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Chapter 3

Radical entanglement for
elliptic curves

by Sebastiano Tronto [Tro20]

1 Introduction

1.1 Setting

Let K be a number field and fix an algebraic closure K of K. If G is a com-
mutative connected algebraic group over K and A is a finitely generated and
torsion-free subgroup of G(K), for any positive integer n we may consider the
field K (n’lA), that is the smallest extension of K inside K containing the co-
ordinates of all points P € G(K) such that nP € A. This is a Galois extension
of K containing the n-th torsion field K(G[n]) of G.

If G = G,, is the multiplicative group, such extensions are studied by classical
Kummer theory. The more general case of an extension of an abelian variety by a
torus is treated in Ribet’s foundational paper [Rib79]. Under certain assumptions,
for example if G is the product of an abelian variety and a torus and A has rank
1, it is known that the ratio

,rLS

[K (n=1A) : K(Gn])]

(1.1)
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where s is the unique positive integer such that G(K)[n] = (Z/nZ)® for all n > 1,
is bounded independently of n (see also [Ber88, Théoreme 5.2] and [Hin88| Lemme
14)).

In [Chapter [1] Lombardo and the author were able to give an effective bound
for the ratio if G = E is an elliptic curve with Endg (E) = Z and A = («)
has rank 1. Moreover, a uniform bound in the case K = Q, under some necessary
assumptions on the divisibility of a in E(K)/E(K )tors, Was given.

The bounds given in [Chapter |1 essentially depend on three properties of E
and a:

(1) The finitess of the divisibility of a in E(K)/E(K )tors;

(2) Properties of the ¢-adic Galois representations associated with FE, for every
prime ¢;

(3) The finiteness of the exponent of H'(Gal(K (E(K)iors) | K), E(K )tors)-

The goal of the present paper is twofold: firstly, we use the properties of r-
extensions of abelian groups introduced by Palenstijn in [Pal04] and [Pall4] to
generalize the methods of [Chapter [1] to groups A of arbitrary finite rank and
any commutative connected algebraic group G that satisfies the same properties
mentioned above. The result we obtain is the following (see Theorem [5.9):

Theorem 1.1. Let G be a commutative connected algebraic group over a number
field K and let A C G(K) be a finitely generated and torsion-free subgroup of
rank r. Let s be the unique non-negative integer such that Gln] = (Z/nZ)* for
alln > 1. Let H denote, after a choice of basis, the image of the adelic Galois
representation associated with G over K

Gal(K | K) = GL,(Z).

For every prime £, let Hy denote the image of H under the projection GLg (2) —
GL4(Z¢) and denote by Ze[Hy) the closed Z¢-subalgebra of Matsxs(Z¢) generated
by Hy. Assume that

(1) There is an integer d4 > 1 such that

da-{P€G(K)|3n€Nsy: nP € A} C A+ G(K)ors -

(2) There is an integer N > 1 such that Ze[He] O N Matgys(Zg) for every
prime £.

(3) There is an integer M > 1 such that the exponent of the cohomology group
HY(Gal(Ky | K),G(K )tors) divides M, where Ko = K(G(K )tors)-
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Then for every n > 1 the ratio
nT'S

[K (n=1A) : K(Gn])]

divides (daNM)"s.

The first condition of Theorem [I.1]is always satisfied if G is an abelian variety
or G = Gy, (see Example. We call such an integer d4 a divisibility parameter
for A in G(K). One has dg = 1 if, for example, the group G(K) is finitely
generated and torsion-free and A = G(K).

Notice that if a set of generators for A is known, modulo the torsion subgroup
of G(K), in terms of a Z-basis of G(K)/G(K )tors, One can compute a divisibility
parameter d4. See section [6.1

Our second goal is to apply Theorem [I.1] to some specific cases. In particular,
we generalize the results of [Chapter [I] to the case of arbitrary rank. Theorems

and below follow from Theorems [6.14] [6.16] and [6.17] and Lemma

Theorem 1.2. Let E be an elliptic curve over a number field K such that
Endg (F) = Z. Let A be a finitely generated and torsion-free subgroup of E(K)
of rank r. There is an effectively computable integer N > 1, depending only on
FE and K, such that for everyn > 1

n2r

(K (01 4): K(E[])] divides (daN)

where da is a divisibility parameter for A in E(K).

Theorem 1.3. There is a universal constant C > 1 such that for every elliptic
curve E over Q, for every torsion-free subgroup A of E(Q) and for everyn > 1

n2 rk(A)
[Q(n="A4) : Q(E[n])]

where da is a divisibility parameter for A in E(Q).

divides  (d,C)*™

1.2 Notation

If A is an abelian group and n is a positive integer we denote by A[n] the subgroup
of the elements of A of order dividing n. We denote by Aiors the subgroup
consisting of all elements of A of finite order. We denote by rk(A) the rank of A,
that is the dimension of A ®7 Q as a Q-vector space.

If R is a commutive ring, then we denote by Mat,w,(R) the R-module of
n x m matrices with entries in R, which we regard as an R-algebra if n = m. If
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at least one between n and m is zero then Mat,, ., (R) is the R-module ring (or
trivial R-algebra if n = m = 0). For n > 0 we denote by GL,,(R) the group of
invertible n x n matrices with entries in R.

For any prime number ¢ and any non-zero integer n we denote by v;(n) the
{-adic valuation of n. We denote by Z, the ring of ¢-adic integers and by 7 the
ring of profinite integers, which we identify with the product [, Z,.

If K is a number field and K is a fixed algebraic closure of K, we denote by
¢, a primitive n-th root of unity in K, for any positive integer n. If G is any
algebraic group over K and L is any field extension of K, we denote by G(L) the
group of L-points of G. If S is a subset of G(K), we denote by K () the subfield
of K whose elements are fixed by

H={geGal(K|K)|g(P)=P YPeS}.

If G is embedded in an affine or projective space (notice that, as a consequence of
Chevalley’s structure theorem, any algebraic group over a field is quasi-projective)
then K(S) coincides with the field generated by K and any choice of affine coor-
dinates of all points P € S.

1.3 Structure of the paper

After some necessary group-theoretic preliminaries in Section we investigate
in Section[3]the theory of s-extensions of abelian groups introduced by Palenstijn.
Much of the content of that section can be found, with few differences, in [Pal04].

We then move on to prove some Z-linear algebra results in Section |4} and
finally develop our theory of entanglement for commutative algebraic groups in
Section[5] In Section [6] we apply this theory to the case of elliptic curves without
complex multiplication.

1.4 Acknowledgements

I am grateful to my advisors Antonella Perucca and Peter Bruin for their constant
support during the preparation of this paper. I am also very grateful to Hendrik
Lenstra and Peter Stevenhagen for giving me some of the main ideas for this
work.

2 Group-theoretic preliminaries

We collect here some basic group-theoretic results that we will need throughout
this paper.
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2.1 Pontryagin duality

Let G be a locally compact Hausdorff topological abelian group. Let S = R/Z
with the usual topology. The group Hom(G, St) of continuous homomorphisms
from G to S* endowed with the compact-open topology is itself a locally compact
abelian group, and it is called the group of characters or the (Pontryagin) dual
of G (see [Pon66, Chapter 6]). We will denote it by G*.

Example 2.1. Consider Q/Z as a topological group with the discrete topology.
We have (Q/Z)" = Z. To see this, notice first that for every positive integer n
there is a natural isomorphism

iz,
Hom (”Z, Q/Z) > 7Z/nZ

given by sending a homomorphism ¢ : %Z/Z — Q/Z to the unique d € Z/nZ
such that ¢ (%) = %. Now we have
Hom(Q/Z, S*) = Hom(Q/Z,Q/7Z) =
~H li i Z
= Hom % 77(@/

. 17
= lngom <Z,Q/Z> o

I

The maps forming this last projective system are just the natural projections,
since for n | m the restriction of

p:Z/mZ — Q/Z
1,4

m - m
to Z/nZ maps + to %. So we get Hom(Q/Z, S) = Z.
Remark 2.2. In Section [4] we will need a higher-dimensional analogue of Fx-

ample By the previous example we easily deduce that, for r,s > 1, the
group Hom((Q/Z)", (Q/Z)*) can be identified with Matsx,(Z). This can be seen
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directly on the finite level as follows: let

%
(3:0,050) = (4 %)
) — (m da2 ds2)
n n

be a group homomorphism. The matrix D, = (d;;) € Matsy,(Z/nZ) com-
pletely describes the homomorphism ¢, and the map ¢ — D,, is easily checked to
be a group isomorphism between Hom((1Z/Z)", (17Z/Z)*) and Matyx,(Z/nZ).
Passing to the limit in n we obtain a description of the natural isomorphism
Hom((Q/Z)", (Q/Z)°) & Matyx, (Z).

