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CHAPTER

Two-level three-colour mean-field
system

To get a proper understanding of how the migration comes into play on different
space-time scales, we next look at a two-level mean-field system where the geographic
space consists of two layers and the seed-bank consist of three layers, corresponding
three colours 0, 1, 2. In Section we give the set-up of the two-level three-colour
mean-field model. In Section [8.2] we give a scheme to prove the analysis of the two-
level three-colour mean-field model. Finally, in Section we prove the steps of the
scheme given in Section [8:2}

§8.1 Two-level three-colour mean-field finite-systems
scheme

We consider a restricted version of the SSDE in (4.20) on the finite geographic space
[N?] ={0,1,...,N? — 1}, N eN. (8.1)

This space should be interpreted as grouping the N-blocks consisting of N colonies

together, i.e.
N—-1

IN?*| = ([ J{NLNI+1,--- NI+ N —1}. (8.2)
=0

With this interpretation we can use the metric djy2) that is induced by the metric
dq, on the hierarchical group Qy (recall (4.4))). The migration kernel a®*¥(-,-) is
restricted to [N?] by setting all migration rates outside the 2-block equal to 0, i.e.,
¢, = 0 for all k¥ > 2. Hence the migration kernel is given by

C1

21,. . Co
a™' (i, j) = Hapo sty 3y + N3 (8.3)
where ¢, c1 € (0,00) are constants. The seed-bank of the restricted system consists

of three colours, labeled 0 1 and 2, with exchange rates given by Kyey, eq, K}Vel e

Kae2 <2 respectively. The state space of the restricted system is

and 37, %

S=sM1 s=10,1] x [0, 1], (8.4)
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and the restricted system is denoted by

(Z[N2](t))t20 _ (X[NZ](t)7 (YO[NZ}(t%K[NzJ(t),y;Nzl(t)) ) )

t>0

[N?) [N?] (N?] [N?] _ (N7 [N?] [N?] [N?]
(™, (7 0.0, 0) ) = (@0, (0 0.6 0.0 0))
(8.5)
The components of the restricted system (Z’] (t))e>0 evolve according to the SSDE

2 C N2 2
da™ (1) f;;EjleﬂwKH[[%w—xP%wmt

JEIN?]
+ 45 2 B -]+ g™ ) dwi)
JEIN?]
+ Koeo [y (1) — al¥ ()] dt
+ I ) — o) at (36)

Kse 2 2
+ o iy (0 =2 ),

Ay () = eo [N (1) — g (1))

a0 = S -l o) ar,
€2
N2
which is a special case of (4.20). By [67, Theorem 3.1], the SSDE in is the
unique solution. It is important to note that we can write the SSDE also

a0 = 2 b0 Y@l e v

1
Az (#) = ¢ 5 3 2Ny — M) | ar

JEIN]
C1 ]. N2 N2 N2
+ N | N2 Z wﬁ ](t) - 90£ ](t) dt + g(frg ](t))dwi(t)
JE[N?]
N2 Kie 2 2
+ Kopeg [ [ ]( t) — Z‘EN ]( t)] dt + ]1\[ ! [yz[f\li ](t) _ ‘TEN ](t)] dt (87)
Kses

+ 222 0 () — 2N ) a,

N2
Ay () = eo [ ) — g (1)) at,

ay ) = SN - o o) ar,

e 2 2 .
s [0yl @l e [N,

dyy () =

where [N]; denotes the set of colonies in the 1-block around site i € [N?]. Therefore
the migration term for a single colony in the two-level mean-field system can be
interpreted as a drift towards the 1-block average of the active population at rate
co and a drift towards the 2-block average of the active population at rate . We
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§8.1. Two-level three-colour mean-field finite-systems scheme

are interested in on time scales N°, N and N2. On time scale N° we will look
at the single colonies, i.e., space-time scale 0. On time scale N we will look at the
1-block averages, i.e., space-time scale 1 and on time scale N? we will look at the
2-block averages, i.e., space-time scale 2. In the sequel we will focus on site 0, the
1-block around site 0 and the 2-block around site 0. We will suppress this site from
the notation, but instead use subscripts 0, 1, 2 to indicate when we look at a single
colony, a 1-block average or a 2-block average. We will use the convention that in
the subscript of a dormant population the first subscript denotes the colour and the
second subscript denotes the level of the block, so yp 1 is the 1-block average around
site 0 of the dormant population with colour 0, while y; o is the 1-dormant single
colony at site 0. Heuristically, we can read off the following results from the SSDE in

B.7).

e On time scale 1 = N° (i.e., space-time scale 0) in the limit as N — oo, the
colour-1 dormant population and the colour-2 dormant population do not yet move.
Hence

2

N2 N
(W% (1), 50 () 1, (8.8)

converges as N — oo to the constant processes on time scale ty. Therefore the colour
1-dormant population and the colour 2-dormant population are both slow seed-banks
on space-time scale 0. The components ((x([)NQ](tO),y([,]\gQ](to)))tUZg converge to i.i.d.
copies of the single-colony McKean-Vlasov process in (6.1]), where in the corresponding
SSDE the parameters e, K, ¢ are replaced by cg, eg, Ko and E = 1. So, on time scale 1
we only see the colour 0-dormant population evolve. Therefore the colour-0 dormant

population is the effective seed-bank on time scale ty. The process

2 2 2
(20" (t0))eoz0 = (5" (F0). u6p | (f0))e0. (8.9)
will be called the single colony effective process.

e On time scale N! (i.e., space-time scale 1), we look at the averages

2 2 2 2 2
(7 (00))e50 = (200, (w6 00 0 0008 1)),
1

i€[N] ZE (N] 16 (N]

( Zm[N]Nt ( Zy Nt1 Zylj\{]Nt Zy2 Nt1>> .
t1>0

i€[N]

(8.10)

(Recall Remarkto appreciate the notation.) We use the lower index 1 to indicate
that the average is the analogue of the 1-block average defined in (4.22)). Using (8.6),
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we see that the dynamics of the system in (8.10)) is given by the SSDE

1
m Z a:j(Ntl)—xl(tl) dt1 + Z ml Nt1 dw(tl)

JE[N?] zE[N

2 2
+ NKoeo [y (01) — o1 (11)] ata

2
dZE[lN ](t1) =C

2
+ Kiex [yl ) - ](tl)] dty

Kae 2
22 [h ) — o) s,

2 2 2

ayy ! (0) = Neo 287 () = o ()] s,
2 2 2

ayl (1) = ex [2lV(00) — )| at,

€2

2 2 2
ayi () = 52 [2lV ) = oY (1) da.

(8.11)
+

In the limit N — oo we expect that the colour 2-dormant population does not move,

since it only interacts with the active population at rate 2. Therefore we expect

(yg\f](t))wo to converge to a constant process and hence we say that the colour 2-
dormant population behaves like a slow seed-bank. The colour 1-dormant population,
however, has a non-trivial interaction with the active population and therefore is the
effective seed-bank on space-time scale 1. The colour 0-dormant population has, in the
limit as N — oo, an infinitely strong interaction with the active population. Therefore
we expect that, in the limit as N — o0, its path becomes rougher and rougher at
rarer and rarer times. We will need to use the Meyer-Zheng topology to prove that

lim y([)]\f](tl) = lim x[lNz](tl) for most ¢;. (8.12)
N—oo 7 N—o0

Therefore the colour 0-dormant population equalizes with the active population, due
to its infinitely strong interaction with the active population. Hence at space-time
scale 1, the colour 0-dormant population behaves like a fast seed-bank. If we look at
the active population, then we see that it feels a drift towards the 2-block average
of the active population, and resamples at a rate that is the 1-block average of the
resampling rates in the single colonies. Furthermore, in the limit as N — oo, it feels
an infinitely fast drift towards the colour 0-dormant population, has a non-trivial
interaction with the colour 1-dormant population, and its interaction with the colour
2-dormant population cancels out. As long as we focus on the combination

[N ](tl) + Koy([) 1 ](tl)
1+ Ky ’

we see that the colour-0 terms with the factor N in front cancel out. This will allow us
to do most of the analysis in the path space topology, without using the Meyer-Zheng
topology. The process

[N](tl)'i'Koyt[n]( t) N7
1+ Ky Y1

t1>0
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§8.1. Two-level three-colour mean-field finite-systems scheme

will therefore be called the effective process.

e On time scale N? (i.e., space-time scale 2) we look at the equivalent of the 2-block

averages in (4.22)),

1 1 2 1 2
<N2 S W) o D0 u (W) 15 D ulE ]<N2tz>)> ,
t2>0

i€[N?] i€[N?] E(N?]
(8.13)
which evolves according to the SSDE
N? 1
dai" 1) = |55 D0 9(wi(N?t2)) du(ta)
i€[N?]
2 2
+ N*Koeo [y([)]\é l(ta) — 2" ](tZ)} dio
2 2

+ NEer [ (t2) = o8 (t2) |

(8.14)

2 2
+ Kjes [yéNz }(tz) — m[gN }(tz)] dta,
2 2
iy (1) = N2eq [af" 1 (t2) — by (12)] ate,
2 2
dy’y (t2) = Nex [o8(t2) — % (02) e,

2 2 2
Ay (1) = ez [ab" ) (12) — by (12)] ate,

In this case we see that migration in the active component cancels out and the res-
ampling rate is given by the average over the complete population. In the limit as
N — o0, we see that the active population interacts at an infinitely fast rate with
the 0-dormant population as well as with the colour 1-dormant population. Hence
both the colour 0 and the colour 1 seed-banks are fast seed-banks and we expect
equalisation of the active population and the colour 0-dormant population and the
colour 1-dormant population in Meyer-Zheng topology. The active population, in the
limit as N — oo, has a non-trivial interaction with the colour 2-dormant population,
and hence the colour 2-dormant population is the effective seed-bank on time scale
N?2. Looking at the quantity

2
2 (1) + Kokl () + Kyl (t2)
1+ Ko+ K, ’

(8.15)
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for which we find

2 2 2
d $[2N ](t2) + Koy([)],\g }(tz) + Kly% ](t2)
1+ Ko+ Ky
- L L N2ty)) dw(ts) + K V2 (¢ N (1) at
TN Kyt Koy N2 .6%;2]9(%( 2)) dw(ta) + Kaez |ys5 ' (t2) — x5 *(t2) | dta,
(8.16)
we see that the infinite rates cancel out. We will call
(N?] [N?] [N?]
'1:2 (t2) + K0y072 (tQ) + Klyl,Q (tQ) [Nz](t ) (8 17)
].+K()+K1 ay2,2 2 .

to>0

the effective process. Using the effective process we can analyse our system in path
space.

