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Article

Estimation of required sample size for
external validation of risk models for
binary outcomes

Menelaos Pavlou1 , Chen Qu1,*, Rumana Z Omar1,

Shaun R Seaman2 , Ewout W Steyerberg3, Ian R White4 and
Gareth Ambler1

Abstract

Risk-prediction models for health outcomes are used in practice as part of clinical decision-making, and it is essential that

their performance be externally validated. An important aspect in the design of a validation study is choosing an

adequate sample size. In this paper, we investigate the sample size requirements for validation studies with binary

outcomes to estimate measures of predictive performance (C-statistic for discrimination and calibration slope and

calibration in the large). We aim for sufficient precision in the estimated measures. In addition, we investigate the

sample size to achieve sufficient power to detect a difference from a target value. Under normality assumptions on the

distribution of the linear predictor, we obtain simple estimators for sample size calculations based on the measures

above. Simulation studies show that the estimators perform well for common values of the C-statistic and outcome

prevalence when the linear predictor is marginally Normal. Their performance deteriorates only slightly when the

normality assumptions are violated. We also propose estimators which do not require normality assumptions but

require specification of the marginal distribution of the linear predictor and require the use of numerical integration.

These estimators were also seen to perform very well under marginal normality. Our sample size equations require a

specified standard error (SE) and the anticipated C-statistic and outcome prevalence. The sample size requirement

varies according to the prognostic strength of the model, outcome prevalence, choice of the performance measure and

study objective. For example, to achieve an SE< 0.025 for the C-statistic, 60–170 events are required if the true C-

statistic and outcome prevalence are between 0.64–0.85 and 0.05–0.3, respectively. For the calibration slope and

calibration in the large, achieving SE< 0.15 would require 40–280 and 50–100 events, respectively. Our estimators

may also be used for survival outcomes when the proportion of censored observations is high.
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1 Introduction

Clinical risk-prediction models are used to predict the risk of either having a health outcome (diagnostic models)
or developing a health outcome in the future (prognostic models) using information on patient characteristics.
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These models are often developed using a regression model that associates the outcome to patient characteristics,
the predictor variables. For binary outcomes, a logistic regression model is commonly used. The model is fitted to
the development data to estimate the regression coefficients which can then be used to predict the outcome in new
patients. Risk-prediction models (hereafter ‘risk models’) have important clinical applications; for example, they
are used for clinical decision-making and the clinical management of patients,1–3 to assess the performance of
hospitals and clinicians by policy makers4 and in precision medicine to identify patient subgroups for targeted
treatment.5

Given the important role of risk models in health care, it is essential to validate risk models, i.e. to assess
their predictive performance in either the data used for model development (internal validation) or in a new
dataset (external validation). Typically, in external validation, the risk model is used to obtain predictions for
patients in a new dataset, and the quality of these predictions is assessed using measures of predictive perfor-
mance, for example, measures of calibration, such as the calibration slope and calibration in the large, and
measures of prognostic strength (also called discrimination), such as the C-statistic. A crucial aspect of design-
ing an external validation study is deciding how large the sample size should be. A systematic review of
published external model validation studies found that just under half of the studies evaluated models using
datasets with fewer than 100 events.6

Some broad recommendations have been made regarding the sample size for external validation studies for
binary and survival outcomes. Harrell et al.7 suggested that at least 100 events should be available in the
validation data. Vergouwe et al.8 suggested at least 100 events and 100 non-events are required in the validation
dataset for binary outcomes. Their recommendation was based on the sample size required to detect a statis-
tically significant difference between the estimate of the performance measure and a pre-specified value with
80% power and 5% significance level (for example, assuming a difference of 0.1 for the C-statistic). They used
the estimated variance of the performance measure from the development data to calculate the sample size
assuming that the outcome prevalence in the development and validation datasets is the same. When this
assumption was unlikely to hold, they suggested using simulation to estimate the variance corresponding to
a different prevalence in the validation data. Peek et al.9 concluded that ‘substantial sample sizes’ are required
for external validation studies to reliably test for lack of model fit (assessed using the calibration slope and
Hosmer–Lemeshow test statistic) based on the resampling of large datasets and examining the variability of
performance measures. They suggested avoiding the use of test-based approaches when assessing the predictive
performance of models because of the large sample size requirements for the validation data. Collins et al.10

used resampling methods to calculate the variance of performance measures and recommend a minimum of 100
events, and preferably 200 events or more, to obtain unbiased and precise estimates. Snell et al.11 also used
simulation to explore the sample size requirements for precision-based sample size calculations and considered a
wide range of scenarios.

We focus on the two most common scenarios where the objective is either to calculate the required sample size
to obtain an estimate of a measure of predictive performance with a desired level of precision, or to provide
sufficient power to detect a difference in the estimate of a measure of predictive performance from a target value.
The main aim of this paper is to derive formulae that can be used to calculate the sample size for external
validation studies, by only making a few assumptions regarding the features of the validation dataset and
using information about the anticipated population values of the C-statistic and outcome prevalence, quantities
that can be obtained from previous studies. Moreover, since the sample size requirements may be affected by the
prognostic strength of the model, a factor that has been linked to the sample size requirements for model devel-
opment,12,13 we also investigate how the prognostic strength of the model and the prevalence of the outcome in the
validation data influence the sample size requirements.

The structure of the paper is as follows. We start with the case where the outcome in a prediction model is
binary. In Section 2, we introduce the measures of predictive performance considered in this paper and describe
the possible objectives of an external validation study. In Section 3, we derive formulae for the variance of the
estimated values of the C-statistic, calibration slope and calibration in the large that do not require any patient-
level information. In Section 4, we use our variance formulae to derive formulae for precision- and power-based
calculations and discuss how model strength and outcome prevalence affect sample size requirements. We use a
simulation study in Section 5 to evaluate our variance and sample size formulae when the assumptions are met
and under reasonable departures from these assumptions. Section 6 discusses alternative approaches to sample
size calculation that may be used when the outcome in the prediction model is a survival time which may be
subject to censoring. In Section 7, we demonstrate the application of the methods in a scenario with real data, and
Section 8 provides a discussion.

2188 Statistical Methods in Medical Research 30(10)



2 Measures of predictive performance and criteria for sample size calculation

The predictive performance of a risk model in an external validation study is typically assessed using measures of
calibration and discrimination. The calculation of these performance measures is based on the observed outcomes
and the predicted probabilities in the validation data. These predicted probabilities are usually calculated using
regression coefficients estimated in the development data and the predictor information in the validation data but
could also be obtained from more recent modelling approaches such as random forests, support vector machines,
neural networks and other machine learning techniques.14

The most popular measure of model discrimination when the outcome is binary is the C-statistic, which
measures the ability to separate individuals who experience the event of interest from those who do not.
Considering two discordant patients, i.e. one who experiences the event and one who has not, the C-statistic is
the probability that the patient who experiences the event has a higher predicted risk than the patient who does
not. A value of 0.5 suggests that the model has no discriminatory ability, while a value of 1 suggests that the model
can discriminate perfectly between patients who experience events and those who do not. A risk model with a
higher value of the C-statistic has a higher model strength than a model with a lower value of the C-statistic.

Calibration is often assessed using the calibration in the large and calibration slope. For the calibration slope,
the binary outcome is regressed on the linear predictor in a logistic regression model, and the coefficient of the
linear predictor in this regression is the calibration slope.15 A slope of one suggests perfect calibration, a slope of
less than one suggests overfitting and a slope greater than one suggests underfitting. For the calibration in the
large, a similar regression model is considered as for the calibration slope, but with the coefficient of the linear
predictor fixed to the value of one. The intercept term in this model is the calibration in the large. A calibration in
the large of zero suggests that the proportion of events is equal to the mean of the predicted probabilities.
A negative (positive) value suggests that the predicted probabilities are on average higher (lower) than the pro-
portion of events. In this paper, we investigate the sample size requirements for validation studies when the main
measures of predictive performance are the C-statistic, calibration slope and calibration in the large.

We consider two criteria to calculate the sample size for an external validation study based on different
clinical aims:

a. Precision-based: the aim is to obtain an estimate of a measure of predictive performance, for example, the
C-statistic, with a certain degree of precision expressed by the size of the standard error (SE) (or equivalently,
the width of the confidence interval).

b. Power-based: the aim is to detect whether the value of a measure of predictive performance (for example, the
C-statistic) is significantly different from a pre-specified target value (e.g. C ¼ 0:70) with sufficient power (e.g.
80%) and a fixed Type I error (e.g. 5%).

