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A physical interpretation of the Floquet description for magic angle spinning (MAS) nuclear
magnetic resonance (NMR) is proposed. The effect of the spatial rotation on the spin system
in sample spinning is analysed and described in terms of orbital angular momentum operators.
The analogy between rotations in real space and in spin space is emphasized. The transforma-
tion properties of the irreducible tensors in real space are used to construct a Floquet
Hamiltonian for MAS NMR, that is time independent and comprises one term associated
with pure sample rotation. The remaining terms are associated with the spin system, and
consist of spin-phonon type Floquet operators generating simultaneous transitions between
rotational states and spin states. Finally, two different definitions for the Floquet density

operator are compared.

1. Introduction

Magic angle spinning (MAS) nuclear magnetic reso-
nance (NMR) is a versatile method for obtaining high
resolution NMR spectra of amorphous organic solids
[1]. In recent years, it has been demonstrated that
MAS NMR, when combined with isotopic labelling,
can be used to extract direct and high resolution mol-
ecular structural information for complex biological
systems [2]. From labelled pairs specific distances or
angles can be determined in membrane proteins with
rotational resonance and multiple pulse sequences [3].
Recently, muitidimensional MAS NMR spectroscopy
on multiple labelled systems has been initiated as
another strategy for resolving ordered structures in con-
densed phases that are inaccessible to diffraction tech-
niques like X-ray. In a first application, a genuine
membrane-associated photosynthetic light harvesting
antenna was uniformly labelled *C, the '*C and 'H
response of the antenna aggregate was fully assigned,
and its structure was partially resolved [4-6]. These
MAS technologies have a high potential to develop in
the very near future into generic methods for the deter-
mination of ligand structure, for the characterization of
ligand-protein interactions, and for comprehensive
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structure determination of intrinsic membrane proteins
and other membrane-bound compiexes.

The initial application of multidimensional MAS
NMR spectroscopy for structure refinement became
possible after a convenient pulse sequence for broad-
band dipolar recoupling was discovered and interpreted
in terms of a straightforward average Hamiltonian
description for the dipolar interactions in an isolated
pair of nuclear spins under MAS conditions [7]. How-
ever, it became clear that average Hamiltonian descrip-
tions, and more generally descriptions in terms of
isolated spins or pairs, are of limited use for under-
standing the multidimensional MAS NMR of multiple
labelled systems. For the description of such experi-
ments a more elaborate formalism is needed. This has
motivated us to re-evaluate the basics and to reconsider
the fundamental physics of the MAS phenomenon,
aiming for a simple first-order physical interpretation
for the MAS NMR in the product of real space and
spin space. The description of MAS NMR experiments
normally starts with the generation of a MAS spin-
Hamiltonian, with time-dependent coefficients that are
periodic with the spinning frequency [8]. This time-
dependence complicates the simulation of MAS spectra
and the description of the experimental results by a
comprehensible picture.

A general approach for the description of periodically
time-dependent systems can be found in the form of
the Floquet theory. Shirley introduced the theorem of

0026-8976/98 $12-:00 © 1998 Taylor & Francis Ltd.
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Floquet to describe the evolution of a two level system
governed by a periodically time-dependent Hamiltonian
[9]. To describe MAS NMR, for that purpose Floquet
operators, evolution and density operators and expecta-
tion values in Floquet space were introduced [10-15].
The Floquet theory was recently reformulated into a
Fourier state representation by Levante et al. [16]. An
integral representation was given by Filip et al. [17] and
applied to sample spinning NMR.

Another approach to treat periodically time-depen-
dent systems is the secular averaging theory (SAT)
[18]. The theory was applied to MAS by Goldman
[19]. SAT was formalized by the introduction of block-
operators [20]. This approach provides convenient tools
to evaluate effective Hamiltonians, following an expan-
sion procedure [21]. Llor indicated that SAT is iso-
morphic with the Floquet theory [20,22]. Finally, it
has been shown that Floquet theory can be combined
with non-degenerate Rayleigh—Schrddinger perturba-
tion theory by using recurrence equations to obtain cor-
rections to the Floquet eigenvalues and eigenstates [23].

Shirley’s Floquet theory is a consequence of a math-
ematical treatment of the Schrodinger equation with a
periodically time-dependent Hamiltonian and results in
a Floquet Hamiltonian represented within a set of Flo-
quet states. Maricq proposed a method for determining
the Floquet states of a forced rotor, and described the
connection between Floquet states and angular
momentum states [24]. Here, we propose a quantum
field interpretation of the MAS NMR phenomenon by
implementing an orbital angular momentum operator to
describe the physics of sample rotation. This angular
momentum operator is used to implement rotation
around the magic angle with frequency w, and a reduced
angular momentum. This will be used to put forward a
physical interpretation of the Floquet description of
MAS NMR. It appears that for all practical purposes
the projection of the rotation of the entire sample onto a
single set of angular momentum states is sufficient to
describe the physics of the MAS. It will be shown that
the operators forming the Floquet Hamiltonian are the
orbital angular momentum, and ladder operators associ-
ated with variations of the rotation. The Floquet Hamil-
tonian is identified with the Hamiltonian in a spatial
rotating frame that can be mapped onto the rotor
frame. The simplification obtained from a representa-
tion within a single set of angular momentum states
appears to be helpful in providing a straightforward
physical interpretation of the Floquet description of
MAS NMR spectroscopy, in terms of spatial irradiation
and spin—phonon type interactions.

In section 2 we compare the phase representation and
the orbital angular momentum representation for a
forced rotation around a fixed axis. In this framework

Fourier operators are defined. In section 3 an orbital
angular momentum operator is used to evaluate the
transformation properties of an operator in real space.
The parallels between the algebra of the operators
describing spin rotations and spatial rotations are
emphasized. This offers a generic framework to treat
pulses and rotation in an analogous way, leading to an
interpretation of the MAS effects on the spin system in
terms of irradiation in real space. It is anticipated that
this paradigm can and will be used in the future for
constructing double resonance techniques involving
radio frequency (RF) irradiation and sample rotation.
In section 4 this algebra is used to describe the tensor in
the real space for a rotating powder sample. It is found
that a quasi-classical phase representation of the MAS
NMR requires the introduction of two degrees of
freedom ¢',t. This contrasts with the single time
degree of freedom that is sufficient to describe the inter-
action of the spin system with a classical rotor in the
usual treatment of the MAS NMR.

