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ABSTRACT

Context. Measurements of relative isotope abundances can provide unique insights into the formation and evolution histories of
celestial bodies, tracing various radiative, chemical, nuclear, and physical processes. In this regard, the five stable isotopes of titanium
are particularly interesting. They are used to study the early history of the solar system, and their different nucleosynthetic origins
help constrain Galactic chemical models. Additionally, titanium’s minor isotopes are relatively abundant compared to those of other
elements, making them more accessible for challenging observations, such as those of exoplanet atmospheres.

Aims. We aim to assess the feasibility of performing titanium isotope measurements in exoplanet atmospheres. Specifically, we are
interested in understanding whether processing techniques used for high-resolution spectroscopy, which remove continuum informa-
tion of the planet spectrum, affect the derived isotope ratios. We also want to estimate the signal-to-noise requirements for future
observations.

Methods. We used an archival high-dispersion CARMENES spectrum of the M-dwarf GJ 1002 as a proxy for an exoplanet observed
at very high signal-to-noise. Both a narrow (7045-7090 A) and wide (7045-7500 A) wavelength region were defined for which
spectral retrievals were performed using petitRADTRANS models, resulting in isotope ratios and uncertainties. These retrievals were
repeated on the spectrum with its continuum removed to mimic typical high-dispersion exoplanet observations. The CARMENES
spectrum was subsequently degraded by adding varying levels of Gaussian noise to estimate the signal-to-noise requirements for
future exoplanet atmospheric observations.

Results. The relative abundances of all minor Ti isotopes are found to be slightly enhanced compared to terrestrial values. Loss of
continuum information from broadband filtering of the stellar spectrum has little effect on the isotope ratios. For the wide wavelength
range, a spectrum with signal-to-noise of 5 is required to determine the isotope ratios with relative errors <10%. Super Jupiters at large
angular separations from their host star are the most accessible exoplanets, requiring about an hour of observing time on §-meter-class
telescopes, and less than a minute of observing time with the future Extremely Large Telescope.
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1. Introduction

The relative abundances of isotopes in a given environment are
determined by various radiative, chemical, nuclear, and physi-
cal processes that occurred throughout its history. Understanding
the effects of these processes on the isotope ratios can therefore
trace the formation and evolution of astronomical objects. For
instance, preferential Jeans escape of protium ('H) and bom-
bardment by deuterium-rich comets are invoked to explain the
of Earth’s ocean
water compared to the protosolar nebula (e.g., |(Genda & Ikoma
2008 Hartogh et al.2011). Recently, work has begun to plan
and perform isotope measurements in exoplanet atmospheres.
For instance, Lincowski et al.| (2019) and Morley et al.| (2019)
discuss the feasibility of determining hydrogen and oxygen iso-
tope ratios in exoplanet atmospheres using the upcoming James
Webb Space Telescope. [Molliere & Snellen| (2019) studied the
efficacy of determining isotope ratios using ground-based high-
resolution (R ~ 100 000) spectroscopy, and conclude that while
D/H measurements will only be possible with the future Ex-
tremely Large Telescope, current 8-m-class telescopes should
be capable of determining carbon isotope ratios in exoplanets.
Indeed, Zhang et al.| (2021) measured an isotope ratio in an

! Throughout this paper, we exclusively refer to number abundance
ratios. For two species A and B, we abbreviate this using A/B.

exoplanet for the first time, finding a super-terrestrial >C/'>C
value for the young super-Jupiter TYC 8998 b using medium-
resolution (R ~ 4500) integral field spectroscopy. Since this
planet orbits well beyond the CO snowline, they suggest its en-
hancement in '3C could be due to accretion of ices enriched in
13C by isotope fractionation processes. This may mark the be-
ginning of using isotope ratios to probe formation histories of
planets beyond our solar system.

Titanium has five stable isotopes — *°Ti, 4"Ti, *3Ti, **Ti, °Ti
— with telluric relative abundances of 8.25%, 7.44%, 73.72%,
5.41%, and 5.18% (Meija et al.[[2016). With about 25% of its
atoms approximately equally partitioned among the minor (less-
abundant) isotopes, Ti compares favorably to hydrogen (Wood
et al.|[2004; Linsky et al.|[2006; Altwegg et al.|2015| and refer-
ences therein), carbon (Milam et al.||2005}; |Asplund et al.|2009j
Meija et al.2016), and oxygen (Ayres et al.|2013} and references
therein; Romano et al.[|2017, and references therein), whose mi-
nor isotopes have relative abundances <2% in the solar system
and local interstellar medium. The isotopes of titanium have dif-
ferent nucleosynthetic origins, with oxygen and silicon burning
in massive stars thought to be the main source of *°Ti and *'Ti,
while “8Ti, 4°Ti, and *°Ti are thought to be mostly produced in
type Ia and/or type II supernovae (Hughes et al.|2008, and refer-
ences therein). It is therefore expected that stars that formed in
different environments may exhibit variations in Ti isotope ratios
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of a factor ~2 or more (Hughes et al.[[2008). Indeed, observa-
tional studies targeting TiO isotopologu features in K- and M-
dwarfs have determined relative deviations of tens of percent in
Ti isotope ratios compared to terrestrial values (Wyckoft & We-
hinger 1972;Lambert & Luck|1977}|Clegg et al.[1979;|Chavez &
Lambert/2009; [Pavlenko et al.|2020). Such measurements have,
in turn, been used to constrain Galactic chemical models (e.g.,
Hughes et al.|2008]).

Interestingly, relative abundances of Ti isotopes are also
used to study the early evolution of the solar system. For in-
stance, variations in isotope ratios across different populations
of meteorites and other solar system bodies are used to study
(in)homogeneity and thermal processing in the solar protoplan-
etary disk (e.g., Leya et al|2008; [Trinquier et al.|[2009). Con-
versely, the similarity in telluric and lunar Ti isotope ratios places
constraints on Moon formation theories (Zhang et al.|2012). We
note, however, that the relative variations reported in the so-
lar system are <0.1% — orders of magnitude smaller than those
found in stellar populations.

Both close-orbiting and young gas giants can have suffi-
ciently high temperatures (7 > 1500-2000 K) to allow gaseous
TiO to persist in their atmospheres (e.g., Hubeny et al.| 2003}
Fortney et al.|2008; [Spiegel et al.|2009; Gandhi & Madhusudhan
2019), possibly enabling similar Ti isotope analyses of these ob-
jects. Indeed, there is increasing evidence for TiO in hot Jupiters
from transmission and dayside emission spectra (e.g., Nugroho
et al||2017; [Serindag et al.|[2021}; |Cont et al.[|[2021} |Chen et al.
2021). The youngest super Jupiters, still hot from their forma-
tion, are also expected to show TiO features, just like brown
dwarfs and M-dwarf stars. In fact, TiO band heads are clearly
visible in the medium-resolution MUSE optical spectrum of the
young, wide-orbiting super-Jupiter GQ Lupi b (Stolker et al., in
prep).

