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Abstract: Particle-antiparticle pairs can be produced by background electric fields via the
Schwinger mechanism provided they are unconfined. If, as in QED in (3+1)-d these parti-
cles are massive, the particle production rate is exponentially suppressed below a threshold
field strength. Above this threshold, the energy for pair creation must come from the
electric field itself which ought to eventually relax to the threshold strength. Calculating
this relaxation in a self-consistent manner, however, is difficult. Chu and Vachaspati ad-
dressed this problem in the context of capacitor discharge in massless QED2 [1] by utilizing
bosonization in two-dimensions. When the bare fermions are massless, the dual bosonized
theory is free and capacitor discharge can be analyzed exactly [1], however, special care is
required in its interpretation given that the theory exhibits confinement. In this paper we
reinterpret the findings of [1], where the capacitors Schwinger-discharge via electrically neu-
tral dipolar meson-production, and generalize this to the case where the fermions have bare
masses. Crucially, we note that when the initial charge of the capacitor is large compared
to the charge of the fermions, Q � e, the classical equation of motion for the bosonized
model accurately characterizes the dynamics of discharge. For massless QED2, we find
that the discharge is suppressed below a critical plate separation that is commensurate
with the length scale associated with the meson dipole moment. For massive QED2, we

Open Access, c© The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP10(2021)072

mailto:greg.gold1@gmail.com
mailto:dmcgady@alumni.princeton.edu
mailto:patil@lorentz.leidenuniv.nl
mailto:valeri.vardanyan@ipmu.jp
https://doi.org/10.1007/JHEP10(2021)072


J
H
E
P
1
0
(
2
0
2
1
)
0
7
2

find in addition, a mass threshold familiar from (3+1)-d, and show the electric field relaxes
to a final steady state with a magnitude proportional to the initial charge. We discuss the
wider implications of our findings and identify challenges in extending this treatment to
higher dimensions.
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1 Preliminary remarks

The most remarkable thing about the vacuum is that it conducts whenever the applied
potential difference across a given region exceeds a critical value — an effect first identified
in [2, 3] that now bears the name of Schwinger [4]. Schwinger gave a complete characteri-
zation of how positrons and electrons can be pair produced once the applied electric field
in a given region exceeds the critical strength

Ec = m2
ec

3

e~
≈ 1018V/m. (1.1)

This is also the field strength above which quantum effects render electromagnetism to be
non-linear. This raises the immediate question, where does the energy required to produce
these particle-antiparticle pairs come from? Clearly, it must be drawn from the electric
field itself, which must subsequently decay until it reaches the threshold strength eq. (1.1)
when pair production becomes exponentially suppressed again. However, quantifying how
this occurs is a challenging problem to say the least.

Schwinger’s original calculation relied on background field quantization, wherein the
electric field is taken to be an external field and the 1PI effective action is evaluated in
the proper time formalism by integrating out the fermion fields. On a background with a
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constant electric field, this results in an imaginary contribution to the effective action (see
for instance [5])

Im S = (eE)2

8π3 V
∑
n=1

1
n2 e

−m
2πn
eE , (1.2)

where we work in natural units, and where V = L3T is the volume of spacetime.
In this context, the imaginary part of the effective action corresponds to a breakdown

of the vacuum state which contains neither electrons nor positrons. Put differently, the
imaginary component of the one-loop effective action corresponds to a breakdown of the
fermionic vacuum state via electron-positron pair creation. Nikishov [6] and others, e.g. [7],
have emphasized that the actual rate of pair creation per unit volume of spacetime is just
(twice) the first term in this infinite sum:

Γ = dN

dtdV
= (eE)2

4π3 e−
πm2
eE . (1.3)

These computations are done in the strict semiclassical limit using background field quan-
tization, where the charged particles produced by the externally applied electromagnetic
fields have negligible effect on the external fields themselves. In other words, these compu-
tations explicitly ignore the dynamics of backreaction.

However, it is very important to understand how this backreaction process works in
detail, both in the particular context of Schwinger-dissipation and in the much more gen-
eral context of quantum back-reactions induced by classical field configurations dissipating
the initial classical solutions themselves [8]. In this context, the Schwinger mechanism,
where an initial external electric field causes back-reaction against itself, is a compara-
tively simpler process than analogous back-reaction processes in (quantum) gravity such
as black-hole evaporation. Further, as Schwinger pair creation may actually be observed
in laboratory settings such as single-layer graphene [9], it is important to have a realistic,
concrete, theoretical understanding for how such systems will evolve in time.

There are a number of ways one could imagine calculating the backreaction on the
electric field of the produced particles. The brute force method would be to interpret
eq. (1.3) as the energy extracted per unit spacetime volume from a spatially uniform electric
field and make an ansatz for a new time dependent but spatially uniform electric field, which
would also source a time dependent magnetic field, the sum of whose energy densities are
required to dissipate according to eq. (1.3). The vector potential one calculates from
this ansatz would be the new background which one would background field quantize
around to calculate the imaginary part of the effective action. One then repeats this
process iteratively in the hope that this procedure converges on a self consistent quantum
corrected background — a process that can quickly become cumbersome to the point of
being impractical.

Evidently, the problem of completely characterizing the dissipation of the background
electric field from particles produced via the Schwinger effect lies within the ambit of non-
equilibrium techniques, however the precise manner in which one should proceed is unclear.1

1For instance, 2PI methods and their possible extensions (see [10] for an excellent review) are problematic
from the perspective of maintaining gauge invariance in QED [11].
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In spite of this, some notable attempts have been made using a variety of approximations.
In [12], the authors made a truncation of the recursive procedure discussed above in the
context of the Euler-Heisenberg effective action for scalar QED. Notable also is the mean
field approach in the context of scalar QED of [13]. Earlier, the authors of [14–16] adopted a
semi-classical approach that replaced currents with their expectation values and attempted
a numerical study of the backreaction problem; here particle production and back-reaction
is studied with the use of Boltzmann-Vlasov equations (see also [17]). The effects of time
varying external fields in different spacetime dimensions was studied in [18], and the study
of secular growth of loop corrections in the proper time formalism was studied and carefully
interpreted in [19, 20]. However a fully self-consistent background at the quantum level
remains as of yet elusive. In a remarkable insight, Chu and Vachaspati [1] realized the latter
could in fact be addressed by considering the problem of vacuum capacitor discharge, albeit
in the context of 1+1-dimensions in a theory with massless fermions — massless QED2—
by considering its bosonized version, an approach we first review before reinterpreting and
extending to the case of massive bare fermions.

