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A physical interpretation of the Floquet description for magic angle spinning (MAS) nuclear 
magnetic resonance (NMR) is proposed. The effect of the spatial rotation on the spin system 
in sample spinning is analysed and described in terms of orbital angular momentum operators. 
The analogy between rotations in real space and in spin space is emphasized. The transforma- 
tion properties of the irreducible tensors in real space are used to construct a Floquet 
Hamiltonian for MAS NMR, that is time independent and comprises one term associated 
with pure sample rotation. The remaining terms are associated with the spin system, and 
consist of spin-phonon type Floquet operators generating simultaneous transitions between 
rotational states and spin states. Finally, two different definitions for the Floquet density 
operator are compared. 

I 

1. Introduction 
Magic angle spinning (MAS) nuclear magnetic reso- 

nance (NMR) is a versatile method for obtaining high 
resolution NMR spectra of amorphous organic solids 
[I]. In recent years, i t  has been demonstrated that 
MAS NMR, when combined with isotopic labelling, 
can be used to extract direct and high resolution mol- 
ecular structural information for complex biological 
systems [2]. From labelled pairs specific distances or 
angles can be determined in membrane proteins with 
rotational resonance and multiple pulse sequences [3]. 
Recently, multidimensional MAS NMR spectroscopy 
on multiple labelled systems has been initiated as 
another strategy for resolving ordered structures in con- 
densed phases that are inaccessible to diffraction tech- 
niques like X-ray. In a first application, a genuine 
membrane-associated photosynthetic light harvesting 
antenna was uniformly labelled 13C, the I3C and 'H 
response of the antenna aggregate was fully assigned, 
and its structure was partially resolved [4-6]. These 
MAS technologies have a high potential to develop in 
the very near future into generic methods for the deter- 
mination of ligand structure, for the characterization of 
ligand-protein interactions, and for comprehensive 
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structure determination of intrinsic membrane proteins 
and other membrane-bound complexes. 

The initial application of multidimensional MAS 
NMR spectroscopy for structure refinement became 
possible after a convenient pulse sequence for broad- 
band dipolar recoupling was discovered and interpreted 
in terms of a straightforward average Hamiltonian 
description for the dipolar interactions in an isolated 
pair of nuclear spins under MAS conditions [7]. How- 
ever, it became clear that average Hamiltonian descrip- 
tions, and more generally descriptions in terms of 
isolated spins or pairs, are of limited use for under- 
standing the multidimensional MAS NMR of multiple 
labelled systems. For the description of such experi- 
ments a more elaborate formalism is needed. This has 
motivated us to re-evaluate the basics and to reconsider 
the fundamental physics of the MAS phenomenon, 
aiming for a simple first-order physical interpretation 
for the MAS NMR in the product of real space and 
spin space. The description of MAS NMR experiments 
normally starts with the generation of a MAS spin- 
Hamiltonian, with time-dependent coefficients that are 
periodic with the spinning frequency [8]. This time- 
dependence complicates the simulation of MAS spectra 
and the description of the experimental results by a 
comprehensible picture. 

A general approach for the description of periodically 
time-dependent systems can be found in the form of 
the Floquet theory. Shirley introduced the theorem of 

002&8976/98 $12.00 0 1998 Taylor & Francis Ltd 



922 G. J. Boender et al. 

Floquet to describe the evolution of a two level system 
governed by a periodically time-dependent Hamiltonian 
[9]. To describe MAS NMR, for that purpose Floquet 
operators, evolution and density operators and expecta- 
tion values in Floquet space were introduced [lo-151. 
The Floquet theory was recently reformulated into a 
Fourier state representation by Levante et al. [16]. An 
integral representation was given by Filip et al. [17] and 
applied to sample spinning NMR. 

Another approach to treat periodically time-depen- 
dent systems is the secular averaging theory (SAT) 
[18]. The theory was applied to MAS by Goldman 
[19]. SAT was formalized by the introduction of block- 
operators [20]. This approach provides convenient tools 
to evaluate effective Hamiltonians, following an expan- 
sion procedure [21]. Llor indicated that SAT is iso- 
morphic with the Floquet theory [20,22]. Finally, it 
has been shown that Floquet theory can be combined 
with non-degenerate Rayleigh-Schrodinger perturba- 
tion theory by using recurrence equations to obtain cor- 
rections to the Floquet eigenvalues and eigenstates [23]. 

Shirley’s Floquet theory is a consequence of a math- 
ematical treatment of the Schrodinger equation with a 
periodically time-dependent Hamiltonian and results in 
a Floquet Hamiltonian represented within a set of Flo- 
quet states. Maricq proposed a method for determining 
the Floquet states of a forced rotor, and described the 
connection between Floquet states and angular 
momentum states [24]. Here, we propose a quantum 
field interpretation of the MAS NMR phenomenon by 
implementing an orbital angular momentum operator to 
describe the physics of sample rotation. This angular 
momentum operator is used to implement rotation 
around the magic angle with frequency w, and a reduced 
angular momentum. This will be used to put forward a 
physical interpretation of the Floquet description of 
MAS NMR. It appears that for all practical purposes 
the projection of the rotation of the entire sample onto a 
single set of angular momentum states is sufficient to 
describe the physics of the MAS. It will be shown that 
the operators forming the Floquet Hamiltonian are the 
orbital angular momentum, and ladder operators associ- 
ated with variations of the rotation. The Floquet Hamil- 
tonian is identified with the Hamiltonian in a spatial 
rotating frame that can be mapped onto the rotor 
frame. The simplification obtained from a representa- 
tion within a single set of angular momentum states 
appears to be helpful in providing a straightforward 
physical interpretation of the Floquet description of 
MAS NMR spectroscopy, in terms of spatial irradiation 
and spin-phonon type interactions. 

In section 2 we compare the phase representation and 
the orbital angular momentum representation for a 
forced rotation around a fixed axis. In this framework 

Fourier operators are defined. In section 3 an orbital 
angular momentum operator is used to evaluate the 
transformation properties of an operator in real space. 
The parallels between the algebra of the operators 
describing spin rotations and spatial rotations are 
emphasized. This offers a generic framework to treat 
pulses and rotation in an analogous way, leading to an 
interpretation of the MAS effects on the spin system in 
terms of irradiation in real space. It is anticipated that 
this paradigm can and will be used in the future for 
constructing double resonance techniques involving 
radio frequency (RF) irradiation and sample rotation. 
In section 4 this algebra is used to describe the tensor in 
the real space for a rotating powder sample. It is found 
that a quasi-classical phase representation of the MAS 
NMR requires the introduction of two degrees of 
freedom ‘p’, t .  This contrasts with the single time 
degree of freedom that is sufficient to describe the inter- 
action of the spin system with a classical rotor in the 
usual treatment of the MAS NMR. 

