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ABSTRACT

We estimate the rate of tidal disruption events (TDEs) that will be detectable with future gravitational wave detectors as well
as the most probable properties of these events and their possible electromagnetic counterpart. To this purpose, we combine
standard gravitational waves and electromagnetic results with detailed rates estimates. We find that the Laser Interferometer
Space Antenna (LISA) should not detect any TDESs, unless black holes (BHs) are typically embedded by a young stellar
population, which, in this situation, could lead up to few 10 events during the duration of the mission. If there are gravitational
wave observations, these events should also be observable in the X-ray or the optical/UV part of the electromagnetic spectrum,
which may open up the multimessenger era for TDEs. The generation of detectors following LISA will at least yearly observe
10* TDEs at cosmological distances, allowing to do population studies and constrain the black hole mass function. In all cases,
most probable events should be around black holes with a mass such that the Keplerian frequency at the Schwarzschild radius

is similar to the optimal frequency of the detector and with a large penetration factor.

Key words: transients: tidal disruption events — gravitational waves.

1 INTRODUCTION

If a star gets too close to a black hole (BH), the tidal force of the
latter can disrupt the former. The stellar debris is then accreted by
the BH, and this results in bright flares. These events are known
as tidal disruption events (TDEs, Hills 1975; Lacy, Townes &
Hollenbach 1982; Rees 1988), and they are now routinely detected
by optical wide field surveys (e.g. van Velzen et al. 2020a; Jones
et al. 2020).

The dynamics of the debris while falling on to the BH is a complex,
non-linear problem that depends on orbital properties of the initial
BH-star system (e.g. eccentricity and pericentre of the star, see Law-
Smith et al. 2020; Ryu et al. 2020d), on the intrinsic properties
of the star (e.g.internal structure: Lodato, King & Pringle 2009;
Guillochon & Ramirez-Ruiz 2013; Goicovic et al. 2019; Golightly,
Nixon & Coughlin 2019b; or rotation: Golightly, Coughlin & Nixon
2019a; Sacchi & Lodato 2019), and on the intrinsic properties of
the BH (e.g. spin; Kesden 2012). None the less, several recent
hydrodynamic codes allow to perform simulations of this problem
(see review of Lodato et al. 2020), sometimes in a fully general
relativistic context (Liptai et al. 2019; Ryu et al. 2020b, c). Since
the evolution of the rate at which debris are accreted by the BH can
be directly measured in these simulations, the time evolution of the
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luminosity can be directly mapped to the initial parameters of the
TDE, and this idea has been recently exploited to reverse-engineer
parameters of observed TDE light curves (Mockler, Guillochon &
Ramirez-Ruiz 2019; Ryu, Krolik & Piran 2020a).

These extreme events involving massive BHs also result in the
emission of gravitational waves, which also carry information about
the nature of the system (Kobayashi et al. 2004; Stone et al.
2020; Toscani, Rossi & Lodato 2020). Gravitational waves being
independent from electromagnetic waves, observing events in both
domains allows us to better understand them: this is a branch of
multimessenger astronomy, which has recently started with the
spectacular observation of a binary neutron star merger both in
the electromagnetic and the gravitational spectrum (Abbott et al.
2017). The future space-based gravitational wave detectors Laser
Interferometer Space Antenna (LISA, Amaro-Seoane et al. 2017),
TianQin (Luo et al. 2016), DECI-hertz inteferometer Gravitational
wave Observatory (Decigo, Sato et al. 2009), Advanced Laser
Interferometer Antenna (ALIA, Baker et al. 2019), and Big bang
observatory (Bbo Harry et al. 2006) will be designed to study
supermassive BHs. As such, one can naturally wonder if we will
enter in the multimessenger astronomy era for TDEs, and what this
will unveil about our understanding of BHs.

To address these questions, we estimate in this paper the expected
rates that will be observed with these future gravitational wave
detectors, what the properties of observed events will be, and if
there will be any associated electromagnetic counterpart. We start
by describing the conditions to observe a single event in Section 2;
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we then compute the rates for a global population of galaxies in
Section 3; we finally give our results and conclusions in Section 4
and Section 5.

2 DETECTION OF SINGLE EVENTS

In this section, we assume that a TDE occurs at a given redshift (z):
a star of mass and radius m, and r, plunges into a BH with mass
M,. The nearly parabolic orbit of the star is such that, at pericentre
(rp), it gets closer to the BH than the tidal radius (r = ro(MoIm,)"?)
where tidal force overcomes the stellar self-gravity, resulting in a
TDE (we do not consider partial TDEs in this study and assume that
stars are fully disrupted for r, < rr, see Ryu et al. 2020c). During
its journey, the star-BH system emits gravitational waves that may
be detected when they arrive on Earth. In Section 2.1, we describe
the formalism to define if a TDE is observable through gravitational
waves and derive the maximum redshift for such observations; in
Section 2.2, we perform the same exercise for the electromagnetic
counterpart with the goal of determining whether multimessenger
detectable events are likely or not.

2.1 Gravitational waves

2.1.1 Formalism

When a star orbiting a BH arrives at pericentre, the time-dependent
mass quadrupole moment tensor of the system star-BH results
in a burst of gravitational waves whose characteristic strain and
frequency can be estimated as (Kobayashi et al. 2004; Stone et al.
2019):

2G*m, M,
X (Z)C4rp

-1 -1
_102p (X&) e
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m, \*3 M, \P
X M
Mo 106 M,
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where x(z) is the comoving distance (we assume a ACDM cosmol-
ogy with Planck parameters; Planck Collaboration XIII 2016); 8 =
rr/ry is the penetration factor (recall that in this study we have g > 1
as we consider only full disruption of stars below the tidal radius); ¢
and G are the speed of light and gravitational constant, respectively;
and keeping in mind that the frequency is redshifted while travelling
to Earth so that the observed frequency is:

haw

fow
1+z°

For highly penetrating orbits, the star is swallowed whole resulting
in a direct plunge. While this may result in the emission of observable
gravitational waves, the debris would not form a luminous accretion
disc, and there would not be any electromagnetic counterpart. In
the simple ‘Newtonian picture with a BH of size the Schwarzschild
radius of the BH’ rgy, = 2GM,/c?, a star on parabolic orbit will
directly plunge for r, < rscp. In the more realistic relativistic
picture, the orbit of the star will follow the geodesic, and it is not
straightforward to know what should be the initial pericentre of the

fobs =

3)
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parabolic orbit such that the star penetrates the BH. For simplicity,
we only keep orbits with:
T

ﬂ =< ﬂmax = (4)

KTsch

}’*CZ

2w Gm* M

kN\—! [ m, -3 Te M, —2/3
12(5) <M®> <R®) (106M®) - ®

where « indicates some critical radius (in units of rgy,) for direct
plunge. When it comes to the number of events per year, a larger
k naturally results in less TDEs, and vice versa. We tried with k =
1 and ¥ = 2 and found the results to be changed by a factor of ~2
only. However, since Kesden (2012) has shown that x ~ 2 nearly
reproduced the correct relativistic rates (see their § IV.A.), we will
use kK = 2 (1, < 2rsc) throughout the paper. We stress again that
these are purely dynamical considerations, and that some of these
events may actually not be observable. For instance, Krolik, Piran &
Ryu (2020) suggest that the rate of detectable events with r, < 7rge,
could actually be lower than that of direct captures.

In order to reduce the dimensionality of the study, we assume
that the mass and the radius of stars are broken power-law related
(r, o« m?; Kippenhahn & Weigert 1990):

0.8
mi .
if m, < Mg
Te Mg 6
Ry N ©)
( Ml ) lfm* > M@ .
Mo

While this relation is technically valid for stars with m, < 60 Mg,
for some models (see Section 3.1.4), we will extrapolate up to 100 Mg
in order to mimic a young stellar population.

With all this, for a TDE involving a star with mass m, on
an orbit with a penetration factor f around a BH with mass M,
occurring at redshift z, we are now able to estimate the strain
(how o Bx ~'m*3=9 M2/3, where 4/3 — 6 > 0) and the frequency
(fops ¢ B32mI=39/2(1 4- 7)1, where (1 — 30)/2 < 0) of gravita-
tional wave when they arrive on Earth.