The first obstacle one must address in the interpretation of [1] is that in
1+1-dimensions, both massless and massive QED2 exhibit confinement, and so any in-
terpretation of the electric field discharge in terms of currents as put forward in [1] must be
treated with care. We find by considering the duality between the massless Schwinger
model [21] and the free (gapped) dual scalar field theory, the electric field discharge
found in [1] should be interpreted in terms of meson production, whereby bound particle-
antiparticle pairs are produced whenever the plate separation surpasses the threshold length
scale defined by the electric dipole moment of the produced mesons. Capacitor discharge
then proceeds via dipole screening by the induced meson cloud. In this way, we can qualify
one of the caveats usually applied in applying lessons learned from studying Schwinger
pair production towards Hawking evaporation or the semi-classical stability of de Sitter
space [22, 23] — namely that such interpretations are limited by the fact that there are no
negative gravitational charges (i.e. masses). Here, we show in the context of a toy model
that electric field discharge can proceed even with the production of neutral particles.2

The structure of this paper is as follows. In section 2, we first describe the mapping
between massless QED2 and the integrable bosonized theory and then revisit the analysis
of [1] applied to the problem of electric field discharge within a capacitor. Importantly, we
identify additional characteristic timescales to that noted in [1]. In section 3, we physically
interpret this discharge. Our analysis tracks the content of [24] and [25] closely by focusing
on the properties of the physical excitations of the system, i.e. the massive and electrically
neutral ϕ-mesons which carry electric dipole moments, identifying a threshold plate sep-
aration below which discharge does not occur. We further identify additional timescales
associated with dynamical capacitor discharge in massless QED2. Then, in section 4, we
explicitly show how bare fermion masses change the relevant equations of motion. Cru-
cially, adding a fermion-mass induces a non-zero cosine-potential within the dual bosonic

2However, this qualification is immediately tempered by the fact that gravitational dipoles do not ex-
ist either.

– 3 –



J
H
E
P
1
0
(
2
0
2
1
)
0
7
2

theory. In section 5, we study the equation of motion for the bosonic configuration dual
to capacitor-discharge in massive QED2. When the charge of the capacitor plate is large
compared to the charge of the massive fermion in QED2, i.e. when Q � e, occupation
numbers are large and we can self-consistently integrate the classical non-linear equations
of motion on the bosonic side, recovering a mass threshold at the critical field Ec = eγEmψ

2
√
π

,
where γE is the Euler gamma constant and mψ is the bare fermion mass in the notation
of section 4. As we discuss in section 5, the bare mass mψ is not to be taken as the mass
of any physical state in the massive Schwinger model, rather it is to be interpreted as a
parameter that determines the spectrum of states in the theory. We conclude by comparing
the final discharge profile in massive and massless QED2, highlighting the role of the two
independent thresholds as we dial the plate separation and initial charge on the capacitors.

2 Integrability of capacitor discharge in massless QED2

In this section, we review the treatment of [1] which analytically computed capacitor dis-
charge in massless QED2. Our purpose is twofold. First, so that we can revisit the physical
interpretation of ref. [1]’s results for capacitor discharge, in light of the mass-gap due to
electron confinement within the Schwinger model [21, 24]. Second, to lay the groundwork
for our study of capacitor discharge in 1+1-dimensions with massive charged fermions in
sections 4 and 5.

To begin we note that the insight of [1] was to point out that the action for massless
QED in 1+1-dimensions,

Sψ,A :=
ˆ
d2x

(
ψ̄(i /D − e /A)ψ − 1

4FµνF
µν
)
, (2.1)

and the action tying a putatively massless scalar to the same gauge-field and its corre-
sponding field strength, Aµ and Fµν := ∂µAν − ∂νAµ,

Sϕ,A :=
ˆ
d2x

(
(∂µϕ)(∂µϕ) + gϕ

(
εµνFµν

)
− 1

4FµνF
µν
)
, (2.2)

where g := e√
π
, describe the same theory at the quantum mechanical level via the following

mapping between normal-ordered (:AB:) operators in Sϕ,A ↔ Sψ,A:

: ψ̄iγµψ :↔ εµν∂νϕ =⇒ Sψ,A ↔ Sϕ,A . (2.3)

This operator correspondence, an important ingredient in the duality between the massive-
Thirring model and the sine-Gordon model [27], is the principle ingredient that allowed
ref. [1] to analytically solve for the dynamics of capacitor discharge in massless QED in
1+1-dimensions.

Fundamentally, this operator map allows the trilinear coupling in QED2 to be converted
into a quadratic coupling in the dual theory. Up to topological boundary terms, we have:
ψ̄ /Aψ:↔ϕεµνFµν . This, in turn, converts equations of motion that are quadratic in ψ into
linear equations of motion for ϕ. We then consider the ϕ-field profile that corresponds to an
initial state corresponding to a parallel-plate capacitor in QED. Integrating the equations
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of motion for ϕ [1] gives closed form expressions for the charge density, i.e. : ψ̄γµψ :, and
thus yields an exact description of capacitor discharge.

However, one must be mindful of a number of conceptual points in the mapping be-
tween the actions Sψ,A and Sϕ,A, relevant to both massless QED2 [1] and our extension to
massive QED2. Primarily, as Schwinger showed in 1962 [21], QED in 1+1-dimensions with
massless fermions is known to have a gapped spectrum. Further, there is no “photon”,
that is, electromagnetic fields are non-dynamical in 1+1-dimensions. Thus any putatively
dynamical gauge-field Aµ may be integrated out of any on-shell description of the gapped
system, whose Hamiltonian is [24]:

Hϕ,D = 1
2 :
(

Π2
ϕ + (∂xϕ)2 + g2

(
ϕ+ Dext

g

)2 )
: , (2.4)

where again g2 = e2/π, Dext is the scalar potential that sources the external fields Fµνext =
εµνDext, Πϕ denotes the momentum canonically conjugate to the ϕ-field, and: (A . . . Z):
denotes the normal ordered operators A . . . Z. As is discussed in detail in [24], the on-
shell excitations of the system, i.e. single-particle excitations of the ϕ-field, are massive
and correspond to neutral mesons, i.e. massive bound states of massless charged fermionic
fields ϕ ∼ ψ+ψ−.

Following [1], we consider a configuration of external charges ±Q a distance of L apart.
The corresponding field strength tensor and the current are given by

Fµνext(x, t) := εµνDext(x, t),

jµext := ∂νF
µν
ext = Quµ

(
δ
(
x+ L

2

)
− δ

(
x− L

2

))
, (2.5)

where Dext(x, t) := Q [θ(x+ L/2)− θ(x− L/2)] with θ(x) is the usual step-function,
θ(x) :=

´ x
−∞ dy δ(y), and uµ := (1, 0). The equations of motion (EOMs) derived from

Sϕ,A for ϕ and Aµ (which is non-dynamical in (1 + 1)-dimensions) are given by

EOMs :

 ∂2ϕ = gεµν Fµν ,

∂µF
µν = gεµν ∂νϕ+ jνext .

(2.6)

Crucially, these equations of motion are linear in the fields. We can thus straightforwardly
integrate the non-dynamical Aµ field out of the equations of motion, which effectively
reparametrizes the energy density stored in the electric field in terms of the value of the
ϕ-field at a point. In terms of this ϕ-scalar field, the full space-time dependence of the
E-field is given by [1]

Fµν = εµν(gϕ+ F ) + Fµνext = εµν
(
gϕ+Dext + F

)
, (2.7)

where we have re-expressed the electromagnetic field-strength in terms of a single scalar
potential, Dext, and F is an additive integration-constant acquired when one moves from
the EOM in eq. (2.6) to the field-strength, and is further directly proportional to the θ-
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term seen in the massive Schwinger model [25]: θ := 2πF/e.3 Rewriting Fµνext in this way
will, later, allow us to explicitly map between the Hamiltonian-based and the action-based
frameworks in, respectively, refs. [1] and [24].