> Scaling limit. Let (20(t))i>0 = (20(t), (0,0(t), y1,0(t), ¥2,0(t))):=0 be the process
evolving according to

dzo(t) = co [0 — zo(t)] dt + /g(z0(t)) dw(?)
+ Kopeg [y070(t) — X (t)] dt,

dyo’o(t) = €9 [370 (t) — yo,o(t)] dt, (818)
Yy1,0(t) = v1,0,
Y2,0(t) = y2.0,

where 0 € [0,1], y1,0 € [0,1] and y20 € [0,1]. The process (zo(t))i>0) will be the
limiting process for the single colonies. The corresponding single colony effective
processes are given by

dz§(t) = col — g™ (8)] dt + \/ g(x§ (¢)) dw(t) + Koeo [ygo(t) — 2§ ()] dt,

(8.19)
dysio(t) = eo [2§7 (1) — y5lh (1)) dt, i € No,

where 6 € [0,1]. By [72], (8.18) and (8.19) have a unique strong solution. Like for the
one-colour mean-field finite-systems scheme, we need the following list of ingredients
to formally state the multi-scale analysis:

(a) For positive times t > 0, we define the following 1-block estimators for the finite
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§8.1. Two-level three-colour mean-field finite-systems scheme

system:

N2 N2
OV = L 37 7 ) + Koy (1)
N 1+ K, ’

1€[N]
o ¥y = % > o),
iE[N]
zE[N]
QNI (4 Z oVt
ZE[N]
0, N oy L (V2]
O 1N = % E% vy (1)

We abbreviate
2 2 2 2 2
OWIN () — (@g),w (1), (@1310>,[N I(t), 0D IN*I (1), @ IN }(t))) ,
2 = 2 2 2
@ (DIN*] 4y — (@u),[zv I(t), 0 NI (), @DV ](t)) ’
2 — 2 2
©°H (I (4) = (@(1),[N I(t), OV ](t)) _
(8.21)
We call ((9(1)’[N2](t))t>o the 1-block estimator process, (@a‘lx’(l)’[NQ](t))t>o the
auziliary 1-block estimator process and (QEH’(l)’[NQ](t))t>O the effective 1-block

estimator process. The auxiliary 1-block estimator will be useful in the proofs.
For t > 0, we define the following 2-block estimators for the finite system:

2@ + Koy (1) + Ky (1)

s nng — Z
2 )
1€[N2] 1+ Ko + K,
2 1 N?Z
egf%“wt):m >« ),
i€[N2?]
2 N2
05 NIt = 57 Z il (8.22)
1€[N?]
[NQ]
9351) - 2 Z
i€[N?]
2 N2 [NQ]
@?(Jz) - 2 Z
1€[N?]

We abbreviate
O (1) = (6 (r), (021N (r), 00 (r), 02 (1)) )

IV (p) — (@<2>,[N2](t)’ @(2>,[N2](t)) ,

Y1

(8.23)
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256

We call (@°F-2:IN*I(1)),_ ¢ the effective 2-block estimator process and
(@(2)’[1\’2] (t))t>0 as the 2-block estimator process.

The time scale N for which L[@WN1(Nt; — L(N)) — (:)(1)’[]\72](]\7151)] = J
for all L(N) such that L(N) — oo and limy_,o0 L(N)/N = 0, but not for
L(N) = N. In words, N is the time scale on which ©():I¥](.) starts evolving,

ie., (@(1)’[N2](Nt1))t1>0 is no longer a fixed process. When we use time scale
N, we will use t; as a time index, which indicates the “faster time scale”. For
the “slow time scale” we use tp as time index.

The time scale N? for which £[0®V*1(N2t, — L(N)N) — 0@V I(N21,)] = 6,
for all L(N) such that L(N) — oo and limy_,00 L(N)/N = 0, but not for
L(N) = N. In words, N2 is the time scale on which ©@@-[N’1() starts evolving,
ie., ((:)(2)7[N2](N2t2))t2>0, is no longer a fixed process. When we use time scale
N2, we will use t, as a time index, which indicates the “fastest time scale”.

The invariant measure for the evolution of a single colony in (8.18)), written

0
Fé,;o’ Yo = (0,y1,0,Y2,0); (8.24)

and the invariant measure of the level-0 effective process evolving according to

(8.19), written
), (8.25)

The renormalisation transformation F: G — G,

FoO) = [ o@ T, 0cp1, (620)

where FZH’(O) is the equilibrium measure in . Note that this is the same
transformation as defined in , but defined for the truncated system. Later
we will study iterates of the renormalisation transformation. Therefore we will
write F('g = Fg, to indicate that we apply the renormalisation transformation
only once.

The limiting 1-block process is given by

(21(t))e>0) = (21(1), (0,1(1), y1,1(£), y2,1(t))) >0 (8.27)

and evolves according to

1

dlL’l(t) = 1 —|—K0

c1f — z1(t)] dt + \/ (FWg) (21 (t)) dw(?)

+ K161 [yl,l(t) — Il(t)] dt y

(8.28)
Yo1(t) = z1(),

dy1,1(t) = e [x1(t) — y1,1(2)] dt,
y2,1(t) = y2.1,
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where 6 € [0,1], and y21 € [0,1], and F() is the renormalisation transforma-
tion defined in . The limiting 1-block process for the auxiliary estimator
process is given by (21"(t))i>0 = (z1™(2), y1'1°(2), y55°(¢))t>0 and evolves ac-
cording to

Qo™ (1) = T3 |6 — 2™ (O]t + [(FO9) a1 (1) du(t)
+ Kren [R5(E) — 22(0)] dt], (5.29)

dyiy () = ex [27™(8) — w7 ()] dt,

Y21 (t) = Y21,

for 6 € [0, 1]. The auxiliary estimator process turns out to be important in the
next section. The effective limiting 1-block process is given by (25%(¢))s~0) =
(a5 (t), 5" (t))¢>0 and evolves according to

1
1+ K,

da§(t) = ar[f — 2T ()] dt + [ (FO g) (257 () dw(?)

T Kae [ (8) — 257 () dt] , (5:30)

dysT (1) = ey 257 (1) — 5T (1)) dt,

for 6 € [0,1]. By [72], (8.28)), (8.29) and (8.30) have a unique strong solution.
The invariant measure of the infinite system in (8.28)), written

Tone v =(0,0,921), (8.31)

and the invariant measures of the level-1 limiting estimator process evolving
according to (8.29)) and the level-1 effective process evolving according to (8.30)),

aux,(1 eff,(1
rawe) pef), (8.32)

The first iteration of the renormalisation transformation,

(F®g)(6) = /[ FO@ T V), o<1 (63
0,1]2
Hence
(F@g)(0) = / M (du, do) / 9(2) T (dz, dy). (8.34)
[0,1]2 [0,1]2

(h) The limiting 2-block process (z2(t))i>0 = (z2(t), (Y0,2(t), y1,2(£), y2,2(¢))) >0

257
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evolves according to

dry(t) = ﬁ [ (F@g)(2,(t) dw(t) + Kaea [y o(t) — zo(t)] dt |,
yo,Q(t) = ( )

dym(t) = ( )

dyQ,Q(t) = €2 [%( ) — y2,2(t)] de,

(8.35)
where F(®)g is defined as in (8.33). The limiting effective 2-block process on
space-time scale 2 is (25% (#))¢s0) = (257 (¢), ygfg(t))bo and evolves according to

e VP 0) du) + Kaea 500 - 15700

dys (1) = ez [a57 (1) — y55(1)] dt.

dag’(t) =

(8.36)
We are now ready to state the scaling limit for the evolution of the averages in

(7.7).

Proposition 8.1.1 (Two-level three-colour finite-systems scheme). Suppose
that 11(0) = p®WN’1 for some p € P ([0,1] x [0,1]%). Let

z + Koyo z + Koyo + K11
N v L R :
0 [1+K0] ! [ 1+ Ko+ K,
Hyle'u [y1]7 QyzzE# [?JQ]

(8.37)

and recall the limiting process (z2(t))i>o0 in (8.35) and the limiting process (z1(t))t>o0
in (8.28]). Assume for the 2-dormant 1-blocks that

lim £ [Y[ (Nty) ’@ 2.V (N%)} = pa(t) (8.38)

N —o0

and for the 2-dormant 0-blocks (= single colonies) that

Jim £

TNty + Ntl)‘@eﬁ (WINTT (N2, 4 Ntl)] = pat), (8.39)
Then the following hold:

(a) For the effective 2-block estimator process defined in (8.23)),

lim £ [(@eﬁ’(Q)’[NQ](NQtQ))t >0} =L [(Zgﬂ(tg))t2>0:| : (8.40)

N—oc0

where the limit is determined by the unique solution of the SSDE (8.36|) with
initial state

251(0) = (257(0), 45 (0)) = (V1,6,,) . (8.41)

258
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(b) For the effective 1-block estimator process defined in (8.21)),

lim £ [(@eﬂ’(l)’[N2](N2t2 + Nt1))

N—o00

}=cW?mmp¢ (8.42)

t1>0

where, conditional on x5 (to) = u, the limit process is the unique solution of the
SSDE in (8.30) with 0 replaced by uw and with initial measure ret )

(c) For the single colony effective process defined in ,

lim £ [(zgff*[Nﬂ(N?tQ + Nty + to) )

N—00

}=cW$%de, (8.43)

to>0

where, conditional on x$% (1) = v, the limit process is the unique solution of the

SSDE in (8.19) with 6 replaced by v and with initial measure et

(d) For the 2-block estimator process defined in (8.23)),

N—o0

lim £ {(@(2)7[N2](N2t2)>t2>0} =L [(22(t2))t2>0] (8.44)

in the Meyer-Zheng topology,

where the limit process is the unique solution of the SSDE in (8.35|) with initial
state

22<0) = (1917 (1917 191’ eyz)) . (845)
(¢) Fizty > 0. Assume (8.38). Define

NWﬁ:/4$ﬂwmmﬁmm»awmwmwm»
(0.1] (8.46)

Ug Uz, U Uy 1
o P Q) T oy € PO

where Fga,(um,um,yz,l)) is the equilibrium measure in (8.31) and

S}Q]((ﬁl, (01,71,0y,)),-) is the time-ta law of the limiting process (22(t2))t,>0 in
(8.44) starting from (91, (91,91,0,,)) € [0,1] x [0, 1]>.