As a remark, during TDEs, there can also be other mechanisms
resulting in the emission of gravitational waves, e.g. pulsation of the
star due to the tides (Guillochon et al. 2009; Stone et al. 2019) or
instabilities once the accretion disc is formed (Toscani, Lodato &
Nealon 2019). We do not consider these processes in this work, such
that we finally obtain lower estimates of the strain. We note, however,
that these other processes are usually negligible (Stone et al. 2019).

2.1.2 Maximum redshift for detection

In order to know if the event is detectable, we must compare the
strain to the sensitivity of the detector. We define TDEs which signal
is at least a factor S/Ny, larger than the characteristic amplitude noise
of the detector at the observed frequency fge (fons) (Maggiore 2008;
Colpi & Sesana 2017), as ‘detected’ events. In other words, the strain
of the signal has to be above the sensitivity curve in Fig. Al; this
yields:

hGW
hdel(fobs)

To give an example, we show in Fig. 1 the value of S/N for an
observation with LISA! of gravitational waves emitted by a TDE of

ISee sensitivity curve of different detectors in Fig. Al.
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Figure 1. Signal-to-noise ratio of a LISA observation of a TDE as a function
of the mass of the disrupted stars for a 10° M, BH. We show the results
when the penetration factor is changed (thicker lines referring to larger B)
and when the TDE occurs at a different redshift, hence at a different comoving
distance (shown as different colours). For larger B, the curves are truncated
at small masses, when stars penetrate twice the Schwarzschild radius of
the BH. The horizontal black dashed line indicates an S/N = 1, which can be
considered as an (optimistic) limit for detection, and the thin light blue dashed
line guides the eye to indicate S/N oc m; %7 as predicted by equation (9).
Gravitational waves from 8 = 1 TDEs (thin lines) will not be observed by
LISA; gravitational waves from TDEs of Sun-like stars will be observed
up to z ~ 1072 for moderately 8 = 10 penetrating orbits (orange medium
lines); at z ~ 0.1, only gravitational waves from extreme events (§ = 25 and
m, 2 20 Mg; green thick line) can be observed.

a star with mass m,, for different 8 (thickness of the lines) and z
(colours) around a 10° M, BH. We also show the (optimistic) limit
for detection S/Ny;, = 1 with an horizontal black dashed line. Orbits
penetrating twice the Schwarzschild radius [« = 2 in equation (4)]
are excluded, and this is why the curves at high g are truncated at
low mass. We find that 8 = 1 orbits (thin line), i.e. orbits that barely
penetrate the TDE radius, cannot be detected with LISA; moderately
penetrating orbits with 8 = 10 (medium lines) can be detected up
to z ~ 0.01 (orange line) for = 1 Mg, stars; and 8 = 25 extremely
penetrating orbits (thick lines) may be observed up to z ~ 0.1 (green
line) for massive = 20 M, stars.

It can be somewhat surprising that sometimes, for instance
when B = 1 (thin lines), S/N decreases with increasing m,while
equation (1) predicts that the strain increases with increasing m,, i.e.
larger stellar mass results in more ‘violent’ event. The reason is that
Jfow (hence fops) also varies [equation (2)], and that the characteristic
amplitude noise of LISA is not flat (see Fig. Al). To be more
quantitative, we start with equation (7) in which we substitute sgw
and fops by their expressions from equations (1) and (3):

2/395/3 G5/3 1 2/3
SIN =" s m M2 IO ®)
¢ X(@) haer (157)

If we further use for hgy a broken power law (hge(f) =
Hopt (fop) ™ (Tfop)® + D@ T where f, is the optimal frequency
of the detector, see Appendix (A), we find:

1+(1-30)(3+9)

my if fGW < fopl
S/N o 1+(1-30)(L - 2) ®
My o2 if fGW > fopl .

At this point, it is worth noting that, for 8 = 1, fow < 10~3 Hz for
m, 2 0.01 Mg such that for the different detectors (see Table 1), 8 =

GW from TDEs and their EM counterpart 2027

Table 1. Different detectors considered in this study. We indicate the optimal
frequency (fop), strain (Age((fopt)), and BH mass (M, op) of these detectors
for detections of TDE:s.

Detector Sopt haet(fopt) Ma, opt
Hz 10721 Mg
LISA 6x 1073 0.2 7 x 10°
Tiangin 0.02 7 2% 10°
Alia 0.08 0.02 5% 10*
Bbo 0.3 0.01 1 x 10*
Decigo 0.4 0.04 1 x 10*

M. =10%% Mg - S/Njim =5 - Detector = Lisa

102 100
1071
1072
« 10!
1073
104
10° 107>
107! 10° 10! 102

my [Mo]

Zmax

Figure 2. Maximum redshift for observation with LISA of a TDE of a star
with mass nz, on an orbit with penetration factor f around a 10° M BH
assuming detection if S/N > 5. The black region indicates when the orbit
plunges directly toward the BH (rr/f < 2rsch). Conclusions are identical to
that of Fig. 1.

1 TDEs are always in the regime fow < fop. For the particular case
of LISA (a = 1.8) shown for m, < Mg [0 = 0.8 in equation (6)]
in Fig. 1, we find S/N ocm7%7 (thin light blue dashed line) in
excellent agreement with the numerical estimate. Conversely, the
highest possible fgw is obtained for 8 = Bax :

o6 12
32k37? GZM.Z)

. KkN-32 (0 My \ 7'
~4x107°Hz (= , (10)
2 105 M,

which gives only fGw, max > fopt for < 10* My, BHs not considered
in this study.

For a given detector (/e known) and fixed S/N = S/Nyjjm, M, M,
and B, we can solve equation (8) to obtain zuy . In Fig. 2, we show,
for the particular case of LISA, and for S/Nj, = 5 and M, = 10° Mg,
the value of z,,,x as a function of the two parameters left, m,, and S.
Here, we recognize that, overall, a good rule of thumb is that TDEs
produced by massive stars on penetrating orbits can be detected up
to higher redshift, but the details ultimately depend on the complex
shape of the sensitivity curve of the gravitational wave detector (LISA
in this case).

In order to understand the dependency of zy.x with M,, we fix
m, and S/Nyn, and we solve equation (8) across all the possible .
We show the results in Fig. 3 (light thick lines), where we explore
different stellar masses m, and S/Ny, for LISA (left-hand panel),
as well as for future gravitational waves detectors but with fixed

fGW, max — (

MNRAS 510, 2025-2040 (2022)
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Figure 3. Left: Maximum redshift at which a TDE can be detected with LISA as a function of the mass of the BH around which the TDE occurs. We explore
different stellar masses and thresholds for the signal-to-noise ratio (colours) and show the results of a numerical search (thick light lines) and from equation (12)
(thin dark lines). LISA is optimal for a detection around a 100 Mg BH. Right: Same, but for m, = 1 Mg and S/Nji,, = 1 and different detectors (colours). The
generation of gravitational waves detectors following LISA will be able to detect TDEs from intermediate mass BHs up to cosmological redshifts.

m, = Mg and S/Ny, = 1 (right-hand panel). Here, the exact shape
of the sensitivity curve appears even more clearly: LISA is optimal
around 10° My, BHs.

All this can be understood as follows. Starting with equation (8)
and using that, for z < 1, we can approximate x ~ cz/H, (H, is the
Hubble constant), we have:

. 7r2/325/3G5/3H0 m*Mf/3 02\/3 m
3 e S/N  hae(fow)

If fow,max = fopt» then there exists B for which hge(fow) = hopi, and
as hge 1s a steep function of £, this is where the maximal z is obtained.
In the other situation, if fGw, max < fopt» then, given the U shape of
hget, the maximal z is obtained for fgw, max. Overall, equation (11)
giving the maximum redshift can be wrapped up as:

m M, 23
max = 0.01 * *
: (M@> (106 M@>

* 2/3 h et * -
x S/N;! <ﬁ) ( fogl)> : (12)

where

_ , K\N-32 (M, \!
fo=min | 4 x 107" Hz (5) (106M ) s Sopt | - (13)
o}

We conclude that 7., o m, /Ny, is always true: more massive stars
can be detected farther away. However, for BHs with fow, max = fopt
(BHs lighter than M, o, see Table 1), we have zma o< M2/3, and for
fow, max < fop (‘massive’ BHS), Zmax decreases faster than M '/3:
even though the signals are stronger for more massive BHs, there ex-
ists an optimal BH mass for detection given by fow, max(Me) = faet-
For LISA, this optimal mass is M, op ~ 10® Mg, and this is why
Zmax peaks at this value in Fig. 3 (left). We also show in Fig. 3 the
results of equation (12) (thin lines), apart when zy.x ~ 1 and our
hypothesis z < 1 is not correct anymore, the numerical estimate and
equation (12) are in excellent agreement.