Returning to capacitor discharge, we see that inserting F01 = Dext + gϕ back into the
equation of motion for ϕ, we recover the well-known fact that the coupling between the
non-dynamical electromagnetic field and the dynamical scalar field ϕ, which does not have
a mass-term within the action Sϕ,A, will source a mass-term for on-shell excitations of this
scalar field. We therefore find

(∂2 +m2
ϕ)ϕ = −gDext , m2

ϕ := g2 = e2

π
. (2.8)

In this way, we see explicitly that the bosonization map : ψ̄γµψ :↔ ∂µϕ, which we used to
naively bosonize the action for massless QED in 1+1-dimensions reproduces the well-known
gap in the Schwinger model [21, 24].

Because the equations of motion are linear in the ϕ-basis, ref. [1] exploited linearity
to solve for the dynamics of the scalar field profile due to the presence of a single charge
Q located at a definite position on the x-axis. The static solution ϕ(x) due to this single
point-charge,

(∂2 +m2
ϕ)ϕ = (gQ) sign(x) , (2.9)

is, by using retarded Greens functions, found to simply be

ϕI(x) = −gQ
ˆ
dk

2π
sin(kx)

k(k2 +m2
ϕ)

= −1
2
gQ

m2
ϕ

sign(x)
(

1− e−mϕ|x|
)
. (2.10)

Note that the energy of this configuration diverges linearly with the system size λ, i.e. when
|x| ≤ λ and λ � L,

´
λ dxHϕI ,D(x) ∼ λQ2g4/m4

ϕ. This is another reflection of the fact
that electric charges confine in (1+1)-dimensions, due to the linear growth of the scalar
potential from a point-charge.

Linearity of the fields themselves, and of the equations of motion, gives the total ϕ
field-profile from the two initial capacitors with ±Q at x = ±L/2 in terms of a difference

3Explicitly, this F (or, equivalently, θ)-offset in the relationship between the electromagnetic field-
strength and the ϕ-scalar meson field is:

Fµν = εµν
(
gϕ+Dext + F

)
= εµν

(
g

(
ϕ+ θ

2
√
π

)
+Dext

)
.

For the massless Schwinger model, we may re-define ϕ→ ϕ− θ/(2
√
π) to eliminate this θ-term. However,

as we shall see in sections 4 and 5, because finite fermion masses introduce cos(2
√
πϕ)-terms in the Hamil-

tonian, this shift of ϕ→ ϕ− θ/(2
√
π) induces a θ-dependence into the cosine-potential in eq. (4.2) [24, 25],

via cos(2
√
πϕ)→ cos(2

√
πϕ+ θ).
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of two such profiles:

ϕs(x) = ϕI
(
x− L

2

)
− ϕI

(
x+ L

2

)
= − gQ

m2
ϕ

×

 e−mϕ|x| sinh(mϕL/2) ; |x| > L
2 ,

(1− e−mϕ|L|/2 cosh(mϕx)) ; |x| < L
2 .

(2.11)

Note that these equal and opposite charges render the previously divergent energy of each
individual point charge, now, finite. The total energy is sub-extensive in their separation.

The complete solution for the classical ϕ-field profile that corresponds to the end-point
of the capacitor’s discharge, though, comes from imposing the initial-value condition that
the only charged fermions at t = 0 comes from these two piles of charge +Q and −Q,
separated by a distance of L. Crucially, the initial conditions imposed by the starting
capacitor configuration are:

ϕ(x, t)|t=0 = ∂tϕ(x, t)|t=0 = 0 . (2.12)

At this point, we pause to note that the above initial-value condition is two-fold. I.e., the
full solution to the EOM, ϕ(x, t) must have both a vanishing profile at t = 0 and a vanishing
time-derivative at t = 0. Crucially, as the static solution in eq. (2.11) is generically non-
zero, it does not satisfy both conditions laid-out in eq. (2.12). Precisely because of this, we
see that the system must dynamically evolve from a more complex ϕ-profile before finally
relaxing to the late-stage, static profile in eq. (2.11).

It is straightforward to see that the total solution consistent with the initial condi-
tions (2.12) and the static final-state field configuration ϕs(x) in (2.11) is simply,

ϕ(x, t) = −2gQ
ˆ
dk

2π
cos(kx) sin(kL/2)

k(k2 +m2
ϕ)

(
1− cos

(
t
√
k2 +m2

ϕ

))
. (2.13)

These integrals are closely related to Bessel-J functions. For instance, as pointed-out in [1],
we have

∂x∂tϕ(x, t) = gQ

[
J0

(
mϕ

√
t2 − x2

−

)
θ(t− x−)− J0

(
mϕ

√
t2 − x2

+

)
θ(t− x+)

]
, (2.14)

where x± := x± L/2, and the two terms correspond to the dynamical charges due to the
left/right capacitor plates. We can find the late-time behavior of the electromagnetic decay-
response prompted by the initial, unstable, charged capacitor conditions by manipulating
these exact expressions. Figure 1 demonstrates the capacitor-discharge as a function of
time t̂ ≡ t/mϕ at x = 0 in massless QED2 for plate separations L̂ ≡ L/mϕ = {2, 10, 20}.
Immediately evident from both these figures and/or the related content in eq. (2.11), is the
appearance of a threshold plate separation below which discharge becomes inefficient. As
we shall elaborate upon in the next section, this is consistent with our proposed physical
interpretation of this process as being due to dipole discharge.
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Figure 1. Capacitor-discharge in massless QED2 via dipole discharge at plate separations L̂ ≡
L/mϕ = {2, 10, 20}, at x = 0. The initial electric field discharges to the final field configuration
(solid black line) undergoing oscillations along the way. Evidently, as one approaches the threshold
separation at L = m−1

ϕ , the final electric field never completely discharges within the capacitor.

3 Physical interpretation of Schwinger production in (1+1)-d

The goal of this investigation is to extend the analysis of [1] to the case of massive QED2.
Before we do so, it is important to arrive at the correct physical interpretation of the results
of [1] reviewed in the previous section. We do this by clarifying the following four points:
firstly, we show that the Hamiltonian and Lagrangian formulations of refs. [1] and [24]
match. This is slightly nontrivial, but of course had to happen.

Secondly, we explicitly discuss how the two charges ±Q, separated by a distance L,
discharge via production of clouds of ϕ-mesons. As we are in d = 2, electric charges confine.
Thus the produced degrees of freedom cannot themselves be charged. However, they can
and do have electric dipole moments. Thus the only way to discharge the initial capacitor is
by producing clouds of polarized ϕ mesons. Producing such clouds requires clear threshold
effects, somewhat different to the e−πm2/(qE) threshold that appears in Schwinger’s classic
result. Indeed, there are three fundamental length-scales in this system, given by the
separation between the capacitor plates L, the length-scale of the electric field, and the
Compton wavelength set by the physical degrees of freedom of this system, i.e. the massive
neutral ϕ-mesons, `ϕ. This third length-scale, which is ultimately due to the fact that
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QED is a relevant interaction in d < 4, is given in terms of the charge of the fundamental
fermions of QED2:

mϕ = e√
π
, `ϕ = 1

mϕ
=
√
π

e
. (3.1)

This characteristic length-scale gives an interesting wrinkle on how one may envision the
initial conditions of highly-charged and well-separated capacitor plates — and for their
subsequent (exact) time-evolution and eventual discharge.