Let (zr(l)(tQ)(tl))tlzo be the random process that conditioned on

zo(t2) = (6, (0, 0,y2,2)) moves according to (8.28) with 6 = 6 and y21(0) = ya21

and with sz(tQ)(O) be drawn according to T')(t2) (which is a mizture of random
processes in equilibrium). Then for the 1-block estimator process defined in

B-21).

lim £ [<®(1)’[N2](N2t2 + Nt1)>

N—o0

| = £ [ 0o

in the Meyer-Zheng topology.

t1>0

(8.47)

259
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(f) Let z1(t1) be the limiting process obtained in (e). Assume (8.39). Define, for
to € (0, OO),

0 _ 1 z (0)
" )(tQ) - /[o 1]4 a )(tQ)(dZI) /[0 1] P duo) F(zh(zl,yl,byzo))’ (8.48)

where F(l)(tg) is as defined in Let ( F(O>(t2)(t0)>t020 be the random

process in with 2 )(tQ)( 0) dmwn accordmg to TO)(ty) which is a mizture
of mndom processes in equilibrium. Then

J\}flooﬁ[( Yty 4+ N to)) } =L [(ZF<O)(t2)(f0))tozo - (8.49)

t0>0
Remark 8.1.2. Note that Proposition uf ) does not depend on the choice of ¢y,
because T'M(t,) is already a mixture of equilibrium measures of the 1-block process.
|

Remark 8.1.3. Note that in Propostion [8.1.1(f) Fgg)l (#1,91.1,92.0)) is the equilibrium

measure of (see also (8.24)), where y10 = y1,1. This means that all colour
1-dormant single colonies equal the current state of the colour 1-dormant 1-block.
We say that given the state of the 1-dormant 1-block, the 1-dormant single colonies
become deterministic. This effect occurs once a slow seed-bank, in this case the colour
1 seed-bank, is already in equilbrium on the space-time scale where it is effective, in
this case space-time-scale 1. Since we start at times N?2ty, the 1-dormant 1-blocks
are already in equilibrium. This will turn out to be the reason that the single colour
1-dormant colonies are equal to the current value of the 1-dormant 1-block averages.
Note that at time N2¢, the 2-dormant 2-blocks do not yet have reached equilibrium.
Hence the colour 2-dormant 1-blocks and the colour 2-dormant single colonies do not
equal the instantaneous value of the 2-dormant 2-block averages. In the Section [8.3.§
we will treat this effect in detail. |

§8.2 Scheme for the two-level three-colour mean-
field analysis.

In this section we give a scheme to prove Proposition [8.1.1] The proof of the steps
in the scheme will be written in Section To analyse the two-level hierarchical
mean-field system we use the results obtained in Sections and

The scheme for the two-level three- colour hierarchical mean-field system comes in
11 steps. Recall the estimators defined in and -

1 Tightness of the effective 2-block estimator processes
((6037(2)’[N2](N2t2)) ) . (8.50)
t2>0 NEN
2 Stability property of the 2-block estimators, i.e., for L(N) such that
limy 00 L(N) = 00 and limpy o L(N)/N =0,

lim  sup ‘@ (N2 2) — OV (N2t2 — Nt ‘ = 0 in probability
N—=00 0<t<L(N)
(8.51)
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and

lim  sup ‘@1(/22)’[1\/2] (N?ty) — @;22)7[N2](N2t2 - Nt)‘ = 0 in probability.
N—=oog<t<n(n) ! -

(8.52)
Tightness of the effective 1-block estimator process (recall (8.21)),
(<®aux,(1),[N2](N2t2 —|—Nt1)> > ) (853)
t1>0 NeN

Stability property of (@*>W:IN’I(N2¢y + Nt1)),,50, i-e., for L(N) such that
limpy 00 L(N) = 00 and limpy o0 L(N)/N = 0, for all € > 0,

lim  sup ‘@(1)’[]\[2](]\72152 + Nt1) — (:)(1)’[N2](N2t2 + Nt1 — t)’ =0
N—=00 0<t<L(N)

in probability,

(8.54)
lim  sup ‘@&LW] (N?ty + Nty) — O NNt + Nt — t)’ -0
N—oo 0<t<L(N) (855)
in probability,
lim  sup ‘@&LW] (N*ty + Nty) — O NN, + Nty — t)’ -0

in probability.

Recall that there are N 1-blocks in [N2]. Since tightness of components implies
tightness of the process, step 3 implies that the full 1-block process

<(®?“"’<”’[N2] (N?ty + Ntl)) (8.57)

t1>0,i€[N]> NEN

is tight. From the tightness in steps 1 and 3 we can construct a subsequence
(Ng)ken along which

fim £ |:<®€H,(2)7[N§](N]?t2)>t2>0:| ’

k—o0
, (8.58)
lim £ [(@?ux’(l)’[N’“](N,ftg + Nit1)) ]
k—o00 t1>0,i€[Ng]
both exists. Define the measure
vO(ty) = T[ I\ (ta). (8.59)

1€Np

Show that along the same subsequence the single components converge to the
infinite system, i.e.,

lim £ [(Z[NA?](N,ftz + Nty + to))

k—o0

| =@ o)) (560

to>0
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10

11

Here, (Z”(O)(tQ)(to))tUZO is the process starting from v(9)(ty) with components
evolving according to (8.18]), where 6 is now a random variable that inherits its
law from

lim L@ WN(N2ty + Nit1))ieqnz], (8.61)

k—o0

and, similarly, the laws of y; ¢ and y2 ¢ in the limiting process (Z”(m(tz)(to))tozo
are determined by

lim L@ WN(N2ty + Nit1))ieqnz]. (8.62)

k—o0

Use the limiting evolution of the single colonies obtained in step 5 to identify
the limiting 1-block process along the same subsequence, i.e., identify the limit

lim £ [(@aux7(1)’[N’§](N,ft2 + thl)) (8.63)

k—s 00 t1>0,i€[Nk]:| '

Identify the limit limg_, o0 £[(@°T@-INEI(N2£5)),,50] with the help of the limit-
ing evolution of the single colonies obtained in step 5 and the limiting evolution
of the full 1-block process obtained in step 6.

Prove that the 1-dormant single colonies at time N2t, + Nt; equal, in the limit
as N — oo, the 1-dormant 1-block averages. The proof of this step shows how
the evolution of the slow seed-banks must be analysed.

Show that the convergence in step 8, step 7 and step 5 actually holds along each
subsequence. Therefore we obtain the limiting evolution of the single colonies,
the auxiliary 1-block process and the effective 2-block process.

Use the Meyer-Zheng topology to describe the limiting evolution of

(%”’“VQ] (N2ts + Nt1), 00 NI (N2, 4 Nty), 0 IV (N2, + Nty),
2 (8.64)
O INI(N2g, + Ntl))

t1>0

and

(0@ INI(2ty), O IV (N21,), 2 NI (N2,), 0 NI (N23)) . (8.65)

t2>0

Combine the above steps to complete the proof of Proposition [8.1.1

§8.3 Proof of two-level three-colour mean-field finite-

systems scheme

In this section we prove the steps in the scheme given in Section [8:2]
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§8.3.1 Tightness of the 2-block estimators

In this section we prove step 1 of the scheme.
Lemma 8.3.1 (Tightness of the 2-block estimator). Let
TN (N2y) = (ODINVI(N24y), 02N (N?1,)) (8.66)

be defined as in [8.22). Then (L[(©°T@:IN*I(N2t,)),,<0])nven is a tight sequence of
probability measures on C((0,00), [0,1]?).

Proof. To prove the tightness of the 1-blocks, we use [49, Proposition 3.2.3]. From
we find that (@eff’(z)’[N2](t))t>o evolves according to

2),[N? N2
dO@INVI() = 1+K0+K1N2 Z VI )) duwi(t

LBl S I - Y ) ar,

+ 2 2 2 4
I+ Ko+ Ky N N 1€[N?] N 1€[N?]
e = 22 | 1 1 V7] 4
P =5 5 D *72%2
i€[N?] €[N2]
(8.67)
Therefore the process (@°T2:N’1(N21,)), <o evolves according to
~ 1 1 2
A0 WNIN )y = — | — IN*1(N2ty) ) dug (¢
(V) = e | 2 o) du )
i€[N?]
1 [N?] /A2 [N 1/ ar2
+ Y o N N tg dts,
1+KO+K1 1EZN2] 2zG[ZNZ]
2 1 N?
A0 INT(N?ty) = ey 2 S Vv 2 Z TN2t) | dto.
i€[N?] i€[N?]
(8.68)

To use [49, Proposition 3.2.3], we define C* as the set of polynomials on ([0, 1]?). Since
(@eﬂ’@)’[NQ] (N?t3))4,>0 is a semi-martingale, by applying It6’s formula we obtain that
(@°T(2IN*I(N2t,)),. < is a D-semi-martingale with corresponding operator
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GV (%, 10,17, (0,00), Q) — R,

(2),[N?] Kaes 1 [N?]( pr2 of
tw)= ——22 |y N (N2 27
G @) te) = e [V ,Z v ()| 5
i€[N2]
1 [N?] Ar2 of
+ ez ﬁz z; (N°t,w)—y 3
1€[N?]
1 1 [N?], 72 an
— S (N=t —.
N 2(1+ Ko + K1)? N2 IG[ZNZ]Q(% (N,)) 2
(8.69)
The conditions Hy, Hy, Hj in [49, Proposition 3.2.3] are satisfied. Hence tightness
follows from [49, Proposition 3.2.3]. O