Overall, LISA can realistically detect TDEs only up to z ~
0.01 — 0.1 (depending on m, and S/Nyy,), but the next-generation
detectors will be able to detect TDEs around intermediate-mass BHs
up to cosmological redshifts. In all cases, detectors are most sensible
to BHs for which the Keplerian frequency around the critical radius

MNRAS 510, 2025-2040 (2022)

for direct plunge (k X rsen) is the same as the optimal frequency of
the detector, about 10° M, for LISA (see Table 1).

2.2 Electromagnetic counterpart

TDEs are very luminous electromagnetic sources bright both in the
X-ray (e.g.Saxton et al. 2020) and in the optical (e.g.van Velzen
et al. 2020a) part of the spectrum. With the aim of exploring possible
TDEs observed as multimessenger sources, we estimate, using
observationally motivated models, the electromagnetic luminosity
of TDEs. We begin with the optical emission in Section 2.2.1 and
then move to the X-ray emission in Section 2.2.4.

2.2.1 Optical emission

Formalism. The origin of the optical emission is still debated:
while some groups believe that it is caused by shocks during the
circularization process (e.g. Lodato 2012; Piran et al. 2015; Shiokawa
et al. 2015), others believe that it is sourced by the accretion
luminosity reprocessed in the expanding outflow (e.g. Lodato &
Rossi 2011; Dai et al. 2018; Roth & Kasen 2018). Discussion about
the origin of the optical component is beyond the scope of this
paper, and we instead adopt an observational-driven approach. We
assume that the optical emission of TDEs can be well modelled with
a blackbody with temperature Ty, = 3 x 10* K (mean temperature
from table 3 of Wevers et al. 2017 but see also van Velzen et al.
2020b), and a luminosity equals to the Eddington limit:

4 M,
LEdd =3x10 L@ M s (14)
o

where Ly is the luminosity of the Sun. It should be noted that
not all observed TDEs emit up to Eddington luminosity (e.g. Hung
etal. 2017). Furthermore, in our vast parameter space, the Eddington
luminosity can sometime exceed the luminosity at peak [e.g. Evans &
Kochanek 1989; Stone, Sari & Loeb 2013; equation (24) of Stone &
Metzger 2016]; for this reason, the final adopted luminosity is:

M 32 2, —3/2
L=L in [ 1;133 . al - ,
Eddxmm( (106M®> <M©> (Ro) >

()

where we adopted a constant radiative efficiency of 0.1.
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Figure 4. G magnitude as a function of M, for a TDE of a m, = 10 star
occurring at the maximum observable redshift with different gravitational
wave detectors.

This allows to write the spectral flux density (appropriately
redshifted as in appendix A of Roth et al. 2020a):

(1+2)?  2hc?
— X
x(2)? A3
RZ
« opt , (16)
exp (he(l +2)/ kg Top) — 1

Fopt()‘-) =

where X is wavelength in the observer frame; 4, kg, and og are the
Planck, the Boltzmann, and the Stefan constants, respectively; and
we defined the typical blackbody radius of emission (Ry) from the
Stefan—Boltzmann law:

L

Rop = 4| ————. (17)

4
A osToy

From all this, the G magnitude associated to the flux is

a6\ Foo(M
Mg = —2.5log, (9 X (f) X ﬁ),

erg em-2s—1A”
where Ag ~ 464 nm is the central wavelength of the G band.
Note that for L = Lggq (most cases in our parameter space), we
can approximate equation (18) for small z similarly to Section 2.1.2
to obtain the following simple expression:

(18)

Mg ~ 28 — 2.5log,, ( ) + 5log,((2) - (19)

10° Mg
Under the observationally motivated assumption L = Lgqq, the
magnitude of a TDE solely depends on the mass of the BH and
the cosmological distance.

Multimessenger TDEs: For a TDE with given properties, we
can now estimate what the maximum redshift is at which it can
be observed with a gravitational wave detector [equation (12)] as
well as the G magnitude of this event [equation (18)]. In order to
address which events can be detected both in the electromagnetic
and the gravitational spectrum, we can estimate the G magnitude
in the most pessimistic scenario (Mg, 1im): When the TDE occurs
at Zmax -

We show in Fig. 4 Mg 1im as a function of M, for TDEs of 10 Mg,
stars and assuming that events can be gravitationally detected with

GW from TDEs and their EM counterpart 2029
S/Niim = 5. This can easily be generalized to any m, and S/Njn;
combining the approximate expressions for Mg [equation (19)] and
Zmax [€quation (12)], one finds:

my
Mg jim = 18 + Slog,, <—) — Slog, (S/Niim)
Mg
n 5l M,
“lo e
6 80\ 105 M,

: 2/3 h . ; -1
+ Slog, ((]OJ;HJ ( ;olgl)) ) . 20)

Any gravitational detection with the two upcoming interferometers
LISA and Tiangin should be associated with a maximum Mg, jim
magnitude < 20, even detectable with current wide field facilities
(YSE and ZTF Mg limit is 21.5, see Jones et al. 2020). As a
consequence, if there is a detection of a TDE through gravitational
waves, there should be a detection of its electromagnetic counterpart.
However, future-generation detectors may see gravitational waves
that are not observed in the optical counterparts: there will be
orphans. Since for BHs lighter than the optimal mass for gravi-
tational waves detection (M, op, see Table 1), Mg i increases
with the mass of the BH [as 5/6 x logoM,, see equation (20)],
while it decreases for more massive BHs (faster than —5/2 x
logioM,, given the expression of f, in this regime), these orphans
are most likely to be powered by BHs with a mass around
Mo, opt-

2.2.2 X-ray emission

Formalism. The origin of the X-ray emission is thought to be
associated to the inner parts of an accretion disc (e.g. Ulmer 1999;
Lodato & Rossi 2011). We adopt a similar method as in Section 2.2.1,
but instead of fixing the temperature, we fix the blackbody radius at
the circularization radius of the stellar debris:

2r T
Ry = —, (21)
B
and, similarly to the optical case (van Velzen et al. 2016), we
assume that the luminosity equals the Eddington limit capped at
the luminosity at peak [equation (15)]. This allows to estimate the
spectral flux density [equation (16)], which can be integrated in the
0.3-10 keV band in order to obtain the X-ray flux.

Multimessenger TDEs. Similarly to Section 2.2.1, we estimate
the X-ray flux in the pessimistic regime of a TDE occurring at the
maximum redshift at which it can be observed with a gravitational
wave detector. Note that, contrary to the optical emission, this flux
depends on the mass of the star not only through z,,x but also through
Ry. Note also that the value of 8 matters, and to estimate the flux,
we take B for which fgw = f., i.e. such that the event is observable
at Zpyax -

We show in Fig. 5 the X-ray flux as a function of M,. We also
mark the optimistic flux limit of Lynx (10~!° erg cm~2 s~!; The Lynx
Team 2018), but similar conclusions can be reached for eROSITA
(flux limit of 10~ ergcm ™2 s~!; Merloni et al. 2012). In the upper
plot, we focus on the case of LISA varying m, (colours). We find that
most TDEs that LISA may reveal through gravitational waves should
be detectable in the X-ray. Similarly to the optical counterpart, we
find that, in general, if we consider more massive stars, the X-ray
counterpart is fainter as the maximum redshift is larger. In the lower
plot, we show the results for future gravitational wave detectors, with
the same conclusions.
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Figure 5. X-ray flux as a function of M,. Top: Case of LISA, we vary the
total luminosity (varying the fraction of the Eddington limit, line style) and
the mass of the disrupted star (colour, low-mass stars curves are truncated
for large BH masses, when stars penetrate the Scwhazschild radius before
being disrupted). Bottom: Case of future detectors (colours). In both cases,
the Lynx limit is indicated in black.