In this paper, we wuse an archival high-dispersion
CARMENES spectrum of the M-dwarf GJ 1002 as a proxy
for a gas-giant exoplanet observed at extremely high signal-to-
noise, and assess the feasibility of performing titanium isotope
measurements in exoplanet atmospheres. We investigate how
the derived isotope ratios are impacted by different wavelength
coverage and loss of continuum information — a common effect
of the processing techniques for high-resolution spectroscopy
of exoplanet atmospheres. We also estimate what spectral
signal-to-noise ratios are needed to perform such analyses for
exoplanets, along with the corresponding exposure times for
current 8-m-class telescopes and the future Extremely Large
Telescope. In Sect. [2] we describe the high-resolution stellar
spectrum we use in this work. We present the high-resolution
TiO model spectra in Sect. [3|and outline our fitting methodology
in Sect. ] We present and discuss the results of our analyses in
Sects. [5]and [6] before summarizing our work in Sect.

2. High-resolution TiO spectral data
2.1. CARMENES spectrum of GJ 1002

We use a single high-resolution archivaﬂ spectrum of the M5.5V
(Walker||1983)) star GJ 1002 taken on 18 November 2016 using
the CARMENES spectrograph on the 3.5-m Calar Alto Tele-
scope. CARMENES (Quirrenbach et al.[|2014)) consists of two
echelle spectrographs in the visible and near-infrared wavelength

2 Molecules comprised of different atomic isotopes, for instance,
4Ti'90 versus “*Ti'®0.

3 Based on data from the CARMENES data archive at CAB (INTA-
CSIC).
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regime. The archival observation is a 1238-s exposure in the
visual channel, covering 5200-10500 A at a resolving power
R =94600 (~ 3 kms™ ). The automated CARACAL pipeline
(Caballero et al.|2016;|Zechmeister, M. et al.[2018)) performs the
initial data processing including bias correction, order extrac-
tion, and wavelength calibration. The archival pipeline product
contains the topocentric wavelengths, fluxes, and errors for the
61 orders of the visual channel.

We isolate wavelengths 7000-7600 A from nine orders, and
remove all pixels (0.02%) with non-finite flux values. To miti-
gate the influence of telluric contamination, we also remove all
wavelength bins (9%) with a telluric transmission value <0.98,
based on the ESO SkyCalc model (Noll et al.|2012; Jones et al.
2013)) with a precipitable water vapor of 2.5 mm. We subse-
quently shift the spectrum to the stellar rest frame, and divide
the flux and error values by the mean flux level in the spectral
range 7045-7050 A preceding the red-degraded y-system (0,0)
band head of TiO at 7054 A. This wavelength range is similar to
those used as continuum levels in previous studies fitting high-
resolution stellar TiO features (Clegg et al.|[1979; |Valenti et al.
1998; [Chavez & Lambert[2009). The top left panel of Fig. [I]
shows the normalized spectrum (hereafter, unfiltered spectrum)
over the wavelength range 7045-7500 A

To mimic the standard treatment of high-resolution spectra
in exoplanet atmosphere analyses, we perform a high-pass fil-
ter which results in the loss of continuum information. For each
wavelength bin, we subtract the mean flux value in a boxcar with
full-width 0.60 A (~ 25 km s™"). Since the pixel spacing is non-
uniform in both wavelength and velocity space, we only filter a
given pixel if its boxcar contains more than half of the expected
number of pixels based on the average wavelength sampling.
This results in 2% of the pixels being excluded. This broadband-
filtered spectrum on 7045-7500 A is shown in the bottom left
panel of Fig.[T]

2.2. Choice of wavelength range for TiO fitting

Most of the previous studies that used TiO to determine stellar Ti
isotope ratios used the wavelength range ~7050-7100 A, which
contains strong features of the TiO y-system (0,0) bands. Lam-
bert & Mallial (1972), Wyckoff & Wehinger| (1972), |[Lambert &
Luck| (1977), and |Chavez & Lambert| (2009) all chose a range
with a relatively low line density between the y(0,0) band heads
at 7054 A and 7089 A. Clegg et al.|(1979) used a similar spectral
range, but only for stars with spectral type earlier than M4. For
M4 stars and later, they instead analyzed the regions around the
y-system (0,1) band at 7589 A and o-system (0,0) band around
8900 A, which are less saturated.

More recently, Pavlenko et al.|(2020) compared the suitabil-
ity of various spectral ranges in the optical and near-infrared
for TiO isotopologue analysis, and argue that the spectral re-
gion 7580-7594 A, including the (0,1) band head at 7589 A, is
preferable to the commonly-used spectral window encompass-
ing the y(0,0) band. Specifically, they note that while the ¥(0,0)
band head at 7054 A is a blend of features from all five TiO
isotopologues, the y(0,1) band heads of OTi0 and °TiO are
blue-shifted out of the stronger, red-degraded **TiO band head
at 7589 A. Further, they note that the stellar flux for late-type
stars is higher at these redder wavelengths than at 7054 A. This
is also expected to be the case for exoplanets. However, a ma-
jor drawback of using the region surrounding the y(0,1) band at
7589 A is the presence of the strong telluric O, A band at 7590
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Fig. 1. Top left panel: Unfiltered CARMENES spectrum of GJ 1002 over the wide wavelength range 7045-7500 A. The narrow wavelength range
7045-7090 A is indicated by the blue shading. Top right panel: Same, but plotting only the narrow wavelength range for clarity. Bottom left panel:
Broadband-filtered CARMENES spectrum of GJ 1002 over the wide wavelength range. Bottom right panel: Same for the narrow wavelength

range.

A. As |Pavlenko et al. (2020) point out, the separation between
the telluric and TiO band heads — and thus the level of telluric
contamination of the TiO band — depends on the relative veloc-
ity between the target and telescope.

