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Introduction

This paper offers a new approach to defining and effectively computing curvature
of Hilbert modules and unbounded Kasparov modules. We will introduce a notion of
curvature directly at the operator-algebraic level, thus sidestepping some of the dif-
ficulties imposed by the absence of a differential graded algebra. Our approach does
not rely on the heat kernel coefficient analogy, and so our results differ from the re-
cent work of [12,13,15,21,23,35,36]. Rather, we provide a complementary point of view.
Numerous other approaches to curvature have appeared independently in many works
[1,6,7,17,18,42).

The usual theory of curvature of Zs-graded right modules X over associative algebras
B relies, in its most algebraic formulation, on the existence of a differential graded algebra
(Q*(B), ). The first step, existence of connections

V:X—=>X®3Q(B) V@b)=V@b+yz)@b), zcX, beB

where « is the grading, was settled by Cuntz and Quillen [16]. The curvature Ry of
(X, V) is then defined as the composition

V2 Xp 5 X @ Q1(B) VEHE X gh Q%(B). (0.1)

Thus as soon as we have a differential graded algebra and a connection we obtain an
endomorphism-valued two-form V2. The full details of this approach in noncommutative
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geometry, pioneered by Connes and Rieffel [14], appear in the book of Connes [9, Sect.
VI.1] (see also [34, Sect. 7.2]).

Instead, the route we take to curvature is inspired by tools and ideas from unbounded
K K-theory, and the unbounded version of the internal Kasparov product in particular.
As we will see, the above algebraic notion of curvature appears naturally in this functional
analytical framework. Let us sketch the main idea.

Suppose we are given two (suitably differentiable) unbounded K K-cycles (A, X, S)
and (B,Y,T) and a (suitable) connection V on X. We may consider an unbounded
representative of the internal Kasparov product given by the essentially self-adjoint and
regular operator S ® 1 + 1 ®y 7', defined on the appropriate domain in X ®p Y (see
[8,29,38-40] for more details). Our definition of curvature is given by the formula

Risvy =S®1+1@vT)> - (S°®@1+10vT?). (0.2)

We will make precise sense of this unbounded operator on X ®g Y in due course, but
let us highlight some of its features:

o the curvature R(s v, can be interpreted as a measure of the “defect” of the internal
Kasparov product to respect the taking of squares of the operators S and T'. This
is in line with the notion of curvature for linear maps used in cyclic theory (see [16,
page 255]).

e it vanishes for a direct product of spaces: for the external Kasparov product we have
for the tensor sum (on graded modules):

(D1 ®14+19Dy)> =D} ®1—-1®D3=0

o the “geometric” information described by R(g v is only accessible at the unbounded
level, thus forming a refinement of the topological information described at the level
of (bounded) K K-theory.

Our main task is now to make sense of formula (0.2) so let us see what it says alge-
braically. Upon expanding the brackets we observe that the curvature can be understood
in terms of the following two operators

1ovT)? -1y T? [S®1,1®vT].

The approach we will take is to first make sense of the above two operators and then de-
fine R(g v, in terms of them in Section 2.3. Intriguingly, our proof of the well-definedness
of the operator (1®y T)? —1®y T? in Definition 2.19 relies heavily on the existence of a
relative S-bound on the commutator [S ® 1,1 ®v T (¢f. Definition 2.10 below), which in
turn is a sufficient condition for representing the Kasparov product (see [32,38]). More-
over, it turns out that the operator (1 ®y T)? — 1 @y T? is of interest in itself, and we
will call it the curvature operator of the (C2-) connection V on the module X.
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This terminology is justified by the result (Theorem 2.21) that (1 @y T)% — 1 @y 17
is given by a represented square w7 (V?) of a universal connection V as we now explain.

Unbounded Kasparov modules like (B,Y,T) provide the basic geometric objects of
non-commutative geometry. One feature of the Kasparov module (B,Y,T) is the bimod-
ule of differential one-forms [9, Chapter VI]

QL(B) := span{a[T,b] : a, b € B}.

The bimodule Q.(B) consists of operators on the Hilbert C*-module Y. The differential
graded algebra of universal differential forms % (B) can then be represented as operators
on Y by taking products, but the image of this representation does not carry the structure
of a differential graded algebra anymore.

The obstruction to defining a differential is the existence of junk-forms [9, Chapter
VI]. Although quotienting out the junk forms yields a differential graded algebra, it can
no longer be represented on Y. Our represented curvature

WT(VQ) =1 ®V T2 — (1 ®v T)Q,

is well-defined up to junk forms, and so connects to the existing literature on curvature
of connections. Of course the challenge is to make sense of this square, which we do in
Section 2.2.1.

It is also useful to illustrate our notion of curvature for finitely-generated projective
modules X over B (see Section 3 below for full details). So, consider computing the
Kasparov product (C, Xp,0) ®p (B, H, D). In this case, a smooth submodule X5 C Xp
is guaranteed to exist. Then realizing X = pBY for some projection p € My(B), all
compatible connections are of the form pod + A for 4 € X @5 Q5L (B) ®p X* an
endomorphism-valued one-form. For any (Hermitian) connection on the module X we
obtain a representative (C, X ®p H,1 ®y D) of the Kasparov product with operator

1@vD: X@gDomD - X@pH 10y Dx®E):=v(x)®DE+Vp(x)E. (0.3)
The key observation is then that the curvature operator is given by
(1@y D)? = 1@y D* = p[D,p|[D, plp + A* + dA. (0.4)

Here dA = mp(dA,) indicates an operator defined through choosing a lift A, of A to the
universal calculus and is independent of the choice of lift up to junk forms. Nevertheless,
the left hand side of Equation (0.4) is a well-defined, direct and constructive way of
representing the curvature of a module Xg: all we require is the differential structure
provided by a spectral triple or unbounded Kasparov module.

Going beyond finitely generated modules, for countably generated C*-B-modules we
not only require a differentiable structure induced from a differentiable structure on B,
but we also need to fix a regular operator S on X. This operator should be thought of
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as defining a vertical differential structure on X. Hilbert C*-modules are generalizations
of continuous fields of Hilbert spaces, and such fields are trivial if and only if they are
locally trivial. Thus, in order to detect nontrivial topological content, working at the
continuous level will not suffice. Differential structures on continuous fields of Hilbert
spaces are not naturally given, and need to be prescribed. This phenomenon requires us
to talk about both horizontal and vertical differentiability, and as already noted, these
considerations are compatible with K K-factorization.

Examples where curvature appears in the context of unbounded Kasparov theory
is in the factorization of Dirac operators on Riemannian submersions and G-spectral
triples [8,10,30]. In Section 5 we will illustrate our notion of curvature for Riemannian
submersions 7 : M — B of compact Riemannian manifolds M and B. The Dirac operator
on M admits a K K-factorization Dy = Dy ®1+1®@v Dp+¢(Q2), where V is a connection
on the module of vertical vector fields €Y on M and &(12) is the Clifford representation
of the curvature 3-form of the fibration M — B (see [30]). The curvature of V, viewed
as a connection in the C(B) Hilbert module completion of € is then given by

Ry(¢) = (1®y Dp)* —1®y D%

1 1
= (ZQ( Leier +dASY £ ARV ARV 4 DR NAPY + idk> () ms (Fi) )i vk
ik i

where AV is the connection form of V, k is the mean curvature of M — B and e;, f; are
local frames of respectively vertical vector fields and vector fields on B, and +; are flat
Dirac matrices. As such, the curvature operator contains the information of the second
fundamental form of the Riemannian submersion, the mean curvature associated to it, as
well as the curvature of the metric connection used in the Kasparov product. Note once
again that all this geometric information becomes available only at the unbounded level,
thus refining the topological information present at the level of bounded K K-theory.

Section 1 outlines both the algebraic and analytic aspects of differential forms. Sec-
tion 2 outlines the analysis required to make sense of the curvature operator, and
especially second derivatives. Section 3 outlines the consequences for finitely generated
projective modules, Section 4 gives results for the special case of Grassmann connections,
and in Section 5 we outline the application to Riemannian submersions.

Notation

All algebras denoted by symbols A, B, C are assumed to be unital and trivially graded.
All modules denoted by symbols X, Y are assumed to be Zs-graded, with grading oper-
ator yx,yy or simply 7. Consequently, the algebras B(X) of adjointable operators and
K(X) of compact operators on such modules are Zs-graded as well. Homomorphisms
between graded algebras are assumed to respect the grading. All commutators [a, b] are
graded commutators, which, for homogeneous elements a, b with degrees da, 0b respec-
tively are defined to be
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[a,b] :== ab — (—1)9%%pq,

and extended by linearity. Sometimes we write [, -]; for anticommutators for emphasis.

We use various completed tensor products. The algebraic tensor product of modules
will be denoted ®*!8, the completed tensor product of Hilbert C*-modules will be denoted
®, the completed projective tensor product of locally convex vector spaces will be denoted
®, and Haagerup tensor product of operator spaces will be denoted ®”.
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1. Universal differential forms for C2-Kasparov modules

This section develops the necessary tools to talk about universal differential forms in
the context of unbounded Kasparov modules. We do not need forms of all degrees: in
order to talk about curvature, degrees one and two suffice and we restrict attention to
these degrees.

We carefully capture the corresponding C'-and C?-topologies in terms of suitable
operator *-algebras (see [4]), which we will first introduce.

1.1. Operator *-algebras and differential structures

Throughout this section we will develop our approach to differential structure relative
to a fixed unbounded Kasparov module (B,Y,T). This Kasparov module consists of a
complex x-algebra B, a Zs-graded Hilbert module Y over a C*-algebra C, and an odd
self-adjoint regular operator T': Dom T — Y. This data satisfies the requirements:

1. there is an injective x-representation B — B(Y);
2. forallbe B, (T £i)~t € K(Y);
3. forallbe B, b: DomT — Dom T and [T,b] extends to a bounded operator.

Remark 1.1. We note that the property of locally compact resolvent in point 2. is not
used anywhere in connection with the differential structure provided by T'. So for the
purposes of differential structure, we may use any unbounded operator on the Hilbert
module Y. In particular, one may use indefinite Kasparov modules (non-commutative
analogues of pseudo-Riemannian geometries, [20]) to define differential structures.
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We can always reduce to the case of operators on a Hilbert space. Given a Kasparov
module (B, Y, T), we may choose an injective Hilbert space representation C' — B(H).
Then we obtain the injective *-homomorphism K(Y) — B(Y ®¢ H) by [33, Proposition
4.7] and since B(Y) = M(K(Y)) this extends to an injective *-homomorphism B(Y) —
B(Y ®c H). We may therefore consider (B,Y ®¢ H,T ® 1).

We write B for the C*-closure of B in the norm it inherits from B(Y") as a x-subalgebra
of operators. An operator space is a norm closed subspace of a C*-algebra, an opera-
tor algebra is an operator space that is closed under multiplication inside the ambient
C*-algebra, and an operator x-algebra is an operator algebra that carries a completely iso-
metric involution that need not coincide with the involution in the ambient C*-algebra,
[4, Definition 1.4].

Consider the algebra representation

T BShes <[Tbb] 2) eB(Y ®Y).

The representation 7. extends to matrices and satisfies the properties
7 (0)* [l = llwz (0%, N8l < 7 ®)ll, b€ Ma(B),
and thus defines an operator x-algebra structure on the closure B; of B in the norm

[6ll1 = ll=7(®)1I

which is compatible with the C*-norm on B in the sense that the inclusion B; — B is
a completely contractive homomorphism of operator x-algebras.

We now present the additional C2-condition the unbounded Kasparov module
(B,Y,T) is required to satisfy.

Definition 1.2. An unbounded Kasparov module (B,Y,T) satisfies the C?-condition if
there is a core € C Dom T? for T2 such that for all b € B we have

b:C— DomT7?,
and the densely defined operator
[T2,0)(T i)' : (T +£i)C =Y,
extends to a bounded operator on Y.

Note that any core for 7% is a core for T and that [T}, b] extends to a bounded operator
for all b € B since (B,Y,T) is an unbounded Kasparov module.

The C2%-topology on B is defined as in [39]. A concrete description as an operator
x-algebra comes from the algebra representations
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) a 0 ) (T+d)a(T+4i)"t 0
T ([T,a} a> EBY DY), nr:ars < (T2, a)(T + i)~ a) eBYaY).
(1.1)

The representation 72 extends to matrices but is not directly compatible with the
k-structure (as in [39]), so we define the operator *-norm

Ib]]2 = max { =z )], =7 Bl |77 (671}, b € M (B).
The norm ||b||2 is realized concretely in the representation
7(a) = 7h(a) & 73(a) & w2 (a")" (1.2)

This gives the completion By of B in the norm ||-||2 the structure of an operator *-algebra
[4]. By construction, the inclusions Bs — By — B are completely contractive operator
x-algebra homomorphisms. We now discuss several realizations of bimodules of universal
differential forms over B.

Remark 1.3. The norm | - ||z gives an analogue of a C*-norm, and to define this norm we
needed the additional smoothness of the Kasparov module described in Definition 1.2.
In this light, an unbounded Kasparov module is a C'-Kasparov module, having enough
smoothness to define the “Cl-norm” || - ||;.

In the sequel we will make frequent use of the Haagerup tensor product for operator
spaces (see [5]). Given two operator spaces X and Y their Haagerup tensor product is
the completion of X ®*#Y in the norm

20 = inf {3 wiat | | S w2 = w0 wi}

which is denoted X ®"Y and can be shown to be an operator space again. It follows quite
directly from the definition that for closed subspaces A, B C B(H), the multiplication
map

m: A" B - B(H), a®bws ab,

is completely contractive, and this property motivates the definition of the Haagerup
norm (see [5, Theorem 2.3.2]). For our purposes the following characterization of elements
in X ®"Y is of crucial importance.

Proposition 1.4 (Proposition 1.5.6 of [5]). Let X andY be operator spaces, and X @"Y
the Haagerup tensor product.

1. Let 2 € X @" Y with ||z||n, < 1. Then z can be written as a norm convergent series
z =1 xR @Yk, where Y, xrx} and Y yiyr are norm convergent series of norm < 1
in X and Y respectively;
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2. If the sequences (xr) C X and (yr) C Y are such that ), yjyr is norm convergent
and supy || 32 <y iyl < 00, then - x, ® yi is norm convergent in X MY,

If B is an algebra and X is a right- and Y a left- B module, the Haagerup module
tensor product X ®% Y is the quotient of X ®" Y by the closed subspace generated by
b @y — x ® by (see [5, Section 3.4.2]). Hilbert C*-modules carry a natural operator
space structure inherited from the embedding into their linking algebra. The following
theorem characterizes the Haagerup module tensor product for Hilbert C*-modules.

