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INTRODUCTION

Prediction models are pivotal for counseling patients about their prognosis and for 
risk stratification.[1] Interest often lies in predicting a non-fatal adverse event over a 
certain time period, e.g. breast cancer recurrence within 5 years after diagnosis. As 
study populations of common diseases increasingly consist of elderly individuals with 
high degrees of multimorbidity, patients will experience other events that preclude the 
occurrence of the event of interest.[2] For example, a patient with a previous breast 
cancer who dies from a cardiovascular cause can no longer experience breast cancer 
recurrence. In these settings prediction models should target the cumulative incidence 
(or absolute risk[3]) of the adverse event, which is defined as the probability of the event 
of interest occurring by a particular time-point with no other competing event occurring 
earlier. In the breast cancer example, the 5-year cumulative incidence of recurrence is 
the risk of developing a recurrence within 5 years taking into account that patients who 
die within 5 years cannot develop recurrence anymore. Failing to account for competing 
events during model development leads to overestimation of the cumulative incidence.
[4] The higher the risk of the competing event, the more pronounced the overestimation. 
Crucially, failing to account for competing events during validation leads to a distorted 
view on model performance, especially for calibration. This was recently revealed for 
an internationally recommended kidney failure prediction model, which systematically 
overestimated 5-year absolute risk of kidney failure in patients with advanced chronic 
kidney disease. The absolute overestimation by 10 percentage points on average and by 
37 percentage points in the highest risk group could result in overtreatment of patients 
and therefore led to the conclusion that the model was unfit for use in this population. 
This was missed in previous validation efforts which ignored the competing event of 
death.[5,6] We present model performance obtained when ignoring the competing risk 
and when accounting for it side-by-side in Supplementary material 1.

For predicting binary and time-to-event outcomes, useful guidance on how to perform 
model validation exists.[7-10] For time-to-event outcomes with competing risks, validation 
guidance is currently spread out over many technical papers which hampers the uptake 
of appropriate methods in medical research. We aim to provide an accessible overview 
of contemporary performance measures for time-to-event outcomes with competing 
risks. Our overview was made on behalf of the international STRengthening Analytical 
Thinking for Observational Studies (STRATOS) initiative (http://stratos-initiative.org), 
which aims to provide guidance documents for relevant topics in the design and analysis 
of observational studies for a non-specialist audience.[11] We focus on how to calculate 
and interpret performance measures with illustration using a breast cancer prediction 
model, including accompanying R code. 

Glossary 
Patients Where we refer to ‘patients’ one can also read individuals, participants or subjects. We 

use ‘patients’ to match our illustration using breast cancer data. 
Competing risks In the competing risks setting there are multiple event types that ‘compete’ for first 

occurrence. In the case study these are breast cancer recurrence and mortality before 
recurrence.

Primary event We assume one event type is the primary event of interest. In the case study, the 
primary event is breast cancer recurrence.

Prediction horizon The specified duration of time over which predictions are made. In the case study we 
focus on 5-year risks. 

Cumulative incidence The absolute risk of experiencing the primary event during the prediction horizon, 
taking into account that a patient who experiences a competing event will never 
experience the primary event. 

Primary event indicator A patient’s primary event status by the end of the prediction horizon: did the patient 
experience the primary event before or at that time-point? If so, the primary event 
indicator is 1. If the event indicator is 0, this may mean either that the patient has 
not experienced any event by the end of the prediction horizon or that the patient 
experienced a competing event by that time point.

Censoring When the patient’s event status by the end of the prediction horizon is unknown, e.g. 
due to loss to follow up at an earlier time point. 

Observed outcome 
proportion 

This is the observed proportion of patients with the primary event. In a setting without 
censoring, this is the sum of the primary event indicators divided by the total number 
of patients. With censoring, the observed outcome proportions have to be estimated 
accounting for the incomplete observations. The observed outcome proportion 
represents the actual underlying cumulative incidence.

Risk estimates (or 
estimated risks)

These are the estimates of cumulative incidence from the developed prediction model. 
Typically, risks up to one or a few time-points are of particular interest. We want to 
evaluate the performance of these risk estimates for new patients.

Stand first
Thorough validation is pivotal for any prediction model before it is advocated for use in 
medical practice. For time-to-event outcomes such as breast cancer recurrence, death 
from other causes is a competing risk. Model performance measures must account 
for such competing events. In this paper, we present a comprehensive yet accessible 
overview of performance measures for this competing event setting, including the 
calculation and interpretation of statistical measures for calibration, discrimination, 
overall prediction error, and clinical utility by decision curve analysis. All methods are 
illustrated for patients with breast cancer, with publicly available data and R code. 

Key messages 
•	 Validation is a necessary step for prediction models before being used in clinical 

practice.
•	 In the presence of competing risks, these other risks have to be accounted for at 

model validation.
•	 We provide a comprehensive overview of performance measures for calibration, 

discrimination, overall prediction error and decision curve analysis that account for 
competing events.

•	 Data and R code used for illustration of the measures is available from a GitHub page.
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neoadjuvant treatment. We used a random subset of 1000 patients from the registry 
as with this selection we were allowed to share the individual patient data open access. 
Among these 1,000 patients, 103 recurrences and 187 non-recurrence deaths occurred 
within 5 years follow up (cumulative incidence curve in Supplementary Figure 1). 

Performance measures for risk prediction models and accounting for competing 
risks 
We discuss performance measures for the following four validation aspects: calibration, 
discrimination, overall prediction error and decision curve analysis. We give the results 
of these performance measures in our breast cancer case study. Corresponding R 
functions are in Table 2, and technical descriptions in Supplementary material 4.

Calibration
Calibration refers to the agreement between observed outcome proportions and risk 
estimates from the prediction model. For example, in the breast cancer cohort, the 
model predicted a 14% absolute risk of breast cancer recurrence by 5 years on average. 
This implies that, if the model is well calibrated on average, we expect to observe a 
recurrence event in approximately 14% of the patients in the validation set within 5 
years. Ideally calibration is not only adequate on average (‘calibration in the large’), but 
across the entire range of predictions. 

Calibration plot
Calibration plots offer a detailed view on calibration by comparing observed and 
predicted outcomes among patients with the same estimated risk. The observed 
outcome proportions and estimated risks by a particular time-point of interest are 
plotted against each other, with deviations from the diagonal signalling miscalibration. 
A common approach is one where individuals are divided into approximately equally 
sized groups based on their risk estimates - for example in tenths of risk defined 
between deciles. Then, for each group, the observed outcome proportion is plotted 
against the estimated risk. The main challenge is how to incorporate censored data and 
competing events into the calculation of the observed outcome proportion. When using 
the grouping approach, the observed outcome proportion can be estimated using the 
Aalen-Johansen estimator (Supplementary material 4).[13-15] However, as the grouping 
approach has been criticized for arbitrariness of the categorization and potential loss of 
information, it is recommended to include a smoothed curve in the calibration plot.[16] 
One approach of obtaining a smooth curve is using pseudo-observations. These pseudo-
observations replace the primary event indicators, which gives a proxy ‘observed’ event 
indicator for all patients, even those that were censored observations (Box 1).[17] After 
this transformation into pseudo-observations, a smooth curve can be obtained using 
a non-parametric smoother of the observed outcome proportions (from the validation 

SETTING

In this paper, we assume a prediction model has already been developed. It should 
have been reported such that it allows calculating the estimates of the cumulative 
incidence (or absolute risk of an event) at the time point(s) of interest for new patients 
(Supplementary material 2). Our aim is to validate this model in an external dataset while 
accounting for competing events. Our focus is on external validation studies. The same 
performance measures could also be used during internal validation when combined 
with techniques such as bootstrapping or cross-validation.[12] Typically, interest is in the 
evaluation of the prediction of the primary event occurring by a single specific time-
point. If multiple time-points are of interest clinically, we may assess performance at 
each of these time-points or over a time range until the last time-point of interest.

Breast cancer case study
For illustration, we consider a simple competing risks prediction model for the cumulative 
incidence of breast cancer recurrence within 5 years after diagnosis developed on the 
FOCUS cohort, a Dutch cohort of consecutive breast cancer patients aged 65 years 
and older. We used cause-specific Cox proportional hazards regression modeling with 
the following four predictors: age at diagnosis, tumor size, nodal status, and hormone 
receptor status (Supplementary material 2 and Table 1). 

Table 1: Hazard ratios for the developed prediction model

Predictor 
at breast cancer diagnosis

Cause-specific hazards models
Recurrence Other cause mortality
cHR (95%CI) cHR (95% CI)

Age, years (80 vs 69) 1.18 (0.90-1.55) 3.41 (2.76-4.24)
Size, cm (3.0 vs 1.4) 1.49 (1.25-1.78) 1.46 (1.26-1.70)
Nodal status (positive vs negative) 1.66 (1.18-2.35) 1.20 (0.91-1.60)
HR status (ER-/PR- vs ER and/or PR+) 1.90 (1.31-2.78) 1.27 (0.90-1.80)
5 year baseline cumulative incidence 0.14 0.18

Abbreviations: cHR: cause specific hazard ratio; CI: confidence interval; HR: hormone receptor; ER: estrogen receptor 
status; PR: progesterone receptor status. For representation purposes, the cHR for the continuous predictors (age 
and size) are listed for the 75th versus the 25th percentile. Baseline cumulative incidence is presented at the overall 
mean of the linear predictor in the model. To estimate the 5-year cumulative incidence of recurrence for a new 
patient, first for each event the patient’s predictor values are multiplied by the cause-specific (log) hazard ratios and 
combined with the cause-specific baseline hazards. Secondly, the resulting cause specific hazards for both events 
are combined over time up to and including 5 years (Supplementary materials 2 and 4). 

We assess the performance of this model in patient data from the Netherlands Cancer 
Registry (NCR), which is a different dataset to that used for model development. We 
selected patients aged 70 years or older diagnosed with breast cancer between 2003 and 
2009 in the Netherlands who received primary breast surgery, and received no previous 
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data) versus estimated risks (from the model).[18,19] An alternative approach was 
recently proposed where the smoothed curve is obtained as predictions from a flexible 
regression model (Box 1).[20,21] Both for the pseudo-observations approach and for the 
flexible regression approach, the calibration curve will depend on the chosen strength 
of the smoothing, i.e. the span for the first approach and the degree of flexibility (e.g. 
number of knots when using splines) in the second approach. Advice on these choices 
can be found elsewhere.[18,21] The smoothed curve should only be plotted over the range 
of observed risks and not extrapolated beyond. 

The calibration plot for the breast cancer model shows that the predicted 5-year 
cumulative incidence of breast cancer recurrence is too high at the lower range of 
the estimated risks in the validation cohort (Figure 1, estimated using the pseudo-
observations approach). The calibration curve using the flexible regression approach 
showed similar overestimation (available from our GitHub page).

Box 1: Techniques for estimating performance measures from competing risks data in the 
presence of censoring.
Pseudo-observations
•	 A pseudo-observation is used as a proxy measure of the primary event indicator of each patient. 
•	 The pseudo-observations are calculated as the weighted difference between the cumulative incidence 

estimate at the prediction horizon based on all patients and the same quantity estimated leaving that 
patient out. 

•	 The advantage of pseudo-observations is that censored patients for who the primary event indicator is 
unknown, will have a pseudo-observation and can contribute to the calculation of the observed outcome 
proportion in a straightforward way. 

