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Chapter 4

On the determinantal process
associated to spanning trees

4.1 Discrete determinantal processes

Let E be a finite or countable set and X C FE be a random subset of E.
Then, one can associate X to a random variable X with values in {0,1}*
where X (¢) = 1ife € X. The random variable X is called a point process. A
point process X is called determinantal (abbreviated to the Determinantal
Point Process, or DPP) if there exists a function K: £ x E — C such that
for any finite collection of distinct points {ej,...,e,} € E, the probability
P(ey, ..., e, € X) is given by the following determinant:

n

Pler,...,en€ X)=P(X(e;)) =1,i=1,...,n) = det [K(e;, €5)] (4.1)

Q=1
The function K is called the correlation kernel of the determinantal point
process X.

Analogously, a probability measure P on {0, 1}* is called determinantal
if there exists a function K : £ x E — C such that (4.1) is valid for all
{e1,...,en} € E where the points e; are all distinct. A natural question is
to determine which functions K are correlation kernels, i.e., for which K the
expressions in (4.1) define a probability measure on {0, 1}¥. To address to
this question we recall the three most common ways to define determinan-
tal measures and their correlation kernels:

1. Fourier transform: Suppose F = Z? and f : T¢ — [0,1] is an L?-

'This chapter is based on: E. Arzhakova, T. Shirai, E. Verbitskiy, On the determinantal
process associated to spanning trees, in progress
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66 Chapter 4. On the determinantal process associated to spanning trees

integrable function. Define the correlation kernel K on Z? x Z¢ by

~

K(n,m) = f(n—m), n,m e Z,

where f(k) is the k-th Fourier coefficient of f given by

~

fio = | s@eOap e 2.

The kernel K defines a stationary translation invariant determinantal
measure on Z4 [72].

2. Projection: Consider the Hilbert space # = (?(E) with the scalar
product (-, -). Note that # is generated by the indicator functions {1,,,n €

E} given by
U S
0, m # n.

Suppose H is a closed subspace of #. Denote by Py the orthogonal
projection operator onto H. Then the kernel K(n,m) = (Pyl,,1,)
defines a determinantal measure.

3. Positive contraction: Again, consider the Hilbert space ¢?(E), and
suppose Q : /2(E) — (*(F) is a positive contraction, i.e.,

0 < (Qu,u) < (u,u) Yu € *(E).

Then the kernel K(n, m) = (Q1,,1,,), n,m € E, defines a determinan-
tal measure on {0, 1} 7.

Note that here is a natural bijection between the DPPs generated by pro-
jections (2) and those generated by positive contractions (3). Clearly, any
projection operator is a positive contraction, so, (2) C (3). In the other di-
rection, consider a positive contraction A that acts on ¢?(E); then, the oper-

ator
I A Al —A)
T\WAI - A) I-A
is a projection operator on (*(E;) @ ¢*(Ey) where Ey = E; = E since Ais
idempotent (A2 A) and self—ad]01nt (A* = A). Moreover, Ais a dilation of

A; in other words, P2 EI)AU = Au [73] and Py EQ)Au = (I — A)u. We have
shown that each positive contraction A generates a projection operator.
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The third class of examples (3) also contains the first class of examples
(1). Indeed, since ¢2(Z%) = L?(T?) via the Fourier transform, the operator
Q : L*(T%) — L2(T<) which acts by the formula Qh = f - h, is also a posi-
tive contraction on L?(T?) since f : T¢ — [0,1]. It follows that the adjoint
operator @ on ¢?(Z%) is also a positive contraction on ¢?(Z%).

In the current work we focus on two primary examples of discrete deter-
minantal point processes which are Uniform Spanning Trees process and
Uniform Spanning Forest process.

Let G = (V, E) be a finite connected graph. A spanning treeT C Eis a
subset of edges of G such that the graph (V,T) is connected and does not
have cycles. Denote by 7 (G) the set of all spanning trees of G. Since G is
finite, |7(G)| < oo, and by a well-known Kirkhoff’s Matrix Tree theorem,
|7 (G)| is equal to the determinant of the (reduced) Laplacian matrix of G.
Let us consider the random variable 7" assuming values in 7 (G) with uni-
form probabilities. Burton and Pemantle [16] have proved the Transfer Cur-
rent Theorem, showing that the edges of uniformly chosen spanning trees
form a determinantal process.

Theorem 4.1.1 ([16]). Let G = (V, E) be a finite graph. Denote by P be the
uniform spanning tree measure on G which we view as a probability mea-
sure on {0, 1}¥. This measure describes the probability that edges e1, .. ., e,
are present in a random spanning tree which is chosen uniformly. Choose
an arbitrary orientation of the edges of the graph G and let K(e;, e;) be equal
to the expected signed number of crossings of ¢; = z7 by a simple random
walk on G started at s and stopped when it hits ¢t with e; = St Then, the
uniform spanning tree measure on G is given by the determinant

Ple1,...,en € T) = det[K(e;, ;)]

i,j=1’ (42)

i.e., Pis a determinantal probability measure.

In [89] Pemantle considered uniform spanning trees on certain infinite
graphs, namely, on integer lattices Z¢ with d > 2. He showed that the uni-
form measures P,, on spanning trees of finite boxes B,, = [—n,n]¢ N Z¢ con-
verge weakly as n — oo to the limiting measure P. If d < 4 the limiting
measure P is concentrated on spanning trees; otherwise, it concentrates on
spanning forests, i.e., on collections of disjoint spanning trees that span the
whole lattice. This limiting measure is referred to as uniform spanning tree
measure or uniform spanning forest measure, respectively.
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As discussed above, Burton and Pemantle [16] established the determi-
nantal structure of uniform measures on spanning trees of finite graphs,
c.f, Theorem 4.1.1. They also showed that the determinantal structure is
present on some infinite graphs, namely, on Z¢ lattices and some Z?-periodic
graphs:

Theorem 4.1.2 ([16]). Let G = (V, E) be a Z¢-periodic, D-regular, connected
graph. Denote by P be the uniform spanning forest (USF) measure on G
which is viewed as a probability measure on {0, 1}*. Then PP is determinan-
tal with the correlation kernel K given in Theorem 4.1.1.

Let us illustrate the computation of the correlation kernel that features in
the two theorems discussed above:

Example 4.1.3. In order to compute the correlation kernel K for the USF
measure on Z¢ explicitly one can use the Green’s function g: Z¢ — R of the
simple random walk. The expression of the Green’s function depends on the
dimension d: for d = 2, it is given by

k=0
6727ri(n,9> -1

N /TQ 1-— %cos 21l — %cos 2705

o,

and for d > 3 itis given by

e—27ri<n,9)

g(n) = P(X; =n|Xo=0) = / de.