Furthermore, if 7 = s the map ¢ — D, is a ring homomorphism from

End((Q/Z)®) to Matgsxs(Z). This allows us to identify Aut((Q/Z)*) =
End((Q/Z)%)* with GL4(Z).

Theorem 2.3 (Pontryagin duality, see [Pon66, Theorems 39 and 40]). The hom-
functor Hom(—, S*) that maps G to its dual G is an anti-equivalence of the cate-
gory of locally compact Hausdorff topological abelian groups with itself. Moreover
(G™M™ is naturally isomorphic to G.

This anti-equivalence induces an inclusion-reversing bijection between the
closed subgroups of any locally compact topological abelian group G and those
of G™, given by

{closed subgroups of G} “ {closed subgroups of G"}
U = AmU={feG"| f(u)=0VueU}
{geG| flg)=0YfecV}=AmV <« 14

Moreover, G is discrete if and only if G™ is compact, and G is discrete and
torsion if and only if G is profinite.

2.2 Relative automorphism groups

In this section we establish some basic results on relative automorphism groups of
abelian groups, that is the groups containing those automorphisms that restrict
to the identity on a given subgroup.
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If A is an abelian group and B, C' are abelian groups containing A as a sub-
group, then we denote by Hom4 (B, C) the set of homomorphisms B — C' that
restrict to the identity on A. Similarly we define the ring of endomorphisms
End4(B). We also denote by Aut4(B) the group of all automorphisms of B that
restrict to the identity on A, that is the group of invertible elements in the ring
End4(B). We call any element of Aut4(B) an A-automorphism of B.

Lemma 2.4. Let M and N be abelian groups and let A and B be subgroups
of M. If f : A = N and g : B — N are group homomorphisms such that
flanB = gjanB; then there exists a unique map ¢ : A+ B — N such that |4 = f
and o =g.

Proof. This is just a rephrasing of the universal property of A+ B as the pushout
of ANB<— Aand ANB < B. O

Definition 2.5. Let A C B C M be abelian groups. We say that B is A-normal
in M if the restriction to B of every element of Aut 4 (M) is an automorphism of
B.

If B’ C M is a subgroup not necessarily containing A, then we say that B’ is
A-normal in M if the following two conditions hold:

(1) The group B’ is (AN B’)-normal in A+ B’ and
(2) The group A + B’ is A-normal in M.

Remark 2.6. The choice of the word normal in the above definition is in analogy
with the case of field extensions in Galois theory.

Remark 2.7. Let A C B C C C M be abelian groups. If C' is A-normal in M,
then C' is also B-normal in M. If B is A-normal in C and C is A-normal in M,
then B is A-normal in M.

If AC B C M are abelian groups, then B is A-normal in M if and only if the
restriction map Auta (M) — Homy4 (B, M) factors via Aut 4(B). In this situation
we call this map Aut (M) — Aut4(B) the natural restriction map.

Lemma 2.8. Let M be an abelian group and let A, B C M be subgroups of
M. Assume that B is A-normal in A + B. Then the natural restriction map
Autanp(A + B) = Aut anp(B) induces an isomorphism

Aut4(A + B) = Autanp(B).

Proof. The inclusion Aut(A+B) < Autanp(A+ B) composed with the natural
restriction yields a group homomorphism p : Aut4(A+ B) — Autanp(B), which
is injective because ker p = Auts (A + B) = 1.
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Let 0 € Autanp(B) and let & : A+ B — A+ B be the homomorphism
obtained by applying Lemma to o and id4. This map is clearly surjective,
since every element of A and every element of B are in its image. If 5(a+b) =0
for some a € A and some b € B, then o(b) = —a € AN B, which implies that
b€ AN B and thus a + b = 0. So & is injective, thus an automorphism. We
conclude that p is an isomorphism. O

2.3 Projective limits of exact sequences

Remark 2.9. Let
1-A—-G—H-—1

be an exact sequence of groups, and assume that A is abelian. Then there is a
natural left action of H on A, defined as follows.

Let h € H and consider any lift & € G of h. Then the action of h on a € A is
defined as

hah™!

where we see a as an element of G via the inclusion map. This definition does
not depend on the choice of the lift h because if 1 is a different lift of A then
h = hb for some b € A, and we have hah~! = hbab='h~! = hah~!. Moreover
hah=! is mapped to 1 in H, so this clearly defines an action of H on A.

Lemma 2.10. Let I be a partially ordered set. For everyi € I let A; denote an
exact sequence of topological groups

1= A, — A — Al =1

such that A, and A} have the subspace and quotient topology with respect to A;,
respectively. For every i < j let p;; : Aj — A; be a map of exact sequences such
that {(A)icr, (pij)ijer} is a projective system. Let {A, (m;)icr} be the limit of
this projective system, where A is

154 A4 —1.

Then the subspace topology on A’ and the quotient topology on A" coincide with
their respective limit topology.

Proof. The limit topologies on A and A’ are the subspace topologies with re-
spect to the products [],.; A; and [];.; 4], respectively. Since each A} has the
subspace topology with respect to A;, it follows that J],.; A; has the subspace
topology with respect to [[,.; 4s, so A’ has the subspace topology with respect
to A.

iel
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In order to show that the limit topology on A" is the quotient topology, we
need to show that every U C A" is open for the limit topology if and only if
its preimage in A is open. If U C A" is open for the limit topology, there is
V' C [l;e;r A7 open such that VN A” = U. Its preimage W C [],.; 4; is open
and such that W N A, which coincides with the preimage of U in A, is open. On
the other hand, if the preimage V' C A of U is open, there must be W C [[,.; 4;
open and such that W N A = V’'. But then, since a quotient map between
topological groups is open and the product of surjective open maps is open, the
projection V' of W in [],.; A7 is open, and so is V' N A”, which coincides with
U. O

3 The s-extensions of abelian groups

In this section we are going to revisit the theory of certain kinds of extensions
of abelian groups that were first introduced by Palenstijn in his master thesis
[Pal04]. These extensions arise naturally when considering the so-called division
points of a certain subgroup A of the rational points of a commutative algebraic
group. In particular, the automorphism groups of these extension provide a
framework to study the Galois groups of field extensions generated by division
points.

3.1 General definitions and first results

Fix a positive integer s.

Definition 3.1. Let A be a finitely generated abelian group. An s-extension of
A is an abelian group B containing A such that:

(1) B/A is torsion;
(2) the torsion subgroup of B is isomorphic to a subgroup of (Q/Z)*.

Remark 3.2. A necessary (and sufficient) condition for a finitely generated
abelian group A to admit an s-extension is that the torsion subgroup Ao of A
can be embedded in (Q/Z)".

Definition 3.3. Let A be a finitely generated abelian group. For every s-
extension B of A, every a € A and every positive integer n we call any b € B
such that nb = a an n-division point of a (in B). We denote by

ng'a:={b€ B|nb=a}
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the set of n-division points of a. We omit the subscript B from ngl if this is
clear from the context. We also denote by

Bn:={beB|nbe A} = | nz'a
acA

the set of all n-division points of elements of A, which is again an s-extension of
A. Notice that for n | m we have B,, C B,,, and that B = Un>1 B,.

Remark 3.4. Assume that n]_gla is not empty. Then for any fixed by € ngla,
the map

ng'a — Bn]
b b—by

is a bijection.

The following lemmas will be used in what follows, in particular in Section

Lemma 3.5. Let B and C be two s-extensions of a finitely generated abelian
group A and let ¢ : B — C be a group homomorphism that is the identity on A.
For every a € A and every b € ngla we have ¢(b) € ngla. In particular, we
have p(By,) C C,.

Proof. It is enough to notice that np(b) = p(nb) = ¢(a) = a. O

Lemma 3.6. Let B and C' be two s-extensions of a finitely generated abelian
group A and let ¢ : B — C be a group homomorphism that is the identity on
A. The kernel of ¢ is contained in Bios. Moreover, if for every prime £ the
restriction of ¢ to B{] is injective, then ¢ is injective.

Proof. Let b € kerp and let n be a positive integer such that nb = a € A.
By Lemma we have 0 € nala, which implies that ¢ = 0. In particular, b
is torsion. For the second assertion, assume that b # 0 and let ¢ be a prime
dividing the order of b. But then b has a multiple of order ¢ which is in ker ¢, a
contradiction. O

Lemma 3.7. Let B be an s-extension of a finitely generated abelian group A and
let o : B — B be an endomorphism that is the identity on A. If ¢ is injective,
then it is an automorphism.

