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Abstract
In this paper, we study the M
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 system with two finite-size 

queues where underlying exponential random variables have state-dependent rates. 
When all servers are busy, upon arrival customers may join the online or the offline/
callback queue or simply balk. Customers waiting in the online queue are impatient 
and if their patience expires, they may choose to join the callback queue instead of 
abandoning the system for good. Customers in the callback queue are assumed to 
be patient. Customers are served following a threshold policy: when the number of 
customers in the callback queue surpasses a threshold level, the next customer to 
serve is picked from here. Otherwise, only after a predetermined number of agents 
are reserved for future arrivals, customers remaining in the callback queue can be 
served. We conduct an exact analysis of this system and obtain its steady-state per-
formance measures. The times spent in both queues are expressed as Phase-type 
distributions. With numerical examples, we present how the policy responds when 
shorter callback times are promised or customer characteristics vary.
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1  Introduction

Providing high service levels with limited workforce has been the major challenge 
in customer contact/call centers. The stress is felt more when callers are impatient, 
who can hang up and be lost if their queueing time turns out to be longer than their 
patience time. As a remedy to this problem, call centers may offer a callback option 
to customers. Such an offer appears more practical and appealing nowadays because 
most customers use smart (or cellular) phones instead of landline phones. With 
smart phones, unless the caller is shortly going to join an environment where she 
will not be able to pick up her phone, waiting to be called back imposes less incon-
venience when compared to a caller that had to wait sitting next to a landline phone 
to receive the same callback service. There is also empirical evidence such as the 
one from Software Advice1 showing that nearly two thirds of the callers prefer the 
callback option instead of waiting on the line.

Obviously, a successfully implemented callback policy leads to fewer customer 
loss and this, in return, increases the proportion of time customer representatives 
work. For such a policy to be successful, customers must be announced a reason-
ably long (or maybe short) time window during which they would be called back, 
possibly coupled with some delay information regarding the online queue. A call-
back during the announced time window can be realized if the callback customers 
can gain priority over those waiting on the line from time to time. Such a dynamic 
prioritization is possible following a threshold policy. Therefore,—if feasible—the 
call center management identifies the threshold level and a customer representative 
completing a service calls the longest awaiting callback customer if the number of 
customers waiting in this queue is more than or equal to this threshold level. This 
would help a desired proportion (e.g., 90%) of those customers be called back within 
the announced time period. Otherwise, i.e., if the number of the callback customers 
is fewer than the threshold level, the call of the longest awaiting customer on the 
line—if there is any—is picked up. While the first-come first-served (FCFS) policy 
arises naturally for the online queue implementing the FCFS policy for the callback 
queue is also easier, in practice, than scheduled call returns. It is also what 67% of 
callers choosing the callback option expect from the call centers according to a sur-
vey conducted by ContactBabel (2016).

To analyze this policy, in this paper, we model the setting as a queueing system 
with two queues, one representing the online and the other the callback customers, 
where customers in either queue can be dynamically prioritized using the threshold 
policy described above. The idea of using the threshold policy to do such a dynamic 
prioritization is due to Armony and Maglaras (2004a, 2004b). However, there are 
differences in the problem settings we study. Armony and Maglaras assume that the 
callback option is offered only to a newly arriving call. They also assume that those 
callers not opting for it and choosing to wait on the line are patient to be eventu-
ally served. We, on the other hand, assume that online customers are impatient. In 

1  https://​www.​softw​aread​vice.​com/​resou​rces/3-​ways-​to-​offer-​callb​ack/

https://www.softwareadvice.com/resources/3-ways-to-offer-callback/
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addition to the newly arriving customers, online customers, upon expiry of their 
patience, can also request to be called back. Regarding the customer characteris-
tics as summarized here, our setting is more similar to that modeled by Brandt and 
Brandt (1999). Yet, Brandt and Brandt, like many of the callback models to be sum-
marized below, stipulate that the online customers are always the high-priority cus-
tomers. In their model, the callback customers can be served only when there are 
no more online customers waiting and after a certain number of agents/customer 
representatives become idle and are reserved for future callers. Thus, they design a 
server reservation policy.

We include the server reservation idea from Brandt and Brandt in our study as 
well. That is to say,—if feasible—the call center management can determine how 
many agents to reserve for future callers: when the online queue is empty and the 
number of awaiting callback customers is below the threshold level, only after the 
determined number of agents start idling while waiting for future calls, any remain-
ing callback customers can be served by the unreserved agents.

Our contribution in this paper is to combine the threshold and server reservation 
policies from the literature in a queueing system with impatient online and patient 
offline/callback customers where the latter over the former can be dynamically 
prioritized for service from time to time. We assume that underlying exponential 
interarrival, service, and patience times have state-dependent rates. This makes the 
model available to approximately analyze the cases with general service and impa-
tience times if, as pointed out by Kanvetas and Balcıog̃lu (2018), future research can 
successfully map the characteristics of the original general distributions on the state-
dependent rates of the approximating exponential random variables.

We obtain the steady-state performance measures of this queueing system such as 
the proportion of customers lost (those hanging up right away or abandoning from 
the online queue for good) and the queueing time distributions in both queues in 
Sects. 2 and 3 , respectively. This enables us to design a problem in a numerical 
study in Sect. 4.1 where the proportion of lost customers is minimized while at least 
a given proportion of the callback customers—if feasible—are called back within 
the announced time window. With narrower time windows, we see that server reser-
vation policy is usually not possible and the threshold level to prioritize the callback 
queue decreases. Yet, with shorter time windows announced, if more customers can 
be induced to opt for the callback, the system starts losing fewer customers without 
degrading the online customer experience seriously. In Sect. 4.2, via another numer-
ical example, we show that the proposed policy can be robust even if arrival and 
abandonment rates can change significantly.

The potential benefits of offering the callback option have led many call centers 
to provide their customers with this service. The 2016 ContactBabel states that 39% 
of the surveyed companies offer the callback option. This has also ignited a recent 
academic research interest on the topic as well. Kim et al. (2012) consider impatient 
online customers who can also request to be called back when their patience expires. 
They assume Markovian arrival process to capture the bursty nature of the call arriv-
als. However, they suggest that the callback customers can be served only if there 
are no online customers left. Dudin et al. (2013) consider any lost customer (directly 
hanging up or abandoning) a callback customer. The customer representatives are 
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grouped into two. Those whose primary customers are online/callback custom-
ers can serve callback/online customers only if there are no more customers in the 
queue they are assigned to. When to offer the callback option is also investigated by 
some researchers. Legros et al. (2016) suggest offering this option only to new cus-
tomers when the number of online customers is above a threshold level. However, 
if such a customer does not choose to be called back, she cannot use this service if 
her patience expires later on. The authors also examine the server reservation policy: 
Depending on the number of customers in the offline queue, the number of busy 
customer representatives, and the type of job in service, the number of representa-
tives to be reserved for the online customers is determined. In this paper and also in 
Legros et al. (2017), the online customers have non-preemptive priority over those 
in the offline queue. Legros et al. design a different postponed callback offer scheme. 
Only the first customer in the online queue, after having waited for a certain amount 
of time, hears the callback option. They obtain the performance measures of interest 
assuming finite size queues when they consider impatience for the online custom-
ers. Ata and Peng (2017) employ a look-ahead policy to determine which customer 
to offer a callback option. Due to the cost structure, they give preemptive-resume 
priority to the online customers. Yom-Tov and Zeitler (2018) point out the impor-
tance of the delay guarantee to make the callback offer appealing to callers and they 
employ a simulation-based approach to determine the appropriate delay guarantee 
depending on the workload over the day. They assume that the callback decision 
is taken only by new arrivals. In their system, the callback customer for whom the 
delay guarantee is about to be violated gains priority and is taken into service.