Previous studies investigating sample size requirements for validation studies used simulation or resampling-
based methods to make some broad sample size recommendations based on estimating the variance of the
estimated performance measures. In contrast, we aim to obtain formulae for the variance of the estimated per-
formance measures as a function of the sample size and the true population values of the C-statistic and outcome
prevalence. In practice, values for the latter two quantities are not known and anticipated population values, i.e.
anticipated values in the population in which the validation study will be carried out, may be obtained from
previous studies or expert clinical opinion. These formulae allow us to perform precision- or power-based sample
size calculations for a particular study without the need to simulate data, thus entailing less computation.

In the next section, we obtain formulae for the variance of the estimated performance measures that do not
require any patient-level data. Based on these, we then obtain formulae to perform precision- and power-based
sample size calculations.

3 Formulae for the variance of the estimated measures of predictive performance

and for sample size calculations for binary outcomes

3.1 Variance of the estimated C-statistic

Let Y denote the binary outcome and g the linear predictor (predicted log-odds) when logistic regression is used.
We let F denote the distribution of the linear predictor in the population and p gð Þ ¼ P Y ¼ 1ð j gÞ¼ 1þ e�gð Þ�1

.
Let ðY1; g1Þ; . . . ; ðYn; gnÞ denote a random sample of size n from the population we wish to validate a risk model
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on, where n denotes the size of the validation dataset. Let n0 and n1 denote the number of subjects with Y¼ 0 and
Y¼ 1, respectively. Subjects with Y¼ 1 have experienced the event of interest and are called ‘cases’, while subjects
with Y¼ 0 have not experienced the event and are called ‘controls’. Given a pair of subjects i; jð Þ let
gð1Þi ; i ¼ 1; . . . ; n1 and gð0Þj , j ¼ 1; . . . ; n0 denote the linear predictor of the ith case and the jth control.

The C-statistic can be defined as

C ¼ Pr gð1ÞI > gð0ÞJ

� �
þ 1

2
Pr gð1ÞI ¼ gð0ÞJ

� �
(1)

where I is the index of a randomly chosen case and J is the index of a randomly chosen control.
An estimator for the C-statistic is

Ĉ ¼ 1

n0n1

X
i

X
j

Iðĝ 1ð Þ
i ; ĝ 0ð Þ

j Þ (2)

where the summation
P

i is over the cases and
P

j is over the controls. The indicator variable Iðĝ 1ð Þ
i ; ĝ 0ð Þ

j Þ is defined
as follows

I ĝ 1ð Þ
i ; ĝ 0ð Þ

j

� �
¼

1 if ĝ 1ð Þ
i > ĝ 0ð Þ

j

1=2 if ĝ 1ð Þ
i ¼ ĝ 0ð Þ

j

0 if ĝ 1ð Þ
i < ĝ 0ð Þ

j

8>>><>>>:
Several methods have been proposed for the estimation of the variance of the C-statistic. Simulation studies16

have shown that the variance estimator proposed by DeLong et al.17 performs best. DeLong’s variance estimator
is given by

cvarDL Ĉð Þ ¼ S10

n1
þ S01

n0
(3)

where

S10 ¼ 1

n1

X
i

P
jI ĝ 1ð Þ

i ; ĝ 0ð Þ
j

� �
n0

� Ĉ

0@ 1A2

; S01 ¼ 1

n0

X
j

P
iI ĝ 0ð Þ

j ; ĝ 1ð Þ
i

� �
n1

� Ĉ

0@ 1A2

and
P

i sums over the cases and
P

j sums over the controls. DeLong’s formula requires knowledge of the values
of the linear predictor and binary outcome for every patient in the study. Hence, if DeLong’s formula is to be used
in sample size calculations for a validation dataset for which data have not been collected yet, simulation is
required.

An asymptotic approximation to the variance of Ĉ can be obtained from DeLong’s variance estimator (see
Supplementary Material 1) as

cvarNI Ĉð Þ ¼ 1

n
� 1� pð ÞEg 1ð Þ K2 g 1ð Þ� �� �

þ pEg 0ð Þ 1� G g 0ð Þ� �� �2
pð1� pÞ (4)

where K and G are the cumulative distribution functions of the linear predictor for the controls and cases,
respectively. So, K g 1ð Þ� �

¼ P g 0ð Þ < g 1ð Þ� �
and G g 0ð Þ� �

¼ P g 1ð Þ < g 0ð Þ� �
.

If it is assumed that the marginal distribution, F; of the linear predictor is known and the model for pðgÞ is well
calibrated, the distribution of the linear predictor for the cases and controls, respectively, has been given by Gail
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and Pfeiffer18 as

G xð Þ ¼ P g � xð j Y ¼ 1Þ ¼ P g 1ð Þ � x

� �
¼
R x
�1 p gð ÞdF gð ÞR1
�1 p gð ÞdF gð Þ and (5)

K xð Þ ¼ P g � xð j Y ¼ 0Þ ¼ P g 0ð Þ � x

� �
¼
R x
�1 1� p gð Þ� �

dF gð ÞR1
�1 1� p gð Þ� �

dF gð Þ : (6)

The cumulative distribution functions of g 1ð Þ and g 0ð Þ can be computed using numerical integration and then

can be used to compute Eg 1ð Þ K2 g 1ð Þ� �� �
and Eg 0ð Þ 1� G g 0ð Þ� �� �2

, also by numerical integration. So, provided that

the marginal distribution of the linear predictor is available, with the aid of numerical integration, and using

relationships (5) and (6), one can compute analytically the variance in (4) without using any individual-level data.

Assumption 1 – Marginal normality: g�N (l, r2)
In practice, risk models most often include a number of continuous and categorical predictors, and, unless this

number is very small or there are only binary predictors with extreme prevalences, the distribution of g is likely to

be approximately marginally Normal.
In applying equation (4) under the assumption of marginal normality, values for the parameters of l and r2

need to be chosen to match the anticipated values of the outcome prevalence and C-statistic. To avoid the use of

simulation in choosing suitable values for l and r2, we obtain in Supplementary Material 1 the following

expressions for l and r2

l� 2p� 1ð Þ U�1ðCÞ
� �2 þ log

p

1� p

� �
(7)

r2 � 2 U�1ðCÞ
� �2

p2 þ 1� pð Þ2
� �

(8)

that correspond approximately to the required anticipated values of C and p: We also show that the approxi-

mation works very well for a wide range of values of C and p (within 1.5% of the required anticipated values in all

scenarios).
In Section 5, we use simulation to study the performance of (4) under the assumption of marginal normality,

and in Supplementary Material 3, we provide code to compute varNI Ĉð Þ.

Closed-form formula for the variance of the estimated C-statistic

If, instead, the distribution of the linear predictor in cases and controls is assumed to be known, one can obtain

the expectations needed in (4) and hence estimate the variance of Ĉ. Assuming that the conditional distribution of

the linear predictor given the outcome is Normal, we obtain a simple estimator of the variance of Ĉ that does not

depend on patient-level data.

Assumption 2 – Conditional normality: g|Y�N (lY, rY
2), Y¼0, 1.

Under Assumption 2, the C-statistic can be approximated19 by C ¼ U l1�l0
r2
0
þr2

1

� �
; and K and G are the cumulative

distribution functions of the Normal distribution with parameters lY and r2Y; for Y ¼ 0; 1. In Supplementary

Material 1, we approximate (4) to obtain a simple formula for the variance of Ĉ that only depends on the sample

size; the true value of the C-statistic and the outcome prevalence.
The formula is

cvarapp Ĉð Þ ¼ 1

n
�
C� 2 T U�1 Cð Þ; 1ffiffi

3
p

� �
� C2

pð1� pÞ (9)

where p ¼ PðY ¼ 1Þ denotes the outcome prevalence, U the cumulative distribution function of the standard

Normal distribution and T is Owen’s20 T-function which can be calculated, for example, using the function ‘T.
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owen’ in the R package ‘sn’. In Section 5, we use simulation to assess its performance when Assumption 1 holds

and under reasonable departures from this assumption. Importantly, as shown later in Section 5, estimator (9)

works very well under Assumption 2 but also under the assumption of marginal Normality for g.

Figure 1a shows the relationship between the SE,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficvarapp Ĉð Þ
q

, of the estimated C-statistic and the true value of

the C-statistic for different values of the outcome prevalence. We considered values between 0.64 and 0.85 for the

true C to reflect the values typically seen in practice and values of 0.05, 0.1, 0.2, 0.3 and 0.4 for the true outcome

prevalence corresponding to sample sizes of 2000, 1000, 500, 334 and 250, respectively, when the number of events

is fixed at 100. According to this formula, the SE of Ĉ for a given prevalence and number of events decreases with

higher values of the true C and lower values of the true outcome prevalence.