1 ~~d A
>0 T¢ 1 — 3> % 4 cos2mb;

Then [16, Theorem 4.2], [71, Proposition 10.15], the kernel K calculated on
the edges e = 77 and é = zi is given by the expression

1

K(e, é) == 27d

[g(z —z)—g(z—y) —glw—z) + g(w —y)|. (4.3)

Note that explicit computation of the Green’s function for an arbitrary
graph G is not trivial, e.g., even for Z? one has to modify the standard def-
inition to accommodate for non-integrability of the denominator. Fortu-
nately, in Z? the required modification is straightforward, but even for sim-
ple graphs the calculation of the Green’s function becomes cumbersome.
Therefore, it is natural to consider other methods to calculate the correla-
tion kernel K. In the following Section we recall a method presented in [12]
that calculates K as a projection in a certain Hilbert space.
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4.1.1 Hilbertspace approach

In [12], Benjamini et al. further developed the electrical network approach
that we discussed above and obtained a description of the determinantal
structures of the USF measures on general finite and infinite graphs in terms
of certain projection operators.

Let us first consider a finite connected undirected graph G = (V, E). For
each undirected edge [¢] € E select an arbitrary orientation denoted by e;
then, we denote the reversed orientation by —e. We obtain a collection or
oriented edges F containing each edge from E with two possible orienta-
tions. In other words, £ = Uj.cg{e, —e}. Throughout the paper, we will use
the following notation. If the collection of edges is denoted by a capital let-
ter £, I, ..., then the edges are assumed to be undirected; and for the set of
all possible directed graphs we will use E, F, .... For e € E denote by o(e)
the origin of e and by ¢(e) the terminus of e. For the reversed edge —e we
naturally have o(—e) = t(e) and t(—e) = o(e).

Denote by ¢?(V) the real Hilbert space of functions f: V — R with the
standard inner product given by

(f1, f2) Z fi(v (4.4)
veV
Denote by /2 (E) the space of antisymmetric (i.e., o(—e) = —¢(e)) real func-

tions on E with the standard inner product given by

(©1,02) Z v1(e)pa(e (4.5)
eGE

Define the coboundary operator d: ¢2(V) — (2 (E) and the divergence
operator d*: (2 (E) — (?(V) as

df(e) = f(o(e)) — f(t(e), d*6(v)= 3 6(e). (4.6)
It is easy to check that d and d* are adjoint: (df,6) = (f,d*0) forall f € £2(V)
and 0 < /% (E). Consider a subspace Im d defined as
Imd = d (V) =span{d1,},cy C 2 (E).

Finally, denote by Pr— the orthogonal projection from ¢2 (E) onto the closed
subspace Im d.
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Theorem 4.1.4 ([12]). Let P be the uniform spanning tree measure for G =
(V, E). Then P is determinantal with

P(el, N = T) = det[(Pm]lei, llej)}i,j:l,...,k’a

where fore € F, 1. € (2 (E) is an antisymmetric indicator function of the
directed edge e (i.e., 1.(¢) = 1,1.(—e) = 1 and 1.(j) = 0 forall j € E such
that j # e, —e).

As was mentioned above, Pemantle [89] constructed a USF measure P on
7% by considering weak limits of uniform spanning tree measures on finite
graphs. This approach can be extended to a larger class of infinite con-
nected locally finite graphs G = (V, E). Consider a sequence of finite sub-
sets of vertices {V,,} of V such that V, C V5 C ... and U°V,, = V. Using
the sequence {V,,} we can define two sequences of finite graphs converging
to G = (V,E). Firstly, let GI' = (V,,, E,,) be the graph obtained by delet-
ing all vertices in V which lie outside of V,, (free boundary conditions), and
secondly, let GV = (V,, U {@}, E,,) be the graph obtained by contracting all
vertices in V which lie outside of V,, into one vertex @ (wired boundary con-
ditions). Denote by P and P/ the corresponding uniform spanning tree
measures on Gf = (V,,, E,) and GV = (V,, U {@}, E,), respectively. The
measures P/ and P!V have the following monotonicity property: for a fixed
collection of edges B and for all sufficiently large », one has

Py(BCT)>P (BCT), and P (BCT)<PY(BCT),
which allows one to define limiting measures

P = lim P, PV = lim PV,
n—oo n—oo
called the free and the wired uniform spanning forest measures, respec-
tively. In general, the measures P and P do no necessarily coincide.

It turns out that both measures P and P" are determinantal with kernels
similar to that in Theorem 4.1.4. To describe the corresponding kernels we
introduce additional notations. Let us call stars the functions of the form
d1. where 1. is an indicator function of an oriented edge e € FE; denote
by % = d¢2(V) the closed infinite-dimensional subspace of /2 (E) spanned
by stars [12]. If a collection of oriented edges (e, ..., e,) forms an oriented
cycle, then a function ) | 1., is called a cycle. Cycles span a subspace of
¢% (E) denoted by ¢. The subspaces % and ¢ of /2 (E) are orthogonal. In
[12] it is shown that P = P if and only if % @ O = (2 (E).

Remark 4.1.5. Let G be a graph equipped with an action of an abelian finitely-
generated group I' (see Sections 3 and 4 below). Then PF' = PV [33].
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Theorem 4.1.6 ([12] ). For an infinite connected graph G, the uniform span-
ning forest measures P and P corresponding to the free and the wired
boundary conditions, are determinantal:

]P)W(el, o, € T) = det[(P*]lei, ]lej>]1<i,j<k7
P (e, ... ex € T) = det[(Py Le,, Le,)1<ij<hs

where Py is an orthogonal projection on the closure of % and P<>L is an or-
thogonal projection on the closure of the orthogonal complement of ¢.

Remark 4.1.7. Note that both P (ey, ..., e, € T) and P¥(eq,...,e, € T) do
not depend on the choice of orientation.

Theorem 4.1.6 shows that the correlation kernel can be expressed in terms
of projection operators. However, finding explicit expressions of projections
in infinite-dimensional Hilbert spaces is a challenging task. In [71, Chap-
ter 4] one can find computations of correlation kernels for lattices Z? using
graph Laplacians; this proof requires a number of technical steps. The same
construction can, in principle, be used for other graphs, however, the proofs
become more complex, in particular, for graphs where the simple random
walk is recurrent.

In the following section we show how to compute a projection operator
P4 of Theorem 4.1.6 explicitly for graphs with abelian symmetry groups.

4.2 Projection operator

We start the discussion with a well-known fact on computation of projec-
tions in finite-dimensional spaces. Let us consider a k-dimensional sub-
space W C R™ with & < n, and let Py be the orthogonal projection from R”

onto W. Suppose W is spanned by linearly independent vectors wy, . . . , wy.
Denote by A the n x k£ matrix, made of column vectors wy, . . . , wg:
A=[wy;... ;w] € RV,

Since the vectors w; are linearly independent, the & x k matrix A7 A is in-
vertible. A standard exercise in Linear Algebra shows that the projection
operator Py is given by the matrix product

Py = A(ATA)~1AT (4.7)
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In view of Theorem 4.1.6, one would be interested whether a similar ex-
pression is true in greater generality. The following result is a natural gener-
alization of (4.7) to the infinite-dimensional separable Hilbert spaces.

Theorem 4.2.1. Suppose X,Y are separable Hilbert spaces,and A: X — Y
is a bounded linear operator. Let A*: Y — X be the adjoint operator of A
and let P4 : Y — Y be the orthogonal projection onto the closed subspace
ImA C Y. Then

lim A(A*A 4 eI) 1 A* = Py,

e—0
where I : X — X is the identity operator, and the convergence is under-
stood in the strong operator topology.