In section 5 the physical interpretation of the Floquet
description of the MAS NMR appears naturally. It is
shown that the angular momentum representation
corresponding with the quasi-classical phase representa-
tion in section 4 can be mapped onto the Floquet
operator algebra that is well known in the MAS
NMR. This requires the introduction of a renormalized
orbital angular momentum operator, in addition to the
Fourier operators, which are used to describe MAS. In
this physical framework the Floquet Hamiltonian, the
Floquet evolution operator, and the Floquet operators
can be defined. In section 6 the expression for the den-
sity operator and the expectation value of a spin space
operator in this Floquet operator formalism are intro-
duced, while in section 7 a physical interpretation of the
Floquet operators is discussed in terms of spin—phonon
type operators in the product of real space and spin
space. The origin of the reduced angular momentum,
its associated energy, and the relation to the quasi-clas-
sical interpretation of the Floquet theory are explained
in the appendix. Starting from a quantized rotor in the
classical limit the eigenvalue equation for the renorma-
lized angular momentum and the commutation relations
for the Fourier operators are derived from first prin-
ciples. The equivalence between an angular momentum
representation within a single set of reduced angular
momentum states and the quasi-classical phase repre-
sentation invoked by equation (29) in section 4 is dis-
cussed. It is shown that a renormalization of the angular
momentum states |N + n) — |n) is allowed since the
matrix elements for the Fourier operators are indepen-
dent of the background |n). It transpires that the two
degrees of freedom in the phase representation are
indeed essential, since the ¢’ leads to the correct Fourier
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operators in the classical limit while the renormalization
can be performed along the time degree of freedom,
leading to a complete representation of the MAS
within a single set of angular momentum states.

2. The forced sample rotation

During a MAS NMR experiment the sample is forced
to rotate in real space around a fixed z’ axis of a ‘rotor
angle frame’ tilted at the magic angle with respect to the
applied magnetic field (figure 1). The spatial rotation
results in a periodic time dependence of the spin Hamil-
tonian of the sample. As a consequence this Hamilto-
nian can be expanded into Fourier series, in which each
element is labelled with a Fourier number n € Z. In the
conventional Floquet theory these Fourier expansions
are used to analyse the effect of the sample rotation
on the spin system [I1]. This procedure is strictly
mathematical with no direct relation to the physics
of a rotating sample. In contrast, in this article the
interaction between the spin system and the forced
rotation of the sample as the source of the time-
dependence is taken into account, leading to a physi-
cal interpretation of the Floquet description of MAS
NMR spectroscopy.

A rotation is a canonical transformation since it
replaces one set of independent spatial variables by
another set [25]. The classical orbital angular
momentum R, is also the generator of infinitesimal
rotational transformations [24, 26, 27]. Since a canonical
transformation is a unitary transformation we can use a
generalization of the Dirac notation for quantum
mechanics to describe its physics and we define an
orbital angular momentum operator R, in real space
that measures the angular momentum within a set of

Figure 1. The forced rotation, around the z axis of the static
rotor angle frame (x',y’,z’) in the laboratory frame
(x,¥,2). A mathematical device is developed that is used
to map the rotor frame on the rotor angle frame by a
renormalization, while maintaining the rotational trans-
formation properties for the macroscopic rotation in the
transition operators F,.

states |n) [25, 28]. In the appendix it is shown that for
a quasi-classical description of differential sample rota-
tion effects, the Fourier states |n) can be identified with a
renormalized angular momentum, with the Fourier
numbers n the eigenvalues in units of k. In that case
an eigenvalue equation for R] can be reformulated as
[17,27]

R,

n) = njn). (1)

It will be shown in the subsequent sections that in the
semi-classical approximation a representation of the
MAS NMR Hamiltonian exists within the set |n) that
encompasses all the necessary physics to describe the
interaction of the rotation of the macroscopic sample
with the spin system. Summarizing, in this study equa-
tion (1) is a quasi-classical eigenvalue equation for
the orbital angular momentum operator R,., using
renormalized orbital angular momentum states and
cigenvalues, relative to the macroscopic value N (see
the appendix).

A single spatial coordinate ¢’ is sufficient to
describe a rotation around the fixed z’' axis in the
rotor angle frame. Here the subspace of the real
space spanned by ¢’ is identified with the Fourier
space in Floquet theory [17]. Since ' € (—m, 7] is
the only spatial coordinate in this subspace, a set of
phase states {|¢’)} can be introduced that constitutes
a continuous base for the Fourier space. In that case
the pair R,,, ¢’ can be considered as generalized con-
jugate momentum and position operators for the rota-
tion described by equation (1).

The phase representation of |n) and R,., should lead
to an expression equivalent to equation (1) in terms of
¢'. The phase representation of |n) is [21]

1 .
(p'ln) = 5172 ©XP (inp"), (2)
27/

while the phase representation of R, yields an infinite-

simal rotation in the plane perpendicular to the z axis,
according to [26, 29]

N o . 0
wIRAN =W (i35 ) @)
with 9’ a rotation angle about the z' axis,

(#']¢") = 8( — "), (4)

according to elementary representation theory [23].
Using equations (2), (3) and (4), the phase representa-
tion of equation (1) can be verified, since
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(@' 1R, In) =j a0 (0" | R,y [0 (9| m)

i 7 7 7 . a
= J_Wdﬂ 6((,0 -9 )(‘1 w)

X

" exp (ind')

1 .
=n W €Xp (1n<p')

= n{p'[n). (5)

Expressing the Fourier states in terms of the phase states
[24]

[n) = Jﬂ do’l"Y (@' |n)

-

4 ] 1 - 4 ’
=] 4 G el e) (@

it is easy to show that the Fourier states are orthonormal
T Ly 1

(njm) = J dH’J de’ —exp (—i(np' —~mb")6(p' —8")
r _ﬂ 27

U e it
=37 | _deexp it n)e)

= Epm- (7

This implies that the Fourier states form a basis set for
the Fourier space and that it is possible to change repre-
sentation by expressing the phase states in terms of the
Fourier states:

()= (el
-3 Wexm—iw'»n» (8)

n=-oo

The difference between the two basis sets is that the
phase states constitute a continuous basis in a finite
interval for the spatial coordinate ¢’ € (—,=], while
the Fourier states form an infinite discrete basis for
the Fourier space with n = -0 ..., 00.