Thirdly, we note that these scales allow us to study capacitor discharge within a self
consistent approximation in various limits. There are two independent dimensionless ratios
of these length-scales. There is the ratio of the Compton wavelength to the separation
between the capacitor plates, L, and thus

L/`ϕ := qL = eL/
√
π. (3.2)

Furthermore, there is the ratio of the Compton wavelength to the length-scale set by the
electric field strength of the undischarged capacitor,

`F := 1/Q, (3.3)

and so `F /`ϕ = 1/(Q`ϕ) = mϕ/Q = q/Q.
Fourth and finally, we would like to discuss the extent to which solutions to the classical

equations of motion capture the full quantum mechanical evolution of capacitor discharge
in massless QED2. That is, when do the solutions for the classical equations of motion
solve for the full quantum dynamics of a given system? We address each of these points in
the following subsections.

3.1 Actions and Hamiltonians

To begin with, ref. [1]’s computations were done using the equations of motion derived
from the action Sϕ,A. When one evaluates the equations of motion for the naively massless
scalar field ϕ, one sees that integrating-out the non-dynamical electromagnetic field induces
a non-zero mass, m2

ϕ = e2/π. As ref. [1] notes, this is consistent with the gap in the
Schwinger model [21]. Yet, as the field content in Sϕ,F and Hϕ,D seem to be fundamentally
different, one may worry whether the descriptions match exactly. To see that they do,
recall the expression for the 00-component of the stress-energy tensor derived from the
action, Sϕ,F 7→ Tµν := δSϕ,F /δgµν , in [1]:

T 00 = 1
2 :

Π2
ϕ + (∂xϕ)2 +m2

ϕ

(
ϕ+ Dext

mϕ

)2
: (3.4)

Here we made free use of the normal ordering prescription as these two functionals are
implicitly, for us, evaluated in reference to specific field profiles for ϕ(x, t) and Dext(x, t)
given in section 2.
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Thus, we see that the local expression for the 00-component of Tµν derived from Sϕ,F
from [1] and the Hamiltonian Hϕ,D from [24], when evaluated on specific, shared, profiles
for both ϕ and εµνDext = Fµνext, indeed match exactly:

T 00(x, t)=Hϕ,D(x, t) . (3.5)

In section 5, we use this and the explicit results for the massive Schwinger model’s Hamil-
tonian in (1+1)-dimensions in [24] to extend the results of ref. [1] to capacitor discharge in
massive QED2. We do so by first studying how the various length-scales in the problem in-
terplay to determine the late-time, discharged, field profile. We then study the time-scales
for this dynamical relaxation.

3.2 Capacitor discharge and ϕ-meson clouds: length-scales

The late-time, static, E-field profile is the sum of two terms, Estatic(x) := Dext + gϕs(x),
which are respectively given in eqs. (2.7) and (2.11). It takes the following explicit form:

F01(x, t)
∣∣∣∣
t→∞

=Estatic(x) =

−
Q
2 ×

(
Exp

(
−2|x|−L

2`ϕ

)
−Exp

(
−2|x|+L

2`ϕ

))
, |x|>L/2 ,

+Q
2 ×

(
1−Exp

(
−L−2|x|

2`ϕ

)
+1−Exp

(
−L+2|x|

2`ϕ

) )
, |x|<L/2 .

(3.6)

The energy stored in the electric field between the two capacitor plates, H(t), is given by

H(t) := 1
2

ˆ L/2

−L/2
dx

(
F01(x, t)2

)
= 1

2

ˆ L/2

−L/2
dx

(
Dext(x) + gϕ(x, t)

)2
, (3.7)

where ϕ(x, t) is as given in (2.13) and Dext(x) is, again, the field profile in eq. (2.7).
Now, to our first point: how the characteristic length-scale for the size of the ϕ-meson

enters into threshold effects associated with capacitor discharge. One of the most clear
instances of this comes from the energy stored in the electric field after the discharge has
completed, at t→∞. Noting that the transient solutions eventually damp-out to the static
solution, ϕs(x) in eq. (2.11), we can compute the energy that remains in the capacitor plate
geometry after discharge to be [1],H (0) =

´ L/2
−L/2 dx

(
T 00 (x, t)

∣∣
t→0

)
= Q2L

2 ,

H (∞) =
´ L/2
−L/2 dx

(
T 00 (x, t)

∣∣
t→∞

)
= Q2L

2

(
1−e−2Lmϕ

2Lmϕ

)
= H (0)×

(
1− L

`ϕ
+O

(
L2

`2ϕ

))
.

(3.8)

This result for the residual energy stored in the E-field of the fully discharged capacitor has
several interesting features. Note that this shows us that the final-state energy of the dis-
charged capacitor is sub-extensive in the ratio between the separation of the two capacitor
plates and the length-scale associated with producing a pair of neutral ϕ-mesons. Running
this exponential suppression in the other direction we see that this guides our interpretation
of how a capacitor could discharge in massless QED2 at all: namely, capacitor discharge
can only happen via emission/creation of a pair of (clouds of) ϕ-mesons whose electric
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dipole moments are aligned to cancel and screen the dipole generated by the external field
itself, in effect screening the original charges of ±Q.

Importantly, if the separation between these capacitor plates is insufficient to physically
fit any such mesons between them, then the external fields set by the capacitor cannot
adequately discharge. Furthermore, we expect the discharge to become inefficient as the
plate separation L approaches `ϕ, as evident from the leftmost panel in figure 1. Indeed,
whenever L . `ϕ, then it is simply not possible to create any static capacitor-plate geometry
out of a configuration of these neutral ϕ-mesons within QED2. (We comment further on
the feasibility of creating a capacitor of charges ±Q, separated by a distance L, directly out
of these ϕ-mesons — in a manner analogous to how actual capacitor plates are constructed
with actual electrons deposited on physical metal plates in a transistor radio —in our
concluding remarks in section 7.) Furthermore, the final electric field configuration in
eq. (3.6) has exactly the interpretation of a pair of clouds of neutral ϕ-mesons screening
each capacitor plate of charge ±Q. The difference between the magnitude of the net electric
field across each plate is given by ±Q while the sum of the two fields just across each plate
is Qe−L/`ϕ . The net polarization of the ϕ-meson fields acts to dipole screen the initial
charges ±Q, and the penetration-depth of each cloud is given by the Compton wavelength
of the ϕ-mesons themselves: λdepth = `ϕ.

3.3 Capacitor discharge and ϕ-meson clouds: time-scales and late time tails

Next, we turn to the important question of timescales associated with producing the ϕ-
meson clouds that discharge the electric field (see also [26] for a more detailed study).
In this context, the evolution of the energy stored in the E-field between the two plates,
H(t), plays a central role. We identify three time-scales: one associated with the speed
of the initial capacitor discharge at t = 0 which we call τ0, and two associated with the
two time-varying terms in the expression for H(t) itself which we denote τ1 and τ2. Before
we determine these scales, we again stress that although massless QED2 has g = mϕ (cf.
eq. (2.8)), this degeneracy will turn out to be broken in massive QED2. For this reason,
in our analysis of the relevant timescales, we carefully distinguish between factors of g and
factors of mϕ.