Since the primary objective of this work is to determine the
feasibility of deriving accurate Ti isotope ratios from TiO fea-
tures in the spectra of gas-giant exoplanets, we opt to entirely
avoid analyzing spectral regions near the strong O, A band. In-
stead, similar to the majority of previous studies, we perform
spectral fitting using the range 7045-7090 A (hereafter, narrow
range), shown for the unfiltered and broadband-filtered cases
in the top right and bottom right panels of Fig. [I] To investi-
gate whether including more, albeit weaker, TiO features affects
the spectral fitting results for GJ 1002 or enables more accu-
rate results for noise-degraded cases, we also analyze the spec-
tral range 7045-7500 A (hereafter, wide range). The top left and
bottom left panels of Fig. [I] show the unfiltered and broadband-
filtered spectrum, respectively, over this wide wavelength range.
For comparison, the narrow range is highlighted in blue.

3. High-resolution TiO spectral models

We use the radiative transfer code petitRADTRANS (Molliere
et al.2019) to model the TiO spectrum of GJ 1002. While orig-
inally developed to study exoplanets, the high-resolution emis-
sion spectrum functionality of petitRADTRANS is also appropri-
ate for modeling stellar spectra. We model the atmosphere of GJ
1002 in 70 layers from 10° to 107 bar assuming a constant,
solar mean molecular weight of 2.33. We linearly interpolate
the temperature-pressure (7-P) profiles of the MARCS plane-
parallel standard-composition stellar model atmospheres grid
(Gustafsson et al.|[2008)) to the parameters of GJ 1002. Specif-
ically, we adopt a microturbulent velocity vy = 2 km s~ and

fix the remaining stellar parameters based on their literature val-
ues from Rajpurohit et al.| (2018): T = 3100 K, log g = +5.5,
[M/H] = +0.20. Since the MARCS models do not span a pres-
sure range comparable to our atmospheric model, we subse-
quently extrapolate the 7T'-P profile based on linear fits in log 7-
log P space. To reflect the maximum temperature for which we
calculate TiO opacities, we impose a temperature upper limit of
4000 K.

We only include spectroscopic contributions from the five
main isotopologues of Tiqﬂ as these dominate the M-dwarf opti-
cal spectrum. We utilize the recently-released ExoMol Torto line
list to calculate TiO opacities. Compared to other commonly-
used TiO line lists, ExoMol Toto better reproduces the TiO
features in high-resolution M-dwarf spectra for both the main
(*®TiO) and minor isotopologues due to the inclusion of more
accurate experimental energy levels in the line list calculations
(McKemmish et al.|[2019; [Pavlenko et al. 2020). We use the
method outlined in Appendix A of Molliere et al.|(2015)) to cal-
culate TiO opacities up to 4000 K on a high-resolution wave-
length grid (1/dA = 10°). For all TiO isotopologues, we assume
a constant volume mixing ratio (VMR) at each pressure layer in
our model atmosphere.

To facilitate a better fit, we perform similar processing steps
on the petitRADTRANS models as we use on the CARMENES
data. We broaden the models to the CARMENES resolving
power and subsequently interpolate them onto the wavelength
sampling of the data. We then normalize the model spectra to
their mean flux value in the range 7045-7050 A If we are fit-
ting the broadband-filtered CARMENES spectrum, we also per-
form a boxcar filtering identical to that described in Sect. 2.1]
As an example, Fig.[A.T|plots an unfiltered model (dashed black

4 We only differentiate TiO isotopologues based on the stable Ti iso-
topes. The oxygen isotope fractionation is comparatively negligible.
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line) over a limited wavelength range, calculated using TiO iso-
topologue abundances retrieved for GJ 1002 (see Sects. 4 and
5). Also shown are the flux contributions of the individual TiO
isotopologues (solid lines), demonstrating their influence on the
composite model spectrum.

4. Fitting TiO isotopologue abundances

We use the emcee implementation (Foreman-Mackey et al.[2013)
of the |Goodman & Weare| (2010) affine-invariant Markov chain
Monte Carlo ensemble sampler to directly fit the processed
CARMENES spectrum (Sect. 2.1)) using the similarly-processed
petitRADTRANS models (Sect. [3). Following the methods pre-
sented by Brogi & Line| (2019) and |Gibson et al.[ (2020), we
adopt a log-likelihood function of the form

InL=-NIng- —Z(dﬂam’)

where N is the number of pixels, d; and m; are the data and model
flux values for the ith pixel, o; is the CARMENES error of the
ith pixel, and S is a wavelength-invariant scaling factor for the
uncertainties. The purpose of the latter term is to allow for the
possibility that the CARMENES errors are underestimated and
to attempt to account for systematic uncertainties in our models.

Our model consists of six fitted parameters: 8 and the
log,;, (VMR) for each TiO isotopologue’l We adopt uniform pri-
ors: [1, 100] for B, [-10, —6] for log,, (VMRyg), and [-13, —6]
for each minor isotopologue’s log,, (VMR). The choice of
bounds for the TiO abundances allows for ratios relative to the
main isotopologue “BTi0 of [10’3, 1], which is essentially zero
to unity. While we do not fit for Teg, log g, [M/H], v, and the
mean molecular weight (see Sect. [3), we do perform additional
retrievals to estimate the impact uncertainties in these parame-
ters have on the TiO results (see Sect. [6.T).

For each fit, we perform two MCMC runs in sequence. For
the first, we initialize fifty walkers uniformly within the bounds
of the prior for each fitted parameter, and run the sampler for
500 steps, corresponding to 25 000 model evaluations. We then
initialize fifty walkers in a Gaussian ball around the best-fitting
set of parameters from the first run, and evolve the sampler again
for 1000 steps (50000 model evaluations). We visually inspect
and remove the section of the second run preceding convergence.
The resulting clipped, converged chain is the set of posterior
samples used in our analysis.

ey

5. Results
5.1. Ti isotope ratios for the M-dwarf GJ 1002

Using the framework presented in Sect.[d] we perform multiple
retrievals of the TiO isotopologue abundances in the M-dwarf GJ
1002 to assess the impact of different methodologies — choice of
spectral fitting range and broadband filtering. As mentioned in
Sect. we fit both a narrow (7045-7090 A) and wide (7045-
7500 A) spectral range to determine the influence of including
more TiO lines on the retrieved TiO abundances and Ti iso-
tope ratios. We also perform retrievals on both the unfiltered
and broadband-filtered versions of the CARMENES data, to as-
sess whether the loss of continuum information inherent to high-
resolution studies of exoplanet spectra affects the results. For

5 For brevity, we denote the log,, (VMR) for a given isotopologue ‘TiO
as log,, (VMR;).
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each methodology — narrow and unfiltered spectrum, narrow and
broadband-filtered spectrum, wide and unfiltered spectrum, wide
and broadband-filtered spectrum — we perform three independent
retrievals to demonstrate consistency, leading to a total of twelve
MCMOC retrievals. In all twelve cases, the second MCMC run
provides a uni-modal solution with constrained posteriors for all
six fitted parameters.

