Abstract. Gaussian Processes (GP) are widely used for probabilistic modeling and
inference for non-parametric regression. However, their computational complexity
scales cubicly with the sample size rendering them unfeasible for large data sets. To
speed up the computations various distributed methods were proposed in the litera-
ture. These methods have, however, limited theoretical underpinning. In our work
we derive frequentist theoretical guarantees and limitations for a range of distributed
methods for general GP priors in context of the non-parametric regression model,
both for recovery and uncertainty quantification. As specific examples we consider
covariance kernels both with polynomially and exponentially decaying eigenvalues.
We demonstrate the practical performance of the investigated approaches in a nu-
merical study using synthetic data sets.

§3.1 GP regression framework

In our analysis we consider the multivariate random design regression model. Let us
assume that we observe (X;,Y;), i = 1,...,n, i.i.d pairs of random variables satisfying

}/i = 00 (Xz) + &5, &4 %1./\/'(0,0'2) N (311)

with design points X;, ¢ = 1,...,n, belonging to some compact set X C R?, obser-
vations Y; € R, noise variance o2 > 0, and functional parameter 6y : X — R. For
simplicity we take X = [0, 1]¢, assume that the design points are uniformly distributed,
ie. X; i U[0,1]%, and 0% > 1 to be known. We use the notation D,, = (Y5, Xi)i=1,..m
for the observations and P, and Ey for the probability measure and expected value
corresponding to the underlying regression function 6.

In order to perform inference on the regression function 6y, we consider a non-
parametric Bayesian approach. We endow 6y with a mean-zero Gaussian Process
(GP) prior GP(0, K), where K : R x R? — R is a positive definite stationary kernel.
For matrices A € R¥" and B € R let K (A, B), denote the n x n/ matrix of

(K(A.4, Bj))i<i<n,1<j<n’-
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3. Optimal recovery and coverage for distributed Bayesian non-parametric regression

By conjugacy the posterior distribution of # is also a Gaussian process and by
the same conjugate computation as in Chapter 2 of (Rasmussen and Williams|, |2006)),
9|D,, ~GP(8,,C,), where for any z, 2’ € [0,1]%

b, (z) = K (2,X) (K (X,X) + 02L,) Y, (3.1.2)

Co (z,2') = K (,2') — K (2,X) (K (X,X) +021,) " K (X,2), (3.1.3)
where X € [0,1]2X", Y € R” are the collection of design points and observations,
respectively, and I,, denotes the n x n identity matrix.

We assume that the eigenfunctions {1);};ene of the above covariance kernel K
factorize, i.e.

d
;=[] ws.d € N, (3.1.4)

k=1

where {9;, }j.en are the eigenfunctions corresponding to the one dimensional kernel
on [0,1]. We further assume that the eigenfunctions of the kernel K are bounded.

Assumption 3.1.1. There exists a global constant Cy > 0 such that the eigenfunc-
tions {1 }jena of K satisfy [1;(t)| < Cy for all j € Nt e X.

The corresponding eigenvalues of K are

d
pi = [ -5 € N% (3.1.5)
k=1

with {uj, }j,en the eigenvalues of the k-th component of the kernel (Berlinet and
C. Thomas-Agnan, |2004)). Although our results hold more generally, as specific ex-
amples we consider polynomially and exponentially decaying eigenvalues

Assumption 3.1.2. The one dimensional eigenvalues 1;, j € N are either
e Polynomially decaying:
CTlj2/dl <y < T2/ dL) (3.1.6)
for some a,C > 0, or
e FExponentially decaying:
C™lbe ™ < pj < Che™", (3.1.7)
for some a,b,C > 0.

In non-parametric statistics, it is common to assume that the underlying functional
parameter of interest belongs to some regularity class. In our analysis we consider
Sobolev-type of regularity classes defined with the basis v;, i.e. for any 5 > 0 and
B > 0, define as in (Bényi and Oh, |2013)), (Hunter} 2013) and (Cobos et al., |2015)
the function space

d 28
% (B)=160=> 00 €Ly ([0,1]%): > ( jk> 03 <B*H.  (3.1.8)
k=1

jENC jENE
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§3.2. Distributed GP regression

For the Fourier basis or the basis corresponding to the Matérn covariance kernel,
©8(B) is equivalent to S-smooth Sobolev balls and are known as isotropic Sobolev
spaces, see (Cobos et al., [2015]).

The frequentist properties of Gaussian process priors for recovery are well under-
stood in the literature. It was shown in various specific examples and choices of priors
that for appropriately scaled Gaussian priors the corresponding posterior can recover
the underlying functional parameter of interest 6, € ©°(B) with the optimal minimax
estimation rate n—P/(28+d) gee for instance (]van der Vaart and van Zanten, 2007)),
(van der Vaart and van Zanten| |2008) and (van der Vaart and van Zanten, 2011)).
Another, from a practical perspective very appealing property of Bayesian methods is
the built-in uncertainty quantification. Bayesian credible sets accumulate prescribed
(typically 95%) posterior mass and can take various forms. In our analysis we consider
Ly credible balls, i.e. we define the credible set as B,, = {8 : |0 —6,,|| < .}, satisfying
(0 € B,|D,) = 1— 7, for some v € (0,1). Credible sets do not provide automati-
cally valid confidence statements. In recent years the frequentist coverage properties
of Bayesian credible sets were widely studied and it was shown for appropriate choices
of the prior distribution the corresponding posterior can provide reliable frequentist
uncertainty quantification for functions satisfying certain regularity assumptions, see
for instance (Szabo et al., 2015), (Belitser, 2017), (Castillo and Nickl, 2014), (Serra
land Krivobokoval [2017)), (Sniekers and van der Vaart} [2015a)), (Yoo and Ghosal, 2016),
(Bhattacharya et al., [2017)), (Ray}, |2017)), (Rousseau and Szabo, 2020)) and (Hadji and
Szabo, 2021)). However, our setting wasn’t covered by these results yet.

Despite the fact that the mean and covariance functions can be
explicitly computed, consequently solving the model, their computation requires in-
verting the matrix (K(X,X) + 02I,). The inversion of this n x n matrix is of O(n?)
computational complexity, which rapidly explodes as n grows. One way to speed up
the computations is to consider sparse approximations of the matrices, see for in-
stance (Gibbs et all [1976)), (Saad,|1990)), (Quinonero-Candela and Rasmussen, 2005)
and (Titsias, [2009). In this work we focus on a different, distributed approach to
decrease computational complexity.

§3.2 Distributed GP regression

In distributed methods, the data are divided among multiple local machines or servers,
and the computations are carried out locally, in parallel to each other. Then the
outcome of the computations are transmitted to a center machine or server where
they are aggregated somehow forming the final outcome of the distributed method.
In the random design regression model it means that we divide the data of size
n over m machines (we assume for simplicity that n mod m = 0), i.e. in each
machine k = 1, ..., m we observe iid pairs of random variables (Xi(k), Yi(k)) € [0,1)¢xR,
i =1,...,n/m, satisfying

v =y (X) 4, O HN (0,07, (3:2.1)

where fp : [0,1]¢ +— R is the unknown functional parameter of interest, and o > 0 the

. . . . . k
known variance of the noise. For convenience, let us introduce the notations D% ) =
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3. Optimal recovery and coverage for distributed Bayesian non-parametric regression

(X® vy A X = (xF) L YR = (v %),y 5 for the whole data set,
the design points, and observations in the k-th local machine, respectively. Similarly
to the non-distributed method (with only one local machine m = 1), we assume that
the true function belongs to some Sobolev-type of regularity class 6y € ©°(B), for
given B, B > 0, see (3.1.8]).

We consider distributed Bayesian approaches for recovering 6y. First, we endow
the function 6y in each local machine k = 1, ..., m with a Gaussian process prior and
compute the corresponding local (adjusted) posterior distribution TT*)( .\DL’“)). Then,
we transmit the m local posteriors into a central machine where we aggregate them
somehow into a global (adjusted) posterior ITf, ,,, (-|Dy). We further denote by %) the

local (adjusted) posterior mean, and by én,m the global (adjusted) posterior mean.
For quantifying the uncertainty of the distributed Bayesian procedure we consider
La-credible balls resulting in from the aggregated posterior distribution, i.e. let

Bn,mxy = {0 e — én,m”Z < ?“n,m,»y} , satisfying
Hiz,m (0 € Bn,m,’y‘Dn> =1- Y, (322)

for some prescribed v € (0, 1).

Distributed methods vary according to the way the local (adjusted) posterior
distributions are computed and aggregated to obtain the global posterior. The be-
havior of the aggregated posterior crucially depends on the applied techniques. To
demonstrate this let us consider a naive method where in each local machine we
endow 6, € ©°(B) with a Gaussian process prior and compute the corresponding
unadjusted local posterior distribution H;*L(-|D£«Lk)). We consider a centered GP with
polynomially decaying eigenvalues as in Assumption [3.1.2] with matching regularity
hyper-parameter a« = 3. Note that this choice of the hyper-parameter is optimal in
the non-distributed case (with only one local machine m = 1). Then the local pos-
teriors are aggregated to a global posterior I} . (-|D,) in the following way: a draw
from the aggregated posterior is taken to be the average of a single draw from each
local posteriors. The theorem below shows that such method results in sub-optimal
concentration for the posterior mean and contraction rate for the whole posterior
distribution.

Theorem 3.2.1. Take § > 2 and consider the function 8y € ©g(L) of the form
fo(z) = cL ;24 i1 % (log )% (x), = € [0,1], for sufficiently small c;, > 0. Then
for the covariance kernel K with polynomially decaying eigenvalues (3.1.6) with o =
andd =1, and (logn)? < m < n'/(1+28) the corresponding naive aggregated posterior
mean énym has sub-optimal concentration and the posterior itself achieves sub-optimal
contraction rate, i.e.