In this Fourier space we now can define a set of
Fourier operators F, that are eigen operators of the
phase states, according to [24]

F,lo") = exp (ing")l¢"). ©)

Some important properties of these operators can be
derived from the definition in equation (9). First, they
can be considered as raising and lowering operators in
the Fourier states (figure 2), since [24]

In+k> *

n
=

In>

10>

Figure 2. The sample rotation is mapped on a single mani-
fold of Fourier states |#) by the renormalization. The
transition operators couple between different states.

Fn) = [ do'Fele') o't

4 1
= | dy exp (ikp")p') —— exp (ingp’
[ a¢"exp o) o= e ine)

= |n+ k), (10)

according to equations (2), (6) and (9). From this equa-
tion it follows that

F,F,=F, p, (11)
which implies that Fourier operators commute
mutually, since F,,, = Fp,, Furthermore, equation
(9) implies that the adjoint of a Fourier operator F, is

Fil=F_, (12)

Finally with equations (1) and (10) the commutation
relation

[Rz’vﬁn] = nﬁn (13)

between R, and F, can be derived.

When the operators F, are represented within the set
of renormalized angular momentum states, they gen-
erate {|n)} from |0). In the appendix we show that
when the full angular momentum states are
used instead, the equivalent of the F, operators are
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the creation and annihilation operators @,a' enabling
the exchange of energy between the spin system and
the rotor bath in a quasi-classical quantum mechanical
description of the MAS NMR phenomenon.

So far we have introduced two possible representa-
tions for the states and the operators in the Fourier
space: the phase and the angular momentum representa-
tion defined by the basis sets {|¢')} and {|n)} respect-
ively. The relationships between the two representations
were verified. In the next sections these operators and
their relations will be used to describe MAS NMR
experiments.

3. Transformations in spin space and real space

The Hamiltonian, which is the operator associated
with the energy of the spin system, consists in the case
of NMR of a spatial part and a spin part. Therefore the
MAS NMR Hamiltonian is conveniently expressed in
terms of contractions between A, the irreducible
tensor operators of rank k in real space, and ’i"k, the
irreducible tensor operators of rank k in spin space,
according to [18, 30]

+k

Hs = Z Z (_l)q’aquk(—q)- (14)

k g=-k

This semi-classical Hamiltonian describes the inter-
action of the spin system with its surrounding. The
spin part of this Hamiltonian is most effectively
described quantum mechanically, while the spatial part
is usually described classically. The elements of both the
Ay and the T, operators satisfy the irreducible tensor
transformation properties [30]. Tk can be transformed
by a spin angular momentum operator i, while the
transformation of Ak requires an orbital angular
momentum operator R, with components R, R and
R,.

In spin space a rotational transformation in the n-
direction of an arbitrary spin-operator Qs into QS is
described by [29]

05 = exp (i9(n-1)Qs exp (—if(n-T), (15)

where the components of I satisfy the commutation
relation

1) =il, (16)

and its cyclic permutation [27].

The irreducible tensor operators T, are defined by the
commutation rules of their elements with the elements of
the spin angular momentum operator, according to
[27,30]

[iszkq] = quqv
[i+aqu] = [(k:Fq)(k:tQ+ 1)]1/2Tk(q:l:1)7 (17)

with g = —k, ..., k. The transformation properties for a
three-dimensional rotation in spin space, defined by the
spin rotation operator [29]

e@?I (Ot, ﬁa 7) = eXp (lajz) exp (lﬂjy) €xXp (l’yiz)v (18)
of the elements of T, are determined by the Wigner

rotation matrix elements [18]

T}(q = eQ)I(Ch 137 W)qug?l_l (O‘a ﬂ’ 7)

k
= Z TkaII;q(aaﬂv’Y)a (19)

p=—k

where (a, 8,7) are the Euler angles of the rotation.

By analogy, rotational transformations of an operator
Ok into Qg in real space can be performed, by using an
orbital angular momentum operator R, which is the
generator of the infinitesimal rotational transformations
in real space. This canonical transformation is described
by an unitary operator, according to

Or = exp (i6(n-R)Qr exp (—if(n-R),  (20)
with
R, R, =iR,, (21)

and its cyclic permutations [29]. The elements of the
irreducible tensor operator A, in real space are defined,
in analogy to equation (17), by commutation relations
with the elements of R [27, 30]

[RZI7 ’al/cq] = q"alizp
[Ror, ) = [(kF @) (k£ q+ 1)) A uy.  (22)

The transformation properties for a three-dimensional
rotation in real space are defined by the spatial rotation
operator [28]

Ar(a’,8',7") = exp (ia'R,/) exp (iﬂ’Ryr) exp (iv'R,/),

(23)
and are given by [29]
kg = QR(Q,vﬂlv’y,)’aéq'@il (alvﬂlavl)
k
= Z ’zll:le;q(alvﬁ,a'yl)' (24)

p=—k

Hence there exists a general analogy between rota-
tions in real space and in spin space. In the next sections
this analogy will be utilized for the description of MAS
NMR spectroscopy. In addition, since the application of
a RF pulse on a spin system can be expressed as a
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rotational transformation of its spin angular
momentum, the analogy between equations (15) and
(20) implies that sample rotation can be expressed in
the Hamiltonian as an ‘irradiation’ term inducing a
canonical transformation in real space [31].