The first column of Fig. 2] plots the fitted TiO abundances
for the various MCMC retrievals. Each panel corresponds to the
log;, (VMR) for a different TiO isotopologue, with the mean
posterior value for a given fit shown by the red marker and the
1o and 30 errors indicated by the black and gray bars, respec-
tively. For reference, the mean values and 1o errors for all fitted
parameters — including 8 — are given Table [A.T] We also derive
sets of posteriors for the isotope ratios relative to Ti, “®Ti, and
46Ti. The corresponding mean and 10~ errors are also provided in
Table @ and plotted in the second, third, and fourth columns
of Fig. [2] We only provide results of the first retrieval for each
methodology in Fig. [2] and Table because the second and
third retrievals give very similar values.

5.2. Ti isotope ratios from noise-degraded spectra

To assess the effectiveness of this technique for deriving Ti
isotope ratios in the gas-giant exoplanet case, we degrade the
CARMENES spectrum of GJ 1002 with varying levels of noise
and re-run the MCMC fitting. To achieve a given planet S/N on
the wavelength range used for normalization (7045-7050 A), we
add white noise to the pipeline-reduced CARMENES spectrum
by sampling a zero-mean normal distribution with standard de-
viation equal to the average flux value on 7045-7050 A divided
by the desired S/N. We subsequently perform the same telluric-
contaminated pixel removal, reference frame shift, normaliza-
tion, and high-pass filtering described in Sect. 2.1] We then use
the same MCMC retrieval procedure described in Sect. [ to
fit the TiO isotopologue features for both the narrow and wide
wavelength ranges in each noise-degraded, broadband-filtered
data set. As before, we run each fitting three times to ensure
consistency of results.

Similar to Fig. 2] we present the fitted TiO isotopologue
abundance values for each noise case in the first columns of
Figs. [3] and [] for the narrow and broadband-filtered spectrum,
and the wide and broadband-filtered spectrum, respectively. The
second, third, and fourth columns of these Figs. show the de-
rived isotope ratios relative to Ti, **Ti, and *°Ti, respectively.
For the narrow/broadband-filtered case, we present results for
spectra degraded to S/N of 20, 10, 5, and 2, while for the
wide/broadband-filtered case we show the results for spectra de-
graded to S/N of 10, 5, 2, and 1. Again, because the results of
the three retrievals for each noise case are very similar, we only
provide the values from the first retrieval in Figs. [3]and 4]

6. Discussion
6.1. Effects of wavelength range and broadband filtering

Small systematic effects (<0.1 dex) seem to be present be-
tween isotopologue abundances retrieved using the narrow and
wide wavelength ranges, with the latter resulting in lower
log,, (VMR) values for a given filtering treatment (see Fig.
[ first column). These effects likely arise from the additional
sources of TiO opacity contained on the wider spectral range.
For instance, in addition to the red-degraded ¥(0,0) band start-
ing at 7054 A, the wide-spectrum retrievals also contain the
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Fig. 2. Results of the MCMC retrievals of TiO features in the CARMENES spectrum of GJ 1002 using the narrow and wide spectral ranges and
the unfiltered and broadband-filtered versions of the data. Each panel plots the results for a different parameter, which are grouped in columns. The
first column contains panels for the fitted log,, (VMR) of the five TiO isotopologues. The second, third, and fourth columns contain panels for the
derived isotope ratios relative to Ti, *Ti, and *°Ti, respectively. In each panel, the mean parameter value from each MCMC fitting is indicated by a
red marker while the 10~ and 30 errors are indicated by black and gray bars, respectively. For the panels comparing abundance ratios, we indicate

the corresponding terrestrial value with a vertical blue line.

two other strong red-degraded bands of the TiO (0,0) triplet
with band heads at 7089 A and 7126 A, as well as additional
weak lines further red-wards. Simultaneously probing more fea-
tures of varying strengths arising from different locations in the
atmosphere could well lead to different retrieved abundances.
Similarly-small variations in abundance are also seen between
retrievals using the unfiltered and broadband-filtered spectra.
For a given wavelength range, fitting the broadband-filtered data
generally leads to higher log,, (VMR) values. These differences
can be attributed to the loss of continuum information, but are
only ~0.01 dex for the wide spectral range, except for the main
isotopologue (~0.1 dex). Thus, the loss of continuum informa-
tion hardly affects the retrieval of isotopologue abundances.

The remaining columns of Fig. 2l comparing the derived Ti
isotope ratios relative to Ti, “®Ti, and “°Ti, show there is gen-
erally good agreement between different retrievals, particularly
for those ratios relative to *°Ti. In Table we provide the for-
mal deviation between parameters retrieved using the different
methodologies, calculated based on the errors derived from the
MCMC posteriors. We note that despite our inclusion of the 8 pa-
rameter in the log-likelihood function (see Sect. E]), these formal
deviation values are likely conservative error estimates and do
not fully account for various sources of systematic uncertainty,
for instance, in the choice of T-P profile, line list inaccuracies, or
spectral modeling technique. Across all four retrieval methods,

the isotope ratios relative to “°Ti deviate by <3¢ for the minor
isotopes and <40 for “3Ti. This greater deviation for *3Ti/**Ti
may be due to saturation of the strongest *TiO lines, as noted
in previous studies (Clegg et al.|1979; Chavez & Lambert|2009;
Pavlenko et al.[2020). The absolute spread in isotope ratios rela-
tive to Ti and **Ti across the various retrieval setups is only ~1%.
This small variation is immediately evident in Fig. [5] where we
plot the absolute and relative abundances derived using the dif-
ferent methodologies (denoted by different markers), and find
rather close clustering of values for each Ti isotope (denoted by
different colors). This demonstrates that, like the retrieved iso-
topologue abundances, the isotope ratios relative to Ti and *3Ti
do not deviate much in absolute terms due to loss of continuum
information or choice of wavelength range. This is particularly
important considering the that the signal-to-noise ratio of exo-
planet spectra will always be significantly lower than the stellar
spectrum used here, resulting in much larger random errors (see

Sect. [6.3).

We also verify that our assumptions for the mean molec-
ular weight u and stellar parameters of the T-P profile do
not substantially impact the Ti isotope analysis. For both
the narrow and broadband-filtered spectrum and the wide
and broadband-filtered spectrum, we perform MCMC fittings
with the following mono-substituted parameters: y = {1.9, 2.1},
T = {3000, 3200} K, logg = +5.0, [M/H] = {+0.00, +0.50},
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Fig. 3. Same as Fig. [2} but for the MCMC retrievals of TiO features in the narrow, broadband-filtered CARMENES spectrum of GJ 1002 with
various levels of noise added. The results from the retrieval of the narrow/broadband-filtered spectrum without added noise are shown by the

vertical blue lines.

and vy = 1km s™'. Varying u has negligible impact on the re-

trieved isotope ratios. Changing the stellar 7-P parameters re-
sults in <30 deviations for all isotope ratios relative to *°Ti and
most isotope ratios relative to Ti and *3Ti.