In section 5 the physical interpretation of the Floquet 
description of the MAS NMR appears naturally. It is 
shown that the angular momentum representation 
corresponding with the quasi-classical phase representa- 
tion in section 4 can be mapped onto the Floquet 
operator algebra that is well known in the MAS 
NMR. This requires the introduction of a renormalized 
orbital angular momentum operator, in addition to the 
Fourier operators, which are used to describe MAS. In 
this physical framework the Floquet Hamiltonian, the 
Floquet evolution operator, and the Floquet operators 
can be defined. In section 6 the expression for the den- 
sity operator and the expectation value of a spin space 
operator in this Floquet operator formalism are intro- 
duced, whde in section 7 a physical interpretation of the 
Floquet operators is discussed in terms of spin-phonon 
type operators in the product of real space and spin 
space. The origin of the reduced angular momentum, 
its associated energy, and the relation to the quasi-clas- 
sical interpretation of the Floquet theory are explained 
in the appendix. Starting from a quantized rotor in the 
classical limit the eigenvalue equation for the renorma- 
lized angular momentum and the commutation relations 
for the Fourier operators are derived from first prin- 
ciples. The equivalence between an angular momentum 
representation within a single set of reduced angular 
momentum states and the quasi-classical phase repre- 
sentation invoked by equation (29) in section 4 is dis- 
cussed. It is shown that a renormalization of the angular 
momentum states IN+ n)  + In) is allowed since the 
matrix elements for the Fourier operators are indepen- 
dent of the background In). It transpires that the two 
degrees of freedom in the phase representation are 
indeed essential, since the ‘p‘ leads to the correct Fourier 
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operators in the classical limit while the renormalization 
can be performed along the time degree of freedom, 
leading to a complete representation of the MAS 
within a single set of angular momentum states. 

2. The forced sample rotation 
During a MAS NMR experiment the sample is forced 

to rotate in real space around a fixed z’ axis of a ‘rotor 
angle frame’ tilted at the magic angle with respect to the 
applied magnetic field (figure 1). The spatial rotation 
results in a periodic time dependence of the spin Hamil- 
tonian of the sample. As a consequence this Hamilto- 
nian can be expanded into Fourier series, in which each 
element is labelled with a Fourier number n E Z .  In the 
conventional Floquet theory these Fourier expansions 
are used to analyse the effect of the sample rotation 
on the spin system [ll] .  This procedure is strictly 
mathematical with no direct relation to the physics 
of a rotating sample. In contrast, in this article the 
interaction between the spin system and the forced 
rotation of the sample as the source of the time- 
dependence is taken into account, leading to a physi- 
cal interpretation of the Floquet description of MAS 
NMR spectroscopy. 

A rotation is a canonical transformation since it 
replaces one set of independent spatial variables by 
another set [25]. The classical orbital angular 
momentum Rzr is also the generator of infinitesimal 
rotational transformations [24,26,27]. Since a canonical 
transformation is a unitary transformation we can use a 
generalization of the Dirac notation for quantum 
mechanics to describe its physics and we define an 
orbital angular momentum operator R z l  in real space 
that measures the angular momentum within a set of 

z 

Figure 1. The forced rotation, around the z axis of the static 
rotor angle frame (x‘, y’, 2 ‘ )  in the laboratory frame 
(x, y ,  2 ) .  A mathematical device is developed that is used 
to map the rotor frame on the rotor angle frame by a 
renormalization, while maintaining the rotational trans- 
formation propertiesfor the macroscopic rotation in the 
transition operators F,. 

states In) [25, 281. In the appendix it is shown that for 
a quasi-classical description of differential sample rota- 
tion effects, the Fourier states In) can be identified with a 
renormalized angular momentum, with the Fourier 
numbers n the eigenvalues in units of h. In that case 
an eigenvalue equation for Ri can be reformulated as 
[17,271 

It will be shown in the subsequent sections that in the 
semi-classical approximation a representation of the 
MAS NMR Hamiltonian exists within the set In) that 
encompasses all the necessary physics to describe the 
interaction of the rotation of the macroscopic sample 
with the spin system. Summarizing, in this study equa- 
tion (1) is a quasi-classical eigenvalue equation for 
the orbital angular momentum operator R z r ,  using 
renormalized orbital angular momentum states and 
eigenvalues, relative to the macroscopic value N (see 
the appendix). 

A single spatial coordinate p’ is sufficient to 
describe a rotation around the fixed z’ axis in the 
rotor angle frame. Here the subspace of the real 
space spanned by cp‘ is identified with the Fourier 
space in Floquet theory [17]. Since p’ E ( -T ,  7r] is 
the only spatial coordinate in this subspace, a set of 
phase states { Ip’)} can be introduced that constitutes 
a continuous base for the Fourier space. In that case 
the pair R2!, @’ can be considered as generalized con- 
jugate momentum and position operators for the rota- 
tion described by equation (1). 

The phase representation of In) and R Z t ,  should lead 
to an expression equivalent to equation (1) in terms of 
cp’. The phase representation of In) is [21] 

while the phase representation of R2’ yields an infinite- 
simal rotation in the plane perpendicular to the z axis, 
according to [26,29] 

with 29‘ a rotation angle about the z’ axis, 

according to elementary representation theory [25]. 
Using equations (2), (3) and (4), the phase representa- 
tion of equation (1) can be verified, since 
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= p d8’6(p’ - 8’) (-i &) 
-7r 

exp (in8’) 
1 

X- 
( 2 T y 2  

1 
-n---- - 

= n(p’ln). ( 5 )  

Expressing the Fourier states in terms of the phase states 
~ 4 1  

it is easy to show that the Fourier states are orthonormal 

1 
(nlrn) = p dO’f dp’ -exp (-i(np‘ - rnB’)S(p‘ - 0’) 

--x -7r 2T 

dp’exp (i(rn - n)p’) 

= 6,m. (7) 

This implies that the Fourier states form a basis set for 
the Fourier space and that it is possible to change repre- 
sentation by expressing the phase states in terms of the 
Fourier states: 

M 

n=-m 

m 

The difference between the two basis sets is that the 
phase states constitute a continuous basis in a finite 
interval for the spatial coordinate p’ E (-7r,7r], while 
the Fourier states form an infinite discrete basis for 
the Fourier space with n = -cc . . . , 00. 

In this Fourier space we now can define a set of 
Fourier operators F, that are eigen operators of the 
phase states, according to [24] 

P,lp‘) = exp (inp’)lp’). (9) 

Some important properties of these operators can be 
derived from the definition in equation (9). First, they 
can be considered as raising and lowering operators in 
the Fourier states (figure 2), since [24] 

4 In+k> 

1 In> 

I o> 

Figure 2. The sample rotation is mapped on a single mani- 
fold of Fourier states In) by the renormalization. The 
transition operators couple between different states. 

= In+ k),  (10) 

according to equations (2), (6) and (9). From this equa- 
tion it follows that 

.... 
F m  F n  = Fn+m 7 (11) 

which implies that Fourier operators commute 
mutually, since = Fm+,. Furthermore, equation 
(9) implies that the adjoint of a Fourier operator 8, is 

Fi = F-,. (14 

Finally with equations (1) and (10) the commutation 
relation 

[a,,, fin] = nF, (13) 
between R z t  and F, can be derived. 