3.2 Variance of the estimated calibration slope and calibration in the large

The calibration slope is estimated by fitting the following logistic regression model to the validation data

logit pið Þ ¼ logit P Yi ¼ 1jgið Þð Þ ¼ aþ bcs gi; i ¼ 1; . . . ; n (10)

where bcs is the calibration slope and n ¼ n0 þ n1 is the sample size. For a well-calibrated model, b̂cs ¼ 1:

Similarly, the calibration in the large is defined as aCL in the model

logit pið Þ ¼ logit P Yi ¼ 1jgið Þð Þ ¼ aCL þ gi; i ¼ 1; . . . ; n: (11)

This is equivalent to model (10) with bcs fixed at 1. For a well-calibrated model with respect to the calibration

in the large, âCL ¼ 0: The calibration in the large in model (11) can be obtained by fitting a logistic regression

model for the binary outcome which includes the linear predictor as an offset term.
Assuming models (10) and (11), an asymptotic approximation for the variances of âCL and b̂cs can be obtained

from the inverse of Fisher’s information as

cvarNI âCLð Þ ¼ 1

n
� 1

E Wð Þ (12)

cvarNI b̂CS

� �
¼ 1

n
� EðWÞ
EðWÞEðWg2Þ � E

2ðWgÞ (13)
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Figure 1. Standard error of the estimated C-statistic (a), calibration slope (b) and calibration in the large (c) as the true value of the
C-statistic varies and the number of events is fixed to 100, corresponding to sample sizes of 2000, 1000, 500, 334 and 250 for
outcome prevalences of 0.05, 0.1, 0.2, 0.3 and 0.4, respectively.
SE: standard error.
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where W ¼ p 1� pð Þ and p ¼ 1þ e�gð Þ�1
: For a given sample of size n; estimators of (12) and (13) are

cvar âCLð Þ ¼ 1P
i wi

and cvar b̂CS

� �
¼

P
i wi

ðPi wiÞ
P

i wig2i
� �� P

i wigi
� �2

Assuming that g has a known distribution, the variances in (12) and (13) can be obtained by computing the

expectations E Wð Þ; EðWg2Þ and E
2ðWgÞ using numerical integration.

For example, if g�N l; r2
� �

;

E Wgð Þ ¼
Z 1

�1
1þ e�gð Þ�1

1� 1þ e�gð Þ�1
� �

f gð Þdg

where fðgÞ is the Normal density function. EðWg2Þ and EðWÞ can be computed in a similar manner. The perfor-

mance of (12) and (13) under the assumption of marginal normality for g is studied in Section 5. The R code to

compute the relevant expectations using the function ‘integrate’ is provided in Supplementary Material 3.

Figure 1b and c, similar to Figure 1a, shows the relationship between the SEs
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficvarNIðb̂CSÞ

q
and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficvarNI âCLð Þ
p

and

the true value of C when the number of events is fixed. The distribution of the linear predictor is assumed to be

marginally Normal. The SE of the estimated calibration slope decreases with higher C and lower prevalence. In

comparison to Figure 1a, it can also be seen that for a given prevalence, the SE of the estimated calibration slope

declines faster than the SE of the estimated C-statistic as the true C increases. The SE of the estimated calibration

in the large decreases with lower prevalence and, contrary to the calibration slope, it increases with increasing C-

statistic, although the increase is very gradual.

Closed-form variance estimators for calibration slope and calibration in the large

To obtain a simple formulae for the variance of the estimated calibration in the large that is free from patient-level

information and avoids use of numerical integration, we make the assumption that the marginal distribution of

the linear predictor is Normal (Assumption 1). In Supplementary Material 1, we approximate EðWÞ in (12) to

obtain the following estimator for the variance of the estimated calibration in the large

cvarapp âCLð Þ ¼ 1

n
� ~p 1� ~pð Þ 1þ 1

2
1 � 6~p þ 6~p2ð Þ r2

� �
(14)

where

~p ¼ 1þ e�lð Þ�1
(15)

and l and r2 of the assumed Normal distribution can be obtained by (7) and (8), respectively.
To obtain an analogous formula for the variance of the estimated calibration slope that does not require the use

of numerical integration, we assume that the conditional distribution of the linear predictor given Y is Normal

and make the additional assumption that the corresponding variances are equal.

Assumption 3 – Conditional normality with equal variances: g|Y�N (lY, r
2), Y¼0, 1

Using results from the relationship between the parameters in a logistic regression model and the corresponding

linear discriminant analysis (LDA) model,21–23 we obtain in Supplementary Material 1 the following formula for

the variance of the estimated calibration slope that depends on the sample size, the true value of the C-statistic, the

outcome prevalence and the calibration slope

cvarapp b̂CS

� �
¼ b2cs

2 p 1� pð Þ n U�1 Cð Þ2 þ
2 b2cs
n

(16)

where bCS denotes the true value of the calibration slope.
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In Section 5, we use simulation to evaluate the performance of (14) and (16) when their corresponding
assumptions are met and under reasonable departures from these assumptions and also to establish a range of
values of C for which the formulae can be reliably used.

4 Formulae for precision- and power-based sample size calculations

In this section, we use our variance estimators of Section 3 to obtain formulae for precision and power-based
sample size calculations.

4.1 Precision-based sample size calculations

The most appropriate approach for sample size calculation for most validation studies is likely to be aimed at
obtaining an estimate of a performance measure with reasonable precision, as measured by the size of the SE or
the width of the confidence interval. Rearranging equation (9) to perform a precision-based sample size calcula-
tion based on the true values of C and p; and letting the required variance of Ĉ be varreq Ĉð Þ; we obtain:

n̂req;app Cð Þ ¼
C� 2T U�1 Cð Þ; 1ffiffi

3
p

� �
� C2

pð1� pÞ varreqðĈÞ (17)

Similarly, rearranging equations (16) and (14) and letting the required variance of the calibration slope bCS and
calibration in the large be varreqðb̂CS) and varreq âCLð Þ; respectively, the required sample sizes are given by

n̂req;app bcsð Þ ¼ b2CS
varreqðb̂CSÞ

1

4p 1� pð Þ U�1 Cð Þ2 þ 2

 !
(18)

n̂req;app aCLð Þ ¼ ~pð1� ~pÞ
varreq âCLð Þ 1 þ 1

2
1 � 6~p þ 6~p2ð Þr2

� �
(19)

where ~p; l and r2 are obtained from equations (15), (7) and (8). Analogous estimators, n̂req;NIðCÞ, n̂req;NIðaCLÞ
and n̂req;NIðbcsÞ are obtained by rearranging equations (4), (12) and (13), respectively.

The closed-form formulae for the sample size require the true values of C; p and bCS to be specified. The
formulae that require the use of numerical integration also require to specify the marginal distribution of the
marginal predictor to correspond to the anticipated values of C and p. The C-statistic and outcome prevalence
are study-dependent characteristics, and anticipated population values for these measures may be obtained from
previously published studies or expert clinical opinion. For example, the anticipated population value of Cmay be
obtained from the original model development paper or other published risk models in similar topic areas. The
true value of bCS would typically be assumed to be 1, unless there is an indication that the model is over- or
underfitted. The precision-based approach also requires the variance of the estimated performance measure or,
equivalently, the width of the confidence interval to be specified. This choice will need to be made by the inves-
tigator and will depend on the level of precision considered adequate for a given study.

Effect of model strength and outcome prevalence on the sample size/number of events

The effect of model strength and outcome prevalence on the number of events required to achieve the required
precision of an estimated measure of predictive performance is illustrated in Figure 2. The number of events,
n̂req;app Ĉð Þ; n̂req;NIðb̂CSÞ; n̂req;NI âCLð Þ, required to estimate C with an SE of 0.025 and bCS and aCL with an SE of
0.15 is shown for a range of outcome prevalences ðp ¼ 0:05; 0:1; 0:2; 0:3; 0:4Þ and model strengths ðC ¼
0:64 –0:85Þ: The distribution of the linear predictor for n̂req;NIðb̂CSÞ; n̂req;NI âCLð Þ is assumed to be marginally
Normal. For the C-statistic and the calibration slope, the number of events required decreases with higher model
strength and lower prevalence. On the other hand, for calibration in the large, the number of events required
decreases with lower model strength and increases with higher prevalence. These factors are not taken into
consideration in previous sample size recommendations.

For example, we compare the sample size recommendations for the C-statistic, calibration slope and calibra-
tion in the large for a given value of outcome prevalence of 10% and different model strengths
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for C ¼ 0:64; 0:72; 0:8. For C ¼ 0:64, 1340 patients (rounded up to the nearest 10) and 134 events are required

to achieve an SEðĈÞ ¼ 0:025. For C ¼ 0:72 and 0.8, the corresponding numbers are 1130 patients (113 events) and

840 patients (84 events), respectively. The sample sizes (number of events) required to estimate the calibration

slope with an SE of 0.15, are 2020 (202), 860(86), 510(51) for values of C ¼ 0:64; 0:72 and 0.8, respectively.