Another setting where customer representatives serve two queues is when there 
is call blending. That is, in addition to inbound calls, from time to time, agents try 
to make outbound calls. The major difference in this setting, in comparison to ours, 
is that the population of the outbound customers is infinite and there is no service 
guarantee considered for them. The goal could be maximizing the outbound call rate 
as in Bhulai and Koole (2003) and Gans and Zhou (2003) while there could be ser-
vice levels for the inbould calls. Then, the agent reservation policy can be imple-
mented, that is, when the number of agents reserved for the inbound calls reaches a 
threshold, an agent can make an outbound call or respond to an email request. We 
refer the interested reader for further reading on call blending to Deslauriers et al. 
(2007), Pang and Perry (2014), Legros et al. (2015, 2020).

In comparison to the settings in the papers considering the callback option, the 
call center we model in this study provides the callback option not only to new 
callers but also to the impatient online customers. The service policy can reserve 
agents for future arrivals but the fundamental aspect is the threshold policy that 
dynamically prioritizes the callback customers in order to call them back within the 
announced time window.

We obtain the steady-state system size distribution of the underlying queueing 
system by constructing an appropriate continuous-time Markov chain (CTMC). 
With this distribution in hand, we are able to express the proportions of customers 
who hang up, abandon, get served, or request to be called back. Then, we revert our 
attention to obtaining the queueing time distributions and their moments. For both 
customer types in the online and callback queues, after representing a customer’s 
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queueing position via three dimensional CTMC’s, we express the queueing time dis-
tributions as Phase-type distributions (PHD). With these, the call center manage-
ment can decide on what to announce to customers upon their arrival and the lengths 
of time they may need to wait if they choose the callback option. These decisions 
help the management to minimize the proportion of customers lost/to maximize the 
throughput of the call center.

The paper is organized as follows. In Sect. 2, we conduct the exact analysis of 
the underlying queueing system to obtain its steady-state performance measures. 
In Sect.  3, we obtain the queueing time distributions for both the online and call-
back customers. The numerical examples presented in Sect.  4 demonstrate how 
the callback option improves the throughput of customers reached through two 
mediums, the online and the callback queues. Sect.   5 presents conclusions and 
possible directions for future research.

2 � The exact analysis of the M
n
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 queueing system

In this section, we analyze the Mn∕Mn∕c∕(K1 + K2) +Mn queueing system 
to obtain its steady-state system size distribution alongside some frequently 
employed performance measures. This system comprises c parallel and identi-
cal servers and two finite-size queues, that is, the online/primary and the offline 
queues that can accommodate at most K1 and K2 customers, respectively. As a 
subsystem, the online system refers to the servers (or customers being served) and 
(customers waiting in) the online queue. Customers arrive according to a Pois-
son process with rate �0 , and join one of the queues or balk right away depending 
on the number of customers in the online system and offline queue, denoted by n 
and m, respectively. If customers, when they call, are informed about the number 
of customers waiting in the online (as we recommend in Sect.  4.1) and offline 
queues, finite K1 and K2 arise as a result of their equilibrium joining strategy. The 
longer the queue(s) they see upon arrival, the less likely the customers will join 
the related queue(s), and thus, one can have finite queue sizes. We also need them 
to be finite to obtain the queueing time distributions in Sect. 3.

It is reasonable to assume that �n,m = �0 when there are n < c customers being 
served. When all servers are busy and there are j = 0, 1,… ,K1 queued customers 
in the online queue and m = 0, 1,… ,K2 customers in the offline queue, with rate 
�c+j,m/��

c+j,m
 , customers join the online/offline queue or balk right away from the 

system with rate �0 − (�c+j,m + �
�

c+j,m
) . Obviously, �c+K1,m

= 0 for all m.

Remark 1  When the offline queue is full with K2 customers waiting in it, for all n, 
customers balk with rate �0 − �n,K2

 , which includes �′

n,K2
.

In the context of a call center, the online queue corresponds to callers waiting 
on the line for an agent whereas the offline queue to those customers that have 
requested to be called back. While customers in the offline queue are patient, each 
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customer waiting in the online queue has a random patience time. If its queue-
ing time exceeds this random variable (r.v.), the ith queued customer among 
k(= i,… ,K1) customers in the online queue can either renege and leave the sys-
tem without receiving service (which we simply refer to as abandonment/aban-
doning the system) with rate �k,i,m or join the offline queue with rate �′

k,i,m
.

Remark 2  If the offline queue is full, a customer whose patience for waiting expires 
reneges without receiving service, that is, abandons, with rate �k,i,K2

+ �
�

k,i,K2
.

“Successful” customers are those who reach one of the servers either upon their 
arrival or before their patience time expires while waiting in the online queue. Once 
their service starts, customers stay in the system until their service finishes. Upon 
completion of a service, the server picks up the longest awaiting customer in the 
offline queue if there are at least T(= 1,… ,K2 + 1) customers here. If the number 
of customers in the offline queue is fewer than T and there are queued customers in 
the online queue, the longest awaiting customer in the latter is picked for service. 
Although the service priority between the two queues changes depending on the size 
of the offline queue being less than T or not, within each queue customers are served 
according to the FCFS policy. If the online queue is empty, even though there may be 
(fewer than T) customers waiting in the offline queue, the server becomes idle unless 
this would reduce the total number of busy servers to a − 1 , ( 0 ≤ a − 1 ≤ c − 1 ). 
If the offline queue is empty, obviously the server status changes to idle. When the 
online queue is empty and the number of busy servers is to be a − 1 , if there are 
(fewer than T) customers in the offline queue, one of the c − a + 1 idle servers picks 
the longest awaiting customer here keeping the total number of busy servers at a.

Obviously, this dynamic priority policy for choosing the next customer to serve is 
quite flexible and by choosing the parameters appropriately, it can turn into a static 
priority policy. For instance setting T > K2 , customers in the offline queue will have 
to wait until the online queue is empty and c − a idle servers are reserved for future 
arrivals. With this change, one obtains a server reservation policy similar to that 
designed by Brandt and Brandt. If T = 1 , then the customers in the offline queue 
gain a non-preemptive priority over those in the online queue.

