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ARTICLE INFO ABSTRACT

Article history: Motivated by a PDE existence problem, we study the inverse problem for a
Received 7 April 2014 weighted Sturm-Liouville operator L associated with the eigenvalue problem
Available online 27 February 2015 y” + As(z) y = 0, where s is a real-valued, periodic, even function that is bounded

Submitted by Steven G. Krantz from below by a positive constant and belongs to the L?-based Sobolev space

Ke ds: H"[0,1], » > 1. Choosing gap lengths and gap midpoints as coordinates, we define
ywords: ! !
Inverse Sturm-Liouville theory a spectral map G, that assigns to a coefficient s the structure of the spectrum
Partial differential equations of Ls. We find that G is a real-analytic isomorphism locally around s = 1, which,
in particular, implies the existence of coefficients s € H"[0,1], r < 3/2, whose
spectrum features band structure with all gaps uniformly open around the gap
midpoints. This result paves the way for the construction of so-called breathers in
nonlinear wave equations with such coefficients s. Apart from the novelty of treating
the inverse spectral problem for the full Banach scale H" [0, 1], » > 1, the local nature
of our result allows more concise and transparent proofs. In particular, instead of
using any preliminary transformations, we treat the weighted problem directly by
adapting techniques used for Schrédinger operators with distribution potentials.
© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Consider a function s € L?[0, 1] (the Hilbert space of square integrable functions on the unit interval)
that is real-valued, periodic, even and bounded from below by a positive constant. Extend s to a 1-periodic
function on the real line R by s(z+1) = s(z), z € R, and define the Sturm—Liouville operator £; = — ﬁ di—z
acting on L?(R, s(x)dx). Its spectrum o(L;) is the set of values A such that the equation for y = y(z) given

by

i
Y +As(z)y=0 (1)
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Fig. 1. Structure of o (L) with s as given in Corollary 3.

has only (nontrivial) solutions that are bounded on R. The set o(Ls) is contained in R and is the union of
a sequence of closed intervals

Bn = [>\27L7 >\2n+1}7 n Z Oa (2)
often referred to as bands, satisfying
O=Xdo <A< < A3 < A\ <o

In other words, the spectrum o(L;) is the union of bands. The intervening, possibly void, open intervals
(A2n—1,A2n), m > 1, are called gaps. The subject of the present work is the discussion of the dependence
of the length and position of the gaps on the coeflicient s. To be more precise, our work is motivated by a
PDE existence problem which involves the characterization of coefficients s that give rise to spectrum with
all gaps uniformly open around w?n?, n > 1, for some w, € R (as illustrated in Fig. 1, see Corollary 3 for
the precise statement).

The length of gaps is related to the location of eigenvalues of special boundary value problems. In
particular, for even coefficients s it holds true (see, for instance, [22]) that

{X2n—1(8), A2n(s)} = {pn(s), vn(s)}, n =1,
where u,(s), n > 1, is the Dirichlet spectrum associated with (1), that is, values of A for which y” +
As(x)y = 0, y(0) = 0, y(1) = 0, has a nontrivial solution, and v,(s), n > 0, is the Neumann spectrum

associated with (1), that is, values of A for which y” + As(z)y = 0, ¢'(0) = 0, ¥'(1) = 0, has a nontrivial
solution. The signed gap lengths G, can therefore be computed as

Gn(s) = M,L(S) - Vn(s)-

It is well known that the asymptotics of Dirichlet and Neumann eigenvalues (and, hence, also of the gap
lengths G,,) is decided by the smoothness of s (see, for instance, [11] or [12] and [13]). Therefore, we introduce
the following function spaces. Denote by [ the space of square summable sequences and let

W= {(@ner | (02 + 1) a)nez € 2} (r e R)

be weighted spaces of sequences, to which the Sobolev spaces

H'[0,1] = {s ‘ ((n2 +1)7/2 té(n))nEZ € 12} (r € R)

are naturally linked through the Fourier transform

1
f = [ fla)emneaa.
0
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1], s € H'0,1] & s’ € L?[0,1], etc. and we have the compact Sobolev

Hence, h° = 12, H°[0,1] = L?|0,
1], m > 1/2, where C7[0,1] consists of functions whose j-th derivative is

embedding HI*™[0,1]  C7[0,
continuous (see, for instance, [1]).

If s = 1, then p,(s) = v,(s) = n?7%, n € N, and, hence, G,,(s) = 0, that is, there are no gaps in
the spectrum of £; and o (£s) = [0,00). Our main result sheds light on the structure of the spectrum for
varying coefficients s = s(x) that are H"-close to s = 1. In particular, we find that (cf. Proposition 9),
locally around s =1, if s € H"[0,1], r > 1, we have

2.2 2.2
n-m Dir n-m Neu

fn=——————5+% > Va=————— 5tV 3)

(ks voga) " (s Vst ae)

with (721)en, (V) nen € h"~2. Motivated by this, we construct a map that encodes the dependence of
the band structure on the coefficient s by using the signed gap lengths G,, = p,, — v, and the scaling of the
gap midpoints ( fol \/@ d¢)~?2 as coordinates. The following result is local in nature, i.e. it sheds light on
how the quantities

-2

1
/ NEGL 1 (G s men = (O)me (4)
0

are perturbed for s =1 + s with “small” 5.
Theorem 1 (Inverse problem). Fiz r > 1 and set
E = {s € L?0,1] | even, periodic and s(x) > sy > 0 for some sy € R} .
The gap structure mapping
G:ENH0,1] — R x A" 2

S | (G () (5)

(fy vo@iae)”

is a real-analytic isomorphism locally around s = 1, that is, there is a neighborhood U C E N H"[0,1] of
s = 1 and a neighborhood V. C R x h™=2 of [1,(0)nen] such that G : U — V is bijective and both G and
G~ are real-analytic.