Finally, the sample sizes (number of events) required to estimate the calibration in the large with an SE of 0.15 are

510 (51), 530(53), 580(58) for values of C ¼ 0:64; 0:72 and 0.8, respectively. It is noted that when C ¼ 0:64, the

required number of events based on C is lower than that based on bCS (134 vs. 202), but when C ¼ 0:8, the

required number of events based on the calibration slope is smaller (84 vs. 51 events).

4.2 Power-based sample size calculations

Power-based sample size calculations are appropriate to investigate whether the performance of an

existing risk model holds in a different patient population, for example, in patients from a different country or

in patients from a different time-period. For a measure of predictive performance, h, the null hypothesis is

specified as:

H0 : h ¼ h0, and the alternative hypothesis can be either
H1 : h < h0 or H1 : h > h0:

The power, 1-b (b is the Type II error), is the probability of rejecting H0 when

(i) The true value of h is h1 ¼ h0 þ d and
(ii) The threshold for rejecting H0 has been chosen so that the probability of rejecting H0 when the true value of h

is h0 is a (Type I error or significance level):

The power-based approach to sample size calculation is particularly relevant for the C-statistic. For example,

assuming that the case-mix has remained unchanged, we may wish to show that an existing risk model is outdated,

i.e. its predictive performance has deteriorated over time and so H1 : C < C0. Alternatively, we may wish to

demonstrate that a newly developed model has higher discrimination than an established standard, so

H1 : C > C0: Based on a one-sided test, the sample size required to detect a statistically significant difference

d with power 1-b at the significance level a is

n̂ C0; dð Þ ¼ z1�a � s0 þ zb � s1ð Þ2
p� p2ð Þ d2

(20)
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50

100

150

200

250

300

350

0.65 0.70 0.75 0.80 0.85
True C−statistic

Events for SE(β̂CS)=0.15

50

100

150

200

250

300

350

0.65 0.70 0.75 0.80 0.85
True C−statistic

Events for SE(α̂CL)=0.15

Number of events for required precision

(a) (b) (c)

Figure 2. Number of events required to achieve required standard errors of: (a) SE¼ 0.025 for the estimated C-statistic of 0.025
(width of 95% CI¼ 0.1) or (b) SE¼ 0.15 for the estimated calibration slope (width of 95% CI¼ 0.6) or (c) SE¼ 0.15 for the estimated
calibration in the large, as the true value of the C-statistic and the outcome prevalence varies.
SE: standard error.
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where

s0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C0 � 2T U�1 C0ð Þ; 1ffiffiffi

3
p

� �
� C0

2

s
; s1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 � 2T U�1 C1ð Þ; 1ffiffiffi

3
p

� �
� C1

2

s
:

An analogous result can be derived for the calibration slope should this be required.
Figure 3 shows the number of events required to detect a difference, d; ranging from 0.03 to 0.1 when C0 ¼

0:72 and C1 ¼ C0 þ d, with 80% or 90% power at the 5% significance level assuming a prevalence of 10%. With a

sample size of 1000 patients (100 patients), it is only possible to detect a statistically significant difference of 0.063

for the C-statistic with 80% power. Also, over 4500 patients (450 events) are required to detect a difference of 0.03

with 80% power.

5 Simulation study

We use simulation to assess the performance of the variance and sample size formulae of Sections 3 and 4. We

plan and report our simulation studies using the structure proposed by Morris et al.24 which involves defining

aims, data-generating mechanisms (DGMs), estimands/targets, methods and performance measures. All simula-

tions were performed using the R software. The main code for simulations can be found in https://github.com/c-

qu/samplesize-validation and in the Supplementary Material 3.

5.1 Simulation settings

Aims

1. Our variance estimators for the C-statistic, calibration slope and calibration in the large rely on approximations

and assumptions. So we assess their performance first in settings where the assumptions hold to assess the

quality of the approximations and then where there are departures from the assumptions.
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Figure 3. Number of events required to detect a difference of magnitude between 0.03 and 0.1 from a target value of C¼ 0.72
(C1¼C0þ d).
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2. We assess the performance of our sample size estimators for (a) precision- and (b) power-based sample size

calculations in the same settings.

Data-generating mechanisms

We consider four DGMs that correspond to different degrees of departure from the assumptions. The distribution

of the linear predictor is assumed to be:

1. Conditionally Normal given the outcome with the corresponding variances being equal.
2. Conditionally Normal given the outcome with the corresponding variances being unequal. This results in a

violation of the assumption of equal variances required by the formula for the calibration slope.
3. Marginally Normal. This results in mild violation of both the assumption of conditional normality given the

outcome and the assumption of equal variances.
4. Marginally non-Normal in a way that results in marked violation of the assumption of marginal normality and

both the assumption of conditional normality given the outcome and the assumption of equal variances.

The technical details of the data-generating process for DGMs 1–4 are presented in the Supplementary

Material 2.

Parameter values

For all DGMs and aims, we consider a range of values for C and p: C 2 f0:64; 0:72; 0:8; 0:85; 0:9g and p 2
{5%, 10%, 30%}. For Aim 1, the number of events ne 2 f50; 100; 150; 200; 400g: For Aim 2, the required SE

for Ĉ, SEreq Ĉð Þ 2 {0.0125, 0.025} and the required errors for b̂CS, and âCL; SEreq(b̂CSÞ and SEreq(âCLÞ 2 {0.1

0.15}. For Aim 2b, C0 2 f0.64, 0.72, 0.8} and for the difference, d 2 0:03; 0:05f g.

Estimands/targets

(1) SEs of Ĉ; b̂CS and âCL,
(2a) Sample sizes to attain a required SE, SEreq; for Ĉ; b̂CS and âCL (precision-based calculation),
(2b) Power and significance level when the estimated sample size, n̂req;app ðC0; dÞ, is used to detect a difference d

from a C0 with power 1-b at a given significance level a (power-based calculation).

Methods

The estimated SEs, SEapp Ĉð Þ; SEappðb̂CSÞ and SEapp âCLð Þ are obtained using formulae (9), (16) and (14), respec-

tively. The alternative variance formulae (4), (12) and (13) for the C-statistic, calibration slope and calibration in

the large, which require numerical integration, are also examined under DGM 3 and DGM 4. The corresponding

estimated SEs are SEapp;NI Ĉð Þ, SEapp;NIðb̂CSÞ and SEapp;NI âCLð Þ, abbreviated to SENI Ĉð Þ; SENIðb̂CSÞ
and SENI âCLð Þ. The estimated sample sizes for a precision-based calculation, n̂req; appðCÞ, n̂req; app bCSð Þ and

n̂req; app aCLð Þ, are obtained using formulae (17), (18) and (19), respectively. The estimated sample sizes for the

alternative estimators are n̂req; NI Cð Þ, n̂req; NI bCSð Þ and n̂req; NI aCLð Þ. The estimated sample size for a power-based

calculation, n̂req;app C0; dð Þ; is obtained using formula (20).

Simulation process

For all simulations we used nsim ¼ 10;000 datasets.
Aim 1. We let h denote a measure of predictive performance and ĥi its estimate in the ith simulated dataset of

size n: The true SE, SEtrue ĥð Þ; of ĥ is approximated by the empirical SE, SEemp ĥð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

nsim

P
ĥi � �h
� �2q

, where �h ¼
1

nsim

P
ĥi: As nsim is large, the empirical SEs can be regarded as the truth. The SE of ĥ given by our estimators is

obtained by plugging the values of n; p and C into our formulae and is denoted by SEapp ĥð Þ and SENI ĥð Þ.
Aim 2a. We let nreqðhÞ and n

ðeÞ
reqðhÞ denote the true required sample size and number of events, respectively, to

attain a specified SE, SEreq ĥð Þ: This value is obtained after simulating a large number of datasets and hence can be

regarded as the truth. The calculated sample size and number of events to obtain SEreq ĥð Þ using our formulae are

denoted by n̂req; app hð Þ; n̂req; NI hð Þ and n̂ðeÞreq;appðhÞ, n̂ eð Þ
req;NI hð Þ; respectively. If n̂req; app hð Þ and n̂req; NI hð Þ are close

to nreqðhÞ, then our formulae for precision-based calculations performs well.
Aim 2b. We let n̂req;app ðC0; dÞ and n̂ðeÞreq;appðC0; dÞ denote the calculated sample size and number of events,

respectively, to detect a difference d at the significance level a ¼ 0:05 with power 1� b ¼ 0:9. Datasets of size
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n̂req;app ðC0; dÞ are simulated under the null and the alternative hypothesis. Without loss of generality, we assume
that in the formulation of the null and alternative hypothesis, C > C0.