Service and patience time r.v.s are assumed to be exponentially distributed. More-
over, the total rate of service ( �n,m ), the total rate of abandonment ( �n−c,m ), and the 
total rate of moving into the offline queue ( ��

n−c,m
 ) are,

�n,m =

�∑n

i=1
�n,i,m, 1 ≤ n ≤ c, 0 ≤ m ≤ T − 1,∑c

i=1
�n,i,m, c + 1 ≤ n ≤ c + K1, 0 ≤ m ≤ K2,

�k,m =

k�
i=1

�k,i,m, 1 ≤ k = (n − c) ≤ K1, 0 ≤ m ≤ K2,

�
�

k,m
=

k�
i=1

�
�

k,i,m
, 1 ≤ k = (n − c) ≤ K1, 0 ≤ m ≤ K2,
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where �n,i,m is the service rate of the server working on the ith oldest customer taken 
into service when there are n/m customers in the online system/offline queue. Simi-
larly, �k,i,m∕�

�

k,i,m
 is the abandonment rate/the rate of moving into the offline queue 

of the ith customer in the online queue when there are k and m customers in the 
online and offline queues, respectively. Thus, information updates on the system 
size upon departures (either in the form of a service completion or abandonment 
or moving into the offline queue) or a new customer arrival, each server (queued 
customer in the online queue) may change its rate of service (rate of abandonment 
or rate of flow into the offline queue). Another reason to allow these rates to change 
when the system state changes is the following: if more accurate methods can be 
devised to map general service and impatience distributions into state-dependent 
rates for exponential random variables as discussed by Kanavetas and Balcıog̃lu, the 
Mn∕Mn∕c∕(K1 + K2) +Mn queue with these rates can be employed to approximately 
analyze the Mn∕GI∕c∕(K1 + K2) + GI queue.

Let ( NP(t) , NC(t) ) denote the number of customers in the online/primary sys-
tem and the offline/callback queue at time t, respectively, which form a two-
dimensional CTMC as depicted in Figs. 1 and 2 . Let

denote the steady-state probability distribution of this CTMC which can be com-
puted following standard techniques. Using them, we can have the steady-state 
probability of having n customers in the online system ( Pn ) and m customers in the 
offline queue ( PC

m
 ) as

�n,m = lim
t→∞

P(NP(t) = n,NC(t) = m), n = 0,… , c + K1,m = 0,… ,K2,

Fig. 1   Part of the two-dimensional CTMC with states when the offline queue has fewer than T customers
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Then, the mean server utilization can be computed as

Let S be the event that a newly arriving customer receives service without moving 
into the offline queue, A the event that she eventually abandons, and C the event that 
she is served after waiting in the offline queue (where she may have joined possibly 
after spending some time in the online queue). Then, recalling Remarks 1 and 2 as 
well, the probability that a customer balks instead of joining either one of the queues 
when all servers are busy is

that she eventually abandons is

(1)

Pn =

⎧
⎪⎨⎪⎩

𝜋n,0, 0 ≤ n ≤ a − 1,∑T−1

m=0
𝜋n,m, a ≤ n < c,∑K2

m=0
𝜋n,m, c ≤ n ≤ c + K1,

PC
m
=

⎧
⎪⎨⎪⎩

∑c+K1

n=0
𝜋n,0, m = 0,∑c+K1

n=a
𝜋n,m, 1 ≤ m ≤ T − 1,∑c+K1

n=c
𝜋n,m, T ≤ m ≤ K2.

(2)U =

∑c

n=1
nPn + c

∑c+K1

n=c+1
Pn

c
.

(3)PB =

∑c+K1

n=c

∑K2−1

m=0
(�0 − �n,m − �

�

n,m
)�n,m +

∑c+K1

n=c
(�0 − �n,K2

)�n,K2

�0
,

Fig. 2   Part of the two-dimensional CTMC with states when the offline queue has more than T − 2 cus-
tomers



1 3

A dynamic prioritization policy for the callback option in…

Therefore, we compute the probability that a customer that cannot join a full offline 
queue when she attempts to join it as follows:

Observe that one part of the PRCB due to �′

n,K2
 is included in PB and the remaining 

part is included in PA . The probability that a customer ever waits in the offline queue 
until service can be computed as

where

is the mean rate of customers joining the offline queue. With these probabilities, the 
remaining probability that a customer is successful can be computed as

Letting WS denote the queueing time r.v. for a successful customer, the probability 
that such a customer does not wait before service is

Before we look into the queueing time distributions more in detail in Sect. 3, observe 
that with PC

m
 as provided in Eq. (1), we can compute E[Nr

C
] , that is the rth moment 

of the number of customers in the offline queue. Invoking the Little’s law, we can 
compute the mean waiting time spent here as

Waiting time distribution and its moments in the offline queue can be alternatively 
computed with the analysis presented in Sect. 3.2.

(4)PA =

∑c+K1

n=c+1

∑K2−1

m=0
�n−c,m�n,m +

∑c+K1

n=c+1
(�n−c,K2

+ �
�

n−c,K2
)�n,K2

�0
.

(5)PRCB =

∑c+K1

n=c
�

�

n,K2
�n,K2

+
∑c+K1

n=c+1
�

�

n−c,K2
�n,K2

�0
.

PC =
�C

�0
,

(6)�C =

K2−1∑
m=0

[
c+K1∑
n=c

�
�

n,m
�n,m +

c+K1∑
n=c+1

�
�

n−c,m
�n,m

]
,

(7)PS = 1 − PA − PB − PC.

(8)P(WS = 0) =

∑c−1

n=0
�0Pn

�0PS

=

∑c−1

n=0
Pn

PS

.

(9)E[WC] =
E[NC]

�C

.
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3 � Queueing time distributions in the online and offline queues

We first characterize the distribution and moments of the time spent in the online 
queue in Sect. 3.1. In addition to WS introduced in Sect. 2, we introduce W and 
WAC denoting queueing time r.v.s of an arbitrary customer in the online queue 
and a customer leaving here (because of abandonment or moving into the offline 
queue), respectively and we obtain the distributions for all three. Then, we obtain 
the distribution and moments of the time spent in the offline queue, denoted by 
WC in Sect. 3.2.

3.1 � Queueing time distribution in the online queue

Since an arbitrary customer in the online queue (with the online queue time r.v W) is 
either a successful customer (with the online queue time r.v. WS ) or a customer who 
leaves the online queue by eventually abandoning or becoming a callback customer 
(with the online queue time r.v. WAC ), employing the law of total probability, one has 
the following relationships for their complementary queueing time distributions and 
their rth moments, respectively:

where QS is the probability that a customer, out of those who join the online system, 
is successful, and is computed as

with PB given in Eq. (3) and PCD , i.e., the probability that a customer upon arrival 
moves into the offline queue without ever entering the online queue, being

We first obtain the statistics of W for which we employ the r.v.s N�
P
 and N�

C
 denoting, 

respectively, the number of customers found in the online system and offline queues 
upon arrival by a customer joining the online system with the following steady-state 
distribution:

where

(10)
P(W ≥ w) =QSP(WS ≥ w) + (1 − QS)P(WAC ≥ w),

E[Wr] =QSE[W
r
S
] + (1 − QS)E[W

r
AC
],

QS =
PS

1 − PB − PCD

,

PCD =

∑c+K1

n=c

∑K2−1

m=0
�

�

n,m
�n,m

�0
.