Proof. Assume first that ¢ is injective and let b € B. Let n be a positive integer
such that nb = a € A. By Lemma [3.5| we have p(n~ta) C n~'la. Since n~la is
finite there must be some b’ € n~'a such that p(b') = b, hence ¢ is surjective. [
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The following proposition gives a criterion to verify if an s-extension is normal
in the sense of Definition 2.5

Proposition 3.8. Let B be an s-extension of a finitely generated abelian group
A and let C C B be a subgroup. If Homanc(C, B) C Homanc(C,C), then C is
A-normal in B.

Moreover, under the same assumptions, for every A C A’ CC C B’ C B we
have that C is A'-normal in B’'.

Proof. First of all, notice that C' is an s-extension of A N C and that A+ C' is
an s-extension of A. Let now o € Autanc(A + C) and consider its restriction
oc:C — A+ C. We then have

oc € Homane(C, A+ C) C Homane(C, B) € Homanco(C, C).

Moreover o¢ is injective, thus an automorphism by Lemma [3.7} This shows that
Cis (ANC)-normal in A+ C.

To see that A + C is A-normal in B, let 7 € Auts(B) and consider its
restriction 744¢ : A+ C — B. Since 7 is the identity on A and the image of its
restriction to C'is contained in C' by assumption, we have that the image of 744¢
is contained in A + C. Since 7 is injective, by applying Lemma [3.7] we see that
Ta+c is an A-automorphism of A + C, so we conclude that A + C' is A-normal
in B. Thus C is A-normal in B.

The second assertion follows from the first by noticing that Hom /o (C, B’)
is contained in Homne(C, B). O

Example 3.9. Let B be an s-extension of a finitely generated abelian group A.
Proposition 3.8 can be applied in the following cases:

(1) Let C be either Bios or B[n] for some positive integer n. Then the image of
every group homomorphism from C' to B is contained in C, so in particular
Homanc(C, B) € Homane(C, C).

(2) If C = B, for some positive integer n, then by Lemma we have
Homy (B, B) C Hom (B, B,,) and hence

HomAﬁBn (Bna B) g HomAﬁBn (Bna Bn)

3.2 Automorphisms of s-extensions

We now study the automorphisms of an s-extension that are the identity on the
base group. Recall that if B is an abelian group and A C B is a subgroup we
denote by Aut(B) the group of all automorphisms of B that restrict to the
identity on A.
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Fix for the remainder of this section a finitely generated abelian group A.
The following result is a generalization of [Pall4l Lemma 1.8], and the proof
is essentially the same. We include it here for the sake of completeness.

Proposition 3.10. Let B be an s-extension of A and let C C B be a subgroup. If
C' is A-normal in B, the image of the restriction map Aut o(B) — Homnc(C, B)
18 AutAmc(C).

Proof. By Lemma we have Auta(A + C) = Autsnc(C) via the restriction
map, so it is enough to show that the restriction Aut4(B) — Aut4(A+C), which
exists because A + C' is A-normal in B, is surjective. Thus we may assume that
ACC.

In view of Lemma it is enough to prove that every ¢ € Aut(C) can
be extended to an injective homomorphism B — B. Consider the set of pairs
(M, @), where M is a subgroup of B containing C and ¢ : M — B is an injective
homomorphism extending ¢, ordered by inclusion

(M, ¢) C (M',¢) = MCM and ¢ =9
By Zorn’s Lemma this ordered set admits a maximal element (B , ) and we need
to show that B = B. We prove this by contradiction, assuming that there exists
& € B\ B and proving that we can then extend @ to an injective map (B, z) — B.

Assume first that the order of z is a prime number ¢. An element of B
mapping to B[¢] must be in B[f] because @ is injective. Since z € B[(]\ B[{] we
have #B[{] < #Bl{], so there must be y € B[¢] \ {0} that is not in the image of
. Using Lemma we can then extend @ to (B, z) by letting @(x) := y. The
map we obtain is still injective, so we may assume that B contains all elements
of prime order of B.

Let now k be the smallest positive integer such that kz € B. Up to replacing
x with a suitable multiple, we may assume that & = ¢ is a prime number. Let
b=z € B. The fact that B[¢] C B implies that £5'b C B\ B.

Consider now $(b) € B and let y € £5'3(b). If y € Tm(p), then there is z € B
such that @(z) =y, thus ¢(€z) = ly = ¢(b) and so £z = b, a contradiction. Since
BN (x) = (fzx) and ¢(fx) = Ly, using again Lemmawe can extend ¢ to (B, z)
by letting @(x) := y. By Lemma the homomorphism (B, z) — B that we
obtain is still injective.

We conclude that B = B, thus the restriction map Auta(B) — Auts(C) is
surjective. O

Proposition 3.11. Let B be an s-extension of A. There is a canonical isomor-
phism

v Autayp,,. (B) =2 Hom(B/(A + Btors), Biors)
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which sends any o € Autayp,, . (B) to the group homomorphism [b] — o(b) — b.
Proof. Let o € Autayp,,,.(B). By Lemma [3.5] we can define a map

(pa : B/(A + Btors) — Btors
[b] — o(b) —b

which is clearly a group homomorphism. We claim that the map

¢ Autayp,,,.(B) = Hom(B/(A + Biors), Btors)
0 Yy

is also a group homomorphism. To see this, let 0,7 € Autaip,,.(B). Notice
that, since 7(b) — b € Byoys for every b € B, we have o(7(b) —b) = 7(b) —b. Then
we have

which proves our claim.
The homomorphism ¢ is injective, because if ¢, = 0 then o(b) = b for all
b € B. To see that ¢ is surjective, for any v € Hom(B/(A + Biors), Btors) let

oy:B— B
b—s b+ ([b])

which is clearly a group homomorphism that is the identity on A 4+ Biops. It is
also injective, because if b+ ¢([b]) = 0 then b = —([b]) must be a torsion point,
hence —b = 9([b]) = 1(0) = 0. By Lemma [3.7} we have o, € Autayp,,,, (B) and
clearly 5, = %, so ¢ is surjective. We conclude that ¢ is an isomorphism. [

Combining the previous results, we obtain a fundamental exact sequence that
provides our framework for the study of Kummer extensions.

Proposition 3.12 ([Pal04, Corollary 3.12 and Corollary 3.18]). Let B be an
s-extension of A. There is an ezact sequence

0 — Hom ( ,Btors> — Aut4(B) — Autag,,,. (Biors) — 1.

_B
A + Btors

Moreover, the group Auta,.. (Biors) acts on Hom (B/(A + Biors), Biors) by com-
position.
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Proof. Notice that Biors is A-normal in B by Example so the restriction
Auty(B) — Autay,,, (Biors) is surjective by Proposition [3.10} and its kernel is
Aut a4 B,,,.(B). By Proposition we have

AutA+ers (B) = HOHI(B/(A + Btors)7 Btors)

so we get the desired exact sequence.

It follows from the existence of the exact sequence above and by Remark
that the group Aut 4, (Btors) acts naturally on Hom (B/(A + Btors), Btors). Let
now ¢ € Hom (B/(A + Biors), Biors) correspond to the automorphism oy : b —
b+ ¢([b]) via the isomorphism of Proposition and let 7 € Auta,_,_(Biors)-
Let moreover 7 be any lift of 7 to Aut4(B). Then for every b € B we have

(Fooy o7 1)(b) =7 (771(b) +v([F' (b)) =
=b+7 (W([F' ()

and since 7! fixes A, as in the proof of Proposition we have that 771(b)—b €
Biors- It follows that o ([771(b)]) = ¥([b]), so

(Fooy o7 ) (b) = b+ F(W([b])) = b+ (1o v)([B]),

where the last equality follows from the fact that ¢¥([b]) € Biors. We conclude
that the natural action of Auta,,,. (Btors) on Hom (B/(A + Biors), Btors) 18 given
by composition. O

3.3 Profinite structure of automorphism groups

Fix for the remainder of this section a finitely generated abelian group A. For
any s-extension B of A and for any positive integer n we can consider the group
B,, and its automorphism group Auta(B,) which, according to the following
proposition, is finite.

Proposition 3.13. Let B be an s-extension of A and assume that B/A has finite
exponent. Then the automorphism group Auta(B) is finite.

Proof. In view of Proposition [3.12] it is enough to prove that
Hom (B/(A + Biors), Btors) and Auta, . (Biors) are finite. But this follows from
the fact that both Biors and B/(A+ Biors) are finite, since A is finitely generated,
B/A has finite exponent and Biors embeds in (Q/Z)°. O

Let B be an s-extension of A. By Proposition for every positive n we
have an exact sequence

By

H P
O o (A + Bn,tors

5Bn,tors> — AutA (Bn) — AutAtors (Bn,tors) —1



3. THE S-EXTENSIONS OF ABELIAN GROUPS 117

and for every n | m the restriction maps make the following diagram commute:

B
H — B tors Aut B, Aut B tors 1
0 — Hom <A+Bm,tors’ t ) — Auta(Bn) — Auta,,,. (Bm.tors) —

i .