Theorem 1.5 (Theorem 4.3 of [3]). Let X and Y be Hilbert C*-modules over C*-algebras
B and C respectively, and suppose B — B(Y) is a *-homomorphism. Then the Hilbert
C*-module tensor product X @pY is completely isometrically isomorphic to the Haagerup
module tensor product X @Y.

We will use Theorem 1.5 result freely in the sequel. We use the symbol ®p for the
C*-module tensor product, ®% for the Haagerup module tensor product and ®,aBlg for
the balanced algebraic tensor product.

1.2. Universal and represented differential forms for C?-spectral triples

We wish to define bimodules of universal 1-forms and 2-forms associated to a C?-
Kasparov module (B, Y, T). To this end we use the Haagerup tensor product for the unital
operator x-algebras B, By and B. To define universal one-forms we need to consider the
kernel of the multiplication map m : B x B — B restricted to suitable subalgebras. We
define three spaces of universal one-forms for the Kasparov module (B,Y,T).

QL(B,Bs) :=ker (B®" B, ™ B)
QL(B,B;) :=ker (B®" B; % B)
QL(B1,Bo) := ker (B @" By ™ By),

with m the multiplication map. As m is a complete contraction on each of these spaces,
the respective modules of forms are operator bimodules for the respective algebras.

We denote elements of Q (B, By ) (for instance) as Y, a;6(b;) where §(b) = 10b—b®1.
Here we should take a; € B and b; € By, with similar descriptions of the other bimodules
of one-forms.

1.2.1. Rough algebraic outline
Let us give a brief algebraic sketch of what we need our forms to do, so that the
purpose of the analysis to follow is clear. There is a map

7 QL(B,B1) = B(Y), wr(ad(b)) = a[T,b].
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The range is denoted Q1.(B, By ), and these are called the represented one forms. Restrict-
ing mp to the other bimodules gives different spaces of one-forms. To discuss curvature
we need to consider two-forms. Universally we have a few options, for instance,

Q2(B,By) := QL(B, B1) @k, Qb (B1, Ba).
The common factor of B; allows us to use the Leibniz rule
aé(bl)bgé(c) = aé(blbg)é(c) — ablé(b2)5(0)7 a € B, b, by € ‘Bh cc 32,

to see that all two-forms can be represented as sums >, a;0(b;)0(c;) for appropriate
algebra elements. The universal differential 6 : Q) (B1, By) — Q4 (B, B1) ®% QL (B, By)
is defined by

ad(b) =a®@b—ab®1 - (1®a—a®1)R@(1Rb—b®1)=13d(a)i(d),
=1Ra®b—1R®abR1—-—a®R1Rb+a®@bR1

and satisfies 0%(a) = 0 for all a € Bs.
By declaring the symbol § to be odd, we obtain a Zs-grading on the various spaces
of universal one-forms Q. Since B is trivially graded, all elements of Q! are odd.
Since the map 7w is B-bilinear, and the Haagerup tensor product linearizes operator
multiplication, we can also represent our two-forms in B(Y) via

mo (mp @ ) : Q2(B,By) 3 ad(b)d(c) — mr(ad(b))mr(5(c)) = a[T,b][T, .

The map mo(mr®mr) is compatible with x-structures as well if we define §(a)* = —d(a*)
for a € By.

As is well-known, there is typically no differential d : QL(By, By) — Q2.(B, By) such
that 77 0 § = d o wp. The naive formula

d <Z bi[T, ci]> = [T.b][T, ci]
is not well-defined. It can happen that >, b;[T, ¢;] = 0 while Y .[T,b;][T,¢;] # 0. The
forms in g2 := mr(d(ker(wr))) are known as junk forms.
Below we will identify analytic spaces of represented one- and two-forms which will
serve as suitable receptacles for curvature.

1.2.2. The formal definitions of represented forms

We again fix a C2-Kasparov module (B,Y,T). By construction, the operator -
algebra B acts completely contractively on the Hilbert space Dom T equipped with
the graph norm. Via this representation the C*-algebra B(Dom T") becomes an operator
B1-bimodule. Furthermore recall that the operator norm on B(DomT') can be expressed
as



B. Mesland et al. / Advances in Mathematics 402 (2022) 108128 11

|RlB@omt) = (T + DRI +1) sy, R € BDomT),
which we will exploit in the proof of the following Lemma.
Lemma 1.6. The map b+ [T,b] defines completely bounded derivations
dr: By = B(Y), dr:By— B(DomT).
Hence there are completely bounded maps

7 QL(B,By) = B(Y), a®bws alT,b]
77 QL(B1,Ba) = B(DomT), a® b+ a[T,b].

The map b — [T?,b] extends to a completely bounded derivation
02 : Bg —» B(DomT,Y).
Hence there is a completely bounded map
w2 QL(B, By) = B(DomT,Y), a®b a[T?b].
We can extend dp to a completely bounded map
o7 :B(DomT)NB(Y) —» B(DomT,Y),

such that 67 : 7p(QL(B1,B2)) — B(Dom T,Y) is of the form

Sr(a[T, b)) := T(a[T, b)) + (a[T,b))T = [T, a][T, b] + a[T?, 1], (1.3)
and the composition o o r : QL(By,By) — B(Dom T, Y) is a completely bounded map.

Proof. Note that to extend estimates to N x N-matrices, we replace Y by Y~ and T by
diag T : (DomT)N — YV, so we will prove the statements for N = 1. The statements
about 07 : By — B(Y) and 77 : QL(B,B;) — B(Y) are proved in [8, Proposition 2.21].
The estimate

HZai[T,bi] @+ (3 alr )@+

K2

B(Dom T) - B(Y)

- Xi:ai[T’ Pilllae, T I (Xi:ai[T’ b) (@ +9)7) HB(Y)
<[ Satrpll, , + | Xmadir.e

+ H S awlr® b1 + i)*lH

B(Y)

B(Y)’



12 B. Mesland et al. / Advances in Mathematics 402 (2022) 108128

shows that |3, a;[T, bi]||B(D0mT) < 3| X ai @ bi||lp,ern,. This proves the statements
about o7 : By — B(DomT) and 7 : QL(By, By) — B(Dom T).

For b € By, the operator [T2, b] is defined on Dom T2 and [T2,b](T+i)~! : DomT — Y
extends to a bounded operator on Y. Thus if &, € DomT? — ¢ € DomT in the graph
norm of T, then [T?2,b]¢, = [T?,b)(T +i)~Y(T +4)&, is convergent. The estimate

T2, 0)¢]| < NIT2, (T + )T + 0],
holds on the T-graph-norm dense subspace Dom T2 C Dom T, and shows that the deriva-
tion 72 is completely bounded as a map By — B(Dom T,Y). We denote the ¢b-norm of

S72 by ||672]/cn. Complete boundedness of 772 : QL (B, By) — B(Dom T,Y) now follows
from the standard Haagerup estimate

| S otz < || S asat] | St vizz.os

< [lor= Gl 1 100 5,

B(Dom T,Y)

t

where (a;)" is a row vector and (b;) a column. Lastly, since T' € B(DomT,Y") we have

that
O : B(DomT)NB(Y) = B(DomT,Y), ar— [T, al,

is well-defined and completely bounded when we equip B(DomT) N B(Y") with the op-

erator algebra norm ||al|B(pom 7)nB(v) := max{|lallBmom 1) [lallBy)}- Since
7r : QL(B1,By) = B(Dom T) NB(Y),
this proves that 7 o : QL(B1,B2) — B(Dom T,Y) is a completely bounded map. O

The appearance of commutators [T2, ] for b € B is a consequence of the natural norm
on the domain of T'. Somewhat more heuristically, it can be considered as a consequence
of trying to extend the derivation b — [T, b] to one-forms via the graded commutator

a[T, 8]+ S7(alT,0]) = [T,a[T,b]], = [T, al[T,t] + a[T?,b].

Thus the graded commutator implements the ill-defined “differential” a[T,b] +
[T, a][T,b], up to the unwanted unbounded term a[T?,b], as in Equation (1.3).

Definition 1.7. For a C?-Kasparov module (B, Y, T) we denote by Q%.(B1, B2) the closure
of the image of the map

7 2 QL (By, By) — B(Dom T),
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and by QL (B, B) the closure of the image of the map
7 QL(B,B1) — B(Y).

Note that Q1.(B,B;) contains the module of differential forms 2}, defined by Connes
in [9, Chapter VI] as a dense subspace (for which only finite linear combinations of the
a[T, b] are allowed). However, in the case that . is a finitely generated projective (right)
B-module, they coincide.

Definition 1.8. For a C2?-Kasparov module (B,Y,T) we denote by Q2 (B;) the closure of
the image of the map m o (mp ® 7r), defined as the composition

QL(B,B1)@lk QL(B1, By) — QL(B, B1)ak QL(B,B1) 2275 B(Y)eh B(Y) 25 B(Y).
(1.4)

The space so defined can be identified with the natural space of two-forms over
(B,Y,T).

Lemma 1.9. The closure of the range of the map
mo (mr @ mr) : QL(B,B1) @%, Qu(B1,Ba) — B(Y),

coincides with the space of two-forms

Q%(‘Bl) = {ZQZ[T, bl”T, Ci] La; € B, bi, c; € Bl},
over By.

Proof. To see that the closure of the range coincides with 2.(B1), consider a finite sum

> ailT,bile; [T, d] = ailT,bic; [T, dj] — aibi[T, ¢ [T, dj] = > ai[ T, bicy][T, dy],

.7 2 .3

since ), a;b; = 0. Hence we have an inclusion Ran m o (rr @ 77) C Q3%(B1). Since any
¢ € By is a limit of ¢; € By such that [T, ¢;] — [T, ], all expressions a[T,b][T, ¢] are in
the range of m o (mp ® wr) and the reverse inclusion follows as well. O

1.8. Second derivatives and junk forms

We now provide a discussion of junk forms for Kasparov modules in our analytic
context. The rather strange representation of forms given by 72 turns out to be precisely
what is required to cancel out the unwanted term in the anticommutator [T, a[T, b]]+. In
turn, this cancellation allows us to both represent curvature and capture junk.
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Proposition 1.10. For any w € QL (B1,Bs) we have that
57 o Tr(w) — T2 (w) = mo (1 @ 77)(dw) € Q%(B1) C B(Y).

The map o oy — w2 : QL (B1, Ba) — Q2(B1) is completely contractive. In particular
forw € QL(B1,Ba) such that mr(w) = 0, the operator wp2(w) is well-defined and bounded
onY.

Proof. Let o = (a;;) € My (QL(B1,B2)). Approximate o by a series

Ay 1= (Z ik ® bkj) (S MN((Bl ®a1g Bg) n Q}L(Bl,Bg)), (15)
k=1 ij

using Proposition 1.4.1. By abuse of notation we denote the self-adjoint regular operator
diag T : (DomT)N — YV by T and we identify My (B(Y)) with B(Y"). The identity

[T 7"'T an = ([ Zazk T bk]:| ) = (Zn:[T, aik}[T, bkj] —l—zn:aik[Tz,bkj}) ,
ij k=1 k=1 ij

is valid in B(Dom T, YV). By continuity of §7 o7p the left hand side of this equation con-
verges (as n — 00) in B(Dom T, Y?). By continuity of w72 we have wp2(ay,) — w72 () in
B(Dom T, Y™). Therefore (3", _, [T, aix][T, bkj])ij is convergent in B(Dom T, Y™). Since
there is a complete contraction B, — By we have the estimate

[ aulmbe), [y, < Iesbanlls, 6o,
k=¢

< [(@ir)immlls, 1| (br5Vizn | 5,
from which we infer that
(Z[ﬂ a][T, bkj]) < ek — o lary (@1 (81,82)) = 0.
h=t illB(y)

It thus follows that the series

(Z[Ta ai’f} [T’ bkj]) )

k

is norm convergent in B(Y'Y), proving that dr o 7r(w) — mp2(w) € My (Q2) C B(YN).
The above estimates show that

167 0 77 — 72 ) (W) By ™y < llwllnry (@i (B1,32)), @ € Mn(Q,(B1, Ba)),
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which proves that d7 o w7 — w2 is completely contractive. In case w € QL (B, Bs) and
mr(w) =Y, a;[T,b;] = 0 we find that

T2 (w ZazT2 Zal [T, b;] + a;[T, b;] T

= ai, TNT,bi] + > Ta;[T,b] = = [T, ai][T,b;] € B(DomT,Y).

i
This proves that mp2(w) extends to a bounded operator on Y. O

Corollary 1.11. Let T2 Q}L('Bl, BQ) — Q%g (31, 32) and T Q}L(Bl,gg) — Q%p(‘Bl,‘Bg)
be the universal maps. Then ker w7 is a closed sub-bimodule of QL (B1, Ba) and the closed
bimodule of junk forms

37(By) = {Z [T, ai][T,b:] - Y aibi = > ai[T,bi] = > [T, a]b; = o},

is equal to the closure of the space mpz(ker ).
2. Curvature in unbounded KK-theory

We now come to the main construction in this paper, which is the notion of curvature
in the context of the unbounded Kasparov product. As mentioned in the introduction,
it is our goal to make sense of the following formula

Risvy=S®1+10vT)’-5®1-1@y T

For this we again fix an unbounded Kasparov module (B,Y,T) which will provide our
reference ‘horizontal’ differential structure. For the most part we make no use of the
(locally) compact resolvent of T', only occasionally (and always explicitly) requiring that
(B,Y,T) defines a K K-class. More important are the various modules of forms, junk
and representations

Q%’(B*aB*)v 3T7 T, T2

defined as in the last section.

In order to define the curvature we need to introduce a suitable notion of C2-
connection, along with some ‘vertical’ differentiability conditions on the C*-module X.
As we will see, the latter is phrased naturally in terms of the self-adjoint regular operator
S on X.
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2.1. The definition of C* and C?-connections

In order to define curvature we need a suitable notion of C2-connection. We require
the notion of “form-valued inner products”. If we have z, y € X and w € QL (B, By) (for
instance), we define pairings

(,y@w) = (x,y) ®w, and (zQw,y):=w* R (x,y), (2.1)
which are compatible with the balancing relation over Bj.
Definition 2.1. Let X be a Zo-graded C*-module over B and (B,Y,T) a C*-unbounded
Kasparov module (k = 1,2). A dense Bj-submodule X C X is horizontally C*-
differentiable with respect to (B,Y,T) if for all z,y € X we have that (z,y) € By.
Remark 2.2. We will develop curvature with the minimal smoothness assumptions that
we can, working with horizontally differentiable C'-modules where possible, and impos-

ing further C2-structure as we need it.