When the operators F, are represented within the set 
of renormalized angular momentum states, they gen- 
erate {In)}  from 10). In the appendix we show that 
when the full angular momentum states are 
used instead, the equivalent of the F, operators are 
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the creation and annihilation operators ii, iit enabling 
the exchange of energy between the spin system and 
the rotor bath in a quasi-classical quantum mechanical 
description of the MAS NMR phenomenon. 

So far we have introduced two possible representa- 
tions for the states and the operators in the Fourier 
space: the phase and the angular momentum representa- 
tion defined by the basis sets {Jcp’)} and {In)} respect- 
ively. The relationships between the two representations 
were verified. In the next sections these operators and 
their relations will be used to describe MAS NMR 
experiments. 

3. Transformations in spin space and real space 
The Hamiltonian, which is the operator associated 

with the energy of the spin system, consists in the case 
of NMR of a spatial part and a spin part. Therefore the 
MAS NMR Hamiltonian is conveniently expressed in 
terms of contractions between &, the irreducible 
tensor operators of rank k in real space, and Tk, the 
irreducible tensor operators of rank k in spin space, 
according to [ 18,301 

k q=-k 

This semi-classical Hamiltonian describes the inter- 
action of the spin system with its surrounding. The 
spin part of this Hamiltonian is most effectively 
described quantum mechanically, while the spatial part 
is usually described classically. The elements of both the 
A k  and the Ti., operators satisfy the irreducible tensor 
transformation properties [30]. T k  can be transformed 
by a spin angular momentum operator I, while the 
transformation of ; i k  requires an orbital angular 
momentum operator R, with components R,, R, and 
R, . 

In spin space a rotational transformation in the n- 
direction of an arbitrary spin-operator Qs into Qb is 
described by [29] 

(15) Qt - - exp (ie(n.I)Qs exp (-ie(n.i), 

where the components of I satisfy the commutation 
relation 

and its cyclic permutation [27]. 
The irreducible tensor operators Tk are defined by the 

commutation rules of their elements with the elements of 
the spin angular momentum operator, according to 
[27,301 

[jz, Tkql = qTkq ,  

[i+7 ?kqI = q ) ( k  * 4 + 1)]”2Tk(q*l)> (l7) 

with q = - k ,  . . . , k. The transformation properties for a 
three-dimensional rotation in spin space, defined by the 
spin rotation operator [29] 

(18) 

of the elements of Tk are determined by the Wigner 
rotation matrix elements [18] 

h I ( a ,  /3, y) = exp ( i d , )  exp (ipi,) exp (iyjz), 

?& = hI(a7 / 3 7  y)?kqhf’(Q, p7 7) 
k 

p=-k 

where (a ,  /3, y) are the Euler angles of the rotation. 
By analogy, rotational transformations of an operator 

Qk into QR in real space can be performed, by using an 
orbital angular momentum operator R, which is the 
generator of the infinitesimal rotational transformations 
in real space. This canonical transformation is described 
by an unitary operator, according to 

QR = exp (ie(n-R)Qf, exp (-ie(n-il), (20) 
with 

. . , .  
[R,,, R,,] = i&, (21) 

and its cyclic permutations [29]. The elements of the 
irreducible tensor operator ; i k  in real space are defined, 
in analogy to equation (17), by commutation relations 
with the elements of R [27,30] 

[ R d ,  XqI = 9 4 & ,  

[R*5 ,Gq1 = [(k F q ) ( k  f 4 + l)l”2&(q*l). (22) 

The transformation properties for a three-dimensional 
rotation in real space are defined by the spatial rotation 
operator [28] 

&R(a’, p’, 7 ’ )  = exp (ia’Rzr) exp (ip’RY,) exp (i7’Rz,), 

(23) 
and are given by [29] 

i k q  = &R(a’ ,  p’, y’)A@i’(a’, p‘, 7’) 

k 

p=-k 

Hence there exists a general analogy between rota- 
tions in real space and in spin space. In the next sections 
this analogy will be utilized for the description of MAS 
NMR spectroscopy. In addition, since the application of 
a R F  pulse on a spin system can be expressed as a 
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rotational transformation of its spin angular 
momentum, the analogy between equations (1 5) and 
(20) implies that sample rotation can be expressed in 
the Hamiltonian as an ‘irradiation’ term inducing a 
canonical transformation in real space [3 11. 

4. Sample rotations in real space 
The rotational transformation properties of the ele- 

ments of the Ak tensor in the MAS Hamiltonian are 
given in equation (24). These elements are a function 
of the polar coordinates (19,cp) in the axis system in 
which the tensor is defined. Transformations between 
coordinate systems result in a dependence of the 
tensor elements on the Euler angles, defining the relative 
orientations of the corresponding axis systems, 
Akq = A k q ( a ,  p, y) [32]. Similarly, a forced rotation of 
the sample around the z’ axis of the rotor angle frame 
results in a time dependence of these elements. In this 
section we derive the time dependence of the elements of 
Ak. The description uses two degrees of freedom, the 
time t and the spatial coordinate p’ that have already 
been introduced in section 2. This is used in the next 
section, where the spatial part of the Hamiltonian (14) 
is treated analogous to its spin part. 

For sample spinning NMR there are in general three 
spatial canonical transformations necessary in trans- 
forming a tensor operator Ak, defined in its own prin- 
cipal axis system (PAS), via the crystal frame and the 
rotor frame to the laboratory frame [18]. To provide first 
the angular dependence of the spatial part of the Hamil- 
tonian of a static crystallite, we use the following three 
successive transformations: 

(i) a transformation from the PAS (x”‘, y”‘, z”’) to a crystal 
frame, with (a”’ = ap,  p”’ = pp, y”’ = yp) the Euler 
angles of the PAS in a fixed molecular frame in the 
crystallite; (ii) a transformation from the crystal frame 
(x”, y”,  z”)  to the fixed rotor angle frame, with 
(a” = ac, P” = Pc, y” = yc) the Euler angles of the 
crystal frame in the rotor angle frame; and (iii) a 
transformation from the rotor angle frame (XI, y’, z’) 
to the laboratory frame (x, y ,  z ) ,  with 
(a’ = cpo,P’ = &,T’ = rr). The angle cpo can be 
chosen arbitrarily and fixes the direction of the x’ axis 
of the rotor angle frame in the laboratory frame. 

