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2
Theoretical investigations of the

single-molecule fluorescence
enhancements by a single gold
nanorod and by an end-to-end

gold nanorod dimer
Single gold nanorod supports the longitudinal plasmon modes that may enhance not only the
near-fields but also the local density of photon states near the tips. As a consequence, single
gold nanorods can be used to enhance the fluorescence of weak emitters, by enhancing both
the excitation and radiative rates. Gold nanorod dimer, arranged in an end-to-end config-
uration, may strengthen both effects inside the gap owing to the strong plasmon coupling.
This provides stronger fluorescence enhancement. We compare the fluorescence enhance-
ment by a single gold nanorod to that of a gold nanorod dimer with interparticle gap of
5 nm. We consider fluorescent dyes with different absorption and emission bands. Our sim-
ulations reveal that, at weak excitation, an enhancement factor of∼ 104 can be achieved by
the dimer for one-photon excited fluorescence, while for two-photon-excited fluorescence,
the enhancement factor by the dimer can be as high as ∼ 108. The influence of plasmon
modes on the fluorescence lifetime and on the spectral shaping is also investigated for all
the dyes. At high excitation intensity, the enhancement factor for both one- or two-photon-
excited fluorescence will be saturated to a limited value of the radiative enhancement by the
plasmonic structures.
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2. Theoretical investigations of the single-molecule fluorescence enhancements . . .

2.1. Introduction

The most valuable feature of noble metal nanoparticles comes from the collective oscilla-
tion of surface charges, also known as the localized surface plasmon resonance (SPR)[1, 2].
Controlling the SPR of nanoparticles provides an effective way of manipulating the light-
matter interaction on the nanoscale[3–6]. As a straightforward approach, coupling to plas-
monic nanoparticles can strongly influence the fluorescence processes of fluorophores[7–
19]. First of all, the excitation efficiencies of the fluorophores can be largely enhanced due
to the strong light-field confinement near the plasmonic nanoparticles. Secondly, the SPR of
the nanoparticles may also increase the local density of photon states (LDOS) around the sur-
faces, which, in turn, enhances the radiative rate of the excited fluorophore according to the
Purcell effect[20, 21]. The emission rates of the emitters, however, may be quenched via the
additional non-radiative channels induced by the Ohmic absorption of the metal[8, 22, 23].
Consequently, the interplay of these effects may result in an overall enhancement of the flu-
orescence rates, and can modify the fluorescence lifetimes[23–25] and the spectral shapes
of emissions[26–29], which can be controlled by tuning the shapes and sizes of the metal
nanoparticles, as well as the relative position and orientation of the emitter with respect to
the nanoparticles[11].

The impacts of plasmon resonance on the emission properties of a single fluorophore can
be theoretically investigated by solving the classical Maxwell’s equations, involving a radia-
tive dipole coupled to the plasmonic structure[10, 13, 17–19]. In this chapter, we evaluate
theoretically the performance of gold nanorod based SPR on the fluorescence enhancement
of very weak emitters, which are harder to detect at single-molecule level, either because of
the very small quantum yields, or because of the very low excitation efficiencies in certain
cases, for example two-photon excitation[30]. In the following sections, we will examine the
fluorescence enhancement by a single GNR and compare it with the enhancement by a GNR
dimer structure, where the GNRs couple strongly with each other. Moreover, we will also in-
vestigate the influences of the LSPRs of these plasmonic nanostructures on the fluorescence
lifetime and on the shape of the emission spectra. At last, we will investigate the saturation
of the fluorescence of a molecule at high excitation, with or without the enhancement by the
plasmonic structures.

2.2. Theoretical framework

Two-level scheme of fluorescence enhancement by an antenna

In this thesis, we follow the two-level scheme of Khatua et al[13]. to study the single-
molecule fluorescence enhancement by a plasmonic nanoantenna. In this model, the fast
internal vibration relaxation is ignored, and the transition rates of the molecule between
the ground (g) and exited (e) state are represented by the excitation and the two relaxation
rates, as depicted in figure 1. In the absence of the nano-antenna, the time evolution of the
probabilities of the molecule at the excited state (p0

e) and at the ground state (p0
g) can be
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2.2. Theoretical framework

Figure 2.1: Schematic of the transition rates of a molecule in a two-level system, with or without a nanoantenna.
Reprinted from Ref[13].

expressed as

dp0
e

dt
= k0

exc · p0
g − (k0

nr + k0
r )p0

e

p0
g = 1− p0

e ,

(2.1)

which, at the steady state condition of
dp0

e

dt
= 0 , gives the equilibrium population of the

excited state,

p0
e =

k0
exc

k0
exc + k0

nr + k0
r

. (2.2)

The photon emission rate from the molecule is given by

I0
f =

k0
exc · k0

r

k0
exc + k0

nr + k0
r

= k0
exc ·

1

k0
exc/k

0
r + 1/η0

. (2.3)