Remark 2. Since we will be working with functions s in a neighborhood of the constant function 1, it will
be convenient to write s(z) = 1+ §(z), and we will assume for some small § > 0 that ||3]| gz~ < J. Note that,
since we will always assume that r > 1, this also implies a pointwise bound (depending on ) on 3, such
that s = § 4+ 1 will indeed also be in a neighborhood of 1 in the pointwise sense.

The proof of Theorem 1 is executed in Section 2. Its methodology is inspired by [23], where the inverse
problem for Dirichlet eigenvalues of a Schrédinger type equation

i(t) + (q(t) = M) v(t) =0 (6)

for v = v(t) is treated. If the coefficient s in the weighted equation (1) is smooth enough, one can immediately
transfer results for (6) to (1) via the Liouville transformation
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1
t= / V(&) dg,  w(t) = s(x(t) 7 y(x(t)), (7)
0
posed on the interval t € [0,1], I = I(s) = fol V/s(€) d§, and with the potential

alt) = s(e()F o (stat)t) ©

The importance of the Liouville transformation lies in the fact that the eigenvalues associated with (1)
and (6) coincide. Unfortunately, it will turn out that the inverse problem for uniformly open gaps naturally
requires non-smooth coefficients s € H"[0,1], r < 3/2 (which (3) already foreshadows). Hence, we execute
the proof without the Liouville transformation, but would like to stress that the formal correspondence of
s € H"[0,1] and q € H"~2[0, I], which is implied by the transformation, motivated us to adapt techniques
for Schrodinger equations with distribution potentials as described in [15] (see also Remark 7).

Corollary 3 (Uniformly open gaps). Fix r € [1,3/2). There exists o > 0 so that for any § € (0,dp) there
exists an even function ss € H"[0,1] such that the spectrum of the operator Ls with s = 1+ ss (extended
periodically to the entire line) has a gap structure satisfying

w?n? — Xop_1 > 6, Ao —w?n? >46, n>1, (9)

with w, = 7/1(s),1(s) = [ \/5() dé.

A detailed discussion of Corollary 3 is given in Section 3 where we explain why our findings imply the
existence of s € H"[0,1] with < 3/2 giving rise to uniformly open gaps and how this result can be used to
construct special solutions for nonlinear wave equations. In fact, our interest in the structure of the essential
spectrum of L, stems from an effort to extend the results from [5] where breathers — time-periodic, spatially
localized solutions — in nonlinear wave equations with spatially periodic coefficients were constructed via
center manifold reduction in infinite dimensions. The novelty of [5] was to tailor the spectrum of L, via s to
fulfill (9). However, in [5] the setup (9) was obtained through direct, elementary calculations of the so-called
discriminant (see Section 3) for (1) resulting in the special choice

13

s(z) =1+ 15x(6/13,7/13) (x mod 1), T

It is the purpose of this article to explore the existence of a class of coefficients s that give rise to a band
structure with the features described in Corollary 3 beyond this special choice, which in turn would pave
the way to construct breathers for more general nonlinear wave equations. In particular, we were interested
in whether or not there were continuous (or even Holder) coefficient functions which gave rise to operators
with uniformly open gaps.

Remark 4. Note that, although Corollary 3 seems like an abstract existence result, our proof technique
actually delivers an approximation procedure for such coefficients as a byproduct. To be more precise, we
find that the leading order approximation in s of the gap lengths G,, = G, (s) is given by the Fourier cosine
coefficients of s (see Lemma 12): the n-th Fourier cosine coefficient controls the n-th gap. This might lead
to an approximation algorithm that manipulates each gap successively. Another option would be to follow
the explicit construction procedure from [5] which relies on explicit formulas for the fundamental system
of (1). This, however, leads inevitably to the use of the theory of special functions, which is both technically
cumbersome and less likely to allow the specification of a large class of coeflicients.
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1.1. Related work

The body of literature on direct and inverse Sturm-Liouville problems is enormous. The particular
problem we treat in the present work has, however, not been addressed yet. Most literature deals with
Schrodinger equations (6) which we refrain to survey here. We would like to point out, however, that there
is a significant difference between inverse problems for Schrédinger equations (with regular potential) (6)
and the weighted type treated here. The core parts of the proof of Theorem 1 and Corollary 3 rely on rather
detailed estimates of eigenvalue asymptotics as given in (3). These are usually obtained from corresponding
estimates on a fundamental system for the ODE. These two steps turn out to be much more intricate for
our setting than for Schrodinger equations (see Remark 7). More relevant for our work are results that were
achieved for the so-called impedance type Sturm-Liouville problem

% <p2(t)jtw> +Ap2(t)w =0, (10)
for w = w(t), that can be transformed into (1) by a Liouville change of variables s(z) = p(z(t)), t =
fox V/5(€)dé€. Closest to our setting is a series of articles [4,3] by ANDERSSON where the direct and inverse
eigenvalue problem for (10) with discontinuous coefficients (Inp)’ € L™(0,1), 1 < m < oo (such that a
transformation to (6) is not possible) is treated. Similar to our approach, he focuses on coefficients that
are not too far away from p(z) = 1, i.e. his results are local in nature. However, in contrast to the present
work, he uses Dirichlet and Dirichet—-Neumann eigenvalues as spectral data to recover the coefficient for
the inverse problem. In [6,7] COLEMAN and MCLAUGHLIN generalized the findings of ANDERSSON and
solved the inverse problem globally, that is, not only for p in a neighborhood of p(z) = 1, although they
restricted to functions (Inp)’ € L?*(0,1). More recently, KOROTYAEV examined the same problem in a
series of articles [20,19] but with different tools: He chooses a different spectral map and gives estimates on
eigenvalue asymptotics in I™, m > 1. Perhaps closest to the inverse problem treated here is the work by
KLEIN and KOROTYAEV [18] where the spectral map resembles our choice very much, that is, gap lengths
and gap midpoints are chosen as coordinates. They solve the global inverse problem, but restrict themselves
to the function space H'. Most recently, an impedance type problem was studied by ALBEVERIO, HRYNIV
and MYKYTYUK in [2] using very similar tools as in the present work, but, again, a different spectral map
(Neumann and Neumann-Dirichlet eigenvalues) and the L™-based Sobolev spaces W1™(0,1), m € [1,00).
To summarize, the main differences between our work and the existing literature are the choice of function
space H"[0,1], » > 1, and the coordinates for the spectral map, both of which are heavily motivated by [5].