P(N�

P
= n,N�

C
= m) =

�n,m�n,m

�P

, n = c,… , c + K1 − 1,m = 0,… ,K2,

�P =

c+K1∑
n=0

K2∑
m=0

�n,m�n,m = �0(1 − PB − PCD),
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is the mean arrival rate at the online system. Considering all the possible numbers of 
customers in the online system (n) and in the offline queue (m) that an arrival to join 
the online queue can find and their corresponding probabilities, we invoke the law of 
total probability to write

Consider Wn−c+1
m

 , which is the queueing time r.v. of a “tagged” customer joining the 
online queue when there are n − c(≥ 0)/m customers in the online/offline queue (in 
other words, Wn−c+1

m
≡ W|N�

P
= n,N�

C
= m ). This r.v. is the time spent until absorp-

tion in a CTMC (to be referred to as CTMCP ) where absorption occurs if this cus-
tomer abandons, moves into the offline queue or eventually reaches one of the c par-
allel servers. This means that Wn−c+1

m
 follows a PHD. The CTMCP consists of three 

dimensional states of the form (i, j, k) denoting that the tagged customer is the ith 
queued customer from the head of the online queue when there are j/k customers in 
the online system/offline queue. Observe that the rate of leaving the state (i, j, k) is

and does not depend on i.
Wn−c+1

m
 for the tagged customer starts in state ( n − c + 1, n + 1,m ) of the CTMCP . 

We denote reaching one of the c parallel servers by a state of the form (0,j,k), c ≤ j , 
k = min{m,T − 1},… , T − 1 , if T > 1 . If T = 1 , then k = 0 when the customer 
reaches a server. To characterize the underlying PHD (see, e.g. Altıok 1997,  Sec-
tion 2.8), we need

–	 the L × L � matrix that lists the transition rates among the transient states where L is 
the number of transient states

–	 the 1 × L initial probability vector � which has 1 for the entry corresponding to the 
starting state ( n − c + 1, n + 1,m ) and 0’s for other transient states.

We next discuss how we determine L, and characterize � and � under three cases.
When T = 1: Recall that this leads to a policy giving non-preemptive priority to 

the customers in the offline queue. Starting from the state ( n − c + 1, n + 1,m ), 
until the tagged customer leaves the online queue (abandoning/moving into offline 
queue) or moves one step closer to the head of the queue (or she is picked by one of 
the servers if n = c and k = 0 ), the following transient states ( n − c + 1, j, k ) can be 
visited in the CTMCP , j = n + 1,… , c + K1 and k = 0,… ,K2 . That is, there are 
(K2 + 1) × (c + K1 − n) transient states the CTMCP that can be visited while the cus-
tomer stays as the n − c + 1 st queued customer. Other transient states when the cus-
tomer is the ith queued customer can be identified in the same way and with some alge-
bra, one can determine

(11)

P(W ≥ w) =

c+K1∑
n=c

K2∑
m=0

P(W ≥ w|N�

P
= n,N�

C
= m)

�n,m�n,m

�P

,

E[Wr] =

c+K1∑
n=c

K2∑
m=0

E[Wr|N�

P
= n,N�

C
= m]

�n,m�n,m

�P

.

(12)�j,k = �j,k + �j,k + �
�

j,k
+ �j−c,k + �

�

j−c,k
,
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Indexing states (1, c + 1, 0),… , (1, c + 1,K2), (1, c + 2, 0),… as the 1st, 
… K2 + 1st, K2 + 2 nd … , states, the initial probability vector � has 1 in its 
[A − (K1 − n + c)] × B + (m + 1) st entry.

The � matrix can be constructed using Fig.   3, which is an example demon-
strating how one can move to the neighboring transient states of the transient 
state (i, j, k) in the CTMCP . Otherwise, with rate �j−c,i,k/�

�

j−c,i,k
 , the process can end 

in the absorbing states of abandonment/moving into the offline queue or with rate 
�c+1,0 (when i = 1 and k = 0 ) in the absorbing state of reaching a server. When 
k = 0 , �j,0 is added to 

∑i−1

l=1
�j−c,l,0 yielding the rate with which the CTMCP in 

Fig. 3 moves from state (i, j, 0) to state ( i − 1, j − 1, 0).
When T > 1 , m < T: Starting from the state ( n − c + 1, n + 1,m ), until 

the tagged customer moves into an absorbing state or one step ahead in the 
queue, there are (K2 − m + 1) × (c + K1 − n) transient states as (n − c + 1, j, k ), 
j = n + 1,… , c + K1 and k = m,… ,K2 that can be visited. The transient states that 
can be visited when the customer occupies the ith position in the online queue 
can be identified similarly. Then, one can calculate

Indexing states (1, c + 1,m),… , (1, c + 1,K2), (1, c + 2,m),… as the 
1st, … K2 − m + 1st, K2 − m + 2 nd … , states, the � vector has 1 in its 
[A − (K1 − n + c)] × B

�

+ 1 st entry.
The � matrix can be constructed as explained in Fig.   3 with the following 

change: When k < T  , �j,k is added to 
∑i−1

l=1
�j−c,l,k and this gives the rate that one 

L = [(n − c + 1)K1 − (n − c + 1)(n − c)∕2] × (K2 + 1) = A × B.

L = [(n − c + 1)K1 − (n − c + 1)(n − c)∕2] × (K2 − m + 1) = A × B
�

.

Fig. 3   The transition rate diagram of moving from the transient state (i,  j,  k) to neighboring transient 
states when K

1
> j − c > i > 1 , 0 < k < K

2
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moves from state (i,  j, k) to state ( i − 1, j − 1, k ) in the CTMCP in Fig. 3. Other-
wise (when k ≥ T  ), with rate �j,k , one moves from state (i, j, k) to state ( i, j, k − 1).

When T > 1 , m ≥ T: Starting from the state ( n − c + 1, n + 1,m ), until the tagged 
customer moves into an absorbing state or one step ahead in the queue, there are 
(K2 − T + 2) × (c + K1 − n) transient states as ( n − c + 1, j, k ), j = n + 1,… , c + K1 
and k = T − 1,… ,K2 that can be visited. The transient states of CTMCP when the cus-
tomer is in the ith position in the online queue can be identified similarly and one can 
calculate

Indexing states (1, c + 1, T − 1),… , (1, c + 1,K2), (1, c + 2, T − 1),… as 
the 1st, … K2 − T + 2nd, K2 − T + 3 rd … , states, the � vector has 1 in its 
[A − (K1 − n + c)] × B

��

+ (m − T + 2) nd entry.
The � matrix can be constructed as explained in the previous case.
With the L × L identity matrix � , and the L × 1 vector � of 1’s, for Wn−c+1

m
 , we have 

the moments

and the complementary distribution

with which, via Eq. (11), we can obtain P(W ≥ w) and E[Wr].
When it comes to WS , i.e., the queueing time of a successful customer, with parallel 

reasoning to the derivation of Eq. (11), we can write

where

for which we need to compute P(S|N� = n,N�
C
= m).

Let qi,j,k denote the probability that the ith customer from the head of the online 
queue will eventually be served (without flowing into the offline queue) when there are 
a total of j/k customers in the online system/offline queue. Then, with q0,j,k = 1 , and 
considering the possible one-step transitions (e.g., Fig. 3) for the ith customer in the 
online queue when there are j/k customers in the online system/offline queue, we have

and for i ≥ 1, j ≥ c, k < T , T > 1 , with �j,k as given in Eq. (12)

L = [(n − c + 1)K1 − (n − c + 1)(n − c)∕2] × (K2 − T + 2) = A × B
��

.