The probability of rejecting the null hypothesis when it is true is estimated by

Type I error n̂req;app C0; dð Þ� � ¼ 1
nsim

P
I Ĉi;l � C0

� �
where Ĉi;l ¼ Ĉi � z1�a �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficvarDL Ĉi

� �q
and cvarDLðĈiÞ

denotes the estimated variance using DeLong’s formula (3).
The probability of rejecting the null hypothesis when the alternative is true is estimated by

Power n̂req;app C0; dð Þ� � ¼ 1

nsim

X
I Ĉi;l � C0

� �
:

For large nsim, these approximations can be treated as the rejection probabilities. A
Type I error n̂req;app C0; dð Þ� �

that is close to 0:05 and a Power n̂req; app C0; dð Þ� �
that is close to 0:9 are suggestive

of good performance from our formula for power-based calculations.

Performance measures

(1) Percentage bias in the estimated SE of ĥ for a given number of events:

% Bias SEapp ĥð Þ
� �

¼ 100
SEapp ĥð Þ
SEtrue ĥð Þ � 1

 !

(2a) Percentage bias in the estimated sample size for a specified SE:

% Bias n̂req;appðhÞ
� � ¼ 100

n̂req; app hð Þ
nreq hð Þ � 1

 !

(2b) Type-1 error rate and power when a sample of size n̂req;app ðC0; dÞ is used to detect a difference d from C0

with a given power and significance level.

5.2 Results

For DGM 1 and 3, we assessed both aims, while for DGMs 2 and 4 we primarily focus on Aim 1. For DGM 3, we
present main results in Tables 1 and 2 for p 2 f10%; 30%g; C up to 0.85, number of events up to 200,
SEreq Ĉð Þ 2 {0.0125, 0.025} and SEreq(b̂CSÞ and SEreq(âCSÞ 2 {0.1 0.15}. Full simulation results can be found
in Supplementary Material 2 which also includes results for DGMs 1, 2 and 4.

DGM 1: Conditional normal linear predictor with equal variances

For the estimated C-statistic, SEapp Ĉð Þ; there was in good agreement with SEtrue Ĉð Þ across all model strength,
prevalence and number of events scenarios (Table S1). The largest bias was less than 4% in absolute value.
Similarly, n̂req; appðCÞ was very close to nreqðCÞ for all values of p; C and SEreq for Ĉ: The power and Type I
error for the estimated sample size were very close to the nominal values of 90% and 5%, respectively, for values
of C0 up to 0.8. (Table S3).

For the estimated calibration slope, the SEs were estimated well for values of C up to 0.8 but tended to be
underestimated for higher values of C (Table S1): The worst bias for values of C up to 0.8 was –8%, and for
C ¼ 0:9, it worsened to –20%. The deterioration in the performance of our formula for the variance of b̂CS was
expected for very high values of C and was due to the higher efficiency of the LDA estimator compared to logistic
regression for high values of C: This was confirmed by comparing the efficiency of logistic regression against LDA
for a range of values for p and C, when data were generated under DGM 1 (see Figure S1 of Supplementary
Material 2). The estimated number of events required to achieve a specified SE was underestimated by a factor of
at most 15% for values of C up to 0.8 and deteriorated further to 37% for C ¼ 0:9 (Table S2).

DGM 2: Conditional Normal linear predictor with unequal variances

Results for the estimated SEs of b̂CS were very similar to those for DGM 1 for C up to 0.8. For values of C � 0:85,
the bias in the estimation of the SE of b̂CS was increased by at most 4% compared to the bias observed in DGM 1.
These results are presented in Table S4 of Supplementary Material 2.
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Table 1. DGM 3. % Bias of the estimated standard errors for Ĉ ; b̂cs and âCL; calculated over 10,000 simulations for true prevalence
values 10% and 30% and true C-statistic of 0.64, 0.72, 0.8 and 0.85.

C-statistic Calibration slope Calibration in the large

p C ne SEtrue

%Bias

SEapp

%Bias

SENI SEtrue

%Bias

SEapp

%Bias

SENI SEtrue

%Bias

SEapp

%Bias

SENI

0.1 0.64 50 0.041 �3 �3 0.295 �2 �1 0.145 1 1

100 0.028 0 0 0.205 0 0 0.104 �1 �1

200 0.020 0 0 0.147 �1 �1 0.074 �2 �2

0.1 0.72 50 0.036 0 0 0.188 �3 �1 0.148 0 0

100 0.026 1 0 0.134 �4 �2 0.106 �1 �1

200 0.018 0 1 0.093 �2 0 0.074 0 0

0.1 0.8 50 0.032 0 0 0.142 �8 �1 0.155 �1 �1

100 0.022 0 �1 0.100 �7 0 0.109 0 0

200 0.016 0 �1 0.069 �6 1 0.076 0 0

0.1 0.85 50 0.027 1 0 0.126 �13 �1 0.160 1 0

100 0.019 2 �1 0.088 �12 1 0.113 1 0

200 0.014 2 0 0.062 �11 1 0.079 2 1

0.3 0.64 50 0.041 �4 �4 0.305 �1 �1 0.154 �2 �2

100 0.029 �1 0 0.215 �1 �1 0.107 �1 0

200 0.020 0 0 0.151 0 0 0.076 �1 �1

0.3 0.72 50 0.037 �1 �1 0.200 �4 �1 0.158 �4 �3

100 0.027 0 0 0.142 �5 �3 0.108 �1 1

200 0.019 �1 �1 0.098 �2 1 0.077 �2 0

0.3 0.8 50 0.033 �1 �2 0.157 �9 �3 0.163 �5 �1

100 0.023 0 �1 0.108 �7 0 0.115 �6 �1

200 0.016 0 �1 0.076 �7 0 0.080 �4 1

0.3 0.85 50 0.028 0 0 0.141 �14 �3 0.172 �10 �2

100 0.020 0 �1 0.098 �13 �1 0.121 �9 �1

200 0.014 1 0 0.067 �10 2 0.085 �8 0

Table 2. DGM 3. Number of events for a specified standard error for Ĉ, b̂cs and âCL:

C-statistic Calibration slope Calibration in the large

p C SEreq n
ðeÞ
req

%Bias

n̂req;app

%Bias

n̂req;NI

SEreq
b̂CS & âCL n

ðeÞ
req

%Bias

n̂req;app

%Bias

n̂req;NI n
ðeÞ
req

%Bias

n̂req;app

%Bias

n̂req;NI

0.10 0.64 0.0125 541 �1 0 0.1 453 0 1 115 �1 �1

0.10 0.72 0.0125 447 1 2 0.1 198 �6 �2 120 �3 0

0.10 0.80 0.0125 329 3 1 0.1 118 �15 �4 130 �9 1

0.10 0.85 0.0125 241 4 �2 0.1 94 �23 �4 146 �17 �3

0.30 0.64 0.0125 695 �1 0 0.1 625 0 �1 153 �1 �1

0.30 0.72 0.0125 586 �1 �1 0.1 282 �2 �2 166 �1 0

0.30 0.80 0.0125 420 3 2 0.1 180 �9 �4 192 �5 0

0.30 0.85 0.0125 323 1 �1 0.1 149 �14 �2 216 �15 0

0.10 0.64 0.025 136 �1 0 0.15 209 �5 �3 52 �2 �2

0.10 0.72 0.025 112 1 �1 0.15 89 �7 �4 55 �5 �3

0.10 0.80 0.025 86 �1 1 0.15 54 �17 �7 58 �9 0

0.10 0.85 0.025 62 2 �3 0.15 44 �27 �9 65 �17 �3

0.30 0.64 0.025 173 �1 0 0.15 282 �1 �2 70 �3 �4

0.30 0.72 0.025 144 1 0 0.15 125 �2 �1 76 �3 �3

0.30 0.80 0.025 110 �2 �2 0.15 81 �10 �5 86 �6 �1

0.30 0.85 0.025 81 0 �2 0.15 70 �19 �8 97 �15 �1

Note. % Bias of the estimated sample size (and number of events), calculated over 10,000 simulations for true prevalence values 10% and 30% and true

C-statistic of 0.64, 0.72, 0.8 and 0.85. n̂ðeÞreq denotes the required number of events.
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DGM 3: Marginally Normal linear predictor

For the estimated C-statistic and calibration slope, the results were very similar to the results seen for DGM 1 and

DGM 2. Arguably, the similarity is due to the fact that when the marginal distribution of the linear predictor is