We start the proof of Theorem 4.2.1 with the following proposition:

Proposition 4.2.2. Under conditions of Theorem 4.2.1, for any ¢ > 0 the
operators P(e) : Y — Y given by

P(e) = A(A*A + )L A%

are well-defined and have uniformly bounded norms.

Proof. The operator (A* A+¢I)~! is non-negative and self-adjoint, and there-
fore, has a unique non-negative self-adjoint square root B(e) = (A*A +
el)712, Let C(e) = AB(e) = A(A*A + eI)~'/2, then C*(¢) = B(e)A*, and
since P(¢) = C(e)C*(¢), one has

IP(e)]| = [[C()C ()| = [|C*(e)Ce)]

(4.8)
= [[(A"A + D)2 ATAATA 4 e1) 7,
therefore, ||P(¢)|| = [[g(A*A)|| where g(z) = ;%-,¢ > 0. Note that the op-

erator A*A is bounded and positive-definite: therefore, its spectral radius
Aoo(A*A) coincides with the norm of A*A. The spectral mapping theorem
implies that ||P(¢)|| = ||g(A*A)|| = g(Ac(A*A)) < 1; one concludes that
||P(e)|| < 1foreverye > 0. O

Remark 4.2.3. The operator P(e),e > 0 is a positive contraction; for dis-

crete (finite or countable) Y it defines a determinantal point process with
the correlation kernel K. (e;, ej) = (Pcl,, 1), e;,e5 € Y.

We present the reader with two proofs of Theorem 4.2.1:
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Analytic proof of Theorem 4.2.1. Let us start by showing that lir% P(e)Ax =
e—
Az for every z € X. Applying P(¢) to Az, we see that

P(e)Ax = A(A*A+ eI ) ' A* Az = A(A*A+ el) " [(A* A+ el) — el]z

. (4.9)
=Ax —cA(A"A+el) 'z

However, the norm of an operator eA(A*A + eI)~! can be bounded as fol-
lows:

l€A(A A+ eI) 7| = ||e/2A(A* A+ e ) V2 2 (A A + D) 72|

(4.10)
< AT A + ) V2| M2 AA 4 D))
The norm of the operator C(¢) = A(A*A + eI)~'/? is bounded. Indeed,
since C*(¢)C() = P(e), one has [|C(e)[[2 = |C*()C(e)]| = |[P(e)]] < 2 by
Proposition 4.2.2. The norm of the operator ¢'/2(A*A + eI)~'/2 is bounded
by 1. Therefore, ||e A(A*A + eI)7|| < €/2-||C(e)]| -1 < V2 — 0ase — 0.
Thus, by (4.9)

P(e)Az — Az = e A(A*A + eI) o, with |[eA(A* A+ eI) 7| < V2¢

Hence, P(e)Az — Az, and thus P(¢) — I on ImA. Moreover, P(e¢) = 0 on
(ImA)~. Therefore, one concludes that

lir% A(A*A + el) ' A* = Proji—3 = Pa.
e—
O

Spectral proof of Theorem 4.2.1. Note that Y = ImA @ (ImA)*. Let us con-
sider a sequence of operators A(A*A + eI)~!A* Az and prove that it con-
verges to Ax.

Each self-adjoint operator K: H — H on a separable Hilbert space H
admits a sum representation K = Y ¢ (T, W)Wy, where {wp, }men is a
countable orthonormal basis of H and {¢,, } men is the spectrum of K. Note
thatif K = A* A for some operator A then its spectrum is non-negative and
real. Then, one can define a family of spectral projections { E,, },,¢(0,00) bY

By (K)@) = > gm{x, wn)wn.

m €(—00,An]

This family is called the resolution of unity of the operator K; it implies that
K = [%_XME\(K).If K is non-negative, clearly, K = [ AdE\(K).
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Denote by SpecA*A C R the spectrum of the operator A*A (note that the
spectrum of a self-adjoint operator is real). Then, the spectrum of the in-
verse operator Spec(A* A)~! onits range ImA* A is equal to (SpecA* A\ {0}) 1.
Moreover, if w is an eigenvector of A* A with a positive eigenvalue A, then w
is an eigenvector of (A*A + €I)~! with an eigenvalue A%e We conclude that

=)
A+ €J xeSpecara’

Spec(A*A + eI) T ATA = {

By the property of the resolution of unity it follows that on (ker A* A)~+

(A*A+e)_1A*A:/ A dE\(A*A).

(0,00) Ate

If x € ker A*A then (A*A + ¢)~!A* A(z) = 0. Therefore, on the whole H;,

A

(0,00) +e€

A(A*A+e) 1A*A=A dE\(A*A).

Note that ker A*A = ker(A*A)~! = ker A. We leave the proof of this fact as

an exercise for the reader. Then, A(Ey;,(A*A)) = 0; so,

A

AA*A+e)1A*A=A
( ) [0,00) A + €

dEx(A* A).
When e — 0, the expression /\%FE — 1,80

lim A(A™A + €)1A*A = A/ dE\(A*A).
€E— 0

By the definition of the resolution of unity, [;dEx(A*A) = I. Then, for

y= Az + 2,2 € Hy, z € (ImA)~, it holds that

lim A(A*A + €)1AYy = Az
It follows that for any y € Ho,

lim A(A*A + €)' A*y = Pay,

e—0

where P4 (y) is a projection of y onto Im(A).

O

In the following sections, we will apply Theorem 4.2.1 to computation of
projections in relation to Theorem 4.1.6. Namely, we will show that for infi-
nite graphs with symmetry one can obtain explicit expressions of correlation

kernels.
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4.3 Graphs with abelian symmetries

In this section we discuss infinite graphs that possess sufficiently rich sym-
metry groups, for instance, periodic graphs. Consider a connected unori-
ented graph G = (V, E) where V = V(G) is the set of vertices and F = E(G)
is the set of unoriented edges. We remind the reader of the notation used
in Section 1: E is the set of oriented edges: each unoriented edge [¢] € E
is included with two possible orientations e, —e into E; o(e) and t(e) are the
origin and the terminus of e € E, respectively.

Definition 4.3.1. A mapping g : G — G consists of a pair of mappings
gv:V — Vand gz: E — E. The mapping g : G — G is called a graph
automorphism if

1. o(gz(e)) = gv(o(e)), i.e., the origin of the edge is mapped onto the ori-
gin of the edge,

2. t(gg(e)) = gv(t(e)), i.e, the terminus of the edge is mapped onto the
terminus of the edge,

3. —gz(e) = gg(—e) (e € E), i.e., the image of the reverse of an edge is
the reverse of the image of the edge.

It is easy to check that due to the conditions above, any graph automor-
phism ¢g : G — G naturally induces a mapping on undirected edges g :

E — Eon E by gr([e]) := [gz(e)]

Let T be a discrete countable group which acts on a graph G = (V, E) by
graph automorphisms:

'y g7 = (g?/,gﬂfE) € Aut(G).