4. Sample rotations in real space

The rotational transformation properties of the ele-
ments of the Ak tensor in the MAS Hamiltonian are
given in equation (24). These elements are a function
of the polar coordinates (f,¢) in the axis system in
which the tensor is defined. Transformations between
coordinate systems result in a dependence of the
tensor elements on the Euler angles, defining the relative
orientations of the corresponding axis systems,
21,(4 = Ay4(a, B,) [32]. Similarly, a forced rotation of
the sample around the z’ axis of the rotor angle frame
results in a time dependence of these elements. In this
section we derive the time dependence of the elements of
A,;. The description uses two degrees of freedom, the
time ¢ and the spatial coordinate ' that have already
been introduced in section 2. This is used in the next
section, where the spatial part of the Hamiltonian (14)
is treated analogous to its spin part.

For sample spinning NMR there are in general three
spatial canonical transformations necessary in trans-
forming a tensor operator Ak, defined in its own prin-
cipal axis system (PAS), via the crystal frame and the
rotor frame to the laboratory frame [18]. To provide first
the angular dependence of the spatial part of the Hamil-
tonian of a static crystallite, we use the following three
successive transformations:

" /3 v'y ( ”,ﬁ”,’}’”) (a',,ﬁ',’y')

Al RGCAIRA A Aj

q Ay (25)

"

(i) a transformation from the PAS (x”, y", z") to a crystal
frame, with (" =, 8" = B,,7" =7,) the Euler
angles of the PAS in a fixed molecular frame in the
crystallite; (i) a transformation from the crystal frame
(x",y",2") to the fixed rotor angle frame, with
(" =ag,B" = B.,7" =) the Euler angles of the
crystal frame in the rotor angle frame; and (iii) a
transformation from the rotor angle frame (x',y’,z’)
to the laboratory frame (x,y,2), with
(o' =y, 8 =B,7' =v). The angle ¢, can be
chosen arbitrarily and fixes the direction of the x’ axis
of the rotor angle frame in the laboratory frame.

The elements of the tensor in the laboratory frame A,
can be expressed in terms of the elements of the tensor in
the rotor angle frame Aj, which in turn are functions of
the spatial coordinate ¢'. The elements of A, can now be
written as a function of the spatial coordinate ¢’ of the
rotor angle frame:

Aggp Z Appep

p=—k

pq QOOa Br: 71‘)

k
= > exp(ipp) Aip(0)Dpy (0, B, %) (26)
p=—k

according to equation (25). Here we use that A,ﬁ,,
depends on the spatial coordinate ¢’ in the rotor
angle frame according to Aj,(v') = exp (ipp’) Ay, (0)
[33]. This implies that the coefficients exp (ipy’) in
the expansion of the tensor elements of A,iq in the
laboratory frame in equation (26) represent the
explicit dependence of the spin-Hamiltonian in equa-
tion (14) on the spatial coordinate ¢'. As a result
operators and state functions in the laboratory frame
will depend on ¢’. In particular, observables and
Hamiltonians can be calculated formally as a function
of @', which represents the first degree of freedom.
The important point is that ¢’ introduces the trans-
formation properties for rotations around the z’ axis
of the rotor angle frame in the phase representation
into the theoretical description. The functional depen-
dence on ¢’ will be explored to generate the inter-
action with the spins and ¢’ will be assigned a
constant value afterwards, which implies that the vari-
ation Ap’ — 0.

Using the overall transformation for a static sample
from the PAS to the laboratory frame equation (26) can
be reformulated, using the equations (23)—25), as

Akq Z exp 1p<p pqv (27)
with

Z Z A’”Drl‘(s ap:ﬂpy’)’p) sp(achcv'Yc)

s=—k r=—k

X Dl;q(SOOaﬂra’Yr)- (28)

All Euler angles of the transformations are included in
the V;‘,q coefficients.

Next we introduce a second degree of freedom associ-
ated with the forced rotation of the sample by the appli-
cation of a time-dependent canonical transformation in
real space. The axis of rotation is in the direction of the
z' axis of the rotor angle frame. Thus a convenient way
of evaluating the expression for the Ay, elements in the
laboratory frame is to replace yp, by a time dependent
term oy + wit. Separating the rotation from the expres-
sions in equations (27) and (28) by writing it explicitly,
we obtain
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k
Akq((p/7 t) = Z €xp (ip(wrt + (pl))V‘;q
p=—k

= exXp (iwr <~i %) t) Ay (', 0)
X exp (—iwr <—i 8%0’) t), (29)

which can be shown by Taylor expansion [26].

The eclements of the second rank tensor k=2,
describing the coefficients of the chemical shift or
dipolar interaction in a spin system, are in their principal
axis system equal to [32]

"

00

”"r
A%

A
3\ 12
() ¢
2

Ay = 5 no (30)

—

with 4 =1 Tr{A} the isotropic part, § = A4,, — A the
anisotropy parameter, and n = (4,, — A,,)/é the asym-
metry parameter of the interaction. The values of these
parameters must be inserted in equation (28) for the
gvaluation of the V’;q parameters.

In the MAS case the angle 5, between the axis of
rotation and the external magnetic field is equal to the
magic angle 8, = B, with d3(8,) = 0. This condition
enables the performance of high-resolution NMR
experiments of solids [34].

5. The Floquet Hamiltonian

In this section we discuss the form of the MAS Hamil-
tonian in Floquet space. This space is defined as the
product space of the Fourier and the spin space [16].
The Fourier operators F . and the orbital angular
momentum operator R, are defined in Fourier space,
while the spin angular momentum operators I, I, and I,
are defined in spin space. In the product space Floquet
operators can be introduced that are products of
Fourier and spin operators.

The time ¢ and the spatial coordinate ¢’ in equation
(29) are the two degrees of freedom that are necessary
for the description of the MAS experiments presented in
this paper.