§8.3.2 Stability of the 2-block estimators

Lemma 8.3.2 (Stability property of the 2-block estimator). Let (©°F-(2):[N(¢)),.,

)t
be defined as in (8.23)). For any L(N) such that limy o L(N) = oo and limy_,oo L(N)/N
0,

lim  sup ‘(:)(2)’[1\[2] (N%ty) — (:)(2)’[N2](N2t2 — Nt)| = 0 in probability  (8.70)

N—=00 g<t<L(N)

and

lim  sup @1(,22)’[N2](N2t2) - @;22)’[]\72} (N?ty — Nt)| = 0 in probability.  (8.71)
N—00 0<t<L(N)
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Proof. Fix € > 0. From the SSDE in (8.67)) we obtain that, for N large enough,

P| sup @(2)’[N2](N2t2) 6@IV* l(N?ty — Nt)
0<t<L(N)
1 N2ty
O<t<L(N) L4 Ko + K1 | Jn2e,—nt ZN
Ntz Koe 1
+ / dr =22 @(2) ~3 > €
NZ2to—Nt N2 N? XN:
1 NZ2t,
<P sup / dw; (r \/7
o<t<r(N) 1+ Ko+ Ki| Jn2e,—ne
S Kses L(N)N
“TI1t Kot K N
1 N2ty N2 €
<P sup / dw;(r \/[7 20
[O<t<L(N) 1+K()+K1 NZ2t5—Nt lE[NQ] 2

(8.72)
By a similar optional stopping time argument as in the proof of Lemma [6.2.15] the
above computation shows that (8.70]) holds. Equation (8.71)) holds by a similar argu-
ment as given in the proof of Lemma [7.2.2 |

§8.3.3 Tightness of the 1-block estimators

Lemma 8.3.3 (Tightness of the 1-block estimator). Let

@&ux,(l),[NQ] (N2t2 + Nt1)

) (8.73)
= (O@MWWI(N2ty 4+ Nty), 00 IV (N2ty + Nty), 00N (N2t5 + Nty))

be defined as in (8.20). Then (L[(@*W:INI(N2ty + Nt1))s,>0])Nven is a tight se-
quence of probability measures on C((0,00), [0, 1]?).

Proof. To prove the tightness of the 1-blocks, we again use [49, Proposition 3.2.3].
From (8.11)) we find that the effective process (@*W(IN’I(N2t, + Nt,)),, 0 evolves
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according to

5(1),[N2] _ 1 1 [N?] 1 [N?]
de (Nt1) = A [N2 > (V) - ~ > a N (Nt) | dt

JE[N?] i€[N]
Z Nt1 dwi(t1)
7.6 [N]
Kie; (1),[N?]
ZG[N
(8.74)
Kaez (1),[N?] 1 (V2]
— @ Nt Nt dtq,
+N(1+K0) [ l;\qw 1) 1

2 2
de?(lll)’[N ](Ntl) =eée |: Z T, Nt1 6191)’[]\] ](Ntl)] dty,

i€[N]

A0 NI (Ny) = [ Sl — 0N (N, )] dt,.

i€[N]

To use [49, Proposition 3.2.3], we define C* as the set of polynomials on ([0, 1]?). Since
(@2 (1)’[N2](N2t2 + Nt1))i,>0 is a semi-martingale, by applying Itd’s formula we

obtain that (@w():IN*I(N2t, 4 Nt1)),, 5 is a D-semi-martingale with corresponding
operator

GV (%, (0,1, (0,00), Q) — R,

(1),[N?] __a 1 (V2] 1 (N?)
GT (fa(xay17y2)at7w)* AT Z o (Ntaw)fﬁ Zx (Ntaw)

1+ Ky | N2 J v
o JEIN?] i€[N]
Kie; 1 (N?] of
1+ K, | Z T (Nbw)| 5o
1€[N]
Kseo [N?] of
_ N | =L
1€[N]
(V2] of
ter N Z €Z; (Ntv ) Y1 5y1
1€[N]
es | 1 [N?] of
+% | ¥ Z VN (Nt w) — ya (Nt w) o
ZE[N]
1 N2] >*f
+ > Z (Nt,w)) =5
(1 + Ko) N i€[N] ox
(8.75)
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The conditions Hy, Hz, Hj in [49, Proposition 3.2.3] are satisfied as before. Hence
we conclude that the sequence (L[(@* (W IN*I(N2t, + Nt1));,50])nen is tight. O

§8.3.4 Stability of the 1-block estimators

Lemma 8.3.4 (Stability property of the 1-block estimator). Let
@aux7(1)’[N2](t) be defined as in (7.14). For any L(N) such that limy_, oo L(N) = o0
and limy_,0o L(N)/N =0,

lim sup ‘@(1)’[1\]2](1\72752 + Nt1) — @(D’[Nz](NQtz + Nt, — t)’ = 0 in probability,
N—=00 0<t<L(N)
(8.76)

lim  sup ‘Gm W(N?ty + Nty) — @éll)’[N2](N2t2 + Nt1 — t)’ = 0 in probability,
N—=00 0<t<L(N)
(8.77)

lim sup ‘6(1) (N2t2 + Nt1) — @(1) (V2 ](N2t2 + Nt; —t) ’ =0 in probability.
N—00 g<t<L(N)

(8.78)
Proof. Define
U= N2t2 + Ntq. (879)
From the SSDE in (8.7)) we obtain that
]P){ sup é(l)’[NQ](u) - (:)(1)’[N2](u —t)| >e€
0<t<L(N)
1 “ C1 1 [N?) 1 [N?)
=P su / dr — | — o) - = z; r
Lgﬁfm) Lr Kol Jue o N [N2 je%\f:Q] ;0 NiGX[;V] "
[ ar B e - 5 3 o)
u—t
i€[N]
Koe 1 2 1 2
+ Nz [N Suh -5 Dl %r)]
i€[N] i€[N] (8.80)
“ 1
+/ dw;(r) i g(a:ENz](r)) > €
u—t i€[N]
1

<P

sup
o<t<r(n) 1+ Ko

[ a5 ¥ Vel '

L(N)2(c1 + Kier + 122;2)]

>€—
N(1+ Ko)
<P sup ! / dw; (
T | o<e<ivy 1+ Ko il ZE[N
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Via the same optional stopping time argument as in the proof of Lemma [6.2.15] the
above computation shows that (8.76) hOldb Note that the extra drift term K2P2 does
not have any influence. Equations (8.77] - hold by a similar argument as given
in the proof of Lemma [7.2.2 g

§8.3.5 Limiting evolution for the single components

Proposition 8.3.5 (Equilibrium for the infinite system). Fiz t5,t; > 0. Let
(Nk)ken € N and let L(N) be any sequence satisfying imy_oo L(N) = oo and
limy 00 L(N)/N =0 such that

kli)rrolo‘c {@aux,(l)v[Ng](ngtQ + thl):| = Pthtz’
lim £ [(Yffg’?](Nth + Nyty), YQ[fgf](N,ftQ)) )@aux%l)iNf](N,Etz + thl)}
— leff(tl)

lim ﬁ[ sup
k=00 lo<t<r(nVy)

+ ‘@ (N2ty + Nyty) — ©,, V6 (N2ty + Nty — t)‘

OWIl (N2t + Nyty) — ONE(NZty + Nyty — t)\ (8.81)

+ ‘@ th2+th1) @yZ[N’g](N/?tQ-i-thl —t)H = Jg,
hm ,C( Nk (N2t2 +th1) ) = l/(tl,tg).

Then v(t1,ta) is of the form

(1) (1)
U(ty,ts) = Pyy 1 (A0, dg() / POV (dy) vy, (8.82)
[0,1]2 [O,l]NO
where
.00 = | ] Ttouwo.) (8.83)
i€Np

with Ty, .y the equilibrium measure for the i’th single colony defined in (8.24)).

Note that by step 1 and step 3 we can find a subsequence (Nj)ien such that the
first and third line in (8.81)) hold. The second line in follows from assumptions
(8.38) and (8.39). To prove Proposition we proceed as in the proof of Proposi-
tion but with the finite system in (|7.4) replaced by the system in and the
infinite system in replaced by the system in . Note that Lemma
holds also for the system in 7 after adding the non-interacting component s o
to the equilibrium. The equivalent of Lemma will again follow from the equi-
valent of Lemma We will derive the analogue of Lemmas and (see
Lemma’s and below). Lemma[7.2.§ can be extended with an extra colour-2
seed-bank estimator by using the same proof. Since the infinite system for the single
colonies in the two-layer three-colour mean-field system (see (8.89) equals the one
for the one-layer two-colour mean-field system, up to a non-interacting component,
we obtain an equivalent of Lemma[7.2.9] Finally, also the equivalent of Lemma[7.2.10]
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holds under an additional assumption, see Lemma|8.3.8] Finally Corollary states
the equivalent of Corollary [7.2.11] With the help of the lemma’s and the corollary,
the proof of Proposition [8:3.5] follows from the same argument as used in the proof of

Proposition [7.2.3]

Lemma 8.3.6 (Comparison of empirical averages).
2 2
Let (@S)’[N ](to))tozo and (@;i)’[N ](to))tozo be defined as in (8.20). Then

E [[o® (1) - of)M(1)|] < \/]E (6811(0) — O M (0)) e

1 gl Kier  Kaeo
+\/K060—|—60 |:N+ N * N + N2 |

(8.84)
Proof. The result follows by It6-calculus on the SSDE in and the same type of
argument as used in the proof of Lemma [7.2.6] O

Like for the mean-field system with one colour, we need to compare the finite
system in with an infinite system. To derive the analogue of Lemma let
L(N) satisty imy_00 L(N) = o0 and limy_,o0 L(N)/N = 0. Define [N]; to be the
1-block that contains site i € [N?]. Since we start our system in an exchangeable
measure and the dynamics are exchangeable, we will only consider the single colonies
in [N]p, the 1-block containing the site 0 € [N2]. In the rest of the prove, we will

suppress the 0 from the notation i.e., [N]o = [N] and (:)gl)’[NQ] = OW:IN*I, Define
u = N°ty + Nt, (8.85)

and let uy be the measure on ([0, 1]*)No by continuing the configuration of
(7 - ()

= (X2 = £V, (Vi (= £, YN @ = £)), v - L(v)) ) )
(8.86)

periodically to ([0,1]*)No  i.e., we continue the configuration of the single colonies in
the first block to ([0, 1]*)Mo. Let

2w = L(N)) + Koyl N — L(N))

s, _ 1 i i
G N _Z TR, : (8.87)
1€[N]

Let
(ZM ()ez0 = (XM (1), (Y™ (1), Y™ (1), Y3™ (1))

be the infinite system evolving according to

0 (8.88)

dat™ (t) = ¢ [N — 2l (D] dt + /g (™ (1)) duwi(t) + Koeo [yl (£) — 2™ (1)] dt,
dy;g (1) = eo [ (t) — yiig (D)) dt,

yid (1) = yiy (0),

Vi (1) =5 (0), €N,

(8.89)
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starting from initial distribution uy. Then the following Lemma is the equival-
ent of Lemma [7.2.7] for the three-colour two-layer mean-field system. In particular,
the infinite system considered in Lemma [8:3.7] is similar to the infinite system in
Lemma The only difference is that there is one more non-interacting compon-

ent added in ({8.89).