Definition 4.3.2. A pair (Gy = (Vy, Ep), 7m: G — G)) is called a quotient of G
with respect to T’ denoted by G/T if for every vy € Vo, m*(vo) = {g{-(v)|y €
I',v € 7 !(vg)}, := I'v and for every ey € Ey, 7 !(eg) = {g4(e)ly € T,e €
7~ 1(eo)} := 'e. In other words,  is a covering map of Gy, i.e., foreveryy € T
one has o g7 = 7.

From now on, we will simplify the notation and use the same letter ~ to
denote the graph automorphism ¢” correspondingtoy € I'.

LetG = (V, E') be an infinite graph and let I" be a finitely generated abelian
group of automorphisms of G that satisfies the following conditions:
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1. The group I' acts freely on G: namely, yv # v and ye # +e unless
~ =id.

2. The quotient graph G/T" is a finite graph G = (Vo, Ep).

We would need one more algebraic object associated with a countable ad-
ditive group T" : namely, the group ring ZI', which we view as the ring of
Laurent polynomials in variable x. This ring is formed by all expressions of

the form
F=Y fy-a,
yerl’

where f, € Z for all v € T are such that the set {y € I" : f, # 0} is finite.
For the Laurent polynomial f = > . f, - 7, the adjoint of f is defined
as f* =3 cr fy -2 7. The sum of two polynomials f = > . f, - =7 and
h=3 erhy xVisdefinedas f +h =3 (fy+hy) 27, and the product
isdefinedas f-h =3 r(f - h)y - 27 with

(f-h)y= Z Sr—yrhoy

~y'el
We will write 1 for zV.

Let # = (Fv,.#5) be an arbitrary fundamental set of G with respect to
the I'-action. It means that

V=][1#). E=][+Fp.

vyel yel

Let us fix an orientation .#g. on %5 : note that it defines an orientation
EY on E. Take 7: G — .Z as a covering map. For any e € Fpo fix v,v' €
Fy,e € Eand v € T (y can be 1) such that 7(¢/) = ¢, o(¢/) = v € %y and
t(e') = v’ € V (naturally, 5 = Fpo U —Fpo). Let us define an |Ey| x |V}
"edge-vertex" incidence matrix 0z = (0z,,(e,v)) where e € Fpo,v € Fy
and its adjoint 0% = (0% (v, e)) where v € Fv, e € Fgo, by the formulas

07(,0) = Llo(e) - S a,
~yeL: yv=t(e’)

0% (v,e) =1y(o(e)) = > a7

~y€er: yv=t(e’)

(4.11)

Remark 4.3.3. The size of the sets .%y, #g. does not depend on .%; there-
fore, the size of the matrices 0z, 0% also does not depend on the choice of
Z. The set .#y contains exactly one element of each orbit of I acting on
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V; the same holds for .. with respect to E°. One can check that the ex-
pression 1,(o(€)) — >, cr. yu=t(e) ®" depends only on the orbits containing
v and e, but not explicitly on the choice of elements; therefore, the matri-
ces 0z, 0% depend on .# only up to reordering of elements in .7y, and F ..
Therefore, hereafter we sometimes omit the index .# and simply write 0, 0*.

Definition 4.3.4. The graph Laplacian of .7 is a |V| x |V,| matrix with ele-
ments in ZI" given by
Ag =0507.

The entries of A & are given by

Az (i,j) = degvilly, (v))
= D @ (Lu(0(e) Ly, (t(e)) + Ly, (0(€)) Ly, (t(€)))

eeig‘\EO ,’YEF

= deg v;1y,(vj) — Z 7.

yel': vi~yw;

The choice of another fundamental domain .% will correspond to the change
of basis of matrix A # and, therefore, the determinant det A & does not de-
pend on the choice of .#.

4.3.1 Examples

In order to demonstrate the computation of the introduced notions, we will
now consider a number of simple examples.

Example 4.3.5 (Z>-lattice, Figure 4.1). For the lattice Z? the quotient graph
consists of one vertex and two loops corresponding to two basis vectors in
Z%. Thus, Fy = (0,0) and Fgo = {e1 = {(0,0), (1,0)},e2 = {(0,0),(0,1)}}.

Therefore,

1 — (10 i
0z = < 93(0’1)> ) 85»2: = (1 - 33_(1’0), 1-— :,'C_(O’l))

l—x

If we take z; = (19 and 25 = (*1, then for any n = (n1,ns) € Z?, we can
write ™ as z}" z;,? (multi-index notation), and then the incidence matrices
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0 S G U S O

¢ o S
€2
e
¢ 1 X > €2
0
¢ S

€1

T

Figure 4.1: Z?-lattice and the corresponding quotient graph

can be rewritten as
11— % —1 —1
Oz = (1—952)’ =12 1-ay).
Therefore, the Laplacian is

2
Ap=0507=> (1—a;)1-z)=4—(z1+a;' +22+25").
=1

Example 4.3.6 (Ladder graph, Figure 4.2). We consider the ladder graph
G = (V,E) where V = Z x B with B = {1,2}, hence V = {(k,1), (k,2) :
k€ Z}and E° = {e;,,p = 1,2,3,k € Z}. Here for k € Z, the edges are

exn = {(k, 1), (k+ 1, 1)}, eno = {(£,2),(k+1,2)}, ers = {(k, 1), (K, 2)}.

Modulo the Z-symmetry, one has %y = {1,2} and Fg. = {e1,e2,e3}.

(k —ml, 2) (k:/l\2) ex ok +1,2) 2 o
?kﬁ es3
" - €1
(k—1,1) (k,1) ¢e1{k+1,1) 1
Figure 4.2: Ladder graph and its quotient.
Therefore,
1—=x 0
. 1 -2t 0 1
0z = (1) 1_—195 789—< 0 1 g1 _1>7
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(k —ml, 3) (k,3) €k,3 (k+1,3)

) )

€k,5
(k—1,2) (k,2) (k41,2
€L,2
€k.4
€k,6

., O

(k—1,1) (k, 1) €k,1 (k+1,1)

Figure 4.3: A three-ladder graph
3—x—ax ! -1
andAy_( 1 3_$_$_1>.
Example 4.3.7 (Three-ladder graph, Figure 4.3). We consider the three-ladder
graph G = (V, E) (see Figure 4.3) where V' = Z x B with B = {1,2,3} and
E° = {(egp,p ={1,2,3},k € Z} where
€k1 = {(kv 1)7 (k + 17 1)}7 €k2 = {(k7 2)7 (k + 17 2)}7 €3 = {(ka 3)7 (k + 17 3)}7
€ka = {(k’ 1)7 (kv 2)}’ €k5 = {(k’ 2)7 (kv 3)}’ €k6 = {(k7 3)’ (k’ 1)}

Let # = {(0,1),(0,2),(0,3)} and FL. = {e0,1,€0.2,€0.3:€04,€0,5, €06}
Then (see Figure 4.4)

1—=x 0 0

0 1—=z 0

0 0 1-=z
O7v=| 1 0 |’

0 1 -1

__1 1 =
1 -zt 0 0 1 0 -1

1 = 0 1—a2t 0 -1 1 ,

0 0 1—271 0 -1 1

and
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€1
€2

€4 €6

€2 2 > 3 €3 €1

Figure 4.4: Z and Z x 7Z/3Z quotients of the three-ladder graph

The three-ladder graph also admits an action of a group Z x Z/3Z: let
FE={(0,1)} and F2, = {eo,1,e0,4} (see Figure 4.4). Elements of Z x Z/3Z
can be written as (n, k), n € Z and k € Z/3Z.