B,
0 — Hom [ ————, Bntors | — Auta(Bn) — Auta,,..(Bntors) — 1
A + Bn,tors ’ s ’

Notice that the rows of this diagram are exact and that every vertical map is
surjective by Propostion In fact, we have

e The map on the left is, once we apply Proposition the restriction map

AUtA"er,cors (Bm) — AutA"an,tors (B’ﬂ)

and A+ DBy, tors is A-normal in A+ By, tors Dy Proposition (notice that the
image of any A-homomorphism from A+ B,, tors t0 A+ By tors 1S contained
in A + Bn,tors)~

e The group B, is A-normal in B,, by Example 2) and Proposition

e The groups By tors and By, tors are s-extensions of Agors, and By tors 1S
Agors-normal in By, ors by Example 3.9(1) and Proposition

Proposition 3.14. Let B be an s-extension of A. The groups Aut 4(By,) together
with the natural restriction maps ppm : Auto(By,) — Auta(B,) for n | m form a
projective system. The group Aut 4(B) together with the natural restriction maps
pn s Aut 4 (B) — Aut4(By,) is the limit of this projective system.

Proof. By Proposition the restriction map p,, : Auta(B) — Auty(B,,) is
surjective for every m. Since for every n | m we have p, = ppm © pm, the map
Pnm 18 surjective as well. These maps are clearly compatible, so they form a
projective system.

Let G be any group with a compatible system of maps ¢, : G — Aut4(By).
Then we can define a map ¢ : G — Aut4(B) by letting for every g € G and every
be B

©(9)(b) == wn(g)(b)

where n is such that b € B,,. It is easy to check that this map is well-defined and
that it is the unique map G — Aut4(B) compatible with the projections. O
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From the above proposition it follows that the projective limit of these exact
sequences is the same exact sequence of Proposition [3.12

0 — Hom ( ,Btors> — Aut4(B) — Auty,,,. (Biors) — 1.

A + Btors

Since this sequence is a projective limit we can endow the groups involved
with the natural profinite topology by giving each finite group the discrete topol-
ogy. The maps appearing in the exact sequence above are then continuous
and, in particular, Hom (B/(A 4 Btiors), Btors) and Aut 4, . (Btors) have the sub-
space and quotient topology, respectively (see Lemma . Notice also that
Hom (B/(A + Btors), Btors), being the kernel of a continuous homomorphism, is
a closed normal subgroup of Aut4(B).

We have obtained the following refinement of Proposition [3.12}

Proposition 3.15. Let B be an s-extension of A. The group Auta(B) to-
gether with the natural restriction maps is the projective limit of the finite groups
Aut4(By), thus it is a profinite group. In particular, Auta(B) is a compact
Hausdorff topological group.

There is an exact sequence of profinite groups

0 — Hom < ,Btors> — Auta(B) — Autg,,,. (Btors) — 1.

_B
A + Btors

Moreover, the group Auta,_, (Biors) acts on Hom (B/(A + Btors), Biors) by com-
position, and the action is continuous.

3.4 Full s-extensions

In this section we give a characterization of the mazimal s-extensions of [Pal04]
Section 2.2]. We will not prove here the maximality of these extensions in the
sense of [Pal04] Theorem 2.6], hence the change of name to full s-extensions.
Our motivation for the study of these kind of extensions is that they provide a
useful abstraction for the set of points of a commutative algebraic group that
have a multiple in a fixed subgroup of rational points, in other words it is “full”
of all division points. However, the equivalence of the two definitions follows
immediately from Proposition [3.19

Definition 3.16. Let A be a finitely generated abelian group. An s-extension I
of A is called full if T is a divisible abelian group and T'yors = (Q/Z)%.

Remark 3.17. Recall from Remark that a necessary condition for A to
admit any s-extension is that Ao can be embedded in (Q/Z)%. This condition
is also sufficient for A to admit a full s-extension. To see this, fix an isomorphism
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A= 7N @T where T is a finite subgroup of (Q/Z)*. Then the natural inclusion
7N T — Q™A @ (Q/Z)® realizes Q) @ (Q/Z)* as a full s-extension of A.

Remark 3.18. Let I' be a full s-extension of a finitely generated abelian group
A. Then Tios = (Q/Z)% is a divisible abelian group. It follows that the exact
sequence

0= Tiors > =T /Tiors = 0

splits (non-canonically), so that I' 2 (T'/T'iors) ® Ttors = (I'/Tiors) ® (Q/Z)5.

The following proposition shows in particular that a finitely generated abelian
group A can have at most one full s-extension, up to (a not necessarily unique)
isomorphism.

Proposition 3.19. Let A be a finitely generated abelian group of rank r which
admits a full s-extension I'. There is a canonical isomorphism

[/Tiors — A®7Q (3.1)

that sends the subgroup A/Aiors 0f T'/Tiors to A:={a® 1| a € A}.
Moreover, there is an isomorphism

r3Q e (Q/2) (3:2)
that sends A to Z" C Q.

Proof. Since I'/A is torsion, for every b € T' there is an integer n > 1 such that
nb € A. Let ny, := min{n € N>; | nb € A}. We define a map

’(/)F—)A@ZQ

1
br— (nbb) & —.
ny
The map % is a group homomorphism. To see this, notice first that for every
b €T and every n € N3 such that nb € A we have (nb) ® L = (nyb) ® n%, Then
for every b,c € I' we have

1
=npne(b+¢) ® =

b = (b
Y(b+c) =npic( +C)®nb+c .

1
+ (npnec) @ =
npne NpNe

—(npb) @ nib + (ned) ® ni _
= (b) + ¥(c).

=(npnd) ®
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The map 1 is also surjective: in fact, let @ € A and n € N3;. Since I' is divisible,
there must be an element b € I such that nb = a, and thus 1(b) = a ® L.

Now we show that the kerv = I't,s. If b € I' has order n > 1, then ¢(b) =
(nb)®+ = 0, showing that b € kert). On the other hand, if 1(b) = (nbb)®nib =0,
then necessarily nyb = 0, so that b € I'ior5. So we get an isomorphism which sends
A/Ators to Z

For the second part, since A has rank r we have A ®; Q = Q". It follows
from the first part that there is an isomorphism I'/T'yors — Q" that sends A/Aors
to Z" C Q". The conclusion follows by combining this with any isomorphism
'S (T/Tiors) @ (Q/Z)* (see Remark O

Remark 3.20. In Propositionthe isomorphism is canonical, while the
isomorphism depends on the choice of three isomorphisms: an isomorphism
between A ®z Q and Q" (or, equivalently, a choice of a Z-basis of A/Asors), a
splitting isomorphism I' 2 (T"/Tiors ) BT tors (see Remark and an isomorphism

1—‘tors = (Q/Z)S

3.5 Automorphisms of full s-extensions

For this section, let A be a finitely generated and torsion-free abelian group
of rank r and let I" be a full s-extension of A. Notice that, since Ao = 0,
we have Auta, (Tiors) = Aut(Tiors) and Ty tors = I'[n] for every n > 0. By
Proposition [3.19] we can fix an isomorphism

o:I = Q & (Q/z)°

that maps A onto Z" C Q". This induces isomorphisms

T ~
o mm - DR Z Ta
ku A+Ftors — (Q/ )
Diors : TCiors = (Q/Z)S

Recall from Remark that we have canonical isomorphisms

Aut((Q/2)*) >~ GLy(2),

Hom((Q/2)",(Q/Z)*) = Matsx,(Z)

under which the action of Aut((Q/Z)®) on Hom((Q/Z)", (Q/Z)*) given by com-
position becomes matrix multiplication on the left. So we get isomorphisms

r o ~
(I)ltumm : Hom (A—f—l_‘tors’ 1_‘tors> — Mater(Z),

o Aut(Cyors) = GL.(2).

tors
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On the finite level, these isomorphisms induce, for every n > 0, isomorphisms

¥, : Hom (AI}LW,F[TL]) = Matyx, (Z/nZ)
On Aut(T'[n]) = GLs(Z/nZ)

which are compatible with the natural projections, in the sense that for every
n | m the diagrams

L Ym
Hom (A—|—F[m]’r[m]) —= Matgsx, (Z/mZ)

| |

n Pn
Hom (W,F[no —" Matsx, (Z/nZ)

and
Aut(T[m]) 22 GL4(Z/mZ)

| |

Aut(T[n]) == GL,(Z/nZ)

commute. This shows that the topology with which we endowed our automor-
phism groups coincides with the natural topology of the Z-matrix rings, as stated
in the following proposition.