3 TDE RATES

As shown in Section 2, the detectability of a TDE, both in gravita-
tional and electromagnetic waves, depends on the mass of the BH as
well as the properties of the disrupted star (mass and radius) and on
the pericentre of its orbit. In order to obtain the rate of observable
events, we compute the total rate as a function of these parameters
in one single galaxy in Section 3.1, and we then generalize to a
population of galaxies in Section 3.2.

3.1 Single galaxy

In this section, for a given galaxy with a central BH, we derive the
TDE rate at which stars with a given mass and pericentre penetrate the
tidal radius and are disrupted. A summary of the loss cone dynamics
is given in Section 3.1.1; as the rate depends on the structure of
the galaxy (e.g.density profile), we describe our assumptions in
Section 3.1.2, and we compare our results with previous studies
in Section 3.1.5.

3.1.1 Loss cone dynamics

For a spherically symmetric bath formed by a monochromatic
population of stars my,, we classically (Binney & Tremaine 1987;
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Merritt 2013; Stone & Metzger 2016) define the absolute value of
the specific energy, E, the specific angular momentum J, the specific
angular momentum of a circular orbit at a given energy, J.(E),
their ratio R = J? / JCZ, the radial period, P(E).?> and the mean-R
distribution function f{E).

The flux of stars with a given energy and impact parameter that
diffuse through 2-body interactions within an angular momentum
limit R ¢ is given by equations (4.90—4.94) of Strubbe 2011, and
variable change):

d’r _ 872 GM,ry f(E)
dEdInpg B 1+¢~'6In (R )

X o—ama/t I (o B1/2
x|[1-23"¢ CTS) (22)
m—=1 Uy Jl(am)
o0 2
e %ma/4
E=1-4)" " (23)
m=1 m
PI(E, m,, Mg
G(E, maymyg) = DE Mo ) 24)

Ric

where ¢ is the loss cone filling factor corresponding to the relative
change of R to Ryc per orbit; £(E, mpg, m,) is the orbit averaged
diffusion coefficient in R corresponding to the inverse of the typical
time to change R by order unity (equation [18] of Merritt 2013,
equation [11] of Stone & Metzger 2016); J; are the Bessel functions
of first kind of order k; and «,, is the m-th zero of Jj.

We define the TDE rate as the rate at which stars diffuse within
the angular momentum limit such that they are doomed to enter the
disruption zone on a time-scale of the orbital period, that is:

4EVT
GM,

where we have used that £ <« GM,/rr, as most stars arrive on
eccentric orbit with semimajor axis much larger than rr.

If we consider now a stellar population described by a mass
function ¢, then, in principle, (i) for a given test mass m,, the
diffusion caused by a multispecies stellar background should differ
from the simple monochromatic case; and (ii) different test particles
with different masses should diffuse differently. However, by a happy
coincidence (Magorrian & Tremaine 1999, summary in Appendix B),
for a stellar population, the resulting rate happens to be the same as
if the distribution was made by a monochromatic bath with mass
My, = (m2)1/2, where (m?) = [‘m?¢(m)dm is the root-mean-square
of the mass of a star. Obviously, this is not true anymore when ¢
depends on the position: for instance, if there is mass segregation
that brings more massive objects to the centre, or close enough
to the BH so that more massive stars are disrupted. We neglect
these processes in what follows. Consequently, the rate at which
test particles diffuse within some angular momentum limit can be
obtained using equation (22) with my, = (m%)172,

In order to obtain the rate for a given mass, one has to consider
that only a fraction ¢ (m,)dm, of test particles have the mass m,, and
that the boundary for disruption (Ryc) depends on m,; this yields:

Ric(E,m,) ~

<1, (25)

d’r 872 GM,rr
= p(m,)m,
dlnm,dIng B
GM,/rr
X / G(E, B, m,)dE (26)
0

2In general, P depends on R except for the isochrone potential (Binney &
Tremaine 1987). However, its dependency is usually weak and therefore
neglected.
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Ric

where the upper bound in the integral comes from that orbits
with higher E are within the tidal radius. We note that this upper
bound on E is in apparent contradiction with equation (25), but we
have checked that the integral is independent of the upper value
chosen, i.e., the rate is not dominated by the energy range near
GM. / rr.

From equation (26), we can obtain the total TDE rate (I") around
a particular BH as:

s max Pmax d2 r
r= Y dlamding, 30
/m /ﬁzo dnm.din gl nm-dinf (30)

* =M% min

where m, min and m, m,x are the boundaries of the stellar mass
function (see following section).

3.1.2 Stellar properties around the BH

Stellar density function. In general, the estimate of fand g requires nu-
merical integration (for instance, using PHASEFLOW; Vasiliev 2017;
Pfister et al. 2019b, 2020a; Pestoni et al. 2021) or approximations
(Wang & Merritt 2004; Pfister et al. 2020b). However, we further
assume that the stellar density profile surrounding the BH is a power
law:

r —a
p(r) = po (*) . 3
7

inf

where 7y is the influence radius of the BH, corresponding to the
radius encompassing a stellar mass equal to that of the BH (which
also defines py). In this situation, fand ¢ can be obtained analytically
within 7, (Magorrian & Tremaine 1999; Strubbe 2011; Merritt 2013;
Stone & Metzger 2016), when the potential is dominated by the BH,
as:

_ sy-2 po yle+l) (E N
f(E) = (2noyy) ) @ =172 (aﬁ) (32)
E a—4
g(E,m,) = v (—2) (33)
inf
wim,) = %5(3—00 reth |3
y( —1/2) | 32(a — 5)
L 3 (1) = 1Ip (;,a)]< 2 G(m?) )mz\,
4 Oinf (m,)rT(m,)
(34)

where oj,r = (GM,/ ring) /% is the velocity dispersion at rinf; (m,) =
fmd)(m)dm is the mean stellar mass; In A = In (0.4M,/(m,)) is the
Coulomb logarithm (Spitzer & Hart 1971); y is the Euler Gamma
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function;® and we define Iy as:

1
n ntl n 1
I (7, ): A=) B (1, =, a— = ) dr, 35
AU /0 ( ) ( 2 2) G

where B the incomplete Euler Beta function.*

In order to reduce the dimensionality of the problem, we assume
that the density profile is an isothermal sphere [¢ = 2 in equa-
tion (31)]:

2

o
— 36
) = s (36)
GM,
Finf = W (37)
Ot = V20, (38)

where o is the velocity dispersion of the galaxy and is such that the
BH lies on the M, — o relation (Merritt & Ferrarese 2001):

M. 0.22
7 _ 68 . (39)
kms~! 106 Mg,

The assumption of an isothermal sphere lying on the M, — o
relation is clearly a simplification of reality, as galaxies exhibit
different shapes (e.g. Lauer et al. 2007) and are not uniquely defined
by their BH mass (there is scatter in the relation, e.g. Kormendy & Ho
2013). One possibility to overcome this issue would be to use a mock
catalogue (e.g. Pfister et al. 2020a; Chen, Yu & Lu 2020), but (i) this
is beyond the scope of this study which aims only at providing trends
and orders of magnitude on the gravitationally observed TDE rates,
and (ii) these mock catalogues are constructed from real observations
for which the structure within the influence radius (the relevant region
for TDE rates estimates) is usually poorly resolved for BHs with
M, < 10°Mg (Pechetti et al. 2019; Sdnchez-Janssen et al. 2019).
This said, we note that the isothermal sphere lying on the M, —
o has been widely used in Astronomy (e.g. Volonteri, Haardt &
Madau 2003; Barausse et al. 2020), including TDE studies for which
it has shown to reproduce well observations (Wang & Merritt 2004;
Kochanek 2016b). We also note that the use of the M, — o relation
of Merritt & Ferrarese (2001) among the different observationally
found (e.g. Kormendy & Ho 2013) has little effects on the rate, as
shown by section 3.2 of Kochanek (2016b).