Let z; = (19, g5 = 2(O1), Then z("*) = 725, and

1—a * —1 1 -1 -1
Og2 = [1 _ :UJ , O = [1 -z 1—2x; ] ,and Ay =4—a1—2] —x2—1, .

Example 4.3.8 (Triangular graph, Figure 4.5). We consider the triangular
graph G = (V,E) where V = Z x B with B = {1,2} and E° = {ex,,p =
1,2,3,k € Z} where for k € Z,

€1 = {(k> 2)a (k + 172)}7 €L2 = {(ka 2)? (kv 1)}a €3 = {(ka 1)a (k + 1’2)}'

Let #v = {(0,1),(0,2)} and .%o = {eo,1,€02,€0,3} (see Figure 4.5). Denote
by z the horizontal translation by (1, 0). Then,

1—z7! 1 gzt 4—z—z7! —1—g1
@—( 0o -1 —1)’ Aﬁ_( —l-uz 2 >

Example 4.3.9 (Kagome lattice, Figure 4.6).

odg=|-1 0 -z —xz 0 -y},
0 1 1 0 1 0
4 —1—z! —1—y!
Ag=|-1-x 4 —r —y !
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(k=12 (k2 k12 (k+2.2)

€2 €3

€1

(k—1,1) (k,1) (k+1,1)

Figure 4.5: A triangular graph with Z action and the corresponding quotient
graph

Figure 4.6: A Kagome lattice with Z? action and the corresponding quotient
graph
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l @
, |
//

e e
€1 €3
]. ///
<0 o— &

Figure 4.7: A hexagonal lattice with Z? action and the corresponding quo-
tient graph

€2

€1 €3

Figure 4.8: A triangular lattice with Z2? action and the corresponding quo-
tient graph

Example 4.3.10 (Hexagonal lattice, Figure 4.7).

_ 1 1 1 _ 3 11—y t—gy?!

Example 4.3.11 (Triangular lattice, Figure 4.8).

_ 1 1 1 _ 3 —1—yl—ay!
0z = <_x_1y 1 _y) , Ag= <_1 _y—aly 3

4.4 Explicit expressions of correlation kernels

In this section we show how to explicitly compute the correlation kernel
using Theorem 4.2.1. Our method applies to infinite connected graphs with
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a finitely generated abelian symmetry group I'. The graphs are assumed to
be locally finite, i.e., forany v € V, degv < oc.

4.4.1 Duality and Fourier transform

Suppose I' is a countable finitely generated abelian group. Then T is a finite
product of infinite and finite cyclic groups: forsomed > 1, and k4, ..., ky, €
N, we have

D=2 %2y, x...7

Letus denote by I'y = Zy, x ...Zy,, the finite torsion part of I (note that the
representation of the torsion part is not unique). The elements of I will be
written as n = (n, £), wheren = (n1,...,nq) € 24,0 = ({1,...,4y,) € To, with
0<!lj<kjforallj=1,...,m. The dual group [ is also easy to describe:

m*

T =TxZy, x... 70,

where T¢ = [0, 1)%. We denote elements of T by 6 = (6,¢), 0 = (61,...,0,) €
T4, and ¢ = (¢1,...,pmn) With ¢; € T are such that k;p; = 0. The corre-
sponding character y is then

Xo(n) = X(o.0)(n,€) = exp(2mi({n, 0) + (L)) ),

d m
9> = Znteta <€7 90> = ng@s-
t=1 s=1

We equip I with the normalized Haar measure A = A x p which is a product
of the Lebesgue measure A = df on T¢ and the uniform probability measure
pon FU = Fo.

Consider an unoriented graph G = (V, E), and suppose I' acts on G by
graph automorphisms freely and such that the quotient G/T' = Gy = (V4 Ey)
is finite. Then, any v € V can be presented as v = n - vo where vy € Vj and
n € T'. Fixan arbitrary orientation E{ for edges in Fy, and let £y, = EJU—EJ.

As earlier, consider the Hilbert space ¢? (V) of square-summable functions
on the vertices V' equipped with the scalar product

(fofo) =" i) fa(0) = D > fi(nwg) fa(muy),

veV vo€EVH nel’

and the Hilbert space ¢2 (E) of square-summable antisymmetric functions
on the oriented edges E equipped with a scalar product

(91, 92) 291

eEE
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Definition 4.4.1. A Fourier transform of f € ¢*(V) is a function Ff: r -
CIVol given by

F0,00) =" f(nuo)xn(0) = S F((n,1)vg)e2m (000D,

nel’ (n,)er

Note that for f € ¢2(V) one has Ff € L*(T,C!%l). The space L(T,C!"l) is
equipped with the inner product

(Fi, )= Y /F1 (6, v0)F5(0, v9) A(dO)

vo€eVh
1 -
= Z = Fl((97¢)7U0)F2((07@)7”0))‘(d9))
Lol Jpa
vo€Vh,p€lo

where A(d6) is the normalized Haar measure on I' and A(df) is the nor-
malised Lebesgue measure on T¢.

Definition 4.4.2. The inverse Fourier transform F~! of f € L*(T,CIV0l) is
given by
F fln.w) = [ 700! (6)A6)
r

_ 2 e 2milin ) +.e))
T L F@0) A(d).

Note that since for each v € V, there are unique vy € Vp,n € I' such that
v = nvy, we can view F~! f as a function on V:

F~! f(nvg) = F~' f(n, v).

Suppose [ € ZI, f = > cr fo - ", we define the Fourier transform of the
Laurent polynomial f as

= Z anO(n)
nel’

and similarly for matrices: if Q = (Q;x) with Q;;, € ZI', then

~

Q(0) = (Q;(0)).

Theorem 4.4.3. Let G = (V, E) be a locally finite graph, and I' is a finitely
generated abelian group acting freely on G by graph automorphisms, and
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such that Gy = (Vo, Eo) = G/T is a finite graph. Consider the following
|Ep| x | Ep| matrix valued function on T’

K(9) = lim D(E))(D*(G)D(é)) + e[>_1D*(0),

e—0

where D(0), D*(0) are the Fourier transforms of the matrices 9, 9%, respec-
tively (as it was explained before, the dependence on the choice of .# only
influences the ordering of the basis vectors of these matrices).

The kernel K(ey, e3), e1,e2 € FE, of the determinantal USF measure Py,
can be computed as follows. There exist unique n; € T, e? € Ey, such that
e; = nie?, 1 =1,2. Then

K(ei,e2) = /fxg(nl — ng)K(H)(e(l),eg)A(dB),

where K (0)(e}, €9) is the (€Y, €9)-element of K (8).

