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Small-angle x-ray scattering tensor tomography provides three-dimensional information on the unre-
solved material anisotropic microarchitecture, which can be hundreds of times smaller than an image
pixel. We develop a direct filtered back-projection method based on algebraic filters that enables rapid
tensor-tomographic reconstructions and is a few orders of magnitude faster compared to established
techniques, given the same computational resources. We demonstrate the accuracy of the method on exper-
imental data for a fiber-reinforced material sample. The achieved acceleration may pave the way toward
the investigation of multiple large samples as well as rapid control and feedback during in situ tensor-
tomographic experiments, opening perspectives for the understanding of the fundamental link between
functional material properties and microarchitecture.
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I. INTRODUCTION

The macroscopic properties of both synthetic and nat-
ural materials are dictated by their micro- and nanosized
structures. The mechanical behavior of biological samples
[1,2] and bioinspired synthetic [3] and processed wooden
materials [4], as well as the functional network of the brain
[5], are directly linked to the local orientation of their
microstructures. Also, the local orientation and degree
of alignment of microfibers dictate the mechanical, ther-
mal, and electrical properties of fiber-reinforced composite
materials [6–8]. Information on the micro- and nanoscopic
architecture in an extended field of view (FOV) is therefore
valuable for a deeper understanding of existing materi-
als, for the development of new tailored materials, and
for product quality control in industry. Typically, the FOV
is limited to just a few thousand times the image pixel
size, while this should be at least twice as small as the
structure size of interest [9]. Small-angle x-ray scattering
(SAXS) contrast effectively decouples the structure size of
interest and the accessible FOV: micro- and nanostructures
can be investigated over a significantly larger FOV [10–
12] and the length scale of interest can be hundreds of
times smaller than an image pixel. Following early work
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[13], SAXS tensor tomography has emerged as a power-
ful imaging technique that reveals anisotropic micro- and
nanostructures in large samples in three-dimensional (3D)
[14–19]. The potential of scattering-tensor tomography has
been shown for biomedical [20–22] as well as for industrial
applications [23,24].

The scattering intensity depends on the relative orienta-
tion between the x-ray path and the measured anisotropic
structure. In addition, the probed scattering intensity
depends on the sensitivity direction of the detection mech-
anism. Due to this rotational dependence of the scatter-
ing signal, an analytical solution for tensor-tomographic
reconstruction has not been established so far. For lim-
ited cases, experiments can be carefully designed so that
the scattering intensity is measured with an approximated
rotational invariance [17,25] and a tensor-tomographic
reconstruction can be performed through multiple filtered
back projections (FBPs) [26]. However, this requires mea-
surements of the sample subsequently rotating around
numerous rotation axes uniformly distributed on a unit
sphere, leading to long acquisitions. Volume registration of
the reconstructed volumes obtained from different rotation
axes is also necessary, which increases the computation
time and the complexity of the reconstruction pipeline. All
other existing reconstruction algorithms for tensor tomog-
raphy are based on algebraic methods [14–19,27–30] that
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are computationally heavy due to the need for repeti-
tive forward and back projection. Efficient parallelization
for different iteration steps is not straightforward due
to the sequential nature of these methods. Thus, tensor-
tomographic reconstruction algorithms typically require
hours to days for computation and up to weeks for data
with tens to hundreds of time points.

Recently developed circular diffractive optics with
omnidirectional sensitivity have enabled single-shot ultra-
small-angle x-ray scattering (USAXS) imaging [31–33].
Even though rapid-acquisition strategies based on these
advanced optics have been developed aiming at in situ
measurements [34,35], the long reconstruction time has
hindered rapid (within seconds) control and feedback of
tensor-tomography experiments. The lack of rapid access
to even preliminary reconstructions often leads to subopti-
mal results, which are difficult to repeat at a later time for
experiments at synchrotron facilities due to their competi-
tive accessibility, limiting the potential of the technique.