Stellar mass function. In order to take into account that stars can
have a variety of masses, which will produce differences in the strain,
we assume that the stellar population follows the usual Kroupa stellar
mass function (Kroupa 2001):

-1.3
mﬁ
(0.5 M®> for ., min < m, < 0.5Mo

23
m,) = N - 40
9m) = o n for0.5 Mg < /., < 1 max “40)
0.5Mg
0 else,
where ¢ is such that f(b(m)dm = 1. Our fiducial model is for

(M, min, My, max) = (0.08, 10) Mg, that is the stellar population is
old enough so that massive stars have gone through supernovae
(similarly to Magorrian & Tremaine 1999; Stone & Metzger 2016),
but we explore populations with m, m. ranging from 2.5Mg to
100 M. For comparison with previous studies, we also consider the

Sy() = [y e dr,
4B(x,a,b) = [y 1971 — )P~ dr.
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Figure 6. Minimum stellar mass that can produce a TDE as a function of
the mass of the BH for different « (the critical radius for direct plunge, see
Section 2.1.1). For the ¥ = 2 case, BHs with M, < 10" Mg, can disrupt all
stars; for more massive BHs, low-mass stars are gradually removed such
that only massive stars can be disrupted, and for BHs with a mass above
~ 2 x 108 Mg, even most massive stars with m, ~ 100 M, are swallowed
whole.

monochromatic Solar population ¢(m,) = §(m, — Mg), where § is
the delta Dirac function.

The use of the Kroupa initial mass function among others (Salpeter
1955; Chabrier 2003) is an arbitrary choice, but Stone & Metzger
(2016) have shown that the TDE rates depend more on the boundaries
(M4, min and m, max) than on the mass function chosen. While it
would be interesting to also vary the initial mass function, it is
unfortunately impossible to explore all the possibilities in a finite
and comprehensible paper.

For a given BH with mass M,, we now have a unique stellar
density profile and distribution function (f). If we further assume a
stellar mass function (¢), we can estimate all the different terms in
equation (26) to obtain the TDE rate for a given stellar mass (m,)
and impact parameter (S).

3.1.3 Summary

Analytical considerations. As noted by Magorrian & Tremaine
(1999) and Stone & Metzger (2016), if the TDE rate is dominated
by the ‘empty loss cone’ regime (or ‘diffusive’ regime with g < 1),
then the total rate scales as I" oc (m?)/(m,)?> ((m?)/(m,) from 1z and
1/{m.,) fromf). As we also take into consideration that low-mass stars
can be swallowed whole, we have to remove the fraction f, of stars
with m, < m,_ ., where m,_, is solution to Bmax = 1 (equation [4]).
In the end, the total rate scales as:

2
T

FO ‘ (m*)Z '

(41

where f, = ["“"™ ¢(u)du, and T'g is the TDE rate for a monochro-
matic solar population.

We show in Fig. 6 m, , as a function of the BH mass. Given
our minimum stellar mass considered of 0.08 My, BHs with M, <
10” Mg, can disrupt all stars; for more massive BHs, low-mass stars
are gradually removed such that only massive stars can be disrupted,
and for BHs with a mass above ~ 2 x 108 Mg, even most massive
stars with m, ~ 100 My are swallowed whole. As a consequence,
rather independently on the maximum boundary 71, .y, the fraction
of stars that can be disrupted is f, = 1 for M, < 107 Mg, and gradually
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Figure 7. Ratio, for different BH masses (colours), of the TDE rate for
a realistic stellar population over the TDE rate for a monochromatic solar
population. The higher the BH mass, the better the matching between our
model [solid line, equation (30)] and the empty loss cone model [dashed line,
equation (41)]: in the low-mass end, the rate is not dominated by the empty
loss cone regime.

drops to 0 for M, > 2 x 108 Mg, passing by 0.77 and 0.16 for M, =
107 and 107> Mg,

We show in Fig. 7, for different BH masses (colours), the ratio
of the TDE rate with respect to the one of a monochromatic solar
population. This ratio is shown as a function of the maximum stellar
mass 1, max in the stellar mass function. The results are presented
for our model obtained using equation (30) (solid lines) as well as in
the empty loss cone regime using equation (41) (dashed line). The
scaling with the empty loss cone is overall quite good. Yet, in the
low-mass BH regime (10* — 10° M, blue and orange), there is a
mismatch between the empty loss cone ratio and the ‘real’ ratio. In
the higher-mass BH regime (107> Mg, red), the agreement is better.
This is in agreement with Stone & Metzger (2016), who find that
the fraction of TDEs in the empty loss cone regime dominates in the
high-mass BH end but not for low-mass BH.

Comparison with previous results. We show in Fig. 8§ the TDE
rate I" [equation (30)] as a function of M, for our model (solid lines)
and from previous studies (dashed lines). For our model, we perform
the exercise for the three different stellar mass functions (shown
as different colours). Our results with a monochromatic Sun-like
population (solid blue) are in excellent agreement with those from
Wang & Merritt (2004) (dashed pink): this was expected as both
models use similar assumptions, but this is a nice test to confirm
the validity of our model, of our numerical implementation, and
of our results. As discussed in the paragraph above, and similarly
to Magorrian & Tremaine (1999) or Stone & Metzger (2016), we
find an enhancement of the rate when we extend the stellar mass
function. Finally, we also note that the TDE rates sharply drop to
0 at M, ~ 108 M, for a monochromatic Sun-like population and
smoothly decreases starting from few 10" M, for a more realistic
stellar population. This is due to that low-mass stars (see Fig. 6) are
gradually removed when we shift towards more massive BHs (see
also fig. 4 of Kochanek 2016b).

Fraction of observable TDEs with gravitational waves. Since we
are confident with our rate calculation, we look at the differential
rate, as estimated using equation (26), as a function of the impact pa-
rameter 8 and the mass of the disrupted star m,. We show in Fig. 9 the
example of a 10° My BH surrounded by two fiducial [0.08; 10] Mg
and [0.08; 100] M Kroupa stellar mass function, and we overplot the
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maximum redshift at which these TDEs can be observed with LISA
(see also Fig. 2). For the [0.08; 10] Mg, case (left), we find that most
TDEs have 8 < 2, which reflects that we typically have dgI" o< 1/8?
(Stone & Metzger 2016; Kochanek 2016b, or see equation (26); note,
however, that this is not entirely true as this neglects the dependency
of G with ). Most TDEs are also powered by low-mass stars with
m, S 1 Mg, which reflects the fact that the stellar mass function
is bottom-heavy. These most numerous TDEs (cyan region) can
unfortunately be detected only in our galaxy (zmax ~ 107°). Events
with m, 2 6 Mg and B = 10 (purple region) are typically 100—
1000 times rarer, but their gravitational waves also carry more energy
and can be detected up to z ~ 1072, yielding a much larger volume.
For the [0.08; 100] Mg, case (right), we find similar conclusions, even
if at same m, and g, rates are different. Overall, the rate of observed
gravitationally detected TDEs will be a competition between their
rarity and the volume within which they can be seen.

3.2 Population of galaxies

In the previous section, we have obtained the TDE rate for a single
galaxy. In order to compute the total observable rate, one needs
the BH mass function (®,, giving the volumetric number of BHs
within a certain mass range) to sum the contributions of all BHs. We
describe our choice in Section 3.2.1 and finally wrap up everything
in Section 3.1.5.

3.2.1 BH mass function

We adopt here two different models for the BH mass function.