Smoothing using a flexible regression model
•	 The primary event is regressed on (a complementary log-log transformation of) the risk estimates, 

employing restricted cubic splines to allow a non-linear relationship. The shape and degree of smoothing 
is chosen by specifying the number and location of knots. Austin et al. propose to use a Fine and Gray 
model in this step.[20,21]

•	 Observed outcome proportions are estimated using the flexible regression model for all patients, 
including patients with a censored event status. 

Inverse probability of censoring weighting (IPCW)
•	 The intention with IPCW is to create a hypothetical population that would have been observed had no 

censoring occurred. 
•	 This can be achieved by up-weighting patients who are similar to censored patients but remain in the 

study longer. In other words, observations that were not likely to remain in follow-up are up-weighted. 
•	 The weights are estimated from a survival model with censoring as the outcome. 
•	 Observations are then weighted inversely to their probability of not being censored. 

Numerical summaries of calibration
A simple way to summarize overall calibration (or calibration-in-the-large) by a particular 
time-point, is a ratio of observed and expected outcomes (O/E ratio). An O/E of 1 
indicates perfect calibration-in-the-large, an O/E < 1 indicates that on average the model 
predictions are too high, and an O/E > 1 indicates that on average the model predictions 
are too low. In the presence of competing events, the O/E ratio can be calculated as the Ta
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Returning to the breast cancer validation cohort where we focus on the cumulative 
incidence of recurrence up to 5 years, we observe a somewhat too high estimated risk 
on average with an O/E ratio of 0.81 [95% CI 0.62 to 0.99]. The calibration intercept was 
estimated at -0.15 confirming the overestimation. For example, for an estimated risk of 
14%, the observed outcome proportion was 1-0.86^(exp(-0.15))=12%. The calibration 
slope was 1.22 [95% CI 0.84 to 1.60], which would indicate slightly too homogeneous 
predictions but the wide confidence interval precludes any firm conclusions. 

Table 3: Estimated values (95% confidence interval) of the performance measures in the external 
breast cancer data. O/E ratio: ratio of observed and expected outcomes, C/D AUCt: cumulative/
dynamic area under the receiving operator characteristic curve

Calibration
O/E ratio 0.81 (0.62 to 0.99)
Calibration intercept -0.15 (-0.36 to 0.05)
Calibration slope 1.22 (0.84 to 1.60)

Discrimination
c-index up to 5 years 0.71 (0.67 to 0.76)
C/D AUCt at 5 years 0.71 (0.66 to 0.77)

Prediction error
Brier score 0.09 (0.04 to 0.13)
Scaled Brier score 5.7% (1.6% to 8.2%)

Decision curve analysis Net Benefit at 20% threshold 0.014

Discrimination: C-index and area under the ROC curve
As well as being well calibrated, useful prediction models should assign higher risk 
estimates to patients who will experience the primary event earlier than others. This is 
their discriminative ability.

A commonly used performance measure for assessing discrimination over a certain 
time range is the c-index, also known as concordance index. The c-index assesses the 
ordering of predictions for all patient pairs where at least one has the event within the 
prediction horizon and the other is not censored earlier than that event.[24] The c-index 
is the proportion of these examinable pairs for which the patient with the highest 
estimated risk is observed to experience the event sooner than the other patient. Other 
versions of the c-index have been proposed that are less dependent of the study specific 
censoring mechanism.[25,26] The c-index ranges from 0.5 (no discriminating ability) to 1.0 
(perfect ability to discriminate between patients with different outcomes). 

In the competing risks setting, two definitions of comparison pairs have been considered 
(Supplementary material 4).[27] When the target is evaluating cumulative incidence, 
we propose to compare pairs where one individual has the primary event within the 

ratio of the observed outcome proportion by the prediction horizon (estimated by the 
Aalen-Johansen estimator[13]) and the average risk estimated by the prediction model 
under evaluation. We refer to Supplementary material 3 for an overview of alternative 
ways to summarize overall calibration. 

Figure 1: Calibration plot visualizing the estimates of cumulative incidence of breast cancer 
recurrence against the outcome proportions observed in the validation set. The 45 degree 
reference line indicates perfect calibration. The smooth curve was estimated using a linear loess 
smoother on the pseudo-observations with span of 0.33. The open dots along the x-axis indicate 
the distribution of risk estimates.

A further way to numerically summarize the calibration plot of predictions by a particular 
time-point is by calculating the calibration intercept and calibration slope. For competing 
risks data, these can be estimated using pseudo-observations, similar to those proposed 
for ordinary survival.[19] We provide details in Supplementary material 3. If on average 
the risk estimates equal the observed outcome proportions, the calibration intercept 
will be zero. The calibration slope equals one if the strength of the predictors match the 
observed strength in the validation set. The calibration intercept and slope can potentially 
be used for recalibration of existing models to fit better in new populations.[22,23] 
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useless model and <0% a harmful model in the sense that the predictions are further 
away from the observed data compared to the null model estimating the average risk 
for each patient. 

In the breast cancer validation cohort, the Brier score (lower is better) was 0.09 [95% 
CI 0.04 to 0.13]. The scaled Brier score (higher is better) showed 5.7% [95% CI 1.6% to 
8.2%] explained variation, which we consider fairly low.

Decision curve analysis
Discrimination, calibration and overall prediction error as described above are important 
when validating a prediction model but do not tell us whether the model would do more 
good than harm if used in clinical practice.[41,42] To use a risk model for making decisions, we 
have to choose a risk threshold. Patients with a risk exceeding the threshold are selected 
for additional clinical interventions. Using the risk model in this way leads to justified 
interventions (interventions in patients who would develop recurrence) and unnecessary 
interventions (interventions in patients who would not develop recurrence). The Net 
Benefit statistic is based on the proportion of justified interventions minus the proportion 
of unnecessary interventions (Box 2). However, it assigns a weight to the proportion of 
unnecessary interventions. This weight is related to the chosen threshold: the lower the 
threshold, the more we value justified interventions and the more we accept unnecessary 
interventions. The choice of the threshold depends on the (perceived) benefits and harms 
of the intervention. For example, a highly effective intervention with few side effects 
suggests using a low threshold. Different clinicians and patients may prefer different 
thresholds. Therefore, Net Benefit can be calculated for a range of reasonable thresholds, 
resulting in a decision curve.[41,43] The decision curve of a model is commonly compared to 
a reference scenario in which all patients receive the intervention (‘treat all’) and another 
scenario in which no intervention is given (‘treat none’). 

Box 2: Net Benefit for competing risks data

•	 Suppose a physician finds it reasonable that, to treat one patient who would otherwise develop a recurrence 
within 5 years, (e.g. with adjuvant systemic therapy), at most four patients are treated unnecessarily. This 
means at least 20% of treatments should be justified implying a risk threshold of 20%.. 

•	 The benefit of a prediction model is defined as the proportion of patients that are correctly classified as 
high risk. In presence of competing events, this proportion can be calculated as the cumulative incidence 
of recurrence among patients with estimated risk at or above 20%, multiplied by the proportion out of all 
patients with risk at or above 20%. 

•	 The harm from using the model is defined as the proportion of patients who are incorrectly classified 
as high risk. With competing events, this is calculated as one minus the cumulative incidence among 
patients with estimated risk exceeding 20% multiplied by the probability of exceeding that threshold 
(Supplementary material 4).[43]  

•	 The Net Benefit is the benefit minus the harm, in which the harm is assigned a weight. This weight is 
determined by the risk threshold. Here we find it reasonable that at least 20% (1 in 5) treatments is justified 
implying that the harm of an unnecessary treatment is considered four times smaller than the benefit of a 
justified treatment. The weight is therefore 1/4.[41,44,45] 

prediction horizon and the other either has the primary event later or experiences a 
competing event. Such a pair is considered concordant when the first individual has 
the higher estimated risk. In the presence of censoring, inverse probability of censoring 
weighting (IPCW) methods can be applied for estimating the c-index (Box 1).[28,27] 

If interest is not in the full range of observed follow up but only in the ability of a model to 
predict the event occurring by a single time-point of interest (e.g. the 5-year recurrence 
risk), the cumulative/dynamic area under the receiving operator characteristic curve (or 
AUCt) can serve as a measure of discrimination.[29] The calculation of AUCt is similar to 
the c-index except that patient pairs are only compared if one has a recurrence by 5 
years and the other has a recurrence later than 5 years or experiences the competing 
event (non-recurrence mortality).[ 30-32] The ordering of two patients having a recurrence 
after e.g. 2 years and after 3 years will not be in included in this calculation. The AUCt can 
be calculated for multiple time-points and shown in a curve. 

In the breast cancer data, the c-index calculated for the time range till 5 years of follow 
up was 0.71 [95% CI 0.66 to 0.76] and the AUC5 year was 0.72 [95% CI 0.66 to 0.77]. 
The AUCt showed a slightly decreasing trend over time with wide confidence intervals 
(Supplementary Figure 2). 

Overall prediction error
Overall model performance entails the overall ability of the model to predict whether 
a patient does or does not experience the primary event by a particular time point, 
combining both the calibration and the discrimination of a model. The Brier score 
summarizes the squared difference between the event indicators and the risk 
estimates.[33-35] For the competing risks setting, the Brier score is the average squared 
difference between the primary event indicator at the end of the prediction horizon and 
the absolute risk estimates by that time-point.[36,18] Weighting techniques or pseudo-
observations can account for censoring (Box 1).[36, 37] 

The Brier score can range from 0, for a perfect model, to 0.25, for a non-informative 
model in a dataset with an overall 50% event occurrence. When the overall outcome risk 
is lower, the maximum score for a non-informative model is lower, which complicates 
interpretation. Therefore, a scaled version of the Brier score has been proposed: 
1-(model Brier score / null model Brier score).[34, 38-40] The null model (without covariates) 
is a model that estimates the risk equally for all individuals and can in the setting of 
competing events be estimated by the Aalen-Johansen estimator.[13] The scaled Brier 
score can be interpreted as an R-squared type of measure, representing the amount 
of prediction error in a null model that is explained by the prediction model. It has 
a ‘higher is better’ interpretation with 100% corresponding to a perfect model, 0% a 
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CONCLUDING REMARKS

We provided an overview of performance measures for a comprehensive assessment 
of the performance of a competing risks prediction model. This typically requires 
specialist techniques to address censored data such as reweighing the observations or 
using pseudo-observations. Contemporary, free software facilitates all of the described 
approaches. The methods can be used for validating any developed time-to-event 
prediction model, as long as reporting enables calculation of absolute risk estimates for 
new patients at the time-point(s) of interest. 

We recognize that other performance measures are available that have not been 
described in this overview, which may be important under specific circumstances. For 
example, methods have been proposed for evaluating estimated absolute risks for 
several or all competing events at the same time.[47,48] Also, with exception of the c-index 
and AUCt curve we limited our descriptions to evaluating absolute risk predictions by 
a single specific time-point, since this is relevant for most clinical prediction problems. 
Several of the performance measures that we described can be extended to evaluating 
predictions by multiple time points or over the entire range of follow-up. Furthermore, 
we note that large sample sizes are often required for a reliable assessment of 
performance.[49-51]

The discussed performance measures relate to the full risk distribution (calibration, 
discrimination, overall performance) and to a decision-analytic perspective (potential 
impact to obtain better patient outcomes, or clinical utility). These measures are in line 
with the TRIPOD guidelines, which form a key framework for reporting of prediction 
models, including the increasingly common competing risks prediction models.[52]

Footnotes	
Contributors: All authors provided a substantial contribution to the design and 
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initial draft and is the guarantor for the study. DG analysed the breast cancer data. EB 
drafted the technical descriptions in Supplementary material 4. DG and EB are main 
authors of the GitHub page. The corresponding author had full access to all the data 
in the study and had final responsibility for the decision to submit for publication. The 
corresponding author attests that all listed authors meet authorship criteria and that no 
others meeting the criteria have been omitted.