Here, k0
r and k0

nr are the radiative and non-radiative rates of the molecule, k0
exc is the excita-

tion rate, and η0 represents the quantum yield of the molecule. At low excitation power,
where k0

exc/k
0
r � 1/η0, the emission rate is proportional to the excitation rate: I0

f =
k0

exc · η0.
By replacing the transition rates in equation (2.3) with the rates modified by the antenna,

we get the enhanced emission rate in the presence of the antenna

If = ξexc · k0
exc ·

ξrad

ξexc · k0
exc/k

0
r + (ξrad +Knr/k0

r − 1) + 1/η0
, (2.4)

and the overall fluorescence enhancement by the antenna

ξtotal = ξexc · ξrad ·
k0

exc/k
0
r + 1/η0

ξexc · k0
exc/k

0
r + (ξrad +Knr/k0

r − 1) + 1/η0
. (2.5)

Here ξexc and ξrad are the enhancement factors of the excitation and radiative decay rates,
respectively. Knr is the additional non-radiative absorption rate due to the dissipative losses
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2. Theoretical investigations of the single-molecule fluorescence enhancements . . .

of the antenna. Under weak excitation the overall enhancement can be simplified as

ξtotal = ξexc · ξrad ·
1/η0

(ξrad +Knr/k0
r − 1) + 1/η0

. (2.6)

As a result of the modification of the decay rates by the antenna, the fluorescence of the
molecule can be deduced as

τ

τ0
=

k0
r + k0

nr

ξradk0
r + k0

nr +Knr
=

1/η0

(ξrad +Knr/k0
nr − 1) + 1/η0

. (2.7)

Here, for simplicity, we omit the intersystem transitions of the excited molecule to other
energy states, which may cause fluorescence blinking, or phosphorescence of the molecules.

Numerical simulations of fluorescence enhancements

The fluorescence enhancement of a single molecule by the plasmonic antenna can be treated
classically, provided the molecule is not too close to the metal (sub-nanometer away from
the metal surfaces). We consider the molecule as a radiative dipole p0 oscillating with
frequency of ω. As the theoretical absorption rate of the molecule is related to the intensity
of the local field at its position, the excitation enhancement factor by the nanoantenna can
be expressed as

ξ(n)
exc =

|p0 ·E(ωexc)|2n

|p0 ·E0(ωexc)|2n
, (2.8)

where E(ωexc) and E0(ωexc) are the electric fields at the position of the dipole with and
without the nanoantenna, ωexc is the frequency of the illuminating light source, and the
number n = 1 or 2 indicates the excitation with one or two photons, since two-photon
absorption depends on the square of the excitation light intensity[31, 32].

To evaluate the enhancement factor by the nanoantenna numerically, we applied a classi-
cal electrodynamics approach based on boundary element method (SCUFF-EM) to simulate
the excitation and emission enhancements[33, 34].

To get the excitation enhancement, we assumed the antenna is excited by a plane wave
and for the calculation of decay rates, we modeled the excited emitter as a radiating dipole,
whose time-averaged radiated power in a medium without nanoantenna is[4]

Pr0(ω) =
|p0|2

4πε0

nω4

3c3
, (2.9)

where n is the refractive index of the medium, c is the speed of light and ε0 is the vac-
uum permittivity. The enhancement factor of the radiative rate (ξrad) and the non-radiative
dissipation rate (Knr) by the nanoantenna were derived from

ξrad = kr/k
0
r = Prad/Pr0, (2.10)

and
Knr/k

0
r = Pabs/Pr0. (2.11)
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2.3. Results and discussion

In the simulations, the power absorbed by the antenna Pabs was calculated by integrating
the Poynting vector over the surface, and the radiated power Prad was obtained from[4]

Prad(ω) + Pabs(ω) =
ω3

2c2ε0
|p0|2[n · Im[G(r, r;ω)] · n], (2.12)

whereG(r, r;ω) is the Green tensor at the emitter’s position r andn represents the direction
of the dipole moment.

From Eqs. (S3.12) and (S3.15), we can clearly see that the radiative rate enhancement
(ξωrad) and the non-radiative relaxation rate Kω

nr(ω) both depend on the frequency of the
emitted photons (ω). To get the emission enhancement for all the photons, we calculate the
average radiative rate enhancement and non-radiative relaxation rate:

<ξrad>=

∫
ξrad(ω)Fdye(ω)dω, (2.13)

<Knr>=

∫
Knr(ω)Fdye(ω)dω, (2.14)

here, Fdye(ω) is the normalized emission spectra of the molecule.

2.3. Results and discussion

The most valuable feature of gold nanorod (GNR) dimers compared to single GNR, comes
from their outstanding capacity of enhancing ultra-weak signals[35–38]. As an example,
we first compare the fluorescence enhancement by an end-to-end GNR dimer with the en-
hancement by a single GNR.