“ 2
B[ — 00| > ¢ Qogn) ™2 (nfm) /254D, (3.2.3)
2

Eoltl, (9 16— 602 < ¢ (logn) 2 (n/m)—ﬁ/<2ﬂ+1>|Dn) -0, (3.2.4)

for sufficiently small ¢ > 0, where én,m is the mean of the global posterior HL,m
obtained with the naive method.

The proof is given in Section
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§3.2. Distributed GP regression

§3.2.1 Optimal Distributed Methods

In this paper we consider two methods, for which optimal performance were de-
rived in context of the Gaussian white noise setting, see (Szab6 and van Zanten,
2019). We investigate these methods here in the practically more relevant and tech-
nically substantially more complex non-parametric regression model. We note that
in (Guhaniyogi et all [2017) in context of the regression model an approach closely
related to Method II was derived and its contraction properties were investigated for
a rescaled covariance kernel with polynomially decaying eigenvalues. In our work we
consider more general kernel structures and in contrast to (Guhaniyogi et al.,|2017)) do
not require that the functional parameter belongs to the Reproducing Kernel Hilbert
Space (RKHS) of the Gaussian Process prior. Furthermore, we also derive guarantees
and limitations to uncertainty quantification. Therefore, our results are of different
nature requiring a different approach.

3.2.1.1 Method I

Rescaling the priors. In the first method, introduced by (Scott et al., [2016)) in a
parametric setting, we consider raising the prior density to the power 1/m, which is
formally equivalent to multiplying the kernel K by m, i.e. the adjusted kernel takes the
form K’ :=mK. Then the eigenvalues of the kernel K' are {u}};ene = {my;}jena.
Hence, in view of the posterior distribution, for each machine k = 1,...,m, is

also a Gaussian process 9|]D)$Lk) NGP(&(«ZC), CA'y(lk)) with

0% (1) = K (sc X(k)> (K (X(k), X(k)) + m*lcr?I,-L) Ty,

®) (. 2') = m (K (z,2) — K (x,X(k)) (K (X(’“),X(’“)> + m—la%ﬁ)_l K(X(’“),x’)> .

Averaging the local draws. A draw from the global posterior is generated by first
drawing a single sample from each local posteriors and then taking the averages of
these draws over all machines. Since the data sets and the priors in the local machines
are independent, the so generated average of the local posteriors is also a Gaussian pro-

. 5 _ Ak . A - A(k
cess with mean 6, =m~1 3", 0 and covariance kernel Chon=m=23 ", i

)

where HA,(Ik) and CA’,(lk) denote the posterior mean and covariance functions in the kth
local machine.

3.2.1.2 Method II

Rescaling the likelihood. In the second method proposed by (Srivastava et al.,
2015), we adjust the local likelihood by raising its power to m in every machine, which
is equivalent to rescaling the variance of the observations by a factor m~!. Then, by
elementary computations similar to , we obtain that for each machine, the
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3. Optimal recovery and coverage for distributed Bayesian non-parametric regression

posterior distribution is GP(GA,({{), C’flk)), with
00 (2) = K (m,X(k)> (K (X(’“),X(’“)> +m~Lo?I; ) Ly,
CW (z,2") = K (z,2") — K (x,X(k)) (K (X(k),X(k)) +m ol ) 'k (X(k),x’) .

Wasserstein barycenter. This approach consists in aggregating the local posteri-
ors by computing their Wasserstein barycenter. The 2-Wasserstein distance W3 (u, v)
between two probability measures p and v is defined as

Wi ) i=int [ [ o = ylir(do.dy),
where the infimum is taken over all measures v with marginals p and v. The cor-

responding 2-Wasserstein barycenter of m probability measures g1, ..., fty, is defined
by
1 m
o= argmin — 3 W3 (1, ),
k=1

where the minimum is taken over all probability measures with finite second moments.

In view of Theorem 4 in (Mallasto and Feragen) 2017)), the global posterior is a

9” and covariance C” satisfying

it = L3,

! m’;

R 1™ R 172 R 1/2\ 1/2

S <0£fm ew (e, ) |
- 155 (o) e (et

In particular, the posterior variance function is

Varﬁm (f(x Z Var ( ()| D) )

Gaussian process with mean

for all x € X.

§3.2.2 Posterior contraction rate

We show that the above proposed distributed methods (i.e. Methods I- II) provide
optimal recovery of the underlying functional parameter of interest. The methods
result in different global posteriors which can have different finite sample size behavior,
but their asymptotic properties are similar.

Theorem 3.2.2. Let 3,B > 0, K a kernel with eigenvalues (115) jene satisfying |{j €
N¢ . pin > 0%} < n and corresponding eigenfunctions satisfying Assumption
Furthermore, let

n,uj

i IljeN? 3.2.5
P for all j € N, (3.2.5)

I/j:

74



§3.2. Distributed GP regression

and P a linear operator defined as P(6) := Y jena(l —v;)050; for all 6 € L3(X).
Then

2
i 2 7 2, O 2
Eollnm — 00l S IP@)IE+ 5 D 2 +60,  (32:6)
jeNd
Eoll (w 6oll3 > M, (||P(90)H2+* > vi+ ) D, ) 50, (327
jENd

for arbitrary sequence M, tending to infinity, where énym is the mean of the global
posterior IIf, . (.|Dy,) obtained with either Methods I — I1 and

n_mf{ Z ZW T c N |I|<nmlognz } (3.2.8)

jENd leze jENd
is a (typically) negligible technical term.

The proof of the theorem is deferred to Section [3.5.3

First we note that the condition |{j € N% : p;n > ¢?}| < N is very mild and
is satisfied by the eigenvalues considered in Assumption The sequence (v;)jen
can be thought of as the population eigenvalues of the posterior. Next note that the
bound has two main components. The first term || P(6)||3 measures how close
fp is (in Lo-norm) to its convolution with the eigenvalues (v;);ena, hence it accounts
for the bias of the estimator. In the meanwhile the second term (o2 /n) > jend v? can
be thought of as the variance term. In a similar fashion, the contraction rate
has also two main components: ||P(6)||3 and (62/n) >_jena Vj, Where the former is
the squared bias while the latter is the expected value of the posterior variance under
the true parameter. The remaining §,, term is of technical nature. It bounds the tail
behavior of the eigen-decomposition of the variance of the posterior mean. This term
is shown to be negligible in our examples. Since all the above terms are related to
the kernel K, explicit bounds on the expectation of ||én — boll2, as well as explicit
posterior contraction rates of the global posterior Hl,m(.m”), can be achieved for
specific choices of the kernels.

Corollary 3.2.3. (Polynomial) For given B > 0 and > 3d/2, assume that the
covariance kernel K satisfies Assumptions [3.1.1 and (3.1.6)) with « = 5. Then for

26—
m=o(n % ) ) the aggregated posterior distribution 11§ . (.|D,) and the corresponding

aggregated posterior mean 0,, n,m resulting from either of the Methods I — II achieve
the minimaz convergence rate up to a logarithmic factor, i.e.

sup  Eo|0n,m — 0013 S (n/0®) 7/ D (log(n/0®))*!
90€@ﬁ(3)

and for all sequences M, — 400,

sup EOHL’ (0160 = boll2 > My, (n/o®) =P+ (log(n /)4~ D/2|D,) = 0
00€06 (B)

The proof is given in Section [3.6.1
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3. Optimal recovery and coverage for distributed Bayesian non-parametric regression

Corollary 3.2.4. (Exzponential) For given B > 0 and > d/2 assume that the
covariance kernel K satisfies Assumptions and (3.1.7) with rescaling parameter

B—d
a = (02/n)/ 8+ Jog(n/o?) and b = 1. Then for m = 0(n2(22ﬁ+d>) the aggregated
posterior distribution HIL’m(.HD)n) and the corresponding aggregated posterior mean

0 m resulting from either of the methods I — II achieve the minimax convergence
rate, i.e.

N 2
sup EO ‘ gn,m - 00H2 5 (n/0_2)726/(2ﬂ+d)’

906@[3(3)

and for all sequences M, — 400,

sup  BoIlf (9 16 = 662 > Mn(n/ch)’ﬂ/(25+d)\]D)n> 0.
00€08(B) '

The proof is given in Section We note that the conditions on S and m in
both corollaries follow from the remaining technical term §,. These conditions are
not optimized and are of technical nature.

§3.3 Distributed uncertainty quantification

In the following, we study the frequentist coverage properties of the Lo credible balls
defined in resulting from Method I. For convenience we allow some additional
flexibility by allowing the credible balls to be blown up by a constant factor L > 0,
i.e. we consider balls

Brm(L) = {0 € Lo(2): [0 = b < Lroms )

where for the choice L = 1 we get back our original credible ball . The frequen-
tist validity of Bn,mﬂ(L) will be established in two steps: First we approximate the
centered posterior measure 6 — émm |D,, and second we study the asymptotic behavior
of the radius, the bias and the variance of the posterior mean corresponding to the
approximated posterior.

In the non-distributed case (i.e. m = 1), the posterior distribution can be ap-
proximated by an auxiliary GP. For the GP posterior 6 — én|Dn ~GP(07C’n), the
covariance kernel C), given in is hard to analyze due to its dependence on X.
Against this background, following the idea of (Bhattacharya et al., 2017, we define
a population level GP W ~GP(0,C,,), where Cp,(z,2") = 02 /n > jena Vi (z) ('),
and show that the two kernels are close with respect to the Lo-norm. Then using this
result we can provide the following frequentist coverage results for the credible balls.