Our first model (P, ;) assumes that all galaxies host a central BH
and that the mass of the BH can be inferred from the mass of the
galaxy. In particular, we assume that the redshift-dependent galaxy
mass function can be expressed as:

_Mgal/M* dMga]
Mt

Moy \“ Moy \
Joi(Ge) o Ge) ]

where @7, ®3, M,, o, and «» depend on redshift and are obtained
fitting the ‘total sample’ galaxy mass function of the COSMOS field
(see table 1 of Davidzon et al. 2017). Using, in addition, the BH
mass—galaxy mass relation from Reines & Volonteri (2015):

(Dgal(Mgala Z)dMgal =e

1 Mo\ _ 7454 1.05 x1 Mya 43)
0 — ) =17. .05 x 1o — ),
£10 My, 210 101 Mg
we can express the BH mass function as:
dM,,
(Mo, ) = Py (M ) 7 (44)

Our second model (P, ») is simply the BH mass function from
Gallo & Sesana (2019)°°:

CD. M.
logjg———a—— = —9.82 — 1.10 x log,q (7)
cMpc™ Mg 10" Mg

M 1/1n(10)
S (LN . 45
(128><107M@> “43)

SWe report here the correct equation as there is a typo in the original paper,
private communications with A. Sesana.
SWe use cMpc for comoving Mpc.
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Figure 8. TDE rate as a function as the mass of the central BH. We show
the results from our study (thick lines) and from previous works (dashed
lines; Wang & Merritt 2004; Stone & Metzger 2016; van Velzen 2018). Rates
are increased if we change the stellar mass function (at first order, it scales
with (m?2)/(m,)?; Magorrian & Tremaine 1999; Stone & Metzger 2016),
but our results for a monochromatic Sun-like population (blue line) are in
excellent agreement with previous studies. When more massive stars are
included, TDEs can occur around more massive BHs, which explains why
the drop shifts towards heavier BH masses when the stellar mass function is
extended.

While the first model seems more realistic, as it depends on
redshift, it assumes that (i) all galaxies host a central BH, and
that (ii) the mass of this central BH correlates with the mass of
the galaxy. While these are reasonable assumptions in the high
galaxy mass/BH mass end (= 10'° My /10° My ; Kormendy & Ho
2013), in the dwarf/intermediate-mass BH regime, the occupation
fraction may be less such that some dwarfs do not host any
BHs in their centre (Tremmel et al. 2015; Pfister et al. 2017,
2019a), and the scaling relations between galaxies and BHs may
break down (Greene, Strader & Ho 2019). Furthermore, both
Davidzon et al. (2017) and Reines & Volonteri (2015) use a
sample of > 10”3 Mg (10°My) galaxies (BHs) that we extrap-
olate to lower masses. Our second model from Gallo & Sesana
(2019) takes into account that the occupation fraction may not
be unity through the entire mass spectrum and explores BHs
with masses down to 10*Mg, but it is valid only in the local
Universe.

We report in Fig. C1 the BH mass functions used in this work.

3.2.2 Summary

We now have all the ingredients to estimate the rate of TDEs
observable with gravitational waves (V).

Combining all the sections above, the rate at given z and BH with
mass M, of a star with mass m, on an orbit with penetration factor g
is:

d‘r d’r 1
dzdM,dm,dg  dm,dp 1+z

x*(2)

o, x dme ,
H(z)

(46)

where the first line is simply the differential rate for a single BH

measured in the observer frame, and the second line expresses the

number of BH at given mass and redshift (H is the Hubble parameter).
In the end, the final equation of interest for us is:

d'N _ d'r
dzdM,dm,dg ~ dzdM,dm, dp

V(z, Mo, m,, B, S/Nim),  (47)
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Figure 9. Differential TDE rate as a function of the stellar mass and the impact parameter. We show the particular case of a 10° Mg BH and a Kroupa stellar
mass function in [0.08; 10] Mg (left) and in [0.08; 100] M, (right). We overplot the maximum redshift at which these events can be detected with LISA with
S/Niim = 5 (colour lines). Most TDEs have m, < 1 Mg and 8 < 2 but can be observed up to only z ~ 10~ (which is cosmologically irrelevant and makes them

impossible to observe with gravitational waves). Rarer events can be observed to larger distances yielding a larger observable volume.

where W is either O or 1 depending on whether the particular event
can be detected:

0 le > Zmax
1 else,

(48)

and z;,,x can approximately be obtained through equation (12) (see
Section 2.1.2).

3.3 Caveats

Our method is fully analytical; this has several advantages and down-
sides. On the one hand, this allows us to study a variety of models
(e.g. different detectors and abilities to extract physical signals from
the noise, different maximum stellar masses surrounding BHs, or
different BH mass functions) and to understand what are the physical
relevant parameters for detection of gravitational waves from TDEs.
On the other hand, the simplicity of the method comes at the price of
many assumptions due to our still incomplete understanding of the
physics (e.g. maximum penetration factor, mass-to-radius relation
of massive stars), or due to that incorporating such physics would
add an extra layer of complexity beyond the scope of this paper
(e.g.isothermal sphere lying on the M, — o relation). As such,
our predictions should be regarded only as guidelines and order-of-
magnitude estimates. Yet, we believe that our results provide insight
on the feasibility of gravitationally detected TDEs.

4 TOTAL RATES OF GRAVITATIONALLY
OBSERVED TDES

In this section, we compute the number of TDEs emitting gravita-
tional waves we can detect and their properties. We first focus in
Section 4.1 on one particular model and exemplify what different
detectors can tell about this model; in Section 4.2, we detail what
these future observations can tell us about the underlying properties
of TDE:s.

4.1 Typical numbers of observations and distributions
In this section, we focus on one model: the Kroupa stellar mass

varies between [0.08; 10] My and the BH population is obtained
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Figure 10. Observable TDE rate with gravitational waves as a function
of our ability to detect events from the noise for different gravitational
wave detectors. While a detection with LISA and Tiangin is unlikely, the
second generation of space-based gravitational wave detectors will observe
gravitational waves of TDEs.

from the galaxy mass function and BH-galaxy mass scaling re-
lations [P, ;, equation (44)]. We chose this model as ‘fiducial’
because m, max = 10 Mg corresponds to a relatively old stellar
population (10 — 100 Myr, Choi et al. 2016) consistent with pre-
vious works (Stone & Metzger 2016), and because this model
for the BH population depends on redshift, which is necessary
as Bbo and Decigo can detect TDEs up to z 2 1—10 (see
Fig. 3).

We show in Fig. 10 the observable rate of TDEs ([ d*N) as a
function of the S/Nj;, threshold for detection, or in other words, the
number of detection in a year as a function of our (in)ability to detect
events in the noise. We show the rates for different detectors (colours)
and we also mark the critical rate of 1 event per year (horizontal
black dashed line). We find that it is unlikely that LISA and TianQin
will detect TDEs. Future generations of gravitational wave detectors
(Bbo and Decigo) should, however, detect tens of thousands of events
per year. In both cases, we note that the observed rate is extremely
sensitive to our ability to detect signal from the noise.
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Figure 12. Observable TDE rate with gravitational waves as a function of the maximum stellar mass in the Kroupa stellar mass function. We show the results
for LISA (left) and Decigo (right), and in both cases for our two models for the BH mass function (colour, see Section 3.2.1) and ability to detect the signal

from the noise (line style).

In order to know what the typical parameters of these possible
detections will be, we show in Fig. 11 the distribution functions
d*P = d*r/T" (d*P = d*N/N) marginalized on to the different
relevant parameters (M,, B, m,, z) for the global (gravitationally
observed) population of TDEs.

We begin with the global populations of TDEs (black dashed lines
in Fig. 11, obtained with I'), that is the intrinsic distribution of TDEs

for our model that may or may not be observed with electromagnetic
or gravitational waves.

The distribution with the BH mass (upper left) decreases by ~
2 dex in the range 10* — 10® M, which reflects the fact that both the
BH mass function (see Fig. C1) and the TDE rate at fixed BH mass
(see Fig. 8) decrease by ~ 1 dex. The distribution with the penetration
factor (upper right) peaks at 8 ~ 1, then scales as 1/8% on a wide
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range of values, and finally smoothly decreases to reach 0 at 8 =
Bmax - This is in agreement with previous results (Stone & Metzger
2016; Kochanek 2016a), suggesting a combination of §-dirac and
1/8? distributions, respectively, in the empty and full loss cone, but
we find here an exact continuous distribution, which will be detailed
more in depth in Wong, Pfister & Dai 2021. The distribution with
the stellar mass (lower left) is similar to that of the underlying stellar
mass function chosen, which reflects that stars diffuse similarly as
diffusion coefficients are independent of the stellar mass. Finally, the
distribution with (the log of) redshift (lower right) scales as z>, which
reflects that equation (46) scales as 3.I" oc z2. In summary, this
analysis shows that, albeit inexact, it is reasonable to overall write
the global differential rate as:

d4r F(M.) ﬁmﬂx
~ X X ¢ x O,
dzdM,dm,dp  (1+2)  B*(Bmax— 1)
x2(2)
x 4mc He) (49)

To our knowledge, this is the first time such a demonstration is
obtained, although similar forms of this equation have been used in
previous works (e.g. Kochanek 2016b; Toscani et al. 2020). When
expressed as this, it clearly appears that if we know the distribution
of TDEs, then we have a viable way to probe the BH mass function,
the stellar mass function, or even cosmological parameters through
the H and x dependency.