Funding: The research of MPP is supported by the Slovenian Research Agency (grant 
P3-0154, ”Methodology for data analysis in medical sciences”).

The decision curve in Figure 2 shows the Net Benefit for predicting recurrence within 
5 years in the validation data. With a risk threshold of 20% (Box 2), the Net Benefit was 
0.014 (Table 2). This net result of 14 out of 1000 patients is made up out of 34 patients 
whom the prediction model points out correctly as they would develop recurrence if 
untreated (benefit) versus 81 patients whom the model points out incorrectly and are 
overtreated (harm). Given the weight of 1/4 implied by the risk threshold (Box 2), this 
leads to the net result of 34-81/4=14 net more benefiting patients when applying the 
prediction model to 1000 patients. 

A Net Benefit greater than zero and exceeding that of the reference scenarios suggests 
that the prediction model can add value to clinical decision making. The decision whether 
or not to implement a model in practice will be further based on practical considerations 
such as costs and ease with which the information needed in the model can be obtained. 
In our breast cancer illustration, all four variables are readily available, but in other cases 
covariate information can be expensive or invasive to obtain. Preferably a formal impact 
trial is performed to obtain definite evidence on the clinical utility of using a prediction 
model for clinical decision making.[46]

Figure 2: Decision curve for validation of the prediction model developed for estimation of the 
absolute risk of breast cancer recurrence. The solid black line refers to a scenario where the 
predictions from the model are compared to the threshold probabilities to decide who receives 
the intervention. The solid gray line refers to a scenario where all patients receive the intervention. 
The dashed line refers to a scenario where no patients receive the intervention.
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Figure 2: Calibration plots for external validation of the 2- and 5-year Kidney Failure Risk Equation 
(KFRE) in a subset of older patients. The external validation was performed ignoring competing 
risks (red points and line) and by using a competing-risks approach (green points and line). The 
competing-risks approach represents the model performance for the absolute kidney-failure risk 
in a setting in which patients may die. 
In panel (b) the patients with 10% highest risk have an estimated probability of 0.89. when ignoring 
competing events, the observed outcome probability is 0.81, whereas when accounting for 
competing events the observed outcome probability is only 0.52 (29 percentage points lower). 

Table 2: Calibration and discrimination results for external validation of the 2- and 5-year KFRE, 
in a subset of patients aged ≥70 years (n = 8654). The external validation was performed in two 
manners, first by ignoring the competing risk of death by censoring these patients and using 
Kaplan–Meier estimates and second by validating the models whilst taking account of competing 
risks in all performance measures.

KFRE 2-year model KFRE 5-year model
Ignoring competing 
events by censoring

Taking competing 
events into account

Ignoring competing 
events by censoring

Taking competing 
events into account

Average predicted 
risk 

13%  13%  34%  34% 

Average observed 
probability (95% CI) 

11% 
(11%–12%) 

10% 
(9%–10%) 

28% 
(27%–29%) 

19% 
(18%–20%) 

O/E ratio (95% CI)  0.91 
(0.86–0.96) 

0.78 
(0.73–0.83) 

0.84 
(0.81–0.87) 

0.57 
(0.54–0.59) 

C-index (95% CI)  0.826 
(0.810–0.841) 

0.813 
(0.797–0.828) 

0.817 
(0.803–0.830) 

0.791 
(0.778–0.805) 

KFRE, Kidney Failure Risk Equation; O/E, observed/expected; CI, confidence interval.

w1 Ramspek CL, Teece L, Snell KIE, et al. Lessons learnt when accounting for competing 
events in the external validation of time-to-event prognostic models. International 
Journal of Epidemiology 2021:dyab256. doi:10.1093/ije/dyab256

SUPPLEMENTAL MATERIAL

Supplementary material 1 - Ignoring competing risks during model validation
The following results are adapted from Tables 1 and 2 and Figures 3 and 4 published in 
a study by Ramspek et al., with permission [w1].

Figure 1: Calibration plots for external validation of the 2- and 5-year Kidney Failure Risk Equation 
(KFRE). The external validation was performed ignoring competing risks (red points and line) and by 
using a competing-risks approach (green points and line). 

Table 1: Calibration and discrimination results for external validation of the 2- and 5-year KFRE, in 
the entire validation cohort (n = 13 489). The external validation was performed in two manners, 
first by ignoring the competing risk of death by censoring these patients and using Kaplan–Meier 
estimates and second by validating the models whilst taking account of competing risks in the 
performance measures.

KFRE 2-year model KFRE 5-year model
Ignoring competing 
events by censoring

Taking competing 
events into account

Ignoring competing 
events by censoring

Taking competing 
events into account

Average predicted 
risk 

17%  17%  41%  41% 

Average observed 
probability 
(95% CI) 

18% 
(17%–19%) 

16% 
(15%–17%) 

41% 
(40%–42%) 

31% 
(30%–32%) 

O/E ratio 
(95% CI) 

1.06 
(1.02–1.10) 

0.94 
(0.91–0.98) 

1.00 
(0.98–1.02) 

0.76 
(0.74–0.78) 

C-index
 (95% CI) 

0.840 
(0.831–0.849) 

0.834 
(0.825–0.843) 

0.829 
(0.821–0.837) 

0.814 
(0.806–0.822) 

KFRE, Kidney Failure Risk Equation; O/E, observed/expected; CI, confidence interval.
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The prediction model we use for illustration of performance measures in the manuscript 
was developed using the CSH approach. The discussed validation methods are equally 
applicable to other competing risks models such as the SDH approach, (flexible) 
parametric models and random survival forests, as long as the models provide sufficient 
information to calculate the estimated absolute risks for new patients. 

Development data
We developed the prediction model on the FOCUS cohort.[w9] In this retrospective 
cohort, all consecutive patients aged 65 years or older with breast cancer diagnosed in 
the South-West region of the Netherlands in the years 1997-2004 were included. The 
registry contains information on patient-characteristics including tumor characteristics, 
treatment and disease recurrence. Follow-up data on patient survival (maximal 5 years) 
was obtained by linkage with the municipal population registries. We applied the following 
inclusion criteria (same inclusion criteria that were used in the validation cohort): patients 
with primary breast cancer who received primary breast surgery, and received no previous 
neoadjuvant treatment. We used a random subset of 1000 patients to allow Open Access 
data sharing. Out of these 1000 patients in the development set, 135 developed breast 
cancer recurrence and 204 had a non-recurrence death within the five years follow up 
(cumulative incidence curve in Supplementary Figure 1). Except for the higher age inclusion 
criterion in the validation cohort, patients were rather similar on the listed characteristics 
in the development and validation cohorts (Supplementary Table 1).

Model development
Using the CSH approach, we combined the two Cox proportional hazards models for 
recurrence and death. In both models, we used age, tumor size, nodal status, and 
hormone receptor status as predictors. We assessed the proportionality assumptions 
of the models visually and with tests based on Schoenfeld residuals, and did not observe 
strong deviations. We assessed the linearity of the effects of age and tumor size by 
comparing model fit (Akaike’s Information Criterion) using linear covariate effects and 
using restricted cubic splines. Linear effects showed adequate fit. Larger tumor size, 
positive nodal status and negative hormone receptor status were strong predictors of 
breast cancer recurrence (Supplementary Table 2). Age was strongly related to non-
recurrence mortality. 

Fine and Gray model
For completeness we repeated our illustration with a model developed using the SDH 
approach. Code for development and validation of such a model is available from out 
GitHub page. In the SDH approach, we used a Fine and Gray sub-distribution hazards 
model following the same steps as in the CSH approach. Validation results were highly 
similar to those of the CSH approach presented in the main manuscript.

Supplementary material 2 Details on the development of the prediction model
Cause specific versus sub-distribution approach
Analysis methods for predicting absolute risks in competing risks data typically use 
either the cause-specific hazards for all events (CSH approach) or the sub-distribution 
hazard of the primary event (SDH approach). In short, in the CSH approach separate 
regression models are developed for each event, censoring patients who experience 
the other events. By combining the separate models, the absolute risk of the primary 
event can be calculated.[w1] In the SDH approach, a single regression model is developed 
that directly relates to the absolute risk of the primary event.[w2,w3] More details on both 
approaches can be found in Supplementary material 4. 

Although most published competing risks prediction models used the SDH approach (in 
particular the Fine and Gray model), the CSH approach has two important advantages. 
Firstly, when calculating absolute risks for multiple competing events, the sum of these 
risks should remain below one. With the CSH approach this is guaranteed, whereas in the 
Fine and Gray model it is not.[w4] Secondly, in the CSH approach the hazard ratios are well 
interpretable as they link to a single event instead of to a combination of events.[w5,w6] This 
can be useful for understanding a model’s behavior and allows including causal thinking 
into model development which in turn may lead to models that generalize more easily.
[w7,w8] Subdistribution (SD) hazard ratios from a Fine and Gray model may be interpreted 
as directly reflecting the association with absolute risks at the price of a proportionality 
assumption of such hazard ratios that is difficult to motivate from a biological viewpoint. 
For instance, a variable may appear protective for the event of interest based on a SD 
hazard ratio below one, whereas actually it could just as well be a risk factor for the event 
of interest if the variable is a strong risk factor for a competing event at the same time. 

In contrast to the SDH approach, a practical disadvantage of the CSH approach is that 
calculating absolute risk estimates for new patients cannot be done by hand with a 
simple formula. It requires access to the cause-specific baseline hazard functions over 
time up to and including the time point of interest, the cause-specific hazard ratios 
for each event and the reference levels of the covariates they refer to. As individual 
patient predictions are typically made through electronic tools (webforms or apps), no 
issues are foreseen when using such models in clinical practice. For scientific validation 
of prediction models, the model information is preferably shared in full to facilitate 
calculating predictions for many new patients in one go. We provide R code for sharing 
and using model information when using the CSH approach without having to share 
raw data at our GitHub page. For the SDH approach, calculating the absolute risks for 
new patients requires the estimated baseline absolute cumulative risk at the prediction 
horizon, the sub-distribution hazard ratios for the primary event and the reference 
levels of the covariates that they refer to. 
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Supplementary material 3 Details on calibration measures
Alternative numerical summaries of overall calibration (calibration-in-the-large)
In the main paper we present the O/E ratio to summarize overall calibration into a 
single number. An alternative way to summarize overall calibration is by calculating the 
average distance between the calibration curve and the diagonal (i.e., the line that would 
indicate perfect calibration). When the distance is averaged on the squared scale, this 
leads to what has been referred to as the ‘mean squared bias’.[w1,w2] When reported, we 
recommend using the root mean squared bias to facilitate interpretation. To calculate 
the distance between the calibration curve and diagonal, we need the (smoothed) 
estimate of the observed outcome proportion for each patient’s estimated risk. As for 
the calibration curve, these smoothed outcome proportions can be estimated using 
pseudo-observations[w1] or by using a flexible regression model[w3,w4] and will depend 
on the chosen degree of smoothing (Box 1). The difference with the definition of the 
Brier score discussed in the main of the paper is that we here compare the predictions 
to observed outcome proportions, and not to individual (zero or one) primary event 
indicators as is the case with the Brier score.