Definition 2.3. Let X be a right B-module with grading operator . A universal connec-
tion on X is a linear map

VX=X ®FQ(B,31), V(@) =(y®1)V(),
which satisfies the Leibniz rule
V(zb) = V(z)b+~(z) @ §(b), VxeX be By.
If in addition V satisfies
(@), V() = (V(3(@),y) = 8((z,9)), Y,y e X,
then V is said to be Hermitian or compatible.

We write Vo := oV : X — X @/ QL(B;) and call the composition the represented
connection induced by V.

Lemma 2.4. Let X be a horizontally differentiable C'-module for the unbounded Kasparov
module (B,Y,T) and V : X — X ®@% QL(B,B1) a Hermitian connection. Then

1®vT:3C®;}gD0mT—>X®BY, r@y—vy(x)®@Ty+ Vr(z)y,

is a densely-defined odd symmetric operator in X g Y.
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Proof. On X ®p QL(B,B1) we have (1®7)(z @ wr)y = — @ wry(y). Since 7@ v =
e )(1®y),forzyeX ®%1g Dom T we have

(Ye@7(AevT)(z®y) =(y®7)0 (=) @ Ty + Vr(z)y)
=—2z®Ty(y) — (v®@1)Vr(z)y(y)
= -2 ® Ty(y) — Vr(v(2))7(y)

—levT(y®7)(z®y),

so 1 ®y T is an odd operator. For symmetry, we write

(levD)(zey),2" 0y) = ((",7@)Ty,y) + (Vr(z)y, 2 @y')
= ([T, ("), 2)] y, ¢) + ((V(=@"), 2)y, Ty') + (Vo (2)y, 2’ @ y')
= ((Vr(a"), 2)y, ') = {{2', Vr(@)y, y') + {y, (z,7(@&))TY) + (Vr(z)y, 2’ @ y')
=<y,<x7VTx DY)+ (ys {z, v (=) Ty')
= (z@y,v(@) Ty ) + {z @y, Vr(=)y')
=(zey,(1avT)(z'®y)).

Extending by linearity completes the proof. O

A horizontal C'-structure is all one requires for finitely generated modules, but it is
not sufficient to describe the connections and curvature of countably generated modules.
In order to define appropriate notions of connections, we need to introduce some further
smoothness on the C*-module X.

Let S : DomS — X be a self-adjoint regular operator on X. We think of S as
defining a vertical differential structure on X. The presence of a compatible horizontal
differentiable structure for a Kasparov module (B, Y, T') then provides us with the correct
notion of differentiable submodule.

We do not require that the data (X,.S) define an unbounded Kasparov module, al-
though this is often the case in examples.

Definition 2.5. Let (B,Y,T) be a C'-Kasparov module. A C'-module for (B,Y,T) is a
pair (X, S) such that

1. X is a horizontally differentiable C'*-module with C*-closure X;
2. §:X — X is an essentially self-adjoint and regular operator on X.

A C*-connection on a C'-module (X, S) is a Hermitian connection
V:X— X®QLB,B)),

such that S®1+10v T : 3C®a£f DomT — X ®pY is essentially self-adjoint and regular.
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Remark 2.6. The choice S = 0 is allowed for defining a vertical differential structure.

Given a C'-Hermitian connection V : X — X®%QL (B, B1) we can define a completion
of X by

Xyp ={reX:32,€X, 2, >z €X, Vr(z,) —z€ X ok Q5 (B1)}. (2.2)

Proposition 2.7 ([/] Section 3.6, Lemma 3.4). Let (B,Y,T) be a C*-Kasparov module
and (X, S) a Ct-module. The space Xv.. is an operator x-module over By. Moreover, for
every © € Xy, the linear map |z) : Y - X @pY, y — © @y satisfies

|z) : DomT — Dom1 @y T, and (|v(2))T —1®v T|z)) € B(Y,X ®pY),
and the identity map X — X extends to a completely contractive inclusion v : Xv, — X.
We define X° to the completion of X in the norm
lz]|* == [[(S + )"t = [I(S =)'l
The norm on X7 is induced from the inner product
(@,9)° = (S +0) " e, (S +0) 1),

and X is a Hilbert C*-module in this inner product. It is appropriate to think of X*
as a degree —1 Sobolev space associated to S, as the following observation shows.

Lemma 2.8. For v € X the maps v — (S +1i)"tx, 2 — (S — )"tz can be viewed as
densely defined maps X — X and these extend to unitary isomorphisms X° — X.

Remark 2.9. One naturally expects that defining second derivatives would require two
Sobolev spaces, normally W — W2 — L2. In order to accommodate countably gener-
ated modules and Kasparov modules with only a C''-structure, we take a slightly different
route and introduce a space X%T that behaves like a —1 Sobolev space in the vertical
direction but a +1 Sobolev space in the horizontal direction.

We define T)C%T to be the completion of X in the operator space topology induced by
the norm

oS, = max {JI(S + 1) allx, (S +8) 7 V(@) xopopman - (23)

Since the norm on Xy, dominates the norm on DC%T7 the identity map on X extends
to a complete contraction tg : Xy, — DC%T. To define the appropriate notion of C?-
connection, we need the operators S ® 1 and 1 ®y T' to be compatible in a more precise
way. We introduce the following definition.
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Definition 2.10 (c¢f. [28,38,40]). Let (s,t) be self-adjoint regular operators in the Hilbert
C*-module E. We say that (s,t) is a vertically anticommuting pair if

1. (s£i)7!: Domt — F(s,t) := {e € DomsNDomt : se € Domt, te € Dom s};
2. st+1ts:F(s,t) — E extends to Dom s.

Remark 2.11. The definition of vertically anticommuting pair is an asymmetric version
of [38, Definition 2.1] and was used in [28,40]. The main result is that s+ ¢ is self-adjoint
and regular on Dom s N Dom ¢. In this paper we require the more restrictive asymmetric
version, which is sufficient to cover many geometric examples, is compatible with the
unbounded Kasparov product and seems to be necessary for other technical reasons.

Lemma 2.12. Let (X, S) be a Ct-module over the Kasparov module (B,Y,T) and V : X —
X @ QL(B,B1) a connection such that (S ® 1,1 ®y T) is a vertically anticommuting
pair. Then the identity map extends to a completely contractive injection DC%T — X9

Proof. Since the norm on DC%T dominates the norm on X, the fact that the identity map
on X extends to a complete contraction is immediate. To see that this map is injective,
let z,, € X be a sequence such that (S+1i) "'z, — 0 and (S +4) "'V (z,) is convergent.
For x € X and y € Dom T,

Vr(z)y =10y T)(z®y) —~(z) @ Ty.
Using this and the fact that (S® 1,1 ®y T) is a vertically anticommuting pair we write

(S+0) 7' Vr(zn)y = (S+40) " 1@y T)(zn ©y) — (S +14) " y(2n) @ Ty
=—(1@vT)(S—i) (zn) @y +7((S—i)'an) @ Ty
+(S+)MS®1,10v T4 (S —i) e, ®y.
Since (S —4)~ 'z, is convergent to 0 and (S +1i)"![S® 1,1 ®y T] is bounded, it follows
that (1 ®vy T)(S — i)~ (z,) ® y is convergent. Since 1 ®y T is closed, the limit of the

latter sequence must be 0. Thus (S + i)'V (x,)y converges to 0 for y € Dom T Since
(S +i)" 1V (z,) is convergent in B(Y, X ®p Y), its limit must be 0. O

Before introducing the curvature operator we require some technical domain results.

Lemma 2.13. Let (X,S) be a C'-module over the Kasparov module (B,Y,T) and let
Vr : X = X ®% QL(B,B1) be a connection such that (S ® 1,1 ®v T) is a vertically
anticommuting pair. Then:

1. 1evT)(S+i)~t®1 is defined on Dom1 &y T and closable. There is an equality
of domains
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Dom (1 ®y T)(S+i)"'®@ 1) =Dom ((S i)' ® 1(1 ®@v 1)),

of closed operators in X @Y.

2. Vr:X — X ®@p QL(B,B1) extends to a map Vr : DC%T — X% ®@p QL(B,B,).

3. (S+i)7'®@1: X5®@pY — X®pY restricts to a map (S+i) "' ®1 : x%T@)%lDomT —
Dom(l ®@v T).

Proof. In the following we will frequently write S for S ® 1. We first prove that
Dom ((1®y T)(S +4)"") = Dom ((S — i) ' (1 ®v T)).

Since (S ® 1,1 ®y T') is a vertically anticommuting pair, both operators are initially
defined on Dom 1 ®vy T and

(S—i) "oy +AevT)(S+i) ' =(S—i) loyT,S®1](S+i) 1,

is a bounded operator. Hence if £, — ¢ in X ®p Y then (1 ®v T)(S + i)~ &, converges
if and only if (S —i)71(1 ®y T)&, converges. So both operators are closable and have
the same closure.

2. Suppose that x,, € X is a sequence converging to x € DC%T, that is (S + i) ta,
and (S +1)"*Vr(x,) are both Cauchy sequences. Thus V7 (z,,) converges to an element
z € X% @l QL(B,B). By Lemma 2.12, if 2, — 0 € x@T then z = 0 and the map
= Vr(z) =2 € X% ®p QL(B,B,) is well defined for z € x@T.

3. We use that (S ® 1,1 ®y T) is a vertically anticommuting pair. Suppose that
x € X3, which by construction is a submodule of X, so that (S + i) 'z € X.

Take a finite row £ = (x1,...,x,) with z; € Xv,. and a finite column n = (y1,...,yn)’
with y; € DomT'. Observe that

(S+i) ',y € F(S®1,10vT)CDoml@y T, i=1,...,n,
and write E®@n =" |2, ®y; € DC%T ®%1§; Dom T'. Now consider

1ovT(S+i)Hean=(S—i) ' [Sol,1vT|(S+i) oy
—(S-) ey T)(E®n)
=(S—i)'S®L1@v T+ (S+i) ¢an
—(S—i) N @Tn—(S—i)"'Vr(&)n
=S - MS® L1y T+ (S+i) ¢y
+9((S+i)71) @Tn— (S —i)"'Vo(&)n,

from which, using Theorem 1.5, we obtain the estimate
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1@y T(S+ 1)@l 0,y < OIS + D) Ellxlnlly + 1S + ) Ellx Tl
+ (S =)'Vl xenan s sy lnly. (2.4)
The estimate (2.4) implies that
1oy T(S+i)~'¢® 77HX®BY < C||§||ng 1]l Dom 5
and thus that
[1evT(S+i) '¢on| <Cl¢e Mg @ Dom -
Since Xy, ®%l% Dom T is dense in fXZ%T ®%1 Dom T, the result follows. O
Suppose now that we are given a map
VI X XY, @ QL(By,By),

satisfying the Leibniz rule V°(xb) = V°(2)b+~(z) ® §(b) for all b € By. Then we obtain
a well-defined operator

1®gs T: X @3 DomT — X3 &% YV - X @Y, z@y—(2)®Ty+ Vi(2)y.

By composing 1 ®ys T with the resolvent (S +i)~! : X — X which is defined on all
of X* by Lemma 2.8, we obtain a well-defined map

(S+14)' 1®ys T: X @3* DomT — X @p Y.

Definition 2.14. Let (X, S) be a Cl-module over the C''-Kasparov module (B,Y,T). By
a C%-connection on X we mean a pair (V, V) of connections

VX = X% Q(B,B1), V7:X— XY &% QL(B1),
with V a Hermitian connection and V* a connection, such that

1. (S®1,1®y T) is a vertically anticommuting pair;
2. for all z € X and y € Dom T we have

(S+i)'Vr(z)y=(S+i)™" - Vi(z)yc X ®pY.

Note that this definition implies that for all x € X and y € DomT we have that
(S+4)"1 (1®ys T)(z ®y) € Dom S and thus that 1 ®ys T(z®@y) = 1 @y T(z ®@y) is
in fact an element of X @5 Y viewed as a subspace of X° @5 Y via the dense inclusion
X — X5,
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2.2. The represented curvature of a C?-connection on a C'-module

Now that we have a clear picture of how represented C2-connections determine the
domains of induced operators, we can introduce the represented curvature of a C2-
connection on a C'-module (X,S). To make appropriate sense of 77 (V?) a little care
is required and this operator will more correctly be written m7((1 ®v, §) o V), which
yields a well-defined operator.

Proposition 2.15. Let (V,V?) be a C%-connection on a C'-module (X,S) over a C*-
Kasparov module (B,Y,T). The map

1@y, 0: XY, @% QL(B1) — X5 @ QL(B, B1) ®%, QL(B1),
r@w— Vr(r) w4+ v(z) ® (17 ® 1)(dw),

is well-defined and satisfies (1 @y, 0)(nb) = (1 @v, §)(N)b— (v @ 7r)(n) @ §(b), for all
ne X%T ®%1 Qt(Bl) and b € Bq.

Proof. The map Vr : X — X ®% QL(B,B) extends to a map
Vr: X3, — X%k Qh(B,B,),
by part 2 of Lemma 2.13. The maps

§: QL(B1) — QL(B,B1) @%, QL (B1)

u

and
mr ®1:Q)(B,By) @l Q0 (B1) = Qp(B, By) @k, Q4(B1)
are completely bounded, and therefore

lermr®l)o(Vealty®d): X, o QL(B1) — X° @ QL(B,B1) @, QL(B1)

zQw i Vp(z) @w+v(z) @ (7 ® 1) (dw),
(2.5)

is well-defined and completely bounded. Since also

Vr(zh) @ w+v(x) ® (7 ® 1)(bdw) = Vr(x)bw + v(z) @ (67b) @ w
+7(z) ® (rp ® 1)(bdw)
= Vr(2)bw +7(2) @ (mr © 1)(6(bw)),

the map (2.5) is compatible with the balancing relation and descends to a completely
bounded map
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1@y, 6: XS, @K QL(B1,Br) = X7 @ QL(B,B1) @, QL(B1),

which is the desired statement. The (graded) Leibniz rule for 1 ®v.,. ¢ follows directly
from the defining formula and the graded Leibniz rule for 4, §(wb) = d(w)b — w & 6(b),
for we QL(By)and b€ B;. O

By Proposition 2.15, we can consider the composition
(1®v, 6) oV 1 X — X9 @ QF(B1) @k, Qu(B1).
The map (1 @y, 6) o V¥ is right B;-linear. This follows from the computation

(1®v, 6) 0 VI (ab) = ( (2)b) + (1 ®v, 6)(v(z) ®4(b))
= (1 ®v, 0)(V(x)b) + Vr(y(z)) ® 6(b)
(2)

1 ®vy 6) (VS (2)b) +
(

= 1@y, 6)(VZ ()b — (v @ mr © 1)(V®(x) © 6b)
)
(

where the last line holds since Vr(x) = V() in X° @% QL (B, B,).