Proposition 3.21. Let A be a finitely generated and torsion-free abelian group of
rank v and let T be a full s-extension of A. Consider the group AutA( ) with the
profinite topology described in Sectzon and the groups Matsw( ) and GLg ( )
with the topology induced by the profinite topology of A

Then every isomorphism of abelian groups

o:T 5 Q" o (Q/Z)*
that maps A onto Z" C Q" induces isomorphisms of topological groups

~

r ~
(bltumm . Hom (M’ Ftors) — MatsXT(Z),

Piors : Aut(Tiors) = GLy(Z).
Moreover, the action of Aut(I'iors) on Hom (I'/(A + Tiors), [tors) given by com-
position is identified under these isomorphisms with matrix multiplication on the

left.
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4 Some linear algebra

Motivated by the results of the previous sections we will now establish some
results of linear algebra over the ring Z. In particular, we are interested in

~

certain properties of Matsw(z) as a left Matsy s (Z)-module.
Fix for this section two non-negative integers s and r.

~ ~

Proposition 4.1. Let R := Matsxs(Z) and view M = Matsy,(Z) as a left
R-module. Let V. C M be a left R-submodule. Assume that there is a positive
integer n such that, viewing the elements of V' as maps (Q/Z)" — (Q/Z)*%, we
have

() ker f € (Q/Z)" [n]. (4.1)

fev
ThenV D nM.

Proof. Let L denote the right R-module Z* of row vectors and let N denote the
left R-module Z° of column vectors. Notice that there is a natural R-module iso-
morphism, obtained by applying @ g M to the natural isomorphism N @5 L — R:

N®s LepM — M
TR®YRdm = r-y-m

whose inverse is

v: M — NesLogM
m = Y e®fiom
where {e;} and {f;} are the canonical bases for N and L respectively.
Consider now the abelian group My, := L ® g M, which is isomorphic to Z"
via
LM — zr
YR = Y-
and its subgroup
Vi={(y®uv|ye L, veV).

Condition (4.1)) implies that, seeing the elements of Vi, as maps (Q/Z)" — Q/Z,
we have [y, ker f € (Q/Z)"[n]. Then by Pontryagin duality (Theorem [2.3)
we have Vi, D nMj,.
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The image of V in N ®5 L ® g M under the isomorphism 1 is
Y(V)=(zyeuv|zeN,yecLveV)={(xQuv, |z € N, v, € V)
and since
nN®; LOrp M) =(n(z@y®v)|zec N, yecL veM)=

={(zx@n(y®v)|zeN,yeL,ve M) =
=(x®w|zeN,wenMr)

we have
$(V) 2 n(N @5 Log M)
which is equivalent to V' 2O nM. O

Lemma 4.2. Let R be a compact topological ring and let M be a compact topo-
logical R-module. Let T C R be a subring of R and let S denote the smallest
closed subring of R containing T. If V. C M is a closed T-submodule, then V is
also an S-module.

Proof. Let v € V and consider the continuous map

foi:R—>M

T = TV

Since S is the closure of T' in R, we have

fo(S) = fo (m {C'| C closed, T C C C R})
C () {f,(C) | C closed, T € C C R}.

For any closed subset D of M containing f(7') we have that f~1(D) is closed and
contains T and f(f~1(D)) C D, so f,(S) is contained in the closure of f(T).
Since V' is a T-module, we have f,(T) C V, and since V is closed we have
f(S) C V by what we have just said. Since this holds for any v € V', we conclude
that V' is an S-module. O

The following proposition is essentially a generalization of [Chapter Propo-
sition 4.12(1)].

Proposition 4.3. Let R := Matsxs(Zy) and view M := Matsx,(Z¢) as a left
R-module. Let H be a closed subgroup of GLs(Z¢) and V. C M a closed left
H-submodule. Let W = R -V and let S denote the closed Zg-subalgebra of R
generated by H. Suppose that there are non-negative integers n and m such that



124 CHAPTER 3. RADICAL ENTANGLEMENT FOR ELLIPTIC CURVES

(1) W 24" M and
(2) S2ImR.
Then we have V D ("t™M .

Proof. Let T denote the (not necessarily closed) Zg-subalgebra of R generated
by H, so that S is the closure of T'. It is clear that V', being both a Z,-module
and an H-module, is a T-module. Since it is closed, V is also an S-module by
Lemma [£2] above.

Then we have VO S-V D /MR-V = (MW D ™. ¢("M. O

The following result is an adelic version of Proposition [£.3]

Proposition 4.4. Let R := MatSXS(Z) and view M = MatSXT(Z) as a left R-
module. Let H be a closed subgroup of GLS(Z) and let V.C M be a closed left
H-submodule. Let W = R -V and, for every prime {, let H, denote the image
of H under the projection GL4(Z) — GLs(Z¢) and let Z¢[Hy) denote the closed
sub-Zg-algebra of Matsys(Z¢) generated by Hy. Suppose that there are positive
integers n and m such that

(1) W 2>nM;

(2) For every prime { we have Zg[Hp] O mMatsys(Zy).
Then we have V 2O nmM.

Proof. Let Ry := Matyys(Z¢) and My := Matgy,-(Z¢), so that

R=J[rR and M=]]M.
L £

Let moreover V;, and W, denote the images of V' and W in M, respectively.
Notice that V, is an Hy-submodule of M, and that W, is the R,-submodule of
M, generated by V.

By (1) we have that W, contains the image of nM in M,, which is nM,. By
(2) we have Z¢[Hy| 2 mMatsxs(Z¢), so we can apply Proposition [4.3|and deduce
that Vp, D nmM,.

We claim that V' = [, V4, seen as a subgroup of [[, M,. Clearly V C ], V,,
since every v € V is equal to the tuple (egv);, where e; € Z = I1Z, is the
element whose ¢-component is 1 and whose p-component is 0 for all p # ¢. For
the other inclusion, let (w¢), € [[, Ve. Since V; is the image of V' under the
natural projection, for every ¢ there must be w, € V whose ¢-component is wy.
Then the infinite sum

Z gy
¢
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converges to (wy)e in M: consider the sequence of partial sums

{zkbren = D ectie

sk keN

and let U C M be an open neighbourhood of (wy)¢, which must be of the form

Hng HMg

LN >N

for some integer N and some open neighbourhoods U, of wy in My; then clearly
v € U for all k> N.

Since V is closed in M, we must then have (wy), € V, which shows that
V=TI,V i

Since for every prime ¢ the multiplication-by-¢ endomorphism on a Z-module
is invertible on all prime-to-¢ components, we have [[, nmM, =[], gretnm) pp, —
nmM, so

V:HVg QHang:an
[ [

and we conclude. O

5 General entanglement theory

5.1 Initial remarks and definitions

Fix a number field K and an algebraic closure K of K. Let G be a commutative
connected algebraic group over K. It is well-known that there is a non-negative
integer s, depending only on G, such that G(K)[n] = (Z/nZ)* for all integers
n > 1. For example, if G is an abelian variety of dimension g, we have s = 2g.

Let A C G(K) be a finitely generated and torsion-free subgroup of rank r and
consider the divisible hull of A in G(K)

I''={PeG(K)|3IneNx;: nPec A} (5.1)

which is a subgroup of G(K) and a full s-extension of A.
We have I'iors = G(K )tors, which we will also denote by Giors. We also have

A + G(K)tors - rn G(K)

The quotient group (I'N G(K))/(A + G(K)tors), being a quotient of a subgroup
of T'/A, is always a torsion group.
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Definition 5.1. We call any integer d4 > 1 such that da(I' N G(K)) C A+
G (K )yors a divisibility parameter for A in G(K). If such an integer exists, we say
that A has finite divisibility in G(K).

Example 5.2. (1) If G(K) is finitely generated, every torsion-free subgroup A C
G(K) has finite divisibility in G(K): in fact, the abelian group
TNG(K))/(A4+ G(K)tors) 1s torsion and finitely generated, so it is finite.