1.2. Outline of the proof
In order to retrieve information about the spectral map (5) we need to examine the asymptotics of

Dirichlet and Neumann eigenvalues. It is standard to use the fundamental system {%1, 72} that solves (1)
subject to the initial conditions

71 + Asi =0, §1(0) =1, 71(0) =0, (11)
and, respectively,
gg + Asga = 0, gZ(O) =0, gé(o) =1, (12)

as characteristic functions for Dirichlet and Neumann eigenvalues, since

71 (LN =0 iff A=y, U2(L;A) =0 iff A= p,, (13)
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where we use the notation y; = y;(x; \) to stress the dependence of the fundamental system on the spectral
parameter \. In fact, the main challenge and novelty of our work consists in deriving estimates for g1 2(1; \)
(see Proposition 5) which we then translate into estimates for Dirichlet and Neumann eigenvalue asymp-
totics (see Proposition 9) by employing the implicit function theorem for (13). The analysis of eigenvalue
asymptotics is carried out such that local boundedness and the range of the spectral map (5) immedi-
ately follow (see Proposition 9). Combining the analyticity of each coordinate function G,, (see Lemma 11
and Appendix A for the proof) and the local boundedness of the full map G, the analyticity of G follows
(see Lemma 12). We conclude by computing the Gateaux derivative of G at s = 1 in direction s and find
that it is given by the Fourier cosine transform of § which is an isomorphism from E N H™[0,1] to h™ (see
Lemma 12). Hence, the statement of Theorem 1 follows by the inverse function theorem as in [23].

2. Proof of Theorem 1

Since Theorem 1 is stated for H"[0,1], » > 1, which, in particular, contains non-smooth coefficients,
the main challenge of the proof is to find estimation techniques to prove eigenvalue asymptotics without
using classic techniques such as the Priifer or Liouville transformation (see, for instance, [26]). In fact, our
estimation technique is inspired by [15] where Schrédinger equations (6) with singular potential ¢ € H™,
m > —1, are treated, which, in the spirit of the Liouville transformation (although not well-defined here),
corresponds to s € H"[0,1], r =m +2 > 1.

Proposition 5 (Characteristic functions). Fix r > 1. Let s € H{[0,1]. For the solutions §1 and g2 of (11)
and (12) we have the representation

g1(1; M) = <%)U4 cos (\/XI) +/cos (\/X[I— 2t]) frdt|, (14)

o — <%)1/4 sin E/?I) +/sin (@;_M) o). 5

with some functions f* € H™=1(0,1) and I = fol v/ s(t) dt.

Remark 6. We would like to emphasize that asymptotic estimates as implied by Proposition 5 are usually
obtained from arguments involving integration-by-parts which extracts a decay factor % from the sine/co-
sine in the integral, whereas in our case of non-smooth coefficients (to ensure open gaps) the estimation
technique used to take advantage of the highly oscillatory terms under the integral is more subtle.

Remark 7. Let us remark on the difference between the Schrodinger equations (6) and weighted equations (1).
The basic estimates for the fundamental system for (6) are of the form (see, for instance, [27])

1
sin \/X

v1(1, ) = cos(VA) + VN O

q(t)dr + O\,

0a(1, ) = Si“%X) SOV )i+ 00,

0
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Loosely speaking, the extra 1/ VA factor in these representations allows a more immediate derivation of
asymptotics of eigenvalues, and, hence, of gap lengths. In more detail, it is known that (see, for instance, [21,
12-14])

g€ H" <= (Gp)ney € L™ (m >0). (16)

Moreover, it is known that finite gap potentials ¢ (that is, potentials that leave all but a finite number
of gaps closed) are norm dense in L? (cf. [21]). In particular, a band structure with the properties (9)
from Corollary 3 cannot be obtained for Hill operators with regular potentials. However, one anticipates
from (16) that distribution potentials ¢ € H™, m < 0, do yield the possibility that all gaps are uniformly
open. Among the first who studied spectral problems for Hill operators with singular potentials were KAP-
PELER and MOHR [17], SAVCHUK and SHKALIKOV [24,25], DJAKOV and MITYAGIN [9,10] and HRYNIV and
MYKYTYUK [15,16]. We refrain from attempting to give an exhaustive list of contributions to the field, but
rather highlight [15], which gave the most relevant input for our work. They prove the following asymp-
totics for the Dirichlet eigenvalues p, (Theorem 1.1 in [15], restated): Assume that ¢ € H*~1(0,1) for
some « € [0,1] and fix an arbitrary distributional primitive p € H*(0,1) of q. Then there exists a function
p € H?**(0,1) such that \/ft, = nm — Fen[p](2n) — Fain[p](2n), where Fyn[f](n) = fol f(z)sin(7nz) is the
Fourier sine transform.

Proof. It is convenient to first write the differential equation in first order form, setting z = ¢ and YV =

(y,2)T. Then
d v — ( 0 1) v
do” —As(z) 0

Inspired by [15], we now diagonalize the “main” part of the equation by setting Y = PU, where

o, ) L), pw:(m f)

iv/As(z) —iy/As(x) 1/2 5 ;S(I)
Then
1~ DU + Lo@)u (17)
U =D 10(@)JU,
where
iv/As(z) — Lo(z) 0 0 1
D(x) = 1 ) J = )
0 —iy/As(x) — z0(x) 10
and o(z) = ZI((Z))' The advantage of this representation of the solution is that the principal part of the

solution is diagonal and the off-diagonal part no longer depends on A. The (initial value problem for the)
non-autonomous system of equations

has solution

U(z) = Az, y)S(z,y)Uy
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with

A o s(y) e g - VAR 0
(z,y) = @ ) (z,y) = 0 e~V AA(zyy) |7

and A(z,y) = f; \/s(t)dt. We can then write the solution to the full problem (17) as

U(z) = A(z,0)S(z,0)Uy + i/A(x,t)S(m,t)a(t)JU(t)dt.