Definition 2.16. Let (X,S) be a Cl-module over a C*-Kasparov module (B,Y,T) and
(V,V?¥) a C2-connection. We define the represented curvature of (V,V®) to be the
operator 77 (V o V%) : X ®a1g Y - X ®pY defined on 2@y € X ®"‘lg Y by

mr(VoVi)(z®y):=1om)(1®1@rr)((1 v, §)o V) (x)y. (2.6)
The notation 77 (V o V¥) is shorthand for (1 ®m)(1 ® 1 ® 77)((1 @y, 6) o V).

2.2.1. The curvature operator of a C%-connection on a CM2) -module

Additional smoothness simplifies the domain considerations of the previous section.
In order to denote the differentiability properties of modules (X, S) in the horizontal and
vertical directions we use pairs (n, k) where k corresponds to the horizontal and n to the
vertical direction.

Definition 2.17. Let (B,Y, T) be a C?-Kasparov module. A C12)-module for (B,Y,T) is
a pair (X, .S) such that

1. X is a horizontally differentiable C2-module with C*-closure X;
2. §:X — X is an essentially self-adjoint and regular operator on X.
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A C2-connection on a C12)-module (X, S) is a pair (V,V*) of connections
VX = X&kQlB,By), V7:X—XT ok QL(B1,B,),
with V a Hermitian connection and V* a connection, such that

1. (S®1,1®v T) is a vertically anticommuting pair;
2. for all x € X and y € Dom T we have

(S+1i)'Vr(z)y = (S+i)~" - Vi(@)y € X @pY.
First observe that if (X, S) is a C"?)-module then (X ®E§§ B4, S5) is a Cl-module for
(B,Y,T). For a C*-connection on a C'1:?)-module (X, S), we wish to compute 77 (VoV?),
for y € Dom T?. By Lemmas 1.6 and 2.12 we may define

1 ®ys T?: 3C®‘£§ DomT? -+ X3 &% Y CX°®pY, z®y—zeT%(y)+ Vi(2)y,

in the spirit of Lemma 2.4. Since T2 is an even operator, the grading v does not appear
in this formula.

Lemma 2.18. Let (B,Y,T) be a C?-Kasparov module, (X, S) a CH?) -module and (V,V?)
a C?-connection. Then the operator

1oy T: X @48 DomT — X @5,

maps X ®%l§ Dom T2 into Dom(S + 1)1 (1 ®@v T).
Proof. For 2 € X and y € Dom T? we have

(1evT)(z®y) =) Ty + Vr(r)y,
and clearly vy(z)®Ty € DC(X%%DomT C Dom(1®yT) C Dom(S+i)~!(1®yT). Consider

(S +1)"'Vr(z)y = (S+i)7" Vi(z)y,
and observe that V3. (z)y € DC%T ®%1 DomT'. By part 3 of Lemma 2.13, it follows that

(S +14)"'V3(2)y € Dom1®vy T,
from which we conclude that (S + i)~ 'Vz(x)y € Dom 1 ®y T. Thus
Vi (2)y € Dom(1 @y T)(S +i) " = Dom(S + )~ (1 @y T),

by Lemma 2.13. O
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It follows by Lemma 2.13.2 that the operator
1®gs T: X @%° DomT? — XY, ®% DomT C Dom(l ®y T) C X @5,
is well defined and maps X ®;§§ Dom T2 into Dom(1 ®v T) € X° @Y.

Definition 2.19. Let (B,Y,T) be a C?-Kasparov module, (X,S) a C?)-module and
(V,V?) a C%-connection. The curvature operator of (V,V*) is defined to be the map

Ry, : X @42 DomT? - X¥®pY, Ry, =(10vT)o(1®ysT)—1oys T
By Lemma 2.18, composition with the resolvent (S +4)~' : X — X yields the map
(S+i) 'Ry, : X @4 DomT? - X @p Y,
which admits the expression (S +i) 1Ry, = (S +i) Y (1 @y T)? — 1 @ys T?).
Our goal is to identify the curvature operator Ry, from Definition 2.19 with the

represented curvature (Ve o V) of Equation (2.6) in Definition 2.16.

Lemma 2.20. Let (V,V?) be a C%-connection on a C™?)-module (X,S). For n €
DC%T ®%1 QL(B1,B2) and y € Dom T we have that

lem)(lelerr)((1ev, 6)n)y=1ev T)(1rr)(n)y
+(y@mr)(n)Ty — (v @ 7712) ()Y,

as elements of X° ®@p Y.

Proof. Let n == 2 @ w € DC%T ®%1 QL(By,Bs) be an elementary tensor. By Proposi-
tion 1.10

mo (mr @ ) (0w) = d7 o (W) — 72 (w) = [T, wr] — wre,
and we compute for y € Dom T?:

(Tem)(1elerr)((1®v, d)(z@w))y=1Qm)(Vr(z)wr +v(z) ® (17 @ 7r)(dw))y
= Vr(z)wry +7(z) ® [T, wrly — v(z) @ wr2y
= Vr(z)wry +7(2) ® Twry +v(z) @ wrTy — y(z) ® wr2y
=(1@vT)(z@wry) +7(z) @wrTy — v(z) ® wrzy
=(levler)(z@w)y+ (@) (z@w)Ty — (y@rr)(z@w)y. (2.7)

By Lemma 1.6, mp defines a continuous map
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l@myr: XY, @ QL(B1,Bz) — B(Dom T, XY ®% DomT) C B(DomT,Dom 1@y T),
and a continuous map
Y@ XY, ®% QL(B1,Bs) - B(DomT, X @5 Y).
Invoking Lemma 2.12 as well, we see that mr2 defines a continuous map
Y@ e Xy, @ QL(B1,Bs) —» B(Dom T, XY ®% Y)— BDomT,X° ®pY).

Therefore by Equation (2.7) the operator (1 ® 1 ® 7r)(1 ®v, ) extends by continuity
to all n € X3 @% QL(B1,By) and, as Dom T? is a core for T', to all y € DomT. O

For a C2%-connection (V, V) on a C":?-module (X, S) and z € X we have V5 (z) €
XS, ®% Q. (B1,By), which maps completely contractive to Xg, % €, (B1). Hence by
Lemma 2.20 the operator (Vo V) : X ®;§? Y = X9 ®pY is defined.

We then come to our main result.

Theorem 2.21. Let (B,Y,T) be a C?-Kasparov module, (X,S) a C"?)-module and
(V,V?) a C?-connection. Let nr(V o V?) be the represented curvature from Defini-
tion 2.16 and Ry, be the curvature operator from Definition 2.19. Then there is an
equality

Ry, = m7(VoV®): X @42 DomT? — X% @5 Y.

Consequently, Ry, (z) € X% @% Q2(B1) € B(Y,X* ®p Y) for all x € X and Ry,
extends to X ®%1§ Y. If (V',V'9) is another C?-connection with V1 = V., then the
difference (Ry, — Ry, )(z) € X° @Y 33.(B1).

Proof. For x € X, V5(2) € DC%T ®%1 QL(B1,B3), so we compute using Lemma 2.20,
with y € Dom T
Lom)(1®1lr)((1 v, d)o VI)(2)y

P(2)y + Vi(2)Ty — Viz(2)y (2.8)
= 1y T)VE(@)y + Vi(@)Ty + 2 @ Ty — Vis(x)y — 2 @ Ty
Vi@)y+2z@Ty) — (1Qys T?)(z®y)
(1@ys T) = 1@ys T?)(z @ y)

as desired. Now if (V’, V'®) is such that V1 = V. then Equation (2.8) gives

(Rv, = Roy)(z®@y) = (Vi2 = V53)(@)y = (1@ m72) (VS = V') (2)y.
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By Corollary 1.11 (1@ 772)(VS = V'9)(z) € X, ®% I7(B1) = X5 @} 97.(B1). O
2.8. The curvature of a C*-correspondence

So far we have focussed on giving meaning to the curvature of a C?-connection on
X under minimal differentiability assumptions. The represented curvature exists on C*-
modules, and it coincides with the curvature operator on C'(:2-modules. It is now time
to give meaning to Equation (0.2) and define the curvature associated to a correspon-
dence. Briefly, a correspondence is a Kasparov module together with a connection on the
module, and we define this in detail below. Before doing so, we describe how we impose
additional C?-conditions on our modules and connections.

Definition 2.22. Let (B,Y,T) be a C2-Kasparov module. A C%-module for (B,Y,T) is a
pair (X, S) such that

1. X is a horizontally differentiable C2-module with C*-closure X;
2. §:X — X is an essentially self-adjoint and regular operator and X C Dom S2.

A C?%-connection on a C%-module (X, S) is a pair (V, V1) of connections
VX = X&kQLB,By), V':X— Xy, @ QLB1,Bo),
with V a Hermitian connection and V! a connection, such that

1. (S®1,1®v T) is a vertically anticommuting pair;
2. for all z € X and y € Dom T we have

Vr(r)y = (1 ®idy)Vh(z)y € X ®pY,
where ¢ : Xv, — X is the inclusion from Proposition 2.7.

Let us clarify the modifications of the above definition relative to Definitions 2.14 and
2.22. The content of conditions 1. and 2. is that the module X is now assumed to be
both horizontally and vertically C? as opposed to just vertically C'. The curvature of
the C%-connection is now viewed, using our Sobolev space analogy from Remark 2.9, as
a map W(2272) — L?, whereas with only a C'-structure it is a map W(Qm) — W(2—1,0)~ The
next Lemma makes this statement precise.

Lemma 2.23. Let (X, S) be a C?-module and (V, V') a C*-connection. The connection
V9= (s ®1) oV : X — XT_ @ QL(Bi,By),

makes (V, V%) into a C%-connection on (X, S) viewed as a C*?) -module.
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Proof. The identity map on X extends to a complete contraction tg : Xv, — DC%T.
The only thing to check from Definition 2.17 is the compatibility (S + i)~V (z)y =
(S +4)~! - V5(z)y. This holds automatically since

(S+i) " Vi(z)y = (S+i) " (1s@1) Vi (2)y = (S+i) ' (1@1)Vi(2)y = (S+i) 'V (2)y,
by Definition 2.22. O

The next proposition shows that the curvature operator of a C?-connection is well-
defined.

Proposition 2.24. Let (X, S) be a C%-module and (V,V*') a C?-connection. Then
X @5 DomT? C Dom(S®1+1®v T)> C F(S@1,1®v T),

and Ry, = (1®vT)? - 1®v T? is a symmetric operator defined on X ®%1§ Dom T? that
extends to X ®%1§ Y. Here the set J is as in Definition 2.10.

Proof. As (S® 1,1 ®vy T) is a vertically anticommuting pair [38, Theorem 5.1] gives
that Dom(S? ® 1) NDom(l ®y 7)? = Dom(S®@ 1+ 1@y T)?> C F(S® 1,1 ®y T). By
Lemma 2.18

X ®%1§ Dom T? C Dom(1 ®v T)?,
so condition 2 of Definition 2.22 implies that 3C®%1§ DomT? C Dom(S®1+1®vT)%. O

Definition 2.25. A C2-correspondence between a C?-Kasparov A-C module (A, E, D) and
a C?-Kasparov B-C module (B,Y,T) is a quintuple (A, X, S, (V,V?!)) such that:

(A, X, S) is an unbounded (A, B) Kasparov module;

(X, S) is a C%-module;

(V, V1) is a C?-connection;

there is a unitary isomorphism u : E — X ®p Y intertwining the A-representations
and such that

LS

Dom D Nu*(DomS®1NDoml @y T),
is dense in £ and
Z=D—-u"(S®1+1®yT)u:DomDNu*(DomS®@1NDomlxyT)— E,

is bounded and preserves Dom D.
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As Z preserves Dom D, (D, Z) is a vertically anticommuting pair. By [38, Theorem
5.1],

Dom D? = Dom D? N Dom Z? = Dom(D — Z)? = Domu*(S ® 1 + 1 ®y T)?u.

Then by Definition 2.22, for a C?-correspondence we have X ®;}§ Dom 72 C Dom D?.
As mentioned, correspondences are more-or-less unbounded Kasparov modules with

additional connection data. The additional connection data allows one to construct rep-

resentatives of the Kasparov product [8,29,38-40], as described in the next result.

Proposition 2.26. Let (A,X,S,(V,V!)) be a C?-correspondence for (A,E,D) and
(B,Y,T). Then

[(‘A’ E, D)] = [(‘Av X, S)] ®B [(‘B’ Y, T)] € KK0<A7 0)7
where @p denotes the Kasparov product.

Proof. Since Z is bounded it follows from [19, Theorem 4.2] that D and D — Z represent
the same K K-class. Since (S®1,1®v T) form a weakly anti-commuting pair and 1@y T
commutes boundedly with A, it follows from [38, Theorem 7.2] that the product relation
holds. O

The reason for introducing correspondences is the more refined curvature data that
becomes available.

Definition 2.27. Let (A, E,D) and (B,Y,T) be two C?-Kasparov modules and let
(A, X, S, (V,V1)) a C?-correspondence for them. We define the curvature operator of
the correspondence (A, X, S, (V, V1)) to be the symmetric operator

Rsvy =(S®1+10vT)? - S?®1-10yT?: X4 DomT? -+ X @pY. (2.9)

By Proposition 2.24 we have R(sv,) = Rv, +[S®1,1®y T4, by a straightforward
algebraic calculation on the domain X ®a£§ Dom T2.

Note that it is not necessary to specify D in order to define the curvature operator,
since we could just as well take D to be the tensor sum S® 1+ 1®vy T itself. However, in
examples it turns out that the bounded operator Z appearing as their difference contains
geometric information as well (see for instance Equation (5.1)).