Recently, averaging the distance on the absolute scale was proposed, leading to a 
measure called the integrated calibration index (ICI).[w3,w4] Both the root mean squared 
bias and the ICI indicate how far off target the risk estimates are on average. We prefer 
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Calibration intercept and calibration slope for competing risks data
A pseudo-observation is used as a proxy measure of the primary event indicator at the 
time-point of interest for each patient (did the patient experience the primary event 
before or at the prediction horizon or not). The pseudo-observations are calculated as 
the weighted difference between the cumulative incidence estimate at the prediction 
horizon based on all patients and the same quantity estimated leaving that patient 
out. These are so-called ‘jackknife’ pseudo-observations. Note that these individual 
pseudo-observations can have unintuitive values beyond the 0-1 range and may even 
be negative. The important property of pseudo-observations that is employed when 
they are used for assessment of calibration is that on average they give an unbiased 
estimate of the observed cumulative incidence.[w7, w2]. Similar to the setting of ordinal 
time-to-event outcomes, to calculate calibration intercept and slope, the pseudo-
observations can be regressed using a generalized linear model with (a complementary 
log-log transformation of) the risk estimates as an offset, meaning that the regression 
coefficient of the risk estimates is constrained to one.[w8] The estimated intercept from 
this model is the calibration intercept and indicates how much the risk estimates are 
over- or underestimating on average. A negative calibration intercept indicates that the 
risk estimates are on average too high and a positive intercept indicates that the risk 
estimates are on average too low. The calibration slope can be estimated by adding 
(on top of the offset described above) the same (complementary log-log transformed) 
risk estimates as a covariate to the generalized linear model. The estimated regression 
coefficient for this covariate indicates how much the calibration slope deviates from one. 
A calibration slope between 0 and 1 indicates too extreme predictions of the model, i.e. 
for patients with low risks the estimated risks are too low and for patients with high 
risk the estimated risks are too high. A calibration slope >1 indicates predictions do not 
show enough variation. A calibration slope <0 would imply that predictions are in the 
wrong direction.

The calculations can be extended from risk up to one particular time-point to a 
calibration intercept and slope that are based on a range of time points spanning the 
follow-up period.[w8]

Alternatively, if focus is not on a single time point but on the full range of observed follow 
up, a calibration intercept and slope could be estimated by a procedure using Poisson 
regression.[w9, w10]
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The cumulative incidence of cause k by some time horizon s can be estimated non-parametrically
using the Aalen-Johansen estimator [2], defined as
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ĥk(tj) =
Dk(tj)

R(tj)
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This Aalen-Johansen estimator is sometimes referred to directly as ‘the cumulative incidence
function’ (e.g. Ramspek et al. [3]). Here we the denote the cumulative incidence function as
the population quantity we are targeting, and the Aalen-Johansen estimator as the means to
estimate it from data.

4 Regression models

We assume for the remainder of this document that primary interest lies in estimating the
cumulative incidence for event D = 1 by some prediction horizon s, conditional on covariates.
Let Z denote a vector of p covariates, which are observed for every ith individual as zi.

The two most commonly used methods for predicting an event conditional on covariates in
the presence of competing risks are the Fine and Gray approach [4], and the cause-specific Cox
proportional hazards approach. Both are able to produce a subject-specific absolute risk of
experiencing event D = 1 by s, which we denote as π1(s | zi). This is effectively an estimate of
F1(s | zi) = P (T ≤ s,D = 1 | zi).

4.1 Cause-specific Cox proportional hazards approach

The cause-specific approach first entails specifying a Cox proportional hazards model for each of
the K competing events as

hk(t | Z) = hk0(t) exp(β
⊺
kZ),

where hk0(t) is the cause-specific baseline hazard, and βk represents the effects of covariates Z
on the cause-specific hazard. Each model can be estimated by treating all events by causes other
than D = k as censored. Note that the models need not necessarily share the same covariates.

In order to obtain π1(s | zi) using the cause-specific approach, the individual-specific hazards
must first be calculated as

ĥk(t | zi) = ĥk0(t) exp(β̂
⊺
kzi),

where ĥk0(t) is calculated based on the increments in the Breslow estimate of the cause-specific
cumulative baseline hazard. These hazards for all J distinct timepoints can thereafter be plugged
into the formula for F̂k(s) outlined in Section 3, producing π1(s | zi) for D = 1. We refer the
reader for example to Section 5.2.1 of the text by Beyersmann et al. [5] for a more detailed
treatment of the procedure.
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ĥk(tj) =
Dk(tj)

R(tj)
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ĥk(tj) =
Dk(tj)

R(tj)
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ĥk(tj)

)
.

This Aalen-Johansen estimator is sometimes referred to directly as ‘the cumulative incidence
function’ (e.g. Ramspek et al. [3]). Here we the denote the cumulative incidence function as
the population quantity we are targeting, and the Aalen-Johansen estimator as the means to
estimate it from data.

4 Regression models

We assume for the remainder of this document that primary interest lies in estimating the
cumulative incidence for event D = 1 by some prediction horizon s, conditional on covariates.
Let Z denote a vector of p covariates, which are observed for every ith individual as zi.

The two most commonly used methods for predicting an event conditional on covariates in
the presence of competing risks are the Fine and Gray approach [4], and the cause-specific Cox
proportional hazards approach. Both are able to produce a subject-specific absolute risk of
experiencing event D = 1 by s, which we denote as π1(s | zi). This is effectively an estimate of
F1(s | zi) = P (T ≤ s,D = 1 | zi).

4.1 Cause-specific Cox proportional hazards approach

The cause-specific approach first entails specifying a Cox proportional hazards model for each of
the K competing events as

hk(t | Z) = hk0(t) exp(β
⊺
kZ),

where hk0(t) is the cause-specific baseline hazard, and βk represents the effects of covariates Z
on the cause-specific hazard. Each model can be estimated by treating all events by causes other
than D = k as censored. Note that the models need not necessarily share the same covariates.

In order to obtain π1(s | zi) using the cause-specific approach, the individual-specific hazards
must first be calculated as
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D̃ = 0 indicates a right-censored observation and I(·) is the indicator function.

2 Key quantities

The cause-specific hazard of failing from a cause k in presence of competing events is defined as:

hk(t) = lim
∆t→0

P (t ≤ T < t+∆t,D = k | T ≥ t)

∆t
.

The overall survival probability is defined by the K cause-specific hazard functions as

S(t) = exp

(
−

K∑
k=1

∫ t

0

hk(u)du

)
= exp

(
−

K∑
k=1

Hk(t)

)
,

where Hk(t) =
∫ t

0
hk(u)du is the cause-specific cumulative hazard for cause k.

The cumulative incidence function for an event k, also referred to as the absolute risk of
event k, is the probability of that event occurring by a particular time-point t without any other
competing event occurring earlier, P (T ≤ t,D = k). It is defined as

Fk(t) =

∫ t

0

hk(u)S(u−)du,

with S(u−) being the total survival probability just up to time u.

3 Aalen-Johansen

Suppose we observe n independent samples (t̃i, d̃i) of (T̃ , D̃), for i = 1 · · ·n. We order the J
distinct event times where any of the K competing events occur as 0 < t1 < . . . < tJ . Let Dk(tj)

denote the number of individuals failing from cause k at tj , and let D(tj) =
∑K

k=1 Dk(tj) denote
the total number of failures from any cause at tj . The number of individuals at risk of any event
at tj is given by R(tj).
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the total number of failures from any cause at tj . The number of individuals at risk of any event
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The cumulative incidence of cause k by some time horizon s can be estimated non-parametrically
using the Aalen-Johansen estimator [2], defined as

F̂k(s) =
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j:tj≤s

ĥk(tj)Ŝ(tj−1),

where

ĥk(tj) =
Dk(tj)

R(tj)
, Ŝ(t) =

∏
j:tj≤t

(
1−

K∑
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ĥk(tj)

)
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This Aalen-Johansen estimator is sometimes referred to directly as ‘the cumulative incidence
function’ (e.g. Ramspek et al. [3]). Here we the denote the cumulative incidence function as
the population quantity we are targeting, and the Aalen-Johansen estimator as the means to
estimate it from data.

4 Regression models

We assume for the remainder of this document that primary interest lies in estimating the
cumulative incidence for event D = 1 by some prediction horizon s, conditional on covariates.
Let Z denote a vector of p covariates, which are observed for every ith individual as zi.

The two most commonly used methods for predicting an event conditional on covariates in
the presence of competing risks are the Fine and Gray approach [4], and the cause-specific Cox
proportional hazards approach. Both are able to produce a subject-specific absolute risk of
experiencing event D = 1 by s, which we denote as π1(s | zi). This is effectively an estimate of
F1(s | zi) = P (T ≤ s,D = 1 | zi).

4.1 Cause-specific Cox proportional hazards approach

The cause-specific approach first entails specifying a Cox proportional hazards model for each of
the K competing events as

hk(t | Z) = hk0(t) exp(β
⊺
kZ),

where hk0(t) is the cause-specific baseline hazard, and βk represents the effects of covariates Z
on the cause-specific hazard. Each model can be estimated by treating all events by causes other
than D = k as censored. Note that the models need not necessarily share the same covariates.

In order to obtain π1(s | zi) using the cause-specific approach, the individual-specific hazards
must first be calculated as

ĥk(t | zi) = ĥk0(t) exp(β̂
⊺
kzi),

where ĥk0(t) is calculated based on the increments in the Breslow estimate of the cause-specific
cumulative baseline hazard. These hazards for all J distinct timepoints can thereafter be plugged
into the formula for F̂k(s) outlined in Section 3, producing π1(s | zi) for D = 1. We refer the
reader for example to Section 5.2.1 of the text by Beyersmann et al. [5] for a more detailed
treatment of the procedure.
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The Fine and Gray approach uses a model for the so-called subdistribution hazard, defined for
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=
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dt
,

where patients failing from competing causes D ̸= k remain in the risk-set up to the end of follow
up.

A proportional hazards model can be specified for this subdistribution hazard as

λk(t | Z) = λk0(t) exp(γ
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kZ),
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Fk(s | Z) = 1− exp

[
− exp(γ⊺

kZ)

∫ s

0
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,

or equivalently,

1− Fk(s | Z) = {1− Fk0(s)}exp(γ
⊺
kZ),

where Fk0(s) denotes the baseline cumulative incidence. Thus, for event D = 1 this model can
be used directly to obtain a prediction π1(s | zi) without having to model the other competing
causes.

5 Dealing with censoring when assessing performance

Let Ti and Di respectively denote the true event time and competing event indicator for an
individual i. We can define Yi(s) = I(Ti ≤ s,Di = 1) as the binary event which indicates
whether event D = 1 occured prior to the prediction horizon s, or not. If an individual i is
censored prior to s, we cannot know whether they would have gone on to experience the event
of interest or not. Hence, Yi(s) is not fully observed in the presence of right-censoring.

5.1 Pseudo-observations

One of the ways to deal with the issue of censoring is to use pseudo-observations Ỹi(s) [6], which
attempts to recreate Yi(s). These are defined as

Ỹi(s) = nF̂1(s)− (n− 1)F̂−i
1 (s)

where F̂1(s) is the Aalen-Johansen estimate of E{Yi(s)} based on all patients, and F̂−i
1 (s) is based

on the sample excluding the ith individual. In case of covariate-dependent censoring, a weighted
version of the Aalen-Johansen estimator should instead be used [7]. Using Ỹi(s) instead of Yi(s)
in the calculation of for instance performance measures eases up calculations as all individuals
have a value for Ỹi(s).
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in the calculation of for instance performance measures eases up calculations as all individuals
have a value for Ỹi(s).

3

where

4.2 Fine and Gray approach

The Fine and Gray approach uses a model for the so-called subdistribution hazard, defined for
cause D = k as

λk(t | Z) = lim
∆t→0

P{t ≤ T < t+∆t,D = k | T ≥ t ∪ (T ≤ t ∩D ̸= k),Z}
∆t

,

=
−d log{1− Fk(t | Z)}

dt
,

where patients failing from competing causes D ̸= k remain in the risk-set up to the end of follow
up.