We start from the strongest coupled dimer configuration, where two identical GNRs are
arranged in end-to-end manner with the long axes along each other, shown in figure 2.3a.
All GNRs were modeled as a cylinder with two hemispheres at the ends, and their diameters
were fixed at a constant value of 40 nm. For the single GNR, the length was set as 115 nm,
which gives a longitudinal plasmon resonance of 765 nm. While for the GNR dimer, we
adjust the length and the interparticle gap to tune the resonance of the longitudinal-coupled
mode to the same plasmon wavelength as the single GNR. In order to have enough space for
the molecule to access the near-field hotspot, the GNRs were separated by a gap of 5 nm,
and their lengths were adjusted to 90 nm, which ensures the longitudinal plasmon resonance
at the wavelength of 765 nm. In the simulations, the dielectric constant for gold was taken
from Johnson and Christy, and the refractive index of the ambient mediumwas taken as 1.33
for water.

For simplicity, the fluorescent molecule was modeled as a point dipole with orientation
to be parallel to the polarization of the excitation light, which was aligned with the long axis
to get the best excitation. For the single GNR, we placed the molecule at varied positions
along the long axis with a certain distance (labeled as ’d’ in figure 2.2a) from the tip of
the GNR. For the GNR dimer, the position of the molecule is represented by the distance d
from the tip of the first GNR (as shown in figure 2.3a) between the two GNRs along the long
axes. For both cases, the minimum distance of the molecule away from the gold surface was
assumed to be 0.75 nm.

2
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2. Theoretical investigations of the single-molecule fluorescence enhancements . . .

Figure 2.2: Calculated fluorescence enhancement by a single GNR. (a) Scheme of the simulation. (b) Near-field
intensity enhancements as a function of the excitation wavelength at different distances. The distance is represented
by the color of the line, which corresponds to the d-ordinate of the dots of the same color in the inset. Black dashed
line is the normalized scattering spectrum of the GNR. Inset shows the near-field intensity enhancements as a
function of d excited at the wavelengths of 760 nm, 660 nm and 560 nm. (c, d) Additional non-radiative rates
(c) and radiative enhancements (d) as a function of wavelength at different distances. Dashed line in (d) is the
normalized scattering of GNR. (e) Spectral shaping of the spontaneous emissions from three dyes with different
emission bands near a single GNR with different separations (labeled by the values of d). Left to right: the original
(dashed line) and modified (shaded) emission spectra of Alexa Fluor 555 (dark green), Alexa Fluor 633 (orange)
and Alexa Fluor 750 (brown). (f-i) Distance dependence of the averaged additional non-radiative rate (f), radiative
enhancement (g), lifetime shortening (h) and overall enhancement (i) for the molecules of Alexa Fluor 555 (dark
green), Alexa Fluor 633 (orange) and Alexa Fluor 750 (brown).
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2.3. Results and discussion

Figure 2.3: Calculated fluorescence enhancement by a GNR dimer. (a) Scheme of the simulation. (b) Near-
field intensity enhancements as a function of the excitation wavelength at different positions represented by d,
which corresponds to the d-ordinate of the dot in the inset with respect to the line-color. Black dashed line is the
normalized scattering spectrum of the GNR dimer. Inset shows the near-field intensity enhancements as a function
of d excited at the wavelengths of 760 nm, 660 nm and 560 nm. (c, d) Additional non-radiative rates (c) and
radiative enhancements (d) as a function of wavelength at different positions. Dashed line in (d) is the normalized
scattering of GNR dimer. (e) Spectral shaping of the spontaneous emissions from three dyes with different emission
bands at different positions inside the gap of the GNR dimer (labeled by the values of d). Left to right: the modified
(shaded) and original (dashed line) emission spectra of Alexa Fluor 555 (dark green), Alexa Fluor 633 (orange)
and Alexa Fluor 750 (brown). (f-i) Position dependence of the averaged additional non-radiative rate (f), radiative
enhancement (g), lifetime shortening (h) and overall enhancement (i) for the molecules of Alexa Fluor 555 (dark
green), Alexa Fluor 633 (orange) and Alexa Fluor 750 (brown).
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2. Theoretical investigations of the single-molecule fluorescence enhancements . . .

Enhancement of near-field intensity : Single GNR vs GNR dimer
Under weak excitation, the fluorescence enhancement can be treated as the product of the
excitation enhancement and the emission enhancement. We first discuss the excitation en-
hancement upon one-photon absorption, which can be represented as the near-field intensity
enhancement in the parallel-excited condition. Figure 2.3b shows the intensity enhance-
ment of the near-field by the GNR dimer as a function of the excitation wavelength and of
the molecular position (inset). For comparison, we also calculate the near-field intensity
enhancement by a single GNR for different molecule-tip separations in figure 2.2b. From
the plots, we can see that the intensity enhancement spectra of both structures are slightly
red-shifted compared to the scattering spectra (from 765 nm to 770 nm), and their shapes
show clear asymmetric profiles, with the red wings decreasing slower than the blue wings
as the excitation was detuned away from the resonant excitation. Such differences can be
explained as the results of plasmonic damping and the dephasing between the near-field and
the far-field responses of the structures.