(2) Let G = G, be the multiplicative group, so that s = 1. In this case G(K) =
K> is not finitely generated, but it still holds that every finitely generated
A C G(K) has finite divisibility. In order to prove this it is enough to show
that for every prime number ¢ there is a non-negative integer my such that
the ¢-power torsion of (' N G(K))/(A + G(K )tors) is contained in

I'NG(K)
A + G(K)tors

and that we can take my = 0 for all but finitely many primes ¢. The first part
is just [DP16l Lemma 12]. As for the second part, assume that A admits a
strongly ¢-independent basis ay, ..., a, as in [PS19, Definition 2.1}, which is
true for all but finitely many ¢ by [PS19, Theorem 2.7]. Let b € ' N K* be
such that b*" € A - u(K) for some m > 1. Then

T
b = (T e
i=1

for some z1, ...,z € Z and some root of unity ( € K of order a power of
£. Since the a; are strongly ¢-independent, every x; is divisible by ¢"*. This
means that b € A- u(K) = A+ G(K)tors, 80 we can take my = 0.

Notice that the cited results are fully explicit, so a divisibility parameter for
A is effectively computable.

[

(3) Let G = G, be the additive group, so that s = 0. In this case no non-trivial
subgroup A C G(K) has finite divisibility. In fact we have

F:{b€f|3n€N;1 suchthatnbeA}gK.

Then (I' N G(K))/A = T'/A contains elements of unbounded order. Since
I' C G(K), Kummer theory for the additive group is trivial.

5.2 Torsion and Kummer representations and the entan-
glement group

Fix for the rest of the section a finitely generated subgroup A C G(K). For
simplicity, we will denote K(Giors) by Koo. We are interested in studying the
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tower of extensions K(I') | K« | K. Notice that K(I') is a Galois extension of
K: in fact it is the union of its finite subextensions of the form K(I',,), where
I, = {P € G(K) | nP € A}, which are Galois. Similarly, K., | K is Galois,
since it is the union of the finite Galois extensions K, := K(G[n]) of K.

The action of Gal(K | K) on G(K) gives rise, for every n > 1, to injective
homomorphisms

Gal((1,) | ) = At () = Hom (g 2 6.

Gal(K(T),) | K) < Auta(T,),
Gal(K,, | K) — Aut(G[n])
which by Proposition fit into the commutative diagram with exact rows
1 — Gal(K(T,) | K,) —— Gal(K(T',) | K) — Gal(K,, | K) — 1

i J |

0 — Hom (AIZW,G[TLD —— Auta(T,) —— Aut(Gn]) — 1

Taking the projective limit we obtain the following commutative diagram of
topological groups with exact rows:

1 —— Gal(K(T) | Koo) —— Gal(K(T) | K) — Gal(Ks | K) — 1

i J |

0 —» Hom L,Gtors — 5 Autg(T) —— Aut(Grors) —— 1
A + Gtors

and the Krull topology on the Galois groups coincides with the subspace topology
with respect to the automorphism groups.

Definition 5.3. We call the cokernel of the above defined map

r
Gal(K(F) | Koo) — Hom (1%’ Gtors)

the entanglement group of A, and we denote it by Ent(A).

Fixing an isomorphism as in Proposition [3.19

:T5Q @ (Q/z)°
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that maps A to Z" C Q", we get by Proposition [3.21] isomorphisms of topological
groups
iy H < I ¢ ) 5 Matgy,(Z)
: om | ———, Ll tors alsxr )
umm A + 1—‘tors ‘ 8
Of ot Aut(Teors) —  GL4(Z).

Then we get a diagram with exact rows

1 — Gal(K(T) | Kno) — Gal(K(T) | K) — Gal(Kw | K) — 1

I | I

0 — Matgyp(Z) — Autyr (Q" & (Q/Z)Y) —— GL4(Z) — 1

which we will refer to as the torsion-Kummer representation related to A.
We will also call the map

Gal(K(T) | Koo) < Mat gy, (Z)
the Kummer representation, and the map
Gal(Ko | K) <= GL4(Z)
the torsion representation.

Definition 5.4. We will denote by H(G) the image of Gal(K | K) in GLS(z)
and by V(A) the image of Gal(K(T") | K& ) in Matsx,(Z).

Since all groups appearing in the diagram above are profinite and all the
maps are continuous, it follows that V(A) and H(G) are closed subgroups of
Matsw(z) and GLQ(Z), respectively. One of our goals is proving that, under
certain conditions, V(A) is also open. More precisely, we want to bound the
order of Ent(A) = Matsxr(Z)/V(A).

Remark 5.5. It follows from the existence of the Kummer representation that
for any n > 1 the degree [K(n™tA) : K(G[n])] divides n"*.

Remark 5.6. The definition of entanglement group given here is different from
that of [Pall4], where the entanglement group for G = G,, is defined as the
quotient of Aut4(T") by the image of Gal(K (T") | K'), which in the cases considered
there is a normal subgroup (see [Pall4l Theorem 1.6]). In fact, the entanglement
group defined here is a subgroup of that of [Pall4].

We conclude this section by remarking the following fact.
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Lemma 5.7. Let G be a commutative connected algebraic group over a number
field K and let A C G(K) be a finitely generated, torsion-free subgroup of G(K)
of rank r. If Ent(A) is finite, then for everyn > 1

n’I‘S

(K (n=1A) : K (G[n])]

divides #Ent(A).

Proof. The image of V(A) under the natural quotient map Matyy,(Z) —
Matgw, (Z/nZ) is Gal(Ky(n tA) | Ks), so the ratio

nT‘S

[Koo (n71TA) 1 Koo

divides # Ent(A). In order to conclude it suffices to notice that

[K(n™"A) :K(G[n])] =
[K(n'A): Koo NK(n tA)] - [Koo N K(n 1 A) : K(G[n])] =
=K (n_lA) t Koo] - [Koo N K(nA) : K(G[n])].

5.3 Bounding the entanglement group

We now give some sufficient conditions for the finiteness of the entanglement
group Ent(A). In particular, we want to explicitly bound its cardinality in terms
of some known quantities. This will be accomplished by applying the results of
Section [

Assume for the rest of this section that A has finite divisibility and that d 4 is
a divisibility parameter for A in G(K). Consider the joint kernel of the elements
of V(A), that is

S(A):= [ kerfC(Q/2).
Fev(4)
where we consider elements of MatSXT(Z) as maps (Q/Z)" — (Q/Z)*. The image
of any [b] € T'/(A + Giors) in (Q/Z)" is in the kernel of every f € V(A) if and
only if b is fixed by every automorphism o € Gal(K(T') | K« ), that is if and only
if b € G(Kw). So we have

S(4) =B (Tféft{@) .
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where we have denoted by @ the isomorphism I'/(A + T'ors) — (Q/Z)" induced
by ®. Let

0:TNG(Ks) — HY(Gal(Ks | K), Giors)

be the group homomorphism that maps an element b € 'NG(K ) to the class of
the cocyle ¢y : 0 — o(b)—b. Notice that A+ Giors C ker ¢, because Gal(K o, | K)
acts trivially on A and ¢, is a coboundary for every t € Giors. SO  gives rise to
a map

S(A) — Hl(Gal(KOO | K)7 Gtors)
which we also denote by .

Proposition 5.8. The kernel of ¢ : S(A) = H(Gal(Ky | K),Giors) is con-
tained in S(A)[da]. In particular, if H'(Gal(Ky | K), Giors) has finite exponent
n, then the exponent of S(A) divides nda.

Proof. Let b € TNG(K ) and assume that py, is a coboundary. We want to show
that dab € A+ Giors. Since gy is a coboundary, there is tg € Gyops such that for
all 0 € Gal(K | K) we have o(b) —b = o(to) —to, hence o(b—tg) = b—to. This
means that b—tg € I'NG(K), hence dab = da(b—tg)+daty € da(TNG(K))+Giors-
Since d 4 is a divisibility parameter for A we have

A+ G(K)iors 2 da(T N G(K))
so that
A+ Giors 2 da(T'NG(K)) 4 Grors
and it follows that dab € A 4+ Giors, S0 We conclude. O

We can finally prove the main theorem of this section. Recall that s is a
non-negative integer such that G[n| = (Z/nZ)® for every n > 1 and that H(G)
denotes the image of Gal(K | K) in GL4(Z).

Theorem 5.9. Let G be a commutative connected algebraic group over a num-
ber field K and let A C G(K) be a finitely generated and torsion-free subgroup
of rank r. For every prime ¢, let Hy(G) denote the image of H(G) under the
projection GLg (Z) — GLs(Z¢) and denote by Z;[Hi(QG)] the closed sub-Z;-algebra
of Matsxs(Z¢) generated by Hy(G). Assume that

(1) The group A admits a divisibility parameter ds in G(K).

(2) There is an integer n = 1 such that Zy[He(G)] 2 nMatsxs(Ze) for every
prime £.
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(3) There is an integer m > 1 such that the exponent of H'(Gal(Ky | K), Giors)
divides m.

Then V(A) is open in Mat,x(Z). More precisely, the order of Ent(A) divides
(danm)Ts.