We employ successive approximations introducing the recursion

Zo(l‘, 0) = A($7 O)S((E,O),

xT

Sp (@, 0) = i / Az, t)S(z, ) (t) TS, (L, 0)dt.
0

1175

In order to ensure regularity for the corresponding solution we develop a relatively simple formula for 3,

using

JS(z,y) = (S(z,y)) "' J = S(y, ) J.

Combined with basic properties of the solution operators A and S, we see that we can write

1 xT
Saa(r,0) = 1 / A@, 22)S(2s 20)0 (20) TS0 (2, 0)
0

1 T ITp
= 4—2//A(:U,Jcn,l)a(mn)a(mn,l)S(m,xn)JS(xn,xn,1)JZn,1(xn,1,O)da:n,ldxn
0 0

! [ i - n+1
= WO/"'O/A(%O) (}}:[OU(%)> S(z,0)S(z)J " dx

with & = (xo,...,2,) (suppressing the n-dependence for readability) and
S(z) = S(xn,0)728(xy_1,0)2 - - - S(zo, 0)2(71)n+1
exp (2i\/X7’n (£)> 0
0 exp (—22’\/Xrn(g))

where

ra(z) = Y (=) Az, 0).

k=0

4n1+1 /---/A(m,O) (H a(xk)> Sz, xp) IS (@n, ¥n_1) - - JS(x1,20)JS(x0,0)dz
0 0 k=0
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Recall that we are interested in the special initial value problems (11) and (12). The corresponding solutions
are given by

U(SU) = Z Un(.%'), UO(CC) = Eo(l‘, O)U(O)v Un+1(fL‘) = 2n+1($70)U(0)7
with U(0) accordingly given by

Uea(0) = 5 (1) o Uou®@ = m (—11) '

To show convergence of the series and prove the claimed representation it is convenient to introduce the
following lemma for the quantities uff 1 which directly allow a representation for the components of the
diagonal matrix ¥, 1 (see (18)).

Lemma 8. Define for n > 1 the auxiliary terms

W (Ensn) = / .../exp [j:i\/X(A(an,O)—i-%n(g))} (ﬁmm) de,

0 0 k=0
50
1 ufl (Tpt1) 0
Ent1(@nt1,0) = 77 Anga (Zng1,0) ( e ) : (18)
4 0 un+1($n+1)
Then
. ufﬂ can be bounded point-wise, i.e.
1 f '
lut, | (2)] < exp (‘Im(\/X)‘ A(ac,O)) — /|o(t)\dt :
0
e and we have the representation
1
uf (1) = / exp(£iV AT — 26)) 41 () dt
0
with
hnt(t) = (=1)"* / G(t+ Bn1(8,--560)) 0(60) - 0(En) dEr - dEn, (19)
Ty (t)
where
n _ S/ 3

Ro(Cos--26n) = Y (=) &y, a(-) = ) (A7) (20)

k=0

and the domain is given by
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Proof. The pointwise bound can be essentially read off directly noting that
|A(zn+1,0) + 2rn(2)] < |A(zn41,0)]
since
1 S22 <o < Tpg.

The representation in terms of h,, is obtained by the change of variables &, = A(x,,0) (which is invertible
since y/s(x) > 0) for n > 1 and t = (g, ..., 2y). O

Noting that

T Unen(0) = (1) 0= WW (11) |

and transforming back to the original variables via Y = PU we get using Lemma 8 and the Cauchy—Schwarz
inequality the BASIC ESTIMATE

[o%¢) n+1
5001 = (C.@exp ([im(vDA@0N) + S (1) ) + b o)

< 1Cu(@) exp (V) A, 0)]) + D e (um(ﬁ)mx,on T i||o||Lzﬁ) (22)

where C,(z) := s(0)"/*s(x)~'/* = A(x,0) and

[V As(z)|

This demonstrates convergence in H'[0,1]. It remains to demonstrate the specific representation at z = 1.
Again using the representation in Lemma 8 we have

NE

i) = e (VA1) + 3 (1) ) + )

n=0

00 n I
= 0y(1) cos (\/XI) +C)Y G) " /cos(\/X(I — ) g (2) dt
0

S
o

and

sin (VI 00 n+1
y2(1) = Cs(l)% +Cs(1) Z (_i) (g1 (1) +upyq (1)

_ cm% fomy (—i)w1 /I M%””hm(t) dt.

We make use of a blend of results from [15]. Define for n > 1 the integrals
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Lonlfore oo SO = [ Folt+ Rucal€aree s @DAE) - Ful6a) dr -y
Tn(t)
with R,, as in (20) and the domain I';, as in (21), so, by (19),
hoi1(t) = (=) T4 (5, ..., ) (1) (23)

Furthermore, consider « € [0,1], v = min{3a, 1 4+ a}. Then by [15, Lemma A.4, Theorem 4.3 and Corol-
lary 4.5], it holds true that

1Z0(@, - ) o, < CllolErago,, nEN, (24)

using the notation A(1,0) = I. Defining hy = &, while h,41 is as given in (19), we set
o] 1 n+1
oy (:I:Z) B (25)
n=0

Consequently, by (23), (24) and (25), for ||o| gr-1 small enough, we find converging geometric series as
majorants for f*, and, hence,

1F= =110, < Cllo -1 < O3] e (26)

In particular, f* € H"~1[0,I]. This gives the desired statement about the regularity of f* and concludes
the proof. 0O

Proposition 9 (Dirichet and Neumann asymptotics, local boundedness and range of G). Let s € ENHE(0,1),
r > 1, be sufficiently close to 1. Then the DIRICHLET and NEUMANN eigenvalues are of the form

nm\ 2 : nm\ 2
Hn = (T) +771L31rv Un = (T) +’Y'rljeua (27)

with I = I(s) = fol v/ 8(€) d€, and the remainders

Dir)

(VP nen, (YN )nen € K772

Furthermore, the mapping G as defined in Theorem 1 has range contained in C x h"™=2 and G is locally
bounded.