Apparently, the near-field enhancement by a single GNR depends strongly on the posi-
tion of the molecule with respect to the gold surface. As the molecule moves away from
the tip of the GNR, the near-field enhancement decreases rapidly. Therefore, the effective
excitation enhancement by a single GNR is only localized to a small volume near the tip.
The GNR dimer provides a more uniform near-field hotspot with larger enhancement factor
between the gap, which is distributed symmetrically along the long axis. From figure 2.2b,
we can see the enhancement of near-field intensity by a single GNR in resonance drops
monotonically from 7.9 × 102 to 3.6 × 102 as the GNR-molecule distance increases from
0.75 nm to 5 nm. For the GNR dimer, however, the enhancement of the near-field inten-
sity shows little change inside the gap. As shown in figure 2.3b, the enhancement factor
decreases slightly from 1.0× 104 to 0.9× 104 as the molecule moves away from one tip at
the distance of 0.75 nm toward the center of the dimer.

Additionally, GNR dimer performs better for the near-field enhancement excited at the
wavelength out of the plasmon resonance. As an example, we compared the enhancement
of the near-field intensity by the single GNR and by the GNR dimer at different excitation
wavelengths as shown in the insets of figures 2.2a and 2.3a, respectively. We can see that
the near-field intensity enhancement by the single GNR, for d = 0.75 nm, decreased from
730 to 23 and 2.3 as the excitation wavelength was detuned from 760 nm to 660 nm and
560 nm, respectively. On the other hand, for the dimer the relative enhancement factor at
these wavelengths drops from 1.1× 104 to 1.1× 103 and 1.7× 102, respectively.

Non-radiative and radiative rates enhancement : Single GNR vs GNR dimer
Next, we examine the emission enhancement of the fluorescent molecule by the single GNR
and by the GNR dimer. Unlike the excitation enhancement, where the near-field enhance-
ment is due to the plasmon modes excited by a plane wave, the emission enhancement con-
cerns the plasmon oscillation induced by a point-like dipole source, which may introduce
different coupling channels to the plasmon modes. For instance, as the result of symmetry
breaking, it may be easier for the dipole to excite the higher order modes or ’dark’ modes
of the plasmon structures compared to plane waves. As it was mentioned before, the influ-
ence of plasmon resonance on the emission properties of the dipole can be described by the
enhancement of the radiative rates (ξrad) and the additional non-radiative rates (Knr/k

0
r ).
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As shown in figures 2.2c and 2.3c, for both the single GNR and the GNR dimer, two
major additional non-radiative absorption bands exist for the excited molecule. The first
absorption band is due to the excitation of the longitudinal plasmon mode with the peak at
wavelength of 770 nm. The other one is at the high energy range with the peak at 510 nm
which can be viewed as the result of the excitation of high-order modes. The excitation of
the high-order modes and their coupling with far-field or other plasmonic modes, strongly
depend on the excitation wavelength, the curvature of the gold surface and the distance of
the dipole source from the surface. When the molecule is placed very close to the tip of the
GNR (or close to the tip of one GNR in the case of the dimer), the additional dissipation
channels are dominated by the high-order absorption modes. As the molecule moves away
from the tip, the high-order absorption decreases more rapidly than the absorption due to
the SPR, leaving two distinguishable peaks at wavelengths of 510 nm and 770 nm for both
single GNR and GNR dimer.

To investigate the radiative rate enhancement, we need to consider not only the excita-
tion of the plasmon modes by a dipole source, but also the coupling of these modes with the
far fields. Different from the coupling with the point-like dipole source near by, low order
plasmon modes with longer resonant wavelengths couple more efficiently with the far fields.
This statement can be confirmed by the dominant peaks of the radiative enhancements at the
wavelength of 770 nm, as is shown in figures 2.2d and 2.3d, which correspond to the longi-
tudinal plasmon resonances of singe GNR and GNR dimer, respectively. At this wavelength,
due to the strong plasmon coupling between the GNRs, the radiative rate of the molecule
inside the gap of the dimer can be enhanced by a factor of about 104, which is more than one
order higher than the enhancement by a single GNR for the molecule separated by similar
distance from the tip. From the spectra, we also see a small peak at 510 nm for both cases
as the molecule is placed very close to the GNR’s tip. This peak vanishes very quickly as
we increase distance of the molecule from the GNR’s tip. Additionally, for the radiative rate
enhancement by the GNR dimer, we see more features in range between the two main modes
compared to single GNR, which can be viewed intuitively as due to the excitation of other
hybrid modes of the GNR dimer (except the longitudinal SPR) by the molecule.