Proof. Let T':= {P € G(K) | 3n € N3; : nP € A} and fix an isomorphism I" =
Q" @ (Q/Z)* that sends A to Z" as in Proposition @I, so that we get a torsion-
Kummer representation as in the previous subsection.We can then identify H(G)
with a subgroup of GL,(Z) and V(A) with a subgroup of Maty,(Z), and the
natural action of H(G) on V(A) is identified with the usual matrix multiplication
on the left (see Proposition [3.21)).

Thanks to conditions (1) and (3) we can apply Proposition and deduce
that

S(A)= () kerfC(Q/Z) [dam),
FeV(A)
so that by Proposition we have that the GLS(Z)—submodule of Matsxr(Z)
generated by V(A) contains dam Matsy,-(Z). This property and (2) allow us to

apply Proposition and deduce that the index of V(A) in MatsXT(i) divides
(danm)Ts. O

Remark 5.10. Let G = G,, and let A be a finitely generated and torsion-free
subgroup of G(K) of rank r. Theorem [5.9|gives us another way of proving [PS19|
Theorem 1.1], which states that there exists an integer C' > 1 such that for every
n > 1 the ratio

nT

(5 (G, VA) : K (G)]

divides C. Indeed, the ratio (5.2)) always divides # Ent(A) (Lemma, and we
have:

(1) The group A has finite divisibility (see Example [5.2)).

(5.2)

(2) The torsion representation 7 : Gal(Koo | K) — GL1(Z) = Z* coincides with
the adelic cyclotomic character, whose image is open in Zx; more precisely,
the index of H(G,,) in Z* divides [K : Q], so that Zy[H¢(G,,)] contains
[K : Q] Matsxs(Z¢) for every prime £.

(3) By (2) above H(G,,) contains every element of Z* that is congruent to the
identity modulo [K : Q]; an application of Sah’s Lemma (see also the proof
of Proposition tells us that

[K : QH"(Gal(Kw | K),Gptors) = 0.
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So by Theoremwe may take C = (d4 - [K : Q]?)".
It is worth noting that the methods of [PS19] provide a more precise bound.

6 Elliptic curves

For this section we fix a number field K with algebraic closure K and an elliptic
curve E over K with Endg(E) = Z. Moreover, we let A be a torsion-free
subgroup of E(K) of rank r and let I' C E(K) be the subgroup defined in ,
which is a full 2-extension of A.

Our goal is to apply Theorem [5.9) to get an explicit bound on the cardinality
of Ent(A). In order to do so, we need to study the divisibility parameter d 4 and
the torsion representations associated with E/K.

6.1 The divisibility parameter

If a set of generators for A, modulo torsion in E(K), is known in terms of a
Z-basis for E(K)/E(K)tors, then we can compute da effectively. In fact, let
E(K) = E(K)/E(K)tors and let A be the image of A in E(K). Let eq, ..., e, be

a basis for E(K) as a free Z-module and let aj,...,a; be a set of generators for
A. Write

P
a; = E mijej
Jj=1

for some integers m;;, and let M be the p x t matrix (m,;) whose columns are
the coordinate vectors representing the a;.

We can then reduce M to its Smith Normal Form (see [Jacl2l Chapter 3]),
that is, we can find matrices P € GL,(Z) and Q € GL.(Z) such that

di 0 o i e o0
0 do

PMQ = d,
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where dj,...,d, are integers such that dy | d2 | -+ | d, and r is the rank
of A. The integers d; are uniquely determined up to sign, and they are easily
computable from the minors of M (see [Jac12, Theorem 3.9]).

It follows that there is a Z-basis {f1, ..., f,} of E(K) such that {d:fi,...,d.f.}
is a Z-basis for A. Moreover, if T' is defined as in , we have that
(' N E(K))/E(K)tors 1s generated by {fi,...,f.}. We then have that
d. (T NE(K)) C A+ E(K )tors, S0 we can take dg = d,.

6.2 The torsion representation

The torsion representation is nothing but the usual Galois representation attached
to the torsion of E. After a choice of basis, we will denote it by

Too : Gal(Ko | K) — GLy(Z)

and we will denote its image by H(E). If £ is a prime we will denote by 7 the
composition of 7., with the natural projection GL2(Z) — GL2(Z¢) and by Hy(FE)
the image of 7.

The non-CM case

Definition 6.1. We call adelic bound for the torsion representation a positive
even integer mg such that H(E) contains all the elements of GL2(Z) congruent
to the identity modulo mpg. If £ is a prime, we call an integer ny, > 1 such that
Hy(E) D I4+0™ Matoxo(Zy) a parameter of mazimal growth for the ¢-adic torsion
representation. If £ = 2 we require ny > 2.

If £ does not have complex multiplication over K, by Serre’s Open Image
Theorem (see [Ser72]) we know that an adelic bound exists.

Remark 6.2. Notice that, if an explicit bound for mg is known, one can easily
give a bound for each ny by just letting ny = max(1,v(mpg)). However, it is
possible to give an effective bound for each ny (see [LP21 Theorem 14 and Re-
mark 15] and [Chapter 1} Remark 3.7]), so we will keep these constants separate.

Proposition 6.3. If mg is an adelic bound for the torsion representation of E
over K, then mpH'(Gal(Ko | K), Etors) = 0.

Proof. Let G = Gal(K | K) and let z = (z¢)¢ € Z= [1,Z; be defined as

L+ ¢velme) if 0| mpg,
Zy =
7 )2 if 04 mp.



134 CHAPTER 3. RADICAL ENTANGLEMENT FOR ELLIPTIC CURVES

Since by definition 2 | mpg we have z € Z%. Moreover z — 1 = umpg for some
u e Zx, R

Consider now the element g = zI € GLy(Z): it is congruent to the identity
matrix modulo mg, so it lies in GG; moreover it is a scalar matrix, so it lies in
the center of G. By Sah’s Lemma (see [BR03, Lemma A.2]) the endomorphism
of HY(G, Eyors) defined by f — (g — I)f kills HY(G, Fyors)- Since g — I = umgl
for u € 2X, we have that mpH' (G, Eiors) = 0, as required. O]

Definition 6.4. Let K be a number field with absglute discriminant Ag and
let E be an elliptic curve over K without CM over K. We denote by S(F) the
finite set of primes ¢ that satisfy at least one of the following conditions:

(1) £12-3-5- Akg;

(2) the Galois group Gal(K, | K) is not isomorphic to GLy(Fy).

(3) F has bad reduction at some prime of K of characteristic £.

Remark 6.5. The set S(E) is effectively computable (see [Chapter[I] Remark 5.2]).

An explicit value for the adelic bound mpg is provided by the following result
by F. Campagna and P. Stevenhagen:

Theorem 6.6 ([CS19, Theorem 3.4]). Let E be an elliptic curve over K without
CM over K. Write Ky for the compositum of all £-power division fields of E
over K, and Kg(gy for the compositum of the fields Ko~ with £ € S(E). Then
the family consisting of Kg(py and { K= }igs(p) is linearly disjoint over K, that
18, the natural map

Gal(Ky | K) = Gal(Kg(gy | K) x [ Gal(Kp~ | K)
(¢S(E)

s an isomorphism.

Remark 6.7. For every prime ¢ ¢ S(F), the ¢-adic representation associated
with E is surjective. This follows from the fact that the mod ¢ torsion repre-
sentation associated with E and the f-adic cyclotomic character of K are both
surjective (since £ { Ak): in fact in this case we have (H(E) mod ¢) D SLo(Z/(Z)
and det(H,(E)) = Z,, which implies (see [Sex97, IV-23]) that Hy(E) = GL2(Zy).

Corollary 6.8. For every prime £ € S(E) let ny be a parameter of mazimal
growth for the (-adic torsion representation. Let moreover R := HeeS(E) { and
me = vy ([Kg : K]). Then an adelic bound for the torsion representation is given
by

mg = H gretme
teS(E)
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Proof. We have to show that the image of Gal(K | K) in GLQ(Z) contains

[T (7+emtmeMataua(Ze)) x [[ GLa(Ze).
LeS(E) L¢S(E)

We will do so by considering the subgroup Gal(K | Kr) of Gal(K | K).