The semi-classical Hamiltonian defined in equation
(14) can be rewritten, using equation (29), according to,

Hs(p' 1) =exp <iw,(-i 5%,) z) i (—1)*

g=—k

. . . 0
X Aig(p",0)Ty(_q) €Xp (—nu,(—l 0(10,) t)
=exp | iw, | —i 9 t)#s(e’,0
- Py Wy 1850, S((P ’ )
X exp <—iwr (i %) r), (31)

with #5(¢’,0) the Hamiltonian at t = 0, which is equal
to the static Hamiltonian obtained from the insertion of
the expressions for the tensor elements in equation (27):

'
Hs(e',0)=>" > explippWhTiy  (32)
g=—2 p=-2

The time-dependent semi-classical spin Hamiltonian
ffs(cp',t) in equation (32) governs the time evolution
of the spin state functions [i¢g(p’,t)) of the spin
system, according to the Schrédinger wave equation of
motion:

S Juste' o)+ iRs( Dl 0) = 0. (39

Both #5(¢’,t) and [¢s(¢’, 1)) in the laboratory frame
are functions of the spatial coordinate ¢’. Hence, equa-
tion (31) can be considered as the phase representation
of the Schrédinger equation in Floquet space,

Sl +ing oLy =0, (4)

where the phase representation of the spin Floquet
Hamiltonian =#?(t) is given by

(0|3 (1)) = Hs(v', 0)8(p" —9").  (35)

The spin Floquet Hamiltonian #¢ () can be written,
using equations (3), (32) and (35), as

#Z (t) = exp (iw, R, 1) #Z(0) exp (—iw,R,t).  (36)

Here the time-dependence is given explicitly and the
time-independent Hamiltonian

k k
jf‘é"_(()) = Z Z Z (_])qﬁpV’;qu(fq)v (37)
k

quk psz

according to equations (9), (33) and (35). The time
dependence in equation (36) is represented by the
canonical transformation operator exp (iw R,t), in
which the orbital angular momentum operator R, is
the generator of the infinitesimal rotations around the
z’ axis. For a static sample w; = 0 and the Hamiltonian
#% (0) governs the evolution of the spin system. For
w; # 0, the interaction between the sample spinning
and the spin system is included here via the semi-clas-
sical rotational transformation properties introduced
with the ¢’ coordinate in the phase representation. It
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fs represented in A5 (G}, through the Fourter operators
F » in equation (37).

The time evolution of the spin state function in the
phase representation is given by

[gs(e’, 1)) = Us(e’, 0)lys(p’, 0)). (38)

Us(g',t) is a spin evolution operator in the laboratory
frame and is a function of the spatial coordinate ¢’ of
the rotor angle frame. The time evolution of the spin
Floquet state function can be evaluated, using

W& (1)) = US ()[4 (0)). (39)

Here U (1) is the spin Floquet evolution operator,
related to Ug(p',t) via

(0'|US (O19") = Us(¢",0)é(p" =9").  (40)

The equation for the time evolution of the spin Floquet
evolution operator can be obtained by substitution of
equation (39) in equation (31), yielding

d
dr

The time-dependence of the spin Floquet Hamiltonian
makes it difficult to solve this equation. To overcome
this difficulty, the special form of the Hamiltonian in
equation (36) allows transformation to a spatial rotating
frame.

In NMR spectroscopy it is common to transform
a spin Hamiltonian to the spin rotating frame, in parti-
cular when the RF irradiation

UZ () +ixd (1)UL (1) = 0. (41)

H, exp (—iwpl t)I exp (iwpl,1)

term makes the laboratory Hamiltonian time dependent.
In that case a transformation of the form exp (iw,l,t)
generates a time independent spin rotating frame Hamil-
tonian that rotates about the z axis of the laboratory
frame [35]. In the same way the time dependent spin
Floquet Hamiltonian # (¢) in equation (36) can be
transformed using the operator exp (—iw.R,t) to gen-
erate the Hamiltonian in a spatial rotating frame. This
frame rotates about the z' axis of the rotor angle frame
with a rotor frequency w, and can be identified with the
rotor frame in the MAS NMR. If the Hamiltonian is
represented with respect to the single set |n) around |0},
its energy is renormalized (see the appendix). The semi-
classical interaction with the spin system is fully retained
in the F, operators and their functional dependence on

/
P .

After transformation of equation (41) to the rotor
frame, another Floquet Hamiltonian #7 is obtained,
satisfying

— Uf*’(t) i#7 0% (1) =0, (42)

with &) = U] ()&, and
UZ (1) = exp (iw R, 1). 43)

#7 is now time independent and the solution of equa-
tion (42) is

U7 (t) = exp (—=i#71). (44)

At this stage, it is of interest to point out the parallel
with the early treatment given by Shirley. According to
equation (40), the dependence of the spin evolution
operator Ug(y',t) on UZ(¢) is

Uste' 0= [ 40Ty, @

which can be expressed within the set of Fourier states,
yielding

Us(p', 1) :JW dy’ Z Z exp —i(md' - nyp')

n=—0C M=—00

Z

x (W TUF (0)0F (0)m)
_ fj exp (in(wrt + o) TZ (), (46)

using equations (8) and (40). For ' = 0 this equation
matches Shirley’s expression for the connection between
the spin and Floquet evolution operators [9].

The time-independent Floquet Hamiltonian in equa-
tion (42) has the form

=#E + HR 47
with #¢ (1) = #Z (1) (0) in equation (37) and
e}fR = er . (48)

With respect to its rotational transformation properties,
this term can be compared with the —w,I, term in spin
rotating frame Hamiltonians. The energy associated
with a macroscopic sample rotation is very large com-
pared to the nuclear interactions, and the spinning speed
is forced to be constant and will not change through the
energy exchange of the sample with the spin system.
However, since w; is finite and the Hamiltonian will
be represented within the set of reduced angular
momentum states |n), the rotational energy associated
with #% will be comparable with the other frequency
terms in the Hamiltonian. Since [R,/, F,] = nF, the com-
mutator of #% and #¢ does not vanish. Con-
sequently, #% couples between states differing in their
orbital rotation quantum number # via the ladder opera-
tors F in a non-secular type term %97 In a general
descnptlon of the motions of the N, nuclei in a crystal,
their positions can be described in terms of 3N, normal
coordinates or acoustic phonon modes. Exactly 6 of
the N, coordinates represent the translational and



Physics of MAS NMR Floguet theory 929

rotational degrees of freedom of the entire lattice. From
this perspective, #¢ represents a spin—phonon type
interaction.