The elements of the tensor in the laboratory frame Ak 
can be expressed in terms of the elements of the tensor in 
the rotor angle frame Ah, which in turn are functions of 
the spatial coordinate cp’. The elements of Ak can now be 
written as a function of the spatial coordinate cp’ of the 
rotor angle frame: 

according to equation (25). Here we use that AiP 
depends on the spatial coordinate cp’ in the rotor 
angle frame according to ALp(cp’) = exp (ipcp’)A;,(O) 
[33]. This implies that the coefficients exp (ipcp’) in 
the expansion of the tensor elements of Ah, in the 
laboratory frame in equation (26) represent the 
explicit dependence of the spin-Hamiltonian in equa- 
tion (14) on the spatial coordinate cp’. As a result 
operators and state functions in the laboratory frame 
will depend on cp’. In particular, observables and 
Hamiltonians can be calculated formally as a function 
of cp’, which represents the first degree of freedom. 
The important point is that cp’ introduces the trans- 
formation properties for rotations around the z’ axis 
of the rotor angle frame in the phase representation 
into the theoretical description. The functional depen- 
dence on cp’ will be explored to generate the inter- 
action with the spins and cp’ will be assigned a 
constant value afterwards, which implies that the vari- 
ation Acp‘ + 0. 

Using the overall transformation for a static sample 
from the PAS to the laboratory frame equation (26) can 
be reformulated, using the equations (23)-(25), as 

with 

All Euler angles of the transformations are included in 
the V;q coefficients. 

Next we introduce a second degree of freedom associ- 
ated with the forced rotation of the sample by the appli- 
cation of a time-dependent canonical transformation in 
real space. The axis of rotation is in the direction of the 
z’ axis of the rotor angle frame. Thus a convenient way 
of evaluating the expression for the Akq elements in the 
laboratory frame is to replace cpo by a time dependent 
term cpo + w,t. Separating the rotation from the expres- 
sions in equations (27) and (28) by writing it explicitly, 
we obtain 
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x exp (-iw, (-i $) t) , (29) 

which can be shown by Taylor expansion [26]. 
The elements of the second rank tensor k = 2, 

describing the coefficients of the chemical shift or 
dipolar interaction in a spin system, are in their principal 
axis system equal to [32] 

Aft‘ - A  
00 - 

1 I2 
ATo = (i) 6 

1 
(30) A?*2 = 2 76 

with A = f Tr {A} the isotropic part, 6 = A,, - A the 
anisotropy parameter, and 77 = ( A y y  - A,,)/6 the asym- 
metry parameter of the interaction. The values of these 
parameters must be inserted in equation (28) for the 
evaluation of the V;, parameters. 

In the MAS case the angle p, between the axis of 
rotation and the external magnetic field is equal to the 
magic angle = p, with dio(/3,,,) = 0. This condition 
enables the performance of high-resolution NMR 
experiments of solids [34]. 

5. The Floquet Hamiltonian 
In this section we discuss the form of the MAS Hamil- 

tonian in Floquet space. This space is defined as the 
product space of the Fourier and the spin space [16]. 
The Fourier operators F ,  and the orbital angular 
momentum operator Rz! are defined in Fourier space, 
while the spin angular momentum operators i,, i, and i, 
are defined in spin space. In the product space Floquet 
operators can be introduced that are products of 
Fourier and spin operators. 

The time t and the spatial coordinate ‘p’ in equation 
(29) are the two degrees of freedom that are necessary 
for the description of the MAS experiments presented in 
this paper. 

The semi-classical Hamiltonian defined in equation 
(14) can be rewritten, using equation (29), according to, 

= exp iw, -i t Xs(’p‘,O) (. ( :HA 
x exp (-iw, (i $) t), 

with ks(cp’, 0) the Hamiltonian at t = 0, which is equal 
to the static Hamiltonian obtained from the insertion of 
the expressions for the tensor elements in equation (27): 

The time-dependent semi-classical spin Hamiltonian 
*,(cp’,t) in equation (32) governs the time evolution 
of the spin state functions l$Js(p’,r)) of the spin 
system, according to the Schrodinger wave equation of 
motion: 

d 
dt - I$s(cp’, t )> + i*S(cp’, t)llCis(cp’, 9) = 0. (33) 

Both *s(cp’, t) and I$Js(cp’, r)) in the laboratory frame 
are functions of the spatial coordinate p’, Hence, equa- 
tion (31) can be considered as the phase representation 
of the Schrodinger equation in Floquet space, 

- d I+r(t)) + i*r(t)l+r(t)) = 0, 
dt 

where the phase representation of the spin Floquet 
Hamiltonian kr((t) is given by 

(cp’l%r(t)ld’) = 2s(p’,  t)6(cp’ - 8’). (35) 
The spin Floquet Hamiltonian 2: (t)  can be written, 
using equations (3), (32) and (35), as 

(36) 
Here the time-dependence is given explicitly and the 
time-independent Hamiltonian 

(34) 

kr(t) = exp ( iw ,k ,~ t )k~(O)  exp (-iu&t). 

k q=-k  p = - k  

according to equations (9), (33) and (35). The time 
dependence in equation (36) is represented by the 
canonical transformation operator exp (iwrkzft), in 
which the orbital angular momentum operator R z l  is 
the generator of the infinitesimal rotations around the 
z’-axis. For a static sample w, = 0 and the Hamiltonian 
Xq (0) governs the evolution of the spin system. For 
w, # 0, the interaction between the sample spinning 
and the spin system is included here via the semi-clas- 
sical rotational transformation properties introduced 
with the p’ coordinate in the phase representation. It 
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is represenfed in 2; (01, chrough che Fourier operators 
F p  in equation (37). 

The time evolution of the spin state function in the 
phase representation is given by 

lvk4fJ’> t ) )  = wf’, f ) l@dcp’ lO)) .  (38) 
Us((p’, t )  is a spin evolution operator in the laboratory 
frame and is a function of the spatial coordinate cp’ of 
the rotor angle frame. The time evolution of the spin 
Floquet state function can be evaluated, using 

Im) = ~r(t)I+m). (39) 
Here U g ( t )  is the spin Floquet evolution operator, 
related to Us(cp’, t )  via 

( (p’ lUr(t) ld’)  = Os(cp’, t)6((p’ - 19’). (40) 
The equation for the time evolution of the spin Floquet 
evolution operator can be obtained by substitution of 
equation (39) in equation (31), yielding 

The time-dependence of the spin Floquet Hamiltonian 
makes it difficult to solve this equation. To overcome 
this difficulty, the special form of the Hamiltonian in 
equation (36) allows transformation to a spatial rotating 
frame. 

In NMR spectroscopy it is common to transform 
a spin Hamiltonian to the spin rotating frame, in parti- 
cular when the R F  irradiation 

H ,  exp (-iwoizt)i, exp (iwoi,t) 

term makes the laboratory Hamiltonian time dependent. 
In that case a transformation of the form exp (iwoizt) 
generates a time independent spin rotating frame Hamil- 
tonian that rotates about the z axis of the laboratory 
frame [35]. In the same way the time dependent spin 
Floquet Hamiltonian kr(t) in equation (36) can be 
transformed using the operator exp (-iu&t) to gen- 
erate the Hamiltonian in a spatial rotating frame. This 
frame rotates about the z’ axis of the rotor angle frame 
with a rotor frequency w, and can be identified with the 
rotor frame in the MAS NMR. If the Hamiltonian is 
represented with respect to the single set In) around lo), 
its energy is renormalized (see the appendix). The semi- 
classical interaction with the spin system is fully retained 
in the F, operators and their functional dependence on 

After transformation of equation (41) to the rotor 
frame, another Floquet Hamiltonian &9 is obtained, 
satisfying 

cp‘. 