2.4. Universal connections on locally conver modules
In the applications of our theory (cf. Section 5 below) one typically finds that the mod-

ules actually come equipped with more differentiable structure, beyond the C2-structure
described above. For instance, in the category of smooth manifolds the Hilbert modules
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are typically based on Fréchet modules, and Fréchet continuous maps. Let us describe
here how to incorporate such locally convex spaces and algebras in the above C?-context.

Let (B,Y,T) be a C*-Kasparov module and assume that B carries the structure of a
complete locally convex m-x-algebra for which there is a continuous inclusion B — B,
see [22]. Denote by B the C*-closure of B in the norm coming from B(Y"). The Haagerup
tensor norm is a cross-norm, that is, it satisfies ||z ®@ylln = ||z||||ly|| (see [5, Section 1.5.4]).
Denoting the projective tensor product by ®, [44, Propositions 43.4 and 43.12.a)] prove
that the identity map on B ®*8 B extends to continuous maps

BRB — BB, — B" By, BRIB — B1@B — B1 " By, k=1, 2.
By continuity of the multiplication maps, these inclusions restrict to continuous maps
0 (B) = (B, Br),  Qu(B) = 0 (B1, Bo). (2.10)

Let X be a locally convex topological vector space which is a right B-module such that
the module multiplication defines a continuous map X®B — X. Moreover assume that
there is a continuous inner product

X xX— B,

giving X the structure of a pre-Hilbert C*-module over the pre-C*-algebra B and denote
by X the C*-module closure of X. The identity on X induces a continuous map X — X,
and thus by [44, Proposition 43.4] we obtain continuous maps

1o XRpQL(B) = X@pQL(B,B) — X % QL(B,B,),
1 s XBBQL(B) = XBx, QL(B1, Ba) — Xy, @ QL(B1, Bo). (2.11)

The maps tg, ¢t are well-defined because the Haagerup norm is a cross-norm and the
projective norm is the largest cross-norm [44, Proposition 43.12.a)]. Therefore

1= (1®@7r) o : X&3QL(B) — X @ QL(B,B,), (2.12)
is continuous as well.

Proposition 2.28. Let (B,Y,T) be a C?-Kasparov module. Assume that V, : X —
DC@)«BQ}L(B) is a Hermitian connection, S : X — X an essentially self-adjoint and reqular
operator and (S ® 1,1 ®y T) is a vertically anticommuting pair. If the map

(S+i)towpoV,: X = X ®%QL(B,B,),

is continuous, then the identity map X — DC%T is continuous. Consequently the identity
map on the algebraic tensor product extends to a continuous map
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Lt XBBQL(B) — XY @ QL(B1,Bs).

With V := 190 Vy and V° := 15 0 Vy, the pair (V,V®) is a C%-connection on the
C2)module (X @52 By, S).

Remark 2.29. When S = 0 the map tg reduces to the map ¢1 defined above.

Proof. Since we have assumed that (S ® 1,1 ®v T) is a vertically anti-commuting pair,
it suffices to define V° and verify that V*° satisfies condition 2. of Definition 2.17.

Continuity of the map (S + i)~! o 17 o V,, means that for the Haagerup norm
|+ Ixen o1 (B,3,) there is a continuous seminorm p on X such that

(8 +)™ 0 oz 0 Vo) | xapay (5.5 < P(@). (213)

Thus we obtain a continuous inclusion ¢tg : X — X%T. The remaining statements now fol-
low by functoriality of the projective tensor product for continuous maps [44, Proposition
43.4]. For the pair (V, V) := (190 V4,150 V,) and 2 € X we have

(S+4)7'V(z) = (S +14) 7 (00 Vu)(2)
= (S+i)7" (s o Vu)(@) = (S +14) 7'V (@),

and thus condition 2. of Definition 2.17 is satisfied. O

Corollary 2.30. Assume that V., : X — X@3QL(B) is a universal Hermitian connec-
tion such that the connection 17 oV, : X — X ®@% QL (B, B1) is continuous. Applying
Proposition 2.28 with S = 0 yields the C%-connection

V=10V, : X = Xy, @, Q(B1,Bs),
on the C?-module (X, S). Assume further that

1. X ¢ Dom S?;

2. (A, X,S) is an unbounded Kasparov module;

3. (S®1,1®yT) is a vertically anti-commuting pair;

4. foralla€ A, a:Dom1®y T — Dom1l®y T and [1 ®v T, a] is bounded.

Then (A, X ®%g Ba, S, (1g 0 Vi, 11 0Vy,)) is a C?-correspondence for (A, X ®@pY,S ®
1+1®vT) and (B,Y,T). On X ®%lg Dom T? there are equalities

Ry, =(1ovT)? 10y T?=(1om)(1&rr @ 1r)(V2), (2.14)
Risvy) =Ry, +[S®@ 110y Ty, (2.15)

of symmetric operators in X Qp Y.
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Proof. The equality (2.14) is proved analogously to Lemma 2.20 and Theorem 2.21. O
3. Finitely generated projective modules over spectral triples

In this section we assume that B is a unital C*-algebra and X is a finitely generated
full Hilbert C'*-module over B. Then X is algebraically finitely generated and projective.
We assume that X is Zs-graded with grading ~.

We describe the construction of the curvature operator explicitly in this case.

Our results are in complete agreement with the purely algebraic approach described,
for instance, in [34].

3.1. Connections on finite projective C?-modules

We fix a C%-spectral triple (B, H, D) in the sense of Definition 1.2. Consider a Zo-
graded inner product module X which is finitely generated and projective over Bo,
together with an inner-product preserving injection v : X — B2Y of right By-modules.
The map v induces a module isomorphism v : X — pB3Y | where p = vv* € Myn(By) is
a projection and extends to an isometry v : X — pB2Y on the C*-module level.

The main simplification of the construction in Section 2 is that we take the vertical
operator S = 0. Most importantly, for a Hermitian connection V : X — X @/ QL (B, B;)
we have X%D = Xy, . Considering v as a map v : X — BV via the inclusion By — By,

we define the norm |[|z([, := |lv(z)|g2x on X and denote the completion of X in this
norm by X,,.
Let e; denote the standard basis of B2V and set x; := v*(e;). Then the finite set

{xi}lgﬁ\SN C DC is a frame fOI‘ x, that is Idx = Zl§|i|§N |IZ><$1‘
The Grassmann connection associated to the frame {x;},<j;j<n given by

VX o X @R QLB By, Vi) = Y. (@) ®8((wi, ),

1<[i|<N

is a well-defined Hermitian connection. Given any other connection V on X we define
the connection one-form w(z) := V(z) — V?(z).
Recall from Equation (2.3) that for a Hermitian connection V and S = 0 we have

lzllv, = max{||zx, IV (2)ll xepa }-
B*“D

Lemma 3.1. Let V : X — X ®p QL(B,B1) be a Hermitian connection on X. Then the
operator space norms || - ||, and || - ||v, are cb-equivalent.

Proof. It follows from [40, Lemma 3.6] that the norms ||z, = [|v(z)| g2~ and [|z||vv are
cb-equivalent. Since w(z) := V(z) — V?(z) is Ba-linear it is bounded for the C*-norm. It
follows that the norm [|z||v, = max{||z||x, Vb (2)l|xgna1 } is equivalent to the norm
2]l B
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This means that for any two connections Xv = Xv/ = X,,. The operator module X,
is finitely generated and projective over By, as is X over B. For any w € X,, the map

(w]: Xy = By, = (w,z),

is completely bounded by [40, Proposition 3.7.2]. Hence for any left operator B;-module
Zand w € DCU@%lZ we have w = Zlgli\SN ;@ (x;,w) so DCU®%IZ = DCU®%1‘;5Z. Similarly

X ®% Z=X ®‘Eg Z. We summarize the simplifications in the following definition.

Definition 3.2. Let (B, H, D) a C?-spectral triple. For k = 1,2 a C*-submodule of X is
a dense By submodule X C X such that for all 21,25 € X we have (x1,22) € By. A
C?-connection is a linear map V : X — X, ®%}’f QL(B1,Bs) satisfying the Leibniz rule.

Given a C2-connection V on the finite projective module X, we obtain the represented
connection

Vp: X — X @9 QL(B,B)), Vpzr)=(1&7mp)(V(z)).
Similarly we obtain
Ve 1 X — Xy ®5° Qs (B, By),
defined by Vpz(z) := (1 ®@ mp2)(V(z)).
3.2. The curvature operator for finitely generated projective modules

We are now in a position to apply our general formalism to compute the curvature
operator of a finite projective module. We first recall the following well-known result.

Proposition 3.3. Suppose that X is algebraically finitely generated and projective over Bs.
The operator

1@y D: X @3 DomD — X @p H, x®h— v(z)® Dh+ Vp(a)h,

is well-defined and essentially self-adjoint. Moreover X ®%1§ Dom D? C Dom(1 ®y D)?
and the operator

19y D? : X @4 DomD? - X @p H, ®h+ x® D*h+ Vpa(2)h,
is well-defined and symmetric. The curvature operator
Ry, =18y D? - (1®y D)? : X ®4* Dom D* - X ®p H,

is a densely defined symmetric operator.
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Proof. The first statement is proved in [9,11,37] and several subsequent works [8,29,
39,40]. The second statement follows from Lemma 2.18 and the third statement from
Theorem 2.21 both with S=0. O

Proposition 3.4. Suppose that X is finitely generated and projective over By, v : X — B3N
is an inner-product preserving injection and V : X — X, ®";31% QL(B1,Ba) is a C?-
connection. Then Ry extends to a bounded operator on X ®p H. Moreover if VV is

the Grassmann connection associated to the frame {x; := v*(e;)}1<jij<n, p = vv* €
Moy (B2) the associated projection and

w: X=X ®%l§ QL(B1,Bs), w(x):=V(z)— V' (z),
the connection form of V, then Ry, = v*[D,p|[D,plv + w?% + v*7p(§(vwv*))v.

Proof. Theorem 2.21 with S = 0 gives us that Ry, (7) € X ®% Q2. By By-linearity of
Ry, we then find

Ry, (7) = Z Ry, () (xs, x),

and since there are finitely many elements Ry, (z;) € X ®p 03, it follows that Ry, is
a bounded operator. Now we have

1®y D=v"Dv+wp, 1®&vD?=v"D*+wpe,
and
(1®v D)? = (v*Dv +wp)? = v*Dov*Dv + v*[D, vwpv*]v + w?.

Using p[D, plp = 0 we compute v* Dvv*Dv — v*D?*v = v*[D, p|[D, pJv where p = vv*,
and

v*[D,vwpv*|v — wp2 = v*([D, 7p(vwv™)] — Tp2 (vwv*))v = v 7R (6 (vwr™))v,
by Proposition 1.10. Thus it now follows that
Ry, = v*[D, p|[D,plv+ v*7p(§(vwv*))v + W,
as claimed. O

Although the curvature operator of a finitely generated projective module is bounded,
there is no uniform bound on its norm, in the following sense. As an illustrative example,
consider the module £; of sections of the tautological line bundle L; — P!(C) over the
two sphere and define £ := £¥". Then the calculations in [8, Section 6] show that
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|Ry=| ~ n for a natural family of Grassmann connections V™. The infinite direct
sum @D, , £, can be given the structure of a C''-module, whose curvature operator is
unbounded.

4. Grassmann connections

The Kasparov stabilization theorem shows that every countably generated Hilbert
module is a complemented submodule of the standard module and thus admits a frame.
Modulo differentiability, every isometric inclusion in the standard module yields a con-
nection, called a Grassmann connection. In purely noncommutative settings, one often
has access to a frame but not necessarily much else. In this section we provide sufficient
differentiability conditions on frames and modules for C2-Grassmann and their curvature
to exist. The curvature of a Grassmann connection is a measure for the non-freeness of the
underlying module. A range of examples comes from Cuntz-Pimsner algebras [8,24,25 43]
including the 6 and ¢-deformed 3-spheres, as well as abstract constructions of connections
in K K-theory [27,40]. Interestingly, we will see in Section 5 that our sufficient conditions
are met for Riemannian submersions as well.

To handle Zs-graded modules we need a Zs-graded standard module, which we take
to be (the completion of) Hg = H ® B = (2(Z) ® B. Here Z = Z \ {0}, and the
+-homogeneous subspaces are those indexed by positive n € 7 and those indexed by
negative n € 7. A basis {ei}iez for Hp is homogeneous if e; has positive degree if and
only if ¢ is positive.

Recall that a countable frame for a Hilbert module X is a sequence {z;} C X such
that for all z € X, x = ), x;(x;,x) as a norm convergent series. That is, the sum
Idx = >, |z;)(z;| converges strictly.

4.1. Differentiable stabilization

Recall from Definition 2.1 that for k = 1, 2, a horizontally C*-submodule is a Bj-
submodule X C X for which (x,y) € By.

Definition 4.1. Let £ = 1,2 and X a C*-module over B and X C X a horizontally C*-
submodule. An even stabilization isometry v : X — Hp is horizontally C*-differentiable
with respect to (B,Y,T) if

1. v: X — Hp restricts to amap v: X — H @" By;
2. there is a dense graded subspace H{ C H such that v* : Hp — X restricts to an even
map v* : H 8B, — X.

Given a homogeneous orthonormal basis {e;} C H C H, we say that the frame {x; =
v*(e; ® 1)} is a C*-frame.
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That {z; = v*(e;®1)} is a frame for the Hilbert C*-module X is a short computation.

Proposition 4.2. Let (B,Y,T) be a C* unbounded Kasparov module, X a C*-B-module,
X a horizontal C*-submodule and v : X — H®" By, a CF-stabilization. For any countable
homogeneous basis {e;} C H for the Hilbert space H, the elements x; :== v*(e; ® 1) € X
form a frame for X with the property that for all x € X the series

Z[T7 <xia x)]*[Tv <$i, :L'>], Z(T - Z‘)il[T27 <xia 'T>]*[T2a <zi7 x”(T + Z.)ila

i€z icZ
are norm convergent in Endg,(Y) (if k = 1, only the first series converges).