Specifically, we notice that the high-order modes excited at the short wavelength of
510 nm are strongly localized modes. As a consequence, the excitation of this high-order
modes is not influenced by the length of the GNR. From figure 2.4a, we can see that the
additional non-radiative absorption at the wavelength of 510 nm by single GNR is not de-
pendent on the length of the GNR. As the molecule moves away from the GNR’s tip, the
high-order absorption peaks by the single GNR decrease about two orders faster compared
to the absorption at the SPRs of each GNR shown in figure 2.4b, indicating that the inter-
action length scale of the high order modes is about two-order smaller than the dipole-like
longitudinal plasmon modes. From figure 2.4a, we also see that, for the GNR dimer, as the
molecule inside the gap is placed very close to one of the two GNRs (e.g. d ≤ 1.5 nm), the
existence of the other GNR does not influence the values of additional non-radiative rates,
which confirms the interaction length scales of these high order modes are absolutely short.
Similar behaviour can be seen for the radiative rate enhancements for the single GNR and
GNR dimer at the wavelength of 510 nm, shown in figure 2.4c, where we don’t see signifi-
cant difference in the enhancement factors for all the structures, while the molecule is closer
to GNR’s tip. As a comparison, for radiative rate at SPR’s wavelength, the enhancement
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2. Theoretical investigations of the single-molecule fluorescence enhancements . . .

Figure 2.4: Comparisons of the additional non-radiative rates (a, b) and the radiative enhancements (c, d) at the
wavelengths of 510 nm (a, c) and 770 nm (b, d), with the enhancements by a GNR dimer and by two single GNR
of different lengths. The shorter single GNR (shGNR) with SPR of 670 nm has similar length as the individual
GNR of the dimer, and the longer GNR (lgGNR) and the GNR dimer have same resonant wavelength of 765 nm.

2
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factor by the GNR dimer can be more than one-order higher than the enhancement by a
single GNR, as is shown in figure 2.4d.

Fluorescence enhancement of the dyes with different emission bands :
Single GNR vs GNR dimer

So far, we have provided a detailed description of the influence of plasmon resonance on
the excitation and radiation of a dipole emitter by exploiting a single GNR and a longi-
tudinally arranged GNR dimer. To investigate the overall fluorescence enhancement of a
dye molecule, we need to involve the influences of the intrinsic non-radiative decay of the
molecule, and of the spectral overlaps of the molecular absorption and emission with the
SPR. For a dye with specific absorption and emission bands, the well known strategy to get
best fluorescence enhancement is to tune the plasmon resonance by adjusting its size to en-
sure best spectral overlaps between the SPR and the absorption and emission bands of the
molecule.

Herein, we will compare the fluorescence enhancements by the aforementioned single
GNR and GNR dimer for three dyes with very different absorption and emission bands: the
Alexa Fluor 555, Alexa Fluor 633 and Alexa Fluor 750. They have similar quantum yield
of 10% and different maximum absorption peaks at the wavelengths of 555 nm, 633 nm
and 750 nm, respectively. Instead of tuning the plasmon resonances to get best fluorescence
enhancements, we will use the same structures to investigate the enhancement of these three
dyes under the excitation wavelengths of 560 nm, 660 and 760 nm, respectively. In the
case of one-photon excitation, we lose both excitation and emission enhancement for the
two dyes Alexa Fluor 555 and Alexa Fluor 633, which are off-resonance with the plasmonic
structures. Yet the discussions about the spectral shaping and lifetime shortening by the
GNR structures will be very valuable for the study of fluorescence enhancement under two-
photon excitation, as the two-photon absorption bands for common dyes are normally in the
infrared region and their excitation rates can be significantly enhanced by our structures,
especially by the GNR dimers.

Spectral shaping of the spontaneous emission
One notable feature of the plasmon-emitter system is that the line-shape of the emission
spectrum of the molecule can be modified, since different spectral components of the emis-
sion will be selectively enhanced according to the plasmonic modes. Here, we illustrate the
modification of the emission spectra of the three dyes with very different emission bands by
the single GNR and by the GNR dimer.

First, we have a look at the dye Alexa Fluor 750, which has the emission peak (brown
dashed lines in figures 2.2e and 2.3e) overlapped with the LSPR. Due to maximum enhance-
ment at the peaks, we see similar sharpened profiles for the enhanced emissions (brown
shaded area) for both single GNR and GNR dimer, as shown in figures 2.2e and 2.3e respec-
tively. Secondly, for Alexa Fluor 633 dye with the emission maximum at 639 nm (orange
dashed lines in figures 2.2e and 2.3e), we see significant red-shift for the emission peaks,
enhanced by the single GNR and by GNR dimer, which can be regard as the enhancement
of the emission tail by the longitudinal SPR modes of the nanostructures. Yet, due to other
enhancement channels according to the hybridized plasmon modes of the GNR dimer, we
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see the maximum peak for GNR dimer is located at 724 nm, which is shorter than the peak
of 746 nm for the single GNR. For the similar reason, we see the other peak with slightly
smaller value at the wavelength of 658 nm for GNR dimer. Finally, for Alexa Fluor 555 with
the emission peak at 568 nm, we see from figure 2.2e that, at short distance (d = 0.75 nm)
from single GNR, the emission enhancement at the longer wavelength is suppressed by the
emission enhancement corresponding to the high-order modes excited at the shorter wave-
length. As the molecule moves away from the tip, the enhancement due to high-order modes
decrease very fast, and we see emission tail is lifted by the enhancement caused by the LSPR
at longer wavelength. For GNR dimer, we see the longer wavelength enhancement for the
emission rise up, which can be attributed to the hybridized modes of GNR dimer.

