-1 Universiteit
%47 Leiden
The Netherlands

Explicit computation of the height of a Gross-Schoen Cycle
Wang, R.

Citation
Wang, R. (2022, October 18). Explicit computation of the height of a Gross-
Schoen Cycle. Retrieved from https://hdl.handle.net/1887/3480346

Version: Publisher's Version
Licence agreement concerning inclusion of doctoral
License: thesis in the Institutional Repository of the University
of Leiden

Downloaded from: https://hdl.handle.net/1887/3480346

Note: To cite this publication please use the final published version (if
applicable).


https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/3480346

Explicit Computation of the Height of a Gross-Schoen
Cycle

Proefschrift

ter verkrijging van
de graad van doctor aan de Universiteit Leiden
op gezag van rector magnificus prof. dr. ir. H. Bijl,
volgens besluit van het college voor promoties
te verdedigen op dinsdag 18 oktober 2022
klokke 10.00 uur

door

Ruihua Wang

geboren te Zaozhuang, China
in 1992



Promotores: Dr. D.S.T. Holmes
Prof.dr. R.M. van Luijk
Dr. R.S. de Jong

Promotiecommissie:

Prof.dr. F. de Haas

Prof.dr. A. Doelman

Dr. A.M. Botero (Universitiat Regensburg)
Dr. J.S. Miiller (Rijksuniversiteit Groningen)
Prof.dr. F. Pazuki (University of Copenhagen)

This work was funded jointly by Universiteit Leiden and the China Scholarship

Council.



Contents

Introduction]

[1  Arithmetic surfaces and intersection theory|

[1.1.1  Semistability] . . . .. ..

|[1.1.3  Intersection theory on arithmetic surfaces| . . . . . .. .. ... ..

11.2.2  Arakelov intersection theory|. . . . . . . .. ... ...

1.3 Faltings” workl. . . . . ... ...

[1.3.1  Determinant of cohomology and Faltings metricf. . . . . . . .. ..

11.3.2  Faltings-Riemann-Roch the

OreI| . . . ... e e e

1.4 Dual graphl . .. ... ... ...
I1.4.1  Polarized metrized graph|

I1.5  Zhang’s workl . . . .. ... ...
[L1.5.1 Admissible pairing| . . . .
I1.5.2  Gross-Schoen cycle| . . . .

2

Arithmetic and geometric properties of genus 3 curves

2.1 General background| . . ... ..

2.1.3  Notions in invariant theory|

© © O s NN =

11
15
15
18
20
20
25
29
32
32
33



CONTENTS

2.1.4° Bitangents| . . . . .. ... 45

2.2 xjg and Klein’s formula] . . . . . .. ... oo 49
[2.2.1  Moduli property of xjs| - - - - - . ..o oL 49
222 Kleinformulal . . . .. ... ... ... ... 0. 52

13 Arakelov geometry in genus 3| 55
3.1 Admissible invariants for genus 3 curves| . . . . . ... ... L. 55
3.1.1  Computation for genus 3 curves|. . . . . . . . ... .. ... .... 55
3.1.2  Tables tfor genus 3 pm-graphs| . . . . . . ... ... L. 59

13.2  Graphically hyperelliptic curves over function fields|. . . . . .. . ... .. 61
[3.2.1  An inequality for (A, A)| . . . ... oo 61
8.2.2  Hyperelliptic polarized graph| . . . . . ... ... ... ... ... 65
13.2.3  Graphically hyperelliptic curves|. . . . . . ... .. ... ... ... 67

3.3  Non-hyperelliptic curves over number fields] . . . . .. ... ... ... .. 68
[3.3.1 (A, A) for non-hyperelliptic curves of genus 3[ . . . . . .. ... .. 68
3.3.2 The Horikawa index| . . . . . . ... ... ... ... ... ..... 69
[3.3.3  An unboundedness property of (A, A)|. . ... 70
3.3.4  An application of Theorem|3.3.12]. . . . . . . ... ... ... ... 74

4 Explicit Computations| 75
A1 Smoothness and bad reduction of &. . . . . .. .. ... 0oL 76
4.1.1  Smoothness at the infinite place] . . . . . . .. ... ... 76
4.1.2  Bad reduction at finite places| . . . . . .. ... ... ... ... 76

4.2 Semistability of €. . . . . ... Lo 78
4.2.1  Algorithm for checking nodal singularities| . . . . . . . . ... ... 78
4.2.2  Semistability of &. . . . ... o 80

4.3 Thickness ot € at nodal points| . . . .. .. ... ... ... ... .. ... 81
[4.3.1 Fittingideall. . . . . . ... o 81
432 Thicknessof & . . . . . .. . 83
4.3.3  Further discussion of thicknessf . . . . . ... ... ... ... ... 84

(44 (AJA)for Cg| . . . . 88
4.4.1  Aat finite places| . . . .. ..o Lo 88
442 xig at finite places| . . . . . ... Lo 89
[4.4.3 X} at the infinite place] . . . . . . ... L Lo 91

[4.5 Evaluation of ||0lg—1| . . . . . . . ..o 91
................................. 91
4.5.2 Canonical divisor ot &¢| . . . . . . . . ... 94
53 2-trapslationl . . ... ... ... 95

ii




CONTENTS

4.6 Computation of the Green’s function| . . . . . . . ... ... ... .. ... 97
4.6.1  Weierstrass points of plane quartic curves| . . . . . . . .. ... .. 98

4.6.2  Computation of the volume form| . . . . . . ... .. ... ... .. 100

[4.6.3  Computation of log(S(€c))| - - -« . v o o oo 102

4.7 Computation of T'(€¢) and H(C)| . . . . . . . . ..o oo L 105
[4.7.1  Computation of T(Cc)| . . . . . . . . . oo o 105

|4.7.2  Computation of H(Cc)|. . . . . . . . . .. 107

4.8 What can we get trom the computation?|. . . . . . . . ... .. ... ... 109
4.9  Why do we think these approximations are reliable?| . . . . . . ... . .. 111
Append 115

IL Solving cubic equations| . . . . . . . ... oL 115

ILI" List of Weierstrass points| . . . . . . .. ... .. ... ... ... 117
LI Code for canonical forml . . . . . . . .. . ... .. ... ... 118
IV Code for semistability] . . . ... ... ... ... ... ... ....... 119
IV___Code for semi-canonical divisorl . . . . . . . . . . . . ..o 122
[VI Code for |xjgllmdg] - - - - - - o o o o 125
[VII Code for the integration part in log(S(C¢)) - . . - . . . . . . ... .. 127
[VIII Code for T(X)| . . . .« i 131
[X Codefor H(X)| . . . . . . o 136
X Code for Klein’s formulal . . . . . ... ... ..o 138
141
147
149
[Acknowledgements| 151
[Curriculum Vitael 153

iii



CONTENTS

iv