Proof. Let {e;} C 3 be any countable homogeneous basis for the Hilbert space H. Then
x; :=v*(e; ® 1) € X by condition 2 of Definition 4.1. Since

(i, )5 = (0 (€i @ 1), 2));c5 = ({6 @ 1,0(2))) ;e

the column ((z;,z)),_; satisfies

Z [Ta <xi’ J])]*[T7 <xi7 $C>]

[i|>n li|>n

Il
~§
5
®
QH
1
K
=
=
~
o~
Y
X
\t—‘
<
—~
B

= D mr((es @ Lw(@) mr((es @ 1, 0(@))) || = 0,
li|>n

as claimed. To prove the norm convergence of

Z(T - i)_l[T2v <xi7x>]*[T27 <xi7 $>](T + i>_1v

icZ
we use the same argument, estimating with the representation 7% of Equation (1.1). O

4.2. C?-Grassmann connections

Lemma 4.3. Let X be a horizontally Ct-module for (B,Y,T) and (v, Hg) a C'-stabilization.
The Grassmann connection

VX o X @l QL(BLB), V(@) = (1(v)* © 1)(1 @ )u(a),

is defined on X. For any homogeneous orthonormal basis {e;} C H C H, we can use the
Cl-frame {z; = v*(e; ® 1)},c7 to express the Grassmann connection as

V(2) =D () @ 6((ws, @), (4.1)

i€l
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as a norm convergent series. Consequently

Y= (VY) X — X @b QL(B)), 27 () @ [T, (x5, )],
i€l

is well-defined and independent of the choice of orthonormal basis in H C H.
Proof. The derivation § : B; — Q!(B1, B) is completely contractive, hence
1®6: H®" By — He"Q'(By,B) = Ha" B, o, Q'(B1,B),
is defined. Thus the composition V¥ := (v* ® 1)(1 ® ¢)v is defined on X. Choose an

orthonormal basis {¢;} C H C H and form the C*-frame {x; = v*(e; ® 1)}
Then

A

V() = (v(0)* © V(1 @ 8)oz) = 1(0) (126) | Fer@ (e @ 1,0())
=/

= “(1®9) Zel (x5, z) | =~(v)* Zei®6(<mi,x>)

i€Z i€l

= 3" (@) ® (i ).

iel

Hence the represented connection V% = (1@77)oV? : X — X ®% QL (B) is well-defined
and independent of the choice of orthonormal basis. O

By Lemma 2.4 we obtain a densely-defined symmetric operator
10ye T: X% DomT — X @p H, @ h s ~(z)®Th+ Vi(z)h,
in the Hilbert C*-module X ®p Y.

Proposition 4.4. Let (B,Y,T) be a C*-Kasparov module, (X,S) a C'-module if k = 1
and a C?) -module if k = 2, and (v, H) a C*-stabilization. Suppose that

(YeT)(w@1)— (v 1)1 @y T): X @4 Dom T — Hy, (4.2)
extends to Dom S ® 1. If (S® 1,1 ®@vv T) is a vertically anticommuting pair, then
VO X = Xy @, Q(B1,By), V"5 (z) := (v(v)* @ )(1 @ d)v(x),

is well-defined and the pair (V¥, V') defines a C?-connection on (X, S).
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Proof. The universal differential 6 : By, — QL (Bq, By) is given by 6(a) = 1®a —a ® 1.
Choose an orthonormal basis {e;} C 3 C H and form the C*-frame {x; = v*(e;®1)}
As a C*-frame is in particular a C'-frame, by Equation (4.1) we have

A

2) = (@) ® 6((w;, ).

icZ
It suffices to show that this series is convergent in the Haagerup norm of the tensor

product DC%UT ®%1 QL(By,By), for then we can define

VS (@) =Y v(wi) ® 6((zi,x) € Xy @f, QL(By, By).

In order to prove norm-convergence of VV**(z) using the Haagerup tensor norm, by part
2 of Proposition 1.4, we need to address summability of the column with entries

0({zi, ) = 1@ (x4, 2) — (z4,2) ® 1,

as well as boundedness of the row (y(z;))! in DC%T Now C*-column finiteness guarantees
that this column is in Ho1 (s,,8,)- It thus remains to show that the row (v(x;)) is bounded
in x%%.

By Equation (4.2), (1 —vv*)(y®T)v(S +14)~! is a bounded operator. Computing the
norm of the row ~(z;) in DC%% gives

[CIEINY

re, < [0S +07 950G |+ [[tr;

The second term has norm 1 and the first term is estimated by

| (s + 071950 || = || (5 + 07 9@ & 7ot @)); st oy,
=

=
<l

which remains bounded since Equation (4.2) tells us that ((1 —v0*) @ 1)(v @ T)(v® 1)
extends to Dom(S®1). O

v & T, (ziv*]v(S — i) )H]BX@BYHY)

(v ® Tzl = (sl @90 T)(S —1) H]B(X@BYHY)

(
(I
(
((C

(1= vo")(y@T)v)(S —i)~")

)

Remark 4.5. In [27, Lemma 4.2, Theorem 4.7] it is proved that, given X and (B,Y,T),
one can find a dense B;-submodule X C X and an isometry v : X — ¢2(Z)®" B such that
v restricts to a map v : X — (2(Z)®"B; and v* restricts to a map v* : C,(Z)Q€B; — X.
Furthermore, using [27, Theorem 3.9] it can be shown that (v®1)(1®v+T)—(y®T)(v®1)
is defined on the range of a certain explicit positive compact operator K. The inverse of
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K, made odd in an appropriate way, is a natural candidate for a vertical operator S. It is
unclear however whether such S®1 and 1®vy, T can be made to vertically anticommute,
so that Proposition 4.4 can be applied. This is subject of future research.

5. The curvature operator of a Riemannian submersion

We will now illustrate our notion of curvature for a large class of examples given by
Riemannian submersions of closed spin® manifolds M — B that were analyzed using
techniques from unbounded K K-theory in [30]. The main result therein ([30, Theorem
23]) was a factorization of essentially self-adjoint operators of the form

Dy=Dy14+1Qy DB+5(Q), (51)

where D), is the Dirac operator on the total space, Dy a vertical family of Dirac oper-
ators, Dp the Dirac operator on the base manifold lifted to an operator 1 v Dy on M
using the connection V and, finally, ¢(Q) is (Clifford multiplication by) the curvature of
the Riemannian submersion (c¢f. Definition 5.1 below).

As we will see, in this case the curvature operator of Definition 2.19 —for which
we will use the short-hand R(p, v) := R(p,,v,,)—indeed captures curvature of the
connection V on the vertical Hilbert module of the submersion, as well as other geometric
information such as the mean curvature. We will check that the conditions that enter in
our general framework are indeed fulfilled in this concrete geometric context. But first
we give a summary of the geometric setup.

5.1. Geometric setup
Let us start by recalling from [30] the relevant ingredients, referring to that paper for
all details. Thus, we consider a Riemannian submersion of closed Riemannian manifolds

m: M — B. Recall the following tensors that are associated to this structure.

Definition 5.1.

1. The second fundamental form, defined for real vertical vector fields X,Y and real
horizontal vector fields Z on M by

Sﬂ(X,KZ) = (Z(<X7Y>M) - <[Z7X]>Y>M - <[Z7Y]7X>M) (5'2)

| =

2. The mean curvature k € 7*Q'(B) is given as the trace
k= (tr®1)(Sx).

3. The curvature of the fibre bundle # : M — B is given by the element € in
Q*(M) @coo(ary U (M) given by
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QX,Y,2):=—([(1-P)X,(1-P)Y],PZ)u
where P is the orthogonal projection onto vertical vector fields.

Remark 5.2. The tensors Sr, k and Q appear in this form in [2] (on which [30] is based).
However, they are closely related to the tensors 7" and A originally considered by O’Neill
in [41]. More precisely, we have

S XY, Z)=—-(TxY, Z)m (X,Y vertical, Z horizontal )
Q<X7KZ) = _2<A(17P)X<1 - P)Y7 PZ>Ma (fOI' any XaKZ)

If M and B are Riemannian spin® manifolds, we may introduce a vertical spinor mod-
ule €y, defined in terms of the spinor modules €,; and €p on the given spin® manifolds
M and B, respectively [30, Section 3]. We will not dwell on the precise definition here,
but merely recall that £y is a finitely-generated projective C°° (M )-module which sat-
isfies the crucial property that &y ® 7*€p = €y where 7°€p 1= Ep @ (py C(M)
denotes the pullback. Moreover, Clifford multiplication ¢y by vertical vector fields is
defined on &y,.

The module €y has a (Clifford) connection V¢V defined in terms of the spinor con-
nections V€™ and V2. The connection V&V is Hermitian for the natural Hermitian
structure (-, -)e,, on €. The smooth sections of €y have a natural locally convex struc-
ture coming from the usual C*-topology, which can be defined using Vév.

We now define the pre-Hilbert module X over C*°(B) to be &y where the right action
of C*°(B) is defined via the inclusion C*(B) — C*>(M) dual to 7 : M — B. The
C*°(B)-valued inner product is defined by

(5,8)x (b) := /<s,t>gv(x)duﬁ,1(b)(x), s tcéEy. (5.3)
==1(0)

Here djiz-1(5) is the Riemannian volume form on the submanifold 7=*(b). As b —
djir—1(p) is smooth (the volume form on M decomposes locally as a product), this inner
product does in fact take values in C*°(B).

Proposition 5.3 (/30, Proposition 16]). Let {e;} be a local orthonormal frame of verti-
cal vector fields on M. Then the following local expression defines an odd symmetric
unbounded operator (Dy)g: X — X:

dim(F)
(Dv)o(§) =i Y evie))VEV (S

j=1

The closure Dy : Dom Dy — X of (Dv)g is regular and self-adjoint.
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In order to form the unbounded Kasparov product of the vertical and the horizontal
components we need to lift the Dirac operator Dy on the base manifold to an essentially
self-adjoint unbounded operator on the Hilbert space X ®@¢(p) L?(Ep). It turns out that
the Hermitian Clifford connection Vév on €y (Hermitian with respect to the C°°(M)-
valued inner product) does not define a metric connection on €y C X with the C*°(B)-
valued inner product, due to correction terms that come from the measure on the fibres
My, b € B. However, these can be nicely absorbed in an additional term proportional to
the mean curvature.

Definition 5.4. The metric connection V¥ : X = X ®c(5) Qéone (B) is defined by

cont

1
V(&) = V5 (©) + 5k(Zn) €
in terms of a vector field Z on B and corresponding horizontal lift Zg.

Proposition 5.5. Let {f;} be a local orthonormal frame of vector fields on B. The local
expression

(1®v Dp)o(®r) :=E@ Dp(r) +iy Vi€ ®cp(fi)r) E€éy, reép

defines an essentially self-adjoint unbounded operator
(1®v Dplo: Ev ®2§o(3) &s = X ®@c(p) L*(€B).
We denote its closure by 1 ®v Dp : Dom(1 ®v Dp) — X ®¢(p) L?(ER).

Remark 5.6. In [30] it is only shown that (1 ®v Dp)o is a symmetric operator, whose
closure was then used in the tensor sum factorization (5.1) of Dj;. However, we may
consider the operator (1 ®y Dpg)o as a differential operator of order 1 on the finitely-
generated projective C°°(M)-module €y ®@ce(ar) 7 Ep. It is then a classical result [26,
Corollary 10.2.6] that such an operator is essentially self-adjoint.

The main result of [30] is a factorization of the Dirac operator Dy on M in terms of a
vertical family of Dirac operators Dy on X and the Dirac operator Dg on B. Explicitly,
(up to conjugation by a unitary operator) Dy is given by the tensor sum (5.1):

DM:D\/®1+1®VDB+5(Q).

The last term ¢&(Q) is Clifford multiplication by the curvature €2 of the fibration 7 : M —
B. Thus the curvature of the fibration appears as an obstruction to the realization of
Dy as an (unbounded) internal Kasparov product. We also record the following result,
which is Lemma 17 of [31].



42 B. Mesland et al. / Advances in Mathematics 402 (2022) 108128

Lemma 5.7. Suppose that £ € X andr € Eg C L*(Ep). Let {e;} denote a local orthonor-
mal frame of vertical vector fields on M and {f;} a local orthonormal frame of vector
fields on B. Then we have the local expression

[Dy ®1,1®y Dl (E®7)
= =" Selew ej. (F)m) (ev(e,)VEY ) (€) ® en(f)(r)

(N

- S evten) (0 g U)m) + 565 (HUm) ) ©) @ en()0)

where QEV 1 €y — Ey @coo a1y Q3(M) is the curvature form of the Hermitian connection
Vév.

As a consequence we obtain that the anti-commutator [Dy ®1, 1®v Dpl; is relatively
bounded by Dy ® 1 and makes Dy ® 1 and 1 ®yv Dp a vertically anticommuting pair in
the sense of Definition 2.10.

5.2. Local expressions

Let us first take a typical fibre Fy of w: M — B and consider trivializations
Pa i T H(Wa) = Fy x W,

for charts W, C B. It is then possible to choose so-called fibration charts V, x W, C
Fy x B so that with U, = p,1(V,, x W,,) we have that

Po Uy = Vo X W,

is a diffeomorphism. Let us denote by {x2} a partition of unity subordinate to the
covering {Uy,}, so that . x2 = 1.

Note that &y as a (finitely-generated projective) C'*°(M)-module admits a (finite)
local orthonomal frame supported on U,; we denote such a frame by {zqa.n}

On the base manifold B we choose local coordinates o4 : Wo — RY™ B whose com-
ponents will be denoted by o# : W, = R for p=1,...,dim B.

It is convenient to write the inner product on X as an integral over the typical fibre Fj.
We denote by j1, the measure on Fy that corresponds to fir-1(p) through the identification
771(b) = Fy. We then obtain

w=2/ﬁ@ﬁ%wmw@mw
ozFO

for all b € W,,. As a special case, if (y,b) € pay(Ua,) Where 771(bg) = Fp is our typical
fibre then we set dyo := dpp,.-
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The Radon-Nikodym derivative of u, with respect to pg gives a function on Fy x B
which we will denote by

dp dpw
T (y,b) == L
duo(y ) duo(y)

Remark 5.8. As in [30] we may combine a choice of coordinates on each of the fibration
charts {U,} with the Riemannian metric g on M to obtain a positive invertible matrix
of smooth functions

Jo Ua — GLdlm(M) (R)+
Furthermore, letting @ : R4m™(M) _ Rdim(M) denote the projection
Q : (tla s atdim(]\/[)) = (tlv s atdim(F)707 s 70)

onto the first dim(F) copies of R in R¥™(M)  we obtain a positive matrix of smooth
functions

anQ 2 Uq — G'Ldim(F) (R)+7 anQ(.%') = an(l')Q.