Normal, the conditional distribution of the linear predictor given the outcome is also approximately Normal, with

the corresponding variances in the cases and control groups being very similar for values of C up to 0.8 (see Figure

S3 in Supplementary Material 1).
For Ĉ, the SEs from our closed-form formulae were estimated very well for all values of C and prevalence

(Table 1 and S5). The largest bias was 4% in absolute value and it occurred for C ¼ 0:64:
The results from using formula (4) that requires numerical integration were very similar, with the highest bias

being less than 4%. This amount of bias occurred only for ne ¼ 50 and therefore is likely to be due to small-sample

bias. Similarly, n̂req; appðCÞ and n̂req; NIðCÞ were very close to nreqðCÞ for all values of SEreq(Ĉ); p and C (Table 2

and S6). The power and Type I error for the estimated sample size were very close to the nominal values of 90%

and 5%, respectively, for values of C0 up to 0.8. (Table S7).
For the estimated calibration slope, the SEs from our closed-form formula were estimated well for values of C

up to 0.8 but tended to be underestimated for higher values of C (Tables 1 and S5): The worst bias for values of C

up to 0.8 was –10%, and for C ¼ 0:9, it worsened to –22%. The estimated number of events required to achieve a

specified SE was underestimated by a factor of at most 20% for values of C up to 0.8 and deteriorated further to

40% for C ¼ 0:9 (Table 2 and S6). The results for the calibration in the large were similar to those seen for

calibration slope. The SEs from our closed-form formula were estimated well for values of for C up to 0.8, with a

maximum bias of 8%, but deteriorated for higher values of C, with a maximum bias of –22% when C ¼ 0:9

(Tables 1 and S5). A similar pattern was observed for the number of events required to achieve a specified SE

(Tables 2 and S6).
The performance of the variance estimators that require the use of numerical integration was very good with

minimal bias across most scenarios under DGM 3 (see Tables 1, 2 and S5, S6). The maximum bias (in absolute

value) for the SE of the calibration in the large was 3%. For calibration slope, the maximum bias was –4%, except

when the number of events was small (50) in which case the maximum bias was –8%. For values of C > 0:8, a

range of values for which the closed-form formulae performed less well, the variance estimators that require the

use of numerical integration should be used instead.
For nsim ¼ 10;000, the maximum Monte Carlo Standard Error (MCE) for the empirical SEs SEtrue Ĉð Þ,

SEtrueðb̂CSÞ and SEtrueðâCLÞ were 0.0005, 0.0036 and 0.0023, respectively. These were the magnitudes of MCE

also for DGMs 1, 2 and 4.

DGM 4: Marginally skewed linear predictor

The SE of Ĉ was estimated well for values of C up to 0.8, but it was underestimated for higher values of C (Table

S8). The underestimation was more pronounced for lower values of prevalence. In particular, the SE of Ĉ was

underestimated by a factor of up to 8% for C up to 0.8 and by a factor of up to 17% when C was 0.9. For the

calibration slope, the opposite pattern was observed, with the true SE of b̂CS being overestimated by our closed-

form formula for low C and underestimated for high C: For values of C up to 0.8, the SE was overestimated by up

to a factor of 13%, with the highest overestimation occurring when C ¼ 0:64: The worst underestimation of 17%

occurred when C ¼ 0:9: For calibration in the large, the SE of âCLwas estimated well by our close-form formula

for all values of C when p ¼ 0:05, but for other prevalence values, it was underestimated by a factor of up to 27%

when C > 0:8.

Summary

To summarise, our simulations suggest that our closed-form sample size formulae based on the C-statistic, the

calibration slope and the calibration in the large estimate well the required sample size for values

of C at least up to 0:8, regardless of the distribution of the linear predictor and the outcome prevalence.

More precisely, we have seen that under the assumption of marginal normality for the linear predictor, the

closed-form formula for precision-based calculation based on C worked very well across all considered values

of C and p: The results obtained by the formula that uses numerical integration were very similar. For calibration

slope and calibration in the large, the corresponding closed-form formulae worked well for values of C up to 0:8;

for higher values of C, the variance estimators which require the use of numerical integration should be used.
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6 Survival outcomes and further considerations

In Sections 3 to 5, we focused on risk-prediction models for binary outcomes. However, in health research,

outcomes are often time-to-event (also known as Survival Outcomes, e.g. time to death, time to relapse), and

our formulae are not designed to apply to these settings. Expressing the variance of Harrell’s C-index,25 which is

the most popular concordance measure, and the variance of the calibration slope for survival outcomes in a form

that does not depend on patient-level information is cumbersome and may not result in simple formulae analo-

gous to those for binary outcomes.
We next discuss two simple approaches for variance and sample size estimation that can be used in specific

scenarios for risk models with survival outcomes. In the first, we make use of our variance and sample size

formulae for binary outcomes and apply them to survival outcomes. In the second, we assume that an estimate of

the variance of the estimated performance measures is available from a previous validation exercise. Using the fact

that the asymptotic variance is proportional to the sample size and using a variance estimate from an existing

study, we then obtain formulae to estimate the sample size to attain a required variance for the estimated C-index/

C-statistic and the estimated calibration slope.

6.1 Use of variance estimators for binary outcomes in survival-data settings

As the regression parameters from logistic and Cox regression are similar when the probability of event occur-

rence is low,26,27 we investigated whether our formulae for the variances of Ĉ and b̂cs hold for survival data

settings by using the proportion of events (observed failures), pe, as prevalence and replacing the true value of the

C-statistic in our variance formulae for binary outcomes by Harrell’s C-index, denoted by CH. Simulation studies

for survival outcomes analogous to the ones in Section 5 were carried out to address Aim 1 under a modified

DGM where survival outcomes were generated from a proportional hazards regression model. The marginal

distribution of the linear predictor was Normal, and its parameters were varied to achieve a range of desired

values for CH 2 f0:64; 0:72; 0:8; 0:85; 0:9g and proportion of events, pe 2 0:05; 0:1; 0:2f g: The censoring

mechanism was chosen to correspond to random censoring, where individuals who have not experienced the

event may have different censoring times, but we assume that the time of censoring is unrelated to the unobserved

survival time (non-informative censoring). Details of the DGM and results are presented in the Supplementary

Material 2.
The variance formulae for binary data performed best when the proportion of failures was small, i.e. the

proportion of censored individuals was very high (Table S9). For the C-index, when pe ¼ 0:05, the SEs of ĈH

obtained from our formula for binary outcomes were lower than the true SEs by a factor of –13% to –2%, with

the worse bias corresponding to lower values of CH. For pe ¼ 0:1, the true SEs were underestimated by a factor of

–10% to 1% when CH � 0:85 and overestimated by a factor of up to 7% when CH ¼ 0:9. When pe ¼ 0:2, the
overestimation for high CH became more pronounced, with a factor of up to 18%. This pattern can be explained

by the fact that the formula for binary data considers only the proportion of events or non-events (whichever is

the lowest) and not the actual survival times. So, as censoring decreases and the prevalence approaches one, even

though there is a lot of information in the data with the majority of the survival times being observed, the amount

of information used in the formula for binary data is compromised by only considering the number of non-events.

Hence, the SEs tend to be larger than the true values as prevalence increases (and censoring decreases). For

calibration slope, the SEs of b̂cs obtained from our formula for binary outcome of Section 3.2 were close to the

true SEs for values of pe up to 0:1: In particular, when pe ¼ 0:05 and 0.1, the highest bias was –6% and 11%

respectively, but it increased to 24% for pe ¼ 0:2.
In summary, when dealing with survival data, our formula for the variance of b̂cs that treats the outcomes as

binary worked reasonably well when the prevalence was low (pe � 0.1). Hence, the corresponding formula for

sample size estimation based on the calibration slope can be used although it will slightly overestimate the sample

size, thus providing a conservative sample size estimation. The sample size formula based on the C-statistic can

also be used for pe � 0:1 with caution as it may underestimate the sample size.

6.2 Sample size calculation when estimates for measures of predictive performance

are available from a previous validation study

We also considered an alternative approach to sample size calculation which requires an existing validation

dataset called the ‘reference dataset’ and an estimate of h and its variance from that dataset.
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We let varasymp ĥð Þ denote the asymptotic variance of h and varn ĥð Þ the true variance of ĥ for a dataset of size n.

