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Chapter 3

Preliminaries

In this chapter, we introduce general definitions about information cascades, the
basic formal problem statements forming the core of our research, and few technical
concepts needed in the rest of the thesis. Table 3.1 summarizes the main notations
used in this chapter.

Table 3.1: Main notations used throughout this chapter.

Symbol Description
m An information item, e.g., a tweet or a paper.
Cm Information cascade graph regarding m.
Gm Diffusion graph regarding m.
Pm Diffusion path regarding m.
Um Nodes set.
Em Edges set
Tm Time mapping function.
to Observation time.
tp Prediction time.
Cm(to) Observed cascade graph regarding m.
Gm(to) Observed diffusion graph regarding m.
Pm(to) Observed diffusion path regarding m.
u User vector.
Um User characteristic matrix.
duser Dimension of user vector u.
S(tp) Popularity label.

3.1 General Definitions

To begin with, we present some general definitions, which are used throughout the
whole thesis. The chapter-specific definitions are presented in the corresponding
chapter.
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Figure 3.1: An example of information cascade.

Online social platforms, such as Twitter and Weibo, allow users to post and re-share
various contents and communicate on topics of mutual interest. Such activities
facilitate fast diffusion of information to reach a large number of users and spur
the phenomenon of information cascades. Given an information item, such as a
messagem we denote byN the number of its corresponding adopters, i.e. those users
who post or re-share the information in the online social platform, each associated
with a user-specific adoption timestamp. According to the user interaction (e.g.,
retweet, citation, etc.), we can construct the information cascade graph for m.

Definition 1 Information Cascade Graph. An evolving cascade graph for
m is defined as a dynamic tree Cm =

{
Um, Em, Tm

}
, where Um is a finite set of

nodes, Em ⊆ Um × Um is a set of edges such that (Um, Em) forms a tree, and Tm is
function associating to each node in u ∈ Um a timestamp tu.

In the example of Twitter, a node u ∈ Um can represent a user who tweets or re-
tweets the post m from some sources (e.g., other users) in the social networks. A
directed edge (u1, u2) ∈ Em denotes the retweet relationship between the users u1

and u2. The timestamp tu = T (u) represents the time when the retweeting behavior
occurs for u, that we tacitly assume to be temporally after the time of u’s parent.
Clearly, time ordering forbids having loops in the graphs. Note that in real life, the
same user can be involved in multiple adoptions of the same message, but at different
times. This would imply that the number N of users adopting the message m is
typically larger than |Um|. However, in this thesis, we only keep track of the earliest

18



3.1 General Definitions

adoption of an information item by a user even if the same user adopt it multiple
times. This way we have that the size of Um is exactly N , i.e., |Um| = N .

In order to describe the diffusion process of information item m in a more fine-
grained way, we further break down the information cascade into a diffusion graph
and diffusion path.

Definition 2 Diffusion Graph. The information cascade graph of m is denoted
as Cm =

{
Um, Em, Tm

}
, we define the diffusion graph for the message m with as its

underlying tree Gm = {Um, Em}.

In a diffusion graph Gm thus, nodes denote users are involved in the diffusion process
of the messagem, and the edges represent the adoption (e.g., re-tweet) from the user
at the target of the edge of the message published by the user on the source of the
edge.

Definition 3 Diffusion Path. A diffusion path of message m is defined as a
multivariate time series Pm =

{
(u1, t1), · · · , (uN , tN)

}
, where t1 ≤ t2 ≤ . . . ≤ tN .

Here each pair (uj, tj) indicates that the user uj adopts the message m at time tj.
We assume that the diffusion path Pi can be totally ordered, implying that when
two timestamps for different user are the same, i.e. when ti = tj for some i 6= j,
then the order in the sequence is determined by the order of the nodes (for example
based on the ordering of the user IDs which are assumed to be unique). The first
user u1 denotes the source user (i.e., the one who initially posted the message m at
time t1), whereas the rest of the users ui for 2 ≤ i ≤ N , are those participating in
spreading the information.

From every information cascade graph Cm we can derive its diffusion path by taking
the sets of all pairs (u, tu) with u a node in Cm and tu its associated timestamp.