(42) 

with V ( r )  = Pz -’(r]aS(r), and 

(43) 
0s R ( t )  = exp (iw,R,ft). 

kF is now time independent and the solution of equa- 
tion (42) is 

U”l ( t )  = exp ( - i i F t ) .  (44) 
At this stage, it is of interest to point out the parallel 

with the early treatment given by Shirley. According to 
equation (40), the dependence of the spin evolution 
operator Us(cp’,t)  on Ur( t )  is 

Us(p’, t) = dd’(cp’lor(t)(29’), (45) 
-77 

which can be expressed within the set of Fourier states, 
yielding 

w 1  c - exp (-i(mO’ - nq‘) US(p’, t )  = d29’ c 
- A  ,=-m m=-w 27T 

x (nl U r ( t )  U g ( t )  Irn) 
03 

= c exp (in(w,t + cp’ ) ) (n l~F( t ) lO) ,  (46) 

using equations (8) and (40). For cp’ = 0 this equation 
matches Shirley’s expression for the connection between 
the spin and Floquet evolution operators [9]. 

The time-independent Floquet Hamiltonian in equa- 
tion (42) has the form 

n=-w 

(47) 

&r = WrR+ (48) 

2% = 29 s +2r 
with 2r( t )  = & r ( t )  (0) in equation (37) and 

With respect to its rotational transformation properties, 
this term can be compared with the -wojz term in spin 
rotating frame Hamiltonians. The energy associated 
with a macroscopic sample rotation is very large com- 
pared to the nuclear interactions, and the spinning speed 
is forced to be constant and will not change through the 
energy exchange of the sample with the spin system. 
However, since w, is finite and the Hamiltonian will 
be represented within the set of reduced angular 
momentum states In), the rotational energy associated 
with &c will be comparable with the other frequency 
terms in the Hamiltonian. Since [Az,, pn] = nP, the com- 
mutator of 9; and i%r does not vanish. Con- 
sequently, kr couples between states differing in their 
orbital rotation quantum number n via the ladder opera- 
tors F, in a non-secular type term 2: . In a general 
description of the motions of the N o  nuclei in a crystal, 
their positions can be described in terms of 3N,  normal 
coordinates or acoustic phonon modes. Exactly 6 of 
the N o  coordinates represent the translational and 
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rotational degrees of freedom of the entire lattice. From 
this perspective, 2: represents a spin-phonon type 
interaction. 

Insight into the effect of the sample rotation on the 
Hamiltonian is obtained by making a comparison 
between *9 in equation (47) and the Hamiltonian 2 
associated with a static spin system, exposed to spin lock 
RF irradiation in the x direction [ 161 

2 = 2s + 2 R F ,  (49) 

2 R F  = W I I x *  (50) 

with the R F  Hamiltonian 

In the spin rotating frame the &RF generates a small 
Zeeman splitting just as w l j x  creates a manifold of 
equally spaced spin states, the 2: creates a manifold 
of rotational states. 

We conclude that for all practical purposes the intro- 
duction of R,! and the ladder operators F,, is sufficient to 
describe the physics of the MAS NMR. It is primarily 
the rotational transformation properties that are of 
importance for the description of the MAS NMR, in 
agreement with expectations and the considerations in 
the appendix. The analogy between the formulas in 
equations (47) and (49) implies that the sample spinning 
can be interpreted as an ‘irradiation’ field acting on the 
spatial part of the spin system in the spatial rotating 
frame. The strength of the ‘irradiation’ is proportional 
to the spinning speed. 

The total Floquet Hamiltonian for a spin system, 
rotating at the magic angle and experiencing a contin- 
uous RF field can thus be written as: 

This 2 F  paves the way for a more comprehensive 
description of spin and space rotations simultaneously, 
and may lead to a first-order quasi-classical approxima- 
tion of spin-phonon type interactions for multi-spin 
dipolar coupled networks. 

The ik9 Hamiltonian in equation (47) can also be 
represented with respect to the Fourier states. To do 
so we expand the Floquet Hamiltonian in its Fourier 
components according to equation (37). 

Cm 

p=-CC 

with kP the Fourier components of the spin Hamilto- 
nian 2s(~ ,~)  

In the representation with respect to the Fourier states, 
which are here reduced orbital angular momentum 

states, the matrix elements of the Floquet Hamiltonian 
are of the form: 

(nJ2PlIm) = kn-, + nw,s,,,,, (54) 
according to equations (1) and (1 0). These correspond to 
the elements of Shirley’s Floquet Hamiltonian [9] and 
the energy scale of the diagonal elements is set by w, as 
before. 

If the Fourier spin operators kp are linear in the spin 
operators I,, they can be written in the form 

(55) 
x 

with zpx complex coefficients defined by the coefficients 
of equation (37). Substitution of equation (55) into 
equation (52) leads to an operational form of the 
Floquet .Hamiltonian 

CW 

x p=-” 

In this expansion we introduced the Floquet space 
operators 

Gnx = F,ix, (57) 
that operate both in real space and spin space. For 
X = x, y ,  z these Floquet operators obey the commuta- 
tion relations 

[ e n x i  &my1 = iG(rn+n)z i  (58) 

and their cyclic permutations in x, y and z,  according to 
equations (1 1) and (1 6). Their products satisfy 

(59) 

for all m values. The form of the Floquet Hamiltonian 
in equation (56) resembles the operational form of the 
Floquet Hamiltonian used by Zax et al. [15] and Schmidt 
and Vega [13]. However, in our case the 
operators correspond to actual orbital angular 
momentum operators and ladder operators in Fourier 
space, while Zax ef al. [I51 introduced these operators by 
defining their non-zero matrix elements. 

6. The Floquet density operator 
The time-evolution of the spin system is in general 

expressed by the time evolution of its spin-density 
operator in spin space. In the MAS NMR case a spin 
density operator 

f i S ( ’ p ’ 1  t )  = IYk( ‘p ‘1  t ) ) ( $ S ( ‘ p ’ l  t)l (60) 
can be defined, where ‘p’ is the spatial coordinate intro- 
duced in section 2 [36]. The general form for the 9’- 
dependence of the spin state function I&(‘p’, t ) )  can be 
derived from the Us(‘p‘, t )  fiF(t) in equation (46). It can 
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be expanded with respect to a basis in spin space { Ini)} 
with p’-dependent coefficients. 

i 

M 

I n=-m 

x exp (in(+ + cp’))(ai). (61 1 
The explicit p‘-dependence of the density operator can 
be found by substituting equation (61) in equation (60), 
according to 

m 

n=--M 

with Fourier components 

i j  k = - m  

There are different ways to construct the Floquet density 
operator from equation (62). Two different approaches 
were reported and will be discussed here. First, the 
approach of Levante et af. [16] will be discussed, and 
their approach will be compared with the approach of 
Weintraub and Vega [ 141. 