Remark 4.4.4. Consider a family of operators
K.(8) = D(6) (D*(O)D(G) + eI)_lD*(O).
By construction, lim. o K.(0) = K(0). Then, [4]
/f<K6(9)F]lei,F]lej)d>\(d0) = H(ei, e;),

where H (e;, e;) is a Green’s function of a random walk on G conditioned to
be killed at any v € V with probability e. Moreover, the correlation kernel
Ke = (e1,€2) = [z xo(n1 — n2)K(8) (e, €3)A(dB) corresponds to a spanning
forest determinantal point process on G with an added cemetery state [4].

Remark 4.4.5. By analogy withd : /?(V) — (? (E)and d* : (2 (E) — (?(V), it
is natural to view D(8), D*(0) as linear operators: D(8) : C/Vol — Cl#ol and
D*(0) : ClFol - clVol,

Before we turn to the proof of Theorem 4.4.3, let us give the two examples
demonstrating the application of the theorem.

Example 4.4.6 (Square lattice). Consider the lattice Z¢ with the natural shift
action of I' = Z9. As in Example 4.3.5, one readily checks that the quotient
graph G/T" is a d-bouquet graph consisting of a single vertex and d loops.
Since T¢ = Z4, we thus have

1— 2 1 — e27ri91

0= : , D(0) = : ,

1—xy4 1 — e2miby
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and

o = (1 — :z:fl,l —mgl,...,l — mgl), D*(0) = (1 — e~ 21 1 — ¢~ 2iba),

where 8 = (61,...,0,) € T Therefore D(6)*D(0) = 2d—2 3% _| cos(276,,),
and hence
K.(8) = D(6)(D(0)*D(8) + I) ' D(6)
(1 _ €2m'9]~)<1 _ 6727”'9’“)

N (Qd +e—2 Zizl cos(2779m)>j k:17

and

. . d
1— 2mif; 1— —27i0y
K(8) = lim K.(6) = <( ¢ ;)( ¢ )> .
e—0 2d —25"7 _ cos(2m0,,) k=1

Consider now two edges e; = (ni,n; + ¢;) and ea = (n2,n + ¢;), where
ni,ne € Z%and qj, qx are the j-the and k-the basis vectors of 7%, respectively.

Then - o
K(ey,e2) = / e2mi(n1—n2,0) (1 — e2m05)(1 — e~ 2mi0k) o
Td 2d — 2 anzl cos(27m0,,)

do

/ 627r7;<n1—n2,9> _ e?ﬂi(nl—i—qj—ngﬂ) _ 627ri<n1—(n2+qk),9> + e27ri<n1+qj—(n2+qk),0)
Td 2d -2 ngzl cos(27m0,,)

Ifweletz = ny, y = ny + ¢j, 2 = ny, w = ny + ¢, then we immediately see
that we have obtained exactly the same expression as in the Example 4.1.3:

1

K(€1,€2) = ﬁ g

(z—2)—g(z—y) —glw—z)+g(w—y)|.

Note however, that the method does not have to take into account that for
d = 2 the simple random walk is recurrent, and hence the Green’s function
has to be redefined appropriately.

Example 4.4.7 (Three-ladder graph, Z-symmetry, Figure 4.4). Consider an
unoriented graph G with a vertexset V = {(k,),k € Z,i € {1,2,3}} and the
set of edges

E={((k,9), (k£ 1,))} U{((k, 1), (k,2)), ((k,2), (K, 3)), (K, 3), (k, 1)) }.
The graph G is called a three-ladder graph (see Figure 4.3).

Define an automorphism z: V' — V acting by x(k, i) = (k + 1,4). Clearly,
the automorphism x implies the action of Z on G: consider a quotient graph
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G/Z (see Figure 4.4). We write down the corresponding D(¢) and D*(6) ma-
trices:

_1 _ eQﬂ‘i@ 0 0 B
0 1— 627ri9
0 0 1 — 2mif
bie) = 1 ~1 0 '
0 1 -1
| -1 0 1 ]
D*(Q) — 0 1— 6—27”'0 0 -1 1 0
We conclude that
4 — e?mﬂ _ e—27ri9 1 1
D*(0)D(0) = -1 4 270 _ p—2mif 1
-1 -1 4 — 827ri9 _ e—27ri9

and since (D*(0)D(#)) is formally invertible,

(627ri9 _ 1)2(647m'9 _ 5627ri9 4 1)

(D)D) =

e2mif
_e4m'9 4 36271'1'9 -1 e27ri9 627ri9
e?ﬂ'i@ _6471'1'0 4 3627”'9 -1 e?ﬂ'i@
627ri9 627ri9 _647Ti9 4 36271'1'9 -1

we do not need to take the limit with respect to . We finish the calculation
by multiplying K (6) = D(8)(D*(0)D(6))~' D*(6):

1
K(0) =
©) 5 — 2cos(0)

3 — 2 cos(276) 1 1 e2mif _ 0 1 — 2mif

1 3 — 2COS(27T0) 1 1— 627”;9 e2ﬂ'i9 -1 0
1 1 3 — 2cos(276) 0 1— e 2mif _q

1— 6—27ri9 e—27ri9 -1 0 2 1 1

0 1— 672771'9 672m’9 -1 -1 ) -1
i 6—271'@'6 -1 0 1— 6_27”‘9 1 1 9 |

Take k1, ko € I' = Z. The correlation kernel of two edges ey, ;, ex, ; is given
by the i, j-th entry of the matrix K (%1, k1) given by the formula

1
K(kl,kg) = / K(9)627”‘(k17k2)9dg‘
0
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Example 4.4.8 (Three-ladder graph, Z x Z /3Z-symmetry, Figure 4.4). Define
an automorphism y: V' — V acting by the formula

L fki+1),i=1,2
y(k’z>_{(k,1),i—3

Clearly, y is a cyclic permutation on a set of three elements and it is inde-
pendent of z. Therefore, = and y generate a Z x Z/3Z-action on G. The
quotient graph is shown on Figure 4.4. The corresponding D(6#) and D*(0)
are:

1- 627ri91 * —2mi64 —27m109
D(e): 1_627”'02 ) D(H):[l_e 1—e ]
Then, (D*(6)D(6))"

1 2 — 2cos(27by) (1 — 2701 (1 — g=2mif2)
4 — 2cos(2m6;) — 2 cos(2mhy) (1 — 6*2#2’91)(1 _ 627”‘02) 2 — 2 cos(276s)

and K (0) is given by

— 1
T 4—2cos(2701)—2 cos(2mH2)

Take two edges e, es € E such thate; = nel and ez = me?-, n,m € Zx7Z/37

and ¢}, e) € Ey, then their correlation is given by the (i, j)-th element of the
matrix

1 [ ) 1 /! i i
Knm) =5 [ KO0 g4 (o, gy g
1
w3 [ Ko, gt gy
0

Proof of Theorem 4.4.3. Applying Theorem 4.2.1 to the coboundary opera-
tor d : (*(V) — (2(F) and its adjoint — the divergence operator — d* :
2 (E) — 2(V) (c.t, (4.6)):

df(e) = f(o(e) = f(t(e)), d*O(v)= 1 6(e),

o(e)=v

we conclude that the operators P. = d(d*d + eI)~'d* converge, as ¢ — 0, to
the orthogonal projection operator P onto the closure of Im d. For two edges
el,e9 € K

K(er,e2) m<d(d*d—|— eI)_ld*]lel,1162>

=1
e—0

I * —1 g% *
_ 15%<(d d+el) " d 1., d ]162>22(V) (4.12)

2 (E)

T * =1 px *
= lg%<F[(d d+el) "d*1.,],F[d ]162}>L2(1A“,(C|V0|).
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Now we show how to compute these expressions in the Fourier domain.
In order to do it, we use several Lemma’s whose proofs we provide in the
end of this Subsection.