Suppose that (y,b) € po(U,) and let i}, ..., ydim o denote local coordinates on V,, C Fp.
Then we may write the volume form on Fy as

dus(y) = \/det Q9aQpa (y,0))dyl A -+ A dydim Fo.

Let us check, for completeness, that this expression does not depend on the choice of
trivialization. In fact, if (y,b) € pa(Ua) N ps(Ug) then the transition functions p, o pgl
map (y,b) to (y,b). In terms of the coordinates y* and yé, the map y — 3 corresponds
to an orthogonal transformation T (y) := dy* / 83/;3 in R4™(F) Hence we have

det QgsQ(p5' (y,b)) = det T? - det QgaQ(p " (y, b))

while at the same time

ou3

5! cdyl A A dy3 e = det T dyl A A dydim PO
Yo

alyé/\---/\dgfﬁhmF0 = det

so that the terms involving det T" cancel in the definition of dyuy.
The Radon-Nikodym derivative can now be written unambiguously on V,, x W, by

d_,U( b = \/dethaQ(Pal(y’b)).
dyio \/ det Qga, Q(pag (y, b))

This is a smooth and nowhere vanishing function on V, x W,,.
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5.3. The stabilization isometry

We are now ready to define the crucial technical ingredient in our approach to cur-
vature, to wit, a stabilizing isometry v : X — L2(Fp)N @" C(B). In fact, we will realize
this map on X where it will map to C>°(Fy)N®C>°(B) (in terms of the projective tensor
product of Fréchet spaces). We let N denote the product of the cardinalities of the sets
{Xa} and {z4 n} for the partition of unity and the frame of €y, respectively, and will
consider elements in L?(Fy)™ as column vectors.

Lemma 5.9. The map

v: X — C°(F)NRC>®(B) ~ C*®(Fy x B)N

S (“ j: (pa ) (<Xo¢xa,nas>8v)>

is a continuous map of Fréchet spaces and furthermore extends to an isometry X —
L*(Fy)N @ C(B).

Proof. First observe that as each p,, is a diffeomorphism, the map p? is continuous in the
C*°-topology. Likewise the derivatives y/du/dpg are (uniformly bounded) C* functions,
and so multiplication by them is continuous. Now for every section s we have

s = ZXO‘S = ZXaxan XaZa,n, S >7

a,m

and each term in the sum depends continuously on s. Taking the inner product with
Xsa,k is C™ continuous, as is (p;')*. Hence the map v is Fréchet continuous.

By a standard density argument, to show that v extends to an isometry, it is sufficient
to check that for all s,z € X we have Y (v(8)an, V(t)an)L2(F)ercB) = (5,t)x. We
compute

Z<U(3)omav(t)om>L2(F0)®C(B)(b) = Z/U(s)an(yab)v(t)an(y7b) dIU'O(y)

a,n anp
0

—Z/ pa ) ((8: XaTam) ey (Xaa, mt>sv)(y,b)5—l:(yvb)duo(y)

OL'I?

=3 / )" () (D) o) = (5.

using completeness of the frame {z,,,} and Y x2 =1 in the last equality. O
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Lemma 5.10. For all F = (F,,) € C=(Fy)N®C>(B) we have

vt(F) = Z ((pgl)* (“ Cil—l:fFan> Xawa,n> (5.4)

Consequently, the adjoint v* : L?(Fy)N @" C(B) — X restricts to a map
v*: C®(F)N®C>™(B) — X,
and we have v*v = 1.

Proof. We check that the formula (5.4) does indeed provide the adjoint of v by computing

<S’ U*(F»X(b) = /(pgl)* (<57Xaxa,n>8v) (y7b) (M Cz—l:chm> (y, b) d,ub(y)

Fo
- / (o) (5 XoZam)ey) (D) ( %‘F) (,b) dpo(y)
Fo

= (v(8), F) 2 (m)Narc(B)
The identity v*v = 1 holds true by construction. O

Thus, the operator v defines a C?-stabilization v : DC®ZZ}§O(B)CQ (B) — L*(Fy)®"C?*(B)
in the sense of Definition 4.1.

Proposition 5.11. The operator
(v@1)(1®y Dp) = (y® Dp)(v@1)) : XL 5 €5 = CF(F)BEp C L?(Fy)2"C(B)
1s Dy -bounded.

Proof. We start by computing the first term on s ® ¥ € X ® €p, say, with supps C Uy,:

(v®1)(1®v DE)(s @) = (v® 1)(Vy)504(5) © "% + 5 @ Dp) (5:5)

d
— <\/d:50 (pgl)*(O{aﬂUa,mv?)c/agg«S)ev)’y“@/J
+ \/% (p;l)*(<on1'a,na$>6v) . DB¢>an (5.6)

On the other hand, we have
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(Dp)c(v@1)(s @¢) = (DB ( j—li(ﬂgl)*ﬂxaxa,mmv) 1/)))

an

) (i ( d_“> (pa )" (XoTam: S)ev) - 'Y

+ d—”(pgl)*(<xawa,n,8>ev) : Dw) (5.7)

an

The first term in this last expression is bounded as it is a derivative of the Radon-
Nikodym derivative, while the last term cancels against the corresponding term in (5.6).

We are thus left to consider

(2 (s s )e) = oz ((0)" (s ). )

= 0 (T oty Ot e ) + 5 (05" (B(D/00%) ) (a5} )

202 (o) oo slen ) = g () (et sle, ).

ook

The first two terms on the right-hand side (involving the derivative on the frame and
the mean curvature) is bounded, and we claim that the remaining terms combine to
give only vertical derivatives, and can thus be relatively bounded with respect to the
vertically elliptic operator Dy when acting on s. In order to see that the combination is
a vertical derivative, let us consider the more general expression

(pa)" Zu(f) = Z((pa")" (1))

for a vector field Z on B and a function f on M (supported in U, ). Here we understand
Z to act on a function on Fy x B by only deriving in the second coordinate. For f = 7*¢g
one finds that

(P2 Zu(w*g) — Z((pa ") (7 g)) = (pa ") Zu(gom) — Z(gomop,') =0
by definition of the horizontal lift
(pa")*Zu(gom) = (p3 ') m*Z(g) = Z(g)

in combination with the identity Z(gomo p;t) = Z(g). We conclude that (p;1)*Zy —
Z((pz')*) is a vertical vector field, as desired. O

Thus, the stabilization map v satisfies the hypotheses of Proposition 4.4 and the
associated Grassmann connection constitutes and example of a C?-connection on a
2 _module.
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5.4. The universal lift

We may use the isometry v to obtain a convenient expression for the connection V.
In particular, we can obtain a lift of V¥ to a universal connection VX, where by ‘lift’
we mean that mp, o VX = co V¥ where c is Clifford multiplication on spinors.

Since v*v = 1 any s € X can be written as s = v*(F(s)) where F(s) = v(s) €
C>®(Fy)N®C>=(B). For any s € X there exist functions f, € C=(Fy)N, gr € C®(B)

such that
Fs)= || S ooy
dpo A ¥ b

s=0"(F(s)) = > (pa")" (fi ® gr) XaTa,n (5.8)

a,n,k

Then we have

so that with respect to local coordinates o# on B we have

VDC(S) = Z v?jc/ag{; ((pgl)* (fk ® gk) Xaxoz,n) ®C°°(B) dO'g.

a,n,k

Using the Leibniz rule and the fact that the derivative on the base commutes with
the functions fi in the fibre direction, we find that

VDC(S) = Z V%C/aa{; (XaZa,n) (P )" (fr ©1) ® grdo;

a,n,k

+ Z XaZa,mn * (0;1)* (.fk oy 1) ® dgk-(S)- (59)

a,n,k
Lemma 5.12. The connection V> can be lifted to a universal connection
Vi 1 X = X®co () (C(B)),
in the sense that mp, o Vi = co V> where ¢ denotes Clifford multiplication.

Proof. From Equation (5.9) we identify a candidate universal connection as
VEs) = 3 V5 or (XaTau) (021" (e © 1) @ 3(02)g

a,n,k

+ Z XaZa,n * (p;l)* (fk & 1) & 5(91@)' (5~10)

a,n,k
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First of all, the right hand side of (5.10) makes sense in the projective tensor product
topology. The first sum is readily compared to (5.8) since there are only finitely many
terms in the a, n sums. The second term can similarly be compared to (5.8) using the
fact that 6 : C°°(B) — QL (C*(B)) is completely bounded.

Multiplication of a section s € X by a function g € C°°(B) via pullback along 7
amounts to multiplying each g by g. Applying the Leibniz rule for ¢ to the right-hand
side of Equation (5.10) proves that VX(sg) = VX(s)g + s ® 6(g). It is then clear by
construction that 7p, o VX coincides with co VY. O

In the next few statements we compare projective tensor products and Haagerup ten-
sor products and so need the notation introduced in Equations (2.11), (2.12), Section 2.4.

Lemma 5.13. The map
top 0 Vi 1 X = X ® ) Qp, (C'(B)),
s continuous.

Proof. For z € X we have an equality

tpy © Vi (2) = Vp,(z) = (1 @y Dglz) — |y(z))Dp)
=v*"(v(1®v Dp) — (v ® Dp)v)(x) +v* [y ® Dp,v(z)],

of operators Dom D — X ®}é(3) L?(&p). Since
’U*(’U(l Rv DB) — (’7 ® DB)U) = ’U*(’U(l Kv DB) — (’Y ® DB)’U)(DV + i)_l(Dv + i),

and Dy : X — X is continuous, this operator is continuous by Proposition 5.11. Further-
more,

v [y @ D, v(z)] = v (v @ ¢(dv(2))),
and z — ¢(dv(z)) is a composition of continuous maps
X Y C®(Fp)8C™(B) “2% 0= (Fp)@80N(B) & L2 (Fy)N & Q) (CY(B)).

Since v* : L2(Fp)N @M QL (CY(B)) — X®%QlDB (C1(B)) is continuous as well, the lemma
is proved. O

Corollary 5.14. The pair (X, Dy) is a C*-module relative to (C*(B), L*(£g), Dp) and
the universal connection

Vi X = X®cw ()% (C(B)),
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defines a C%-connection (V, V1) on (X, Dy), where V = 1o VX and V! = 1,0 VY. The
quintuple (C*(M), DC®%1ng, Dy, (V,V1)) is a C?-correspondence for the spectral triples
(C%(M), L*(&xr), Dar) and (C?*(B), L*(€R), Dp).

Proof. Since (X,X) C C*®(B) and Dy : X — X C X is essentially self-adjoint and
regular, (X, Dy) is a C2-module (see Definition 2.5). Next we show how to obtain a pair
(V, V1) satisfying Definition 2.14. As the inclusions X — X and C*°(B) — Lip(Dp) are
continuous, we obtain a connection V := 150V : X — X ®5Q'(C(B)). By Lemma 5.7
the pair (Dy ® 1,1 ®v Dp) is vertically anti-commuting and by Lemma 5.13

oy 0 Vi 1 X = X ® () Qp, (C'(B),C(B)),
is continuous. The conclusion now follows from Equation (5.1) and Corollary 2.30. O
5.5. Curvature of V

In this section we compute the curvature Ryx of the connection V¥, which is given
by

Ryx = (1 @yx D}) — (1 ®vx Dp)®
in terms of the Dirac operator Dpg on the base manifold of the submersion.
Proposition 5.15.

1. The curvature operator Ryx = mp, (VX)?) on X®ce(p)E p is given by Clifford mul-
tiplication with the curvature of VX. More precisely, in terms of a local orthonormal
frame {f;} of vector fields on B we have the equality

Ryx =co ((Vx)Q) = Z ([V%_,V}Ck} - V[D?j,fk]) ViVk
J.k

as skew-symmetric operators from X®g§o(3) Ep to X @c(p) L?(&g) and where vj =
c((fj)m) are flat Dirac matrices.

2. The local expression for the curvature in terms of the curvature  of the fibre bundle
M — B, the mean curvature k, and the connection one-form AY = A®v + %k of VX

s given by

Rox(&) =) (ZQ( ei)e; +dAY + AT A Ax) ((F)ms (Fie) ) vivmé

J.k i

i

- (Z O,y eq)es +AASY + ASY AASY 4 Tk A AV 4 édk> () e,
7,k
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with & supported in a suitable coordinate chart of M and where {e;} is a local or-
thonormal frame of vertical vector fields on M.
3. The curvature operator Ryx is relatively Dy -bounded.

Proof. In view of Corollary 2.30 we have that Ryx = 7p,((VX)?). By Lemma 5.12
and the fact that the Clifford representation of universal forms factors through the de
Rham calculus, we may compute the right-hand side by working with mp-represented
de Rham differential forms and thus exploit local expressions. Let us start by writing
the connection V¥ in terms of a connection one-form. Using Definition 5.4, for £ € X
supported in a trivializing chart (for €/) on M and Z a vector field with horizontal part
Zyr, we have

VE(E) = Zu(€) + A% (Zu)(€) + S k(Zn) €

where we have written Vv = dy; + A%V in terms of a (locally-defined) connection
one-form A¢v € Endcoo(M)(ev) R oo (M) QY (M).

Let us define a combined connection one-form as A* := AV + 1k € Endeoe 2y (Ev)
®coe(ary QY M) so that VE = Zg + AX(Zy). Note that since M is compact we can
assume that there is a finite number of such trivializing charts. Hence, for the relative
bounds of the curvature operator that we are after here we may just as well work on a
single chart.

With these preparations, we compute the curvature operator acting on a £ € X sup-
ported in a single chart, finding

co (v92) (©) = > ([V5. V] = I8, 5y) 30 ©)
7,k

= (()ms (Fe)ul = U5 film) vmw(€) + cu o (dAY + AT A A)(©),
7.k

where ¢y denotes Clifford multiplication only in the horizontal direction (involving the
~v; and 7). This last term satisfies

(i (dA™ + A N AT)E e (dA™ + AT A AY)E) x (b)
_ / (crr(dAT + A% A A)E e (dAT + AX A AY)E) g, (2)dpty -1 o) ()
x—1(b)
< Jlem(dA* + AF A Ax)HQEndcoc(M)(ev)(fa§>(b)
The relevant and potentially unbounded term in the curvature is thus [(f;)m, (f&)m] —

[fj, fe) . But this difference of commutators is a vertical vector field and, in fact, it is
precisely the one described by the curvature Q2 of 7 as defined in Definition 5.1. Indeed,
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the horizontal lift of a commutator is the horizontal part of the commutator of the lifted
vector fields and hence

[Xu,Yul = (X, Y]y =Y QXu,Yu, e)e;

for vector fields X,Y on B and an orthonormal frame {e;} of vertical vector fields. We
conclude that the curvature is given locally by a vertical vector field plus bounded terms,
and since Dy is vertically elliptic we find the desired relative bound. O

Corollary 5.16. The curvature operator R(p, vx) of the C?-correspondence (C*(M),
X ®%lg By, Dy, (V, V1)) is relatively Dy -bounded.