We define the first timescale τ0, associated with instantaneous capacitor discharge at
t = 0:

1
τ2

0
:= H

′′(t)
H(t)

∣∣∣∣
t→0

. (3.9)

The time-variation within F01(x, t) is isolated in the cosine-term in eq. (2.13), we have

F01(x, t) = Estatic(x) + Evary(x, t), (3.10)

where

Evary(x, t) = Qg2
ˆ
dk

2π
cos(kx) sin(kL/2)

k(k2 +m2
ϕ) cos(t

√
k2 +m2

ϕ). (3.11)
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It is straightforward to see that H′′(0) = g2Q2L/2, while H(0) = Q2L/2, and thus

1
τ2

0
= g2 =⇒ τ0 = 1

g
=
√
π

e
. (3.12)

Now, the timescale τ0 characterizes the initial rate of capacitor discharge. Further, it
depends on the charge of the electron in QED2, but does not depend on the mass of the
ϕ-boson itself. Thus, this timescale for capacitor discharge is common to both massless
and massive “electrons” of charge e = g

√
π. Put differently, the initial rate of discharge of

the capacitor’s E-field is independent of the mass, mψ, for the degrees-of-freedom in the
Lagrangian for either massless or massive QED2.4

The other two important timescales we derive come from the late-time behavior of
H(t), e.g. when t� |x± L

2 |, 1/mϕ,mϕL
2. As pointed out in [1], the spatial current can be

evaluated as

jx(x, t) = g∂tϕ(x, t) =−2g2Q

ˆ
dk

2π
cos(kx) sin(kL/2)
k(k2 +m2

ϕ)1/2 sin(t(k2 +m2
ϕ)1/2) (3.13)

=−g
2Q

2

ˆ L/2

0
d`

[
J0

(
mϕ

√
t2−x2

`−

)
θ(t−x`+)+J0

(
mϕ

√
t2−x2

`+

)
θ(t−x`+)

]
,

(3.14)

where, here, x`± := x ± L
2 . At late times t � |x ± L/2|, this expression can be expanded

in terms of J0(mϕt)-type Bessel functions which, when t � 1/mϕ,mϕL
2, can be further

expanded as

jx(x, t)
∣∣∣∣
t� 1

mϕ
, mϕL2, |x±|

= − Qg2L√
2πmϕt

(
cos

(
mϕt−

π

4

)
+O

(
mϕL

2

t

))
. (3.15)

Since ∂tF tx(x, t) = ∂tE(x, t) = jx(x, t), for the electric field we obtain

E(x, t) = Estatic(x) +
ˆ
dt
(
jx(x, t)

)
. (3.16)

Thus, at late times, the E-field between the capacitor plates approaches

Evary(t)
∣∣∣∣
t�t?
= −
ˆ
dt

Qg2L√
2πmϕt

(
cos

(
mϕt−

π

4

)
+O

(
mϕL

2

t

))
, (3.17)

where t� t? is a proxy for the timescales such as |x±|, 1/mϕ,mϕL
2. This implicitly defines

Evary(t) at late times.
Using this late-time expression, we see that at late times the electric field between the

two capacitor plates, i.e. for |x| ≤ L/2, is the sum of a term that varies in space but not
4We can qualitatively and quantitatively tie this independence to the fact that, as highlighted by the

expressions for H(t) in eq. (3.7) and by the expressions/initial conditions for ϕ(x, t) in eqs. (2.12) and (2.13),
all aspects of the ϕ-boson’s mass explicitly drop out of the expressions for H(t) and its time derivatives,
when evaluated at t = 0.
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in time and a term that varies in time but not in space. Consequently, the energy stored
between the capacitor plates, H(t), is the sum of three terms:

H(t)|t�t? = 1
2

ˆ L/2

−L/2
dx

{
Evary(t) + Estatic(x)

}2
, (3.18)

and, again, t� t? is a proxy for the various timescales discussed above. As the oscillatory
envelope of Evary(t) decays as 1/

√
t, at extremely late times only the spatially varying term

matters, i.e. when t→∞.
We are interested in the characteristic time scales of the decay of the second two terms

in H(t). To render the expressions appropriately dimensionless (and to follow [1]), we
consider the ratio

H(t)
H(0)

∣∣∣∣RMS

t�t?
:= T1

t
+ T2√

t
+ T3 , (3.19)

where “RMS” refers to replacing the oscillatory parts of Evary(t) with their root-mean-
square averages. Now, the term T3 is recognizable as the ratio of the energy stored in the
final-state of the capacitor to the energy stored in the initial state, which was computed in
eq. (3.8).

The first two terms, T1/t and T2/
√
t, strike at the heart of this late-time tail of the

discharge. They define characteristic time-scales associated to the discharge of the capacitor
which we denote τ1 and τ2, respectively. Explicitly, these are defined as:

τ1 := T1 , τ2 := T 2
2 . (3.20)

After straightforward computations, and carefully distinguishing between g andmϕ, we find(
T1
t
,
T2√
t

)
7→ (τ1, τ2) =

(1
g

g2L2

4π

(
g

mϕ

)3
,

1
mϕ

Q2L2

π

(
g

mϕ

)6(
1− 1− e−mϕL

mϕL

)2)
(3.21)

Now, because g = mϕ for massless QED2, we see that τ1 matches the timescale ref. [1]
associated with capacitor discharge. Crucially, τ2 represents a new timescale for the tail of
the discharge:

(τ1, τ2)
∣∣∣∣
g→mϕ

=
(1
g

g2L2

4π ,
1
g

Q2L2

π

(
1− 1− e−gL

gL

)2)
(3.22)

Note that between the two terms in the expression for the decay of the energy stored in the
capacitor with respect to time, T2/

√
t and T1/t, the T2-term dominates at late-times, t� t?.

(Further, because we are at late-times, both terms should be small.) Thus the timescale τ2
plays a vital role in capacitor discharge dynamics. There are several interesting features of
these timescales.

First, as noted above, the initial rate of capacitor discharge set by τ0 is independent
of all details of the system save for the charge of the fermions in the QED2 action. This is
physically sensible. At the very onset of the discharge, the response of the system to any
applied field should be governed by how the fundamental, short-distance, degrees of freedom
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couple to this field. It does not have time to “see” the size of the system. Fundamentally,
H′′(0)/H(0) equals g2 because the ϕ-mesons themselves source electric fields via, effectively,
an overall factor of g2.

Second, the two timescales that dictate how energy stored in the discharging capacitor
dissipates are each (super)-extensive in terms of the physical size of the capacitor. Put
differently, each timescale is proportional to L2: τ2 ∝ L2 and τ1 ∝ L2. This seems sensible
as the final energy in the capacitor is sub-extensive in L. Further, the latest-time tails
in the energy stored in the capacitor are governed by the √τ2/

√
t = T2/

√
t-term in the

RMS-averaged ratio H(t)/H(0). Crucially, this timescale is also proportional to the initial
energy stored in the capacitor, namely τ2 ∝ Q2.

3.4 Quantum evolution from classical equations of motion?

Finally, we turn to the question of when knowledge of the classical dynamics of a system
is sufficient to capture the full quantum dynamics. There are three possibilities. For a free
theory, one can construct coherent states that form an over-complete basis of states. Any
expectation value of field operators in a coherent state will satisfy the classical equations
of motion. However, whether the specific initial conditions of charged capacitor plates can
be realized this way is a non-trivial question. A second possibility also presents itself when
the theory is integrable (in other words, fully solvable), as for example is the case for the
sine-Gordon model in (1+1)-d. The latter would be necessary were we interested in the full
range of the dynamics of the system, particularly in states with low occupation numbers,
and is an interesting exercise in principle worthy of a followup investigation that we will
not pursue here.