The Floquet density operator according to Levante et 
al. is defined by replacing the exponents in equation (62) 
by their Fourier states [16] 

i,j k.l=-oo 

according to equation (2). The relation between the 
density operator and the Floquet density operators is 
then given by 

n r - 0 0  m=-m 

(65) 

which can easily be verified by substitution of equation 
(64) into equation (65). 

This expression for the density operator can be used 
to calculate the expectation value of an operator (i,) in 
the spin space: (I,!,) is evaluated by a trace of the form 
~361 

(I ,! , )  = Tr O A W ,  t ) } .  (66) 

Insertion of the expression for the spin density in equa- 
tion (66) yields 

= Tr{ f? ( t) fiy ( t )  } , (67) 

where equation (10) was used and the operator in the 
spatial rotating frame ir(t> is 

f - ( t )  = 3c GkXexp(-ikw,t) 

k=-m 

The trace in equation (68) is the sum of all diagonal 
elements of the product operators in Floquet space. In 
equation (67) we have finally set cp’ = 0, in order to 
avoid redundant transformations. 

Another definition of the Floquet density operator 
was introduced by Weintraub and Vega [14]. In their 
case the Floquet density operator is constructed from 
the spin density operator given in equation (62) using 
the Fourier operators defined in equation (9): 

n=-m 

Since the Fourier operators obey the relation (n[kplm) = 
( n  + klk,lm + k ) ,  this Floquet density operator has the 
same band structure. It is easy to show that the relation- 
ship between the Floquet density operator and the spin 
density operator is given by, 

M 

P S ( C P ’ ,  r) = c exp (in(wrt + ~’ ) ) {n I f i~ ( t ) Io ) .  (70) 
n=-m 

Insertion of the expression for the spin density operator 
in equation (66) yields, 

= Tr { ( O l ~ ~ ( t ) $ ~ ( t ) l O ) } ,  (71) 

where the trace requires a summation only over the spin 
state diagonal elements and cp’ = 0. 

The main difference between the expressions for the 
expectation values in equations (67) and (71), is that in 
equation (71) only one matrix element in the Fourier 
space is taken into account, while equation (67) involves 
the summation over all diagonal elements in Fourier 
space. The matrix elements of the density operator, 
according to the definition of the Floquet density 
operator by Weintraub and Vega [14], satisfy the con- 
dition (nljs(t) lm) = ( n  + k1i9(t ) lm + k )  for all k, while 
the definition of Levante et af. [ 161 does not incorporate 
this band structure in the Floquet density operator. As a 
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result of this difference the trace in equation (67) is over 
all Fourier state diagonal elements, while in equation 
(71) only the diagonal elements with respect to the 
spin states are summed together. 

7. Discussion and conclusions 
In this publication we have proposed a physical in- 

terpretation of the Floquet theory that is used to 
describe MAS NMR experiments. The introduction of 
the phase representation of the Hamiltonian allowed the 
introduction of an orbital angular momentum operator 
R,,, and the definition of Fourier ladder operators p , .  
This made it possible to construct a spin Floquet Hamil- 
tonian, containing the orbital angular momentum 
operator &, and the Floquet operators Gnx. With the 
proper transformations a time independent Floquet 
Hamiltonian, which is the Hamiltonian in the spatial 
rotating frame, was obtained that is equivalent to the 
Floquet Hamiltonian already utilized in MAS NMR. In 
our Hamiltonian the Floquet operators are representing 
the angular momentum operators and ladder operators. 
It can be concluded that the Floquet theory normally 
used to describe the MAS NMR experiments is not only 
a mathematical description of the periodically time- 
dependent spin system, but can be interpreted as a dif- 
ferential rotation representation of the MAS NMR 
within a single set of renormalized states In). The special 
form of the Hamiltonian allows us to consider sample 
rotation as a continuous spatial 'irradiation' in real 
space, which paves the way for the development of 
refined methods to evaluate MAS propagators in 
multi-spin systems, possibly with the help of Green's 
functions. 

The time independent Floquet Hamiltonian in equa- 
tion (47) is the same as the Floquet Hamiltonian derived 
from Shirley's theory. The Floquet operators N and 
(XnlYn,Zn) introduced by Zax et ai. [15] to present the 
Floquet Hamiltonian are in fact related to the orbital 
angular momentum operators RZ! and the Floquet 
operators (Gnx, Gny, Gn2).  Levante et aE. [I61 introduced 
the diagonal frequency displacement operator W y  , 
which is the additional term in the Floquet Hamiltonian 
reflecting the time-periodicity of the spin Hamiltonian. 
The physical interpretation of the diagonal frequency 
displacement operator in the case of MAS NMR spec- 
troscopy is that part of the Hamiltonian associated with 
the sample spinning 

2; = U r N  = W,R,L 

In section 6 the Floquet density operator was intro- 
duced according to the definition of Levante et al. and 
Weintraub and Vega [14]. Their definitions are not 
equivalent, since only the second one has a band struc- 
ture. This difference leads to a different way of calcu- 

lating expectation values of spin space operators. 
Although the definitions of the Floquet density opera- 
tors are not the same, in both cases only the time-evolu- 
tion of the Floquet evolution operator 
U"(t) = exp {-i*yt} must be calculated to obtain 
the expectation values. Thus with any of the two expres- 
sions for the expectation values the Floquet approach 
can be used to predict and simulate results of MAS 
NMR experiments. 
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Appendix 
In this article the magic angle spinning is described 

semi-classically, with the interaction between the clas- 
sical macroscopic sample rotation and the quantum 
mechanical microscopic spin system included in the 
spin Hamiltonian. The interaction is expressed in 
terms of an infinitesimal spatial rotation operator R z l ,  

and the Fourier operator F,. In this appendix it will be 
shown that both R,! and F, can be obtained from a 
quasi-classical Bohr-Sommerfeld quantization of the 
orbital angular momentum associated with the macro- 
scopic rotation of an object around a fixed z' axis. 

In quantum mechanics the components of the orbital 
angular momentum of an object are defined by the 
expectation values of orbital angular momentum opera- 
tors L,I ,  L y l ,  and Lzl. These operators can be defined by 
their matrix elements in the representation of &he eigen- 
functions Ilm) of i , t  and L', according to 

i , t l l rn )  = mllm), 

L2)lm) = l ( l +  ~ ) l l m ) ,  (A 1) 

and are given in units of ti. The spatial representation of 
the orbital angular momentum operator i,/ is 
-i(a/dq') and the spatial representation of the eigen- 
states Ilm) are the spherical harmonics Ylm(29', p'), which 
are proportional to Pp'(cos 19 ' )  exp (imp') [28]. The 
classical limit for an object rotating around a fixed z' 
axis corresponds to 1 -+ co, with 1 = m and 19' = n/2 
[37]. During this quasi-classical motion i,!, is the rele- 
vant orbital angular momentum operator, with eigenva- 
lues 1, and quantum states Ill) = Il), which in the spatial 
representation is equal to (27r)'/'exp (ilcp'). 