A proportional hazards model can be specified for this subdistribution hazard as

λk(t | Z) = λk0(t) exp(γ
⊺
kZ),

with λk0(t) being the subdistribution baseline hazard function and γk representing the effects of
covariates Z on the subdistribution hazard. The cumulative incidence function for D = k can
then be written as

Fk(s | Z) = 1− exp

[
− exp(γ⊺

kZ)

∫ s

0

λk0(u)du

]
,

or equivalently,

1− Fk(s | Z) = {1− Fk0(s)}exp(γ
⊺
kZ),

where Fk0(s) denotes the baseline cumulative incidence. Thus, for event D = 1 this model can
be used directly to obtain a prediction π1(s | zi) without having to model the other competing
causes.

5 Dealing with censoring when assessing performance

Let Ti and Di respectively denote the true event time and competing event indicator for an
individual i. We can define Yi(s) = I(Ti ≤ s,Di = 1) as the binary event which indicates
whether event D = 1 occured prior to the prediction horizon s, or not. If an individual i is
censored prior to s, we cannot know whether they would have gone on to experience the event
of interest or not. Hence, Yi(s) is not fully observed in the presence of right-censoring.

5.1 Pseudo-observations

One of the ways to deal with the issue of censoring is to use pseudo-observations Ỹi(s) [6], which
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Ỹi(s) = nF̂1(s)− (n− 1)F̂−i
1 (s)

where F̂1(s) is the Aalen-Johansen estimate of E{Yi(s)} based on all patients, and F̂−i
1 (s) is based

on the sample excluding the ith individual. In case of covariate-dependent censoring, a weighted
version of the Aalen-Johansen estimator should instead be used [7]. Using Ỹi(s) instead of Yi(s)
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attempts to recreate Yi(s). These are defined as
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individual i. We can define Yi(s) = I(Ti ≤ s,Di = 1) as the binary event which indicates
whether event D = 1 occured prior to the prediction horizon s, or not. If an individual i is
censored prior to s, we cannot know whether they would have gone on to experience the event
of interest or not. Hence, Yi(s) is not fully observed in the presence of right-censoring.

5.1 Pseudo-observations

One of the ways to deal with the issue of censoring is to use pseudo-observations Ỹi(s) [6], which
attempts to recreate Yi(s). These are defined as

Ỹi(s) = nF̂1(s)− (n− 1)F̂−i
1 (s)

where F̂1(s) is the Aalen-Johansen estimate of E{Yi(s)} based on all patients, and F̂−i
1 (s) is based

on the sample excluding the ith individual. In case of covariate-dependent censoring, a weighted
version of the Aalen-Johansen estimator should instead be used [7]. Using Ỹi(s) instead of Yi(s)
in the calculation of for instance performance measures eases up calculations as all individuals
have a value for Ỹi(s).
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Another way to deal with the issue of censoring is to use inverse probability of censoring weights
(IPCW). Individuals with an observed event status at s are known as a ‘complete-case’, meaning
they have either experienced one of K events prior to s, or are still at risk at s. For those patients
experiencing an event at t̃i ≤ s, the probability conditional on covariates zi of still being under
follow-up just prior to t̃i is denoted by G(t̃i− | zi). For those still at risk, t̃i > s, the probability
of being observed to have no event up to time s is written as G(s | zi). Both can be estimated
using the Cox proportional hazards models, or by Kaplan-Meier estimators in absence of any zi
predictive of censoring.

Individuals who are known to have experienced a particular event before time s or to still
be at risk prior to s are then weighted inversely to their probability of having that particular
outcome, 1/G(t̃i− | zi) or 1/G(s | zi).

6 Performance measures

6.1 Calibration

As per Blanche et al. [8], strong model calibration is defined by

π1(s | Z) = P{Y (s) = 1 | Z} for all Z,

meaning that the estimated risk is equal to the observed outcome proportion for all values
(and thus combinations) of Z. Unless Z is low-dimensional and made up entirely of categorical
variables, this is typically impossible to assess. We can instead calibration by means of various
graphical and numerical summaries.

6.1.1 Calibration plot

The simplest calibration plot bins individuals into approximately equally sized groups based
on their risk estimates, and plots the relationship between the average estimated risk and the
observed outcome proportion of the event in each group. The latter can be either estimated
using the Aalen-Johansen estimator, or by averaging across the pseudo-observations within a
group. Formally, the calibration plot assesses

P{Y (s) = 1 | π1(s | Z) = r} = r for all Z, for all r ∈ [0, 1],

which essentially states that among individuals with an estimated risk of r, the observed outcome
proportion should also be r. Methods that attempt to create a smooth calibration curve, be it
through local smoothing of pseudo-observations [9] or spline-based regression of risk estimates
[10], try to create continuity. In other words, they try to make the groups defined by r as small
as possible.

Briefly, the subdistribution model approach to creating a smooth calibration curve [11] fits a
Fine and Gray model for the primary event as a flexible function of the estimated risks, which have
been transformed as log(− log(1 − π1(s | zi))). Restricted cubic splines are used as the flexible
function, where the number of internal knots defines the degree of smoothing. The predictions
from this flexible subdistribution model by s serve as the observed outcome proportions, and can
be plotted against π1(s | zi) to create the calibration curve.

The approach taken in [9] to create smooth calibration curves first relies on computing
the pseudo-observation Ỹi(s) for each individual. Then, for some probability p, the pseudo-
observations of individuals with an estimated risk within some interval of p are averaged to

4

 the probability 
of still being under follow-up just prior to 

5.2 IPCW

Another way to deal with the issue of censoring is to use inverse probability of censoring weights
(IPCW). Individuals with an observed event status at s are known as a ‘complete-case’, meaning
they have either experienced one of K events prior to s, or are still at risk at s. For those patients
experiencing an event at t̃i ≤ s, the probability conditional on covariates zi of still being under
follow-up just prior to t̃i is denoted by G(t̃i− | zi). For those still at risk, t̃i > s, the probability
of being observed to have no event up to time s is written as G(s | zi). Both can be estimated
using the Cox proportional hazards models, or by Kaplan-Meier estimators in absence of any zi
predictive of censoring.

Individuals who are known to have experienced a particular event before time s or to still
be at risk prior to s are then weighted inversely to their probability of having that particular
outcome, 1/G(t̃i− | zi) or 1/G(s | zi).

6 Performance measures

6.1 Calibration

As per Blanche et al. [8], strong model calibration is defined by

π1(s | Z) = P{Y (s) = 1 | Z} for all Z,

meaning that the estimated risk is equal to the observed outcome proportion for all values
(and thus combinations) of Z. Unless Z is low-dimensional and made up entirely of categorical
variables, this is typically impossible to assess. We can instead calibration by means of various
graphical and numerical summaries.

6.1.1 Calibration plot

The simplest calibration plot bins individuals into approximately equally sized groups based
on their risk estimates, and plots the relationship between the average estimated risk and the
observed outcome proportion of the event in each group. The latter can be either estimated
using the Aalen-Johansen estimator, or by averaging across the pseudo-observations within a
group. Formally, the calibration plot assesses

P{Y (s) = 1 | π1(s | Z) = r} = r for all Z, for all r ∈ [0, 1],

which essentially states that among individuals with an estimated risk of r, the observed outcome
proportion should also be r. Methods that attempt to create a smooth calibration curve, be it
through local smoothing of pseudo-observations [9] or spline-based regression of risk estimates
[10], try to create continuity. In other words, they try to make the groups defined by r as small
as possible.

Briefly, the subdistribution model approach to creating a smooth calibration curve [11] fits a
Fine and Gray model for the primary event as a flexible function of the estimated risks, which have
been transformed as log(− log(1 − π1(s | zi))). Restricted cubic splines are used as the flexible
function, where the number of internal knots defines the degree of smoothing. The predictions
from this flexible subdistribution model by s serve as the observed outcome proportions, and can
be plotted against π1(s | zi) to create the calibration curve.

The approach taken in [9] to create smooth calibration curves first relies on computing
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The cumulative incidence of cause k by some time horizon s can be estimated non-parametrically
using the Aalen-Johansen estimator [2], defined as

F̂k(s) =
∑

j:tj≤s

ĥk(tj)Ŝ(tj−1),

where

ĥk(tj) =
Dk(tj)

R(tj)
, Ŝ(t) =

∏
j:tj≤t

(
1−

K∑
k=1

ĥk(tj)

)
.

This Aalen-Johansen estimator is sometimes referred to directly as ‘the cumulative incidence
function’ (e.g. Ramspek et al. [3]). Here we the denote the cumulative incidence function as
the population quantity we are targeting, and the Aalen-Johansen estimator as the means to
estimate it from data.

4 Regression models

We assume for the remainder of this document that primary interest lies in estimating the
cumulative incidence for event D = 1 by some prediction horizon s, conditional on covariates.
Let Z denote a vector of p covariates, which are observed for every ith individual as zi.

The two most commonly used methods for predicting an event conditional on covariates in
the presence of competing risks are the Fine and Gray approach [4], and the cause-specific Cox
proportional hazards approach. Both are able to produce a subject-specific absolute risk of
experiencing event D = 1 by s, which we denote as π1(s | zi). This is effectively an estimate of
F1(s | zi) = P (T ≤ s,D = 1 | zi).

4.1 Cause-specific Cox proportional hazards approach

The cause-specific approach first entails specifying a Cox proportional hazards model for each of
the K competing events as

hk(t | Z) = hk0(t) exp(β
⊺
kZ),

where hk0(t) is the cause-specific baseline hazard, and βk represents the effects of covariates Z
on the cause-specific hazard. Each model can be estimated by treating all events by causes other
than D = k as censored. Note that the models need not necessarily share the same covariates.

In order to obtain π1(s | zi) using the cause-specific approach, the individual-specific hazards
must first be calculated as

ĥk(t | zi) = ĥk0(t) exp(β̂
⊺
kzi),

where ĥk0(t) is calculated based on the increments in the Breslow estimate of the cause-specific
cumulative baseline hazard. These hazards for all J distinct timepoints can thereafter be plugged
into the formula for F̂k(s) outlined in Section 3, producing π1(s | zi) for D = 1. We refer the
reader for example to Section 5.2.1 of the text by Beyersmann et al. [5] for a more detailed
treatment of the procedure.
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The Fine and Gray approach uses a model for the so-called subdistribution hazard, defined for
cause D = k as

λk(t | Z) = lim
∆t→0

P{t ≤ T < t+∆t,D = k | T ≥ t ∪ (T ≤ t ∩D ̸= k),Z}
∆t

,

=
−d log{1− Fk(t | Z)}

dt
,

where patients failing from competing causes D ̸= k remain in the risk-set up to the end of follow
up.

A proportional hazards model can be specified for this subdistribution hazard as

λk(t | Z) = λk0(t) exp(γ
⊺
kZ),

with λk0(t) being the subdistribution baseline hazard function and γk representing the effects of
covariates Z on the subdistribution hazard. The cumulative incidence function for D = k can
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attempts to recreate Yi(s). These are defined as
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attempts to recreate Yi(s). These are defined as
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obtain an observed outcome proportion. This pre-specified interval around p, or bandwidth,
defines the degree of smoothing.