Remark 10. Even though one could use Theorem 5.1 in [15] to conclude the eigenvalue asymptotics, we
prefer to give yet another proof which directly paves the way for proving the local boundedness.

Proof. By the substitutions
1. (1
pi=VA,  pr=VAI-2t), F(r):= I (50-7), (28)

the characteristic equation g(1,\) = 0 (with g2 as in Lemma 5) can be recast as

1
0 =sin(p) + /Sin(pT)F(T) dr =: G(p). (29)
1
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Using the Riemann—Lebesgue lemma one can readily conclude that the integral approaches zero for large p.

s
2
precise insight into this convergence. First consider the case r > 1

We would like to use Rouché’s theorem on regions |p —nn| = Z, n € N, p € C, for n large to gain a more

I 1
660 —sinte)] = | [ sin(p) P dy| | [ snon) (Z Fk> "

2 kez

<23 |Ellsin(p)]

‘ km
keN

k2n2 — p2

< 2exp(|Im(p)]) <Z |l R Y

1 D
keN km —p

I 111,19

< 2C exp(|Im(p)|) 1

)

where we used the Cauchy—Schwarz inequality and the fact that

1/2
> < 5
|k|2(7‘71) |k7T—p|2 - prfl’

keN

for C' > 0 independent of F' and p. Furthermore, since for |p — nw| > 7/4 we have exp(|]Im(p)|) < 4| sin(p)|
(which is proven in [23, Lemma 2.1]), it follows that

'] frr—1(=1,1)

G(p) — sin(p)| < 4C|sin(p)] e

Consequently, if p"~! > 4C||F|| gr—1[—1,1) We can conclude that

G(p) = sin(p)| < |sin(p)],

and, hence, by Rouché’s theorem that G has exactly one root inside the region |[p—nw| = 7. In other words,
we can guarantee that

|Vind —nm| < g, n> N,
for some N € N with

1/(r—1
N > (4C||F | gr-spoa,) /Y (30)

Forr=1

IG(p) —sin(p)| = / sin(py) F'(y) dy| = / sin(py) (Z er“”y> dy

7 7 kez
A . km
< 22£:|fﬁﬂ|$n(Pﬂ e
kEN P

< 2C exp([Tm(p) )| F| 21,17,
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for C > 0 independent of F and p. As before, since for |p — nx| > 7/4 we have exp(|Im(p)|) < 4sin(p)], it
follows that

1G(p) — sin(p)| < 48] sin(] | Fll -1
Consequently, choosing § small enough to ensure 1 > 4C | F'|| L2[=1,1] we can conclude that

1G(p) —sin(p)| < |sin(p)],

and, hence, by Rouché’s theorem that G has exactly one root inside the region |p —nn| = 7. In other words,
we can guarantee that

| ind —nm| < g, n € N.

In order to get more precise estimates on the eigenvalue asymptotics, we replace p in (29) by the represen-
tation

Vi =nm 4+ 1y, || < 7/2,

to get

sin (nw +1,,) = — [ sin([nw + I,,]7) F(7)dr

—

1

= —/sin (nwT) cos (I,7) F(T)dr — /cos (nz7)sin (I,7) F(7)dr. (31)
—1 -1

We will make use of a fixed point argument to derive the desired estimate on [,,. Define 7,, = sin (I,,) such
that

1 1
N = (—=1)"+ /sin (nmT) cos (sirf1 (7n) 7') F(r)dr + /cos (nm7) sin (sirf1 (M) 7') F(r)dr
—1 -1

= &, (n)

with 7 = (7, )nen. Note that (®,,(1))nen = ®(n) : A7~1 — A"~ 1 since, by integration by parts,

/sin (n77) cos (sin™! (n,,) 7) F(7)dr
e

1
< /Sin (nwr) F(7)dr| |cos (sin™" ()| + |sin ™" ()| [|1F || 21,15

-1

and the analogous estimate is true for the second term in ®,(n). Furthermore, ® is a contraction, since
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|D,, (1) — ()] < / {cos (sin_1 (7n) 7') — coS (sin_1 (M) T) } sin (nmr) F(1)dT

1
+ / {sin (sin™" (n,,) 7) —sin (sin™" (7,) 7) } cos (nw7) F(7)dT
1

< CollF'llz2(-1,1) In — 11,

for C[|F[|z2;-1,1) < 1 which can be achieved by choosing s = 1 + 5 with 5 sufficiently small (recall that F'
depends on s). This guarantees that the iteration n*+1) = &(n*)) has a unique fixed point 7*. Choosing,
for instance, 7(*) = 0 gives n(t) = () = f_ll sin (n77) F(7)dr and, by standard estimates, we have

[E] ==,y
1 - CO”FHLQ[,LH ’

7™ =1 <
which, expressed in our quantity of interest becomes
11 [nr—r < CollFllr11-11) < Collll o), sin(*) =7,

where we made use of (26) and (28). Since the fixed point is unique, we know that it must coincide with
the Dirichlet remainders that solve (31). The analysis for the Neumann eigenvalues is analogous. This
concludes the proof, since local boundedness and the range of G are given as a byproduct of our analysis of
asymptotics. O

Lemma 11 (Analyticity of the coordinate functions of G). Let the conditions in Proposition 9 be fulfilled.
Then each coordinate function of G in (5) is analytic.