By definition, varasymp ĥð Þ ¼ n� limn!1 varn ĥð Þ. Assuming that a reference validation dataset of size n� is avail-

able, then the asymptotic variance of h can be approximated by varapp;asymp ĥð Þ ¼ n� � cvarn� ĥð Þ, where cvarn� ĥð Þ
denotes the estimated variance of ĥ in the reference dataset. For example, for binary outcomes cvarn� Ĉð Þ is

calculated using DeLong’s formula (3). For a new dataset of size n

varn ĥð Þ ¼ varapp;asymp ĥð Þ
n

¼ n�

n
cvarn� ĥð Þ (21)

In practice, the larger the size of the reference dataset, the better varasymp ĥð Þ will be approximated by

varapp;asymp ĥð Þ: For sample size calculations, if an estimate of the variance, cvarn� ĥð Þ; of ĥ is available from a

reasonably sized reference dataset of size n�, then solving equation (21) for n; the sample size required to estimate h
with the required variance varreq ĥð Þ is

n̂req ĥð Þ ¼ n� cvarn� ĥð Þ
varreq ĥð Þ (22)

It is noted that (22) assumes that the outcome prevalence in the newly collected data is the same as the

prevalence in the reference dataset.

7 Real data illustration

A risk model was developed28 to predict the risk of in-hospital mortality for patients undergoing heart valve

surgery based on pre-operative patient characteristics. Heart valve surgery has an associated in-hospital mortality

rate of 4% to 8%. The development sample consisted of 16,679 patients in Great Britain and Ireland who had

surgery between 1995 and 1999, and the proportion of deaths was 6.4%. The risk model included 13 categorical

and continuous predictors. The model was validated in a sample of 16,160 patients who had surgery in the five

following years. The proportion of deaths in the validation sample was 5.7%. The estimated C-statistic was 0.77,

and the calibration slope 1.00. The estimated calibration in the large was not available. Using the individual-level

data for all patients in the validation data, the De Long’s estimate of the SE of Ĉ was 0.00765, and the model-

based estimate of the SE of b̂CS was 0.0349.
Suppose we wish to collect new data and assess the performance of this model in a contemporary patient

population. We perform sample size calculations using:

(i) the formulae of Section 4 for precision- and power-based calculations and
(ii) the formula of Section 6.2 which requires the presence of previous validation data.

We compare the recommendations based on the approaches above with the current guideline recommendation

of at least 100–200 events. The code for the sample size calculations that follow can be found in Supplementary

Material 3.

Sample size calculation based on anticipated values for the outcome prevalence and C-statistic

Precision-based sample size calculation

Based on information available from the literature, the discriminatory ability of the model is reflected by an

anticipated population value of C ¼ 0:77 and an anticipated outcome prevalence of 5.7%. Suppose we require C

to be estimated with an SE of 0.025 and the calibration slope and calibration in the large with an SE of 0.15, so

varreq Ĉð Þ ¼ 0:0252 and varreqðb̂CSÞ ¼ varreq âCLð Þ ¼ 0:152. Using the formulae that require numerical integration,

the required number of patients (events) are 1610(92), 940(54) and 900(52) based on the C-statistic, the calibration

slope and the calibration in the large, respectively (number of patients is rounded up to the nearest 10). So, the

recommended size would be 1610 patients (92 events). The corresponding number of patients (events) from the

closed-form formulae are very similar overall, 1600(92), 850(49) and 890(51) based on the C-statistic, the cali-

bration slope and the calibration in the large, respectively.
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Power-based sample size calculation

Suppose that the risk model is considered to be outdated and it is hypothesized that its discriminatory ability is

now lower. Suppose we wish to collect enough data to be able to detect a difference of 0.05 from the null value of

C with power 90% at the 5% significance level, where C0 ¼ 0:77 and C1 ¼ 0:72. Based on a one-sided test, using

formula (20), the required sample size (number of events) is 3690 (211).

Sample size calculation based on existing estimates for the measures of predictive performance from an

existing validation study

The reference dataset is considered to be the existing validation dataset of 16,160 patients with var16160 Ĉð Þ ¼
0:00765 and var16160 ðb̂CSÞ ¼ 0:0349: Using formula (22), the estimated sample sizes (events) to obtain

varreq Ĉð Þ ¼ 0:025 and varreqðb̂CSÞ ¼ 0:15 were 1520 (87) and 850(49), close to the sizes recommended by the

use of our formulae.

Current guideline recommendations of 100 events

Given an assumed outcome-prevalence of 5.7%, a validation sample of at least 1760 patients would be required to

ensure at least 100 events are observed. This size would correspond to an SE Ĉð Þ¼ 0.024, SEðb̂CSÞ¼ 0.104 and

SE âCLð Þ¼ 0.106. Also, it would allow the detection of a difference of 0.074 from C0 ¼ 0.77 with power 90% at the

5% significance level.

8 Discussion

In recent years, sample size estimators for the development of risk models for continuous, binary and survival

outcomes12,29 and for the external validation of risk models for continuous outcome30 have been suggested. In this

work, we propose sample size estimators for the validation of risk models for binary outcomes, which fill an

important gap in the literature, and will enable researchers to make quick and informed sample size choices when

designing their validation studies. Also, when it is only feasible to collect limited data due to cost, time or other

restrictions, our estimators may inform researchers about the anticipated precision of the estimated validation

measures or the power with which a desired difference can be detected.
Analogous calculations can be performed using simulation,8,10,11 akin to the approaches used in this paper to

obtain the true values of SEs and sample sizes under certain assumptions. Simulation will typically require more

programming knowledge compared to applying our formulae, and it will be more accurate, although our esti-

mators have shown very good performance in a wide range of scenarios. Thus, simulation remains an alternative

useful tool, particularly when it is required to perform sample size calculations tailored to the characteristics of a

particular study.
The decision about the required sample size in validation studies for binary outcomes has so far been pre-

dominantly based on the recommendation of at least 100 events (or non-events). This recommendation partly

accounts for outcome prevalence but does not take into account the model strength, as reflected by the C-statistic.

So, for a given prevalence, the recommended sample size will be fixed even though different model strengths

would correspond to different precisions for the estimates of the performance measures. It also does not differ-

entiate between precision- and power-based sample size requirements.
We have proposed easy-to-use formulae for sample size calculations for external validation studies, based on

the C-statistic, the calibration slope and calibration in the large which are standard measures for the predictive

performance of a risk model for binary outcomes. In particular, we have proposed formulae to estimate the

sample size required to ensure either that: (a) the true variance of an estimated measure of predictive performance

is approximately equal to a specified value (precision-based calculation) or (b) there is sufficient power to detect a

difference in the estimate of a measure of predictive performance from a target value (power-based calculation).

To achieve this, we derived formulae for the variance of the estimated performance measures as a function of

sample size and the true values of the C-statistic and outcome prevalence under the assumption of conditional

normality given the outcome for the C-statistic and calibration slope and marginal normality for the calibration in

the large.
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Assessing departure from model assumptions

We used simulation to assess the validity of our variance and sample size formulae when the assumptions about
the distribution of the linear predictor were met and under reasonable departures from these assumptions. We
have found that under the assumption of marginal normality (DGM 3), our closed-form variance formula for the
C-statistic performed well across a range of values range of values for the true C ð0:64; 0:72; 0:80; 0:85; 0:9Þ and
true prevalence (5%, 10%, 30%). Under marginal normality, our closed-form formulae for the calibration slope
and calibration in the large performed well for values of C up to 0.8 but performed less well for C > 0:8.
Therefore, for C > 0:8, we suggest that the estimators that require the use of numerical integration be used.

When the linear predictor was severely skewed, both marginally and conditionally for the cases and the
controls, our formulae performed well for values of C up to 0.8, but their performance tended to deteriorate
for higher values of C: Non-normality is more likely to be a concern in small models with mostly categorical
predictors. The scenario assessed in DGM 4 included only binary predictors, resulting in a highly skewed con-
ditional distribution for the linear predictor. In practice, risk models most often include a number of weakly
correlated predictors, and unless this number is very small or there are only binary predictors with extreme
prevalences, the distribution of the linear predictor is likely to be approximately marginally Normal, a scenario
in which our variance and sample size formulae have been seen to perform well. Importantly, marginal normality
also corresponds to approximate conditional normality of the linear predictor with similar variances for cases and
controls as long as C is not too high (C � 0:85), a condition required by our closed-form variance formulae for the
C-statistic and calibration slope. Consequently, our respective formulae for variance and sample size are expected
to be valid in these settings. Nevertheless, if there are concerns about non-normality of the linear predictor and the
anticipated C is high, the approach that involves numerical integration may also be considered, although this will
require additional information from the user regarding the shape of the assumed distribution.

Selection of the required SE for precision-based and the acceptable difference for power-based sample size
calculations

Both precision- and power-based calculations using our formulae require the input of values for the C-statistic
and the outcome prevalence. Anticipated values for these quantities can be obtained from previous development
and/or validation studies or expert clinical opinion.