6.1.2 Numerical summaries of calibration

Calibration ‘in the large’ is defined by

E{π1(s | Z)} = P{Y (s) = 1},

stating that the average estimated risk equals the overall observed outcome proportion. A popular
way of summarising this is the ratio of cumulative observed over expected events, or O/E. Due to
censoring in the current setting, we divide risks instead of absolute event numbers. The observed
outcome proportion (‘observed’) is given by the Aalen-Johansen estimator, while the expected
risk is simply the average across all estimated risks. For an alternative calculation of the O/E
ratio, see [12].

A second type of numerical summary is the integrated calibration index (ICI), which is
a weighted mean of the absolute differences between estimated risks and observed outcome
proportions [10]. Specifically, let x represent the vector of estimated risks π1(s | Z) by time
s, and xc the value of the calibration curve (i.e. the observed outcome proportions, obtained by
smoothing) at x. If we define f(x) = |x− xc|, and define the density function of x as ϕ(x), then

ICI(s) =

∫ 1

0

f(x)ϕ(x)dx,

which is estimated as simply the empirical mean of f(x). The median (E50) and or other
percentiles of the f(x) are also possible numerical summaries. Similarly, the squared bias may
be of interest, which is estimated as the empirical mean of f(x) = (x− xc)

2.
Note that these numerical summaries depend on the degree and type of smoothing applied to

obtain xc. With higher flexibility, i.e. smaller bandwidth for smoothing the pseudo-observations
or higher number of knots in the subdistribution approach, the calibration curve may be overfitted
in areas with few observations where the estimated risks are usually very small or large. The
advice for the subdistribution approach is to use between 3 and 5 internal knots (Austin et al.
2020+), while for the pseudo-observation approach ample advice is provided in the text by Gerds
et al. [9]. Finally, note that the smoothing method chosen to obtain the calibration plot should
preferably be the same as the one used when computing the numerical summaries.

A third way to numerically summarize calibration is through the calibration intercept and
calibration slope, which additionally allow for miscalibration testing. We briefly explain the
application of the methods described in [13] to the competing risks setting. The idea is to model
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the pseudo-observations Ỹi(s) as a function of the complementary log-log transformed estimated
risks cloglog{π1(s | zi)} = log(− log(1 − π1(s | zi))) in a generalized linear regression model
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the pseudo-observations Ỹi(s) as a function of the complementary log-log transformed estimated
risks cloglog{π1(s | zi)} = log(− log(1 − π1(s | zi))) in a generalized linear regression model
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4.2 Fine and Gray approach

The Fine and Gray approach uses a model for the so-called subdistribution hazard, defined for
cause D = k as

λk(t | Z) = lim
∆t→0

P{t ≤ T < t+∆t,D = k | T ≥ t ∪ (T ≤ t ∩D ̸= k),Z}
∆t

,

=
−d log{1− Fk(t | Z)}

dt
,

where patients failing from competing causes D ̸= k remain in the risk-set up to the end of follow
up.

A proportional hazards model can be specified for this subdistribution hazard as

λk(t | Z) = λk0(t) exp(γ
⊺
kZ),

with λk0(t) being the subdistribution baseline hazard function and γk representing the effects of
covariates Z on the subdistribution hazard. The cumulative incidence function for D = k can
then be written as

Fk(s | Z) = 1− exp

[
− exp(γ⊺

kZ)

∫ s

0

λk0(u)du

]
,

or equivalently,

1− Fk(s | Z) = {1− Fk0(s)}exp(γ
⊺
kZ),

where Fk0(s) denotes the baseline cumulative incidence. Thus, for event D = 1 this model can
be used directly to obtain a prediction π1(s | zi) without having to model the other competing
causes.

5 Dealing with censoring when assessing performance

Let Ti and Di respectively denote the true event time and competing event indicator for an
individual i. We can define Yi(s) = I(Ti ≤ s,Di = 1) as the binary event which indicates
whether event D = 1 occured prior to the prediction horizon s, or not. If an individual i is
censored prior to s, we cannot know whether they would have gone on to experience the event
of interest or not. Hence, Yi(s) is not fully observed in the presence of right-censoring.

5.1 Pseudo-observations

One of the ways to deal with the issue of censoring is to use pseudo-observations Ỹi(s) [6], which
attempts to recreate Yi(s). These are defined as

Ỹi(s) = nF̂1(s)− (n− 1)F̂−i
1 (s)

where F̂1(s) is the Aalen-Johansen estimate of E{Yi(s)} based on all patients, and F̂−i
1 (s) is based

on the sample excluding the ith individual. In case of covariate-dependent censoring, a weighted
version of the Aalen-Johansen estimator should instead be used [7]. Using Ỹi(s) instead of Yi(s)
in the calculation of for instance performance measures eases up calculations as all individuals
have a value for Ỹi(s).
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the pseudo-observations Ỹi(s) as a function of the complementary log-log transformed estimated
risks cloglog{π1(s | zi)} = log(− log(1 − π1(s | zi))) in a generalized linear regression model
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the pseudo-observations Ỹi(s) as a function of the complementary log-log transformed estimated
risks cloglog{π1(s | zi)} = log(− log(1 − π1(s | zi))) in a generalized linear regression model
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or above zero respectively implies on average over and underestimation of the observed outcome
proportions.

Model (2) allows estimation of the calibration slope β′
1, which should ideally be equal to one.

A calibration slope between 0 and 1 indicates too extreme predictions (both on the low and on
the high side), while a calibration slope greater than 1 indicates predictions that do not show
enough variation. A negative calibration slope implies predictions are in the wrong direction.
Furthermore, adding the transformed risk estimates as an offset in model (2) allows to test β′

1 = 1
directly.

Regarding testing, it is preferable to first perform a joint test (β′
0, β

′
1) = (0, 1) with two

degrees of freedom to assess overall evidence for miscalibration [15]. If the null-hypothesis is
rejected in the joint test, the individual tests for β0 and β′

1 can then be performed.

6.2 Discrimination

We introduce a pair of individuals i and j with covariates zi and zj respectively. At horizon s,
we have model-based predictions π1(s | zi) and π1(s | zj). The ordering of these estimated risks
at s is thus denoted by

Qij(s) = I
{
π1(s | zi) > π1(s | zj)

}
.

6.2.1 C-index

As described in [16], the ‘truncated’ concordance index (C-index) is defined by

C1(s) = P
{
π1(s | zi) > π1(s | zj) | Di = 1, Ti ≤ s, (Ti < Tj ∪Dj /∈ {0, 1})

}
.

It measures how well the model ranks the event times occurring prior to s [17]. Notice that for
a pair of individuals, if the individual with the earlier event time is right-censored, the ordering
Ti < Tj is indeterminable. A simple solution for estimating the C-index is setting the follow
up time of the patients with competing event to the maximum follow up time in the study
design [18]. This method can however only be used in settings without censoring or with purely
administrative censoring, as recently illustrated for prediction of kidney failure [19]. To estimate
the C-index in the presence of other types of right-censoring, we can construct weights as part
of an IPCW procedure, yielding

wij,1 =
I(t̃i < t̃j)

Ĝ(t̃i− | zi)Ĝ(t̃i | zj)
, wij,2 =

I(t̃i ≥ t̃j , d̃j /∈ {0, 1})
Ĝ(t̃i− | zi)Ĝ(t̃j− | zj)

.

We can then estimate the c-index as

Ĉ1(s) =
∑n

i=1

∑n
j=1(wij,1 + wij,2)Qij(s)I(t̃i ≤ s, d̃i = 1)∑n

i=1

∑n
j=1(wij,1 + wij,2)I(t̃i ≤ s, d̃i = 1)

.

We note that the c-index is not appropriate for validating prediction models with time-varying
covariate effects [20].

6.2.2 Time-dependent area under the ROC curve

We define cases as individuals with t̃i ≤ s and d̃i = 1, i.e. as experiencing the primary event by
s. Controls however have been defined in two ways:
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5.2 IPCW

Another way to deal with the issue of censoring is to use inverse probability of censoring weights
(IPCW). Individuals with an observed event status at s are known as a ‘complete-case’, meaning
they have either experienced one of K events prior to s, or are still at risk at s. For those patients
experiencing an event at t̃i ≤ s, the probability conditional on covariates zi of still being under
follow-up just prior to t̃i is denoted by G(t̃i− | zi). For those still at risk, t̃i > s, the probability
of being observed to have no event up to time s is written as G(s | zi). Both can be estimated
using the Cox proportional hazards models, or by Kaplan-Meier estimators in absence of any zi
predictive of censoring.

Individuals who are known to have experienced a particular event before time s or to still
be at risk prior to s are then weighted inversely to their probability of having that particular
outcome, 1/G(t̃i− | zi) or 1/G(s | zi).

6 Performance measures

6.1 Calibration

As per Blanche et al. [8], strong model calibration is defined by

π1(s | Z) = P{Y (s) = 1 | Z} for all Z,
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(and thus combinations) of Z. Unless Z is low-dimensional and made up entirely of categorical
variables, this is typically impossible to assess. We can instead calibration by means of various
graphical and numerical summaries.

6.1.1 Calibration plot

The simplest calibration plot bins individuals into approximately equally sized groups based
on their risk estimates, and plots the relationship between the average estimated risk and the
observed outcome proportion of the event in each group. The latter can be either estimated
using the Aalen-Johansen estimator, or by averaging across the pseudo-observations within a
group. Formally, the calibration plot assesses

P{Y (s) = 1 | π1(s | Z) = r} = r for all Z, for all r ∈ [0, 1],

which essentially states that among individuals with an estimated risk of r, the observed outcome
proportion should also be r. Methods that attempt to create a smooth calibration curve, be it
through local smoothing of pseudo-observations [9] or spline-based regression of risk estimates
[10], try to create continuity. In other words, they try to make the groups defined by r as small
as possible.

Briefly, the subdistribution model approach to creating a smooth calibration curve [11] fits a
Fine and Gray model for the primary event as a flexible function of the estimated risks, which have
been transformed as log(− log(1 − π1(s | zi))). Restricted cubic splines are used as the flexible
function, where the number of internal knots defines the degree of smoothing. The predictions
from this flexible subdistribution model by s serve as the observed outcome proportions, and can
be plotted against π1(s | zi) to create the calibration curve.

The approach taken in [9] to create smooth calibration curves first relies on computing
the pseudo-observation Ỹi(s) for each individual. Then, for some probability p, the pseudo-
observations of individuals with an estimated risk within some interval of p are averaged to
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4.2 Fine and Gray approach

The Fine and Gray approach uses a model for the so-called subdistribution hazard, defined for
cause D = k as

λk(t | Z) = lim
∆t→0

P{t ≤ T < t+∆t,D = k | T ≥ t ∪ (T ≤ t ∩D ̸= k),Z}
∆t

,

=
−d log{1− Fk(t | Z)}

dt
,

where patients failing from competing causes D ̸= k remain in the risk-set up to the end of follow
up.

A proportional hazards model can be specified for this subdistribution hazard as

λk(t | Z) = λk0(t) exp(γ
⊺
kZ),

with λk0(t) being the subdistribution baseline hazard function and γk representing the effects of
covariates Z on the subdistribution hazard. The cumulative incidence function for D = k can
then be written as

Fk(s | Z) = 1− exp

[
− exp(γ⊺

kZ)

∫ s

0

λk0(u)du

]
,

or equivalently,

1− Fk(s | Z) = {1− Fk0(s)}exp(γ
⊺
kZ),

where Fk0(s) denotes the baseline cumulative incidence. Thus, for event D = 1 this model can
be used directly to obtain a prediction π1(s | zi) without having to model the other competing
causes.