Theorem 3.3.1. Let 3,B > 0, K be a kernel with eigenvalues (ji5)jena satisfying
{j € N : nu; > 02} < n and corresponding eigenfunctions satisfying Assumption
3.1.1, Furthermore, assume that ndy/ 3 ;cnavj = o(1), where the (typically) negli-

gible term 6, was defined in (3.2.8). Then in case the bias term |[P(6)||2 satisfies
that

n PO

< (3.3.1)
o? ZjeNd vj
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§3.3. Distributed uncertainty quantification

for some ¢ > 0, the frequentist coverage of the (inflated) credible set resulting from
Method I tends to one, i.e. for arbitrary L, — 400

Py, (90 € Bumn (Ln)> nIOS

On the other hand, if the bias term ||P(8y)||2 satisfies that

7 IP@)I3 noge

o0, (3.3.2)
o? ZjeNd vy

then the aggregated and inflated credible set resulting from Method I has frequentist
coverage tending to zero, i.e. for any L > 0,

Py, (90 € Bom (L)) n2e0 )

We briefly discuss the assumptions. Condition requires that the squared
bias term is dominated by the posterior variance, which is a natural and standard
assumption for coverage. On the other hand condition resulting in the lack
of coverage assumes that the squared bias dominates the variance which is again
natural and standard. The assumption né,/ > na v; = o(1) is of technical nature,
and is required to deal with the tail of the eigen-decomposition of the posterior.
This condition is not optimized but it is already sufficiently general to cover our
examples. The blow up constant of the credible sets are again of technical nature,
it can be equivalently replaced by slightly under-smoothing the priors, see (Knapik
et al., 2011)).

Below we consider specific choices of the covariance kernel K, both with poly-
nomially and exponentially decaying eigenvalues. We show below that by not over-
smoothing the priors, Method I results in frequentist coverage tending to one in both
examples.

Corollary 3.3.2. (Polynomial) For given B > 0 and > 3d/2, assume that the
covariance kernel K satisfies Assumptions |3.1.1] and (3.1.6) with o < 3. Then for

28—3d
m = o(n - ) and L, tending to infinity arbitrarily slowly the aggregated posterior
credible set By, m ~(Ly) attains asymptotic frequentist coverage one, i.e.

inf P(o € Brmr (L )—>1.
0061(515(3) 01Y0 n, L,’y( n)

The proof is given in Section [3.6.3

Corollary 3.3.3. (Exponential) For given B > 0 and 8 > d/2, let us take m =
25-d . . .
o(n2@Fd ) and assume that the covariance kernel K satisfies Assumptions

and B.1.7) with (m/n)Y ) (logn)' =1/ < ¢ < (U/n)l/(25+d) logn and b = 1.
Then for Ly, tending to infinity arbitrarily slowly the aggregated posterior credible set
By, m.(Lp) obtains asymptotic frequentist coverage one, i.e.

inf P(e € By Ln)—>1.
00e1c§6(3) o\ my (Ln)

The proof is given in Section We note that in both examples the conditions
on B and m are of technical nature and they were not optimized.
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3. Optimal recovery and coverage for distributed Bayesian non-parametric regression

§3.4 Discussion

In this chapter, we have shown that distributed methods can be applied in the context
of Gaussian Process regression and give accurate results in terms of recovery and
uncertainty quantification. Although a naive averaging of the local posteriors will fail
to capture the true functional parameters, there exist techniques obtaining a global
posterior distribution which has similar asymptotic behavior as the non-distributed
posterior distribution. We demonstrate through various examples (including both
polynomially and exponentially decaying eigenvalues for the covariance kernel) that
the aggregated posterior distribution can achieve optimal minimax contraction rates
and good frequentist coverage.

One of the main contributions of our paper is that we do not need to assume
that the true functional parameter belongs to the Reproducing Kernel Hilbert Space
(RKHS) corresponding to the considered Gaussian Process prior, which is a typical
assumption in the literature. This way our results are less restrictive and can be
applied for a larger class of functions and priors. For instance squared exponential
covariance kernels contain analytic functions in their RKHS, hence assuming that
the truth belongs to that space would substantially reduce the applicability of the
method. Also, in case of Matérn kernels by relaxing this assumption we do not have
to introduce an (artificial) rescaling factor which is needed otherwise as the regularity
of the Matérn kernel can’t be chosen to match the regularity of the truth.

The optimal choice of the tuning hyper-parameter in the covariance kernel depends
on the regularity of the underlying function, which is typically unknown in practice.
In the non-distributed setting various adaptive techniques were proposed to solve
this problem, including hierarchical and empirical Bayes methods. However, in the
distributed setting standard approaches based on the (marginal) likelihood fail, as it
was demonstrated in the context of the Gaussian white noise model, see (Szabd and
van Zanten, 2019). An open and interesting line of research is to understand whether
adaptation is possible at all in the distributed regression framework and if yes
to provide method achieving it.

§3.5 Proofs of the main results

§3.5.1 Kernel Ridge Regression in non-distributed
setting

Let us first consider the non-distributed case, i.e. take m = 1. We introduce some
notations and recall standard results for the kernel ridge regression method. The
posterior mean 6,, coincides with the kernel ridge regression (KRR) estimator

n

0, = Ok rr = arg min (6, (0)], Lo (0) = D (¥i—0(X))*+020]7,, (3.5.1)

i=1

where the RKHS H corresponds to the prior covariance kernel K, see Chapter 6 in
(Rasmussen and Williams|, [2006]). The objective function of the KRR is composed of
the average squared-error loss and an RKHS penalty term. In view of the representer
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§3.5. Proofs of the main results

theorem for RKHSs, the solution to is a linear combination of kernel functions,
which renders it equivalent to a quadratic program.

By the reproducing property, all functions 6 in the RKHS H can be evaluated as
0(X;) = (0, Kx,)n with Kx, = K(X;,-), and ||0||3, = (0,0)5. The corresponding
log-likelihood function takes the form (up to an additive constant term)

—(0,Kx,),)° +0°(0,6),,

n

=1

Performing a Fréchet derivation on ¢, : (H,{-,-)%) — R with respect to 6, one can
obtain the score function. By multiplying the score function with 1 /(2n) we arrive at
the function S, : H — H given as

> (Y- 0(X:) Kx, — 029] : (3.5.2)
i=1
For simplicity we refer to S, () as the score function from now on and note that the
KRR estimate 0,, = 0 rr then verifies

S (00) = 0.

Define also S,,(6) := EoS,,(0) to be the population version of the score function, i.e.

0'2 0'2
S, (6) = /X (60 (2) — 0 (2)) Kyda — 70 = F (6 — 0) — —-0, (3.5.3)

where the operator F' : Ly(X) — H is a convolution with the kernel K, in other words
0) = [0(x)K,dv. Considering § = 3, ya0;1;, a straightforward calculation
yields F'(0) = > cna #j0;45. We can then rewrite Sy, (0) as

%+ nu;
Sn(a) = Z (,Uja(),j - njej) ’Lﬂj, (354)
jENd
which leads immediately to a solution of S,(0) = 0 with 8; = v;6y;, where v; =

Un,j = o2+np;”

Let us define another operator F: Ly(X) — H, with H denoting the Hilbert space
with inner product (0,0"); = > cna v; 29J<9], as F(0) = > jend uﬂjz/){ (we omit the
dependence on n in the notation). Note that both operators F' and F' are bijective
and linear, which allows us to rewrite as

S, () =F(6)) —FoF1(f)=F (90 . (9)) .
Hence, using the notation Af, = 6,, — F(6) we get
Ab,=-FoF oS, (én) . (3.5.5)

It will also be useful to define the operator P = id — F', where id denotes the identity
operator on Ly(X). Also note that S,,(F(6p)) = 0.

Table provides a summary of the key above notations in order to help the
reader find a way in the proofs.
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3. Optimal recovery and coverage for distributed Bayesian non-parametric regression

Table 3.1: Notation references

Symbol | Definition

D, Data, {(Y;, X;)™4}.

0o True function.

£ Gaussian error, g; = Y; — 0p(X;) ~ N(0,02).

0,, posterior mean function, Ex[0|D,], equal to the KRR solution.

f = argminger [nt LI, (Y — 0(X0)® + n o203
F Convolution with kernel K, F(0) = 3 ya 11;0;1;.

F! Inverse of F, F~1(f) = > jenalli/pg);.

{v;}jena | Eigenvalues of the equivalent kernel v; = nju; /(02 + np;).

F Convolution with the equivalent kernel F(§) = > jena Vi0ib;.
}j_l Inverse of I, F=H0) = 3 ena(05/vi);.

P P=id-F.

S, Sample score function, S,(0) = n='[>1, (YV; — 0(X,))Kx, — o20].
Sh Population score function, S, (0) = F(6y — F~1(0)).

§3.5.2 Kernel Ridge Regression in distributed set-
ting

In the distributed setting (both in Methods I and II), accordingly, the kth local sample
and population score functions are given (up to constant multipliers) by

n/m 2
S0 () = n/% S (v -0 (X)) Ky - Zo]
90 = [ 0@ -0 Kade — 0= 5,0), (3.5.6)
X n

respectively. Analogously to (3.5.2]), every local KRR estimate satisfies .S, (k)(ﬂ(k)) 0.
In view of S = S, we have S (F(OO)) =0, hence for each machine, let AL =

é,(f) —F (fo) denote the difference between the empirical and the population minimizer
of the KRR.

§3.5.3 Proof of Theorem (3.2.2

In the proof we use ideas from the proof of Theorem 2.1 of (Bhattacharya et al.,
2017). The main differences between their and our results are that we are consid-
ering (various) distributed Bayesian methods (not just the standard posterior with
m = 1) and that we extend the results to general Gaussian process priors (including
kernel with polynomially decaying and exponentially decaying eigenvalues), while the
proof (Bhattacharya et al.,|2017)) only covered the rescaled version of the kernel with
polynomially decaying eigenvalues, with scaling factor depending on the sample size.
More specifically we do not require that the true function belongs to the RKHS of
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§3.5. Proofs of the main results

the GP prior, which substantially extends the applicability of our results. Finally in
our analysis we consider the multivariate d-dimensional case, work with Ls-norm and
consider Sobolev type of regularity classes rather than L., norm and hyper-rectangles
induced by the series decomposition with respect to the eigenbasis 1. These exten-
sions and conceptual differences required substantially different proof techniques than
in (Bhattacharya et al., [2017).