Instead, we focus on the third and simplest possibility — that one can work within a self
consistent approximation in the context of initial states with large occupation numbers, a
correspondence can also be shown to hold in out of equilibrium and interacting systems [28].
In the present context, this requires us to work in the limit that the charge of the capacitors
be vastly larger than the fundamental quanta of charge. That is:

N := Q

e
� 1. (3.23)

In this limit, we can be sure to recover the fully quantum evolution of the discharging
capacitor from the classical equations of motion even if the classical equations of motion
are non-linear. To see this in detail, we adapt the treatment reviewed in [28] and consider
a generic scalar field theory with canonical kinetic term and arbitrary potential.

Consider the finite time correlation functions of some observable O(t) consisting of a
string of ϕ operators evaluated at time t (but not necessarily at spatially coincident points)

〈O(t)〉 =
ˆ
D[ϕt]O[ϕt]

ˆ
D [ϕ0] ρ [ϕ0]U∗ [ϕt, ϕ0, t− t0]U [ϕt, ϕ0, t− t0] , (3.24)

where ρ[ϕ0] is the initial density matrix corresponding to some initial field profile ϕ(t0, x) :=
ϕ0, and where

U [ϕt, ϕ0, t− t0] =
ˆ
D[ϕ(t′)]ei

´ t
t0
L[φ(t′)]dt′ (3.25)
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integrates over all field profiles that interpolate between ϕ0 and ϕ(t, x) := ϕt. Instead
of viewing U and U∗ as containing separate functional integrals over the same field ϕ,
a standard trick employed in real-time perturbation theory is to view the fields in the
separate integrations as being distinct fields, ϕ− and ϕ+, and writing the Lagrangian as

L =
ˆ
dx

[
1
2 (∂µϕ−)2 − 1

2m
2ϕ2
− −

∑
n=3

cn
n!ϕ

n
−

]
−
ˆ
dx

[
1
2 (∂µϕ+)2 − 1

2m
2ϕ2

+ −
∑
n=3

cn
n!ϕ

n
+

]
(3.26)

so that
U∗U =

ˆ
D [ϕ−]D [ϕ+] ei

´ t
t0
L[ϕ−,ϕ+]dt′

, (3.27)

where ϕ−, ϕ+ are both equal to ϕ(t, x) and ϕ(t0, x) at t and t0 respectively. Making the
field redefinitions (where the meaning of the subscripts will become clear shortly)

ϕc := 1
2 (ϕ− + ϕ+) , ϕq := ϕ− − ϕ+, (3.28)

and working with systems where both ϕ+ and ϕ− correspond to field profiles with large
initial occupation, and so are themselves large, one can show under certain assumptions on
ρ[ϕ0] that ϕc can also naturally be taken to be large whereas ϕq is small [28]. Therefore,
rewriting the action (3.26) in terms of ϕc and ϕq and expanding to first order in ϕq one finds

L[ϕc, ϕq] =
ˆ
dx

[
∂µϕc∂µϕq −m2ϕcϕq − ϕq

∑
n=4

cnϕ
n−1
c

(n− 1)!

]
+ . . . (3.29)

where the ellipses denote terms of order ϕ2
q and higher. The final term in the square

parentheses is simply the Taylor expansion of ϕqV ′(ϕc). Recalling that our boundary
conditions are such that ϕq ≡ 0 at t and t0 and ϕt = ϕc(t, x) and ϕ0 = ϕc(t0, x), so that
eq. (3.24) becomes

〈O(t)〉 =
ˆ
D[ϕc(t)]O[ϕc(t)]

ˆ
D [ϕc(t0)] ρ [ϕc(t0)]

ˆ
D [ϕc( t′)]D [ϕq( t′)]ei

´ t
t0
L[ϕc,ϕq ]dt′

.

(3.30)
Because the assumption of large initial occupation forces ϕq to be small enough so that
higher order terms in the expansion eq. (3.30) can be neglected, we see that its functional
integral straightforwardly enforces the constraint on the measure D[ϕc(t′)]:

ˆ
D [ϕc( t′)]D [ϕq( t′)]ei

´ t
t0
L[ϕc,ϕq ]dt′

=
ˆ
D [ϕc( t′)]

∏
x,t′

2πδ
[(
�+m2

)
ϕc(x, t′) + V ′[ϕc(x, t′)]

]
, (3.31)

meaning that only fields that satisfy the classical equations of motion,(
�+m2

)
ϕc + V ′[ϕc] = 0 (3.32)

contribute to the functional integral in eq. (3.30). Therefore, characterizing the full quan-
tum of the system in the limit of large occupation number boils down to knowledge of the
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classical solution to the equations of motion eq. (3.32). Defining the kernel

K [ϕt, ϕ0, t− t0] :=
ˆ
D[ϕc(t′)]D[ϕq(t′)]ei

´ t
t0
L[ϕc,ϕq ]dt′

, (3.33)

we see that it is annihilated by the classical equations of motion, and at the initial time
satisfies

lim
t→t0

K[ϕ(t), ϕ(t0), t− t0] =
∏
x

δ[ϕ(x, 0)− ϕ0(x, 0)], (3.34)

which manifests the classical nature of the system on all expectation values

〈O(t)〉 =
ˆ
D[ϕt]D [ϕ0]O[ϕt]K [ϕt, ϕ0, t− t0] ρ [ϕ0] . (3.35)

A direct corollary of the above is that an initial density matrix sharply peaked around
the profile ϕ0(t0, x) returns the expectation value 〈ϕn(t, x)〉 = ϕnc (t, x), with ϕc satisfying
eq. (3.32) with initial conditions ϕc(t0, x) ≡ ϕ0(t0, x).

4 Bare fermion masses in the Schwinger model

We now turn our attention towards the addition of bare fermion masses to the Schwinger
model. When the bare mass of the fermion in QED2 vanishes, the mass of the neutral
pion equals the mass-scale set by the effective coupling constant g in the term gϕεµνFµν
within the action Sϕ,A, i.e. g = e/

√
π = mϕ. However, when this fermion has a bare mass,

mψ 6= 0, the spectrum of stable excitations in the theory becomes much more rich [25].
That is, introducing a bare fermion mass distinguishes between the two mass-scales g and
mϕ that characterize the physical excitations of massive QED2.

As discussed in refs. [24, 25], when the fermions in QED2 acquire a bare mass, the
Hamiltonian for the dual ϕ-meson field, is modified in the following way:

Hϕ,D → Hϕ,D(mψ) = Hϕ,D + ∆Hϕ,D (4.1)

where

∆Hϕ,D ≡ mψeC : cos
(
2
√
πϕ+ θ

)
: . (4.2)

Here C = eγE/(2π3/2) ' 0.16 is a numerical constant [29], mψ is the bare mass of the
electron [24], and θ is a non-dynamical real parameter that lies within the range θ ∈
[−π, π] that, ultimately, originates from the derivative acting on ϕ in the duality/mapping
Jµ ↔ εµν∂νϕ (as seen in e.g. eq. (2.6)). It is somewhat striking that this new Hamiltonian
explicitly depends on the parameter θ that characterizes the one-parameter family of vacua
of the Schwinger model [24]. Crucially, when mψ = 0, the vacua are degenerate. However,
we see that when the fermion has a bare mass within the QED2 action, this degeneracy is
lifted. Equivalently, the action for the dual scalar is,

Sϕ,D → Sϕ,D(mψ) = Sϕ,D + ∆Sϕ,D , (4.3)
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where

∆Sϕ,D ≡ −C
( ˆ

d2x (mψe) :cos
(
2
√
πϕ+ θ

)
:
)
. (4.4)

At this point, one could attempt to use the fact that for small values of ϕ the cosine-
potential, cos(2

√
πϕ), the equation of motion is approximately linear. In this context,

the equations of motion that dictate capacitor discharge in both massive and massless
QED2 would continue to be linear and can straightforwardly be shown to be solved by a
similar integral to eq. (2.13), where now

mϕ =
√
g(g + 2eγEmψ), g =

√
e2/π . (4.5)

Self-consistency of this approximation would thus require that ϕ(x, t), which solves the
linearized equation of motion, remains bounded and small at all times; if ϕ(x, t) is ever
not-small, then we must consider the non-linear higher-order terms in the cosine-potential.
Put differently, even though the two scales g and mϕ are split when the fermion has a bare
mass, mψ 6= 0, if it is consistent to both fix θ 7→ 0 and to remain in the small-ϕ regime,
then capacitor discharge in massive QED2 would still be described by the dynamics found
in [1].