If we were to adhere to the existing rule of 100 events, we would obtain, approximately, SEðĈÞ between 0.02
and 0.04, SEðb̂CSÞ between 0.1 and 0.3, and SE âCLð Þ between 0.1 and 0.18, depending on the prevalence and the
C-statistic (Figure 1). For moderate values of C (0.7–0.8) and small prevalence (0.05–0.2), SEðĈÞ is between 0.025
and 0.03, SEðb̂CSÞ between 0.1 and 0.17 and SE âCLð Þ between 0.10 and 0.13.

Our formulae for precision-based sample size calculations additionally require the researcher to provide a value
for the required SE of the estimated performance measure. The decision regarding the required precision for Ĉ is
subjective and could depend on the specific validation study. The cut-off points of 0.6, 0.7 and 0.8 for the C-
statistic have been referred to as the thresholds for low, medium and high model strength.31 Hence, a reasonable
level of precision could be reflected by a maximum SE of 0.025, which would ensure that the 95% confidence
interval of approximate width of 0.10 does not cross more than one cut-off points. To achieve this SE, a validation
study would require between 60 and 170 events if C is between 0.64 and 0.85 and p is between 0.05 and 0.3. For the
calibration slope and calibration in the large, achieving an SE of 0.15 would require 40–280 and 50–100 events,
respectively, for the same range of values for C and p.

Our formulae for power-based calculations additionally require the specification of a value for the difference
from the target value of C. For example, assuming that the outcome prevalence is 10%, and the target value of C
is C0 ¼0.72 with C1 ¼ 0:75; 470 events are required to detect a difference of 0.03 with power 80% at 95%
significance level, a number that may not be realistically attainable in many clinical settings.

Sample size calculations for survival outcomes

Our formulae for the sample size calculations were developed for validation studies with binary outcomes. We
have also investigated the validity of these formulae for survival data, where prevalence is taken to be the pro-
portion of observed failures. The formulae for calibration slope can be applied when prevalence is 10% or less and
provide a slightly conservative sample size recommendation. The formulae for the C-statistic should be used with
caution when p � 10% as this may lead to underestimation of the required sample size. Alternatively, provided
that an estimate of the variance of a measure of predictive performance is available from an existing validation
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study, the sample size for a precision-based calculation can be calculated by exploiting the relationship between

the asymptotic variance and sample size.

Declaration of conflicting interests

The author(s) declared no potential conflicts of interest with respect to the research, authorship, and/or publication of this

article.

Funding

The author(s) disclosed receipt of the following financial support for the research, authorship, and/or publication of this

article: This work was supported by the Medical Research Council grant MR/P015190/1. I.R.W. was supported by the Medical

Research Council Programme MC_UU_12023/29. S.R.S was funded by the Medical Research Council Programme grant

MC_UU_00002/10 and supported by the NIHR Cambridge BRC.

ORCID iDs

Menelaos Pavlou https://orcid.org/0000-0003-1161-1440
Shaun R Seaman https://orcid.org/0000-0003-3726-5937

Supplemental material

Supplemental material for this article is available online.

References

1. Collins GS and Altman DG. An independent external validation and evaluation of QRISK cardiovascular risk prediction:

a prospective open cohort study. BMJ 2009; 339: b2584.
2. O’Mahony C, Jichi F, Pavlou M, et al. A novel clinical risk prediction model for sudden cardiac death in hypertrophic

cardiomyopathy (HCM risk-SCD). Eur Heart J 2014; 35: 2010–2020.
3. Nashef SAM, Roques F, Sharples LD, et al. EuroSCORE II†. Eur J Cardiothorac Surg 2012; 41: 734–745.
4. McAllister KS, Ludman PF, Hulme W, et al. A contemporary risk model for predicting 30-day mortality following

percutaneous coronary intervention in England and Wales. Int J Cardiol 2016; 210: 125–132.
5. K€onig IR, Fuchs O, Hansen G, et al. What is precision medicine? Eur Respir J 2017; 50: 1700391.
6. Collins G, de Groot J, Dutton S, et al. External validation of multivariable prediction models: a systematic review of

methodological conduct and reporting. BMC Med Res Methodol 2014; 14: 40.
7. Harrell FE, Lee KL and Mark DB. Multivariable prognostic models: issues in developing models, evaluating assumptions

and adequacy, and measuring and reducing errors. Stat Med 1996; 15: 361–387.
8. Vergouwe Y, Steyerberg EW, Eijkemans MJC, et al. Substantial effective sample sizes were required for external validation

studies of predictive logistic regression models. J Clin Epidemiol 2005; 58: 475–483.
9. Peek N, Arts DGT, Bosman RJ, et al. External validation of prognostic models for critically ill patients required sub-

stantial sample sizes. J Clin Epidemiol 2007; 60: 491–501.
10. Collins GS, Ogundimu EO and Altman DG. Sample size considerations for the external validation of a multivariable

prognostic model: a resampling study. Stat Med 2016; 35: 214–226.
11. Snell KI, Archer L, Ensor J, et al. External validation of clinical prediction models: simulation-based sample size calcu-

lations were more reliable than rules-of-thumb. J Clin Epidemiol 2021; 135: 79–89.

12. Riley RD, Snell KI, Ensor J, et al. Minimum sample size for developing a multivariable prediction model: part II – binary

and time-to-event outcomes. 2019; 38: 1276–1296.
13. van Smeden M, Moons KGM, de Groot JAH, et al. Sample size for binary logistic prediction models: beyond events per

variable criteria. Stat Methods Med Res 2018; 28: 2455–2474.
14. Hastie T, Tibshirani R and Friedman JH. The elements of statistical learning: data mining, inference, and prediction. New

York: Springer, 2009.
15. Cox DR. Two further applications of a model for binary regression. Biometrika 1958; 45: 562–565.
16. Cleves MA. Comparative assessment of three common algorithms for estimating the variance of the area under the

nonparametric receiver operating characteristic curve. Stata J 2002; 2: 280–289.
17. DeLong ER, DeLong DM and Clarke-Pearson DL. Comparing the areas under two or more correlated receiver operating

characteristic curves: a nonparametric approach. Biometrics 1988; 44: 837–845.
18. Gail MH and Pfeiffer RM. On criteria for evaluating models of absolute risk. Biostatistics (Oxford, England) 2005; 6:

227–239.

19. Zhou X, Obuchowski N and McClish D. Statistical methods in diagnostic medicine. New York: Wiley, 2002.
20. Owen DB. Tables for computing bivariate normal probabilities. Ann Math Statist 1956; 27: 1075–1090.

2205Pavlou et al.

https://orcid.org/0000-0003-1161-1440
https://orcid.org/0000-0003-1161-1440
https://orcid.org/0000-0003-3726-5937
https://orcid.org/0000-0003-3726-5937


21. Austin PC and Steyerberg EW. Interpreting the concordance statistic of a logistic regression model: relation to the variance
and odds ratio of a continuous explanatory variable. BMC Med Res Methodol 2012; 12: 82.

22. Demler OV, Pencina MJ and D’Agostino RB. Equivalence of improvement in area under ROC curve and linear discrim-
inant analysis coefficient under assumption of normality. Stat Med 2011; 30: 1410–1418.

23. Efron B. The efficiency of logistic regression compared to normal discriminant analysis. J Am Stat Assoc 1975; 70:
892–898.

24. Morris TP, White IR and Crowther MJ. Using simulation studies to evaluate statistical methods. Stat Med 2019; 38:
2074–2102.

25. Harrell FE Jr, Califf RM, Pryor DB, et al. Evaluating the yield of medical tests. JAMA 1982; 247: 2543–2546.
26. Annesi I, Moreau T and Lellouch J. Efficiency of the logistic regression and Cox proportional hazards models in longi-

tudinal studies. Stat Med 1989; 8: 1515–1521.
27. Green MS and Symons MJ. A comparison of the logistic risk function and the proportional hazards model in prospective

epidemiologic studies. J Chronic Dis 1983; 36: 715–723.
28. Ambler G, Omar R, Royston P, et al. Generic, simple risk stratification model for heart valve surgery. Circulation 2005;

112: 224–231.
29. Riley RD, Snell KIE, Ensor J, et al. Minimum sample size for developing a multivariable prediction model: part I –

continuous outcomes. Stat Med 2019; 38: 1262–1275.
30. Archer L, Snell KIE, Ensor J, et al. Minimum sample size for external validation of a clinical prediction model with a

continuous outcome. Stat Med 2021; 40: 133–146.

31. Hosmer DW Jr and Lemeshow S. Applied logistic regression. Hoboken, NJ: John Wiley & Sons, 2004.

2206 Statistical Methods in Medical Research 30(10)


	table-fn1-09622802211007522