First note that in view of the inequality (a + b)? < 2a? + 2b%, we get

~ 2 - 2 N - 2
E, ‘ [ 90H2 <2 Heo _ F(GO)H2 + 280 || — F(GO)’ :

where én’m is the mean of the global posterior HL’m(. |D,,) obtained with either method
I or II. Then we show in Section [3.5.3.1| that for 6, € ©°(B)

O — F(%)HQ < % S (||15(90)H§ +02) + 6, (3.5.7)

2
jENd

Ey

where
-1

Op, = inf nZV?ZM:ICNCﬂﬂg% Zyjz

jENd  ¢eTe jENd

concluding the proof of the first statement.
For the contraction rate note that by using Markov’s and triangle inequalities we
get

EoE! [Ha ean D}JFEO Oy — eoH

2.2
MZze2

EOHIL,m (9 : ||9 - 00”2 > Mn€n|Dn) S

Therefore it is sufficient to show that
EoET 0—0 ’ D,| =0 i E
0Ln,m |:H - n,mH2| n:| ; - Vj

In view of Fubini’s theorem the expected squared Lo-norm of the process 6 — én7m|]D)n
is the integral of the aggregated posterior variance of §(z) over X,

B {He—én,muzmn} :/ Varl,,, (6 (2) |D,) da
X

In the non-distributed setting, the posterior variance only depends on the design
matrix X. The expectation of this integral is known as the learning curve in Chapter
7 of (Rasmussen and Williams, [2006]). In Section [3.5.3.2| we prove that

EO/ Varn 'm “D)n) dr =< 0'2 Z m — Z vy, (358)

jENd jENC

concluding the proof of the statement.
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3. Optimal recovery and coverage for distributed Bayesian non-parametric regression

3.5.3.1 Proof of (3.5.7)

First note, that in view of the inequality (a + b)? < 2a® + 202,

- 2
HM(k)H <92 HM(k) FoF~1o8k ( (o) )H 42 HFOF o §(k) (F (90))H .
2
Then we show below that
B _ pop1og® (F 21 ik ||
Eo HAen —FoFto8® (F(6)) H < —F, HAGn H + 6, (3.5.9)
2™m 2
which together with the preceding display implies
. . - 2
Fo HAG(’“)H 2+0(1)) (EO |Fortos® (Fo)|| + 05n> .
By combining the preceding two displays we arrive at
EOHAM—FOF 80 (F (o )H
2
<1lg [Forto8( (£ 00)|. +6n
m 2
For the aggregated estimator we get that

|86 A0~ 23 For 10500 (F01)

ZFOF oS (F ( (90)>

Then in view of the preceding display, the independence of the data across machines
and Eg(FoF~'lo S (F(6))) = 0 we get that

2

R 2 1 - . . 2
’ 2 m 2

Finally we verify below that

EOHFOF—loS';M(F(90)>H2§ n/lmjz V2 (HJB(Q())HE-FUQ), (3.5.10)

2
eNd

which together with ||P(6)||2 < ||60]|3 < B2 provides us (3.5.7).
Proof of (3.5.9)): First note that the identity AP = _FoF-1o Sflk)(éﬁlk)) follows

from assertions (3.5.5) and (3.5.6). This implies together with the properties of S
and S, that

(502 (99) = 512 (06)) = (58 (P 40)) = 512 (7 60)) )
FoF

Sl (Aggc)) _ ) (ﬁ(go)) _ (3.5.11)
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§3.5. Proofs of the main results

On the other hand, in view of (3.5.6)),

S (9) — SH) () = n/im % (Yf’“) 9 (XZ(M)) Ky — /X (6o (z) — 0 (2)) Kpda

for all functions 8 € H. Therefore, by applying the preceding display twice with
0 =0 and 6 = F(6), we get that

(30 3) - 0 () - (5 (i) -5 (i)

n/m
1 . X
= N AR XK /Ae)(k) K, dz.
n/m; n(l)kamLX V) (x) z

Combining assertion ([3.5.11]) with the preceding display and then using Lemma
(with 9= A@;g% satisfying the boundedness assumption, see Lemma j together
with Lemma we get for arbitrary index set Z ¢ N? that

B, 288~ Fo o 50 (£ (60) Hz

2

n/m
- E, (F o F‘1> n/im ; AP (X}’“)) K /X AP (2) Kpda

AR

n/m
/ jENd éeIc

2

Taking the minimum over |Z| < W(Zg‘el\ld 1/]2)_17 we get that

Eo HAéﬁl’“) _FoFlos® (F(ao))H < % o AGR|2 + 6, (3.5.12)

concluding the proof of (3.5.9)).

Proof of (3.5.10). In view of the linearity of the operator FoF~ ! the inequality
161 + 6215 < 2[|6113 + 2[|62]3, and

S (ﬁ (90)> - n/im rf (Yi(k) v (Xz‘(k)>) KXE’”
i=1
+ %gzﬂ(eo) (X)) K g - T F (00)
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3. Optimal recovery and coverage for distributed Bayesian non-parametric regression

the left hand side of (3.5.10) can be bounded from above as

B[P (5 (Fiw) -t (F)|
< 2B, |FoF! v mrfp (Xlik))Kka)—/)(P(eO) (2) K dz
2

n/m 2

- (k)
+ 2By |FoF n/m§ MK
2
=: (T1+T2)

We deal with terms 77 and T3 separately. In view of Lemma (with 9 = P(6))

for some C > 0. Since the operator F o F~1! is linear, we get that

A (CUN TS (el
RO I (RN R)

1<i<t<n

202 - 2 202
sl A CE e r A
n/m° ° XM )e T n/m EZNdVJ
j

because the cross terms are equal to 0 due to independence of the noise sl(-k), 1 =

1,.,n/m k=1,..,m

3.5.3.2 Proof of (3.5.8)

In this section we give upper bounds for the learning curves in case of both distributed
methods.

Method I: Let us denote by MJI- = my; the eigenvalues of the local covariance kernel.
Then in view of Lemma [3.7.4] the expectations of the m local posterior variances are
all of the same order

I
EoEx Var (0( )|]D)(k)) o jEZNd W o Z 02 +nM n/m Z V-

jeNd

Since the variance of the global posterior distribution IT}, . (.|Dy,) satisfies the following

equality
Varl, ., (0(2)) =m ™23 Var (9(2)D{ ),
k=1
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§3.5. Proofs of the main results

one can see that )
o

EoEx Varl (0(X)) < — .

oEx Var, ,, (0(X)) n ZV]

n,m
jENE

Method II: First note that ,ufl = 11 the eigenvalues of the local covariance kernel.
Note that the expectations of the m local posterior variances are all of the same order

2 11 2

i o
EoEx Var (6(X)ID() = J - ’
oLyx var ( )| n mjgdgg/m+(n/m)u§1 n ZVJ

because the variance of the noise is o?/m for each machine. The variance of the
aggregated posterior distribution ITLf (.|Dy) satisfies

2
g
EoEx Var[, (0(X)|Dy,) < — DRZ
jENd

because we know that

n,m

Varll, (0(X)|D,) = m™" Zm: Var (6(2) D)
k=1

proving assertion (3.5.8)).

§3.5.4 Proof of Theorem |3.2.1

The proof follows similar lines of reasoning as Theorem [3.2.2] where we provided
general upper bounds for the contraction rate of the distributed posterior.

First we prove (3.2.3). For the naive averaging method the local sample and
population score functions coincide to the non-distributed case given in Section [3.5.1
with sample size n/m, i.e.

A 1
*(k) — (k) (k) o
«(k) o? -
550 (9) = /X () = 6(0) Ko — 70 = (6 0) = 7.

Note that the solution of the equation S;Z(k) (#) = 0 is given by the coefficients 6; =

* . : * __ np; ; d
vibo,j, with vy = T J € Ne.

Then using the inequality a? > (a — b)?/2 — b one can obtain that

~ 2 - 2 N - 2
Bl = o Pl ]

1
2

where F*(6) = > jen ;05 and é;m is the mean of the global posterior II} ,,, (.|D,)

obtained with the naive averaging method.
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3. Optimal recovery and coverage for distributed Bayesian non-parametric regression

First note that

AN m L 1 e
H9o - F (90)H2 =3 oo R +W,93,j z5 > G717 (log j)?
=1 ! (n/(mo2))/ @8+ <
> ¢o(n/m) ™28/ (log(n/m)) 2, (3.5.13)

for some small enough ¢y > 0. We conclude the proof of (3.2.3) by showing below
that Eo|[fn,m — F(9o)||2 = o((n/m) =P/ (log(n/m))~ )~

Similarly to we can derive (by replacing F and v with F* and v* , respec-
tively) that

n

o|léz . — 7 H < lz (HP*(@@H}&)M;, (3.5.14)

where 0 = nZ?’;l(V;‘)Q e e, with I = #W(Zjo (v)?)~ 1. Note that |1P*(80) 13 =

O(1) and in view of Lemma 322 ()2 = (n/m)Y 2FFD); hence

(n/m)28/(28+1)

mlogn

Therefore the first term on the right hand side of (3.5.14)) is O (n =28/ (2841 ~1/(26+1))
and

55 < n(n/m)Y/ (H28) [28 — 228~ 1448 (190 )28 — <(log(n/m))_2) ,

where the last step holds for large enough choice of 5 and not too large choice of m.
For instance taking 8 > 2 and m = o(n'/(?+28)), we get that

8 (n/m)*/ D < =0 logh n = o ((log(n/m))~?),

for some ¢; > 0.
It remained to deal with (3.2.4)). First note that by the computations above
combined with Markov’s inequality there exists a sequence p,, — 0 such that

n

Then by triangle inequality, (3.5.13|) and Markov’s inequality we get for ¢ < ¢y that

é:m - F*(eo)HQ > pn(n/m)_ﬁ/(%‘*‘l)(1og(n/m))—1) o

EolL; ,, @ww—%M§4merW“m%mmm*ma
< Bt ([0 = 700

— e(n/m)~P/ @D (1og(n/m)) 1<H9 9an |]D)n)

rl,

< EolIl;, ,, ((CO — ¢ — pp)(n/m)~#/ D (log(n/m)) =t < H6‘ - éZmH2 |]D)n> +o(1)

< (n/m)?/ 5 log(n/m))? Eo By, [0~ 05
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§3.5. Proofs of the main results

We conclude the proof by noting that

j=1

2 oo
J *
==

n/m =

for all k € {1, ...,m}; hence
. P2 Ly (k)
EoE;, |6 - GWHQ = — > BoBx Var (6(0)|D{)

§3.5.5 Proof of Theorem (3.3.1

We first consider the non-distributed case m = 1 for clearer presentation and then
extend our results to the distributed setting.