One-photon excited fluorescence enhancement
Since the plasmonic enhancement of the decay rates of the molecules are highly dependent
on the exact positions of the spectra, we will approximate the radiative rate enhancement
(ξrad) and the additional non-radiative rate (Knr) for each dye by taking the average of the
enhancement factors over the emission spectra of the dyes.

Expectantly, for single GNR, as the dye molecule gets very close to GNR’s tip, the decay
rate is dominated by the additional non-radiative rate. Shown in figure 2.2f, we see large
non-radiative rates (∼ 104) for the three dyes for small separation (d ∼ 1 nm). The rates
drop rapidly as the separation of the dye from the GNR increases. Specifically, at short
distance, we obverse largest < Knr > for Alexa Fluor 555 (green dotted line), which has
the strongest emission overlap with short-wavelength absorption band of the GNR, while at
larger distance (e.g. d > 6 nm), Alexa 750 (brown dotted line), having reddest emission
band, exhibits the largest non-radiative rate, due to its strongest spectral overlap with the
longitudinal SPR. The radiative rate enhancements (< ξrad >) for the dyes, however, are
mainly correlated with the spectral overlaps between their emission bands and the LSPR.
As shown in figure 2.2g, at short distance (d ∼ 1 nm), we see the enhancement factors
of 6 × 102, 1 × 102 and 4 × 101 for the radiative rates of Alexa Fluor 750, 633 and 555,
respectively. For the dimer, as shown in figure 2.3f, the magnitude of non-radiative rates
for the dyes are similar to the case of the single GNR (∼ 104). And, for the radiative decay
rates, we see about one order higher enhancement factors for each dye inside the gap of the
dimer (figure 2.3g), compared to the enhancement factors by the single GNR when the dyes
are very close to the GNR.

The stronger near-field enhancement by the GNR dimer, together with the stronger radia-
tive enhancement, leads to a larger overall enhancement of the fluorescence of the dye inside
the gap of the dimer. As shown in figure 2.3i, for Alexa Fluor 750 dye with emission reso-
nant with the longitudinal SPR, we see a maximum overall fluorescence enhancement factor
of about 2.6 × 104 inside the gap of the GNR dimer. For the other two dyes, Alexa Fluor
633 and 555, both having absorption bands and emission bands out of resonance with lon-
gitudinal SPR, we get enhancement factors of 1.5×103 and 20, excited at the off-resonance
wavelengths of 660 nm and 560 nm, respectively. As a comparison, for single GNR, the
over enhancement factor for the three dyes are 103, 100 and 10−2, respectively, as is depicted
in figure 2.2i.
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Fluorescence lifetime reduction
A direct consequence of the overall enhancements of the radiative decay rate and non-
radiative decay rate of a molecule is the reduction of its fluorescence lifetime. Lifetime
shortening is crucial for the single-molecule study of an emitter with very long fluorescence
lifetime. Here we find that fluorescence lifetime can be strongly reduced in the vicinity
of GNR’s tip. As depicted in figures 2.2h and 2.3h, for single GNR and GNR dimer, re-
spectively, we see about four-order reduction for the lifetimes of all the three dyes, as the
molecule gets close to the GNR’s tip (d ∼ 1nm). For single GNR, the lifetime reduction
of the molecule is mainly due to the additional non-radiative decay rates, hence the strong
lifetime reduction is only restricted to a very tiny region near the GNR’s tip. As can be seen
in figure 2.2h, the lifetime reduction factors for the dyes increase rapidly to the magnitude
of about 10−2 as the molecules move away from the tip by a small distance (at the position:
d ∼ 3 nm). For GNR dimer, however, the strong lifetime reduction factor at different po-
sition inside the gap do not change significantly. As depicted in figure 2.3h, the reduction
factor remains in the range of 10−4 ∼ 10−3 for all the dyes in the center of the gap.

Two-photon-excited fluorescence enhancement
Another potential application of gold-nanorod based plasmonic structures is to enhance two-
photon-excited fluorescence of a molecule. Unlike the one-photon excited fluorescence,
two-photon-excited fluorescence is a nonlinear optical process where the excitation of the
molecule is due to the absorption of two identical photons, hence the excitation rate is pro-
portional to the square of the incident light intensity: k(2)

exc = σ(2)I2
exc. As a consequence,

we would expect higher excitation enhancement for two-photon-excited fluorescence than
one-photon counterpart in the near-field hotspots, since the enhancement factor is depen-
dent on the square of the near-field intensity. Additionally, two-photon excitation extends
the absorption band into longer wavelength, usually in the infrared range, which can be well
overlapped with SPR band of GNR to achieve the maximum enhancement for two-photon-
excited fluorescence.