6.2. GJ 1002 Ti isotope ratios in context

The relative abundances of Ti isotopes in GJ 1002 derived us-
ing the four different retrieval setups are all significantly dif-
ferent from the terrestrial values. While *3Ti accounts for about
74% of all titanium atoms on Earth, we find this value to be
only 63-66% in GJ 1002. The minor isotopes are all measured
to be about 1-4% more abundant. We compare these values to
those measured by |Chavez & Lambert (2009) for a sample of
eleven K- and M-dwarfs. They find a spread of about 11% in
the relative abundance of *®Ti, which is similar to the difference
we find between GJ 1002 and Earth. With a literature metallic-
ity of [M/H] = +0.20, the lower “8Ti/Ti value we measure for
GJ 1002 is consistent with expectations from various Galactic
chemical models (e.g., Hughes et al.|2008}; |Chavez & Lambert
2009), which predict a negative correlation between the relative
abundance of **Ti and metallicity. However, we note that in their
stellar sample spanning metallicities —1 < [Fe/H] < 0, |Chavez
& Lambert| (2009) find essentially no correlation between metal-
licity and isotope ratios relative to **Ti, which are all similar to
terrestrial.

As mentioned in Sect. [6.1] though, it is likely the strong
TiO lines we fit are saturated, so we are cautious to draw firm
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conclusions from the isotope ratios relative to Ti and “*Ti. On
the other hand, the abundances ratios of *’Ti, *°Ti, and *°Ti rel-
ative to *°Ti are not expected to be affected by saturation. The
fourth column of Fig. 2| indicates *°Ti/*Ti in GJ 1002 to be
consistent with the terrestrial value, and the values for *"Ti/**Ti
and “Ti/*Ti to be consistent or marginally higher than Earth.
These results are generally consistent with those from (Chavez &
Lambert|(2009), who find approximately terrestrial values across
their M-dwarf sample.

6.3. Determining Ti isotope ratios for gas-giant exoplanets

In Sect. [6.1} we show that the loss of continuum information
common to exoplanet studies at high resolution should not be
prohibitive in deriving Ti isotope ratios for gas-giant exoplanets.
The other major difference between TiO analyses of M-dwarfs
and future studies of exoplanets is the much fainter signals in the
latter case. Figures [3] and i demonstrate that even for relatively
low S/N levels, it is possible to constrain the relative abundances
of Ti isotopes from the narrow and broadband-filtered spectrum
and the wide and broadband-filtered spectrum, respectively. For
each of the S/N levels shown, the log;, (VMR) value of each iso-
topologue is consistent to within 3¢~ of the non-degraded results,
as are the Ti abundance ratios.

As expected, the fitting errors from the MCMC poste-
riors increase as the S/N decreases, and are smaller for
the wide/broadband-filtered spectrum compared to those for
the narrow/broadband-filtered spectrum at a given S/N. To
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Fig. 4. Same as Fig.[3] but for the MCMC retrievals performed on the wide, broadband-filtered CARMENES spectrum of GJ 1002.

achieve <10% relative error for all Ti isotope ratios, the
spectra in the range 7045-7050 A must have S/N> 10
for the narrow/broadband-filtered case and S/N > 5 for the
wide/broadband-filtered case.

To estimate the integration time required to achieve
these S/N for various planetary systems using future high-
contrast/high-dispersion instruments such as RISTRETTO
(Chazelas et al.|[2020) on the Very Large Telescope (VLT) and
HIRES (Marconi et al.|2020) on the Extremely Large Telescope
(ELT), we use a method similar to that described in [Molliere &
Snellen|(2019). Assuming Poisson noise and negligible sky con-
tribution, the planet emission S/N in a pixel centered at wave-
length Ay is

Ch

(S/N) ix,planet =
PRkt T e F 1/

(S/N)pix,star s (2)

where (S/N)piy siar 18 the stellar S/N in the pixel, c,, is the planet-
to-star luminosity contrast at wavelength Ay, and f is the stellar-
flux-reduction factor used to estimate the effect of suppressed
stellar contribution in spatially-resolved observations. Following
Molliere & Snellen| (2019), we adopt f values of 100 and 1000
for spatially-resolved observations on the VLT and ELT, respec-
tively, and f = 1 for spatially-unresolved observations. We ap-
proximate c,, as the ratio of blackbody luminosities at A.
The stellar S/N is related to the integration time ¢ by

S
Fo g AT ALix T

(S/N)pix,star = VNpix,slar = J E, s 3)

0

where Npix sar 15 the number of stellar photons collected by the

pixel centered at A, Ff(?star is the stellar flux at wavelength Ay
received at Earth, A is the telescope collecting area, Ad,ix is the
pixel width, 7 is the telescope/instrument throughput, and E,,
is the photon energy at wavelength . Like Molliere & Snellen
(2019), we take A to be 52 m? and 976 m? for the VLT and ELT,
respectively, and adopt a throughput of 0.15. We approximate
F %Star using the blackbody luminosity at wavelength Ay. For a
given resolving power and number of pixels per resolution ele-
ment npix, we can write Adpix = Ao/(R npix). Following [Molliere
& Snellen|(2019), we adopt R = 100 000 and np;, = 3. Replacing
for Adpix, equating Egs. (2)) and , and rearranging, the required
integration time for a given planet S/N is

2| Ea Rmpix |fca, +1/f
t= [(S/N)pix,planel] @0 - ]( AOC 2 : “4)
F/lg,star At /l() o