Lemma 8.3.7. [Comparison of finite and infinite systems] Fixt1,t2 > 0, and let u =
N2ty + Nty. Let L(N) satisfy limy_so0 L(N) = 00 and limy o L(N)/N. Suppose
that

lim  sup ‘(:)(1)’[]\[]( ) — oW [N] ‘ =0 in probability. (8.90)
N—=00 << L(N)

Then, for allt > 0,

lim [E[f(2 (1) = £(Z™ = LN + )] | =0 ¥ 7 e (0,17, R).
k—o0

(8.91)
Proof. We proceed as in the proof of Lemma and couple the finite and infinite

systems by their Brownian motion, exactly as was d02ne there. The single components
in the block around site 0 of the finite process (ZV'1(t)) are evolving according to

aal™ (1) = co @IV — oM (1)] dt 4 co (O (t) — ©OINI] at

oo [OP (D) — 0O I(0)] ar L | Lo S ) oY | ar

N | N2 J
i€[N2]
/g 0) dw(t) + Koeo lug | (6) — =, (1)) dt
K 2 K- 2 2
i ARCEE RO e R OEE AR OIED

N N? N
dio]a)—eow (OB y£0]<t>]dt,
N? €1 [N? N
a0 = SN - o)
e 2 2 .

iy 0= 5 B -y el e )

(8.92)
Using this SSDE we can exactly proceed as in the proof of Lemma [7.2.7] to obtain the
result. Note that the colour-2 seed-bank can be treated just in the same way as the
colour-1 seed-bank in the proof of Lemma [7.2.7] since its rate of interaction with the

active population is even slower than the rate of interaction of the colour-1 seed-bank.
O

Finally, we state the equivalent of Lemma [7.2.10] for the three-colour two-layer
mean-field system.

Lemma 8.3.8 (Coupling of finite systems). Let

ZNAY = (VI y Ny VL N (8.93)
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be the finite system evolving according to starting from an exchangeable initial
measure. Let pNb1 be the measure obtain by periodic continuation of the configuration
of ZWLL(0) in the 1-block around 0. Similarly, let

ZW12 = (xIV2, y (V2 y V2 N2 (8.94)

be the finite system evolving according to starting from an exchangeable initial
measure. Let N2 be the measure obtained by periodic continuation of the configura-
tion of Z[Nzl’l(()) in the 1-block around 0. Let fi be any weak limit point of the sequence
of measures (uVh x pNL2) . Define the variables OV on ([0, 1]%, plN1)No),
OINI2 on (([0, 11", 1¥)2) and ©1 and G5 on ([0, 114 x ([0, 1)), 1) by

[N?],1 [N?],1 [ 1,2 [N?],2
GRS Koo T gve_ L o +Koyio
N 1€[N] 1+ Ko 1€[N] 1+ Ko
- 1 i + Koyl - 1 22+ Koy?,
V= lim =) —=——72 2 gy = § e 0%00
O =lim i g O g
1€[n] i€[n]
(8.95)
and let (O INLL(1)),50 and (OMINI2(4)),5¢ be defined as in (7.14) for ZIN.1

[N?],2

respectively, Z . Suppose that

lim  sup (‘(:)[N]’k(O) - (:)[N}’k(t)D =0 in probability, k € {1,2}, (8.96)
N—=00 g<t<L(N)

and suppose that fi({0; = Oq, Y} = Y2 Yy} = Y2}) = 1. Then, for any sequence
(t(N))nen with limpy o0 t(N) = 00,

Jim B[l (0(N)) = 22 (((N)] + Kolyly" (1(N)) — i (V)
+ Ky (#(N) = g2 )+ Kalyl 3 (V) — 3P (V)] =0,
(8.97)

Proof. Like in the proof of Lemma [7.2.10] we can show with It calculus that the
function

t —E[|lzM (V) — M2 (V)] + Koyl (V) — oA (V)]

+ Ky () = iy P EO) -+ Kalygs” ! (1(N)) = ol (1(N))]]
(8.98)
is monotonically decreasing. Hence we can proceed as in the proof of Lemma [6.2.13
to show that is true. (|

From the above couplings we can derive the following corollary, which is the ana-
logue of Corollary [7.2.1] for the two-level three-colour mean-field system.

Corollary 8.3.9. Fiz t1,ty > 0 and set u = N2ty + Nt,. Let pn be the measure
obtained by periodic continuation of

28— L(N)) = (XN = L(V)), YN (= LOV)), VIV = L(N)), VIV (w = L(NV))),
(8.99)
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and let p be a weak limit point of the sequence (un)Nen. Let

0= lim — — i in L?(u), (8.100)

and let (Z7°(t))is0 = (X7 (1), Yy® (1), Y (), Y5® (¢))t>0 be the infinite system with
components evolving according to with 0 = © and y; 1,0 and y; 20 determined by
assumption and starting from its equilibrium measure. Ezxtend the finite system
ZIN*1 as a system on ([0, 1]*)No by periodic continuation. Construct (Z[NQ](t))bo and
(Z¥e(t))i=0 on one probability space. Then there exists a sequence (L(N))nen such

that impy_, o0 L(N) = 00, limy 00 @ =0 and

lim E HILNQ](NS) _gve (E(N))H + Ko |

N—oc0

—s—KlE{

W0vs) 5 L) |

uby (V) = yg (LV))|| = 0. € [N
(8.101)

uiY (V) S (LV))|| + K |

Note that Lemmas and Corollary do not only hold for sites 7 in

the 1-block around 0, but hold for for all sites i € [N?], after we replace @%N]O b,
oM.

§8.3.6 Limiting evolution of the 1-block estimator
process

Proposition 8.3.10 (Limiting evolution of the 1-blocks). Fiz ty > 0. Let
(L(N))nen satisfy imy_yo0 L(N) = 00 and imy_oo L(N)/N = 0. Let (Ni)ken be a
subsequence such that

lim £ K@CH’(Q)’[NE](N&Q)H =P, (),

k—o0

lim L {yg\;’?’](thz)‘@(Q),[N;f](N,th)} — p=(t2)

lim £ {(Yl[ok](thQ +th1) Y[N ](ngtg)) ‘(_)aux,(l)v[Ng](letQ +th1) — Pziff(tl),

k—o0

lim £

su
k—o0 P

0<t<L(Ny)

O INK(N2¢,) — O INEl (N2, — th)’

+ [ M (Et) — 0, N (v, Nt)\} = do.

(8.102)
Then, for the 1-block around 0,
klggoﬁ [@Exux,(l) JINE N2 / / FZU;(Q : P(u U)(dyg 1) Pt2 (du dv)
(0,112 J[0,1]
(8.103)
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aux, (1)

where Ty, is the equilibrium measure of (8.29)) with 0 replaced by u, and

lim £ [<®aux’(1)’[N’§](N13t2 + thl))t >0] = L(z1"™(t1))t1>0)] 5 (8.104)

k—oc0

where (z aux(tl))t1>0 1s the process evolving according to with 0 replaced by the
random variable ©2) (t3) and with initial measure

f[o 1t f[o 1 | (D) p(uv) (dyy 1) P, (du, dv), and yo, is a random variable.

Note that by tightness of the 2-blocks and the assumptions in Proposition [8.1.1] we
can always find a subsequence (N )ken such that holds and also holds.
To prepare for the proof of Proposition [8.3.10], we prove four lemmas: Lemma
shows that the limiting 1-block system has a unique equilibrium, Lemma im-
plies convergence of the active 2-block estimator and the combined 2-block estimator,
Lemma[8.3.14] gives a regularity property for the 2-block estimator, and Lemmal8.3.15
shows the limiting evolution of the auxiliary 1-block estimator process. Lemma[8.3.17]
proves equation . After we derive these lemmas we prove Proposition 8.3.10l

Lemma 8.3.11 (1-block equilibrium). For any im’tial distribution p € ([0,1]3),
the process (23"*(t1)), >0 evolving according to is well defined and converges
to a unique equilibrium measure

lm L[ (¢,)] = Do), (8.105)

t1—00 0,y2,1

Proof. By [72], the SSDE in (8.29) has a unique strong solution. By a similar ar-

gument as in the proof of Lemma the SSDE in (8.29) converges to a unique
aux,(1) 0

equilibrium measure I'y o -

Remark 8.3.12 (Equilibrium measure). Note that Lemma(8.3.11]still holds when
we allow 0 and y2 1 to be the random variables O(t2) and yo.1. Assuming (8.102), we
can derive the distributions of O(t2) and y» 1, and we can write the equilibrium as