Proof. The proof can be adapted essentially line-by-line from [23]. For completeness, we execute it in
Appendix A. O

Lemma 12. Fiz r > 1. The mapping
G:ENH0,1] — R x h" 2

S | (G () (32)

(s oigiae)”

is real-analytic in a neighborhood of s = 1. Moreover, its directional derivative is given by

1

1
D1[G](3) = —/5(:3) dx, 2n27r2/cos(2n7rx)§(x) . (33)
0

0 neN

Proof. The gradient %: Let s € C°([0,1]) € L?([0,1]) (noting that C°([0,1]) is dense in L?([0,1])) and
yn be the solution of the DIRICHLET eigenvalue problem

y;z/ + HnSYn = 07 yn(o) = 07 yn(l) = O (34)
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Note that y, = yn(z,s) and u, = p,(s). Taking a directional derivative at a point sp in direction §
(50,5 € C°([0,1])) of Eq. (34) yields

Diso[yn](8)" + i (50) 50 Dso [yn] (8) = = (1n(50) + D, [1n] (8)50)yn (50) -
=1Quq[Deg [yn](3)]

Projection on y,(sg) via the L? scalar product gives

(Qso[Dso [yn] (3)], yn(50)) = = (11 (50)3 + Diso[14n](8)50)Yn (50), yn(s0))-

But since (Qs, [Ds, [¥n](3)]; ¥n(50)) = (Ds, [yn] (3)], Qso[yn(s0)]) = 0,1 we immediately get

Dy [1](8) = <—%yn<smé>.

Hence, the gradient of u, is given by

Opn(s) _ pnls) 2
35 = e

The gradient of the DIRICHLET remainder Bgzir at s(z) = 1: Taking the directional derivative of u,, at
so = 1 in direction § € L?([0,1]) gives

D[] (3) = (—2n%7? sin®(n7-), 3) = n’n?((cos(2n7-), 3) — (1, 3)).

Since

o |("F) ] @ = -9,

we get the directional derivative of the DIRICHLET remainders to be simply

1
Dl[’YDir](g) _ n27T2 <COS(2717T = TL27T2/ COS 27mt dt =
0

The analogous procedure for the NEUMANN eigenvalues gives
D1[vn](8) = (—2n*n? cos®(nr-), 5) = n?m?(—(cos(2n7-), 8) — (1, 5)),

SO

1
Dtheu](g) = —n27r2<cos(2n7r n27r2/ cos(2mnt) dt = —
0

7’L27T2 A

5 fn(8). O

By the analytic inverse function theorem we can readily conclude the statement of Theorem 1 from
Lemma 12.

! Note that we integrated by parts twice. The boundary terms vanish, since y, (0) = yn (1).
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3. Breathers and uniformly open gap potentials

Motivated by the construction of breather solutions for nonlinear wave equations via dynamical systems
tools, we posed the particular inverse problem of finding coefficients s such that the spectrum of the cor-
responding weighted Sturm—Liouville operator L, = —le) % has all gaps uniformly open around w?n?,
n > 1, for some w, € R. In order to solve this problem we formalized the dependence of the (signed) gap
lengths and gap midpoints (to first order) on the coefficient s as the mapping G from (5). We find that, for
s € H"[0,1], » > 1, the gap lengths form a sequence in hA”~2 and established that G is a bijection locally
around s = 1. Since constant sequences (C)nen (for some C' > 0) are in A" 2 if r < 3/2, we know (by
Theorem 1) that there must be coefficients s € H"[0,1], » < 3/2, that give rise to uniformly open gaps.
What remains unclear is the exact location of the gaps. This is the subject of this section.

Let us consider (1) on the real line, that is,
y' +As(x)y=0, ze€R. (35)

We have that A € (L) if and only if (35) has all (nontrivial) solutions bounded. The qualitative behavior
of solutions of (35) is decided by the Floquet exponents. The proof of Floquet’s theorem via consideration
of the discriminant (the trace of the monodromy matrix)

DA) = 71(1; A) + 75(1; A), (36)

where {71,92} is the fundamental system solving (11) and (12), gives the well-known relation

=) = % (D()\) + /D) - 4) (37)

for the Floquet exponents [. This representation suggests that the derivation of explicit formulas for the
Floquet exponents is only possible if one can write down explicit expressions for {1, §2}. Since our equation
is non-autonomous, this case is rather exceptional and the computation of Floquet exponents is usually
carried out numerically. From a qualitative point of view, further elementary considerations along (37)
allow to conclude that bounded solutions are only possible for |D(A)| < 2. By [11] we know that

M DN < 2} = Unen By, = o(Ls) (38)

where B, are the intervals from (2), that is, the bands.
Let us now turn to the connection between the Dirichlet and Neumann eigenvalues and the structure of
the spectrum of L£;. By Abel’s theorem,

det (ﬂl(x) 272(55)> — det (91(1) 7a(

~ /

() ga(x) (1) g

—_

;) (39)

80, if p, is a Dirichlet eigenvalue, 1 = §;1(1)g5(1), and therefore |D ()| > 2. The same is true for Neumann

—_

eigenvalues. In other words, Dirichlet and Neumann eigenvalues always lie in gaps. As a consequence,
|Gn| Z |/14n - Vn|a

so the distance between these eigenvalues gives a lower bound for the gap lengths. Further considerations
(as, for instance, in [22]) show that, if s is even,

{A2n—1(s); Aan ()} = {pn(s), vn(s)}, n =1,
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so, in fact, |Gp| = |ptn — Vn|. From this statement, it is not clear a priori which of the eigenvalues u, and
vy, is the lower and upper gap edge. However, taking a closer look at the computation of the directional
derivative of Dirichlet and Neumann eigenvalues in the proof of Lemma 12, it becomes clear that in a
neighborhood of s = 1, the Dirichlet and Neumann eigenvalues are arranged on opposite sides of n?w?,
n € N, for w, = 1/I(s). In view of this, Corollary 3 is a direct consequence of Theorem 1.