However, there can be no appreciable capacitor discharge in this limit. The reason is as
follows. As commented in section 3.4, we cannot trust the equation of motion to describe
capacitor discharge unless we can guarantee large-occupation numbers [28]. In this context,
we must haveN � 1. Now, note that ϕ scales as ϕ ∼ −2(g2/m2

ϕ)N×IL(x, t), where IL(x, t)
is an integral that depends only on the separation between the capacitor plates, L, and
on x and t. (Crucially, IL(x, t) does not depend on N .) When written in this way, we see
that the range of capacitor configurations where |ϕ| � 1 holds throughout the discharge is
dramatically restricted at large-N . Further, as the electric field evolves as

E(x, t) = Dext − gϕ(x, t) = Dext −
Q

N
ϕ(x, t) , (4.6)

we see that even if |ϕ| is bounded by a fixed small number (i.e. |ϕ| � 1), then the discharge
is a 1/N effect. Indeed, after all is said and done, it is possible to show that H(0)−H(∞) .
mϕ in this scenario. In the next section, we study the numerical solutions to the full non-
linear equations of motion for this massive bosonic model, which resembles a mass-deformed
sine-Gordon model. This analysis is at once more general, in the sense that it only requires
the large occupation approximation so that integrating the classical equations of motion
is equivalent to solving for the full quantum dynamics of the system, and less analytically
tractable. That said, the numerics speak for themselves.

5 Integrability of capacitor discharge in massive QED2

As discussed above, in the limit where N = Q/e is large, we are in a regime where the
system is at large initial occupation, which as detailed in section 3.4, implies that the
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expectation value of the operator equation of motion is equivalent to solving the classical
equation of motion

(∂2 + g2)ϕc = gDext +
(
eγE

π
mψg

)
sin(2

√
πϕc + θ). (5.1)

That is, the quantum dynamics of capacitor discharge is completely characterized by solu-
tions to the above equation of motion for large enough initial charge. In order to facilitate
numerical integration, we consider the dimensionless variables,

N̂ := Q

g
, x̂ := xg , t̂ := tg , L̂ := Lg , m̂ := eγE

πg
mψ , (5.2)

so that the equations of motion become

(∂̂2 + 1)ϕc = N̂(θ(x̂− L̂/2)− θ(x̂+ L̂/2) + m̂ sin(2
√
πϕc + θ). (5.3)

Figure 2 depicts final fields profile for ϕc that solve the above equation of motion at θ = 0
and N̂ = 200, for a range of values of L̂ and m̂.

Before discussing the obtained solutions we briefly summarize our numerical algo-
rithm.5 The final field profile is a solution of an elliptical boundary value problem. The
equation of motion in our case is non-linear for non-zero values of m̂, and we are using an
iterative relaxation method to find its solution. We start with a proposal profile, linearize
the equation of motion in terms of deviation from the proposal profile, and solve for linear
deviations. We then iterate this procedure until the updated profile solves the non-linear
equation with sufficient precision. Such an algorithm is commonly used for handling highly
non-linear boundary value problems. More details can be found in e.g. [32]. The results of
the numerical integration is plotted in figure 2, and depicts the fully discharged electric-
field for various values of m̂, and taking N̂ = 200 for concreteness. We see that the final
discharged E-field profile for massless QED2, and those for massive QED2, are very close
to each-other for m̂� N̂ .

As m̂/N̂ increases, the source and the potential terms in the classical equation of
motion start to become comparable to each other, culminating in fact that when m̂/N̂ = 2,
the maximally discharged state of the capacitor is very close to the initial state of the
system, as can be seen from figure 2. This is evidently the (1+1)-d manifestation of the
mass threshold seen in (3+1)-d, which exponentially cuts off as the mass of the charged
quanta increases according to eq. (1.3): Γ ∝ e−

πm2
eE . Here, the approach to the threshold

evidently proceeds linearly as m̂/N̂ → 2 and cuts off at m̂/N̂ = eγEmψ/(
√
πQ) = 2,

implying a critical electric field of

Ec = eγEmψ

2
√
π
≈ mψ

2 (5.4)

5Our codes are available at https://github.com/valerivardanyan/QED-discharge.
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Figure 2. Numerically obtained asymptotic electric field profiles at the end of capacitor discharge
in massive QED2 for three different plate separations (corresponding to separate panels), and for a
range of mass parameter m̂ (corresponding to the color-coded dashed curved), with N̂ = 200. The
electric field profile prior to discharge is shown in solid red line. The black solid lines underneath
the yellow dashed curves correspond to the analytical result eq. (3.6) in the massless situation,
which agrees with our numerical solution. The existence of the mass threshold is visible in the fact
that, at finite bare fermion mass (g < mϕ), the electric field never completely discharges.

below which discharge effectively does not occur.6 It would be a mistake, however, to
interpret the bare mψ as the mass of any physical states of the massive Schwinger model.
To understand why, we need to understand the spectrum of states in the theory.

The bosonized massive Schwinger model is qualitatively distinct from the sine-Gordon
model in that there are no degenerate vacua for non-vanishing electric charge with the
choice θ = 0. This is due to the presence of the ‘mass’ term in eq. (5.1) proportional
to g2 which gaps the spectrum even for the bosonized version of the massless Schwinger
model. This makes sense, as there are no free charges in the theory, and the kink/ anti-
kink solutions in the sine-Gordon model are the solitonic dual of free fermions. Since
the Schwinger model can only have bound states of these fermions in its spectrum, their
bosonic dual states must be more complicated. Recalling the result for the spectrum of
stable states of the massive Schwinger model in the regime where mψ/g = m̂� 1 [25], we
see that when θ is set equal to zero, there are in fact Ns ≈ m̂2 stable bound-states with
masses m ≤ 4mψ that scale as

mn ≈ ∆
√
n , for ∆ = 4g , and 1 ≤ n ≤ Ns ≈ m̂2 = m2

ψ

g2 =⇒

m1 = mmin ≈ 4g ,
mNs = mmax ≈ 4mψ .

(5.5)

6Note that in (1+1)-d, electric fields and charge both have mass dimension one, to be contrasted to
(3+1)-d where E has dimension mass squared and charge is dimensionless. The mass threshold in eq. (5.4)
is only valid within our approximation of large occupation number, i.e. when the initial electric field E0 � e.
For much smaller values of E0 beyond the remit of our approximation, one can still show that discharge
does not occur unless E0 >

e
2 [25].

– 19 –



J
H
E
P
1
0
(
2
0
2
1
)
0
7
2

Therefore the ϕ field in the bosonized theory must correspond to a collective excitation of
this finite tower of meson states, with lightest mass 4g and heaviest mass 4mψ and as such,
cannot cleanly be identified with a single mass scale.