Notice that, since for every prime ¢ and every n > 1 the degree of Ky» over
Ky is a power of £, the family {K=r}scg(g) is linearly disjoint over K. Then
we have

Gal(Ky | Kp) =Gal(Kg(p) | Kr) x [] Gal(Ki~ | K) =
1¢S(E)

[l Gal(Kexr|Kr)x [[ Gal(Ke~ |K).
LeS(E) t¢S(E)

For every ¢ € S(E) we have 7(Gal(Kj~p | Kr)) 2 I + ™ Matax2(Z¢), where 74
is a parameter of maximal growth for the /-adic torsion representation attached
to E over Ki. By [Chapter Lemma 3.10] we can take vy < n + my, so
Poo(Gal(K | Kgr)) contains

H (I 4 €™ Matayo(Ze)) H GLy(Zy)
LeS(E) 1¢S(E)
so it contains all elements that are congruent to I modulo mg, as required. [

Remark 6.9. We can give an explicit bound for the integers my of the above
corollary:

me =y ([Kr : K]) <ve (#GL2 (Z/RZ) = Y v (0" = )(* —p)).-

pES(E)

The CM case

The torsion representations associated with elliptic curves with complex multi-
plication have been studied for example in [Deub3| and [Deu58|. They are deeply
related to the endomorphism ring O = Endy(E) of E, which is an order in an
imaginary quadratic number field F'.

For every prime ¢, the group

Ci(E) := (Op ®z Zy)™

can be identified with a subgroup of GLy(Z¢) via the action of O on the ¢-power
torsion of E, and is called the Cartan subgroup of GLa(Z,) associated with E.
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We also let

c(B) = (0p 2 Z)X - I cuE

£ prime

which can be identified with a subgroup of GLQ(Z), and we denote by Ne(E) and
N(E) the normalizers of Co(E) in GLy(Z¢) and of C(E) in GLy(Z), respectively.
The group Cy(E) is always conjugate to a subgroup of GLy(Z) of the form

T oy
@,y € Ly, ve(w(x +vy) —
Yy T+y
for some integers v and §, which are called parameters for C¢(E) (see [LP17,

§2.3]).
The image of the torsion representation associated with E is contained in
N(E), and can be described as follows.

Proposition 6.10 ([LomI7, Theorem 1.5)). Let E be an elliptic curve over K
with CM over K, and let F be the CM field of E. Let S denote the set of primes
{ that either ramify in K - F or are such that E has bad reduction at some prime
of K of characteristic £. Then:

1. if F C K, then H(E) C C(F) and [C(E) : H(E)] divides 6[K : Q]. More-
over, Hy(E) = C¢(E) for every L ¢ S;

2. if F ¢ K, then H(E) C N(E), but H(E)  C(E), and [C(E) : C(E)NH(E)]
diwides 12[K : Q]. Moreover, Hy(E) = Ny(E) for every { & S.

Remark 6.11. The result mentioned above |[Loml17, Theorem 1.5] states that
[C(E) : HE)] < 3[K:Q]if FC K and [C(E) : C(E)NH(E)] < 6[K : Q] if
F ¢ K. However, one can check that its proof also yields Proposition [6.10] as
stated here.

Proposition 6.12. Let E be a CM elliptic curve over K and let e = 12[K : Q).

Let moreover
K = 461{ . HEeK,
[

where the product runs over all odd primes ¢ such that (¢ — 1) divides ex. Then
we have mx H (Gal(K o | K), Etors) = 0.

Proof. Let ks = 3 and, for any odd prime ¢, let k; be an integer whose class
modulo ¢ is a generator of (Z/¢Z)* and 1 < k; < £. Let then z = (k;*), € Z,
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and let g = 21 € GLQ(Z) By Proposition we have (C(E))¢x C H(E), so in
particular ¢ € H(F). Applying Sah’s Lemma as in Proposition we see that
g — I kills HY(Gal(K+ | K), Eiors). Since

vg (3°K — 1) < 2e,
ve (k% —1)<egx forall£>2,
ve (k; —1) =0 for all £ such that (¢ — 1) { eg,

we have that z — 1 = um for some u € Z* and some m which divides mg. Asin
Proposition we conclude that the exponent of H'(Gal(Ko | K), Eiors) = 0
divides mg. O

It follows from classical results (see also [LP21l Section 2]) that for every
prime £ there is a positive integer ny such that

#(H(F) mod ¢"1) /#(H(E) mod ¢") = ¢>  for all n > ny. (6.1)

Definition 6.13. We call a positive integer ny satisfying (6.1) a parameter of
mazximal growth for the f-adic torsion representation. If £ = 2 we require ny, > 2.

6.3 Main theorems

We can finally prove our main results, which are higher-rank generalizations of
[Chapter [T} Theorems 1.1 and 1.2].

Theorem 6.14. Let E be an elliptic curve over a number field K without complex
multiplication over K. Let A be a finitely generated and torsion-free subgroup of
E(K) of rank r.

Let da be a divisibility parameter for A. Let S(E) be the finite set of primes
of Deﬁnition and for every £ € S(E) let ng be a parameter of maximal growth
for the L-adic torsion representation of E/K and

mei= Y vl = 1)P* —p)).
pES(E)

~

Then V (A) is open in Mat,«2(Z). More precisely, the order of Ent(A) divides

2r

da - H p2netme
(eS(E)
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Proof. By Remark (6.7 the integer n := J[,cg(p) (" is such that Z¢[H,(E)]
contains n Matoyxo(Zs) for every prime number ¢. By Corollary and Re-
mark m the integer m := ers(E) ¢metme ig an adelic bound for the torsion rep-
resentation associated with E, so by Proposition the exponent of the group
H! (Gal(Ko | K), Etors) divides m.

Then by Theorem 5.9 we have that the order of Ent(A) divides (danm)?". O

Definition 6.15. Let E be an elliptic curve over a number field K with CM over
K. Let Op = Endg(F) and let F' = Frac(Og). We denote by S(E) the finite
set of primes such that at least one of the following conditions is satisfied:

1. ¢ divides the conductor of Og;
2. ¢ ramifies in K
3. E has bad reduction at some prime of K of characteristic £.

Theorem 6.16. Let E be an elliptic curve over a number field K, with CM over
K but not over K. Let A be a finitely generated and torsion-free subgroup of
E(K) of rank r.

Let da be a divisibility parameter for A. For every prime £ let ny be a parame-
ter of mazimal growth for the £-adic torsion representation of E/K and let (¢, ¢)
be parameters for Co(E). Let my be the integer defined in Proposition . Let
moreover S(E) be the finite set of primes of Definition [6.15

Then V (A) is open in Mat,2(Z). More precisely, the order of Ent(A) divides

2r

dAmK A H gne+vz(4(5z)
teS(E)

where we let vy(0) = 0 for every prime £.
Proof. In order to apply Theorem we only need to prove that:

1. for every prime ¢ ¢ S(E) we have

Zg[Hg(E)] = Matgxz(Z[) ;

2. for every prime ¢ € S(E) we have

Zo[Hy(E)] D e +vel4%) Matyy o (Zy) .

Both parts follow from from [Chapter [I} Proposition 4.12, proof of (3)], noticing
that for every ¢ ¢ S(E) one may take d = 0 by [LP17, Proposition 10]. O
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Theorem 6.17. There is a universal constant C > 1 such that, for every elliptic
curve E/Q and every torsion-free subgroup A of E(Q), the order of Ent(A) divides
(dAC)2 rk(A) )

Proof. By [Chapter [1} Corollary 3.13] (which relies on [Ara08| Theorem 1.2] for
the non-CM case) the parameters of maximal growth for the ¢-adic torsion repre-
sentation associated with an elliptic curve over Q can be bounded independently
of E. By [Chapter |1, Theorem 1.3] there is a constant C; such that the expo-
nent of H'(Gal(Qs | Q), Etors) divides C;. The conclusion then follows from
Theorem 5.9 O

Remark 6.18. Theorem does not hold if O = Endg(E) # Z. In fact in
this case one may find a subgroup A C E(K) such that Ent(A) is infinite.

To see this, let P € E(K) be a point of infinite order and let A = OgP and
A’ = ZP. Since A is a free Og-module of rank 1, it has rank 2 as an abelian
group.

Let Q € n~!P. For every n > 1 and every o € Op we have n~lo(P) =
a(Q) + E[n], so

n~'A=0gQ + E[n].

Since Q € n~'A’ and O is defined over K we have that OgQ is defined over
K(n=tA’). Since moreover E[n] C n~t A’ we deduce that K(n™*A) C K(n=1A").
In fact, since A D A’, the two fields coincide. So in particular

(K (n7'A) : K (En]))] = [K (n"'A") : K (E[n))]

Then for every n > 1 we have by Remark

4 4
n n 2

= 2”

(K (n=1A) - K (Eln])]  [K (n=1A") : K (E[n])]

which, by Lemma [5.7} implies that Ent(A) is infinite.

Notice that two generators of A as a free Z-module cannot be linearly indepen-
dent over O. In fact, the condition that the points are linearly independent over
the endomorphism ring of the curve can also be found in [Rib79, Theorem 1.2].
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