4. Summary and future work

In [5], a novel construction procedure for breather solutions in nonlinear wave equations with spatially pe-
riodic coefficients was demonstrated. The crucial step for this construction was the tailoring of the spectrum
of the linear part via the periodic coefficients. While [5] only gave the specific example

s(z) = 14 15x(6/13,7/13) (2 mod 1), (40)

which was achieved by elementary computations of the discriminant, the present investigation lays the
groundwork for an extension of the construction procedure beyond this special coefficient by formulating
the tailoring of the spectrum as an inverse problem. To be more precise, we studied the inverse problem for
a weighted Sturm-Liouville operator L associated with the eigenvalue problem y” + A s(z)y = 0, where
s is a real-valued, periodic, even function that is bounded from below by a positive constant and belongs
to the L2-based Sobolev space H"[0,1], r > 1. The spectrum of L, is given by a countably infinite union
of real intervals, called bands, that are separated by possibly void open intervals, called gaps. Hence, the
spectrum of Ly is fully characterized by the length and location of gaps. Furthermore, in our setting, the
edges of the n-th gap are given by the n-th Dirichlet eigenvalue, p,,, and n-th Neumann eigenvalue, v,,, and
we established here that

2.2 2.2
n-m Dir n-m Neu

‘un:—+")/ Vp = ————— 2+7n 5

(hvs@ae) " (A )

with (YD&), en, (PN en € K72 for s € EN H'[0,1] (as in Theorem 1). Hence, it is convenient to define a
spectral map G, that assigns to a coefficient s the structure of the spectrum of L in terms of gap lengths
and gap midpoints. We find that G is a real-analytic isomorphism locally around s = 1 (see Theorem 1).
In particular, this implies the existence of coefficients s € H"[0,1], r < 3/2, giving rise to band structure
with all gaps uniformly open around the gap midpoints (see Corollary 3), which in turn paves the way for
breather construction in nonlinear wave equations with such coefficients s.

We would like to stress that this inverse spectral problem for the weighted Sturm-Liouville operator has
not heretofore been treated for the full Banach scale H"[0,1], » > 1, which includes the more challenging
range of non-smooth potentials (although the limiting case » = 1 has already been discussed in [18]).
Moreover, the local nature of our result allows more concise and transparent proofs. In particular, instead
of using any preliminary transformations, we treat the weighted problem directly by adapting techniques
used for Schrodinger operators with distribution potentials.

The contribution of the present work is, therefore, at least twofold: It addresses a new inverse problem
and simultaneously sets the course for further developing a new tool for PDE existence problems. Apart
from applying our results to PDE problems, we plan to further extend it in at least two ways. The next
natural step would be to achieve a global result in H"[0, 1], that is, away from a neighborhood of s = 1.
Moreover, motivated by the special coefficient in (40) that is known to yield uniformly open gaps, we
aim to extend our investigations to s € H"[0,1], » > 0. Such a case of discontinuous s in a weight type
Sturm—Liouville problem will most likely need a completely new approach that could, however, be inspired
by the methodology presented here and also contribute to a more general theory for Schréodinger operators
with distribution potentials.
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Appendix A. Proof of analyticity of the coordinate functions of G

Tt is standard to use the fundamental system {g1,y2} that solves (11) and (12) subject to the initial

conditions

P Asip =0, 5(0)=1,  #(0)=0, (A1)
and, respectively,

g5 +Asfa =0, 52(0)=0,  §r(0) =1, (A-2)

as characteristic functions for Dirichlet and Neumann eigenvalues, since it holds true that
?711(1;)‘):0 ifft A=uwp, §2(17A>:0 iff A= .

We used the notation y; = y;(x; A) to stress the dependence of the fundamental system on the spectral
parameter A.

Following [23] we carry out the proof of analyticity in several steps: First we prove analyticity of y; in
s and A, that is, of the map (s, ) — 7;(1,s,A) on L[0,1] x C. Via the implicit function theorem we can
show that each coordinate function p,, and v, is analytic on L2[0, 1], and, hence, so are the corresponding

remainders yDir

Dir yNeu By the local boundedness of this map one can finally conclude analyticity.

Lemma 13. Fiz r > 0. The solutions y;(x;s,A) (of (11) and (12)) can be represented by a power series in
§ = s—1, which converges uniformly on bounded subsets of [0, 1] x LZ(0,1) x C. Moreover, for fired x € [0, 1],
A €R, g;i(z;-, A) is a locally analytic function around s = 1.

Proof. We will demonstrate the result for 5. An analogous argument can be employed for 3;. Expanding
J2 as a (formal) power series in 3§, i.e.

§2(m7>\as) = yO(l'v)‘) + yl(xa)\a §) + Z yn(xa Avg)a

n>2

where )); is a linear functional in § while Y, (z, A, §) is a short hand notation for an n-linear form with § in
each argument, the equation hierarchy for ), reads

Vi + A =0, Yo(0)=0,  X(0) =1,
VIt A0 = AV, Vu(0)=0,  VL(0)=0, n>1.

Hence, Vy(z,\) = % and by the variation of constant formula
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Vn(@n, A, 5) = VA / ’sin(\/X(xn —1)3(t) V1 (t)dt

Tn Z1

(v T in(VA(z; — 2;_1))3(z;_1) sin(VAzo) dzo - - dan_1,  (A.3)
o [ i sy

J
which gives

n

mmm%(%) VAVE / s(0)ldt | exp(TmvAl).

=

This estimate immediately implies absolute and uniform convergence of the power series for 7o = g2 (x, A, 8)
on bounded subsets of [0, 1] x C x L. Since V,,(5) = A,(3, ..., 5) where A, is a bounded, n-linear, symmetric
map, the series

g2(§) = Z y’n(g)

n>0
defines an analytic function on L2 (cf. [8]). O

We are ready to prove Lemma 11. We will demonstrate the result for u,,. An analogous argument can be
employed for v,,. Following [23], our strategy is to apply the implicit function theorem to the characteristic
equation g (1, pn, s) = 0. To this end, we have to verify w # 0. Assume first that s € C°[0,1]. The
estimate can then be extended to s € L?[0,1] by continuity. Let > solve the initial value problem (12).
Taking the A-derivative of y} + Asya = 0 gives

(U5 )x + U2 + sA(72)r = 0.