5 Dealing with censoring when assessing performance

Let Ti and Di respectively denote the true event time and competing event indicator for an
individual i. We can define Yi(s) = I(Ti ≤ s,Di = 1) as the binary event which indicates
whether event D = 1 occured prior to the prediction horizon s, or not. If an individual i is
censored prior to s, we cannot know whether they would have gone on to experience the event
of interest or not. Hence, Yi(s) is not fully observed in the presence of right-censoring.

5.1 Pseudo-observations

One of the ways to deal with the issue of censoring is to use pseudo-observations Ỹi(s) [6], which
attempts to recreate Yi(s). These are defined as

Ỹi(s) = nF̂1(s)− (n− 1)F̂−i
1 (s)

where F̂1(s) is the Aalen-Johansen estimate of E{Yi(s)} based on all patients, and F̂−i
1 (s) is based

on the sample excluding the ith individual. In case of covariate-dependent censoring, a weighted
version of the Aalen-Johansen estimator should instead be used [7]. Using Ỹi(s) instead of Yi(s)
in the calculation of for instance performance measures eases up calculations as all individuals
have a value for Ỹi(s).
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defines the degree of smoothing.

6.1.2 Numerical summaries of calibration

Calibration ‘in the large’ is defined by

E{π1(s | Z)} = P{Y (s) = 1},

stating that the average estimated risk equals the overall observed outcome proportion. A popular
way of summarising this is the ratio of cumulative observed over expected events, or O/E. Due to
censoring in the current setting, we divide risks instead of absolute event numbers. The observed
outcome proportion (‘observed’) is given by the Aalen-Johansen estimator, while the expected
risk is simply the average across all estimated risks. For an alternative calculation of the O/E
ratio, see [12].

A second type of numerical summary is the integrated calibration index (ICI), which is
a weighted mean of the absolute differences between estimated risks and observed outcome
proportions [10]. Specifically, let x represent the vector of estimated risks π1(s | Z) by time
s, and xc the value of the calibration curve (i.e. the observed outcome proportions, obtained by
smoothing) at x. If we define f(x) = |x− xc|, and define the density function of x as ϕ(x), then

ICI(s) =

∫ 1

0

f(x)ϕ(x)dx,

which is estimated as simply the empirical mean of f(x). The median (E50) and or other
percentiles of the f(x) are also possible numerical summaries. Similarly, the squared bias may
be of interest, which is estimated as the empirical mean of f(x) = (x− xc)

2.
Note that these numerical summaries depend on the degree and type of smoothing applied to

obtain xc. With higher flexibility, i.e. smaller bandwidth for smoothing the pseudo-observations
or higher number of knots in the subdistribution approach, the calibration curve may be overfitted
in areas with few observations where the estimated risks are usually very small or large. The
advice for the subdistribution approach is to use between 3 and 5 internal knots (Austin et al.
2020+), while for the pseudo-observation approach ample advice is provided in the text by Gerds
et al. [9]. Finally, note that the smoothing method chosen to obtain the calibration plot should
preferably be the same as the one used when computing the numerical summaries.

A third way to numerically summarize calibration is through the calibration intercept and
calibration slope, which additionally allow for miscalibration testing. We briefly explain the
application of the methods described in [13] to the competing risks setting. The idea is to model
the pseudo-observations Ỹi(s) as a function of the complementary log-log transformed estimated
risks cloglog{π1(s | zi)} = log(− log(1 − π1(s | zi))) in a generalized linear regression model
(GLM). By writing E{Ỹ (s)} = µ, we can formulate the following two regression models,

cloglog(µ) = β0 + cloglog{π1(s | Z)}, (1)

cloglog(µ) = β′
0 + β′

1 cloglog{π1(s | Z)}. (2)

Both GLMs use a complementary log-log link function for the mean, and assume constant vari-
ance. Additionally, both models are fitted by means of generalized estimating equations (GEE)
[14]. Model (1) allows estimation of the calibration intercept β0, which should ideally be equal
to zero. In this model, the transformed risk estimates cloglog{π1(s | Z)} are used as an offset,
meaning that its coefficient is constrained to unity. A calibration intercept (significantly) below
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(GLM). By writing E{Ỹ (s)} = µ, we can formulate the following two regression models,

cloglog(µ) = β0 + cloglog{π1(s | Z)}, (1)

cloglog(µ) = β′
0 + β′

1 cloglog{π1(s | Z)}. (2)

Both GLMs use a complementary log-log link function for the mean, and assume constant vari-
ance. Additionally, both models are fitted by means of generalized estimating equations (GEE)
[14]. Model (1) allows estimation of the calibration intercept β0, which should ideally be equal
to zero. In this model, the transformed risk estimates cloglog{π1(s | Z)} are used as an offset,
meaning that its coefficient is constrained to unity. A calibration intercept (significantly) below

5

by time s, and xc the value of the calibration curve (i.e. the observed outcome 
proportions, obtained by smoothing) at x. If we define 

obtain an observed outcome proportion. This pre-specified interval around p, or bandwidth,
defines the degree of smoothing.

6.1.2 Numerical summaries of calibration

Calibration ‘in the large’ is defined by

E{π1(s | Z)} = P{Y (s) = 1},

stating that the average estimated risk equals the overall observed outcome proportion. A popular
way of summarising this is the ratio of cumulative observed over expected events, or O/E. Due to
censoring in the current setting, we divide risks instead of absolute event numbers. The observed
outcome proportion (‘observed’) is given by the Aalen-Johansen estimator, while the expected
risk is simply the average across all estimated risks. For an alternative calculation of the O/E
ratio, see [12].

A second type of numerical summary is the integrated calibration index (ICI), which is
a weighted mean of the absolute differences between estimated risks and observed outcome
proportions [10]. Specifically, let x represent the vector of estimated risks π1(s | Z) by time
s, and xc the value of the calibration curve (i.e. the observed outcome proportions, obtained by
smoothing) at x. If we define f(x) = |x− xc|, and define the density function of x as ϕ(x), then

ICI(s) =

∫ 1

0

f(x)ϕ(x)dx,

which is estimated as simply the empirical mean of f(x). The median (E50) and or other
percentiles of the f(x) are also possible numerical summaries. Similarly, the squared bias may
be of interest, which is estimated as the empirical mean of f(x) = (x− xc)

2.
Note that these numerical summaries depend on the degree and type of smoothing applied to

obtain xc. With higher flexibility, i.e. smaller bandwidth for smoothing the pseudo-observations
or higher number of knots in the subdistribution approach, the calibration curve may be overfitted
in areas with few observations where the estimated risks are usually very small or large. The
advice for the subdistribution approach is to use between 3 and 5 internal knots (Austin et al.
2020+), while for the pseudo-observation approach ample advice is provided in the text by Gerds
et al. [9]. Finally, note that the smoothing method chosen to obtain the calibration plot should
preferably be the same as the one used when computing the numerical summaries.

A third way to numerically summarize calibration is through the calibration intercept and
calibration slope, which additionally allow for miscalibration testing. We briefly explain the
application of the methods described in [13] to the competing risks setting. The idea is to model
the pseudo-observations Ỹi(s) as a function of the complementary log-log transformed estimated
risks cloglog{π1(s | zi)} = log(− log(1 − π1(s | zi))) in a generalized linear regression model
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We continue with the second definition here. We define a time-dependent area under the 
receiving operating characteristic curve (AUCt), described in [18] and the supplementary 
material of [14].

It is defined as

1. free of any event by s, i.e. t̃i > s,

2. free of any event by s, i.e. t̃i > s, or experiencing a competing event, (t̃i ≤ s, d̃i /∈ {0, 1}).

We continue with the second definition here. We define a time-dependent area under the receiving
operating characteristic curve (AUCt), described in [21] and the supplementary material of [16].
It is defined as

AUC1(s) = P{π1(s | zi) > π1(s | zj) | Di = 1, Ti ≤ s, (Tj > s ∪Dj /∈ {0, 1})}.

It evaluates the concordance of risk estimates between individuals experiencing the primary event
by s, and individuals either event-free or that have experienced a competing event. Similarly to
the C-index, a pair becomes unevaluable (directly) if one of the individuals has a right-censored
event time prior to s. Specifically, we cannot determine whether this individual would experience
the primary event between the right-censoring time and s, or remain a control. Thus, we must
first construct weights

wi =
I(t̃i ≤ s, d̃i = 1)

Ĝ(t̃i)
, wj,1 =

I(t̃j ≤ s, d̃j /∈ {0, 1})
Ĝ(t̃j)

, wj,2 =
I(t̃j > s)

Ĝ(s)
,

and then can estimate AUC1(s) as

AUC1(s) =

∑n
i=1

∑n
j=1 wi(wj,1 + wj,2)Qij(s)∑n

i=1 wi

∑n
j=1(wj,1 + wj,2)

.

We refer to [21] for details on covariate dependent censoring.
Alternative versions of the AUCt have been proposed which use different definitions of cases

and controls according to having their events before, at or after the time-point of interest [22].
The cumulative case/dynamic control definition we describe here can be considered most suited
for evaluation of predictions from baseline over a specific prediction horizon [23] whereas the
incident case/dynamic control definition with cases defined as having the primary event exactly
at (i.e. not before) a fixed time-point, can be useful in evaluating dynamic prediction models
[23, 24, 25].

6.3 Overall prediction error

6.3.1 Brier score

The Brier score in the context of competing events is the expected quadratic distance between
the event indicator Y (s) (for the primary event D = 1) and the estimated risks π1(s | Z) based
on the prediction model,

B1(s) = E
[
I(T ≤ s,D = 1)− π1(s | Z)

]2
,

with I(T ≤ s,D = 1) being the true event status at s. In the presence of censoring, the Brier
score can be estimated using either IPCW, or pseudo-observations. The latter estimator has been
suggested in the context of dynamic prediction [26], and in the context of multistate models in
[27].

As per Schoop et al. [28], an IPCW estimator for the Brier score is

B̂1(s) =
1

n

n∑
i=1

[
I(t̃i ≤ s, d̃i = 1)− π1(s | zi)

]2
w1i,
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Ĝ(t̃i)
, wj,1 =

I(t̃j ≤ s, d̃j /∈ {0, 1})
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and controls according to having their events before, at or after the time-point of interest [22].
The cumulative case/dynamic control definition we describe here can be considered most suited
for evaluation of predictions from baseline over a specific prediction horizon [23] whereas the
incident case/dynamic control definition with cases defined as having the primary event exactly
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being the true event status at s. In the presence of censoring, the 
Brier score can be estimated using either IPCW, or pseudo-observations. The latter 
estimator has only been suggested in the context of dynamic prediction [23], and so it is 

in model (2) allows to test 

or above zero respectively implies on average over and underestimation of the observed outcome
proportions.

Model (2) allows estimation of the calibration slope β′
1, which should ideally be equal to one.

A calibration slope between 0 and 1 indicates too extreme predictions (both on the low and on
the high side), while a calibration slope greater than 1 indicates predictions that do not show
enough variation. A negative calibration slope implies predictions are in the wrong direction.
Furthermore, adding the transformed risk estimates as an offset in model (2) allows to test β′

1 = 1
directly.

Regarding testing, it is preferable to first perform a joint test (β′
0, β

′
1) = (0, 1) with two

degrees of freedom to assess overall evidence for miscalibration [15]. If the null-hypothesis is
rejected in the joint test, the individual tests for β0 and β′

1 can then be performed.

6.2 Discrimination

We introduce a pair of individuals i and j with covariates zi and zj respectively. At horizon s,
we have model-based predictions π1(s | zi) and π1(s | zj). The ordering of these estimated risks
at s is thus denoted by

Qij(s) = I
{
π1(s | zi) > π1(s | zj)

}
.