Based on Eq. @), deriving Ti isotope ratios in unresolved
(f = 1) observations of hot Jupiters is possible, but challenging.
Consider, for instance, the WASP-33 system, consisting of the
transiting 1.7-Ry ultra-hot-Jupiter WASP-33b (Tg,y = 3100K)
orbiting its 1.5-Ry AS host star (Teg = 7430K) in a 1.2-d pe-
riod (Collier Cameron et al.[2010; |Kovacs et al.|[2013; Nugroho
et al.|2021)). WASP-33b is, thus far, the only hot Jupiter with evi-
dence for TiO emission based on high-resolution spectral analy-
ses (Nugroho et al.[2017} Serindag et al.[2021; (Cont et al.[2021)).
At a distance of 117 pc (Kovacs et al.[2013)), to achieve S/N = 5
at 7045 A on the ELT requires about seven hours of integration
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Fig. 5. Comparison of absolute and relative abundances derived from each retrieval methodology, demonstrating the small impact wavelength
range and broadband filtering have on the results. For each stable titanium isotope ‘Ti, the retrieved log,, (VMR) of the corresponding isotopologue
'TiO is shown on the y-axis, while the x-axis shows the absolute deviation in the relative abundance "Ti/Ti compared to the terrestrial value (vertical
dotted line). The markers colored green, blue, black, orange, and red are used for “°Ti, 4"Ti, **Ti, “*Ti and *Ti, respectively. The results for the
narrow and unfiltered, narrow and filtered, wide and unfiltered, and wide and filtered spectra are denoted by the circular, square, triangular, and
diamond markers, respectively. 1o errors, derived from the MCMC posteriors, are shown in gray.

time assuming the planet dayside is fully visible, but nearly 29
hours of integration time assuming only half the planet dayside
is visible.

Spatially-resolved observations decrease the required inte-
gration time by reducing stellar contamination, though the plan-
ets suitable to such observations necessarily orbit much farther
from their host stars than hot Jupiters. However, young wide-
orbit planets are known to have T.g similar to ultra-hot Jupiters.
For example, the directly-imaged 3.4-R; planet GQ Lupi b has
an effective temperature of 2400 K, despite orbiting its 1.7-Rg
T Tauri K7 host star (Teg = 4300K) at ~100 AU (Herbig|[1977
Lavigne et al.|2009; |[Donati et al.[2012; |Wu et al.|2017). At 150
pc (Crawford 2000) it would take less than one minute of inte-
gration time on the ELT to achieve a planet S/N of 5 at 7045 A.
Excitingly, the same S/N would also be attainable on the VLT in
about an hour. Thus, there are excellent prospects to determine
Ti isotope ratios in young gas-giant exoplanets on wide orbits.

7. Conclusions

We used petitRADTRANS models to fit TiO features in a
CARMENES high-resolution spectrum of the M-dwart GJ 1002,
retrieving the relative abundances of Ti isotopes for a narrow and
wide wavelength range, and for the unfiltered and broadband-
filtered spectrum. The latter mimics typical high-resolution spec-
tra of exoplanets for which continuum information is lost. Differ-
ences in the retrieved isotope ratios using the different setups are
small. Most affected is the main isotope *Ti, due to possible sat-
uration of the strongest **TiO lines. By degrading the S/N of the
GJ 1002 spectrum and re-running the retrievals, we determine a
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planetary S/N > 5 is necessary to retrieve abundance ratios with
relative errors $10% when fitting the wide wavelength range
7045-7500 A. Future spatially-resolved high-dispersion obser-
vations of wide-orbiting young gas giants can easily achieve
such S/N, requiring only an hour and less than a minute of in-
tegration time on VLT/RISTRETTO and ELT/HIRES, respec-
tively.

Acknowledgements. DBS, IAGS, and PM acknowledge support from the Euro-
pean Research Council under the European Union’s Horizon 2020 research and
innovation program under grant agreement No. 694513. PM acknowledges sup-
port from the European Research Council under the European Union’s Horizon
2020 research and innovation program under grant agreement No. 832428.

References

Altwegg, K., Balsiger, H., Bar-Nun, A, et al. 2015, Science, 347, 1261952

Asplund, M., Grevesse, N., Sauval, A. J., & Scott, P. 2009, ARA&A, 47, 481

Ayres, T. R., Lyons, J. R., Ludwig, H. G., Caffau, E., & Wedemeyer-Bohm, S.
2013, ApJ, 765, 46

Brogi, M. & Line, M. R. 2019, AJ, 157, 114

Caballero, J. A., Guardia, J., del Fresno, M. L., et al. 2016, in Observatory Opera-
tions: Strategies, Processes, and Systems VI, ed. A. B. Peck, R. L. Seaman, &
C. R. Benn, Vol. 9910, International Society for Optics and Photonics (SPIE),
110 - 127

Chavez, J. & Lambert, D. L. 2009, ApJ, 699, 1906

Chazelas, B., Lovis, C., Blind, N., et al. 2020, in Adaptive Optics Systems VII,
ed. L. Schreiber, D. Schmidt, & E. Vernet, Vol. 11448, International Society
for Optics and Photonics (SPIE), 1393 — 1401

Chen, G., Pallé, E., Parviainen, H., Murgas, F., & Yan, F. 2021, ApJ, 913, L16

Clegg, R. E. S., Lambert, D. L., & Bell, R. A. 1979, ApJ, 234, 188

Collier Cameron, A., Guenther, E., Smalley, B., et al. 2010, MNRAS, 407, 507

Cont, D., Yan, F,, Reiners, A, et al. 2021, A&A, 651, A33

Crawford, I. A. 2000, MNRAS, 317, 996



Serindag et al. (2021): Measuring titanium isotope ratios in exoplanet atmospheres

Donati, J. F,, Gregory, S. G., Alencar, S. H. P, et al. 2012, MNRAS, 425, 2948

Foreman-Mackey, D., Hogg, D. W., Lang, D., & Goodman, J. 2013, PASP, 125,
306

Fortney, J. J., Lodders, K., Marley, M. S., & Freedman, R. S. 2008, ApJ, 678,
1419

Gandhi, S. & Madhusudhan, N. 2019, MNRAS, 485, 5817

Genda, H. & Ikoma, M. 2008, Icarus, 194, 42

Gibson, N. P, Merritt, S., Nugroho, S. K., et al. 2020, MNRAS, 493, 2215

Goodman, J. & Weare, J. 2010, Communications in Applied Mathematics and
Computational Science, 5, 65

Gustafsson, B., Edvardsson, B., Eriksson, K., et al. 2008, A&A, 486, 951

Hartogh, P., Lis, D. C., Bockelée-Morvan, D., et al. 2011, Nature, 478, 218

Herbig, G. H. 1977, AplJ, 214, 747

Hubeny, 1., Burrows, A., & Sudarsky, D. 2003, ApJ, 594, 1011

Hughes, G. L., Gibson, B. K., Carigi, L., et al. 2008, MNRAS, 390, 1710

Jones, A., Noll, S., Kausch, W., Szyszka, C., & Kimeswenger, S. 2013, A&A,
560, A91