The diffusion graph and the diffusion path derived by the information cascade graph
at the top of Figure 3.1 are illustrated at bottom. Even though both the diffusion
graph and the diffusion path are abstracted from the diffusion thread of messages,
they are independent and different. Specifically, the diffusion graph reflects the
direction of message passing between users, while the diffusion path reflects the
time and sequential information of user engagement.

In this thesis, we only focus on a part of a information cascade graph, i.e., a partial
cascade graph extracted before a specific observation time. The formal definition of
observed cascade graph is given as follows:

Definition 4 Observed Cascade Graph. Given an information cascade graph
Cm = {Um, Em, Tm} for a message m, and an observation time to, we define the
observed cascade graph for m until time to to be the sub-graph Cm(to) determined by
all nodes u with time stamp T (u) ≤ to.

Similarly, the diffusion graph and diffusion path observed until time to are repre-
sented as Gm(to) and Pm(to), respectively.
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Users are the main participant in information spreading. From the online social
platforms, each user is associated with a number of profiles such as the user id, the
number of followers, whether a user is verified or not, etc.. In other words, user can
be considered as a vector of different user profiles and all users of an information
cascade graph can be assembled into a matrix.

Definition 5 User data. Given an information cascade graph Cm = {Um, Em, Tm}
for a message m, assume that every node u ∈ Um is a vector u ∈ Rduser, for some
fixed number of user profiles duser. We define the user characteristic matrix Um

for Cm to be a matrix N × duser, where each row is a user vector ordered as in the
corresponding diffusion path.

3.2 Problem Definition

Next we give a brief description of the problem of information cascades modeling
and rumor detection.

3.2.1 Information Cascades Modeling

In this thesis, we do cascade modeling via a macro-level prediction task, i.e., cascade
size prediction and outbreak prediction. Macro-level information cascades prediction
is defined as follows:

Definition 6 Macro-level Information Cascades Prediction. Given an ob-
served cascade graph Cm(to) of a message m before an observation time to, macro-
level prediction task aims at learning a predictive function f(·) that can predict the
popularity label S(tp) for m at a future prediction time tp, i.e., f(Cm(to), tp) is the
prediction of S(tp) for every tp > to.

In existing works, the macro-level prediction task can be defined as either a classifi-
cation problem or a regression problem. And in this thesis, we cast the macro-level
prediction task as a regression problem, estimating the cascade size (popularity) at
a specific time. The popularity label S(tp) in Definition 6, is the exact popularity
value (i.e., the number of retweets or citations) that message m will achieve in the
future, so that the prediction will be fully correct when f(Cm(to), tp) = S(tp).

3.2.2 Rumor Detection

Rumor is a type of misinformation. Specifically, a rumor is a message with a false
statement, which is posted by users on an online social platform, and circulating
from user to user, aiming to mislead them [105]. The task of rumor detection aims
to learn a classifier to allocate different labels for given messages, which is formally
defined as follows:
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Definition 7 Rumor Detection. Given a message m, the goal of rumor detection
is to learn a classification function f(·) to classify m as a rumor or non-rumor.

f(m) =

{
1, if m is rumor

0, otherwise
(3.1)

3.3 A Brief Recall of Neural Networks

In this thesis, we mainly focused on extracting structural and temporal information
from the graph-structure data and time-series data. Therefore, in this section, we
will briefly recall two specialized neural networks we use: recurrent neural network
and graph neural network.

3.3.1 Recurrent Neural Networks

Recurrent neural network (RNN) [106] is a popular technique in modeling temporal
dependencies for sequential data, such as sentences and multivariate time series.
We assume given an input sequence of vectors, such as (x1, . . . ,xt, . . . ,xn), with the
subscript t representing the time steps in sequence. At time step t, a RNN takes
input xt, and updates the hidden state ht. This update in an ordinary RNN is
defined as follows:

ht = tanh (Wxt + Uht−1 + b) , (3.2)