Joa2 Jo e () pluv)(dy, 1) P, (du, dv). In what follows we abbreviate

(1) Taux, (u,v)
O(t2),y2.1,s /[O 1o /[O . oA (dy2,1,:) P, (du, dv). (8.106)
|

Lemma 8.3.13 (2-block averages). Define

(2),IN?) (2),[N?]
e Oz (Nt1) + Ko© (Nt1) 2
APV (N) = 11+ P?O vo Y e® N (Nt,).,  (8.107)
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Then
E HA(;)’[NQ](NM)H

< \/]E [(AS“NZ](O))? oo (PG )

ty 1 K, K e, (LEKQHKE s _
+ \// ds2e; (%}K) e 2<1( 1+Ko 1)(t1 ‘)E H@(l)’[NQ](NS) —9561)’[N2](N5)H
0
1

N { Kses gl }
er [N+ Ko+ K1) 2N(Q+ Ko+ K1)’
(8.108)

Proof. For the two-level mean-field system we have the following SSDE for the 2-block
averages:

i€[N?2]

d@)f)'[NZ](Ntl) - \j % Z 9@ (V) da(tr)

2 2
+ N Kopeo [@Ej),[N ](Ntl) — @532)’[1\7 ](Ntl):| dt1

2 2
+ Kiex [@15,21)’[1\[ ](Ntl) — @3(32)’[1\] ](Ntl):| dt1

(8.109)
+ % 02 I(Nt) — 0DV (vt)] ats,
A0 WI(Nt;) = Neg [@f)’[NZ](Ntl) - eéi)’[Nzl(Ntl)] dts,
A0 INI(Nty) = e [953““1(1\&1) - @§,§>7[N21(Nt1)} dty,
A0 NI (Nty) = j\j [eszJ(Ntl) f@;?vw?](ml)] dt1.
Therefore
2 2 2 2 2
d (AP (Ne)) =288 0 (V) AP Y (V) 4+ a (AR (v ) )
1 1 )
:2A(2)’[N2] N [N} N -
) (Nty) 1+ Ko | N3 Z g(x;" "(Nt1))dw(tr)
1€[N2?]
K (& 2 2
oAD' () 1L (9@ N (g, — @@ NI (V)| at
T285 (Nt1) (1+ Ko) [ Y1 (Nt1) P ( 1)} 15 (8.110)

Kse 2 2
AP W (Nt) 22 [9@N)(Nty) — 0@ IN(Ny)| dt
T2 V) Ry o) — eIt dn,

=208 (N) e [ (V) — 0PN (N)| any

1 1 [N?]
T 2 N3 g(l’Z (Ntl))dtl
(14 Ko)* N 2%

+
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Hence

dg [(Ag)’[Nz](Ntl))Q}

dt
o (o s
+ 2e1 (71 +1§O;0K1)
x E Ag)‘[Nz](Ntl) (69’[]\] Yt )1‘:[;0@(2) V7 (Nt1) 9562),[N2](Nt1)>}
0

__Kaex (2),[N?] (2).N%) @
N QE[AZ (Nt1) [% (Nt1) — 6 (Ntl)]]

1 1 [N?]
T ar R []Wig\;z]g(xi (Ntl))] ;
(8.111)

and therefore

E [(Ag)’[NQ](Ntl))Q}

[(A(Z‘ N )} —h(%)tur/h dse 2 (FHRTE) (=) N )
0
(8.112)

where

1+ Ko+ K
h[N ( ) — %, ( 1—’_OK'O 1)
2 0@ WI(Ns) + Koo W (Ns) :
E | AP — ©(2),[N7]
X - (Ns) 11 I S} (Ns)
2Kze: o [A(z)-,[Nz] (Ns) {@(2)7[1\12}(]\[8) _ @(2),[N2](Ns)”
N(1+ Ky) = vz ¢

1 1 [N?]
+mﬂ‘: N3 Z g(z;" (Ns))
1E[N?2]
(8.113)

Therefore

E HA(;)![N2](Nt1)H
< \fe] (a8 o) Jore

14 Ko+ K B
\// ds 261 71 + Ko + Kl) o2 (PG ) (o [l ivi(vs) — e M)

1+ Ko

Y ol ]
61 N(1+ Ko+ K1) 2N(1+ Ko + K1) '
(8.114)
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O
Let p1n, be the measure obtained by periodic continuation of the configuration
ZIN1(N2ty). (8.115)

Since the state space ([0,1] x [0,1]*)N0 is compact, we can pass to a further sub-
sequence, to obtain

p= lim ppy,. (8.116)
k—o0

Lemma 8.3.14 (Regularity for 2-block estimator). Let yu and puy be as defined
above. Let (x;,y1.,i,Y2,i)ien, be distributed according to . Define the random variable

¢ - (¢17 ¢2)7
.1 z; + Koyio + K1y, 1 (8.117)
p1 = RILH;O? Z 1+ Ko+ Ku ; P2 = nlbngo o Z Yi,25
i€[n?] i€[n?]
and the random variable ¢! on (un, ([0,1]2)N0) by putting
2 2 2
o = (o, 05 ),
2 2 2
vy _ 1 ) w )+ Koy + Ky, by = lim — S
1T N2 1+ Ko+ K, : 2T NI N 2 Y2
1€[N?] 1€[N2]
(8.118)
Then )
lim L[p™N1] = £[¢]. (8.119)
N—o0
Proof. Use a similar argument as in the proof of Lemma [7.2.8 d

We will first determine the limiting evolution of (@w(W:INEl(N2ty + Nt1))y, 0.
To do so we consider all the N 1-blocks in [N7Z]. After that we show that

. aux,(l),[N%] 2 _ (1)
lim £ [(91 A (th2)>ie[Nk]:| o H Pé(t2)>y2,1,i’ (8‘120)
i

k—o0
No

The limiting 1-block process for the auxiliary estimator process (recall (8.29))) is
given by
(20" (1)) e>0 = (X7(), y 17 (1), 5.1 (1) )10,
21" () = (217 (0)ieng,  X77() = (2175 (8) )ieno, (8.121)
yir(t) = @ini(@))iena  ¥51 () = (4557 (t))ien,
and its components evolve according to

aux 1 & aux aux
dafif (t) = 1 |10 (k) — adiF (]t + [ (FOg) (i (9) du(t)
+&mwﬁww—ﬁ$mw4, (8.122)

dyi'T5 (1) = e [275°(t) — yils (D] dt,
Y5 (1) = y2,1, i € No,
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where
[N?] [N?] [N?]
_ xT: + Koy; + Kqy;
0@(ty) = lim : 0¥ 1

N~>ooi€[N2] 1+ Ko+ K,

in Lo(p). (8.123)

2
Let ,ug\l,z be the law obtained by periodic continuation of (@?ux’(l)’w’“](N,ftg))ie[Nk],

and let ©™M) = limy_, ,ug\l,z be any weak limit point of the sequence (u%l)keN.

Lemma 8.3.15 (Limiting evolution of auxiliary 1-block estimator). Let
L[(2"(0))] = uV). Then the following hold.

(a) For allt; >0 and i € [Ny],

2 2
lim E| (14 Ko) (x;»y(tl) g N 2y thl))
aux, 2 2
+ Ky (yl,l,i(tl) - @yl,i'(l)7[N"](N,ft2 + N;ctl)) (8.124)

Y20

aux,(1), 2 aux ) 2
+ K> <y2,1,i(1) Wil (1) — @ AN (N2, th1)> ] —0.

(b) For all t5 > 0,

lim £ [(@WNI(NZE, + Nta))i, 0| = LA™ ()50 (8:125)

k— o0

Proof. Abbreviate

AP (Nt = (1) - 07 DR (N2 + N,

2 aux N 2

51(,?,;[]\[’“](1\7@1) =y11,:(t1) — @;i{(l)'wk](N;?tQ + Nit1), (8.126)
2 aux 2

N (1) =y () — @8 DN (N2gy 4 Nty

Extending (©wx:(1):[N{] (Nkt1))t, >0 as a process on Ny by periodic continuation, we
can construct (22" (t1))¢, >0 and (@*"()(N.t1))s, >0 on one probability space such
that

lim @M INEI(N24,) = 220 (0)  q.s. (8.127)

k—oc0

We couple the processes (z5"*(t1))t,>0 and (@a‘l"’(l)7[N§](N,?t2 + Nit1))t, >0 by using
the same Brownian motions for both processes. By It6-calculus we obtain for the
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coupled process (recall (8.74]))

2 2 2 2 2 2
E {(1 + Ky) (Agl)’[N’“](thl)) + K (5&?}”1(%@)) + K, (552}”1(]\1@1)) }

—_F {(1 + Ko) (AS“Nﬁ](c)))2 + K (o) W(O))2 + K, (5“)4N51(0))Q]

Y1,t Y2,

t1 r 2 2
— 201/ E (Az(»l)’[Nk](Nks)) } ds
0 L

t1 2 2
0

UI'L

t1 1
+ 20 / E [ADPE () @(2)(t2)—m 3 oM (N2, 4+ Nis) | | ds
0

L k jelng)
AN
+ (K161 =+ 61)/ E |:Az Tk (Nks)
0
]. aux,
x| 3= alMN2e 4 Nis) = €3O (N2, 4 Nys) | | ds

Ni, e

J i

t1
+2Klel/ E[a(” INE(Ns)
0

Y1,t

= aux,(1),[N2 1
x | ©; M [N’“](N,Stg + Ngs) — N, Z [Nk](th2 + Nis) | | ds

I * jelNili ]
Kyes (1),[N?] (DLINZ] Ar2
e ! “@m (@) = A 21y 4 N
1 [N2] /A2 aux, (1),[NZ]  nr2
< X v ez 4 v | Ja
JE[NK]:
2
t1 1
+(1+K0>2/ E (]:g)( aux(s)) _ N Z g( [N ](N2t2+Nk5>) ds.
0 i€[N]
(8.128)

Note that |A; (1), [N | <1 and |(5(1 [N’“]| < 1. Note that the first term tends to 0
by m We show by domlnated convergence that also all other positive terms in
the right-hand side of (8.128) tend to 0 as k — oo.
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For the third term, we can estimate

Cc1
14+ Ko

lim E
k— o0

1 Z Nk](th2+NkS) @(2)(t2)’:|

N2
kieng)

C1

@(2) J[VE] (N2t2 + Nks)
+ Ko

< lim E

k—oo

@<2 Nk](thz +Nk5) +Ko@(2> Nk (Ngtz +Nks)
1+ Ko

|

0P WE N2ty 1 Nyvs) + Ko 8 (N2t + Nis) + K102 N (N24y 4 Nys)
14+ Ko+ K1

2 2
O I (N2, 4+ Nis) + Ko® P NH (N2ty + Nys)
1+ Ko

C1
1+ Ko

+E

c1 @§?>’[Nk](th2 + Nis) + Ko@<2) [Nk](N2t2 + Nis) + K10y, o Nk](sztQ + Nyis)

+E
1+ Ko+ K1

1+ Ko

— 9(2)(t2)‘:| .
(8.129)
The first term in tends to zero by Lemma the second term tends to
zero by Lemma [8.3.13] while the third term tends to zero by Lemma and
Lemma which is the third assumption in . Hence the third term in
tends to zero by dominated convergence as k — oo.