To overcome these limitations, we propose a direct
FBP reconstruction method for tensor tomography that
is as fast as an analytical reconstruction and enables
fast feedback and control of tensor-tomography experi-
ments. The method utilizes a precomputed filter that accu-
rately approximates any linear-shift-invariant (LSI) iter-
ative reconstruction algorithm [36,37] and is compatible
with an arbitrarily complex acquisition trajectory, without
requiring stringent dense and uniform sampling. This alge-
braic filter depends only on the acquisition geometry, is
independent from the samples, and therefore can be pre-
computed and reused. The orders-of-magnitude reduction
in computation time, coupled with the recent experimen-
tal advancements [31–35], hopefully has the capacity to
unleash the full potential of tensor tomography, enabling
rapid access to microarchitecture in multiple, large, and
evolving samples.

II. METHODS

A. Derivation of algebraic filter for tensor tomography

A standard transmission (scalar) tomography or lamino-
graphy problem with an arbitrary beam geometry can be
generally expressed with a set of line integrals:

pm =
∫

Lm

μ(x)dx, (1)

where μ(x) is the attenuation coefficient as a function
of x ∈ R

3 and Lm indicates the beam direction. The sub-
script m indicates the measurement for a rotation angle
α, tilt angle β, and unit cell (u, v) [Figs. 1(a) and 1(b)].
Equation 1 is known as an x-ray transform and implies
the Beer-Lambert law. It has been shown that the scat-
tering signal can also be described based on the Beer-
Lambert law [38–40], although the presence of multiple

(a)

(b)

(c)

FIG. 1. (a) The x-ray scattering tensor tomography experimen-
tal setup. Images are acquired with the sample at the rotation
angles α and tilt angles β. (b) The x rays are locally diffracted
by the circular grating array and form a circular pattern at the
detector. Each square box containing a single circular fringe is
called a unit cell and each unit cell has an index (u, v). A unit cell
consists of multiple detector pixels (a 9 × 9 detector grid in the
schematic). The directional scattering signal is extracted along
the sensitivity vectors ĝγ with an angle index γ . (c) The seven
scattering sampling direction channels ŝk used in this study. The
beam-direction vector is denoted as b̂m.

scattering could potentially result in additional noise if
not treated rigorously [41]. Tensor-tomography problems
involve additional dimensions due to the rotational depen-
dence of the scattering signal [34]. The measured scat-
tering signal depends not only on the sample orientation
but also on the sensitivity direction angle, along which the
directional scattering signals are extracted. Thus, a mea-
sured scattering signal pmγ with measurement index m and
sensitivity angle index γ is expressed as

pmγ =
∑

k

vmγ k

∫
Lm

μk(x)dx, (2)

where the scalar term

vmγ k ≡ (|̂bm × ŝk|(̂sk · ĝγ ))2 (3)
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takes the rotational dependence of the scattering signal into
account [14]. The unit vector b̂m represents the beam direc-
tion in the frame of the sample, which depends only on α

and β for parallel-beam geometry. The unit vector ĝγ rep-
resents the scattering-sensitivity direction, which depends
on γ [Fig. 1(b)]. The unit vector ŝk represents the scat-
tering sampling direction along which the 3D scattering
distribution is sampled [Fig. 1(c)]. We need to reconstruct
the unknown μk(x) = |sk(x)|2, the squared magnitude of
the scattering vector sk along sampling channel k [14,34].

The measurements pmγ are collected for Mα × Mβ rota-
tion and tilt angles and Mu × Mv unit cells [Figs. 1(a)
and 1(b)], forming the measurement vector pγ , with
M = Mα × Mβ × Mu × Mv elements. From Eq. (2), we
form the forward-projection model in the discrete domain
that describes the relation between pγ ∈ R

M and the
reconstruction-volume vector μk ∈ R

N , with N being the
number of voxels of μk:

⎡
⎢⎢⎢⎢⎢⎣

p1
...

pγ

...
p�

⎤
⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

V11W · · · V1K W
. . .

... Vγ kW
...

. . .
V�1W · · · V�K W

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

μ1
...

μk
...

μK

⎤
⎥⎥⎥⎥⎥⎦

,

(4)

where Vγ k is a diagonal M × M matrix with diagonal ele-
ments v1γ k, . . . , vMγ k [Eq. (3) and W is a sparse M ×
N matrix that represents the discrete beam-path-integral
operation, so that it satisfies pγ = ∑

k Vγ kWμk. Then,
Eq. (4) can be rewritten as

p = [
V1W · · · VkW · · · VK W

]
⎡
⎢⎢⎢⎢⎢⎣

μ1
...