where W and U are weight matrices, b is the bias vectors, and tanh(·) is the hyper-
bolic tangent non-linearity function. However, ordinary RNNs faced the limitation
in modeling long-distance dependencies due to the problem of gradient vanishing
and exploding with the increasing of the input sequence length [107]. To alleviate
this problem, researchers introduced memory blocks into RNNs, and proposed the
Long Short-Term Memory (LSTM) [40] and Gated Recurrent Units (GRU) [108].
The memory block in LSTM is composed of one memory cell and three different
gates, i.e., input gate, forget gate, and output gate, which are responsible for writ-
ing, reading, and resetting on the memory cell, respectively. The cell remembers
values over arbitrary time steps. The mathematical expressions defining a general
LSTM cell update are as follows:

ft = σ (Wfxt + Ufht−1 + bf ) ,

it = σ (Wixt + Uiht−1 + bi) ,

ot = σ (Woxt + Uoht−1 + bo) ,

c̃t = tanh (Wcxt + Ucht−1 + bc)

ct = ft � ct−1 + it � c̃t,

ht = ot � tanh (ct) ,

(3.3)
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where ft, it and ot are the forget gate, the input gate, and the output gate, respec-
tively. Specifically, the input gate it controls the degree of the new memory c̃t that
is added to the memory cell. The forget gate ft determines how much of the existing
memory can be forgotten. By forgetting part of the memory ct−1 from the last step
and adding the new memory c̃t, the memory ct is updated. Also, the output gate
ot is filtered ct to generate the hidden state ht for the next step. W∗ and U∗ are
the weight matrices and b∗ are the biases for ∗ being f, i, o or c, respectively. Here
σ(·) is the logistic sigmoid function and � is the element-wise vector product.

The GRU architecture simplifies the computations and parameters of a LSTM by
reducing the type of gate and removing the cell state. The GRU cell updates can
be mathematically expressed as follows:

rt = σ (Wrxt + Urht−1 + br)

zt = σ (Wzxt + Uzht−1 + bz)

h̃t = tanh (Whxt + Uh(rt � ht−1) + bh)

ht = (1− zt)� ht−1 + zt � h̃t

(3.4)

where rt and zt are reset gate and update gate, respectively. The reset gate rt decides
how the input xt and previous memory ht−1 are combined, and the update gate zt
controls how much information from the previous memory and candidate hidden
state should be forgotten and added in the current step, respectively. Figure 3.2a
shows the general framework of RNNs, and the unit’s structure for different types of
RNN, i.e., ordinary RNN unit, LSTM unit, and GRU unit, are shown in Figure 3.2b–
3.2d.

3.3.2 Graph Neural Networks

As we depicted in Definition 1, information cascade is represented as a graph struc-
ture. To effectively model this non-Euclidean graph structure data, we use graph
neural networks (GNNs). GNNs are meant to learn better structural representa-
tions on graphs by combining node feature information with graph structure via
feature propagation and aggregation. The core idea of GNNs is the neighborhood
aggregation strategy, also called the message passing strategy. GNNs iteratively up-
date a node’s representation by aggregating its neighbors’ representations. After k
iterations1 of aggregation, the representation of a node contains the structural infor-
mation within its k–hop neighborhood. Formally, the abstract general formulation
of k–th iteration/layer of a GNN is defined as follows:

m(k)
v = AGGREGATE({hk−1

u ,∀u ∈ N(v)}),
h(k)
v = UPDATE(h(k−1)

v ,m(k)
v ),

(3.5)

1Also known as “layers” in GNNs.
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<latexit sha1_base64="k7fT5pcp10BZp2sjEvbtdTJgbYE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3kj/o5TvuVqltz5yCrxCtIFQo0+5Wv3iBhWcwVMkmN6XpuikFONQom+bTcywxPKRvTIe9aqmjMTZDPj52Sc6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGAp7hFd4c5bw4787HonXNKWZO4A+czx8e8o7j</latexit>

ht�1
<latexit sha1_base64="VUXtnCDq2VdvMam5fh+B3fHUNxk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWpgh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEScJ9yM6VCIUjKKV2qN+hhfetF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmnVqt5ltfZwVanf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w/7O49V</latexit>