However, we do not have direct access to the distribution of TDEs
but to the distribution of gravitationally observed TDEs. This is
why we now move the population of TDEs observed with different
detectors (solid lines in Fig. 11, obtained with N). We recall that we
may not even observe TDEs with LISA or TianQin (S/Njj, = 5 in
this case) such that these distributions really makes sense for future-
generation detectors. None the less, they can be useful to obtain the
most probable events, in the situation in which, by chance, we have
a detection with LISA or TianQin.

The distribution with the BH mass (upper left) differs greatly from
the one of the intrinsic populations. This reflects that, as discussed in
Section 2.1.2, detectors are particularly sensible to BHs for which the
Keplerian frequency around the critical radius for direct plunge (x x
Tsch) is the same as the optimal frequency of the detector : similar to
Fig. 3 (right), the peak is at M, oy (see Table 1). The distribution with
the penetration factor (upper right) typically exhibits a peak at g 2
20, e.g. B ~ 20 for LISA and g ~ 250 for Decigo. This reflects
that, for an average population of stars, say with (m,) ~ 1 Mg,
typically disrupted around BHs with mass M, ~ M, oy, detectors
are particularly sensible to events with 8 ~ B.x [equation (4)]: that
is, B ~ 15 for LISA, and B ~ 250 for Decigo. The distribution with
the stellar mass (lower left) is rather difficult to interpret as, on the one
hand, low mass stars are more numerous but, on the other hand, high-
mass stars can be detected to higher redshift [equation (12)] and can
be disrupted across the entire BH mass range (Bn.x scales positively
with m,). In the end, the distribution for most sensitive detectors,
which will be able to detect most TDEs (Bbo and Decigo), is similar
to that of the underlying stellar mass function, while the distribution
for less-sensitive detectors (LISA, TianQin and Alia) is skewed
towards high-mass stars. Finally, the distribution with redshift (lower
right), similarly to that of the global rate, scales as z° at ‘low’
redshift; subsequent evolution is a competition between volume,
which makes events more and more numerous, and distance, which
makes them less and less detectable; it results in gradual flattening
of the distribution where it reaches its maximum (z ~ few 10~ for
LISA and z ~ few 10~! for Decigo) and then decreases. This reflects
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that most detected TDEs will be of stars with a mass m,_qp (10 M for
LISA and 1 Mgfor Decigo) around M, o, BHs at zma (Fig. 3) for
volume effects, which yields ~ few 1073 for LISA and ~ few 10!
for Decigo.

In summary, we will unlikely detect TDEs with gravitational
waves during the LISA and TianQin missions, but next-generation
detectors will observe hundreds to tens of thousands of events per
year. We also derive a complete S-distribution encompassing, but
consistent with, both the full and empty loss cone regimes (black
dashed line in the upper right-hand panel of Fig. 11). Finally,
we show how the underlying and the observed distributions of
TDEs are affected by the different detectors, allowing to predict
the properties of the most probable observed events. For LISA,
although detections are unlikely, most probable TDE detection
will be disruptions of ~ 10Mg stars on 8 ~ 20 orbits around
an ~ 5 x 10° Mg BHs at z ~ 0.005. For Decigo, most probable
TDE detection will be disruptions of ~ 1Mg stars on § ~ 200
orbits around an ~ 10* Mg BHs at z ~ 0.5. This results in a G
magnitude of 15 and 29, or X-ray flux of 10~" erg cm™2 s~! and
10~ erg cm™2 5!, respectively. As a consequence, these TDEs
observed with gravitational waves will also be observed by facilities
in the electromagnetic spectrum-like Lynx (The Lynx Team 2018),
Athena (Nandra et al. 2013), or the LSST (Ivezi¢ et al. 2019). The
information encoded in the gravitational wave signal (M,, 8, m,,
z but also information on the internal structure of the star, or the
spin of the BH, see Stone et al. 2019) combined with those of
the electromagnetic signal (which are already used to understand
TDEs, e.g. Mockler et al. 2019) will open the multimessenger era
for TDEs and unveil new physics currently not well constrained (e.g.
Roth et al. 2020b; Bonnerot & Stone 2021; Dai, Lodato & Cheng
2021).

In this section, we focused on the detection rate of several detectors
assuming one fiducial model. In the following section, we focus
on the case of LISA (in construction detector) and Decigo (next-
generation detector) and discuss different models.

4.2 The need for detector improvement

The different models explored in this paper differ by the BH mass
function and the maximum stellar mass in the Kroupa stellar mass
function (see Section 3.3). We show in Fig. 12 the observable rate
of TDEs as a function of m, max, for the two BH mass functions
(colours), for two S/Ny;, (line style), and for LISA (left) and Decigo
(right).

In all cases, we note that there is still a strong dependency with
our ability to detect events from the noise.

The case of LISA (left) is interesting because, if we are able
to detect events with S/Nj;, = 1, there exists a set of models for
which there will be up to few detections per year. This means
that (non) observations will favour (rule out) these models. To
be more precise, if we observe TDEs with LISA, this implies
that typical stellar population around BHs is rather young with
My, max =, 60 Mg, independently of the BH mass function, and vice
versa.

This information can then be used to better interpret the future ob-
servations of Decigo (right). Choosing again the example of S/Nji, =
1, if, for instance, ~10* events are yearly observed, one cannot know
if the underlying population is ®, ; with m, max ~ 20Mg or @, »
with m, max ~ 100 Mg, but previous (non) observations with LISA
can help in disentangling the two scenarios.

In summary, apart from the optimistic case m, max ~ 100 Mg, it
is quite unlikely that LISA will observe any TDEs during its 4-
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yr mission. However, (non) observations will already constrain the
typical stellar age around BHs and will be useful to better understand
future observations.

5 CONCLUSIONS

We determine the rates of possible observations of TDEs with
future gravitational wave spacecrafts as well as their possible
electromagnetic counterpart. To this purpose, we develop a simple
semi-analytical model combining standard gravitational wave and
electromagnetic results (Section 2) and rates estimates (Section 3).
We summarize our findings below:

(i) LISA could detect gravitational waves from extreme TDEs
(m, ~ 100 Mg on an orbit that skims the Schwarzschild radius of a
10° Mg BH) up to zma, ~ 0.1 (see Fig. 3). We provide an analytical
expression for z,.x [equation (12)].

(ii) Under the assumptions that all TDEs produce prompt and
luminous optical or X-ray emissions, then all these LISA grav-
itational detections should be detectable electromagnetically (see
Figs 4 and 5).

(iii) The TDE rate of a monochromatic stellar population is about
5 times lower than that of a Kroupa stellar population (Fig. 8). Since
we remove events for which the star is swallowed whole (assuming a
Schwarzschild BH), we find a smooth decay of the TDE rate with M,
starting at ~ 107 M, BH where ~ 0.1 M, stars are being swallowed
and finishing at > 10% M, where > 1 M, stars are being swallowed
(see Fig. 6).

(iv) This enhancement is in broad agreement with previous ana-
Iytical results (Fig. 7), although we derive in this paper more detailed
rates, in particular, regarding the dependency with the penetration
factor .

(v) The TDE rate overall decreases with the stellar mass and the
penetration factor, but its complex variations are depicted in Fig. 9
and will be discussed in more details in Wong et al. 2021.