6.2.1 C-index

As described in [16], the ‘truncated’ concordance index (C-index) is defined by

C1(s) = P
{
π1(s | zi) > π1(s | zj) | Di = 1, Ti ≤ s, (Ti < Tj ∪Dj /∈ {0, 1})

}
.

It measures how well the model ranks the event times occurring prior to s [17]. Notice that for
a pair of individuals, if the individual with the earlier event time is right-censored, the ordering
Ti < Tj is indeterminable. A simple solution for estimating the C-index is setting the follow
up time of the patients with competing event to the maximum follow up time in the study
design [18]. This method can however only be used in settings without censoring or with purely
administrative censoring, as recently illustrated for prediction of kidney failure [19]. To estimate
the C-index in the presence of other types of right-censoring, we can construct weights as part
of an IPCW procedure, yielding

wij,1 =
I(t̃i < t̃j)

Ĝ(t̃i− | zi)Ĝ(t̃i | zj)
, wij,2 =

I(t̃i ≥ t̃j , d̃j /∈ {0, 1})
Ĝ(t̃i− | zi)Ĝ(t̃j− | zj)

.

We can then estimate the c-index as

Ĉ1(s) =
∑n

i=1

∑n
j=1(wij,1 + wij,2)Qij(s)I(t̃i ≤ s, d̃i = 1)∑n

i=1

∑n
j=1(wij,1 + wij,2)I(t̃i ≤ s, d̃i = 1)

.

We note that the c-index is not appropriate for validating prediction models with time-varying
covariate effects [20].

6.2.2 Time-dependent area under the ROC curve

We define cases as individuals with t̃i ≤ s and d̃i = 1, i.e. as experiencing the primary event by
s. Controls however have been defined in two ways:
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Ĝ(t̃i− | zi)Ĝ(t̃i | zj)
, wij,2 =

I(t̃i ≥ t̃j , d̃j /∈ {0, 1})
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Ĝ(t̃i− | zi)Ĝ(t̃i | zj)
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Ĝ(t̃i− | zi)Ĝ(t̃j− | zj)

.

We can then estimate the c-index as
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1. free of any event by s, i.e. t̃i > s,

2. free of any event by s, i.e. t̃i > s, or experiencing a competing event, (t̃i ≤ s, d̃i /∈ {0, 1}).

We continue with the second definition here. We define a time-dependent area under the receiving
operating characteristic curve (AUCt), described in [21] and the supplementary material of [16].
It is defined as

AUC1(s) = P{π1(s | zi) > π1(s | zj) | Di = 1, Ti ≤ s, (Tj > s ∪Dj /∈ {0, 1})}.

It evaluates the concordance of risk estimates between individuals experiencing the primary event
by s, and individuals either event-free or that have experienced a competing event. Similarly to
the C-index, a pair becomes unevaluable (directly) if one of the individuals has a right-censored
event time prior to s. Specifically, we cannot determine whether this individual would experience
the primary event between the right-censoring time and s, or remain a control. Thus, we must
first construct weights

wi =
I(t̃i ≤ s, d̃i = 1)

Ĝ(t̃i)
, wj,1 =

I(t̃j ≤ s, d̃j /∈ {0, 1})
Ĝ(t̃j)

, wj,2 =
I(t̃j > s)

Ĝ(s)
,

and then can estimate AUC1(s) as

AUC1(s) =

∑n
i=1

∑n
j=1 wi(wj,1 + wj,2)Qij(s)∑n

i=1 wi

∑n
j=1(wj,1 + wj,2)

.

We refer to [21] for details on covariate dependent censoring.
Alternative versions of the AUCt have been proposed which use different definitions of cases

and controls according to having their events before, at or after the time-point of interest [22].
The cumulative case/dynamic control definition we describe here can be considered most suited
for evaluation of predictions from baseline over a specific prediction horizon [23] whereas the
incident case/dynamic control definition with cases defined as having the primary event exactly
at (i.e. not before) a fixed time-point, can be useful in evaluating dynamic prediction models
[23, 24, 25].

6.3 Overall prediction error

6.3.1 Brier score

The Brier score in the context of competing events is the expected quadratic distance between
the event indicator Y (s) (for the primary event D = 1) and the estimated risks π1(s | Z) based
on the prediction model,

B1(s) = E
[
I(T ≤ s,D = 1)− π1(s | Z)

]2
,

with I(T ≤ s,D = 1) being the true event status at s. In the presence of censoring, the Brier
score can be estimated using either IPCW, or pseudo-observations. The latter estimator has been
suggested in the context of dynamic prediction [26], and in the context of multistate models in
[27].

As per Schoop et al. [28], an IPCW estimator for the Brier score is

B̂1(s) =
1

n

n∑
i=1

[
I(t̃i ≤ s, d̃i = 1)− π1(s | zi)

]2
w1i,
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where

w1i =
I(t̃i ≤ s, d̃i ̸= 0)

Ĝ(t̃i− | zi)
+

I(t̃i > s)

Ĝ(s | zi)
.

6.3.2 Scaled Brier score

As per Kattan and Gerds [29], the scaled Brier score (also know as index of prediction accuracy,
IPA) for estimating the cumulative incidence of event D = 1 is

IPA(s) = 1− Bmod
1 (s)

Bnull
1 (s)

,

where Bmod
1 (s) is the model Brier score, and Bnull

1 (s) is the Brier score for the null model (with
no covariates). The latter can be calculated by plugging-in the Aalen-Johansen estimator in
place of π1(s | zi).

6.4 Decision curve analysis

In a competing risks setting, the net benefit at s based on a prediction model for the primary
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Ĝ(t̃i− | zi)
+

I(t̃i > s)
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Ĝ(t̃i− | zi)
+

I(t̃i > s)
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 for various 
values of ps. This is often plotted alongside a ‘treat-all’ curve, which plots the net-benefit 
across thresholds in a situation where all individuals are classified as exceeding the risk 
threshold regardless of the prediction model. A ‘treat none’ reference line is useful as 
well, with net-benefit of zero for any threshold (no true positive and no false positive 
decisions are made).

7. Closing remarks
Formulas concerning standard errors of performance measures are beyond the scope of 
this document. Analytical formulas are available for many measures, and bootstrapping 
can be used for most.

not included in this overview.

As per Schoop et al. [24], an IPCW estimator for the Brier score is

1. free of any event by s, i.e. t̃i > s,

2. free of any event by s, i.e. t̃i > s, or experiencing a competing event, (t̃i ≤ s, d̃i /∈ {0, 1}).

We continue with the second definition here. We define a time-dependent area under the receiving
operating characteristic curve (AUCt), described in [21] and the supplementary material of [16].
It is defined as

AUC1(s) = P{π1(s | zi) > π1(s | zj) | Di = 1, Ti ≤ s, (Tj > s ∪Dj /∈ {0, 1})}.

It evaluates the concordance of risk estimates between individuals experiencing the primary event
by s, and individuals either event-free or that have experienced a competing event. Similarly to
the C-index, a pair becomes unevaluable (directly) if one of the individuals has a right-censored
event time prior to s. Specifically, we cannot determine whether this individual would experience
the primary event between the right-censoring time and s, or remain a control. Thus, we must
first construct weights

wi =
I(t̃i ≤ s, d̃i = 1)

Ĝ(t̃i)
, wj,1 =

I(t̃j ≤ s, d̃j /∈ {0, 1})
Ĝ(t̃j)

, wj,2 =
I(t̃j > s)

Ĝ(s)
,

and then can estimate AUC1(s) as

AUC1(s) =

∑n
i=1

∑n
j=1 wi(wj,1 + wj,2)Qij(s)∑n

i=1 wi

∑n
j=1(wj,1 + wj,2)

.

We refer to [21] for details on covariate dependent censoring.
Alternative versions of the AUCt have been proposed which use different definitions of cases

and controls according to having their events before, at or after the time-point of interest [22].
The cumulative case/dynamic control definition we describe here can be considered most suited
for evaluation of predictions from baseline over a specific prediction horizon [23] whereas the
incident case/dynamic control definition with cases defined as having the primary event exactly
at (i.e. not before) a fixed time-point, can be useful in evaluating dynamic prediction models
[23, 24, 25].

6.3 Overall prediction error

6.3.1 Brier score

The Brier score in the context of competing events is the expected quadratic distance between
the event indicator Y (s) (for the primary event D = 1) and the estimated risks π1(s | Z) based
on the prediction model,

B1(s) = E
[
I(T ≤ s,D = 1)− π1(s | Z)

]2
,

with I(T ≤ s,D = 1) being the true event status at s. In the presence of censoring, the Brier
score can be estimated using either IPCW, or pseudo-observations. The latter estimator has been
suggested in the context of dynamic prediction [26], and in the context of multistate models in
[27].

As per Schoop et al. [28], an IPCW estimator for the Brier score is

B̂1(s) =
1

n

n∑
i=1

[
I(t̃i ≤ s, d̃i = 1)− π1(s | zi)

]2
w1i,
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Bnull
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1 (s) is the model Brier score, and Bnull

1 (s) is the Brier score for the null model (with
no covariates). The latter can be calculated by plugging-in the Aalen-Johansen estimator in
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where TP1(s) is the true positive count and FP1(s) the false positive count.
In order to estimate the net benefit, we first define xi = 1 if π1(s | zi) ≥ ps. In other words, xi

defines whether an individual is classified as their estimated risk exceeding the chosen probability
threshold ps. P (X = 1) is then the proportion classified as X = 1 based on this threshold.

Recall F̂1(s) as the Aalen-Johansen estimate of the cumulative incidence of event D = 1 by

horizon s. The quantity F̂1(s | X = 1) is then the estimated cumulative incidence among those
classified as exceeding the risk threshold. As described in [30], the number of true positives is
estimated as

T̂P1(s) = F̂1(s | X = 1)× P (X = 1)× n,
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× P (X = 1)× n.

The estimated net-benefit N̂B1(s) can then be obtained by plugging-in T̂P1(s) and F̂P1(s) into

(3). Furthermore, a decision curve can be obtained by plotting N̂B1(s) for various values of ps.
This is often plotted alongside a ‘treat-all’ curve, which plots the net-benefit across thresholds
in a situation where all individuals are classified as exceeding the risk threshold regardless of the
prediction model. A ‘treat none’ reference line is useful as well, with net-benefit of zero for any
threshold (no true positive and no false positive decisions are made).

8

6.3.2 Scaled Brier Score
As per Kattan and Gerds [25], the scaled Brier score (also know as index of prediction 
accuracy, IPA) for estimating the cumulative incidence of event D = 1 is

where

w1i =
I(t̃i ≤ s, d̃i ̸= 0)
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Supplementary Figure 2: Cumulative/dynamic time dependent AUC (AUCt) curve in the validation 
cohort. Time in years.

Supplementary material 5 - Supplementary Tables and Figures

Supplementary Table 1 Patient characteristics
Development

cohort 
(N=1000)

Validation
cohort 

(N=1000)
Age at diagnosis (years)

Median [Min, Max] 74 [65, 95] 76.0 [70, 96]
Size of first tumour (cm)

Median [Q1,Q3] 2.00 [1.40, 3.00] 1.80 [1.20, 2.60]
Nodal status (positive versus negative)

Positive 358 (36%) 312 (31%)
Hormone Receptor status (ER+ and/or PR+ versus 
ER-/PR-)

ER+ and/or PR+ 822 (82%) 857 (86%)

Supplementary Figure 1: Cumulative incidence curves for breast cancer recurrence with death 
before recurrence as competing risk in the development (left) and validation (right) set. Dashed 
bars indicate 95% confidence intervals.
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