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List of Symbols

∥·∥p,G The Haar-measure induced p-norm on functions G→ C, where
G is a locally compact abelian group G. In this thesis, p is either
1, 2 or ∞ in this context. The subscript G is often suppressed,
as well as the subscript p in the case of p = 2 (page 43)

f |H The periodization of a function f : G → C with respect to a
subgroup H ⊆ G (page 45)

f
∣∣
H

The restriction of a function f : G → C with respect to a
subgroup H ⊆ G (page 45)

|·⟩, ⟨·|, ⟨·|·⟩ The ket, bra and bra-ket notation, used for quantum states in
a quantum Hilbert space H (page 41)

⌊·⌉, ⌊·⌋, ⌈·⌉ Respectively, rounding to the nearest integer (x ∈ [− 1
2 ,

1
2 )

rounds to 0), rounding down and rounding up
⋆ The convolution operation on functions on a locally abelian

group G (page 45)
L·M The diagonal embedding of K into the Arakelov divisor group

DivK . The notation LpM and LνM for prime ideals and places
is also used for the generators in the Arakelov divisor group
(page 59)

·̂ The dual group of a locally compact abelian group, e.g., Ĝ is
the dual group of G (page 42)

·̃ An approximation; for example, B̃ indicates an approximation
of B

·0 The subgroup of elements of norm or degree one, where the
norm or degree is induced by the associated number field.
For example, Div0

K , Pic0
K (page 60), K0

R (page 53), J 0
K , C0

K

(page 148)
·m The ray analogue of a number field related group, involving

m. For example, DivKm , PicKm (page 59), ImK (page 54), ClmK
(page 62)

·̈ A discretized analogue of a continuous object. For example, D̈
for a discretized version of a continuous distribution
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List of Symbols

(
α
b

)
m,K

The m-th power residue symbol, where the top argument is an
element of K and the bottom argument is an ideal of a number
ring of K; if K is clear from context, this notation is dropped
(page 238)

(α, β)p The m-th Hilbert symbol, where both arguments α, β are ele-
ments of the p-adic completion Kp of the associated number
field K; the ‘power’ m is always clear from the context and not
included in the notation (page 259)

(ϕ,M) The signature symbol of the automorphism ϕ on a finite admis-
sible module M (page 245)

(xσ)σ, (rσ)σ Elements in KR, written as vectors indexed by the embeddings
of K into C (page 53)

1G The unit character on the locally compact abelian group G

a, b, c, . . . Ideals of the ring of integers of a number field, elements of IK

(page 54)
[a], [b], [c], . . . Ideal classes, elements of ClK (page 55)
a,b, c, . . . Arakelov divisors, elements of DivK (page 59)
[a], [b], [c], . . . Arakelov classes, elements of PicK (page 60)
af ,a∞ The finite part and respectively infinite part of an Arakelov

divisor a (page 61)
Br(x) The ball of radius r around x with respect to the 2-norm

(page 77)
Br(X) The union of balls

⋃
x∈X
Br(x) over all x ∈ X (page 91)

rB∞, (rσ)σB∞ The box of radius r around 0 with respect to the ∞-norm
(page 210) respectively the distorted box of component-wise
radius (rσ)σ (page 226)

C In Chapter 3, the ‘target set’ of the algorithm, i.e., the set of
good outcomes of a measurement (page 102)

C(r,N (c)) The volume of the simplex with edge length (n log r− logN (c))
and dimension r, which equals (n log r− logN (c))r/r! whenever
N (c) ≤ rn and zero otherwise (pages 215 and 279)

CK The idèle class group of a number field (page 55)
ClK The class group of a number field (page 55)
ClmK The ray class group of a number field (page 62)
CM The hypercircle {(xσ)σ ∈ KR | |xσ| = M} (page 175)
C̈M The discretized hypercircle (page 192)
cov2(Λ), cov∞(Λ) The covering radius of a lattice Λ with respect to the 2-norm

or the ∞-norm respectively (page 72)
d The map sending IK to DivK by using the valuations of the

prime ideals as coefficients for the finite places of the Arakelov
divisor (page 61)
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List of Symbols

d0 The map sending IK to Div0
K by using the valuations of the

prime ideals as coefficients for the finite places of the Arakelov
divisor, and a fraction of the negative logarithmic norm of the
ideal at the infinite places (page 61)