μk
...

μK

⎤
⎥⎥⎥⎥⎥⎦

= Aμ, (5)

where

VkW =

⎡
⎢⎣

V1k · · · 0
...

. . .
...

0 · · · V�k

⎤
⎥⎦

⎡
⎢⎣

W
...

W

⎤
⎥⎦ . (6)

The total measurement vector p = [· · · ; pγ ; · · · ] for γ =
1, 2, . . . , �, where the integer � is the total number of
sensitivity angles, has M ′ = M × � elements. The vec-
torized reconstruction volume μ = [· · · ; μk; · · · ] for k =
1, 2, . . . , K , where K is the total number of sampling direc-
tions, has N ′ = N × K elements. Therefore, the size of the
matrix A is M ′ × N ′.

Due to the rotational dependence of the scattering sig-
nal, so far only iterative reconstruction algorithms could

be used to solve Eq. (5)—as, for example, in the simul-
taneous iterative reconstruction technique (SIRT) [34,42],
for which the update equation at the ηth iteration is

μ(η+1) = (IN ′ − CATRA)μ(η) + CATRp, (7)

where C and R are N ′ × N ′ and M ′ × M ′ diagonal matri-
ces with elements cjj = 1/

∑
i aij and rii = 1/

∑
j aij ,

respectively. The parameter aij is the element of A at the
ith row and j th column. With μ(0) = 0 as initial guess, the
reconstructed volume vector can be expressed as follows
[36,37]:

μ = [
IN ′ 0

] [
IN ′ − CATRA CATR

0 IM ′

]η [
0

IM ′

]
p, (8)

where IN ′ and IM ′ are identity matrices with dimensions
N ′ × N ′ and M ′ × M ′. Equation (8) can be rewritten
as μ = Qp, where Q = [· · · ; Qk; · · · ] is the reconstruc-
tion matrix for the SIRT–x-ray tensor tomography (XTT)
algorithm at the ηth iteration step.

This iterative reconstruction can be approximated by a
FBP with a precomputed algebraic filter. Let c be the index
for the central voxel μc,k of the reconstruction volume μk.
Then, μc,k = qk · p, where qk ∈ R

M ′
is a row vector the

elements of which correspond to the central row of Qk. For
LSI reconstruction algorithms, both the reconstruction and
the projection space can be shifted such that their relative
positions with respect to an arbitrary voxel are the same as
their relative original positions with respect to voxel c. It
follows that the entire volume can be expressed as the back
projection of the convolution of qk with p and qk is called
the algebraic filter [36]. The volume vector μk can then be
reconstructed with FBP as

μk = W
T
Hqk p, (9)

where Hqk is the convolution matrix of the algebraic
filter qk, with a size of M ′ × M ′. We dub this recon-
struction method SIRT FBP XTT. An algebraic filter for
tensor tomography is independent of the scanned sample
and can approximate any linear-shift-invariant algebraic
reconstruction algorithm.

B. Fast computation of the algebraic filter

Let us assume that we have Mα × Mβ = 500 angular
poses, Mu × Mv = 104 detector pixels, � = 10 sensitivity
directions, and N = 1 × 107 voxels with K = 7 channels.
Then, the size of Q ∈ R

N ′×M ′
corresponds approximately

to 14 petabyte, which is unpractical to store in mem-
ory; therefore, it is computed on the fly. The filter can
be efficiently computed by multiplying an impulse δ =
[0, . . . , 1, . . . , 0] ∈ R

n with the reconstruction matrix Qk,
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so that

qk = δnQk. (10)

Thus, the total time required for computing a set of filters
for SIRT FBP XTT is in the range of O(τ × K), i.e., K
times the computation time for a single run of the algebraic
reconstruction algorithm.