Here, we compare the two-photon-excited fluorescence enhancement by the aforemen-
tioned single GNR and GNR dimer. We focus on the two dyes, Alexa Fluor 633 and Alexa
Fluor 555, since both have two-photon absorption in the infrared range. In the simulation,
the excitation wavelength was set as 770 nm to ensure best excitation enhancement. The
emission spectra and the quantum yields of the dyes under two-photon excitation are con-
sidered the same as one-photon excited fluorescence.

Figure 2.5 gives the overall fluorescence enhancements for two dyes under two-photon
excitation, by the single GNR and by the GNR dimer. From the plot, we see a maximum
enhancement factor of about 105 for Alexa 633 molecule (orange circles) by a single GNR,
while by GNR dimer, the enhancement factor can be as strong as 108 (orange dots). The
improvement of the overall enhancement by GNR dimer comes from the strong plasmonic
coupling between the two GNRs. This causes stronger enhancement for both the excitation
rate and radiative rate of the dye, compared to the single GNR. For Alexa Fluor 555, which
has shorter wavelength emission band, we see smaller enhancements by GNR dimer (∼ 107,
green dots) and by single GNR (∼ 104, green circles), which can be attributed to the stronger
quenching effects due to additional non-radiative absorption by the gold.
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Figure 2.5: Two-photon-excited fluorescence enhancement by a single GNR and by a GNR dimer for two dyes,
Alexa Fluor 633 and Alexa Fluor 555.

Saturation of one/two-photon-excited fluorescence enhanced by single GNR or byGNR
dimer
In previous discussions, we considered the fluorescence enhancement under very weak exci-
tation, where the processes of excitation and emission can be treated independently. In this
case, the emission rate is proportional to the excitation rate of the molecule. As the excita-
tion continue to increase, we will see saturation behavior for the emission rate[4, 30, 39, 40].
For free dye, as the molecule is excited by very high power (kexc →∞), from Eq (2.3), we
see a limited rate I0

f,∞ → k0
r for the emission rate of the free dye, which means the emission

rate is limited by the intrinsic radiating rate of the dye (k0
r ). Enhanced by the plasmonic

structure, the saturated emission rate of the dye is If,∞ →<ξrad> ·k0
r . Therefore, the satu-

rated overall fluorescence enhancement is<ξrad>, which represents the averaged radiative
enhancement of dye by the plasmon structures.

Following the strategy of the book (Principle of Nano-optics) by Novotny and Hecht [4]),
the saturation behavior of the molecule can be characterized by the parameter Is. For a free
dye, Is = k0

r /η0 = τ−1
0 = k0

D, where k0
D and τ0 are the intrinsic decay rate and intrinsic

lifetime of the dye, respectively. For the dye enhanced by a plasmonic structure,

Is =
<ξrad +Knr/k

0
r − 1> ·η0 + 1

ξexc
· k0

D, (2.15)

where < · · · > represents the average over the emission spectrum. Here, Is characterises
the saturated excitation power, at which the emission rate equals to half of the saturated
emission rate. Obviously, the saturated excitation rate of the molecule, with or without the
plasmonic structure, is proportional to the ratio of the total decay rates over the excitation
rates.

Next, we investigate the saturation of the fluorescence enhanced by a single GNR and by
the GNR dimer. In this study, we represented the enhancements of the decay rates (ξrad and
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Figure 2.6: Fluorescence saturation under one-photon and two-photon excitation. (a, b, c) Schemes of the simula-
tions for one-photon excited fluorescence enhanced by a single GNR (a) and by a GNR dimer (b), for two-photon-
excited fluorescence enhanced by the single GNR and GNR dimer (c). For all cases, the distance from GNR’s tip
was set as 2.5 nm and the excitation wavelength was set as 765 nm. (d, e, g, h, j, k) Saturation of the one-photon
excited fluorescence for single dye molecule with different quantum yields. (d, e, g, h) Excitation power depen-
dence of the one-photon fluorescence with (d, e) or without (e ,h) the enhancement by single GNR (d) or by GNR
dimer (e). (j, k) Overall fluorescence enhancement by single GNR (j) or by the GNR dimer (k). Green dashed lines
in (j, k) represent the dyes that have constant enhancement factor for all excitation powers by single GNR (j) or by
GNR dimer (k), with the quantum yields corresponding to the green dots in the colorbars. Here, for simplicity, we
assumed the dyes with different quantum yields have similar one-photon absorption cross section of σ, and their
emission spectra were all represented by the emission of Alexa Fluor 750 in the simulations. (f, i, l) Saturation of
two-photon-excited fluorescence of a single molecule of Alexa Fluor 633. (f, i) Power dependence of two-photon
fluorescence rates with (f) or without (i) the enhancement by single GNR or by GNR dimer. (l) Power dependence
of two-photon fluorescence enhancement by single GNR or by GNR dimer.
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Knr/k
0
r ) with the averaged enhancement factors for a single molecule of Alexa Fluor 750.