D Generally, a distribution. In Chapter 6, it is a distribution over
Div0

Km

[D] The Km,1-periodization D|K
m,1

of a distribution D over Div0
Km

(page 210)
Dxa The distribution representation of an ideal lattice xa (page 174)
Dm The group 1

q
Zm/Zm ⊆ Tm, a q-discretized version of the unit

torus (page 42)
Dm

rep The standard representation 1
q
Zm ∩ [− 1

2 ,
1
2 )m of Dm (page 42)

D̂m The dual of Dm, isomorphic to Zm/qZm (page 42)
D̂m

rep The standard representation Zm ∩ [− q
2 ,

q
2 )m of D̂m (page 42)

deg(·) The degree of an Arakelov divisor; a weighted sum of the coeffi-
cients associated with the places. Equivalently, the logarithm of
the determinant of the ideal lattice associated with the Arakelov
divisor (page 60)

det(·) The determinant of a matrix, or, the determinant of a lattice
Λ, which is equal to its covolume Vol(Λ) (page 72)

DivK The Arakelov divisor group of a number field K, consisting of
formal sums of places of K (page 59)

DivKm The subgroup of the Arakelov divisor group consisting of formal
sums not involving the places dividing the modulus m (page 59)

Exp(a) The exponentiation map sending an Arakelov divisor a ∈ DivK

to an ideal lattice in IdLatK (page 73)
Exp(a)×

τ The τ -equivalent generators of the Arakelov ray divisor a
(page 208)

f In Chapter 3, the periodic function over Rm that ‘hides’ the
lattice Λ (page 81)

FG{·} The Fourier transform with respect to the locally compact
abelian group G (page 44)

GX,s The (discrete) Gaussian distribution with deviation s, where
the structure of the space X determines whether G is continuous
or discrete (page 79)

h In Chapter 3, the ‘wave packet variant’ of the periodic function
over Rm that hides the lattice Λ (page 102)

H The hyperplane Log(K0
R) in Log(KR) where the Logarithmic

unit lattice ΛK = Log(O×
K) lives in (page 54). Occasionally, a

subgroup of a locally abelian group G

H In Chapter 3, a finite-dimensional quantum Hilbert space
(page 41). In Chapter 4, a Hecke operator (page 142).
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List of Symbols

HP The Hecke operator with respect to a finite set of prime ideals
P; this set is omitted in the notation if it is clear from context
(page 142)

hK The class number |ClK | (page 53)
h+

K The class number of the maximal totally real subfield of K
(page 55)

IK The group of fractional ideals of the ring of integers of a number
field K (page 54)

ImK The subgroup of IK consisting of ideals coprime to a modulus
m (page 54)

JK The idèle group of the number field K (page 55)
IdLatK The group of ideal lattices of the number field K (page 73)
K A finite-degree number field (page 53)
Km,1 The multiplicative subgroup of K generated by the elements in

OK that are equivalent to 1 modulo the modulus m (page 55)
Km The multiplicative subgroup of K generated by the elements in

OK that are invertible modulo the modulus m (page 55)
KR The tensor product R ⊗Z K where K is a number field; also,

co-domain of the Minkowski embedding (page 53)
K0

R The subgroup of KR consisting of those elements whose K-
induced algebraic norm equals 1 (page 54)

Kν ,Kp The completion of K with respect to the place ν or prime p

(page 55)
ℓ Generally, a lattice point ℓ ∈ Λ
ℓ∗ Generally, a dual lattice point ℓ∗ ∈ Λ∗

L(χ, s) The L-function associated with a Hecke character χ of a number
field K(page 56)

Lp(G) The metric vector space of measurable functions f : G → C
on a locally abelian group G for which the p-norm ∥f∥p,G

is well-defined and finite (modulo functions with norm zero)
(page 43)

Lip(f) The Lipschitz constant of a function f between two normed
spaces (page 90)