Insight into the effect of the sample rotation on the
Hamiltonian is obtained by making a comparison
between #% in equation (47) and the Hamiltonian #
associated with a static spin system, exposed to spin lock
RF irradiation in the x direction [16]

H = Hs + Hrr, (49)
with the RF Hamiltonian
'%RF = lex- (50)

In the spin rotating frame the #yp generates a small
Zeeman splitting just as w;l, creates a manifold of
equally spaced spin states, the #% creates a manifold
of rotational states.

We conclude that for all practical purposes the intro-
duction of R, and the ladder operators F, is sufficient to
describe the physics of the MAS NMR. It is primarily
the rotational transformation properties that are of
importance for the description of the MAS NMR, in
agreement with expectations and the considerations in
the appendix. The analogy between the formulas in
equations (47) and (49) implies that the sample spinning
can be interpreted as an ‘irradiation’ field acting on the
spatial part of the spin system in the spatial rotating
frame. The strength of the ‘irradiation’ is proportional
to the spinning speed.

The total Floquet Hamiltonian for a spin system,
rotating at the magic angle and experiencing a contin-
uous RF field can thus be written as:

HL = HE + HF + HFr. (51)

This #% paves the way for a more comprehensive
description of spin and space rotations simultaneously,
and may lead to a first-order quasi-classical approxima-
tion of spin—phonon type interactions for multi-spin
dipolar coupled networks.

The #% Hamiltonian in equation (47) can also be
represented with respect to the Fourier states. To do
so we expand the Floquet Hamiltonian in its Fourier
components according to equation (37).

+00
= Y F#" +wR,, (52)

p=—o0

with 9?”” the Fourier components of the spin Hamilto-
nian #¢(0,0)
k

HP =D (=)W Tug (53)

k g=—k

In the representation with respect to the Fourier states,
which are here reduced orbital angular momentum

states, the matrix elements of the Floquet Hamiltonian
are of the form:

(n| A7 |m)

according to equations (1) and (10). These correspond to
the elements of Shirley’s Floquet Hamiltonian [9] and
the energy scale of the diagonal elements is set by w; as
before.

If the Fourier spin operators .#7” are linear in the spin
operators I, they can be written in the form

HP ="zl (55)
A

with z,, complex coefficients defined by the coeflicients
of equation (37). Substitution of equation (55) into
equation (52) leads to an operational form of the
Floquet Hamiltonian

= jfn_m + nwr‘snmy (54)

+00
H7 =" zaGp+wRy. (56)
A p=—

In this expansion we introduced the Floquet space
operators

CA;n)\ = ﬁni/\a (57)

that operate both in real space and spin space. For
A = x, ¥,z these Floquet operators obey the commuta-
tion relations

[anv Gmy] = iG(m+n)za (58)

and their cyclic permutations in x, y and z, according to
equations (11) and (16). Their products satisfy

G(n+m)aG—mﬁ = GnaGOﬁ (59)
for all m values. The form of the Floquet Hamiltonian
in equation (56) resembles the operational form of the
Floquet Hamiltonian used by Zax et al. [15] and Schmidt
and Vega [13]. However, in our case the
operators correspond to actual orbital angular
momentum operators and ladder operators in Fourier
space, while Zax et al. [15] introduced these operators by
defining their non-zero matrix elements.

6. The Floquet density operator
The time-evolution of the spin system is in general
expressed by the time evolution of its spin-density
operator in spin space. In the MAS NMR case a spin
density operator

[’S(‘P’at) = I¢S((p/’t)><w5(‘a0’at)' (60)

can be defined, where ¢’ is the spatial coordinate intro-
duced in section 2 [36]. The general form for the ¢'-
dependence of the spin state function |ys(y’,t)) can be
derived from the Ug(p’,t)U% (t) in equation (46). It can
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be expanded with respect to a basis in spin space {|o;)}
with ¢'-dependent coefficients.

e, 0) = 3 ale’, Do)

= (2m)/? Z n;oo cuilt) ——(27:)1 7

x exp (in(wit + ")) (61)

The explicit '-dependence of the density operator can
be found by substituting equation (61) in equation (60),
according to

psle' =S S eult)ehn exp (- K

l,] kJl=—00

X (wit + ¢"))|ei) (o]

= S e lini+ o), (62)

h=-—00

with Fourier components

=33 ol Dlod (o) (63)

ij k=—00

There are different ways to construct the Floquet density
operator from equation (62). Two different approaches
were reported and will be discussed here. First, the
approach of Levante er al. [16] will be discussed, and
their approach will be compared with the approach of
Weintraub and Vega [14].

The Floquet density operator according to Levante et
al. is defined by replacing the exponents in equation (62)
by their Fourier states [16]

F=% 3 a0k (64)

ij kil=—oc

according to equation (2). The relation between the
density operator and the Floquet density operators is
then given by

plo' ) = }j Z exp (i(n — m){wit + ")) (nlp” ()| m),

(65)

which can easily be verified by substitution of equation
(64) into equation (65).

This expression for the density operator can be used
to calculate the expectation value of an operator (I,) in
the spin space: (I,) is evaluated by a trace of the form
(36]

(L) =Tr{1\p(e", 1)} (66)

Insertion of the expression for the spin density in equa-
tion (66) yields

(L) = Tf{ f: (m| [ f: LFexp (-ikwrt)jl f’y(t)lm>}
k=—00

= Tr{I{ (05" (1}, (67)

where equation (10) was used and the operator in the
spatial rotating frame I{ (1) is

I5() = Y Guexp (—ikw;t). (68)
k=—oc

The trace in equation (68) is the sum of all diagonal
elements of the product operators in Floquet space. In
equation (67) we have finally set ¢’ =0, in order to
avoid redundant transformations.