xt
<latexit sha1_base64="QtNj3ZU7ngZTaVGqSlYkYAo/LNk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48VTFtoQ9lst+3SzSbsTsQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqnhUijuo0DJ24nmNAolb4Xj25nfeuTaiFg94CThQUSHSgwEo2gl/6mX4bRXrrhVdw6ySrycVCBHo1f+6vZjlkZcIZPUmI7nJhhkVKNgkk9L3dTwhLIxHfKOpYpG3ATZ/NgpObNKnwxibUshmau/JzIaGTOJQtsZURyZZW8m/ud1UhxcB5lQSYpcscWiQSoJxmT2OekLzRnKiSWUaWFvJWxENWVo8ynZELzll1dJs1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHN3KO8w==</latexit>

ht
<latexit sha1_base64="k7fT5pcp10BZp2sjEvbtdTJgbYE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3kj/o5TvuVqltz5yCrxCtIFQo0+5Wv3iBhWcwVMkmN6XpuikFONQom+bTcywxPKRvTIe9aqmjMTZDPj52Sc6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGAp7hFd4c5bw4787HonXNKWZO4A+czx8e8o7j</latexit>

tanh

ht
<latexit sha1_base64="k7fT5pcp10BZp2sjEvbtdTJgbYE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3kj/o5TvuVqltz5yCrxCtIFQo0+5Wv3iBhWcwVMkmN6XpuikFONQom+bTcywxPKRvTIe9aqmjMTZDPj52Sc6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGAp7hFd4c5bw4787HonXNKWZO4A+czx8e8o7j</latexit>

ht�1
<latexit sha1_base64="VUXtnCDq2VdvMam5fh+B3fHUNxk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWpgh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEScJ9yM6VCIUjKKV2qN+hhfetF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmnVqt5ltfZwVanf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w/7O49V</latexit>

xt
<latexit sha1_base64="QtNj3ZU7ngZTaVGqSlYkYAo/LNk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48VTFtoQ9lst+3SzSbsTsQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqnhUijuo0DJ24nmNAolb4Xj25nfeuTaiFg94CThQUSHSgwEo2gl/6mX4bRXrrhVdw6ySrycVCBHo1f+6vZjlkZcIZPUmI7nJhhkVKNgkk9L3dTwhLIxHfKOpYpG3ATZ/NgpObNKnwxibUshmau/JzIaGTOJQtsZURyZZW8m/ud1UhxcB5lQSYpcscWiQSoJxmT2OekLzRnKiSWUaWFvJWxENWVo8ynZELzll1dJs1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHN3KO8w==</latexit>

ht
<latexit sha1_base64="k7fT5pcp10BZp2sjEvbtdTJgbYE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3kj/o5TvuVqltz5yCrxCtIFQo0+5Wv3iBhWcwVMkmN6XpuikFONQom+bTcywxPKRvTIe9aqmjMTZDPj52Sc6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGAp7hFd4c5bw4787HonXNKWZO4A+czx8e8o7j</latexit>

(b) Ordinary RNN

�
<latexit sha1_base64="uveq51XskeZ/BmBbyb/DEzkG8yU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ipp1arBRbV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPna2PJw==</latexit>

�
<latexit sha1_base64="uveq51XskeZ/BmBbyb/DEzkG8yU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ipp1arBRbV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPna2PJw==</latexit>

�
<latexit sha1_base64="uveq51XskeZ/BmBbyb/DEzkG8yU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ipp1arBRbV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPna2PJw==</latexit>

tanh

tanh

ht�1
<latexit sha1_base64="VUXtnCDq2VdvMam5fh+B3fHUNxk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWpgh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEScJ9yM6VCIUjKKV2qN+hhfetF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmnVqt5ltfZwVanf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w/7O49V</latexit>

ht
<latexit sha1_base64="k7fT5pcp10BZp2sjEvbtdTJgbYE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3kj/o5TvuVqltz5yCrxCtIFQo0+5Wv3iBhWcwVMkmN6XpuikFONQom+bTcywxPKRvTIe9aqmjMTZDPj52Sc6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGAp7hFd4c5bw4787HonXNKWZO4A+czx8e8o7j</latexit>

ct
<latexit sha1_base64="GCTDg7/Cz2A4/ZYFtU5gUs2Argw=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3ks36O036l6tbcOcgq8QpShQLNfuWrN0hYFnOFTFJjup6bYpBTjYJJPi33MsNTysZ0yLuWKhpzE+TzY6fk3CoDEiXalkIyV39P5DQ2ZhKHtjOmODLL3kz8z+tmGN0EuVBphlyxxaIokwQTMvucDITmDOXEEsq0sLcSNqKaMrT5lG0I3vLLq6RVr3mXtfrDVbVxW8RRglM4gwvw4BoacA9N8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wcXSo7e</latexit>ct�1