Log The logarithmic map K → Log(KR) defined by taking the loga-
rithm of the absolute value of each component of the Minkowski
embedding (page 54)

m In Chapter 3, the dimension of the hidden lattice; in Chapter 7
the m in the m-th power residue symbol

m An ideal modulus of a number field, consisting of a formal
product of finite places of that number field (page 54)

n The degree [K : Q] of the number field K (page 53)
nR The number of real embeddings K ↪→ R (page 53)
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List of Symbols

nC The number of conjugate pairs of complex embeddings K ↪→ C
(page 53)

N (·) The algebraic norm of a number field element or ideal (page 55)
o(·) The Bachmann-Landau Small-o notation
O(·) The Bachmann-Landau Big-O notation
Õ(·) The soft-O notation, ignoring polylogarithmic factors
OK The ring of integers of the number field K (page 53)
O×

K The unit group of the number field K (page 54)
O×

Km,1 The ray unit group of the number field K with respect to the
modulus m, i.e., O×

K ∩K
m,1 (page 62)

ordp The valuation with respect to the prime ideal p (page 54)
p A prime ideal of a number field (page 54)
pν A prime ideal of a number field uniquely associated with the

finite place ν (page 53)
PrincK The subgroup of principal ideals in IK , i.e., those generated by

a single element in K (page 55)
q A prime ideal of a number field (page 54)
q∞(χ) The infinite part of the analytic conductor of a Hecke character

χ ∈ P̂ic0
Km (page 151)

q The discretization parameter in the continuous hidden subgroup
quantum algorithm (page 100)

Q log(q), the numbers of qubits ‘per dimension’ in the continuous
hidden subgroup quantum algorithm (page 87)

r Generally, the radius of a ball or box in a vector space; in
Chapter 3, part of the definition of a function being (r, ϵ)-
separating (page 91)

r The rank of the unit group of a number field K, which equals
nR + nC − 1 (page 54)

RK The regulator of the number field K, strongly related to the
volume of T (page 53)

S In Chapter 3, the space of quantum states (page 90). In Chap-
ters 6 and 7, a set of integral ideals of the ring of integers of a
number field K (page 209)

Sm A set of integral ideals of the ring of integers of a number field
K that are coprime with the modulus m (page 209)

SB The set of all B-smooth integral ideals of OK , i.e., all integral
ideals having only prime ideal factors with norm ≤ B (page 205)

|S(t)| The number of ideals in S with norm bounded by t (page 209)
s The deviation for the Gaussian function or the (discrete) Gaus-

sian distribution. Occasionally, input variable of zeta functions
and L-functions
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List of Symbols

span(·) The linear subspace spanned by the vectors or the lattice within
the brackets

Tm The unit torus Rm/Zm (page 42)
Tm

rep The standard representation [− 1
2 ,

1
2 )m of the unit torus Tm

(page 42)
T The logarithmic unit torus H/Log(O×

K) (page 54)
Tm The logarithmic ray unit torus H/Log(O×

Km,1 ) (page 62)
U(X) The uniform distribution over the compact space X (page 65)
Vol(·) Volume of the compact abelian group with respect to the fixed

given Haar measure (page 42), or, the covolume of a lattice
(also called the determinant of the lattice, (page 72))

WPic0
Km

(B,N, s) The random walk distribution over the Arakelov ray class group
Pic0

Km with prime ideal norm bound B, number of steps N and
Gaussian deviation s (page 140)

xa, yb Ideal lattices, elements of IdLatK (page 73)
ZH Orthogonal discretization of the hyperplane H where the log

unit lattice ΛK = Log(O×
K) lives in (page 191)

α, β, γ, . . . Generally, elements of a number field K (page 53)

βz Banaszczyk’s function z 7→
(

2πez2

n

)n/2
e−πz2

(page 77)
ΓK The maximum of the quotient between the outermost successive

minima λn(xa)/λ1(xa) over all ideal lattices xa ∈ IdLatK for a
fixed number field K (page 75)

δ In Chapter 3, the relative distance error in the dual sampling
algorithm (page 93). In the rest of the thesis, generally a small
distance or error