This formalism can be used to generate a quantized 
representation of sample rotation. The rotation interacts 
with the spin system via a 'rotor field' which fluctuates 
periodically with only the spinning frequency w,. 
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Obviously the rotor field is a vector field which is fixed in 
space with a unique sense of rotation. This implies that 
the quasi-particle associated with this field has integral 
angular momentum 1 [38]. For this we can construct a 
boson quantized field: 

Ql l )  = I I q  - l ) ,  

i t  Ji) = ( I  + 1)L'2JI + l),  

Nil) = I l l ) ,  (A2) 

in which 2, lit are the well known boson annihilation and 
creation operators. The number operator is defined 
according to 

and the commutation relations between those operators 
are 

[Q, at] = 1, 

[k, Q+] = Q+, 

[A,Q] = -2. (A 4) 

From equations (A 1) and (A 2) it follows immediately 
that 

The total orbital angular momentum is thus propor- 
tional to the number of quasi-particles describing the 
rotating object. The energy of this system is equal to 
q N  and the Hamiltonian defining the system therefore 
has the form 

according to equation (A 5). Using equation (A 2) the 
states [ I )  can be constructed from the ground state 10) 
according to 

In the quasi-classical limit III -+ 00. We can follow the 
procedure already indicated by Shirley [9] when we 
define I = n + N ,  in which JNJ >> In\ is the number of 
quasi-particles in the rotor 'bath' and n represents the 
variation associated with the interaction of the rotor 
bath with the spin system. In the quasi-classical limit 
the approximations IN1 4 00, and N + n  = N are 
used, yielding 

and 

( u t ) - n + N  

[(-n+ N ) ! p 2  I - n + N )  = 10) 

We can now define the scaled creation and annihilation 
operators 

Qn = ($)', 
L = 

with Qo the unity operator. From equations (A4) and 
(A 5) the commutation relations between ,!+ and 2, can 
be derived 

= nu,. (A 11) 

The scaled creation and annihilation operators Qn can be 
considered as raising and lowering operators 

Skin + N )  = Q k Q n J N )  

= [ n + k + N ) ,  (A 12) 

and the spatial representation of i i k  becomes exp (ikp'). 
In this framework the total Hamiltonian of the spin 

system interacting with a quantized rotor field is [9] 

2Q = 22 + 2: + 22. (A 13) 

in which 22 is the Zeeman Hamiltonian, 22 the 
rotor Hamiltonian, given in equation (A6) and 2: 
describes the interaction of the spin system with the 
rotor using the scaled creation and annihilation opera- 
tors. This Hamiltonian can be used to provide a quan- 
tized description of the MAS NMR. However, the 
energy associated with the sample rotation is very 
large if IN( 4 cm, while only the interaction between 
the sample rotation and the spin system is observable 
in a NMR experiment. For this reason we renormalize 
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the Hamiltonian in equation (A 13), by subtracting a 
constant energy wRN, in frequency units, yielding 

2’Q = 2: + qL; , .  

Lit = i z t  - N20. 

(A 14) 
Here we have introduced a renormalized orbital angular 
momentum operator, according to 

(A 1 5 )  

The spin Hamiltonian 2: is the sum of the Zeeman 
term and the interaction term. It should be emphasized 
that the renormalization of the angular momentum 
operator only affects the energy and will not influence 
any spin observation. 

The renormalized operator Li, can be used to measure 
the variation n relative to the background N in the state 
In + N ) ,  since both and the quantum states IN + n) 
depend linearly on N.  Therefore the matrix elements 

(m + ~ l L i , l n  + N) = nh,, (A 16) 
are independent of N .  It is then possible to identify the 
interaction between rotor bath and spin system in the 
state IN + n) with a differential rotation n relative to N ,  
with n the eigenvalues of the renormalized orbital 
angular momentum, since 

Ll, IN + n)  = nlN + n) .  

(rn + Nl4ln + N )  = &l(n+k). 

(A 17) 

(A 18) 

However, since the matrix elements 

are also independent of N ,  only this differential rotation 
is in fact important for the description of the MAS. This 
leads to a projection of the interaction onto a single set 
of renormalized states In), with n the eigenvalues of the 
orbital angular momentum, according to 

L,Iln) = nln). (A 19) 
The states In) are the equivalent of the Fourier states in 
our semi-classical approach. The spatial representations 
of these states are ( 2 ~ ) ~ ’ ’ ~  exp (incp’). 

The analogy between equation (A 19) and equation 
(1) illustrates that Rzf corresponds to the orbital angular 
momentum operator, i,, . In addition, the spatial repre- 
sentation of R,,, is -i(d/dcp’), which is identical to the 
spatial representation of the orbital angular momentum 
operator i,~, and the spatial representation of F, is 
exp (ikp’), which is identical to the spatial representa- 
tion of 2,. The equivalents of the matrix elements given 
in equation (A 16) and (A 18) are 

(mlRi,fln) = nSnm (A 20) 

(mIPAn) = h m ( n + k ) ,  (-421) 

and 

independent of N .  

In fact it is in the quasi-classical formalism that the 
renormalization of the operators Lzl 4 I,:,, is replaced 
by a renormalization of the states ( N  + n)  4 In) This 
step formally requires N + 0, which can be done 
without loss of generality provided the 2, are defined 
independently for IN/ + m, since the matrix elements 
(rn + NIUkln + N )  are independent of N ,  according to 
equation (A 18). Likewise, in the semi-classical Floquet 
description the matrix elements (rn + Nlkkln + N) are 
independent of N ,  but the introduction of two degrees 
of freedom in equation (29) is essential. First, the p’ 
leads to the correct F, with Acp’ = 0. In parallel a com- 
plete representation of the MAS within the single set of 
renormalized states In) can be obtained along the second 
degree of freedom t .  The spatial representation of the 
Floquet Hamiltonian 

(A221 29 = 29 s + Wr&, 

describing the renormalized energy, is identical to the 
spatial representation of i%Q, while ;he matrix elements 
of the renormalized Hamiltonian 2 are 

( m  + ~ ~ i ? ’ Q l n  + N) = (rnl.291n). (A 23 

[k,!, F,] = nF,, (A241 

In this framework there is 

isomorphic with equation (A 11). Those equations imply 
that in both cases the transformation under sample rota- 
tion of the Hamiltonian, e.g. from the rotor angle frame 
to the rotor frame, are independent of N, since &‘Q is 
expressed in terms of in, and 2# IS expressed in terms 

It is thus possible to describe sample spinning in a N 
independent approach using Floquet Hamiltonian Hs 
and a single set of Fourier states In), leading to the semi- 
classical approach given in this article. 

* r .  

of F,. 