3.5.5.1 Non-distributed setting

Connection to KRR Similarly to the posterior mean, the posterior covariance
function C), can be given as

Cu(z,2") = K(z,2') — Ky (2, 2"),

where K, (z, ) = K(-, X)[K(X,X) + 021,] ' K (X, z), or equivalently

n

02
LS (K, X0) = 0(X0))” + nlWll?{] (3515

n -

Kon = Kn(,) = arg min

see assertion (8) of (Bhattacharya et al.| [2017).

Then by taking the Fréchet derivative of the expression on the right hand side we
arrive to the (adjusted) score function and its expected value

n

Sk, m(9) = 1 (Z (K2(Xi) —9(Xy)) Kx, — 0219) )

n :
=1

A o2
Sk,m(V) =ESk, n(¥) = / (Kz(2) —9(2)) K.dz — ?19.

X
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3. Optimal recovery and coverage for distributed Bayesian non-parametric regression

Then similarly to the posterior mean in Section the following assertions hold

Sk, m(¥) = F(K,) = Fo F~ ') =F (Km ~ F—l(ﬁ)) : (3.5.16)
A A:c,n = Kz,n - F(Kz) = _F o F_l ] SKI,” (Kx,n) s (3517)
A % <i P(K)(Xi)Kx, — UQF(KI)> ; (3.5.18)

I e— , - .
—— g AKm’n(Xi)KXi +/ AKm’n(m/)KIrdx’, (3.5.19)
n < X
=1

and note that Kxn and F(Kz) are the zero points of the functions S'Kz,n and Sk, n,
respectively.

Under-smoothing Following from the triangle inequality, to obtain frequentist
coverage for the credible ball it is sufficient to show that for L, — oo

j 8 (HP(@O)HQ +é, - 13“(90)H2 < Lnrm) 1

The preceding display is implied by assumption (3.3.1)) and assertions

~ (12 0'2
Py HAen <L Zd vi | —>1, (3.5.20)
9 1 o2
Po| g2 55m | =1, (3.5.21)
P jeNd

where Af,, := 0, — F(Ho), verified below.

Proof of (3.5.20)): In view of assertion (3.5.7) with m = 1 and Markov’s inequality
we get

N 2
) 2 E, HAen i
2

A g
Bol oo, <10 v ) < 2
jeNd noy 2ijeNd Vi

< (% 2 jend VJQ) +0n
- L”%z EjeNd vj
1 nd
=0 —+ =] =0(1).
<Ln ZjeNd Vj)

Proof of (3.5.21)): The radius r,, , is defined, conditionally on X, as P(||W,||3 <
72 |X) = 1—7, where W, is a centered GP with covariance kernel C;, given in (3.1.3).
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In view of Chebyshev’s inequality

r2 > B [[Wal3X] = (1= 4)~2 Var (W] 31%)"*.

n'y—

Using Fubini’s theorem, the first term on the right hand side of the preceding display
can be rewritten as

B (W, 51%] = 2 (16 = 6ulDn] = [ Vr (0(@)Dy) da

The integral on the right-hand side of the display, called the generalization error, see
Chapter 7 of (Rasmussen and Williams, 2006), is asymptotically bounded from below
almost surely by

= ”’ > v, (3.5.22)

2
e nujbupxex ¥ (z) et

in view of assertion (12) of (Opper and Vivarelli, [1999) and Assumption Fur-
thermore, the variance of ||W,,||3, conditional on the design X, is

Var (||Wl[31X) = B [[[Wall2X] — B2 [|WalI31X]
The first term on the right hand-side satisfies

B (IWal31X] = E [16 - 8. [3/D.] (3.5.23)

:/(/X (G(x)—én(x)>2da:/X (H(x’)—én(x’))de’> 11(d6|D,)
:/X/X/(&(x)—én(x)>2(0(9:’)fén(:c/))2ﬂ(d0\]1])n)dxdx’

- / / (Var(0(m)|]D)n)Var(0(x')\Dn)+2€’n(x,x’)2> dz’ dx
X JX

- </XVar(9(x)|Dn)dx)2+2 e

= B [|WalBIX] +2/X C‘n(x,.)szx, (3.5.24)

using Fubini’s theorem and the reduction formula EX?X2 = Var(X;)Var(Xs) +
2Cov(X1, X2)? for X1, X5 centered Gaussian random vanables, see for instance page
189 of (Isserlis, [1916). Hence, again in view of Fubini’s theorem,

. 2
Eo Var (|| W,||2[X) :2/ EOHC’n(a:,.)szx. (3.5.25)
X

Recall that the covariance function C’n(x,x’) = K(z,2') — Kn(x,m’), where Kwn =
Xn(m7 .) is the solution to (3.5.15). We show below that for all z € X

+ 6, (3.5.26)

B [Cuten, % [P
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3. Optimal recovery and coverage for distributed Bayesian non-parametric regression

for
2 -1

b, = inf ZV? ZMZ:ICNCHI\:O n ZVJQ

jEeNd ¢eze jENd

In view of the definition of the linear operator P and the eigenvalues vj, f1j we get

~ 0.2
P(K(x,a") = Y (1= v)pusep,(2)ep,(2') = o D i), (35.27)

jENd jENE

for all z,2’ € X. Then by combining the last three displays

o Var (IWal3%) =2 | B |Gl do

5/ HP(K(m,.))H dz + 6,

2
< )/Z Vi, (x dz+6ngzje§d”j

jeNd

( > IRz JEN“/z (3.5.28)

jENC

Therefore, by Markov’s inequality and Lemmas [3.7.5] and [3.7.6]

2 i V2 nén . 1/2
Py | Var (|W,)21x) "% > 2 S| e ((Z]eNd iy > jend j> o
n

jend ZjeNd v;)? (ZjeNd v;)?

for all ¢ > 0. Hence by combining (3.5.22) and the preceding display (with ¢t =
(1-m'2C;%/2),

2
12 - o
Py | E[[Wall31X] = (1= ~)7"2 Var (W, [51X) " > ( w2/2); Yo =L
jENd

This implies that all the quantiles of ||W, |3, conditionally on X, are of the order
(0%/n)> jena v with Po-probability going to one, including e

Proof of (3.5.26)): First note that by the inequality (a + b)? < 2a? + 2b2,

z,n )

N 2 ~
Cn(:r,.)H2 < QHP(K

where A[A(w)n = [A(m’n — PN’(K,;)
Next we give an upper bound for the second term of the preceding display similarly
to Section [B.5.311 First note that

2

()| -

2

o

HAKwn—FoF OSKJC ( )H —‘rHFOF OSK n(
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Then by showing below that

Bo|AR, — P~ oSic P (KD, <0 (Bo[akn[)) +6, (3529

we arrive at

" 2 - R - 2 -
E, HAKM LS Eo HF o F oSk (F(KZ)) H 45

2

Next, in view of (3.5.18]),

B HF o F o8k 0 (F(Km)) z — E, HF o1 (sKn (F(Kz)) — Skom (F(Kx))) H

:EO

For! (;iﬁ(m)(&)l{xi - / ﬁ(Kz>(:v’)Kmfdx’>

2
2) ’
where the last line follows from Lemma with ¥ = P(K,) (and m = 1), conclud-
ing the proof of (3.5.26)).

Proof of (3.5.29)): Similarly to (3.5.12)), by using assertion (3.5.19)), Lemma
(with ¥ = AK, ,,, sample size n) and Lemma (with m = 1), we can show that
forallz € X

2

2

(I

1 -
w2 | [P
J

€Nd

N - N - 2
E, HAKOM —FoFlo8k, . (F(KI)) H2
2
= EO

N 1 & R N
(FoF™1) ( > AK, o (Xi)Kx, — / AKLH(;C’)Kz/dx’)
n X

i=1

2

- IZ|logn ) ;ena V3

~

2
) e

jENd LeZe

E, HAKM

n

Taking the infimum over |Z| = o(n/(lognzjeNd v?)), we get that the left hand-

side of the preceding display is bounded from above by o( Eo||AK, ||2) + 6y, conclud-
ing the proof of the statement.

Over-smoothing By the definition of credible sets and using the triangle inequality,
we get that

o (< ) < o ([ ], <|

<n(Jrw, <>

0, — 13’(90)H2 + Lrnﬁ)

0= F(00)|,) + Po (| Pi60)]|, < 22r-)

and we show below that both probabilities on the right hand side tend to zero.
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3. Optimal recovery and coverage for distributed Bayesian non-parametric regression

The first term disappears in view of (3.5.20) and assumption (3.3.2)). For the
second term note, that in view of Markov’s inequality and PO(HW ||2 >y X)) =7,

where W, is a centered GP with covariance kernel C,,, we have yr2 ~ < E[[W,]I51X].
Then
- 2
Py (w{i7 > | 260 ) < Po( (W3] > HP (00, )
’ 2
2LE D
7 HP<90>H2

The expectation in the numerator, known as the learning curve, is of order (o2 /n) D jend Vi
according to Lemma [3.7.4} thus for all L > 0 not dependmg on n the right hand 81de
of the preceding display goes to 0 in view of assumption (3 .