δS [x] The local density of the ideal set S around norm x (page 209)
∆K The discriminant of the number field K (page 53)
ε A small error parameter in [0, 1], often indicating the failure

probability of an algorithm
ϵ A parameter in the definition of a function being (r, ϵ)-

separating in Chapter 3 (page 91)
ζ(s) The Riemann zeta function
ζm A primitive m-th root of unity
ζK(s) The Dedekind zeta function with respect to the number field

K (page 56)
η In the dual lattice sampling algorithm of Chapter 3, the failure

probability of the algorithm (page 93). In the rest of the thesis,
a small error or sometimes a unit η ∈ O×

K

ηε(Λ) The smoothing parameter, the smallest s > 0 such that
ρ1/s(Λ∗\{0}) ≤ ε (page 77)

λ∗
1 The first successive minimum λ1(Λ∗) of the dual lattice, when-

ever the lattice Λ is clear from context (page 72)
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List of Symbols

λj(Λ) The j-th successive minimum of the lattice Λ with respect to
the 2-norm (page 72)

λ
(∞)
j (Λ) The j-th successive minimum of the lattice Λ with respect to

the ∞-norm (page 72)
λχ The eigenvalue of the character χ ∈ P̂ic0

Km under the Hecke
operator H

Λ A lattice, i.e., a discrete subgroup of a Euclidean vector space
(page 72)

Λ∗ The dual of the lattice Λ (page 72)
ΛK The log unit lattice Log(O×

K)
ΛKm The ray log unit lattice Log(O×

Km,1 ) = Log(O×
K ∩K

m,1)
µK The group of roots of unity of the number field K (page 53)
ν A formal place, associated with an absolute value |·| : K → R>0

on a number field K (page 53)
νσ The place associated with the absolute value induced by the

embedding σ : K → C (page 53)
ρs The Gaussian function x 7→ e−π∥x∥2/s2

(page 76)
ρK The residue lims→1(1− s)ζK(s) of the Dedekind zeta function

at s = 1 (page 56)
σ An embedding from a number field K into the complex numbers

C (page 53)
ς The deviation for the Gaussian function or the (discrete) Gaus-

sian distribution whenever s is already used
ϕ(m) The Euler indicator function, ϕ(m) = |(Z/m)∗| for m ∈ N>0

ϕ(m) The generalized Euler indicator function for ideals m ⊆ OK ,
ϕ(m) = |(OK/m)∗| (page 62)

χ A character χ ∈ Ĝ of a locally compact abelian group G, i.e., a
continuous group homomorphism from G to C (page 42)
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bound on the, 152
informal description of the, 139

Arakelov ray class groups, 60
earlier (cryptographic) work related to, 133
informal description of, 129
motivation for studying, 132
example of, 66
volume of, 64

Arakelov ray divisor, 59
(τ -equivalent) generator of an, 208
finite and infinite part of a, 61

Artin symbols
algorithm to compute, 261
Dedekind zeta function and its influence on computing, 263

Banaszczyk’s bound, see Gaussian distribution

class group and unit group of a number field, 53
quantumly computing the, 90
logarithmic unit lattice, see logarithmic unit lattice

concentrated
(R, q)-concentrated lattice distribution, 117

continuous hidden subgroup problem, 85
an informal description of the, 81
quantum algorithm solving the, 97

correctness of the, 92
summary of the, 87

research directions relating to the, 88
covering radius, see lattice
covolume, see lattice
cyclotomic units, 188

relation between the random walk theorem and the, 160
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Dedekind zeta function, 55
bound on the residue of the, 271
influence on the computation of Artin symbols of the, see Artin symbols

determinant, see lattice
discretization

errors in the continuous HSP quantum algorithm caused by, 100
need for discretization in the reduction algorithm, see worst-case to average-case

reduction on ideal lattices
distribution

average-case distribution for ideal lattices, 180
Gaussian, see Gaussian distribution

dual lattice of the hidden lattice
recovering the full, 94, 122

dual lattice sampling problem
an informal description of the, 87
analysis of the quantum algorithm solving the, 107
definition of the, 93
quantum algorithm solving the, 101
short analysis of the quantum algorithm solving the, 104
theorem about the quantum algorithm solving the, 93, 115

evenly distributed
p-evenly distributed lattice distribution, 117

exact sequences
kernel-cokernel, 280
the Arakelov ray class group within a diagram of, 61

extended Riemann hypothesis, 55

Fourier analysis
on the Arakelov ray class group (informal), 131
on the ray unit torus, 152
on locally compact abelian groups, 43
on the Arakelov ray class group, 65, 155