(13)E[(Wn−c+1
m

)r] = E[Wr|N� = n,N�

C
= m] = (−1)rr!��−r

�,

(14)P(Wn−c+1
m

≥ w) = P(W ≥ w|N� = n,N�

C
= m) = � exp(�w)��,

P(WS ≥ w) =

c+K1∑
n=c

K2∑
m=0

P(WS ≥ w|N� = n,N�

C
= m, S)P(N� = n,N�

C
= m|S),

P(N� = n,N�

C
= m|S) = P(S|N� = n,N�

C
= m)P(N� = n,N�

C
= m)

QS

,

P(S|N� = n,N�

C
= m) =qn−c+1,n+1,m,
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When T = 1 and k > 1 or when k ≥ T > 1 , Eq. (15) slightly changes and instead of 
the first expression on the RHS, the following needs be substituted:

Combining all these we have

Now let us consider Wn−c+1,m

S
 , which is the queueing time r.v. of a tagged “success-

ful” customer joining the online queue when there are n − c(≥ 0)/m customers in the 
online/offline queue. This r.v. has also a PHD since it is the time spent until absorp-
tion in one of the states (0,j,k), c ≤ j , ( k = min{m,T − 1},… , T − 1 , if T > 1 and 
k = 0 if T = 1 ) in which the customer reaches a server in a three-dimensional CTMC 
that has the same transient states as those in CTMCP . The difference is that this cus-
tomer neither abandons nor moves into the offline queue. Thus, in addition to � and 
� introduced earlier, we need another L × 1 vector �

S
 that has 0’s as entries except 

for �j,k for entries corresponding to states when i = 1 and k < T  . In other words, this 
is the vector of transition into the absorbing state (i.e., reaching one of the servers) 
for a successful customer.

Then, one can show that

which is multiplied by P(N� = n,N�
C
= m|S) given in Eq. (16) and summed over for 

all possible n and m values to compute the rth moment and variance of a successful 
customer’s queueing time as follows:

Similarly, after the complementary distribution

(15)

qi,j,k =
�j,k +

∑i−1

l=1
�j−c,l,k

�j,k
qi−1,j−1,k +

∑i−1

l=1
�

�

j−c,l,k

�j,k
qi−1,j−1,k+1 +

�j,k

�j,k
qi,j+1,k

+
�

�

j,k

�j,k
qi,j,k+1 +

∑j−c

l=i+1
�j−c,l,k

�j,k
qi,j−1,k +

∑j−c

l=i+1
�

�

j−c,l,k

�j,k
qi,j−1,k+1.

�j,k

�j,k
qi,j,k−1 +

∑i−1

l=1
�j−c,l,k

�j,k
qi−1,j−1,k.

(16)P(N� = n,N�

C
= m|S) = �n,m�n,mqn−c+1,n+1,m

�PQS

=
�n,m�n,mqn−c+1,n+1,m

�0PS

.

(17)E[(Wn−c+1,m

S
)r] ≡ E[Wr

S
|N� = n,N�

C
= m, S] =

r!��−(r+1)
�
S

�(−�)−1�
S

,

(18)
E[Wr

S
] =

c+K1∑
n=c

K2∑
m=0

E[Wr
S
|N� = n,N�

C
= m, S]

�n,m�n,mqn−c+1,n+1,m

�0PS

,

Var[WS] =E[W
2
S
] − E[WS]

2.

P(Wn−c+1,m

S
≥ w) ≡ P(WS ≥ w|N� = n,N�

C
= m, S) =

−� exp(�w)�−1
�
S

�(−�)−1�
S

,
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is multiplied by P(N� = n,N�
C
= m|S) given in Eq. (16) and summed over for all 

possible n and m values, we can compute the probability that a successful custom-
er’s queueing time exceeds w as

With the distributions and the moments of the queueing time r.v.s W and WS in hand, 
those of WAC can be found from Eq. (10).

3.2 � Queueing time distribution in the offline queue

The analysis to obtain the distribution of WC follows similar patterns to that we have 
presented for W in Sect.  3.1. Consider a tagged customer joining the offline queue 
as the mth ( m = 1,… ,K2 ) customer here while there are n ( n = c,… , c + K1 ) cus-
tomers in the online system. Let us denote this r.v. with Wn,m

C
 and its rth moment 

with E[(Wn,m

C
)r] . There are two types of customers who can enter the offline queue to 

have Wn,m

C
 as its offline queue time r.v.:

(i) a customer finding n/m − 1 customers in the online system/offline queue upon 
arrival who immediately moves into the offline queue with rate ��

n,m−1
,

(ii) a customer in the online queue when there are n + 1/m − 1 customers in the 
online system/offline queue whose patience expires and moves into the offline 
queue with rate ��

n+1−c,m−1
.

Thus,

where �C is given in Eq. (6)
W

n,m

C
 follows a PHD because it can be represented as the time until absorbtion 

(i.e., until the tagged customer reaches one of the servers) in a three-dimensional 
CTMC (to be referred to as CTMCC ) where the state (i,  k,  j) denotes that the 
tagged customer is the ith queued customer from the head of the offline queue 
when there are k/j customers in the offline queue/online system. Observe that the 

(19)P(WS ≥ w) =

c+K1∑
n=c

K2∑
m=0

P(WS ≥ w|N� = n,N�

C
= m, S)

�n,m�n,mqn−c+1,n+1,m

�0PS

.

(20)

P(WC ≥ w) =

K2∑
m=1

[
c+K1∑
n=c

P(Wn,m

C
≥ w)

�
�

n,m−1
�n,m−1

�C

+

c+K1−1∑
n=c

P(Wn,m

C
≥ w)

�
�

n+1−c,m−1
�n+1,m−1

�C

]
,

E[Wr
C
] =

K2∑
m=1

[
c+K1∑
n=c

E[(Wn,m

C
)r]

�
�

n,m−1
�n,m−1

�C

+

c+K1−1∑
n=c

E[(Wn,m

C
)r]

�
�

n+1−c,m−1
�n+1,m−1

�C

]
,
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rate of leaving the transient state (i, k, j) is �j,k as given in Eq. (12). The absorp-
tion state is represented as (0,k,j), a ≤ j , k = 0,… ,K2 − 1 . To characterize the 
underlying PHD fully, one needs

–	 the LC × LC �
�
 matrix that lists the transition rates among the transient states 

where LC is the number of transient states
–	 the 1 × LC initial probability vector �

C
 which has 1 for the entry corresponding 

to the starting state (m, m, n) and 0’s for other transient states.

We next discuss how we determine LC , and characterize �
�
 and �

C
 under two 

cases.
When T = 1: In this case, customers in the offline queue have non-preemptive 

priority over those in the online queue. Starting from the state (m, m, n), until the 
tagged customer moves one step closer to the head of the queue (or she is picked by 
one of the servers), one can visit states (m, k, j), j = c,… , c + K1 and k = m,… ,K2 
in the CTMCC . That is, there are (K2 − m + 1) × (K1 + 1) transient states in the 
CTMCC that can be visited while the customer stays as the mth queued customer. 
Other transient states when the customer is the ith queued customer can be identified 
in the same way and with some algebra, one can determine

Indexing states (1, 1, c),… , (1,K2, c), (1, 1, c + 1),… as the 1st, … K2

th, K2 + 1 st … , states, the initial probability vector �
C
 has 1 in its 

[K2(K2 + 1) − (K2 − m + 1)(K2 − m + 2)] × [(K1 + 1)∕2] + (n − c)(K2 − m + 1) + 1 st 
entry.