References 
[l] ANDREW, E. R., BRADBURY, A., and EADES, R. G., 1958, 

Nature, 182, 1659; LOWE, I. J . ,  1958, Phys. Rev. Lett., 2, 
285. 

[2] CREUZET, F., MCDERMOTT, A., GEBHARD, R., VAN DER 
HOEF, K . ,  SPIJKER-ASSINK, M. B., HERZFELD, J., 
LEVITT, M. H., and GRIFFIN, R. G., 1991, Science, 251, 
783. 

[3] FENG, X., VERDEGEM, P. J. E., LEE, Y. K., SANDSTROM, 
D., EDEN, M., BOVEE-GEURTS, P., DE GRIP, W. J., 
LUGTENBURG, J., DE GROOT, H. J. M., and LEVITT, M. 
H., 1997, J .  Am. Chem. Soc., 119,6853. 

[4] BOENDER, G. J., RAAP, J., PRYTULLA, S. ,  OSCHKINAT, 
H., DE GROOT, H. J. M., 1995, Chem. Phys. Lett., 237, 
502; BOENDER, G. J., 1996, Thesis, Leiden University, The 
Netherlands. 

[5] BALABAN, T. S., BOENDER, G. J . ,  HOLZWARTH, A. R., 
SCHAFFNER, K.,  and DE GROOT, H. J. M . ,  1995, 
Biochemistry, 34, 15259. 



934 Physics of MAS N M R  Floquet theory 

[6] BOENDER, G. J., BALABAN, T. S., HOLZWARTH, A. R., 
SCHAFFNER, K., RAAP, J., PRYTULLA, S., OSCHKINAT, 
H., and DE GROOT, H. J. M., 1995, Proceedings of the 
Xth Photosyntherrs Congress I ,  p. 347. 

[7] BENNET, A. E., OK, J. H., GRIFFIN, R. G.,  and VEGA, S., 
1992, J. chern. Phys., 96, 8624. 

[8] MARICQ, M. M., and WAUGH, J. S., 1979, J.  chem. Phys., 
70, 3300. 

[9] SHIRLEY, J. H., 1965, Phys. Rev. B, 4, 979. 
[lo] ZUR, Y., LEVITT, M. H., and VEGA, S., 1983, J. chern. 

[l I ]  FLOQUET, M. G., 1883, Ann. Ecole normale Suppl. 12,47. 
[I21 VEGA, S., OLEJNICZAK, E. T., and GRIFFIN, R. G., 1984, 

J. chem. Phys., 80,4832. 
[I31 SCHMIDT, A,,  and VEGA, S., 1992, J. chem. Pizys., 96, 

2655. 
[14] WEINTRAUB, O., and VEGA, S., 1993, J. magn. Res. A, 

105, 245. 
[I51 ZAX, D. B., GOELMAN, G., ABRAMOVICH, D., and VEGA, 

S., 1990, Adv. magn. reson., 15, 219. 
[I61 LEVANTE, T. O., BALDUS, M., MEIER, B. H.. and ERNST, 

R. R., 1995, Molec. Phys., 86, 1195. 
[I71 FILIP, C., FILIP, X., DEMCO, D. E., HAFNER, S., 1997, 

Molec. Phys., 92, 757. 
[I81 MEHRING, M., 1983, Principles of High Resolution N M R  

Spectroscopy in Solids, 2nd Edn. (Berlin: Springer- 
Verlag). 

Phys., 12, 47. 

[I91 GOLDMAN, M., 1993, J. magn. Res. A, 102, 173. 
[20] LLOR, A., 1992, Chem. Phys. Lett., 199, 383: 1993, Chem. 

Phys. Lett., 204, 217. 
[21] GOLDMAN, M., GRANSINETTI, P. J., LLOR, A., 

OLEJNICZAK. Z., ZWANZIGER, J. W., and SACHLEBEN, J. 
R., 1992, J .  chem. Phys., 97, 8947. 

[22] MARICQ, M. M., 1986, J. chem. Phys., 85, 5167. 
[23] KUBO. A,,  and MCDOWELL, C. A,,  1990, J. chem. Phys., 

93, 7136; NAKAI, T.,, and MCDOWELL, C. A,, 1992, J. 
chem. Phys., 96, 3452; 1996, Molec. Phys., 88, 1263; 
GREGORY, D. M., MEHTA, M. A., SHIEL, J. C., and 

DROBNY, G. P., 1997, J. chem. Phys., 107, 28; KUNDLA, 
E., and LIPPMAA, E., 1995, J. chem. Phys., 102, 1569. 

[24] MARICQ, M. M., 1993, Phys. Rev. A, 48 1832. 
[25] DAVYDOV, A .  S., 1991, Quantum Mechanics (Oxford: 

[26] VILLAIN, J., 1974, J. Phys. (Paris), 35, 27. 
[27] ROSE, M. E., 1985, Elementary Theory of Angular 

Mo~zentum (New York: Wiley). 
[28] HIGMAN, B., 1955, Applied Group-Theoretic and Matrix 

Methods (Oxford: Clarendon Press). 
[29] EDMONDS, A. R.. 1960, Angular Momentum in Quantum 

Mechanics (Princeton: Princeton University Press). 
[30] RACAH, G., 1942, Ph+vs. Rev., 62, 438. 
[31] WAUGH, J. S., HUBER, L. M., and HAEBERLEN, U., 1968, 

Phys. Rev. Lett., 20, 180. 
[32] HAEBERLEN, U., 1976, High Resolution N M R  in Solids: 

Selective Averaging, Supplement 1 to Adv. magn. Res. 
(New York: Academic Press). 

[33] JUDD, B. R.,  1963, Operator Techniques in Atomic 
Spectroscopy (New York: McGraw-Hill). 

[34] ANDREW, E. R., 1971, Progress in N M R  Spectroscopy. 
Vol. 8, edited by J. W. Emsley, J. Feeney and L. H. 
Sutcliffe (London: Pergamon Press), p. 1. 

[35] SLICHTER, C. P., 1990, Principles of Magnetic Resonance, 
Vol. 1, Springer Series in Solid-state Sciences (Berlin: 
Springer). 

[36] ERNST. R. R., BODENHAUSEN, G., and WOKAUN, A., 
1987, Principles of Nuclear Magnetic Resonance in 
One and Two Dimensions, Vol. 14, International Series 
of Monographs on Chemistry (Oxford: Clarendon Press). 

[37] LANDAU, L. D., and LIFSHITZ, E. M., 1981, Quantum 
Mechanics, Vol. 3, 3rd Edn, Course of Theoretical 
Physics, edited by L. D. Landau and E. M. Lifshitz 
(Oxford: Pergamon Press). 

[38] BERESTETSKII, V. B., LIFSHITZ, E. M., and PITAEVSKII, L. 
P., 1982, Quantum Electrodynamics, Vol. 4, 2nd Edn, 
Course of Theretical Physics, edited by L. D. Landau 
and E. M. Lifshits (Oxford: pergamon Press). 

Pergamon Press). 