The fourth and fifth term in (8.128)) tend to zero by Lemma and dominated
convergence. The sixth term in (8.128)) tends to zero because the integral is bounded
by t; and there is a factor f in front. To see that the last term in the right-hand

side in ) tends to zero, recall that the subsequence Ny is chosen such that

lim £ {(eaux WV (N2t +Nt1))t1>0] (8.130)

k—o0

exists. Note that

1 2
5 2 9@ (NPt + Nis))

i€[N]

E (Fg) (™ (s)) —
(8.131)

<E |[(Foai™) - 5 2 o @ (N2t + Nys)) ||

i€[N]

2"_‘ _

and hence we can apply a similar reasoning as in (6.198)) to see that (8.131f) tends to
zero as k — oo. Therefore we obtain

2 2
lim E [(1+ Ko) (A (Net) + K100 (V) + K (005 (ita))?]
k—o0 ,
=0.
(8.132)
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To prove ([8.125)), note that ( m implies convergence of the finite-dimensional dis-
tributions of (@2w%(1); [Nk](N2t2 + Nit1))t,>0 by a similar argument as given below
(6.137). By Lemma [8.3.3] we see that the laws of the processes

(ﬁ |:((,_)aux,(1)v[N1§](‘]\flgt2 + thl))t1>0]> (8.133)
k€N
are tight. Therefore (8.125]) indeed holds. O

Remark 8.3.16. Note that in the proof of Lemma [7.2.12] we could have proceeded
as in the proof of Lemma [8.3.15] instead of using the criterion in [49, Theorem 3.3.1].
|

Lemma 8.3.17 (Proof of (8.103)). Under the assumptions in Proposition|8.5.10

lim £ |@3ws():N;] N2t2 / / raws (D) p(wv)(qy, 1) P, (du, dv).
[0,1]2 J[0,1]

k—o0 U,Y2,1

(8.134)

Proof. For ease of notation, we drop the subsequence notation in this proof. Let
(tn)nen, be any sequence satisfying lim, .o t, = oo and lim, ;e t,/n = 0. For

each t,, let us\l,,)t" be the law obtained by periodic continuation of the configuration

of (©; @ (1[N (N?ty — Nt n))ic|n]- Recall that, since our state space is compact,

the sequence (,ug\l,)t )Nen is tight. Let ,ug ) be any weak limit point of the sequence

1
(Mgv)tn )NEN

Let £[z2""(0)] be the law obtained by periodic continuation of @%W):[N*I( N2, —
Nt,). By Lemma we know that the sequence

(L [(G?me),m?](mw — Nt, + Nt1)>t . E[N]D (8.135)
1 N2

NeN

is tight and hence for each t,, we can pass to a subsequence such that

lim £ [( @ MWNE N2y, Nyt thl)) ] (8.136)
k—o0 t1>0,i€[N]
exists. By Lemmas 8.3.14] we obtain for all ¢,, that
A}lm O[N] (N2ty — Nt,,) = ©@(ty) in probability. (8.137)
— 00
Then, by (8.128) in the proof of Lemma [8.3.15] for fixed ¢,, and all i € [N],
_ 2
lim B | (14 Ko) (57" (bn) - eu e WINE (N2 Ny Nitn) )
k—o0
2 2
+ K, (yf‘;ﬁ”(tn) — oW INE (N2t — Nyt + thn)) (8.138)

Y2,

2
+ K (355 (ta) — O3y O (N — Nyt + Nit)) ] =0.
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By contradiction we can argue that

_ 2
Jim E|(1+ Ko) (g;i“;x "(ty) — O WIN (N2 N 4 Ntn))
— 00
2
+ K (yﬁxz”(tn) —om WV (N2, vy, Ntn)) (8.139)

Y2,

2
+ K (U375 () — O3 (N2, — Nt 4 Nt ] =0.

To see why, suppose that (8.139) does not hold. Then for any § > 0 we can construct
a sequence (IV});>o such that, for [ € N,

—~ aux 2 2
E (1 + KO) ( aux, n(tn) B 61 »(1)7[Nz](Nl2t2 — Nyt + Nltn)>
2 2
+ K, (y?‘ﬁxl”(tn) — oW (NZEy — Nt + Nltn)) (8.140)

aux,n _ @aux,(1), [N?] 2, 2
+ Ko (a1, (tn) — Oy, ; (Nita — Nit, + Nity,) > 6.

However, also the sequence

(£ |:<®?ux,(1)a[Nz ](letQ - Nltn + Nltl))t -0 E[N]:|> (8141)
Ll IS\

is tight. Hence we can pass to a further subsequence (INj);y for which ( m ) holds.
But this contradicts . We conclude that ( m ) indeed holds. Moreover the
argument holds for all tn, SO that m ) holds for all ¢,

Hence for every t, there exists a N, such that, for all N > N,,

_ 2
B |(1+ Ko) (575" (8n) — 03D (n2y) )
2
+ K (5255 (1) — O3 O (21 ) (8.142)

2 1
aux,n ux,(1),[N
+ K (5355 (1) — O3y O (21y) ) ] <
In particular, we may require that N,, > N,,_1. Setting N = N,,, we obtain

_ 2
lim E (1 + KO) (xihuzx n(tn) _ @?ux,(1)7[N72L] (N,,?Ltz))

n—roo

2
+ K (yT“lxz”(tn)—Gylf‘“” nl(v2e )) (8.143)

aux,n aux,(1 2
K (55 () — Oy O (N2 ) ]o.
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If we can prove that
lim L[z (t,)] =T8) (8.144)

n—00 O(t2)

then we are done. To see why, note that, for all f € Cy([0,1] x [0,1]?), f Lipschitz
continuous

’E[f(G?ux,(l),[Nﬂ(N2t2))] E 82@)“]'

< [ELF O™ OV IN)) = flar 5 )] + [BLT 1 0]~ " 7]

(8.145)
Therefore if (8.144]) holds, then for all € > 0 we can choose 7 such that, for all n > 7,

rd®

€
L7 )] - B 1] < (5.146)
By (8.143) we can find a i > 7 such that for all n > n
aux,n €
[E[f(©F(Nit2)) — [z, (ta))]| < 3 (8.147)

Using (8.144)) and the fact that the Lipschitz functions are dense in Cp([0, 1] x [0, 1]?),
8.134)

we obtain (8.134

Proof of (8.144). We use that any two systems (z*!(t1))¢, >0 and (2*"2(¢1))s, >0
evolving according to , and having the same y, ;-components and the same
O(t3), can be constructed on one probability space and can coupled by their Brownian
motions. We obtain, for a component i € Ny,

aux,1 aux,2 aux,1 aux,2 aux,1 aux,2
]E[xu (tn)_xli (t )|+K1|y111 (tn) — Y11, (t )|+K2‘y21z (tn) — Y2,1,i (tn)l]
= B[|2}71(0) — 2772 (0)| + Ka g3 (0) — 97752 (0)] + Kaly3'75' (0) — 5757 (0)]

tn
e / E[[225 (s) — 22%(s) |ds
0
b 1 2 1 2
oKier / E [l (s) — 2322(s)] + K% () — 5252(5)]

{sgn(wiufl(s) o302 (s)) £sgn (7' (s)— y?“ff(s))}]d

Therefore the difference between these two systems monotonically decreases. (5145
Since the state space [0, 1] x [0,1]? is compact, the sequence of laws
(L[ (0)])new (8.149)
is tight. Therefore we can find converging subsequences such that
lim L[z (0)] = (8.150)

k—o0

for some probability measure p on [0,1] x [0, 1]2.
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Let (2250(¢1))¢, >0 be the limiting system evolving according to and starting
from initial distribution . By Skorohod’s theorem, we can construct the sequence of
limiting systems ((22"™ (1)), >0)ren and (22%0(¢1));, >0 on one probability space
such that

lim 227 (0) = 2*9(0)  a.s. (8.151)

k—o0

Use the coupling of Brownian motions to obtain

(|27 (b)) — 2157 (b)) |+ Kalyi 75" (ta) = 9355 (6 )|

aux,ng aux,0

+ K2|y2,1,¢ (tny) — Y2.1,i (tny)l]
aux,ng aux,0 aux,n aux,0 aux,n aux,0
=E[|l27;7"(0) — 27 7 (0)| + Kulyry; " (0) —yi1; (0)] + Kalys 7,7 (0) — yay; (0)]]

t’”.k
—ec / E[J22m (s) — 2250 (s)[]ds
t"k
“amren [ Bl )~ 0] )~ ]

X L fagn (2 (5) a0 (5)) s (57 (5) —y0 (5))} ) 98-

(8.152)
Taking the limit & — oo on both sides of (8.152)), we obtain
Jim B[z 55 () — 15 )|+ KLY (b)) = 91T (B
(8.153)

X, N x,0
+K2|yg}11,ink (tny) — y;ﬁ,z (tn)]l = 0.