Kovacs, G., Kovacs, T., Hartman, J. D., et al. 2013, A&A, 553, A44

Lambert, D. L. & Luck, R. E. 1977, ApJ, 211, 443

Lambert, D. L. & Mallia, E. A. 1972, MNRAS, 156, 337

Lavigne, J.-F., Doyon, R., Lafreniere, D., Marois, C., & Barman, T. 2009, ApJ,
704, 1098

Leya, 1., Schonbichler, M., Wiechert, U., Krihenbiihl, U., & Halliday, A. N.
2008, Earth and Planetary Science Letters, 266, 233

Lincowski, A. P, Lustig-Yaeger, J., & Meadows, V. S. 2019, AJ, 158, 26

Linsky, J. L., Draine, B. T., Moos, H. W., et al. 2006, ApJ, 647, 1106

Marconi, A., Abreu, M., Adibekyan, V., et al. 2020, in Ground-based and Air-
borne Instrumentation for Astronomy VIII, ed. C. J. Evans, J. J. Bryant, &
K. Motohara, Vol. 11447, International Society for Optics and Photonics
(SPIE), 461 — 472

McKemmish, L. K., Masseron, T., Hoeijmakers, H. J., et al. 2019, MNRAS, 488,
2836

Meija, J., Coplen, T. B., Berglund, M., et al. 2016, Pure and Applied Chemistry,
88,293

Milam, S. N., Savage, C., Brewster, M. A., Ziurys, L. M., & Wyckoff, S. 2005,
AplJ, 634, 1126

Molliere, P. & Snellen, I. A. G. 2019, A&A, 622, A139

Molliere, P., van Boekel, R., Dullemond, C., Henning, T., & Mordasini, C. 2015,
AplJ, 813,47

Molliere, P., Wardenier, J. P., van Boekel, R., et al. 2019, A&A, 627, A67

Morley, C. V., Skemer, A. J., Miles, B. E., et al. 2019, ApJ, 882, L29

Noll, S., Kausch, W., Barden, M., et al. 2012, A&A, 543, A92

Nugroho, S. K., Kawahara, H., Gibson, N. P,, et al. 2021, ApJ, 910, L9

Nugroho, S. K., Kawahara, H., Masuda, K., et al. 2017, AJ, 154, 221

Pavlenko, Y. V., Yurchenko, S. N., McKemmish, L. K., & Tennyson, J. 2020,
A&A, 642, AT77

Quirrenbach, A., Amado, P. J., Caballero, J. A., et al. 2014, in Society of Photo-
Optical Instrumentation Engineers (SPIE) Conference Series, Vol. 9147,
Ground-based and Airborne Instrumentation for Astronomy V, ed. S. K. Ram-
say, I. S. McLean, & H. Takami, 91471F

Rajpurohit, A. S., Allard, F,, Rajpurohit, S., et al. 2018, A&A, 620, A180

Romano, D., Matteucci, F., Zhang, Z. Y., Papadopoulos, P. P., & Ivison, R. J.
2017, MNRAS, 470, 401

Serindag, D. B., Nugroho, S. K., Molli¢re, P, et al. 2021, A&A, 645, A90

Spiegel, D. S., Silverio, K., & Burrows, A. 2009, ApJ, 699, 1487

Trinquier, A., Elliott, T., Ulfbeck, D., et al. 2009, Science, 324, 374

Valenti, J. A., Piskunov, N., & Johns-Krull, C. M. 1998, ApJ, 498, 851

Walker, A. R. 1983, South African Astronomical Observatory Circular, 7, 106

Wood, B. E., Linsky, J. L., Hébrard, G., et al. 2004, ApJ, 609, 838

Wu, Y.-L., Sheehan, P. D., Males, J. R., et al. 2017, ApJ, 836, 223

Wyckoft, S. & Wehinger, P. 1972, ApJ, 178, 481

Zechmeister, M., Reiners, A., Amado, P. J., et al. 2018, A&A, 609, A12

Zhang, J., Dauphas, N., Davis, A. M., Leya, 1., & Fedkin, A. 2012, Nature Geo-
science, 5, 251

Zhang, Y., Snellen, I. A. G., Bohn, A.J., et al. 2021, Nature, 595, 370

Article number, page 9 of 13



A&A proofs: manuscript no. tio_iso

Appendix A: Supplementary Materials

Article number, page 10 of 13



Serindag et al. (2021): Measuring titanium isotope ratios in exoplanet atmospheres

= o= =
A O o

=
N

Normalized flux
o
(o]

o
o

©
IS

._‘
o
bbb b beag g bvn b bl g g

o
[N

46Ti0
47Ti0
48Ti0

49Ti0
0Tio \
-== AllTiO

o
o

7054

7055 7056
Wavelength (A)

Fig. A.1. Flux contribution of each TiO isotopologue (solid lines) to the full TiO spectral model containing all isotopologues (dashed black line)
around the strong band head at 7056 A (7054 A in air). Abundances are set at the retrieved values presented in Table for the narrow and
unfiltered GJ 1002 spectrum. The flux contribution of a given minor isotopologue ‘TiO is calculated as the difference between the model of all TiO
isotopologues and the model of all isotopologues except ‘TiO. Since “*TiO comprises 63% of TiO molecules in this setup, its flux contribution
(solid black line) is calculated individually, without the presence of the minor isotopologues. Each contribution is normalized based on the full
model’s flux to ensure consistent scaling. The minor isotopologue contributions are vertically shifted to aid readability, with the offsets indicated

by the dotted lines.
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Table A.1. Mean parameter values and 1o errors from MCMC retrievals using different wavelength ranges and broadband filtering

Parameter Value Parameter  Value Parameter  Value Parameter  Value
Narrow/unfiltered spectrum

log,n (VMRy4s) —8.60 +0.01 ¥Ti/Ti 0.104 £0.003 *Ti/®Ti  0.165+0.006 -

logjo (VMRy7)  —8.56 +0.01 YTi/Ti 0.114%0002 YTi/®Ti 0.180*000 YTi/Ti 1.09 £0.05
log,o (VMR4g) —7.81+0.01 BTi/Ti 0.630 £0.006 - BTi/OTi 6.1+0.2
log,, (VMRyg) —8.67 +0.02 49Ti/Ti 0.087 £0.003  “Ti/®Ti  0.138+£0.006 “Ti/*Ti 0.83+0.04
log,s (VMRsp) —8.80 +0.02 SOTi/Ti 0.065 +0.003 Ti/*Ti  0.103 +0.005 *Ti/*Ti  0.63*)%