<latexit sha1_base64="YJP3pBWCpLdnYPEI+1nXFiYDYnU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWpgh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEScJ9yM6VCIUjKKV2qyf4YU37ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms9/JQGjOUE4soUwLeythI6opQ5tQyYbgLb+8Slq1qndZrT1cVeq3eRxFOIFTOAcPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QPziY9Q</latexit>

xt
<latexit sha1_base64="QtNj3ZU7ngZTaVGqSlYkYAo/LNk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48VTFtoQ9lst+3SzSbsTsQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqnhUijuo0DJ24nmNAolb4Xj25nfeuTaiFg94CThQUSHSgwEo2gl/6mX4bRXrrhVdw6ySrycVCBHo1f+6vZjlkZcIZPUmI7nJhhkVKNgkk9L3dTwhLIxHfKOpYpG3ATZ/NgpObNKnwxibUshmau/JzIaGTOJQtsZURyZZW8m/ud1UhxcB5lQSYpcscWiQSoJxmT2OekLzRnKiSWUaWFvJWxENWVo8ynZELzll1dJs1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHN3KO8w==</latexit>

ht
<latexit sha1_base64="k7fT5pcp10BZp2sjEvbtdTJgbYE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3kj/o5TvuVqltz5yCrxCtIFQo0+5Wv3iBhWcwVMkmN6XpuikFONQom+bTcywxPKRvTIe9aqmjMTZDPj52Sc6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGAp7hFd4c5bw4787HonXNKWZO4A+czx8e8o7j</latexit>

ft
<latexit sha1_base64="M8UJ0ayLgyYEY0+N7vjdWIznGdU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3kR/0cp/1K1a25c5BV4hWkCgWa/cpXb5CwLOYKmaTGdD03xSCnGgWTfFruZYanlI3pkHctVTTmJsjnx07JuVUGJEq0LYVkrv6eyGlszCQObWdMcWSWvZn4n9fNMLoJcqHSDLlii0VRJgkmZPY5GQjNGcqJJZRpYW8lbEQ1ZWjzKdsQvOWXV0mrXvMua/WHq2rjtoijBKdwBhfgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0brmFDMn8AfO5w8b4o7h</latexit>

it
<latexit sha1_base64="xuj99MhA7dgGxUrXbui/8dHU0Dg=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3ki36O036l6tbcOcgq8QpShQLNfuWrN0hYFnOFTFJjup6bYpBTjYJJPi33MsNTysZ0yLuWKhpzE+TzY6fk3CoDEiXalkIyV39P5DQ2ZhKHtjOmODLL3kz8z+tmGN0EuVBphlyxxaIokwQTMvucDITmDOXEEsq0sLcSNqKaMrT5lG0I3vLLq6RVr3mXtfrDVbVxW8RRglM4gwvw4BoacA9N8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wcgeo7k</latexit>

ot
<latexit sha1_base64="sxRUaB2sGfmlZFD18IqYEIr8YCQ=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3kJ/0cp/1K1a25c5BV4hWkCgWa/cpXb5CwLOYKmaTGdD03xSCnGgWTfFruZYanlI3pkHctVTTmJsjnx07JuVUGJEq0LYVkrv6eyGlszCQObWdMcWSWvZn4n9fNMLoJcqHSDLlii0VRJgkmZPY5GQjNGcqJJZRpYW8lbEQ1ZWjzKdsQvOWXV0mrXvMua/WHq2rjtoijBKdwBhfgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0brmFDMn8AfO5w8pqo7q</latexit>