(vi) LISA should not detect any TDEs (Fig. 10), unless BHs are
typically embedded by a young stellar population with m, nax 2
60 Mg which, in this situation, could lead up to few 10 events
during the duration of the mission (Fig. 12). As such, the number of
(non) detections will reveal the typical age surrounding BHs, with
(non) detections if BHs are typically embedded in a young (old)
stellar population.

(vii) The following generation of detectors (Alia, Bbo, and De-
cigo) will be more sensitive and will be able to yearly detect
thousands to millions of events (Fig. 10) at cosmological redshift
(Fig. 3), allowing to probe the BH mass function (Fig. 12).

(viii) For each detectors and models, we obtain the distribution
of parameters (Fig. 11). The most probable BH mass corresponds
to BHs for which the Keplerian frequency around the critical radius
for direct plunge (k X rsc) is the same as the optimal frequency of
the detector (see Table 1). Assuming this most probable BH mass
and some typical m, ~ 1 Mg, the most probable penetration factor
corresponds to the maximum possible value [equation (4)], and the
most probable redshift corresponds to the maximum redshift for the
detector [equation (12)].

In order to end up with a finite paper, several assumptions have
been made (Kroupa stellar mass function, one single choice of the
M, — o relation, non-spinning BHs etc.), which may affect the exact
rates obtained in this paper. As such, these predictions should be
regarded as guidelines. It would be interesting to investigate in depth
the detailed effects of other parameters in future studies.
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APPENDIX A: SENSITIVITY OF
GRAVITATIONAL WAVES DETECTOR

We download the sensitivity curves of several instruments on http:
/lgwplotter.com/http://gwplotter.com/ and report them in Fig. Al.
While we use the numerical value for this work, it can be useful to
have a simple analytical expression to understand the results. Using
asimple x-square regression in the log—log plane, we fit each curves
with the following functional:

bta

f —a f c i
hae(f) = hoy | —— L) 41) Al
(/) "(fopt) ((m) +> (AD

where fop and Aqp are, respectively, the optimal frequency and strain
of the detector, and a and b are the logarithmic slopes for f < fop
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Figure Al. Sensitivity curve as a function of frequency for several gravi-
tational wave detectors (colours) as well as the fit (black dashed lines) with
equation (Al).
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Table A1. Best-fitting parameters of the strain of the different detectors with
equation (Al).

Detector Sopt hopt a b c
Hz 10721

LISA 6x 1073 0.2 1.8 1.5 1.7

Tiangin 0.02 7 2.0 1.4 0.8

Alia 0.08 0.02 2.5 23 0.6

Bbo 0.3 0.01 1.6 1.2 2.0

Decigo 0.4 0.04 1.6 07 33

and f > fopi. The fitting parameters can be found in Table Al with
the resulting curve shown with dashed black lines in Fig. A1.

APPENDIX B: FOKKER-PLANCK EQUATION
WITH A STELLAR POPULATION

In this appendix, we show how we can use the formalism developed
for monochromatic stellar population to study a more complex
population of stars. It is mostly a summary and combination of the
works of Magorrian & Tremaine (1999) and Strubbe (2011).

B1 Diffusion coefficients

If the medium is homogeneous such that the stellar mass function (¢)
is independent of position and time, then we may write the density
function f; as:

fi(x, v, m,)drdvdm, = f(r, v)drdv x ¢(m,)dm, . (B1)

Following Section 8.3 from Binney & Tremaine (1987), assuming
the background follow the density f(r, v), we define ¥ (w, Aw, m,,
Mgea)d® Awd? as the probability that a star of mass m, is scattered
from w to w + Aw (w = (r, v)) by a background star of mass
Myeq during a transition time dz. Since the background is made of
a population of star with distribution ¢, the probability that a star
of mass m, is scattered from w to w + Aw (w = (r, v)) by the
background during dz is:

Vo (w, Aw, m,)d® Awdz

= dGAWdt / (b(mscal)l/,(ws va My, mscat)dmscal . (B2)

This allows to classically write the evolution of f, as a Fokker—
Planck equation:

df. L9
a ; P [fu(w, m)D,(Av;, m,)]
1< @
* 2. 0v; dv; [f*(w’ m)D.(AviAv;, m*)] ) (B3)

i,j=1

where we have defined the diffusion coefficient which, a priori,
depends on m,:

D,(Av;, m,) = / Aviyr, (w, Aw, m,)d® Aw (B4)
= / G (Msca)dmcar

x [ / AU (W, AW, i, Mgy )d® AW (B5)

= / S(Msca) DAV, My, Msca)dMsear (B6)
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and D(Av;, m,, my,) is the diffusion coefficient of test particle
of mass m, moving in a monochromatic population of star M,
with density function f(r, v) (see §8.3 from Binney & Tremaine
1987).

When written as this, equation (B3) shows that the evolution
of a star with mass m, ; differs from the evolution of a star with
mass m, » because their diffusion coefficients differ. This means
that to study the evolution of our system, one should study a set
of coupled equations, with one Fokker—Planck equation for each
mass.

B2 The particular case of TDEs

This set of coupled Fokker—Planck equations can be greatly sim-
plified in the case of TDEs. After changing variables from w
to (minus the specific) energy (E = —v?/2 + W(r), W is the
potential) and R = J?/J2(E) (J = |rAv]| is the angular momentum
and J.(E) is the circular angular momentum at a given energy),
a Fokker—Planck equation for f, can still be written. Neglecting
diffusion in E as it relaxes on a longer time-scale than R (Light-
man & Shapiro 1977; Cohn & Kulsrud 1978; Merritt 2013), this
yields:

df. 9
a ﬁ[—f*D*(AR,m,) (B7)
A LDAARY m)]| (B8)

20R 7T B

Here again, D, (., m,) are the diffusion coefficients and a priori depend
in m,.

The diffusion coefficient of interest can be computed (Lightman &
Shapiro 1977; Magorrian & Tremaine 1999; Bar-Or & Alexander
2016; Stone & Metzger 2016):

2 2
D.(AR.m.) = - D*((Ajv;) , ) (BY)

D,((AR)*,m,) = 2RD,(AR, m,), (B10)

where D,((Av )2, m,) is the diffusion coefficient in (Av,)?, corre-
sponding to the orthogonal component of the variation of the velocity.
Using equation (B6) and that D((Av,)?, m,, my) is [equation (8
A-22) of Binney & Tremaine 1987]:

3272 G*m2_ In A

D((Avl)z’ my, msca[) — %

v ~4
x (/ (352 - %)f(r, 7)dd
0

+ 2v /OC f(r, ﬁ)dﬁ) R

we have the remarkable result that D,((Av,)?, m,), hence D,(AR,
m,) and D,((AR)?, m,), which are the two diffusion coefficients of
interest for us, are independent’ of m,. This means that, under our
assumptions, the evolution of a test particle is independent of its mass,
and everything happens as if the particle was moving in a background
composed by stars of mass (mf) 12 = (f mfcalqb(mscat)dmsw) 1/2, that
is D,(AR) = D(AR, myeys = (m2)'/?) = 11 (note that we have now
dropped the m, dependency).

(B11)

"There is actually a small dependency through the Coulomb logarithm factor
In A, but this dependency is logarithmic and usually neglected.
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All this allows to write a Fokker—Planck equation for f:

df _ 98 71_
== on |- /DuaR) (B12)
19 s
+ 355l AR (B13)
_ 0 (Rdf
~HMoR (R8R> ’ (B14)

where we recognize the starting point of estimates of TDE rates (e.g.
Merritt 2013).

In conclusion, for our purpose and under approximation, the
evolution of a test mass in a medium composed by a stellar population
is the same as a test mass in a medium composed single type of stars
with mass (m?)!/2.

APPENDIX C: BH MASS FUNCTION

We report in Fig. C1 the two BH mass functions used in this work.
This simple plot emphasizes our current poor knowledge about BH
population, even at low redshift.
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Figure C1. The BH mass functions used in this work: ®, |, which results
from the combination of Davidzon et al. (2017) and Reines & Volonteri
(2015), is shown at two different redshifts, and ®, > which is directly taken
from Gallo & Sesana (2019).
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