References

[1] J. Arnlind, M. Wilson, Riemannian curvature of the noncommutative 3-sphere, J. Noncommut.
Geom. 11 (2) (2017) 507-536.

[2] N. Berline, E. Getzler, M. Vergne, Heat Kernels and Dirac Operators, Springer-Verlag, Berlin, 1992.

[3] D. Blecher, A new approach to Hilbert C*-modules, Math. Ann. 307 (1997) 253-290.

[4] D. Blecher, J. Kaad, B. Mesland, Operator *-correspondences in analysis and geometry, Proc. Lond.
Math. Soc. 117 (2) (2018) 303-344.

[5] D. Blecher, M. LeMerdy, Operator Algebras and Their Modules, an Operator Space Approach,
London Mathematical Society Monographs (New Series), vol. 30, Clarendon Press, Oxford, 2004.

[6] J. Bhowmick, D. Goswami, S. Joardar, A new look at Levi-Civita connection in noncommutative
geometry, Int. J. Geom. Methods Mod. Phys. 18 (7) (2021) 2150105.

[7] J. Bhowmick, D. Goswami, S. Mukhopadhyay, Levi-Civita connections for a class of spectral triples,
Lett. Math. Phys. 110 (4) (2020) 835-884.

[8] S. Brain, B. Mesland, W.D. van Suijlekom, Gauge theory for spectral triples and the unbounded
Kasparov product, J. Noncommut. Geom. 10 (1) (2016) 131-202.

[9] A. Connes, Noncommutative Geometry, Academic Press, 1994.

[10] B. Cadic, B. Mesland, Gauge theory for noncommutative Riemannian principal bundles, Commun.
Math. Phys. 388 (2021) 107-198.

[11] A. Connes, Gravity coupled with matter and foundation of noncommutative geometry, Commun.
Math. Phys. 182 (1996) 155-176.

[12] A. Connes, F. Fathizadeh, The term a4 in the heat kernel expansion of noncommutative tori,
Miinster J. Math. 12 (2) (2019) 239-410.

[13] A. Connes, H. Moscovici, Modular curvature for noncommutative two-tori, J. Am. Math. Soc. 27
(2014) 639-684.

[14] A. Connes, M. Rieffel, Yang-Mills for noncommutative two-tori, Contemp. Math. 62 (1987) 237-266.

[15] A. Connes, P. Tretkoff, The Gauss-Bonnet theorem for the noncommutative two torus, in: Noncom-
mutative Geometry, Arithmetic, and Related Topics, Johns Hopkins Univ. Press, Baltimore, MD,
2011, pp. 141-158.

[16] J. Cuntz, D. Quillen, Algebra extensions and nonsingularity, J. Am. Math. Soc. 8 (1995) 251-289.

[17] L. Dabrowski, P. Hajac, G. Landi, P. Siniscalco, Metrics and pairs of left and right connections on
bimodules, J. Math. Phys. 37 (9) (1996) 4635-4646.

[18] M. Dubois-Violette, J. Madore, T. Masson, On curvature in noncommutative geometry, J. Math.
Phys. 37 (8) (1996) 4089-4102.

[19] K. van den Dungen, Locally bounded perturbations and (odd) unbounded K K-theory, J. Noncom-
mut. Geom. 12 (2018) 1445-1467.

[20] K. van den Dungen, A. Rennie, Indefinite Kasparov modules and pseudo-Riemannian manifolds,
Ann. Henri Poincaré 17 (2016) 3255-3286.

[21] R. Floricel, A. Ghorbanpour, M. Khalkhali, The Ricci curvature in noncommutative geometry, J.
Noncommut. Geom. 13 (1) (2019) 269-296.


http://refhub.elsevier.com/S0001-8708(21)00567-3/bib1E5342B2DE8F485D2CC77947A6154B3Fs1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib1E5342B2DE8F485D2CC77947A6154B3Fs1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bibC99D0A006F4022BD5FCFE6FF80D6716Cs1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib92CD95C88AB23B16B1D24D0E313D76B9s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib4D815F08F984B414F2546EC100FA68E8s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib4D815F08F984B414F2546EC100FA68E8s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib75F1EED82DB64DF90043D7B1DC815A14s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib75F1EED82DB64DF90043D7B1DC815A14s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib8D059044D244DEB54E21126EA636ED63s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib8D059044D244DEB54E21126EA636ED63s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib8CEA40E9FC4A9592CF4FC4094BABFA13s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib8CEA40E9FC4A9592CF4FC4094BABFA13s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bibF487FD6B97316473D34EBD8495C805D7s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bibF487FD6B97316473D34EBD8495C805D7s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib43319B8EF594819BBE7F1CCD137053CEs1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib15CD1868676CDF374324E19DB4803DD9s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib15CD1868676CDF374324E19DB4803DD9s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bibB188B98691A2920ED5FFEBFD568BE6C9s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bibB188B98691A2920ED5FFEBFD568BE6C9s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib758951CAC5E62129E654698C8CA0333Bs1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib758951CAC5E62129E654698C8CA0333Bs1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bibD6762D1A919CBFEF2510A062E8F322FEs1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bibD6762D1A919CBFEF2510A062E8F322FEs1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib1D7B33FC26CA22C2011AAA97FECC43D8s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib112C61A276D0376F2F6B25DD3A337B1Ds1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib112C61A276D0376F2F6B25DD3A337B1Ds1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib112C61A276D0376F2F6B25DD3A337B1Ds1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bibE939752088674F94B59BCBAD2614B1CEs1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib8326798965976E5790B825FF4DFFA580s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib8326798965976E5790B825FF4DFFA580s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib3DD6AA95CB3D28C7F553D756D9B51263s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib3DD6AA95CB3D28C7F553D756D9B51263s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib8B5B729C2EA8236EEFF49DDAE4DFE657s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib8B5B729C2EA8236EEFF49DDAE4DFE657s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib3754385271C4F2A2648B471683D21149s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib3754385271C4F2A2648B471683D21149s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib0FAD47A8CA452A51604A495EA7DA7C2Bs1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib0FAD47A8CA452A51604A495EA7DA7C2Bs1

52 B. Mesland et al. / Advances in Mathematics 402 (2022) 108128

[22] M. Fragoulopoulou, Topological Algebras with Involution, North-Holland Math. Studies, vol. 200,
2005.

[23] A. Ghorbanpour, M. Khalkhali, Spectral geometry of functional metrics on noncommutative tori,
arXiv:1811.04004v1.

[24] M. Goffeng, B. Mesland, Spectral triples and finite summability on Cuntz-Krieger algebras, Doc.
Math. 20 (2015) 89-170.

[25] M. Goffeng, B. Mesland, A. Rennie, Shift-tail equivalence and an unbounded representative of the
Cuntz-Pimsner extension, Ergod. Theory Dyn. Syst. 38 (2018) 1389-1421.

[26] N. Higson, J. Roe, Analytic K-Homology, OUP, 2001.

[27] J. Kaad, Differentiable absorption of Hilbert C*-modules, connections, and lifts of unbounded op-
erators, J. Noncommut. Geom. 11 (2017) 1037-1068.

[28] J. Kaad, M. Lesch, A local-global principle for regular operators on Hilbert modules, J. Funct. Anal.
262 (2012) 4540-4569.

[29] J. Kaad, M. Lesch, Spectral flow and the unbounded Kasparov product, Adv. Math. 248 (2013)
495-530.

[30] J. Kaad, W.D. van Suijlekom, Riemannian submersions and factorization of Dirac operators, J.
Noncommut. Geom. 12 (2018) 1133-1159.

[31] J. Kaad, W.D. van Suijlekom, Factorization of Dirac operators on almost-regular fibrations of spin®
manifolds, Doc. Math. 5 (2020) 2049-2084.

[32] D. Kucerovsky, The KK-product of unbounded modules, K-Theory 11 (1997) 17-34.

[33] E.C. Lance, Hilbert C*-Modules: A Toolkit for Operator Algebraists, London Mathematical Society
Lecture Notes, vol. 210, Cambridge University Press, Cambridge, 1995.

[34] G. Landi, An Introduction to Noncommutative Spaces and Their Geometry, Lecture Notes in
Physics: Monographs, vol. 51, Springer-Verlag, Berlin, Heidelberg, 1997.

[35] M. Lesch, H. Moscovici, Modular curvature and Morita equivalence, Geom. Funct. Anal. 26 (3)
(2016) 818-873.

[36] M. Lesch, H. Moscovici, Modular Gaussian curvature, in: A. Chamseddine, C. Consani, N. Higson,
M. Khalkhali, H. Moscovici, G. Yu (Eds.), Advances in Noncommutative Geometry, Springer, Cham,
2020, pp. 463—490.

[37] S. Lord, A. Rennie, J. Vérilly, Riemannian manifolds in noncommutative geometry, J. Geom. Phys.
62 (2012) 1611-1638.

[38] M. Lesch, B. Mesland, Sums of regular self-adjoint operators in Hilbert C*-modules, J. Math. Anal.
Appl. 472 (1) (2019) 947-980.

[39] B. Mesland, Unbounded bivariant K-theory and correspondences in noncommutative geometry, J.
Reine Angew. Math. 69 (2014) 101-172.

[40] B. Mesland, A. Rennie, Nonunital spectral triples and metric completeness in unbounded KK-
theory, J. Funct. Anal. 271 (9) (2016) 2460-2538.

[41] B. O’Neill, The fundamental equations of a submersion, Mich. Math. J. 13 (1966) 459-469.

[42] J. Rosenberg, Levi-Civita’s theorem for noncommutative tori, SIGMA 9 (2013) 071, 9 pages.

[43] R. Senior, Modular spectral triples and KMS states in noncommutative geometry, Thesis, Australian
National University, 2011.

[44] F. Tréves, Topological Vector Spaces, Distributions and Kernels, Academic Press, 1967.


http://refhub.elsevier.com/S0001-8708(21)00567-3/bib27A92D5FB4602EE68D98E4EAE1567CBEs1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib27A92D5FB4602EE68D98E4EAE1567CBEs1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib7555B4F0C30FF860F6D579C79E3FA8E1s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib7555B4F0C30FF860F6D579C79E3FA8E1s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib64F3BD1741AB8D6BA545A1AE09BB8728s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib64F3BD1741AB8D6BA545A1AE09BB8728s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib7CD93B4A6B0FCE3ED6BB902F299F8AADs1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib7CD93B4A6B0FCE3ED6BB902F299F8AADs1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bibFD4C638DA5F85D025963F99FE90B1B1As1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bibA5F3C6A11B03839D46AF9FB43C97C188s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bibA5F3C6A11B03839D46AF9FB43C97C188s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib463BF32712780DA72F51FBECA02A95CEs1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib463BF32712780DA72F51FBECA02A95CEs1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bibE85196DB092183A5C50DD3D334F947A2s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bibE85196DB092183A5C50DD3D334F947A2s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib872814FFB2B380B219E97F0AAF4A589Fs1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib872814FFB2B380B219E97F0AAF4A589Fs1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bibC6B656D762817F3CF15BE107674F2950s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bibC6B656D762817F3CF15BE107674F2950s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib892A1EA7644BE08DCB67C5488C115614s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bibC668C28C93C0329C208C37DE8B2A88C6s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bibC668C28C93C0329C208C37DE8B2A88C6s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib6CA1D76049B80ECA6AFA9B6561073BF4s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib6CA1D76049B80ECA6AFA9B6561073BF4s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib6266958F55C358BC99EFBB529665B822s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib6266958F55C358BC99EFBB529665B822s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib408CE28967C5A2E11407799F02F52B89s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib408CE28967C5A2E11407799F02F52B89s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib408CE28967C5A2E11407799F02F52B89s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib186625B49EBA098C45CB186ADB6CFB65s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib186625B49EBA098C45CB186ADB6CFB65s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bibDFD5B430BC4DB2C2836D0227AD9AC0C4s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bibDFD5B430BC4DB2C2836D0227AD9AC0C4s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib7A065D8D264A13AB77EF872A209009F2s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib7A065D8D264A13AB77EF872A209009F2s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bibD5C44258D51659F96279C470CE8185DCs1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bibD5C44258D51659F96279C470CE8185DCs1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib55641F1011E6C409625221482F307676s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib93414D34E8073C05C654EEFE9567CFB6s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib5D3F553C4C6BA568E53FA4926C6977F5s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bib5D3F553C4C6BA568E53FA4926C6977F5s1
http://refhub.elsevier.com/S0001-8708(21)00567-3/bibB6060941EE6830F00B8DBAD8BB30942Ds1

	Curvature of differentiable Hilbert modules and Kasparov modules
	Introduction
	1 Universal differential forms for C2-Kasparov modules
	1.1 Operator ∗-algebras and differential structures
	1.2 Universal and represented differential forms for C2-spectral triples
	1.2.1 Rough algebraic outline
	1.2.2 The formal definitions of represented forms

	1.3 Second derivatives and junk forms

	2 Curvature in unbounded KK-theory
	2.1 The definition of C1 and C2-connections
	2.2 The represented curvature of a C2-connection on a C1-module
	2.2.1 The curvature operator of a C2-connection on a C(1,2)-module

	2.3 The curvature of a C2-correspondence
	2.4 Universal connections on locally convex modules

	3 Finitely generated projective modules over spectral triples
	3.1 Connections on finite projective C2-modules
	3.2 The curvature operator for finitely generated projective modules

	4 Grassmann connections
	4.1 Differentiable stabilization
	4.2 C2-Grassmann connections

	5 The curvature operator of a Riemannian submersion
	5.1 Geometric setup
	5.2 Local expressions
	5.3 The stabilization isometry
	5.4 The universal lift
	5.5 Curvature of ∇

	References