The molecule was placed at the position of d = 2.5 nm from the GNR’s tip, or placed at
the center of the dimer’s gap, as is shown in figures 2.6a, and 2.6b. The excitation enhance-
ment factors were considered as the enhancements of the near-field intensities excited at the
wavelength of 770 nm.

We show the fluorescence rate of the molecule as a function of the excitation rate in
figures 2.6d, 2.6e, 2.6g, and 2.6h, with (d and e) or without (g and h) the enhancement by
single GNR andGNR dimer, respectively. As an assumption, we varied the quantum yield of
the molecule from 10−4 to 1 to investigate the emission saturation for the dyes with different
quantum yield, keeping the intrinsic decay rate (k0

D = 1/τ0) of the dye and the emission
spectrum as constant. As expected and shown in the plots, the fluorescence rate depends
linearly on the excitation rate for small excitation intensities. At high excitation rate, the
emission intensities approach the saturated rates, which could be ether < ξrad > ·k0

D · η0

or k0
D · η0, depending on whether the dye is enhanced or not by the plasmonic structures.

Interestingly, from figures 2.6d and 2.6e, we see that the dye with smaller quantum yield is
easier to be saturated under the enhancement of the single GNR or the dimer, based on the
assumption of similar intrinsic decay rate for all quantum yields.

We compare the overall fluorescence enhancements by the single GNR and by the GNR
dimer for the dyes with different quantum yields in figures 2.6j and 2.6k, respectively. For
each plasmonic structure, below saturation, the fluorescence enhancement factor does not
depend on the excitation power, yet it does depend on the quantum yield of the molecule.
It turns out that the overall fluorescence enhancement is larger for the dye with smaller
quantum yield. Specifically, the enhancement factor ξtotal → ξexc· <ξrad>, as the quantum
yield η0 → 0. Here, ξexc is the excitation enhancement by the plasmon mode. Above
saturation, however, the overall enhancement for all quantum yields approaches to the same
enhancement factor of < ξrad >. By having a closer look at Eq (2.5), we find that for the
dye with the quantum yield of

η0 =
ξexc − 1

<ξrad +Knr/k0
r − 1>

, (2.16)

we see a constant enhancement factor of ξrad for all excitation powers, which can be con-
firmed by the straight lines (green dashed) in figure 2.6j and 2.6k.

Finally, it is also of interest to investigate the saturation of two-photon-excited fluores-
cence, with the enhancement by the single and dimer GNR. As an example, we considered
the Alexa Fluor 633 dye excited at the wavelength of 770 nm. Similar to one-photon case,
the molecule was placed at the position of d = 2.5 nm from the GNR’s tip, or placed at
the center of the dimer’s gap, as shown in figure 2.6c. Due to the stronger excitation en-
hancement, the fluorescence enhanced by the GNR dimer is saturated at smaller excitation
intensity, compared to the single GNR (figure 2.6f). The expected fluorescence rates, ex-
cited at high power, are also limited to the saturated emission rates of < ξrad > ·k0

D · η0

for both structures. At weak excitation, we see much stronger fluorescence enhancement
under two-photon excitation compared to one-photon excitation, which is about 108 by the
GNR dimer, and 105 by the single GNR, as shown in figure 2.6l. The saturated fluorescence
enhancement, however, is the same factor of < ξrad > for both two-photon excitation and
one-photon excitation, which is the averaged enhancement factor of the radiative rate of the
dye by the plasmonic structure.
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2.4. Conclusions

In conclusion, we theoretically investigated the fluorescence enhancement by a single GNR
and by an end-to-end GNR dimer. Compared to single GNR, the GNR dimer with end-to-
end configuration provides stronger enhancements for both near-field intensity and radiative
rate of a dipole. At low excitation power, the stronger near-field enhancement, together with
the stronger radiative enhancement, will introduce much higher overall fluorescence en-
hancement of a single molecule, especially for the two-photon-excited fluorescence, since
two-photon excitation depends quadratically on the excitation intensity. For a GNR dimer
with interparticle gap of 5 nm, we got enhancement factor of 104 for the dye with well
spectral overlapping with the SPR under one photon excitation, which is more than 10 times
higher than the enhancement by the single GNR. For two-photon-excited fluorescence, the
enhancement can reach up to the factor of 108 by GNR dimer, while for single GNR, the
maximum enhancement factor is about 105. Accompanied with the fluorescence enhance-
ment, we also saw significant spectral shaping and lifetime shortening for the fluorescence
of the molecule. Finally, we examined the fluorescence saturation under the enhancement
of single GNR and GNR dimer. Theoretical analysis showed that, at very high excitation
power, the enhanced fluorescence rate from a single molecule will be saturated to a limited
value, which is determined by the intrinsic radiative rate of the molecule, enhanced by the
factor of the radiative enhancement by the plasmonic structure.
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