Figure 4 is an example demonstrating how one can move to the neighboring tran-
sient states of the transient state (i, k,  j) in the CTMCC . We order the neighboring 
states in accordance with the way we index the transient states as explained above. 
That is, if (i, k, j) is the Mth transient state, (i, k + 1, j) is the M + 1 st state, (i, k, j − 1) 

LC = [K2(K2 + 1) − (K2 − m)(K2 − m + 1)] × (K1 + 1)∕2.

Fig. 4   The transition rate 
diagram of moving from the 
transient state (i, k, j) to neigh-
boring transient states when 
i > 1 , c ≤ j < c + K

1
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and (i, k, j + 1) are the M − (K2 − k) + 1 st and M + (K2 − k) + 1 st transient states, 
respectively.

When T > 1: Starting with state (m,  m,  n), one can visit states (m,  k,  j) in 
the CTMCC for j = c,… , c + K1 and k = m,… ,K2 or for j = a,… , c − 1 and 
k = m,… , T − 1 . This means there are (K2 − m + 1) × (K1 + 1) + (c − a) × (T − m) 
transient states that can be visited in the CTMCC while the customer stays as the mth 
queued customer. Other transient states when the customer is the ith queued cus-
tomer can be identified in the same way and with some algebra, one can determine

where A���

= (T − m − 1)(T − m)∕2 for m ≤ T  and 0 otherwise.
Indexing states (1, 1, a),… , (1, T − 1, a), (1, 1, a + 1),… , (1, 1, c) as the 1st, … 

T − 1st, Tth … , (c − a)(T − 1) + 1 st states, the initial probability vector �
C
 has 1 in 

its [K2(K2 + 1) − (K2 − m + 1)(K2 − m + 2)] × [(K1 + 1)∕2] + (n − c)(K2 − m + 1) 
+ (c − a) × [(T − 1)T − A

���

]∕2+A∗+1st entry where

Figure 4 holds true showing how one can move to the neighboring transient states 
of the transient state (i, k, j) if k ≥ T  or j = a . Otherwise, with rate �j,k + �j−c,k , the 
CTMCC moves from state (i, k, j) to state ( i, k, j − 1).

Having obtained �
�
 and �

C
 , with the LC × LC identity matrix � , and the LC × 1 

vector � of 1’s, Eqs. (13) and (14) can be employed to compute E[(Wn,m

C
)r] and 

P(Wn,m

C
≥ w) . Finally, Eq. (20) yields the moments (in specific, an alternative to 

Eq. 9 for E[WC] ) and tail distribution of WC.

4 � The numerical examples

In this section, we first consider a small size call center example in Sect.  4.1, to 
demonstrate how dynamic prioritization of customers in the offline queue under 
the threshold policy helps the management improve the system performance while 
trying to meet the standards announced to callers. We also explore how the policy 
responds when customers are announced shorter time windows to call back. Later, 
in Sect. 4.2, in a larger call center, we observe what may happen to the threshold 
level T and the number of agents c − a reserved for future customers (when the call-
back queue has fewer than T customers) if the customer arrival rate increases and/or 
the customers become more impatient.

In both examples, customers call according to a Poisson process with rate �0 . 
A customer reaching a server receives service for an exponential amount of time 
with rate � = 1 . Those who need to wait in the online queue have exponentially 

LC =[K2(K2 + 1) − (K2 − m)(K2 − m + 1)] × (K1 + 1)∕2

+ (c − a) × [(T − 1)T − A
���

]∕2,

A∗ =

⎧⎪⎨⎪⎩

(n − c)(K2 − m + 1), m ≥ T ,

(c − a)(T − m) + (n − c)(K2 − m + 1), m < T , n ≥ c,

(n − a)(T − m), m < T , n < c.
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distributed patience times with rate � . We assume that service and reneging rates are 
constants since we prefer focusing on the policy without complicating the notation.

Estimating/constructing the arrival rate function depending on the state of a sys-
tem, which is going to offer the callback option is challenging if prior data does 
not exist. For instance, if a call center providing no callback option is considering 
to announce something like “If you request to be called back, we will reach you in 
10 minutes” to allure some customers to opt for the callback option, they may be 
unable to foresee how such a promise can change the behavior of callers. Similarly, 
announcements can alter the distribution of their patience times as well (see Akşin 
et  al. (2017) for an empirical study on the customer behavior depending on delay 
announcements). Yet, exploring this type of behavioral change is beyond the scope 
of our study and deserves a multidisciplinary research effort involving psychology 
and marketing as well. We refer the reader to Hathaway et al. (2019) who attempt to 
fill this gap via an empirical study.

In this setting, the first thing the call center has to decide is what to announce new 
callers that need to wait in the online queue. In Sect. 4.1, we suggest that announc-
ing in which position customers are about to join the online queue be sufficient since 
it is more difficult to predict other delay statistics and this could also be misleading 
as to be discussed in that section. In Sect. 4.2, on the other hand, since we would 
like to focus on the impact of higher �0 and � , customers are solely informed if all 
agents are busy when they call. In both sections, we assume that announcing call-
back related delay statistics will not change �n and � that we have when no callback 
is offered but only �′

n
 and �′ . Yet, one can use the model, envisioning a wide range 

of changes in customer behavior, to test whether the resources could serve the goal 
set (e.g., minimizing the proportion of customers who hang up or abandon) while 
meeting the service levels announced (to call a customer back in a certain period of 
time). To this end, we present a small example in Sect. 4.1 where arrival rates may 
change when the callback option is offered.

4.1 � The small call center example

In this example, designed to demonstrate how the policy responds when shorter time 
windows to call back are announced, five agents ( c = 5 ) serve customers and we set 
�0 = 5 and � = 0.5 . We assume that a customer finding n in the online system joins 
the online queue with rate

implying that K1 = 10.
In Table 1, the performance measures of interest are listed in the Performance 

Measures column. The values these measures take when no callback option is 
offered are presented in the No Callback column. We see that the proportion 
of customers lost, P(Loss) = PB + PA = 17% , is quite high where PB and PA are 
given in Eqs. (3), (4), respectively. Thus, offering a callback option operating 
under the proposed threshold policy can be used to minimize P(Loss). Notice that 

�n =

{
5, 0 ≤ n ≤ 5,

5
15−n

10
, n ≥ 6,
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losing customers makes other performance measures to appear somewhat mis-
leadingly good. In the No Callback column, we see that the average server utiliza-
tion U = 83% (given in Eq. 2) is low. If we also compute the following statistics 
for successful customers that wait in the online queue before their service starts,

together with Eqs. (8), (19), and (18), we see that for only 4.5% of them the queue-
ing time exceeds the mean service time of 1. Yet, is it reasonable to announce 
P(WS ≥ 1|WS > 0) = 4.5% (which is due to a large proportion of customers lost) 
as “Those who choose to wait can reach an agent in around 1 minute,” (assuming 
that the unit time is a minute)? Sharing such an information may radically change 
the customer behavior: all customers may choose to join the online queue and wait 
patiently anticipating a wait of 1 time unit converting the system to an M/M/5 queue 
with � = 1 . Thus, unless more agents are hired, this announced statistics cannot be 
realized.

On the other hand, if the management aims at diverting callers to the callback 
queue, some sort of anticipated delay information has to be shared stating that 
such requests will be handled within Dc time units. In a probabilistic environ-
ment such goals cannot be met 100% of the time unless – practically useless 
– Dc = ∞ is announced. Therefore, for this example, we assume that as long as 
P(WC ≥ Dc) ≤ 10% , the management can consider the promise made to callers to 
have been met.