3.5.5.2 Distributed setting

Preliminary results. We start by introducing the distributed version of the nota-
tions introduced in Section [3.5.5.1] The aggregated posterior covariance function is
Chon(@,a’)y=m=23 ", C L") (@, 2'), where the local posterior covariance functions

can be given as Cy, ’(k)( ') = Kl(2)) - Ki’(k)(x’) with

K10 () = KT (.7X(k)> [KI (X<k>,x<k>) +02]n/m}‘1 Kl (X(m’x)

—mK (-,X(k)) [K (X(’“),X(k)> +m U2In/m} K (X(k), :v) .

Then in view of (3.5.15)),

n/m

(k) G
> (KX = 9(xM)) + )i,

i=1

1
_1KI (k) = = argmin ———
JEH N/ M

For convenience let us introduce the notation f(i’(k) = m_lf{,{’(k). Then the corre-
sponding score function (up to constant multipliers) is given by

X 1 n/m 2

S 0) = —— [ 32 (K (X)) = 9(x")) Ky = T

n/m P

I,(k) , 71,(k
(( ())

satisfying S = 0. Furthermore the expected value of the score function is

2
Sken(0) = BSEO0) = [ (Kue) = 9) Koz = T-0 = S (0),
Bw=/

hence S’f(zn(ﬁ’(lg)) =0.
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Then similarly to the posterior mean in Section the following assertions hold

ARD®) = RI0) _ p(K,) = —FoF oSk (f(z,(k)) 7

n/m 9
Si{a(fn (F(K«”)) = n/lm Z p(K:r) (X k)) KXi(M - 7F(Kz) ) (3.5.31)
=1
Fo Pt (ARL®) - S35 (F(K.))
n/m
= _n/im ; AKp™® (Xi(k)> Kym + /X AKD® (@) Kypda!.

(3.5.32)

Main assertions. Similarly to the non-distributed case in Section [3.5.5.1] for the
coverage of the credible sets it is sufficient to show that

2
P ; i 1 .
0| Tam(M) = Co= D v | =1, (3.5.33)
jENd
P | |6 ool <10.% 1 3.5.34
- < — j .J.
o ([ =P, < 2T 30 ) 1, 3531

where the radius r,, () is defined as P(|W, |3 <72 ,,(7)|X) =1—~ and W,, ,, is

—= '"n,m
a centered GP with the same covariance kernel as HIL’m(.UD)n). Furthermore, the lack
of coverage under ({3.3.2)) follows from

. 2
Py (Lrim(v) > HP(&O)H2> 0. (3.5.35)
We prove below the above assertions.

Proof of (3.5.33): Similarly to the proof of (3.5.21)) we get by Chebyshev’s
inequality that

_ 1/2
e (v)>E [HWn,m”%Dg] —(1—7) /2 Var (HWn,m||%|X) / .

n,m

Then in view of

Varl, (0(z)) =m™*Y Var! (0(;«)|D5f>) . forallze X, (3.5.36)
k=1
and Lemma [3.7.4] it holds almost surely that
2
E[[|[Waml3X] = / Varl (0(x))dx > 7 Z vj. (3.5.37)
zeX 7 " jend

Furthermore, as in (3.5.25)),

R 2
Var (IWoml3%) =2 [ ||Chn(a)] do
X
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3. Optimal recovery and coverage for distributed Bayesian non-parametric regression

Recall that the covariance function C'fl’m(x,x') =m2Y", o (z,2'). Then in
view of (3271, ;) <m Y T, af,

2
2 m m 2
o H _ —2 ALK (4 < 3 AT (k) H .
L), = |2 Yo O @ )| <m S e, )|
k=1 2 k=1
‘We show below that
R 2 . 2
Ey HC{;(“ (z, .)H2 <m? (HP(Km) Lt an) : (3.5.38)

for &, = nf{(3"ena ¥3)* Ypeze e = |Z| < m/(m?logn y; yav3)} similarly to the
non-distributed case. Then in view of assertion (3.5.27)), the variance of ||[W, .3,
similarly to (3.5.28]), is bounded from above by

N 2
Eo Var ([Wo. 2/X) :2/ By |[Ch(a,)| do
X

([ [Pt

4
O' ~
- 2
=2 ZVJ+5"'
jeNd

N

2 -
dx + (5n)
2

Hence for all ¢t > 0 we get by Markov’s inequality and Lemmas and [3.7.6] that

2
2 04
Py | Var (|Waml3%) 275 [ 3 v,
JENd
R Onn?
St—Q E]ENd 7 nT 3 :O(l)

(ZjeNd Vj>2 ot (ZjeNd Vj)

Hence with Py-probability tending to one E[||W, ,|3|X,] is of higher order than
Var(||W,,.m||2)'/2. Therefore, the quantiles of || W,, ,,.||3 are of the order (¢2/n) > jend Vg

with Py-probability going to one, including r%’m(’y).

Proof of (3.5.38)): We adapt the proof of (3.5.26) to the distributed setting. First
note that

2 2

2 ~ ~ N ~
L+ HAK;W —FoFtoSp® (F(Kw)) H

CE® @, |

2 2

< m2<H15(Kw)

5 o1 al(k) (£ 2
[peresi (uc)[)
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§3.5. Proofs of the main results

where AKZ™ = Ki’(k)/m — F(K,). Then for, in view of (3.5.31)), we get that

- R - 2
Eo|[FoFto 8™ (F(K.) H

2

where the penultimate inequality follows from Lemma with 9 = P(Kx).

Furthermore, similarly to the proof in Section by using assertion (3.5.32)),
Lemma (with 9*) = AKE®), sample size n/m) and Lemma [3.7.3) we can show
that for all x € X

. . R . 2
Bo |[ARL9 — Fo Pt o 53 (F(K)) |
1 A I,(k) (k) I,(k)
_ —1 1, 1, / /
— By |[(FoFY) n/—mz;AKx (Xi )KXE,C)—/XAKQC (') Ky dac
= 2
< |Z|logmn > cpa 1/]2
~ n/m

Eo| ARDW[3 + 5,

Taking the infimum over |Z| = o(n/(mlogn D jend 1/]2)) we get that the left hand side

of the preceding display is bounded from above by o(Eo||AKY)||2) +3,,. We conclude
the proof of (3.5.38)) by combining the above three displays.

Proof of (3.5.34): Exactly the same as the proof of (3.5.20)).

Proof of (3.5.35)): Similarly to assertion (3.5.30)) we get in view of (3.5.36) and
Lemma in the case where assumption (3.3.2)) holds

2LE, [, Var, m (0(x)) da.
el
%3 jena %

[P,

B (L2 2 [P60)]}) <

DML/ o(1).
Jra]
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3. Optimal recovery and coverage for distributed Bayesian non-parametric regression

§3.6 Proof of the Corollaries

§3.6.1 Proof of Corollary |3.2.3
First note that for any N' C N¢

[Pe,= S a-nr, = 5

jENd jENC

S (n/g2) Z 790] + Z 00,] (361)

JEN ] JjENd /N

Consider eigenvalues satisfying with o = 3, i.e. p; < (Hf 1]1) 28/d=1
Let us take N = {j € N¢: TIZ , j; < Jﬁ} with Jg := (n/0?)%(@+28) and note that in
view of (3.7.6)) [with I = Jg] we have

IN| < Jglog®™t Js = o(n) (3.6.2)
Furthermore, we also get that

, 4/d+2 , 4 —28 d 28
~ . . 2
ol B (1) () 2(50) =

00€08(B) 00€08(B) JEN
d -2 d 28
rm(a) T (50) )
JEN \i=1 jeN \i=1
(’I’L/O'2)_2J;B/d+2B2 + JEQﬂ/dBQ
(n/oﬂ)*25/(d+25)7

IZANRIA

using Lemmas [3.7.10| [with r = 45/d+2, s = 28 and J = Jg] and [3.7.11| [with s = 23
and J = Jg].
Moreover, in view of Lemma [3.7.5and v; < 1
o? 2 O ol g 2y-28/(d+28) (10 (1))
;ZV]-N;J;& og” " Jg = (n/o”) <0g(§>)

Finally we show that the remaining term is 6, = o(n~28/(@+28)) for the choice

. < . n -1
I:{]GNd:HJiSI} Wlthlzm<21/f) ,

i=1 jENC

-1
where me) ( > jENd 1/]2) > 1 holds because m is small enough. Note that in

view of Lemma 3.7.8| the cardinality of Z satisfies |Z| < ;=77 ( > jend 1/]2) , hence
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§3.6. Proof of the Corollaries

it satisfies the cardinality assumption on Z. Then in view of Lemma[3.7.8)and Lemma

3. (.l
ST SN SRR SRy

JENG LTI, 4i>T jENd
26/d+1
1-28/d,_48/d 2 2B+d—1
< nl=2B/dpAs/ Zz/j (logn)?P*
jENd

< n2—2,6/dm46/d(10g n)25+d—1_

The right hand side is of order o(n=28/28+d) for all m = o(n'/?2=34/(46)) with £ >
3d/2. Combining the above inequality with Theorem concludes the proof for
the polynomially decaying eigenvalues.