Now, recall the dimensional analysis in section 3.2. This analysis tied the exponential
nature of the small-tails in the fully discharged E-field in massless QED2 rigidly to the
Compton wavelength of the massive ϕ-boson, `ϕ = 1/g; this is well-motivated, as the ϕ-
meson is the only on-shell degree of freedom in massless QED2. Naively, were we to apply
this same logic to massive QED2, we would expect that shape of the final-state E-fields
for large m̂ is similarly dictated by the Compton wavelengths of these stable particles. In
particular, because the lightest stable meson has a mass m ≈ 4g, one might expect roughly
similar field profiles.

However, as is clearly seen in figure 2, this analysis does not describe the shape of the
fully discharged E-fields for massive QED2 whenever m̂ = mψ/g � 1, particularly for the
plate separation threshold evident on the leftmost panel. One possible interpretation for
this, is that pair producing mesons from the vacuum still requires overcoming the mass
thresholds for the constituent fermions, before flux tubes form and compensate the bound
state energy, resulting in the composite state having a mass significantly less than the
sum of its constituents. In this way, one still has to overcome a large mass threshold to
produce these bound states, even if the resulting condensate consists of parametrically
lighter states. The dipole length commensurate with the lightest of these states with
mass m1 may be parametrically quite different from m−1

1 given the large binding energies
involved for larger values of the bare mass, resulting in `ϕ � 1/m1 for larger values of the
bare mass and approaching `ϕ ∼ 1/m1 ∼ 1/g for smaller values of the bare mass, which
would simultaneously account for the mass and plate separation thresholds depicted in
figure 2. However, a quantitative understanding of this is beyond the scope of this paper
and necessitates further investigation. Here, we merely wish to point out the existence of
the independent mass and plate separation thresholds in massive QED2, a conclusion we
can confidently draw from the accuracy of integrating the classical equations of motion as
an approximation of the bosonized description at large occupation number.

Finally, it is also interesting to note that for fermion masses in the lighter range
(mψ/g . O(1)), the consistency of our approximation results in the source term dom-
inating the dynamics, and so the discharge proceeds almost as in the massless case, in
which care we can consider the analogs of the timescale in the massless QED2, but now
with the degeneracy between g and mϕ broken according to eq. (4.5), so that the three
timescales associated with discharge from eqs. (3.12) and (3.21) become

τ0 = 1
g
, (5.6)

τ1 = 1
mϕ

Q2L2

π

(
g

mϕ

)6(
1− 1− e−mϕL

mϕL

)2

, (5.7)

τ2 = 1
g

g2L2

4π

(
g

mϕ

)3

, (5.8)
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allowing for parametrically different behavior for the late vs. early time dynamics of the
discharge relative to the massless case. A complete understanding of the dynamics of
capacitor discharge (in particular with small initial charge) is not possible within our
approximation.7

6 Discharge in higher dimensions (d > 2)

When viewed as a tunneling process, the salient aspects of Schwinger pair production in
(3+1)-dimensions are often well-captured by computing the probability of filled, negative
energy states tunneling through an effective potential-barrier in (1+1)-dimensions, as for-
mulated in e.g. [6, 7, 9]. It is thus tempting to use our fully back-reacted discharge in
(1+1)-dimensions to model capacitor-discharge in higher-dimensions. However, there are
prominent obstacles between using our present understanding of capacitor discharge in
massless QED2 and any full understanding of capacitor discharge in higher-dimensions,
whose root cause come from the computation of the tunneling process to begin with.

The main, essential, difficulty here is the notion of scattering states themselves. The
simpler case of electron-positron pairs creation due to a static electric field between two
charged capacitor plates can easily be reframed in terms of an integral over a continuum of
scattering states which tunnel through an effective potential. Explicitly, as the capacitor
plates are invariant in the d − 2 transverse directions, then the problem becomes (1+1)-
dimensional. Further, because the E-field is static in time, then by choosing the gauge where
~E = −~∇φ, the equations of motion are time-translation invariant. Thus, here, one can
define scattering states with well-defined energy E and transverse momentum ~pT , incident
on the effective potential set-up by the E-field between the capacitor plates [6, 33]. It is
then straightforward to find the tunneling amplitudes and thus the rate of pair production
as discussed in e.g. [7, 9, 34].

Unfortunately, the very fact that the E-field is static at once makes this set-up tractable
while also excising any appreciable back-reaction. (Formally, this setup describes Schwinger
pair-creation in the limit where the electron charge is sent to zero whilst the field-strength is
held fixed, i.e. where e→ 0 while eE-fixed.) Relaxing this condition and allowing the E-field
to vary in time, i.e. to allow it to discharge, ruins the time-translation invariance needed
to label the scattering states by their energy and, further, causes the “effective potential”
to vary in time. Together, these two technical problems obfuscate the most obvious paths
between our exact treatment for (1+1)-dimensional discharge and understanding discharge
in higher dimensions.

Related to this, in d > 2 there are nontrivial magnetic fields. Thus, the time-variation
of the electric field induces magnetic fields. These magnetic fields deflect the paths of
charged particles and paths between our exact solution in (1+1)-dimensions and exact un-
derstandings of capacitor discharge in d-dimensions alike. For these reasons, we expect the

7A notable attempt to study electric field discharge in the massive Schwinger model was made using
lattice simulations in [30] building on the formalism introduced in [31], however the computational cost of
these simulations meant that only the initial stages of this discharge could be tracked.
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results/techniques in this paper may be of limited use in understanding detailed dynamics
of capacitor discharge above d = 2.

7 Discussion

Having reinterpreted and generalized the findings of [1] to incorporate bare fermion masses
within the Schwinger model, the main findings of our investigation can be summarized as:

• Electric fields can discharge even in theories exhibiting confinement via dipole pro-
duction. These correspond to meson bound states in the context of the Schwinger
model.

• This dipole production will necessarily be suppressed below the threshold plate sep-
aration corresponding to the characteristic size of the dipole L = `ϕ ∼ g−1 in the
massless case.

• When generalized to the massive case, the mesons correspond to a finite tower bound
states, and the threshold separation becomes a more complicated function of the bare
fermion mass and g.

• The introduction of bare fermion masses to the Schwinger model results in the ap-
pearance of an additional threshold at Ec = eγEmψ

2
√
π
≈ mψ

2 , below which electric field
discharge is suppressed.

There are a number of conceptual issues, however, that remain to be discussed. The is-
sue of how to realize the initial conditions of two charges of ±Q separated by a distance
L within massless QED2 — i.e. how to construct the capacitor itself directly in terms of
polar ϕ-mesons themselves — is a very interesting and, to our knowledge, open question.
It should be possible to directly construct this initial condition as coming from a specific
initial state of free, non-interacting, ϕ-mesons as the bosonized theory is free and inte-
grable. Furthermore, it would be useful to understand whether quantitative progress can
be made away from our semi-classical approximation which relied on large initial occu-
pation, and therefore large initial electric fields. However carrying out these exercises is
beyond the scope of the current work. Here, we content ourselves with the observation
that at large occupation number, provided the initial capacitor state can be constructed
(possibly involving operators in a larger theory, a consistent truncation of which is the
Schwinger model), charge conservation and the unitarity of the Schwinger model renders
our treatment self-consistent.
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