P(WS ≥ w|WS > 0) =
P(WS ≥ w)

1 − P(WS = 0)
,

E[Wr
S
|WS > 0] =

E[Wr
S
]

1 − P(WS = 0)
,

Table 1   Comparison of the different policies with or without the callback option

Performance No D
c
= 10 D

c
= 8 D

c
= 6 D

c
= 4 D

c
= 2 D

c
= 2 and m

Measures Callback T > K
2

T > K
2

T = 9 T = 7 T = 1 T = 1

a = 4 a = 5 a = 5 a = 5 a = 5 a = 5

P(Loss) 17% 15% 14% 12% 8% 8% 9%
P
C

3% 5% 10% 24% 44% 46%
P
S

83% 82% 81% 78% 68% 48% 45%
U 83% 85% 86% 88% 92% 92% 91%
P(W

S
= 0) 52% 49% 45% 38% 30% 44% 51%

P(W
S
≥ 1|W

S
> 0) 4.5% 4.5% 4.5% 4.9% 9.2% 25% 26%

E[W
S
|W

S
> 0] 0.36 0.36 0.36 0.37 0.45 0.77 0.8

Var[W
S
|W

S
> 0] 0.10 0.10 0.10 0.11 0.29 0.89 1

P(W
C
≥ D

c
) 4.6% 2.5% 8.8% 9.8% 11% 10%

E[W
C
] 3.43 2.2 2.7 2.4 0.9 0.8

Var[W
C
] 9.9 4.6 4.7 1.5 0.7 0.7
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Setting K2 = 15 in cases with the callback option results in negligibly small PRCB 
given in Eq. (5). Since a single Dc is to be announced, we assume that the following 
rates do not depend on m, namely, the offline queue length at the instant when a cus-
tomer may decide to join the offline queue,

When shorter Dc is announced, we increase � and through this linear model, we cap-
ture the rise in the proportion of customers choosing the callback option. We assume 
that when their patience expires customers from the online queue are more likely 
(by 10%) to choose the callback option than those who join the callback queue right 
away instead of balking.

What happens if Dc is chosen to be 10 time units? Dc = 10 may appear as a long 
time and may not be too convincing for many callers to opt for the callback, thus, 
we assume that � = 0.1 . That is, 10% of the callers that would hang up and 20% of 
online customers who would abandon if a callback option were not offered request 
to be called back if Dc =10. The Dc = 10 column in the table lists the results: The 
policy of Brandt and Brandt, giving non-preemptive priority to the online custom-
ers (since T > K2 ) satisfies the constraint P(WC ≥ 10) = 4.6% < 10% . The policy 
reserves one of the servers for future arrivals and callback customers are served by 
whoever gets idle from the remaining a = 4 servers. One can use the alternative pol-
icy with T = 11 and a = 4 (reserving one agent for future calls but from time to time 
allowing dynamic prioritization of callback customers) that gives the same P(Loss) 
and even slightly reduces E[WC] and Var[WC].

Among all the cases with a callback option to be discussed, Dc = 10 case is the 
only one where the system can reserve one server for future arrivals while never 
dynamically prioritizing the callback customers. For instance if Dc = 8 , assuming a 
higher � = 0.2 , the system can still give non-preemptive priority to the online cus-
tomers but with a = 5 , that is reserving no agents. Here, P(Loss) gets lower to 14%. 
Loosing fewer customers than in the previous cases, as expected, makes servers bus-
ier. Fewer customers lost together with a higher proportion of callback customers 
served, through Eq. (7), decreases PS as well. One can employ alternative policies 
yielding the same P(Loss) . The policy with T = 12 and a = 5 slightly reduces E[WC] 
and Var[WC] , while the policy with T = 6 and a = 4 increases them.

When Dc is lowered to 6, we set � = 0.4 , the callback customers need be pri-
oritized when their number is at least (T =)9 and the statistics P(WS ≥ 1|WS > 0) , 
E[WS|WS > 0] , and Var[WS|WS > 0] start getting slightly higher than those in the 
no callback case as listed in Dc = 6 column. Note that for Dc = 10 and Dc = 8 , these 
statistics have stayed the same as in the no callback case while only P(WS = 0) has 
got lower. In these two cases, callback customers have lower priority, thus, their 
impact is negligible for successful customers that need to wait. Their service times 
shorten the periods over which successful customers could have otherwise found 
idle servers. In cases with T < 15 , on the other hand, more callback customers start 
delaying the successful customers waiting in the online queue and the related statis-
tics start getting higher than those in the no callback case.

�
�

n
=�(5 − �n), n = 5,… , 15,

�
�

k,i
=(� + 0.1)0.5, k = 1,… , 10, i = 1,… , k.
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For Dc = 6 , if we attempt to reserve one server for future arrivals by setting 
a = 4 , T should get lower to 5. Although this set up also gives 12% as the pro-
portion of lost customers, the statistics for successful customers get worse, e.g., 
E[WS|WS > 0] increases to 0.4.

When Dc = 4 , we increase � to 0.7 for which the results are listed in Dc = 4 
column. Now that 24% of the customers are served from the callback queue, we 
are not surprised to see that with T = 7 , prioritization of this queue starts when 
its length is shorter than for the case with Dc = 6 . As seen, although the mean 
server utilization increases, since fewer customers are lost, the statistics for the 
successful customers get worse.

Offering much shorter callback time may lead any delayed customer to choose 
the callback option which would again make the mean server utilization 100%. 
Obviously, in this case, the queue length will explode and the announcement will 
become a false announcement. However, the system can stop improving even 
before such a “perfect” announcement is made. Consider Dc = 2 for which � = 0.8 
and the results are listed in the second last column. The system can respond to 
this only by giving non-preemptive priority to the callback customers by setting 
T = 1 . Observe that even in this case at its best, P(WC ≥ 2) = 11% is larger than 
10% and this is a violation of the announced delay statistics. Even if this were 
acceptable, we do not see a further reduction in P(Loss). More people opt for the 
callback option and for them the statistics get better (e.g., the mean callback time 
is 0.9) but those for the delayed successful customers get worse when compared 
to their statistics discussed in the previous columns.

Although, as stated in the introduction of this section, we are not focusing 
on customer behavioral changes that may affect the arrival rates once the call-
back option is offered, suppose that in addition to Dc = 2 , customers are not only 
informed in which order they would join the online queue but that in the offline 
queue as well. Let us assume that the arrival rate changes as follows when the 
callback is offered

with ��

n,m
= 0.8�n,m . That is, when the customers perceive the offline queue length 

as short (with less than five callback customers) and considering the Dc = 2 infor-
mation, too, now it is less appealing for them to join the online queue in the second 
or a later position. For instance, while we had �6,1 = �6 = 4.5 with ��

6,1
= �

�

6
= 0.4 

when only Dc = 2 were announced, now we have �6,1 = 2.304 with ��

6,1
= 1.8432 . 

The results are listed in the last column in Table  1. These results slightly differ 
with respect to the corresponding ones listed in the column on their left. Although 
P(Loss) at 9% is higher by 1%, now the constraint P(WC ≥ 2) = 10% is met.

In summary, the results indicate that due to the flexibility of the dynamic pri-
oritization of the callback customers the proportion of lost customers can reduce 
from 17% to 8% while increasing the mean server utilization.