B 4.947007 - - -

Narrow/filtered spectrum

log,y (VMRys) —8.47 +0.02 *Ti/Ti 0.109 £ 0.003 *Ti/®Ti  0.172+0.006 -

log, (VMRy7) —8.48 +0.02 4TI/ Ti 0.107 +£0.003  #Ti/®Ti  0.169 +0.006 *'Ti/*Ti  0.98 +0.03
logo (VMRyg)  —7.71%092 BTi/Ti 0.635+0.006 - BTi/OTi  5.8+0.2
log,y (VMRy9) —8.60 + 0.02 49Ti/Ti 0.081 £0.003 “Ti/®Ti  0.128*090 OTi/*Ti 0.75 +0.03
log;o (VMRsg)  —8.68%0 SOTi/Ti 0.068*0.002 SOTi/BTi 0.107f§5§§§ SOTi/*Ti 0.62 +0.03
B 3.87 £0.05 - - -

Wide/unfiltered spectrum

log;o (VMRy) —8.657 £0.009 *Ti/Ti 0.106 £ 0.002  *®Ti/®Ti  0.168 + 0.004 —

log;, (VMRy;) —8.635+0.009 #Ti/Ti 0.112£0.002 “Ti/®Ti  0.177 £0.004 ¥Ti/*Ti  1.05+0.03
log,o (VMRyg) —7.883 £0.004 *8Ti/Ti 0.631 £0.003 - BTi/Ti 5.9 +0.1
log,o (VMRy) —8.77+0.01 OTi/Ti 0.081+0.002 “Ti/®Ti  0.129+0.004 *Ti/*Ti  0.77 £0.03
log;o(VMRsp) —884+0.01  Ti/Ti ~ 0.069+0.002 °Ti/**Ti  0.1107)003 OTi/*Ti  0.66 +0.03
B 7.18 £ 0.03 - - -

Wide/filtered spectrum

log,o (VMRys) —8.6237001 Ti/Ti 0.101 +£0.002  *®Ti/®Ti  0.152+0.003 -

log,o (VMRy7) —8.617j8f868 41T/ Ti 0.102+0.002 “Ti/®Ti  0.154+£0.003 “Ti/*Ti 1.01 +0.03
log,, (VMR4s) —7.805j§:§g2 “Ti/Ti 0.664 £0.003 - BTi/Ti 6.6+0.1
log,o (VMRy) —8.76+0.01 OTi/Ti 0.074 +0.002  “Ti/®Ti  0.111 £0.003 “Ti/*Ti  0.73 +0.02
log,o (VMRsp) —8.86+0.01 SOTi/Ti 0.059 £ 0.001  °Ti/®Ti  0.088+0.002 Ti/*Ti 0.58 +0.02
B 4.81+002 - - -
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Table A.2. Formal deviation between parameters retrieved using different wavelength ranges and broadband filtering

Parameter Deviation (o) Parameter Deviation (00) Parameter Deviation (o) Parameter Deviation (o)
Narrow/unfiltered vs. narrow/filtered

log,o (VMRys) 4.75 OTi/Ti 1.11 OTi/%Ti  0.79 -

log,, (VMRy7) 295 4TTi/Ti 1.44 YTi/8Ti 1.34 YITi/OTi 1.88
log,o (VMRy4g) 3.86 BTi/Ti 0.58 - BTi/4Ti  0.79
log,n (VMRy) 2.64 OTi/Ti 1.31 OTi/Ti 1.28 YTi/4Ti  1.66
log,, (VMRso) 3.71 OTi/Ti 0.64 OTi/MTi 046 OTi4Ti 0.14
Wide/unfiltered vs. wide/filtered

log,o (VMRys) 2.59 OTi/Ti 1.81 OTi/STi  3.32 -

log,, (VMR47) 1.39 4ITi/Ti 3.25 YTi/Ti 4.63 YTi/%Ti 093
log,o (VMRy4g) 10.31 BTi/Ti 8.11 - BTi/4Ti  3.35
log,o (VMRy9) 0.75 OTi/Ti 2.96 OTi/8Ti 4.01 OTi/4Ti  1.14
log,, (VMRs) 1.05 SOTi/Ti 4.38 OTi/MTi 5.32 OTi/4Ti  2.38
Narrow/unfiltered vs. wide/unfiltered

log,o (VMRys) 3.83 OTi/Ti 0.54 ®Ti/STi 043 -

log,o (VMRy;) 4.87 4TI/ Ti 0.49 YTi/BTI 046 YITi/*Ti 0.70
log,, (VMR4g) 5.89 BTi/Ti 0.18 - BTi/4Ti 043
log,o (VMRy) 5.10 OTi/Ti 1.46 OTi/8Ti 1.32 OTi/%Ti  1.38
log,, (VMR5p) 1.89 SOTi/Ti 1.21 OTi/4Ti  1.09 OTi/ATE 0.64
Narrow/filtered vs. wide/filtered

log,s (VMRys) 6.20 Ti/Ti 2.24 W®Ti/STi 3.03 -

log,o (VMRy47) 5.70 4TTi/Ti 1.34 YTi/8Ti 2.28 YITi/*Ti  0.68
log,, (VMRys) 3.79 48Ti/Ti 4.79 - BTi/Ti  3.15
log,s (VMRy) 6.07 OTi/Ti 2.62 OTi/%8Ti  3.40 YTi/%Ti 049
log,, (VMRs5p) 6.34 SOTi/Ti 3.06 OT/*Ti  3.61 OTiA0TE 1.21
Narrow/unfiltered vs. wide/filtered

log,, (VMRys) 1.63 ®Ti/Ti 0.82 ®Ti/Ti 1.98 -

log,o (VMRy7) 3.72 4TTi/Ti 3.00 YTi/8Ti 3.74 YTi/4Ti 1.47
log,, (VMRyg)  0.62 BTi/Ti 5.29 - BTi/4Ti 2.02
log,o (VMRyy) 4.51 OTi/Ti 3.90 OTi/8Ti 4.40 OTi/4Ti  2.33
log,, (VMRs)  2.75 SOTi/Ti 2.15 OTi/STi 291 OTi/4Ti  1.23
Narrow/filtered vs. wide/unfiltered

log,o (VMRys) 7.74 OTi/Ti 0.76 Ti/BTi 0.51 -

log,o (VMRy;) 6.45 4TTi/Ti 1.19 YTi/8Ti 115 YTi/*Ti  1.45
log,, (VMRyg) 6.89 BTi/Ti 0.55 - BTi/4Ti  0.50
log, (VMRy) 6.49 OTi/Ti 0.00 YTi/%Ti 013 YTi/%Ti 045
log,s (VMRsp) 5.66 SOTi/Ti 0.56 OTi/*Ti  0.62 SOTi/40Ti 0.88
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