§3.6.2 Proof of Corollary (3.2.4

For arbitrary index set N C N¢ we get that

~28 4\ 28
2

P 2a32¢, i 2 2

sup HP(90)H2§ sup [n IJ%%{C J> e ey <i§_191> 09,5

906@’3(3) 006("‘)[’,(3) JEN

J —28 J 28
Jer;lj{)f(le) Z(;g> eg,j}. (3.6.3)

JEN

We deal with the two terms on the right hand side separately. Note that the function
x = 27 2Pe2% is convex on [1, J,], for J, = a~!log(n/0?) with a < 1, and achieves its

maximum at one of the end points. Let us take the set N' = {j € N¢: Zk 1 Ik < Ja}
and note that

V| < a"4log?n = o(n), (3.6.4)

, by the lower bound on a. Furthermore, by noting that (Z?:l §i)? < deZl j2, the
maximum of the last display over A is bounded from above by

—28
d

. 2a 0 G < —28 2alq
max e i=1 1+ J “Pe .
() s

The second term in ([3.6.3) is directly bounded from above by J; 2% B2. Therefore,
by combining the inequalities above,

B 2 _dt -1 21\ 28
HP(GO)H2 S 3 + (a~"log(n/a?)) . (3.6.5)
Moreover, in view of Lemma
o T TR 2
o Z vj < ;Ja =-a log®(n/c?). (3.6.6)
jENC
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3. Optimal recovery and coverage for distributed Bayesian non-parametric regression

For a := (n/0?)~1/(28+d) Jog(n/o?) both of the preceding displays are bounded from
above by a multiple of (n/g?)~28/(28+d),

Finally we show that the remainder term d,, is of lower order than (n/g?)~2/(28+d),
We take Z = {j € N : Z?lei < I}, with I = n'/d(m 210gn2j€NdV ) e,
Then it is easy to see that [Z] < I? < n(m? loganGNd 1/]2) holds. Note that
|Z| > 1 holds because m 1s small enough. Furthermore, in view of the upper bound
p(j,d) < L (d 1) 1/2 < j? on the d partition of j € N, we get that

5n:nZV?ZW§nZV?ZEde*“€

jeENd Leze jENd e>1
<nrde=ol Z < (n/m)%e= (logn)~* (3.6.7)
jeNd

Since § > d/2, we have
—1/d

al = (n)o?)~ Y28+ 1og(n/o?)nt/ Im=2/4(1ogn)~1/? Z Z/J2-
JEN

> n%m_wd(logn)l_l/d > Llogn.

Hence the right hand side of (3.6.7) is o(n~%), for arbitrary L > 0, when m =
28—d
0(n2@5+4 ) concluding the proof of the corollary using Theorem

§3.6.3 Proof of Corollary |3.3.2

We proceed by proving that the conditions of Theorem hold for this choice of
the kernel and the parameters, which directly provides us the statements.

Let us take N = {j € N¢ : II{_, j, < Jo} with J, = (n/o?)V/o+d) in (356.1).
The cardinality of this set is o(n), see (3.6.2). Furthermore, in view of a < 3,

, da/d+2 , 28 d 28
s [|P@o)| s suwp | %5 max ([T i gi| ez,
0,08 (B) 2 00€O8(B) n? jeN H ; jezf\/ ; "
d —28 d 26
- (zﬁ) > (30)
JEN \i=1 jgN \i=1
< (n/02)72J§a/d72ﬂ/d+2B2 + J(;2B/dB2 < (n/02)725/(2a+d)'
Then, in view of Lemma v; <1 and the preceding display,

—20/(2a d—
— Z vj < n o (log o) = (n)o?) 20/ (2otd) (log(n/a?))
]GNd

when a < 5. Finally in view of Corollary we have that

2

)

1

S
0po€OB(B)

dp=0 ((n/02)’2a/(2a+d)> =0 o Z vi |,

n
jeENd
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finishing the proof of the corollary.

§3.6.4 Proof of Corollary |3.3.3

We again prove that the conditions of Theorem [3.3.1] hold in this setting.

In view of assertions (3.6.5) and (3.6.6), we get for a < (o2 /n)Y/ 28+ log(n/o?)

that

P < 2
[P, =% 30w
jEN
Furthermore, the cardinality of the set {j € N¢ : nu; > 02} is o(n), see (3.6.4). Fi-
nally, in view of Corollary|3.2.4} d,, = o(n~°), hence the condition ¢,, = 0(%2 > jend Vj)

of Theorem also holds, concluding the proof.

§3.7 Technical lemmas

Lemma 3.7.1. Consider the local regression problem (3.1.1)) for arbitrary k € {1, ..., m}
and let ¥ € Lo(X). Then there exists a universal constant C' not depending on ¥ such
that

2
n/m
- 1 C
-1 (k) 2 2
Ey (FOF ) nim E 1 VX;) Ky — Ex[d(2) Kqd] < %WHQ 'GEN; Vi
1= 2 J
(3.7.1)

where X is a uniform random variable on X, and v;’s are the eigenvalues of the
operator F'.

Proof. For simplicity we omit the reference to the local £ machine in the proof by
writing X; = ka). Let 0 =}, na¥jj € La(X). Since

IX)Kx = Y ity (X)ibn(X)0;,
j,keNd

and (¢;) jena is an orthonormal basis of Lo (X'), we have Ex [(X)Kx] = 3 ;cna 19595
Furthermore, the linearity of the operator F o F~! implies that F o F~1(9(X)Kx) =
Zj,kENd v Ui (X)e(X);, providing

FoFP Y (ExW(X)Kx]) = > vy,

jend
; 1" A
FoF™! oy Y O(X)Kx, | = T S Fo Pl (9(X,)Kx,)
i=1 i=1
1
" n/m Z > vt (X gR(Xa)yy.  (3.7.2)
i=1 j,keNd
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3. Optimal recovery and coverage for distributed Bayesian non-parametric regression

Then using the inequality (a + b)? < 2(a? + b?) we get

2
n/m

Eo (Fo ) n/mZﬁ K x, — Ex[0(X)Kx]

2

n/m
= Eo Z vk, ij Xi) = bji
j,keNd 2
= Xy (Xi) = 9;)°
2(CJ + DIIYII3
<2 D2(X;) +092) < - T2 2
Zdnm (K5 (X0) +95) < n/m Zdyﬁ
JEN JEN
finishing the proof of the statement. O

Lemma 3.7.2. Consider the local regression problem (3.2.1) for arbitrary k € {1, ...,m}.
Then for any finite index set T C N¢, |Z| < n® and data dependent function %)
xR, (|9®)| < 0, for some C > 0,

2

n/m
- 1 . .
—1 k (k) k
Ey (FoF ) v ;1 I (XK o = Ex [0 (X)Kx]

2

Z 2y pwe+n~%®, (37.3)

Lele

|Z|logn 2 ) |12 3(k)
s By v |0+ 5 o
jENd

where X is a uniform random variable on X, v;’s are the eigenvalues of the operator
F, Cy can be chosen arbitrarily large, and 19(11?() = jere 1§§-k)1/)j(~),

Proof. For simplicity we omit the reference to the kth local problem and write X; =
Xl-(k) and ¥ = 9. Let us next define the set Az ; C X™/™ as

2
n/m 2
8C5C'logn
Azj = n/mZ% X;) = 8¢ g#, teTh. (374

Note that by Hoeffding’s inequality, for arbitrary ¢ € Z,

n/m 2
8C5Clogn
P(AZ;) <|ZIP Z Pi(X | > ——

4C2C'lo
< 2|Z]exp {_wcggn} < O(|Z]n=%).
P

n/m
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Then using (a + b)? < 2a® + 2b% and Cauchy-Schwarz inequality

n/m 2

E, (ﬁo ) n/mZﬂ X)Kx, — Ex[0(X)Kx]

2

2
n/m

Z Z Vj&ewj Z ¥;(X —dje
jENT ¢eNd /m 9

2
n/m

SEy Y v (D /mz% it

jENd leT
2
+E Y v (Z 1Del(C2 + 1)>
jENC LeTe

n/m

SEy Y vIT)> 07 o/ Z% it

jEN teT

+ Z v; Z,LLZEO Zﬁ#e_l

jENd Lele Lezle

. 8C2C|Z|logn
< Y VEI9)3 (w +

et n/m

5~ g + o
ieNd

%ZV?ZM

jeNd  feTe

Z ZM—i—O (n=9),

eNd LeLe

Lac |I|> + Eo|dze

< |Z] log n

n/m

where C' can be chosen arbitrarily large, concluding the proof of our statement. [

Lemma 3.7.3. There exists C > 0 such that

Eol|[KEP fm — F(K,)|3, < €Y v
jENd

Proof. First note that
1K fm — F (KR, < 2m 2| KD 13, + 201 F (KL [17,:

x,m

The second term on the right hand is bounded by

IF(E)3 = > ny viudi(@)® < CL Y pwd S > vy,

jENC jENC jENC
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3. Optimal recovery and coverage for distributed Bayesian non-parametric regression

Since Ai,’,(,k) is a KRR estimator, we get that

n/m
- . & & .
Eoo K15, < Bo | 3RS = Ko (X)) + 1RSI,

i=1
g (k) (k) 7

< Ep | Y (F(EL) (X)) = Ko(X)? + 0| F(KL) |13
i=1

n/m i
< Z EoP(K)*(X{Y) + ®|F (KL 3, = O3 v3),
jeENd
where the last inequality follows from (3.5.27)). O

Lemma 3.7.4. Assume that the eigenvalues p; of the covariance kernel K satisfy
> jena Hj < oo, [{j € N¢: nu; > 0?} <n, and 0® > ¢ > 0. Then the expectation of
the posterior variance is of the following order

2
EOEX Var( ( )|D 0o Z m
jENd

where the expectation Ex corresponds to the random variable X ~ U[0,1]¢ and the
multiplicative constant depends on ZjeNd wj and c.