Gaussian distribution
discrete, 296
notation for the discrete and continuous, 79
results on shifting a discrete, 298
tail bounds on the discrete, 76

Gaussian quantum state
setting up the initial, 96, 294

generator
of an Arakelov ray divisor, see Arakelov ray divisor
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Hecke operator, 142
bounds on the eigenvalues of the, 143
informal description of the, 138

hidden lattice
recovering the basis of the, 95, 126

hidden lattice problem, see continuous hidden subgroup problem
Hilbert symbols, 260

using power residue symbols to compute, 259
HSP-oracle

(a, r, ϵ)-HSP oracle, 91

ideal density, see local density of an ideal set
ideal lattices, 73

associated to a Arakelov divisor, 73
definition of, 172
distribution representation of, 174

algorithm for the, 175
definition of the, 175
discrete algorithm for the, 194
properties of, 176

invariants of, 75
isometry of, 73
modulo isometry, see Arakelov ray class groups
need for an efficient representation of, 173
the Arakelov class group and its relation to, 74

ideals
sampling, see sampling
set of, see local density of an ideal set
smooth, 228

lattice
invariants of a, 71

Lipschitz continuity, 90
influence on the Fourier coefficients, 79

local density of an ideal set, 210
main theorem relating the sampling probability to the, 210

proof of the, 216
logarithmic unit lattice, 53

volume of the, 268

number field
invariants of a, 53
norm on a, 72
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period finding, see continuous hidden subgroup problem
periodization and restriction, 45
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earlier work, 236
efficiency of the, 259

cyclotomic, see power residue symbol in cyclotomic fields
power residue symbol in cyclotomic fields

algorithm computing the, 257
correctness of the, 257
informal description of the, 255
role of the random walk in the, 256

probability-density corresponence, see local density of an ideal set

random walk distribution on the Arakelov ray class group, 140
an informal description of the, 130
intuitive argument for the uniformity of, 136
algorithm mimicking the, 229

correctness of the, 231
random walk theorem for the Arakelov ray class group, 141, 161

applications of the, 162
interpretation of the, 161
proof overview of the, 138

reduction algorithm
for power residue symbols, see power residue symbol
on ideal lattices, see worst-case to average-case reduction on ideal lattices

representation
of ideal lattices, see ideal lattices

Riemann hypothesis, see extended Riemann hypothesis
rigorously sampling elements in ideals, 204

applications of, 206
earlier work related to, 207
the role of the random walk theorem in, 205

sampling
ideal sampling algorithm, 229

correctness of the, 228
uniformly sampling an element in a box, 226

sampling probability of ideals, see local density of an ideal set
separating

(r, ϵ)-separating function, 91
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shortest vector problem
Hermite variant of the, 72
self-reduction of the, see worst-case to average-case reduction on ideal lattices

simplex
volume of the, 267

smoothing parameter, see gaussian distribution
successive minimum, see lattice

trigonometric approximation
usage in Fourier analysis, 51
Yudin’s result, 283

unit group, see class group and unit group of a number field

worst-case to average-case reduction
informal description, 165
other works using random walks to obtain a, 170
on ideal lattices, see worst-case to average-case reduction on ideal lattices

worst-case to average-case reduction on ideal lattices
earlier works on, 170
informal description, 168
relation between cryptography and the, 170
algorithm for the, 181

closeness of discrete and continuous, 197
correctness of the, 183
discrete version of the, 196
explanation of the, 180

discretization of, 189
need for, 188

main theorem, 184
informal version, 167
loss of shortness quality in the, 186
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