ect
<latexit sha1_base64="6vC5HkGWKjrbLsMue+avGqaCO4M=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyWpgh6LXjxWsB/QhrDZTNqlmw92J0oN/SVePCji1Z/izX/jts1BWx8MPN6bYWaenwqu0La/jdLa+sbmVnm7srO7t181Dw47KskkgzZLRCJ7PlUgeAxt5Cigl0qgkS+g649vZn73AaTiSXyPkxTciA5jHnJGUUueWR088gCQiwByNvXQM2t23Z7DWiVOQWqkQMszvwZBwrIIYmSCKtV37BTdnErkTMC0MsgUpJSN6RD6msY0AuXm88On1qlWAitMpK4Yrbn6eyKnkVKTyNedEcWRWvZm4n9eP8Pwys15nGYIMVssCjNhYWLNUrACLoGhmGhCmeT6VouNqKQMdVYVHYKz/PIq6TTqznm9cXdRa14XcZTJMTkhZ8Qhl6RJbkmLtAkjGXkmr+TNeDJejHfjY9FaMoqZI/IHxucPWx6Tig==</latexit>

(c) LSTM

1-

�
<latexit sha1_base64="uveq51XskeZ/BmBbyb/DEzkG8yU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ipp1arBRbV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPna2PJw==</latexit> �
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(d) GRU

Figure 3.2: (a) General framework of RNNs; (b) Ordinary RNN unit; (c) LSTM
unit, ft, it and ot are the forget, input and output gates, respectively, ct and c̃t denote
the memory cell and the new memory cell content; (d) GRU unit, rt and zt are the
reset and update gates, and ht and h̃t are the activation and the candidate activation.

where h(k)
v is the learned feature vector of node v at the k–th iteration/layer. We

initiate the h(0)
v = xv, where xv is the vector of features of node v. N(v) is a set

of nodes adjacent to v, i.e. the immediate neighborhoods of node v. The choice of
the “AGGREGATE” and “UPDATE” functions is various [61, 65, 109]. Assuming
the final iteration is K, and its corresponding node representation is h(K)

v , we can
calculate the representation for the entire graph G as:

hG = READOUT({h(K)
v ,∀v ∈ G}). (3.6)

where “READOUT” can be a summation or a more complicated graph-level pooling
function [110, 111, 112].

By far, we abstracted the GNNs as a series of message-passing iterations utilizing
“AGGREGATE” and “UPDATE” functions. As a concrete example, let us recall the
original GNN model proposed by Scarselli et al. [113]. The original GNN message
passing is defined as:

m(k)
v =

∑

u∈N(v)

hk−1
u ,

h(k)
v = σ(W(k)

1 h(k−1)
v + W(k)

2 m(k)
v ),

(3.7)
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where “AGGREGATE” is just a summation and “UPDATE” is defined in terms of
the trainable parameter matrices W(k)

1 and W(k)
2 and an activation function σ , such

as tanh(·) or ReLU(·). Note that, this definition is at node-level. We can also write
it at graph-level as:

H(k) = σ(H(k−1)W1 + AH(k−1)W2), (3.8)

where H(k) = {hkv|v ∈ G} is the matrix of node representations at layer k, and
each row of H(k) corresponding to a node, A is the adjacency matrix, H(0) = X
(X = {xv|v ∈ G} is the initial node feature matrix).

Most of the existing GNNs always add self-loops to the input graph and omit the up-
date step to simplify the neural message-passing strategy, which simplifies as:

h(k)
v = AGGREGATE({hk−1

u ,∀u ∈ N(v) ∪ v}), (3.9)

where “AGGREGATE” is applied to the set N(v) ∪ v, i.e., v’s neighbors as well
as itself. Adding self-loops is equivalent to sharing parameters between the two
trainable matrices W1 and W2, so that the Eq. (3.8) can be further simplified
to:

H(k) = σ((A + I)H(k−1)W), (3.10)

where W = W1 = W2, and I is the identity matrix.

3.3.2.1 Graph Convolutional Networks

Next we turn to a brief description of a specific type of GNNs: Graph Convolutional
Networks. In particular we concentrate on the Chebyshev spectral graph convolu-
tional (ChebConv) [41] and vanilla graph convolutional network (GCN) [61] becuase
they will be used throughout this thesis.