III. EXPERIMENTAL RESULTS

The proposed reconstruction method is validated with
experiments performed at the TOMCAT beam line [43] of
the Swiss Light Source, Switzerland. We acquire a data
set for a fiber pellet assembly composed of industrially
relevant fiber-reinforced materials. Each pellet has fibrous
structures aligned along its axial direction and the micro-
computed tomography (CT) validation data are shown in
the Supplementary Information of Ref. [35]. The π -phase-
shift circular grating array of the diffractive optics has a
coarse period of P = 49.5 μm with a fine-grating period of
g = 1.46 μm [32,34]. These phase optics do not effectively
attenuate the beam: the zeroth and first-order components
of the diffracted beam contribute mainly to the formation
of circular fringes, with a peak intensity in the center of
each unit cell. These optics work with a full-field beam
and enable the acquisition of local 2D USAXS signals with
omnidirectional sensitivity in a single shot. The sample is
measured with a parallel monochromatic x-ray beam with
17 keV but the diffractive optics used do not have stringent
requirements in terms of monochromaticity [32]. The pro-
jection data are taken with an FOV of 12.7 mm × 14.3 mm
corresponding to 227 × 265 unit cells of 99 μm × 99 μm
each. The exposure time for a projection image at each
angular pose is 10 ms. The probed autocorrelation length
ξ is 730 nm. The scattering angles 2θ in the range of
P/L = 50 μrad are probed with our setup, where L =
Pg/(2λ) ≈ 49 cm is the sample-to-detector distance and
λ is the wavelength. No x-ray polarization is necessary for
this experiment.

In the raw projection data, the circular fringe pattern in
each unit cell is resolved with 9 × 9 detector pixel win-
dows. The directional scattering signal, measured as the
visibility reduction Dmγ of the circular fringe with the mea-
surement index m along the sensitivity angle with the index
γ , is extracted as

Dmγ = Vmγ ,s

Vmγ ,f
= Ĩmγ ,s(2)/Ĩmγ ,s(0)

Ĩmγ ,f (2)/Ĩmγ ,f (0)
. (11)

The visibility of the circular fringe Vmγ is extracted with
the angle index γ , where the subscripts f and s represent
the flat measurement (without the sample) and the sample
measurement, respectively, and Ĩmγ (n) is the nth compo-
nent of the discrete Fourier transform of a unit-cell fringe

in polar coordinates [32,34]. Then, our measurement scalar
pmγ ∈ p ∈ R

M ′
is:

pmγ = − ln Dmγ . (12)

A measured projection image is shown in Fig. 2(a).
We perform SIRT FBP XTT for the measured

data according to Eq. (9). The considered angular
geometric conditions are α ∈ {0◦, 3.6◦, . . . , 356.4◦}, β ∈
{0◦, 11.25◦, . . . , 45◦}, and γ ∈ {−90◦, −67.5◦, . . . , 67.5◦}.
Three of the seven chosen scattering sampling directions
ŝk are parallel to the x, y, and z axes and the others to the
four diagonals [Fig. 1(c)]. The reasons for choosing such
a sampling scheme can be consulted in our previous study
[35]. Different sets of filters are computed to approximate
SIRT XTT with 5, 10, 25, 50, and 100 iterations. For com-
parison, we also perform SIRT XTT according to Eq. (8)

(b)(a)

(c)

(d) (e)

FIG. 2. (a) The measured projection image at an angular pose.
For the color wheel, the HSV color scheme is used, where H
(color) is the fiber orientation projected onto the detector plane,
S (saturation) is the scattering anisotropy, and V (brightness) is
the mean scattering intensity. (b) The residual norm curve. (c)
A comparison of the forward projections of the SIRT-FBP-XTT
and SIRT-XTT reconstructions. (d),(e) The three-dimensional
(3D) rendering for the reconstructed fiber orientation using (d)
SIRT FBP XTT and (e) SIRT XTT. The 3D color sphere maps
the fiber orientation. The absolute values of the fiber orientation
vector components [x, y, z] correspond to the RGB values. Scale
bar: 1 cm.
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for the same data. The reconstructed volume size for both
cases is 265 × 265 × 227 with a voxel size of 99 μm.

The projection operations are performed utilizing the
ASTRA Toolbox [44–46]. The reconstruction is run until
convergence of r, the L2 norm of the residual [Fig. 2(b)]
r = ‖p − Aμ‖2

2. The convergence is defined as less than
1% change of r between subsequent iterations. To evalu-
ate the convergence better, we perform qualitative analysis
of the reconstructed volumes. The results obtained with
SIRT FBP XTT and SIRT XTT are compared in the projec-
tion space [Fig. 2(c)]: the forward-projection images of the
two reconstructions look similar regardless of the iteration
steps. After 50 iteration steps, both images look compa-
rable to the measured projection image in Fig. 2(a). The
3D volume rendering of the reconstructed fiber orientation
obtained with the two reconstruction methods are shown
in Figs. 2(d) and 2(e). The two reconstructions obtained
with SIRT FBP XTT and SIRT XTT show good qualita-
tive agreement. The results indicate that SIRT FBP XTT
with the computed algebraic filter accurately approximates
the SIRT-XTT reconstruction.