Hence,
0= (T4 + Ast2) (To)r — (G2)X + 572 + sA@2)x) To = ((T2)7s — (G2)AT2) — 573,
1 1
/ (@A @)To() — @) (@)(@)) do = / S(2)Fal)? d,
0 0
and

1
~ oy 17 ny ~
0< [ sttt 9t = (PEUA D) g1,
0

since ¥2(0,A) and (¥2)(0, A) vanish for all A and y2(1, ux) = 0. We have that

~ 0y2(1; A, s

yQ(la k2ﬂ-27 1)|(A,s):(n27r2,1) =0, %‘(A,s):(ngﬂ’%l) 7é 0,
~ 0ya(1, A, s
yz(l;k2ﬂ'2,1) :0, L)b\:kzﬂa 750

O
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So there is a unique analytic function fi,, = fi,,(s) defined in an H"-neighborhood U of s = 1, for which

gQ(lvﬂn(S)7 S) =0.

It remains to show that u, is continuous on H", such that, by uniqueness, fi,(s) = un(s). To this end one
can follow the proof of compactness of p, from [23, Theorem 2.5] line-by-line. We execute the details for
completeness:

First, we show that g; and g, are uniformly compact on bounded subsets of {(\,z) € C x [0,1]}. Again,
we will execute a detailed proof only for yo and make use of the notation from the previous proof. Suppose
the sequence s,, converges weakly to s. By the principle of uniform boundedness

sl < sup |[sm|l < M < oo.
m
If A is any bounded subset of {(A,z) € C x [0, 1]}, then for n > 1 we have the estimate

n

. n
|V (50, M| < (%) (VX)”_1 \/E/|s(t)|dt exp([ImV/A|z) < CJZ
0

uniformly on A where

Vn(Tn, A, s) = (\E\)n /n /ﬁ sin ( — T 1)) s(xj_1)sin (\/Xil]o) dzg -+ de,_1
0 j=1

was already defined in (A.3) for real-valued s. Thus,

N o0
513 5. ) = Dz, D] < D0 Do N) = Valwzs NI+ D2 (Wi s V] + (s s, )
n=1 n=N-+1
N 00 Mn
<3 Dal@ism A) = Yulzis, N +2¢ Y =
n=1 n=N+1 n

uniformly on A. The second sum converges to zero as N tends to infinity. Therefore, it is enough to show
that each term Y, (2; pm, A) converges to Y, (z;p, A) uniformly on A for fixed n. Note that one can express
the difference of these quantities in terms of the L2-scalar product

Zm(A &) = V(@5 Smy A) — V(5 8, A)

Iln

_ ( / /Hsm — 1)) ($m — 8)(2j_1) sin (ﬁxo) dzo - dip

= <p)\,17H 377 1)>
=1 LZ([0,1]™)

with

Prz(To, ... @) = (\/X) " ﬁ sin (\/X(xJ - xj_1)> sin (\/Xam) X{0<t,<-<t,<z}-
j=1
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With this notation, we can reformulate our problem as proving

sup |Zn (A, x2)] — 0, m — oo,
A

which, by continuity properties in A and x is equivalent to
| Zm (AT 2)] — 0, m — oo, (A4)

where (AT, 2"") is a point (in the closure of A) at which the supremum of |Z,,| is attained. Passing to a
* *

m
*

subsequence, we can assume that (A", z") converges to (A, x,). We can now prove (A.4) by contradiction:

So, assume that (A.4) is not true, so
Z N, 2] > 6 > 0. (A5)
Then by the bounded convergence theorem, we have the strong convergence

p)\:”,mjjl > Px.,z.

in L([0,1]™). On the other hand, we have the weak convergence
H(sm —s)(z;) — 0
j=1

in LZ([0,1]™). As a consequence, we have that

| Zm (A 2)| = <mzp,w’ [1Gn - 5)(wj)>
j=1

= <PA:"@1" —Prees | [(5m — 5)($]‘)> + <p>\*,ww 11Gn - 5)($j)>| — 0,

j=1 j=1

which is a contradiction to (A.5). The proof for 7 is analogous. The compactness of the Dirichlet eigenvalues
follows from this result: Suppose the sequence s,, converges weakly to s. By the principle of uniform
boundedness

l|s]| < sup|lsm|| < M < .
m

Let N > 2exp(M),e > 0, and consider the intervals
In={AeR:|A—pun(s)|<e}, 1<n<N.

For sufficiently small e these intervals are all disjoint and contained in the half line (—oo, (N + 1)272) by
the proof of Proposition 9. Moreover, 32(1, s, A) changes sign on each of them, since u,(s) is a simple root.

As m tends to infinity, the functions g (1, $,m, A) converge to ya(1, s, \) uniformly on I; U---UIy. Hence,
for sufficiently high m, they also change sign on Ii,..., Iy, so they must all have at least one root in each
of these intervals. But there are only N roots on the whole half line (—oo, (N + 1)?72) by the proof of
Proposition 9. Therefore, 92(1, s, A) has exactly one root in each interval I,,, which must be the n-th
Dirichlet eigenvalue for s = s,,. Consequently,



M. Chirilus-Bruckner, C.E. Wayne / J. Math. Anal. Appl. 427 (2015) 1168-1189 1189

|tn(8m) = pn(s)| <&, 1<n <N,

for sufficiently large m. The proof for the Neumann eigenvalues v, is analogous and, hence, the analyticity

of the differences u,, — v, follows.

The analyticity of ﬁ in a neighborhood of s = 1 is standard.
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