�n,m =

⎧⎪⎨⎪⎩

5, 0 ≤ n ≤ 5, ∀m,

0.8(4−m)5
15−n

10
, n ≥ 6, m = 0, 1,… , 4,

15−n

10
, otherwise ,
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4.2 � The large call center example

In the previous section, we observe how the proposed policy changes when stricter ser-
vice levels are promised to customers. In this section, we vary the arrival rate �0 and 
the rate of abandonment � to observe their impact on the callback policy parameters. 
To do this, we consider a larger call center example with c = 100 agents where call-
ers are only informed if they need to wait on the line and are offered to be called back 
in E[WC] ≤ 0.1 , namely, in one tenth of the mean service time. We set K1 = 40 and 
K2 = 100 , which are effectively setting both queue capacities to infinity as verified by 
the corresponding simulation runs in which these capacities were infinite. However, as 
the queue capacities get larger, the Matlab code, in which the analytical model is imple-
mented, slows down. We run the code on a Windows-based computer with Intel(R) 
Core(TM) i5-7200U CPU at 2.50 Hz, and in the example to be presented here, it fails to 
obtain the queue time distributions derived in Sect. 3 because the PHD matrices needed 
get too large. Luckily, we are still able to obtain �n,m and, thus, P(Loss) = PB + PA via 
Eqs. (3), (4), the server utilization U from Eq. (2), and E[WC] from Eq. (9) in a couple 
of seconds. We assume that a customer joins the online queue with rate

In other words, 40% of the customers finding all agents busy hang up if no callback 
option is offered. If the callback option is offered,

In other words, 80%/90% of customers that would hang up/abandon without a call-
back option would choose this service upon arrival/while quitting the online queue. 
Note that the choice of these rates is not particularly important. What we aim is to 
have some probability of loss when no callback option is offered and to prevent the 
agent utilization from approaching the inhumane 100%, especially when the call-
back option is available. With this simple setup for determining the rates, we vary �0 
from 95 to 105 and � from 0.5 to 2. We do not present the results for the intermedi-
ate values because those for the lowest and highest values of these two parameters, 
as we do in Table 2, would be sufficient for discussion. Here, under each �0 value, 
we list three columns, the first one describing the policy, the second and third ones 
giving the average agent utilization, U, the probability of lost customers, P(Loss), 
respectively. The first three rows where the results in percentages are displayed are 
when customers are more patient with � = 0.5 , whereas the last three rows are for 
more impatient customers with � = 2 . For each case, that is for each ( � , �0 ) pair, we 
present the results for three policies. The No Callback policy, as the name implies, 
shows us the server utilization and the proportion of customers lost when no call-
back is offered. We see that as �0 increases both statistics increase: server utilization 
from 91% to 95%, and P(Loss) from 4.3% to 9.7%/9.8% when � = 0.5/2. P(Loss) is 
much smaller when compared to the same statistics in Table 1. This seems to be the 

𝜆n =

{
𝜆0, 0 ≤ n ≤ 99,

0.6 × 𝜆0, 100 ≤ n < 140.

�
�

n
=0.8(�0 − �n), n = 100,… , 140,

�
�

k,i
=0.9 × �, k = 1,… , 40, i = 1,… , k.
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case when the number of agents is high as we can see in the numerical examples of 
Brandt and Brandt, Yom-Tov and Zeitler, etc.

Still, in all the cases, offering a callback option reduces P(Loss) by 2.1% to 
3.4%, which is significant. For each case, the optimal policy results are listed 
in their respective second row. For instance, for ( � = 0.5 , �0 = 95 ), the optimal 
policy reserves c − a = 100 − 98 = 2 agents for future arrivals as long as there 
are fewer than T = 4 customers in the offline queue. When 4 or more customers 
wait to be called back, an agent finishing a service picks up the next customer 
from the offline queue. When this policy is implemented, P(Loss) decreases by 
2.1% from what it is for the no callback policy (4.3%) to 2.2%. For each case, in 
their respective third row, we also present the optimal policy when a = 100 , i.e., 
when no agent reservation is allowed. In this policy, therefore, T is optimized. 
Using this sub-optimal policy increases P(Loss) by at most 0.2%, as in, e.g., the 
( � = 0.5 , �0 = 105 ) case.

What do we see in the results of Table 2? For the policies with a = 100 , when 
� is fixed, we see that T gets smaller as �0 increases. Although the impatience 
of customers makes the queue dynamics complicated (since an abandoning 
customer may help the next arrival be served in the online system), in these 
cases more customers choosing the callback option must have caused a strain on 
the constraint of E[WC] ≤ 0.1 so that the policy responds by lowering T. When 
�0 = 95 , T increases when � increases. However, for the ( � = 2 , �0 = 95 ) case, 
even if we used a = 100 , T = 6 P(Loss) would increase only by 0.01%.

When optimal policies are compared, we see that when �0 or � increases, one 
more agent is reserved for future arrivals by setting a = 97 . However, if we used 
a = 98 , T = 4 , which is the optimal policy of the ( � = 2 , �0 = 95 ) case, as a sub-
optimal policy for the other three cases, P(Loss) would increase, at most, by 
0.03% for the ( � = 2 , �0 = 95 ) case and by 0.01% for the cases with �0 = 105 . 
In summary, an optimal policy appears to sustain its good performance even if 
arrival and abandonment rates can change significantly. This may be an advan-
tage if these parameters change over time or we do not have reliable estimates 
for them.

Table 2   Comparison of the change of callback policy parameters

�
0

95 105

� Policy U% P(Loss)% Policy U% P(Loss)%

0.5 No Callback 91 4.3 No Callback 95 9.7
a = 98 , T = 4 93 2.2 a = 97 , T = 4 98 6.3
a = 100 , T = 6 93 2.4 a = 100 , T = 5 98 6.5

2 No Callback 91 4.3 No Callback 95 9.8
a = 97 , T = 4 93 2.2 a = 97 , T = 4 98 6.7
a = 100 , T = 7 93 2.4 a = 100 , T = 5 98 6.8
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5 � Conclusion

In this paper, we study the Mn∕Mn∕c∕(K1 + K2) +Mn queue in which the rates of 
the exponential interarrival, service and reneging times can change when the sys-
tem size changes. Our numerical examples show that customer loss can be reduced 
by dynamically prioritizing the callback customers according to a threshold policy. 
This demonstrates the power of the callback option as a tool to mitigate the cus-
tomer loss that arises especially if many customers are impatient to wait on the line. 
Currently, when the finite queue sizes increase, we have computational difficulties 
and this drawback can be overcome with more computing power with the advent 
of technology in the future or by designing accurate and fast approximations that 
can be worked on as future research. Our model can be considered in a setting with 
non-homogenous Poisson call arrivals, too. Thus, depending on the time of the day, 
different time windows to call back can be announced to callers to balance the traf-
fic load more uniformly over the day. One other aspect to incorporate can be when 
to make the callback offer. In our study, a customer is able to exercise this option at 
any time she wants. Another threshold policy to determine the timing of the callback 
offer appears as the most straightforward policy: make the callback offer to custom-
ers only when the online queue length surpasses a level. Yet, this may cause some 
problems if, for modeling purposes, we have to keep track of those to whom the 
announcement has been made.
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