For a quantitative comparison, we calculate the angular
difference as �(η) = arccos (o1(η) · o2(η)), where o1(η)

and o2(η) are the normalized local fiber-orientation vec-
tors reconstructed with SIRT FBP XTT and SIRT XTT.
The angular difference �(η) is calculated for all voxels

(a)

(b) (c)

An
gu

la
r d

iff
er

en
ce

 Δ
 (d

eg
)

FIG. 3. (a) The distribution of the angular difference �

between the reconstructed fiber orientation obtained with SIRT
FBP XTT and SIRT XTT. The red lines and the green diamonds
indicate the mean and median values of �, respectively. (b) The
reconstruction time (τ ) required by SIRT XTT and SIRT FBP
XTT. (c) The ratio Rτ between the two reconstruction times. The
dashed light blue line represents a linear fit to the data with a
constant slope of 2.

that correspond to the sample and the results are plot-
ted in Fig. 3(a). Both the mean and median of �(η) are
smaller than 2◦, indicating that SIRT FBP XTT accurately
approximates the established SIRT XTT.

To better compare the tensor-tomographic reconstruc-
tion time required for SIRT FBP XTT (τ1) and SIRT XTT
(τ2) [Fig. 3(b)], their ratio Rτ as a function of the itera-
tion step η is calculated as Rτ (η) = τ2(η)/τ1(η). This ratio
increases almost linearly with η [Fig. 3(c)]. This obser-
vation matches exactly what is expected: SIRT FBP XTT
requires only one back projection plus a convolution oper-
ation, while SIRT XTT requires η forward projections and
η back projections. For η = 100, SIRT FBP XTT is more
than 200 times faster than SIRT XTT. Considering that at
least several tens of iteration steps are typically required
for an algebraic reconstruction method, the reconstruction
speed of the proposed method is at least a few orders of
magnitude faster than the established methods, given the
same computational resources. Assuming that 100 itera-
tions are required, which take 1 h, for data with 100 time
points, the computation time is reduced from 4.2 d to 30
min by using the proposed method. The fluctuations of τ

for SIRT FBP XTT observed in Fig. 3(b) are due to the use
of a shared computational cluster.

IV. CONCLUSIONS

We develop a direct filtered back-projection method
based on algebraic filters that enables tensor-tomographic
reconstructions that are significantly faster than when
using conventional methods. The proposed method is com-
patible with arbitrarily complex acquisition trajectories.
Any LSI algebraic algorithm, such as the simultaneous
algebraic reconstruction technique (SART) [47], can also
be chosen for the computation of the algebraic filters.
Moreover, the proposed method is not only valid for
the demonstrated experimental and reconstruction tech-
nique but also for any other tensor-tomographic imaging
method (e.g., neutron imaging) that utilizes LSI algo-
rithms. Numerous sets of filters for different acquisition
geometries and problem sizes can be precomputed and
stored in a long-term memory device. Appropriate filters
can be loaded and applied to the projection data in an on-
the-fly manner to provide a quick FBP reconstruction for
tensor tomography.

So far, x-ray scattering tensor tomography has mostly
been used, because of the inherently long acquisition
and reconstruction time, only for proof-of-concept experi-
ments on a few selected samples. The orders-of-magnitude
reduction in computation time achieved by the proposed
method, coupled with the recent experimental advance-
ments [31–35], hopefully has the capacity to unleash the
full potential of x-ray scattering tensor tomography and
make this emerging technique invaluable for the investi-
gation of multiple and larger samples as well as dynamic
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(e.g., rheological) processes with hundreds of time points.
The proposed method enables rapid feedback and control
for tensor-tomography experiments, hopefully opening up
new perspectives for the deep understanding of the fun-
damental link between functional material properties and
microarchitecture.
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