Another definition of the Floquet density operator
was introduced by Weintraub and Vega [14]. In their
case the Floquet density operator is constructed from
the spin density operator given in equation (62) using
the Fourier operators defined in equation (9):

P70 =) bsa(DF,. (69)
n=—o0
Since the Fourier operators obey the relation (n|F plm) =
(n+ k|F,|m+ k), this Floquet density operator has the
same band structure. It is easy to show that the relation-
ship between the Floquet density operator and the spin
density operator is given by,

o0

ps(e’, 1)y =3 exp(in(wit +")(nlp” (1)/0).  (70)
n=—o0
Insertion of the expression for the spin density operator
in equation (66) yields,

(L) = TT{<O| [ 5(): LFexp (_ikwrt)jl ﬁy(t)|0>}
k

= Tr {{0JI% (105" (1)[0)}, (71)

where the trace requires a summation only over the spin
state diagonal elements and ¢’ = 0.

The main difference between the expressions for the
expectation values in equations (67) and (71), is that in
equation (71) only one matrix element in the Fourier
space is taken into account, while equation (67) involves
the summation over all diagonal elements in Fourier
space. The matrix elements of the density operator,
according to the definition of the Floquet density
operator by Weintraub and Vega [14], satisfy the con-
dition (n]ﬁ”‘@(t)|m> = (n+ k|p% (t)|m + k) for all k, while
the definition of Levante et al. [16] does not incorporate
this band structure in the Floquet density operator. Asa



Physics of MAS NMR Floguet theory 931

result of this difference the trace in equation (67) is over
all Fourier state diagonal elements, while in equation
(71) only the diagonal elements with respect to the
spin states are summed together.

7. Discussion and conclusions

In this publication we have proposed a physical in-
terpretation of the Floquet theory that is used to
describe MAS NMR experiments. The introduction of
the phase representation of the Hamiltonian allowed the
introduction of an orbital angular momentum operator
R,., and the definition of Fourier ladder operators F,.
ThlS made it possible to construct a spin Floquet Hamil-
tonian, containing the orbital angular momentum
operator R,., and the Floquet operators G,,. With the
proper transformations a time independent Floquet
Hamiltonian, which is the Hamiitonian in the spatial
rotating frame, was obtained that is equivalent to the
Floquet Hamiltonian already utilized in MAS NMR. In
our Hamiltonian the Floquet operators are representing
the angular momentum operators and ladder operators.
It can be concluded that the Floquet theory normally
used to describe the MAS NMR experiments is not only
a mathematical description of the periodically time-
dependent spin system, but can be interpreted as a dif-
ferential rotation representation of the MAS NMR
within a single set of renormalized states |n). The special
form of the Hamiltonian allows us to consider sample
rotation as a continuous spatial ‘irradiation’ in real
space, which paves the way for the development of
refined methods to evaluate MAS propagators in
multi-spin systems, possibly with the help of Green’s
functions.

The time independent Floquet Hamiltonian in equa-
tion (47) is the same as the Floquet Hamiltonian derived
from Shirley’s theory. The Floquet operators N and
(X ,,,Y,,,Z ) introduced by Zax et al. {15] to present the
Floquet Hamiltonian are in fact related to the orbital
angular momentum operators R, and the Floquet
operators (an, an G,.). Levante er al. [16] introduced
the diagonal frequency displacement operator W%
which is the additional term in the Floquet Hamlltoman
reflecting the time-periodicity of the spin Hamiltonian.
The physical interpretation of the diagonal frequency
displacement operator in the case of MAS NMR spec-
troscopy is that part of the Hamiltonian associated with
the sample spinning

. . N
HR =wN=uwR,.

In section 6 the Floquet density operator was intro-
duced according to the definition of Levante et al. and
Weintraub and Vega [14]. Their definitions are not
equivalent, since only the second one has a band struc-
ture. This difference leads to a different way of calcu-

lating expectation values of spin space operators.
Although the definitions of the Floquet density opera-
tors are not the same, in both cases only the time-evolu-
tion of the Floquet evolution  operator
U”(t) = exp {~i#”t} must be calculated to obtain
the expectation values. Thus with any of the two expres-
sions for the expectation values the Floquet approach
can be used to predict and simulate results of MAS
NMR experiments.
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Appendix

In this article the magic angle spinning is described
semi-classically, with the interaction between the clas-
sical macroscopic sample rotation and the quantum
mechanical microscopic spin system included in the
spin Hamiltonian. The interaction is expressed in
terms of an infinitesimal spatial rotation operator R,
and the Fourier operator F,. In this appendix it will be
shown that both R,  and F, can be obtained from a
quasi-classical Bohr-Sommerfeld quantization of the
orbital angular momentum associated with the macro-
scopic rotation of an object around a fixed z' axis.

In quantum mechanics the components of the orbital
angular momentum of an object are defined by the
expectation values of orbital angular momentum opera-
tors L, f,),:, and L,.. These operators can be defined by
their matrix elements in the representation of the eigen-
functions |Im) of L, and .2, according to

L,/ |lm) = m|im),
£2)im) = 1(1 + 1)|Im), (A1)

and are given in units of /. The spatial representation of
the orbital angular momentum operator l:,: is
—i(8/8¢") and the spatial representation of the eigen-
states |Im) are the spherlcal harmonics Y,,,(9', "), which
are proportional to P l(cos ') exp (imp') [28]. The
classical limit for an object rotating around a fixed z’
axis corresponds to ! —» co, with [=m and ¥’ = /2
[37]. During this quasi-classical motion L, is the rele-
vant orbital angular momentum operator, with eigenva-
lues /, and quantum states |Il) = |l) which in the spatial
representation is equal to (27r) exp (ilp").