Chebyshev spectral graph convolutional: ChebConv [41] defines a spectral
formulation in the Fourier domain for the convolution operator on graphs ∗G. More
specifically, let X ∈ Rn×d be a graph signal, A ∈ Rn×n the corresponding adjacency
matrix and D ∈ Rn×n the diagonal degree matrix with Dii =

∑
jAij. The spectral

convolutions on graphs are defined as:

gθ ∗ GX = gθ (L)X = gθ
(
UΛUT

)
X = Ugθ (Λ)UTX (3.11)

where gθ = diag (θ) is a filter parameterized by θ ∈ Rn in the Fourier domain, and
can be regarded as a function the eigenvalues of the Laplacian matrix L, i.e., gθ(Λ).
U = [u0, · · · ,un−1] ∈ Rn×n and Λ = [λ0, · · · , λn−1] ∈ Rn×n are the matrix of eigen-
vectors and the diagonal matrix of eigenvalues of the normalized graph Laplacian
L = I − D−

1
2AD−

1
2 = UΛUT ∈ Rn×n, respectively. UTX is the graph Fourier

transform of graph signal X. However, computing the eigen-decomposition of L
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in the first place might be prohibitively expensive for large graphs and the com-
plexity of multiplication with U is O (n2). Defferrard et al. [41] approximate gθ (Λ)

with a truncated expansion in terms of Chebyshev polynomials Tk (x) up to K–th
order:

gθ
′ (Λ) ≈

K∑

k=0

θ
′

kTk

(
Λ̃
)

(3.12)

with Λ̃ = 2
λmax

Λ − I ( λmax denotes the largest eigenvalue of L), identity matrix
I ∈ Rn×n and a vector of Chebyshev coefficients θ′

k. The Chebyshev polynomials of
order K are recursively defined as Tk (x) = 2xTk−1 (x) − Tk−2 (x), with T0 (x) = 1

and T1 (x) = x. The graph filtering operation can now be written as:

gθ
′ ∗ GX ≈

K∑

k=0

θ
′

kTk

(
L̃
)
X (3.13)

where L̃ = 2
λmax

L− I. Note that as Eq.(3.13) is now an order K polynomial of the
Laplacian, the complexity is reduced to O(K|E|). We refer the readers to [41] for
details and an in-depth discussion.

Graph convolutional network: GCN [61] can be regarded as a simplification of
ChebConv [41]. Specifically, GCN assumes k = 1 and λmax = 2 in ChebConv, so
that the calculation of Eq. (3.13) simplifies to:

gθ
′ ∗ GX ≈ θ

′

0X + θ
′

1(L− I)X = θ
′

0X− θ
′

1D
− 1

2AD−
1
2X (3.14)

where the two parameters θ′
0 and θ′

1 can be shared over the whole graph. Eq. (3.14)
can be further simplified as:

gθ
′ ∗ GX ≈ θ

′
(I + D−

1
2AD−

1
2 )X (3.15)

in the case when θ′
= θ

′
0 = θ

′
1. Due to the range of eigenvalues of I + D−

1
2AD−

1
2

falling into [0, 2], Eq. (3.15) can be numerical instable by exploding gradients and
vanishing gradients. To overcome these problems, GCN applies a renormalization
trick to rescale the range of the eigenvalues to [0, 1]. More concretely, GCN uses

D̃
− 1

2 ÃD̃
− 1

2 to approximate I + D−
1
2AD−

1
2 , where Ã = A + I and D̃ii =

∑
j Ãij.

Finally, the GCN layer is defined as:

H = ÂXW (3.16)

where Â = D̃
− 1

2 ÃD̃
− 1

2 can be calculated at the pre-processing step, W ∈ Rd×f

is the weight matrix (i.e., the parameters θ′ in Eq. (3.15)), and f is the number
of filters or the dimension of the learned representation H. The complexity of a
GCN layer is O(|E|fd). In the GCN-based model, it captures the information of the
kth-order neighborhood of a node through successively employing the GCN layers
with an activation function.
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Consider a two-layer GCN model as an example. The final output H is calculated
as:

H = σ2(Â(σ1(ÂXW(0)))W(1)) (3.17)

where σ1 and σ2 are the activation functions. In a semi-supervised node classification
task, the functions σ1 and σ2 can be ReLU(·) and softmax(·), respectively. For more
details on GCN, we refer the readers to [61].
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