Lemma 4.4.9. For an edge e € E°, F(d*1,.)(8, ) is a vector of length |Vp| with
entries given by

F(d1)@0,v0) = Y.  xa@)— D xa0).

nel:nvg=o(e) nel:nvo=t(e)
Lemma 4.4.10. For every f € ¢2(V) one has
Fl(d*d + eI)"' f] = (M () + €I)"'Ff,
where for each 6 € T, M(0)is a|Vy| x |Vp| matrix with entries

degv;, v; = Vg,
Mo == % xel-), v £

elvp~v;

We introduced the |Ey| x|Vp|-incidence matrix 0z = (0.2,,(€,v))ec Zgo ve.7y
and its adjoint 0% = (0% (e, v))eec Z40,ve.7, AS

Oz (e,v) =1,(o(e)) — Z ", (4.13)
nel: nv=t(e)

0% (v.e) =1Ly(o(e)) — Y a™ (4.14)
nel: nv=t(e)

From now on we will drop the index .%#. Let D(0) = dand D*(0) = 9* be
the corresponding Fourier transforms of matrices 0, 9%, i.e., forv € %y, e €
yEo,

D(§)(e,v) = Ly(o(e)) = > xom),

nel: nv=t(e)
D O)(v,e) = L(o(e) = S ol-m)
nel: nv=t(e)
Then D*(6) = (D(0))*. Indeed,
oev) =10() = D xe@ =L(o() = D Xe(-n)
nel: nv=t(e) nel: nv=t(e)

=1,0(e) = > xo(-n)=08*(v,e).

nel: nv=t(e)
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Furthermore, suppose vy € .#y and e € E°. Then there exist unique ¢y €
Z o and ng € I' such that e = ny(eg). Therefore,

F(d*L)(0,v0) = Y xe(m)— > xe(n)

nel:nvg=o(e) nelnvo=t(e)
= > Xo(n) — > Xo(n)
nel:nvg=o0(ngp(eo)) nelnvg=t(ng(eop))
= xo(mo) (Lu(olco)) = D 160)) = xa(n0) D(8)(e0, v0)-
EF:'U():t(eo)
(4.15)
For the |Vp]| x |Vp| matrix M (6) of Lemma 4.4.10 we have
Lemma 4.4.11.
M(0) = D*(0)D(0). (4.16)

Now we are ready to derive the expression for the kernel K. Suppose
e1,e2 € EY and hence there are unique n; € T, e? € Zpo, j = 1,2, such
thate; = njeg?. Then using the auxiliary Lemmas, and the corresponding
expressions (4.15), (4.16), we can continue (4.12) as follows: K (e, e2) =

lim<IE‘[(d*d +el) T L, F[d*ﬂez]>

e—0 L2(f7(C‘VO‘)
1 *1 *
= (O + ) P L]}

i 3 [[ S0 (M) + D) P, 6.00)] [P L, (6,00)| Ade)

’U()GQV r 1)16?\/

vEFy | v1EFYy

:y—%/f Z { Z (M(O)+ej)vol,lee(nl)D(g)(e(l)vUl)] :

- [Xo(n2) D(8)(e3, v0)] A(dB)

:1‘ — .
lim er(nl ny)

{Z > D()(e},v1)(D*(0)D(6) + €I),},, D* (9)(1;0,62)] A(d6).

v1EFy voEFy

It is now easy to see that the expression in the square brackets is nothing
else but the (Y, €Y)-entry of the matrix K. = D(0)(D*(0)D(0) + ¢I)~1D*(8).
Applying Theorem 4.2.1 again, but now in the finite dimensional situation
(c.f., 4.7)), we conclude that the limit

-1
K(0) = lim D*(0) <D*(6)D(9) + d) D(6)

e—0
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exists, and in fact, coincides with D(8)(D(8)*D(8))~! D*(8) since the matrix
D*(0)D() is invertible on W = Im D c Cl®ol, Moreover, by Proposition
4.2.2, for each 6, the norm of (D*(8)D(0) +¢I)~! is bounded by 2, uniformly
in e. Hence, by the Lebesgue dominated convergence theorem

K(e1,c2) = lim /on(nl )l (8) (), Q) A(d6)
_ /fxaml — ) [ im K.(6) (¢, ¢§)| A(d6)
= /fXO(nl — n2)K(0) (e}, e3)A(d0)

This finishes the proof of the Theorem. O

Proof of Lemma 4.4.9. One has

dle(v) =< -1, v ; t(e),

Therefore,

F(d"Le)(6,00) = ) (d"Le)(muo)xe(m) = > xe(m)— > xo(n).

nel’ nel:nvg=o(e) nel:nvo=t(e)

Proof of Lemma 4.4.10. The Laplacian £ = d*d: ¢(*(V) — ¢*(V) is given by

(LN @) =3 (F0) = F) = degv- f(v) = 3 f(y)

y~v Yy~v
where the sum is taken over all vertices y € V that are connected to v by an

edge. Let us now identify the operator £: L2(T',C!"ol) — L2(T,CI%l) such
that for all f € ¢2(V), one has

F(Lf) = L(Ff).
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A simple calculation shows that F(Lf)(0,v) =

:wa)(nvo)xe(n):Z[degmvo (o) = Y- )] xe(n

nerl nel’ y~nwg
= deg(vo)Ff(0,v0) Z xo(n Z f(n'v")
nel’ n’'el v eZy
n’v’ ~nvg
= degvoFf(6,v0) — Y xo(n)xe(n—n') > f(n'V)
nel’ n’el v eFy

= deg(w)Ff(B,00) = > D xo@)f ) D xoln—x))
v'eFy n’el nel:n/v ~nuvg

— deg(00)Ff(8,00) — Y. D xoln n’v’)( > xem-n))
v'eFy n’el nel:(n/—n)v’ ~vg

= deg(vo)Ff(80,vp) Z Z xeo(n ( Z XO(_)>
v'eFy n'el’ el:v’' ~vg

= deg(vo)Ff(8,v0) — > Ff(e,v’)( 3 Xg(—)).
v EeEFy el ~ug

Hence, for every 6 < f, one has
F(L+el)f = (M(O)+ el)Ff,
where for V = {v1,...,un},

degv;, Vi = U,
M(8)v; 0, = ’ ’
o - ZEF:vRNUj Xe(_)7 Uj # Uk-

Note that forall e > 0, the matrix M (6)+e! is diagonally dominant: (M (0)+
l)y| =degv+e>3",,, |M(0),,| and hence is invertible.

Ifg=(L+el)If thenFf = F(L + el)g = (M(0) + eI)Fg, and hence,
F(L+el)"'f =Fg = (M(0)+el)"'Ff.