This formalism can be used to generate a quantized
representation of sample rotation. The rotation interacts
with the spin system via a ‘rotor field” which fluctuates
periodically with only the spinning frequency w.
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Obviously the rotor field is a vector field which is fixed in
space with a unique sense of rotation. This implies that
the quasi-particle associated with this field has integral
angular momentum 1 [38]. For this we can construct a
boson quantized field:

aly = 121 - 1),

a'ly = 1+ D141y,
NiDy =111, (A2)

in which &, a' are the well known boson annihilation and
creation operators. The number operator is defined
according to

N =a'a, (A3)

and the commutation relations between those operators
are

[&7 &T] =1,
[N,al] =,
[N,a] = —a. (A4)

From equations (A 1) and (A 2) it follows immediately
that

Ly =N. (A5)

The total orbital angular momentum is thus propor-
tional to the number of quasi-particles describing the
rotating object. The energy of this system is equal to
w;N and the Hamiltonian defining the system therefore
has the form

HQ = wL,, (A 6)

according to equation (A 5). Using equation (A2) the
states |/} can be constructed from the ground state |0)
according to

NN
m=%%m» (A7)

In the quasi-classical limit |I| — oo. We can follow the
procedure already indicated by Shirley [9] when we
define | = n+ N, in which |N| > |n| is the number of
quasi-particles in the rotor ‘bath’ and » represents the
variation associated with the interaction of the rotor
bath with the spin system. In the quasi-classical limit
the approximations |N| — oo, and N+n~N are
used, yielding

(&T)n+N
[(n+ N2

T n
zG%)W) (A8)

(&T)—n—}-N
[(—n+ N)YJ'/?

z( a )nuv). (A9)

N1/2

In+N) = 0)

and

|-n+N)= |0)

We can now define the scaled creation and annihilation

operators
. a \"
an = Nl/z 3
a n
dn= ( Nl/z) ’
with 4, the unity operator. From equations (A 4) and

(A 5) the commutation relations between L, and a, can
be derived

. [ &\

[Lz’aan] = [N, W
~1 n ~t n ~t n
a a ~ a N

= né,. (A1)

(A 10)

The scaled creation and annihilation operators a, can be
considered as raising and lowering operators

aln+ N) = 44,|N)
— n+k+N), (A12)

and the spatial representation of @, becomes exp (iky').
In this framework the total Hamiltonian of the spin
system interacting with a quantized rotor field is [9]

H = HT+ H2+ HL. (A 13)

in which #% is the Zeeman Hamiltonian, #2 the
rotor Hamiltonian, given in equation (A 6) and ,#?
describes the interaction of the spin system with the
rotor using the scaled creation and annihilation opera-
tors. This Hamiltonian can be used to provide a quan-
tized description of the MAS NMR. However, the
energy associated with the sample rotation is very
large if |[N| — oo, while only the interaction between
the sample rotation and the spin system is observable
in a NMR experiment. For this reason we renormalize
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the Hamiltonian in equation (A 13), by subtracting a
constant energy wr N, in frequency units, yielding

HU=HI +w L. (A 14)

Here we have introduced a renormalized orbital angular
momentum operator, according to

L) =L, — Na,. (A 15)

The spin Hamiltonian %8 is the sum of the Zeeman
term and the interaction term. It should be emphasized
that the renormalization of the angular momentum
operator only affects the energy and will not influence
any spin observation.

The renormalized operator I:z', can be used to measure
the variation » relative to the background N in the state
[n+ N), since both L., and the quantum states [N + n)
depend linearly on N. Therefore the matrix elements

(m+ N|LL|n+ N) = nb,, (A 16)

are independent of N. It is then possible to identify the
interaction between rotor bath and spin system in the
state |N + n) with a differential rotation n relative to N,
with n the eigenvalues of the renormalized orbital
angular momentum, since

LL|IN +n) =n|N +n). (A17)
However, since the matrix elements
<m+N|&k|n+N> = 6m(n+k)- (A18)

are also independent of N, only this differential rotation
is in fact important for the description of the MAS. This
leads to a projection of the interaction onto a single set
of renormalized states |n), with # the eigenvalues of the
orbital angular momentum, according to

L,/ |n) = n|n). (A19)

The states |n) are the equivalent of the Fourier states in
our semi-classical approach. The spatial representations
of these states are (27)™"/? exp (ing").

The analogy between equation (A 19) and equation
(1) illustrates that R, corresponds to the orbital angular
momentum operator, ﬁz/. In addition, the spatial repre-
sentation of R,/, is —i(9/dp"), which is identical to the
spatial representation of the orbital angular momentum
operator L, and the spatial representation of F, is
exp (iky'), which is identical to the spatial representa-
tion of @,. The equivalents of the matrix elements given
in equation (A 16) and (A 18) are

<m|Rz'|n> = nbum (A 20)
and
(m|Fy|n) = 6m(n+k)a (A21)

independent of N.

In fact it is in the quasi-classical formalism that the
renormalization of the operators L,» — L. is replaced
by a renormalization of the states [N +n) — [n) This
step formally requires N — 0, which can be done
without loss of generality provided the &, are defined
independently for |[Nj — oo, since the matrix elements
(m+ N|a,|n+ N) are independent of N, according to
equation (A 18). Likewise, in the semi-classical Floquet
description the matrix elements (m + N|F|n+ N) are
independent of N, but the introduction of two degrees
of freedom in equation (29) is essential. First, the ¢’
leads to the correct F, with Ay’ = 0. In parallel a com-
plete representation of the MAS within the single set of
renormalized states |n) can be obtained along the second
degree of freedom ¢. The spatial representation of the
Floquet Hamiltonian

#7 = #% + wR,, (A22)

describing the renormalized energy, is identical to the
spatial representation of #%, while the matrix elements
of the renormalized Hamiltonian # © are

(m+ N|#'?qUn + N) = (m|#7 |n). (A23)
In this framework there is
[Rz’y Fn] = nﬁnv (A 24)

isomorphic with equation (A 11). Those equations imply
that in both cases the transformation under sample rota-
tion of the Hamiltonian, e.g. from the rotor angle frame
to the rotor frame, are independent of N, since #9 is
expressed in terms of a,, and #7 is expressed in terms
of F,.

It is thus possible to describe sample spinning in a N
independent approach using Floquet Hamiltonian jicd
and a single set of Fourier states |n), leading to the semi-
classical approach given in this article.
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