Proof. Tt is shown in Section 6 of (Opper and Vivarelli, [1999) that the expectation
of the posterior variance, named “generalization error”, is bounded from below as
follows

EyEx V. )|D,) > 2 o2
oEx Var (0(X)] 9 Z 02+nﬂ EX1/12 Z UzJF”,“
jENd jEeNd

In (Ferrari-Trecate et all [1998)), it has been shown that for stationary GPs, for
any J C N, with |J| < n, the learning curve is bounded from above by

EyEx Var (6 Z 1y fnz 'uj

jeNd JEJ

where

¢j=(n—Dpj+0°+ Y ny.
jENC

Let us take J = {j € N? : nu; > 02} and by assumption its cardinality is
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bounded by n. Then

2
Zuj—nzfj—Zug _W“rZua
eJ

jENd JjeT i¢T

2
Djend Hj 0% — 1y
= Hj + )
s e TR

2
jeNd Hj +o

JjeT i¢JT
. Joc + 1 .
<Y JEN;if/ R Y=y
= o2 + ny; R
o2
concluding our proof. O

Lemma 3.7.5. For v;, j € N%, defined in (3.2.5) with eigenvalues p; polynomially
decaying according to Assumption and k € N,

k _ d—1
Z vi < Jolog™ " Ja,
jENd

where J, = (n/o?)% 2atd),
Proof. Let N == {j € N : nu; > 0%} = {j € N*: Hleji < CJa} and we apply

Lemma[3.7.8| [with Z=N, I=CJ, and y = k(2c/d+1) — 1]. First, we prove the upper
bound,

(nusy)
Z Z 02+;L/$

jENd jeNd
< 0o 3
JEN JEN

< J lOgd 1J —|—(n/a ) k(2(x/d+1)+1 logdfl Ja
< Jolog?t ..

The lower bound follows similarly,
Z ( ) Z ph > (nfo?)k g R/ aT )T ogd 1 g, > T, log? ! g
jENd
O

Lemma 3.7.6. For vj, j € N, defined in (3.2.5) with eigenvalues p; exponentially
decaying according to Assumption[3 1.4 withb =1, a <1 and k € N,

ko 7d
E vi < Jg,

jENd

where J, = a~1log(n/a?).
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3. Optimal recovery and coverage for distributed Bayesian non-parametric regression

Proof. Let Ny := {j € N4 :nu; > 0%} = {j € N¢: Z?Zl Ji < Jo +c¢/a} with ¢ > 0
a positive constant. Then it is easy to see that |[Ny| < 2¢J2. Moreover, we will show
by induction on d that

Z etk Tl di <a ¥ (n/o?) Flog? (n/o?).
JENa
Let us start with the case d = 1. We can directly see that

k
aki _ e? _ _
g em W < Cem e < 1(71/(72) k.
ek —1 7~

Now, assume that our assumption holds for d and consider the case d + 1, then

d+1 a .
E e—ak 252 g 5 E e—ak >im1di E e—adeJrl
JENa41 j1:aEN? Jat1>max(J,—3 ¢ | §:,0)

ak

—aquL i —akdJg €
S D (eTthEim et
J1:a €N

< § a—le—ak’Ja + § a—le—ak’ Zle Ji
~J
J1:a€Ng J1:a€Na

< @ Wal(n/0?) ™ + a7 (/%) log™ (n/0?)
S @=L (n/o?) Flog(n/o?),

which concludes the induction proof.
Using these two results, we can easily show that

DV 1k (nfo?) Y] et NG+ a og" (nfo?) S Y.
JEN? JENa JENa

On the other hand, we can show by induction that for all J > d, the cardinality
of Ny = {j e N¢: ijl Ji < J} is bounded from below as follows

Na| > (J —d)?/d.

Note that it holds trivially for d = 1. Now assume it holds for d, then we can write
N1 as a partition as follows

d+1 J—d d
Nay1 = {j € Ni+! izjk < J} = U {j e N gy :i;ij < JZ}-
=1 i—1 =1

According to our induction assumption, the cardinality of all these subsets are bounded
from below by (J —d —4)9/d!, hence we have

J—d . J—d d d+1
(J—d—i) / J—d—t)  (J—d—1)
>SS W Zemuy _
Wd“'—; a =) a =T a
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which concludes our induction proof. Using this result, we can now show that

ke S =Nl 2

jeNd JEN

concluding the proof. O
Lemma 3.7.7. For arbitrary 6y € ¢2(L) we get that

Eo|| A0P |3, < Cn,
for some universal constant C' > 0.
Proof. First note that

1AGS 13, < 21659113, + 211 E(60) 13-

For 0y € ¢3(L) the second term on the right hand is bounded by

n?
1B @05 = 32 w05, < Y oyt < P/
(o +nu
jeNd jeNd

Then by the definition of 5 we get that

n/m

i i k k)\ 2 i
0PI < > (O (XP) =¥ )+ 003,
=1

n/m 9
< [ D2 (F0)(x™) = 06(X0) =)+ 02| F(60) 1,
=1
n/m n/m ~
<2ZP )2 (x*)y +2Z N2 4 62| F(60) 12, (3.7.5)

We conclude the proof by taking the expectation of both sides

n/m n/m
2Bl 112, < 3" EoP(00)* (X)) + Y Eo(e{™)? + 02| F(60)I13, = O(n).
=1 i=1

Lemma 3.7.8. The cardinality of the set

d
Ira= {j eNg: [[ii< I} (3.7.6)
i=1

satisfies that |I1 4| < Q‘illogd_1 I. Furthermore,

d
S I =1 (log )", (3.7.7)

JET ,i=1

for some large enough constant C., 4.
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3. Optimal recovery and coverage for distributed Bayesian non-parametric regression

Proof. We prove both statements by induction, starting with the first one. For d = 1
it is trivial. Let us assume that it holds for d and consider the case d + 1. We
distinguish cases accordlng the value of jgy1. If jgr1 = 1, then H —1Ji <1 holds, if
Jd+1 = 2, then Hi:l Ji < 1/2 holds, and so on. Hence we can write that

I I
I I
Zracil < Y | Trjjear] <24 ) ——1log < 2% log I,
T . 1 Jd+1 Jd+1
Jd+1 Jd+1=
where in the last inequality we have used that > ;" 1/i <1+ logn < 2logn.
Note again that for d = 1 the second statement holds trivially (using Riemann
sums for instance). Then assume that it holds for d and consider the case d+ 1. First
we deal with the upper bound, where we note that

d+1

L=y L—y—1 —v—1
S It- Yt Y HJ
JELT 44 t=1 Ja+1=1 JGII/7d+1 4

1 - 1
SN | 3
Jay1=1 k=1 jr=1
I 1 0o
_ . d— v
S Y I (logl/jar) ™+ > g

japi=1 Jd+1 et

< I 7log? I Z L T < I 7 og?I.
Jd+1

Ja+1=1
Finally, it remained to deal with the lower bound. First, note that it is sufficient
to show the result for I > C, for some C large enough (depending only on d and
7). Then by noting that for z > e¢~! the function z +— 27! 1ogd_1 x is monotone
decreasing, we get that

d+1
—y—1 - 1 — 1
S It Y et Y I
JETF 4y =1 Ja+1=1 JeT 1/]d+1d’ 1
I I
= I Z Jan log"™' 1 - Z Jat log’ ™! jas1
Ja+1=1 Ja+1=1
I ed—l
> I‘”(logdi1 I/ zldx — Z j;rll ].Ogdiljd+1
! Ja+1=1
I
— / z! 1ogd*1 xdw)
ed—1
—~ d d —y d
> T <10g I—Cy. —log 1/2)) > [og? I,
concluding the proof of our statement. O
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Lemma 3.7.9. There exists an event A%’“) such that for any 0y € Loo(L) and n <
(n/m)C, for some Cy > 1 there exist constants Cy, C3 > 0 such that

it

L < (nfm)°

—Csn/m

(A(k) =€

A;k)—FoFfloi( 90 H 1

Proof. Let us take A\ = {Zn/m( ¥)2 < (n/m)C}, for arbitrary Cy > 1. Then in
view of | - we have on the event A%k) that

Jaa] <

‘ + HF @)z < nt/2? 4 (n/m)(}'o +L< (n/m)covcl/g

Furthermore, note that

HMSP _FoFlo sg@(ﬁ(eo))Hz < HAégﬂHz n Hﬁop—l ° Sg@(ﬁ(eo))Hz

n/m

S+ ()2 +n?
i=1

© 0

Furthermore from the definition of S5, the boundedness of X and I K|l = O(1)
we get that
/ 2
3 2 o lew (7 ? L~ ® 2
BEG)| < [SPEGN| s | = D 1eM ]+ 160ll%
2 o0

n/m P

n/m
1
<Y ()41

n/m —

?

Since W,, = (n/m)~1 Z?z/;n(e(k))z ~ X3 m» Dote that for n/m large enough
R N JR 2
E%HA%P——FoP“loSﬁNFw@ﬂLIMWUC
S E90 ((n/m)ZCIWn + (n/m)201) 1Wn>(n/m)00 = O(ein/m)v
concluding the proof of the lemma. O

Lemma 3.7.10. Let r,s > 0 such that v > s/d and f : [1,00)% — R defined as

(i) ()

Then f is bounded from above by d=°J"~5/% on the set N := {x € [1,00)%: Hf-l:l x; <
JY with J > 1.
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Proof. From the inequality of arithmetic and geometric means, we know that for all
x € [1,00)?

d d 1/d
i=1 i=1

Thus, we can bound f from above by

d r—s/d
fla) <d™ (H xi> <drel,
i=1

on N concluding the proof. O

Lemma 3.7.11. Let s >0 and f: [1,00)% = R defined as

Then f is bounded from above by d=*J =%/ on the set N := {x € [1,00)%: Hle x; >

J} with J > 1. a

Proof. Since f is differentiable on its domain, we can compute its gradient

d
(Ve=—=s>_z) "' <0,
k=1

for all ¢ € {1,...,d}. Thus, the function attains its maximum at H?:l x; = J. At
the maximum point, in view of the inequality of arithmetic and geometric means,

1/d
4_ x; > d 4_ T; = dJY4. The statement of the lemma follows by raisin
2171 =1 y g
both sides to the —s power. O
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