O]
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Proof of Lemma 4.4.11. For the matrix D(6)D*(0), we have

D(6)D*(0)(v1,v2) = > D(8)(v1,€)D*(6)(e,v2)

=y (]l[vl =o(e)] = > xo(n)l[nv, = t(e)]) :
e€cFgo nel’
| ( 0= o)~ 3 vo(—m) 1w, = t(e)])
nel’
— Z (]1 [v1 = o(e)]1[va = o(e)]
+ ) xo(n)Lnvy = t(e)]xo(—m)Lvs = t(e)]
n,el’

=Y xe(n)L[nvy = t(e)]L[v2 = ofe)]

nel’

=3 xo(=n) ez = t(e)[1[vn = o(e)])

nel’
= |{e € Fro : o(e) = v1}1]v1 = v9]

+ Z Z Xo(n—)1[nv, = vy = t(e)]

e€Fpo n,el

= > > xe(n)nvy =t(e), vy = ofe)]
e€Fgo nel’

- Z Z Xo(—n)1[nv = t(e), v1 = o(e)]
e€Fpo nel’

= [{e € Fpo : 0(e) = v1}| - Lv1 = vo]
+ {e € EQ : t(e) = vi}] - Loy = vo]

_ Z ng(n [nv; = t(e), v2 = o(e)]

e€Fgo nel’

+ Z Z X@ HUQ = t(@), U1 = 0(6)]'

e€Fpo nel’

It is clear that the term in brackets is zero if v; = vo. For vy, vs € Vy, v1 # v9,
if n € T'is such that nvy ~ vy, i.e,, v; and nv, are connected by an edge,
then either there is an edge e € .%o such that v; = o(e) and nvy = t(e), or
v1 = t(e) and nvy = o(e), which is equivalent to —nv; = ¢(e’), v = o(€)
for some ¢’. Hence the term in the brackets is given by > ... .. Xo(—n).
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Thus we can conclude that

D(O)D*(O)(Ul,vg) = deg(vl)]l[vl = 1)2] —

D

nelnvg~vg

Xg(—n) = M(O) (1)1, 1)2).

4.4.2 Example: calculation of correlations for the three-ladder graph

Consider an unoriented graph G with a vertexset V' = {v; ;, v2,v3 }icz and
the set of edges

E = {(0k,i, Vki1) br=(1,2,3}.0ez U { (01,6, 02,0), (2,05 v3,4), (V3,3, v1,0) biez-

We call G a 3-ladder graph (see Figure 4.3). This graph has two symmetries
groups: Z and Z x Z3. Above we showed how to calculate the corresponding
determinantal kernels: for Z reduction we obtain

1
Kz(0) =
z(0) 5 —2cos()

[3 — 2 cos(270) 1 1 e2mif _ 0 1 — 2mif

1 3 — 2 cos(2m0) 1 1 —e2mif e2mif 0
1 1 3 — 2cos(270) 0 1 —2mif g2mif

1— 6—27Ti6' 6—27ri9 -1 0 9 1 1

0 1— 67271'1'9 672771‘9 -1 -1 2 -1
i 6—27ri9 -1 0 1— e—27ri6' -1 -1 9 |

Take k1, ko € I' = Z. The correlation kernel of two edges ey, ;, e, ; is given
by the i, j-th entry of the matrix K(k1, k1) given by the formula

1
Kz (K1, ka) = / K(9)e*mitk =)0 g,
0

For Z x Zs reduction we obtain that Kz, (0) is given by

2 — 2cos(2mb)

1 (1 _ 627”01)(1 _
4 — 2cos(2m0y) — 2cos(2my) [(1 — e 2m01)(1 — 2mifz2)

2 — 2 cos(27)

e—27ri92 )

Take two edges e1,e5 € F such thate; = ne? and ey = meg, n,m € Zx7/37

and Y, e? € Ey, then their correlation is given by the (i, j)-th element of the

matrix
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Kzxzs (1, m) / K (6,0)e2mm=m1)d g
+ 3/0 K(@, 1/3)627ri(n1*m1)062/3m‘(n2—m2)d0

e ‘ ,
+ g A K(07 —1/3)627”(nl7m1)96*2/3ﬂ'l(n27m2)d9

In this subsection we calculate the correlations of pairs of edges using two
different correlation kernels and show that the results coincide.

1-1 correlation:

1
3 —2cos(2m0) 5 ine
K — TN
z(0,m) /0 5 — 2cos(2m6) ° 40

/1 < 27rm9 2 — 2(308(27'('9)) 27rm9> do
0

Kzxz/32((0,0), 3(5 — 2 cos(27h))

/1 — 2cos(2m0) + 4 — 4 cos(270)
0 3(5 — 2cos(276))

/1 — 2cos(270) J2mind g
0 5 —2cos(270)

27Ti77,9d9

1-2 correlation:

1
1 )
K _ 27ind
z(0,m) /0 5 — 2 cos(270) ey
KZXZ/SZ((Oa 0)7 (n> 1)) =

/1 (16271'1'719 n 2 — 2 cos(2mb) (2mind 2mi/3
o \3 3(5 — 2cos(276))

2 — 2 cos(2m0) ezmnee—m‘/?))
3(5 — 2cos(270))

1
1 2mind
— Tmn da
/0 5 — 2 cos(2m6) c

1-4 correlation:

Kz(0,n) = /1 —6_27% —1 2™ g9
2T ) 5 = 2cos(2n0)
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KZXZ/SZ((O 0), (n, )

(1 - 67271'1'0)(1 _ 6727Ti/3)627r2'n0627ri/3+

o 3(b—2cos(270))

1 . . . .
1 — e 2miby(1 _ 2mi/3\ 2mind ,—27i/3
+ /0 3(5—2 cos(27r0))( c J1—e Je ¢

1 e—27r19 -1 omring
= — ¢ do
o D —2cos(2m0)

4-5 correlation:

1
-1 ‘
K — 27r2n(9d9
z(0,m) /0 5—2 cos(27r9)e

1 3e2min ,2mi/3 3e2minb ,—2mi/3
K 1)) = d
2x2/32((0,0), (n, 1)) /0 3(5 — 2c0s(270)) | 3(5 — 2cos(276))

1
—1 2mind
— TN d0
/0 5—2 cos(27r0)e

4-4 correlation:

1
2 ,
K, (0 _ 27rzn0d0
z(0,m) /0 5— 2(308(27‘('9)6

1 362m'n9 3627Tin9
Kz((0,0), (n,0)) = /0 <3(5 — 2cos(27h)) + 3(5 — 2005(27r0))>

' 2 2mind
— TN d0
/0 5 — 2 cos(2m0) ¢

Remark 4.4.12. The computation of correlation kernels for ladder-like graphs
has been presented in [57] (in particular, for the ladder and the 3-ladder
graphs, that we also discussed in the present work). In the work mentioned
above, it is demonstrated how to compute the correlation kernels using two
approaches: the counting approach and the electrical network approach.
However, the approach presented in the current work is more universal and,
moreover, appeals to simpler mathematical techniques.