Note that hmn_>DO tn, = oo implies that limg_ o0 tn, = 00, SO za“xo is the limiting

system in ) with 6 replaced by the random variable 6(t2) and y2 1,;- Therefore
we can condltlon on @(tg) and ¥2 1, and use the assumption in , to obtain

lim c[ w0 / / rawe(h) plv)(dy, 1) Py, (du, dv). (8.154)
0,1]2 J[0,1]

k— o0

Hence we conclude that

Jim L[z (b, / / rave () pee) (dys 1) Py, (du, do). (8.155)
[0,1]2 J10,1]
Equation (8.155)) holds for all subsequences along which the initial distribution con-

verges,
lim 22" (0) = 22™%(0)  a.s. (8.156)

k—o0

We will show that this implies (8.144)).
Suppose that

lim L[z ( / / rave () Pee)(dyy 1) Py, (du, do). (8.157)
0,12 J[0,1]

n—oo
Then there exist f € Cp([0,1] x [0,1]?) and § > 0 such that for all N € N there exists
ann € N, n > N such that

’E[ﬂzfau’“"(tn))} E 0o [f]] > 4. (8.158)

?
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Hence we can construct a subsequence (z;"""*(t1))t,>0, ken such that (8.158) holds
for each k € N. However, also for this sequence (L£[z]""*(0)])ken is tight. Passing to
a possibly further subsequence of converging initial distributions, we argue like before

to obtain that along this subsequence

@)

Jim [BLf (2 ()] —E" [f]] = 0. (8.159)
—00
This contradicts (8.158]) and so (|8.144)) is indeed true. O

Proof of Proposition [8.3.10]

Proof. Lemma [8.3.17) implies (8.103)). Therefore Lemma |8.3.15 implies (8.104)). O

§8.3.7 Convergence of 2-block process
In this section we derive the limiting evolution of the effective 2-block process.

Lemma 8.3.18 (Convergence of the 2-block averages). Assume that
(Ni)ken C N is a subsequence satisfying

kli—>nolo£ [yg\;g](]\;kb)‘@@)’wi](letQ)} — palt2),

kli_}rn L [(5/1[,](\)[’3] (NZts + Nity), YQ[,](\)[’E](NJEE)) ‘@aux’(l)’[]vg] (Npts + thl)} (8.160)

_ pift(t)
Then, for the effective 2-block estimator process defined in (8.23)),

lim £ [(@eﬂx@%[m (N,ftQ))

k—o0

} =L {(Zgﬂ(tz))t2>0} , (8.161)

to>0

where the limit is determined by the unique solution of the SSDE (8.36)) with initial
state

251(0) = (257(0), 357(0)) = (91,6,,) . (8.162)

Proof. Again we use [49, Theorem 3.3.1]. By a similar argument as used in the proof
of Lemma [7.2.12 we can show that

. e 2
lim £ [@ H’(Q)’[Nk](N,ftg)} = 8(91.0,,): (8.163)

Note that by steps 1-4 of the scheme in Section [B:2] we can choose the subsequence
(Nk)ken such that both (8.81)) and (8.102) hold. Since we already established the
tightness of the 2-block in Lemma [8.3.1] we are left to show that, for all t5 > 0,

. (2),[N7F] eff,(2),[NZ] ( AT2
Jim E[|¢P Y (r,0 (Nita), t2,w)

. (8.164)
NN (@eff«z)’mk}(Nth)) H —0,
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where G (2),INE] is the D-semi-martingale operator defined in (8.69), G(? is the gen-

erator of the process (25%(¢2))r,~0 defined in (8.36]), and both generators work on a
probability space driven by one set of Brownian motions. Note that, for all ¢t > 0,

EHG@[N?] (f, <@<2>,[N§1(N13t2)’ @z(i)’[N’?](NEtz)) ’t%w)

— GO f (8D IH(NEr), 0 N (N2 ) |

K262
14+ Ky + Ky

1
+—
(1+ Ko+ Ky)?

of

E U@@HN%](N%@) . GQZ)’[NE](N]?t%w)’ ‘ i
X

|

1 N ~ 0% f
<B| |5 3 ol 0t0) - 0@ (i) | T
k . 2 xr
716[Nk]
(8.165)
The first and second term on the right-hand side tend to 0 as k — oo by a similar
argument as used in (8.129)) and below. For the third let [IV]; denote the 1-block that

contains site ¢ and let (z ot )(t))t>0 be the limiting single colony system, with drift
towards the random variable ©; and starting from the equilibrium measure Vow-

We construct the single colony system Z[Nk](N,ftg — L(N) + t);>0 and the limiting

V_
system (z &) (t))¢t>0 on one probability space, such that by Skohorod’s theorem, we
can assume that the convergence is almost surely. Note that ©; is the limiting one
block. Then we can write

1 2 = 2 82
E|lgz 2 9@ (Vi,w) — (FPg) (@@ N (N}ty)) \xf
kieng)
1 51 o2
<v LE|x 2 g(@H (NEty, w)) 2 9@ (L) 87{;
" s €[N
1 (1 _ ?
o DB X o e - @) |5k
" ieln) " e
1 _ _ O f
= WO _ (F@ (02| | L
TE || 2 (FU9O) — (FP9)6)) |53
1€[N]
_ _ 52
+E | F 206 - e k)| |55
(8.166)

The first term on the right-hand side tends to zero by Lipschitz continuity for g and
Corollary The second term tends to zero by the law of large numbers, since
the limiting single colonies are i.i.d. given the value of the random variable (:)gl).
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The third term tends to zero since by Proposition [8.3.10] also the limiting 1-blocks
become independent given the value of the 2-block. Hence we can again apply the law
of large numbers. Finally, for the last term, note that since we construct the single
components and the limiting process on one probability space, we can argue like in
the proof of Lemma that

lim E Hé§2> - é§2>(N,§t2)H —0. (8.167)
k—o0
Hence the last term tends to zero by the Lipschitz property of F(2)g. O

Remark 8.3.19. Instead of [49] Theorem 3.3.1] we could have used a similar strategy
as in the proof of Lemma [8.3.15| to obtain Lemma [8.3.18 |

§8.3.8 State of the slow seed-banks

On time scale tg, i.e., space-time scale 0, the colour-1 seed-bank is a “slow seed-
bank,” since it does not move on this time scale. Because we study the two-layer
three-colour mean-field system from time N2t, onwards, the 1-block averages of the
colour 1-dormant population are already in equilibrium. As a consequence we can
exactly describe the single 1-dormant colonies, which turn out to be in a state that
equals the current 1-block average of the dormant population of colour 1. To obtain
the formal result we will first prove the following lemma.

Lemma 8.3.20 (Slow seed-banks). Fix ta,t; > 0, fori € [N?] and all to > 0,

lim [yz[ff] (N2ty + Nty + to) — 0N (N2, 1+ Nty + to)} =0 as, (8.168)

N—o0 Y1t

where @;11)7;[N2] is the 1-block average to which yz[f\lfz] contributes.

To prove Lemma |8.3.20, we need the kernel b[NQ](-, -) defined in which be-

comes in the current setting

Yaps sy v + n, i Ri =Ry = A4,

N2 (i R).(G.R;)) = Ko 555, ifi=j, Ri=A, Rj =Dm,me€{0,1,2},
(GG, Ra), (5, B3)) e if i = j, Ri = Dm, R; = A, m € {0,1,2},
0, otherwise.
(8.169)

The corresponding semigroup of the kernel bV)(-, ) is denoted by b7[5N2] (-, ).
To prove Lemma [8:3:20] we will use the following lemma, which was proved in
[43][Lemma 6.1] and for our setting reads as follows.

Lemma 8.3.21 (First and second moment).
LetE, 2] the expectation if the process start from some state 2N’ € ([0, 1]x]0, 1]3)[Nz].

For z[ e € ([0,1] x [0, 1]2)[N2]7 t>0 and (i, R;), (j, R;) € [NQ] x {A, Do, Dy, D5},
N? N2,
E,ive) (205 ) (D] = ST YNGR (ke RY) (8.170)
(k,Ry)€

Qnx{A,Do,D1,D2}
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and
N? N
RN EARNOEAENG)
N1/ N? N? N?
= > o (0 Ra), (e, Re)) 07 (G, Ry), (1 RY) 2000 o240
(kaRk)a(l7Rl)e
QNX{A Do,Dl,Dz}
. 2 N2
T2 / ds S o )y (b, AN YL (G Ry, (ks AY B [g(alN ) (s).
keEQN

(8.171)

Proof of Lemma|8.3.20, The argument is given in such a way that it can easily be
generalised to more complicated systems, which we treat later. Let t{(N) = N%ty +
Nty + tg. We will show that if 4,j € [N];, i.e., i and j belong to the same 1-block,
then

Jim [ (Y0 - oY ) | <o (5172)

This implies (8.168]). By Lemma [8.3.21] we can write

e [ (370 - o) |

= 5 oL (G, Dy), (k, Ri)) — B (G, Dy, (k, R
= {(N)((Za 1), (k, Rg)) — {(N)((]7 1), (k, Ry))
(k,Ri),(L,Ri)€
[N?]x{A,Do,D1,D2}

[N?] _[N?] (8.173)

x (b] (G D), (1 Ra) = B (G D), (0 R)) ) B 2

t(N) 5 2
+2 / ds > (0w oy (6 D1 O 4)) = bR (G, D1). (1, A)))

ke[N?Z]
x Elg(z[N(s))].

Using a coupling argument, we show that both terms in (8.173)) tend to 0 as N — oo.
To prove that the first term tends to 0, we will show that

. N N? .

A > ‘b£<zv]> Dy), (k, Ry)) = by} (G, Dv), (, Rk))’ =0. (8.174)
(k,Ry)€

[N?]x{A,Do,D1,D2}

To do so, let (RW[NQ](t))tZO and (RW’[Nﬂ(t))tZO be two independent random
walks, starting from RW[NQ]( 0) = (z Dl) and RW'l 2( 0) = (4,D1), where ¢ and
j are in the same 1-block. Let RW!N'] and RW'IN*] both evolve according to the
kernel bl ](~, -), so b£ ](~, -) is their corresponding semigroup. Since RWIN?I and

RW'IN?I both start from the colour 1-seed-bank, we can perfectly couple their switches

between A, Dy, Dy and Ds. Since this implies that both RWIN?l and RW'IV’] are
always simultaneously active, we can also couple the times when they jump due to
migration and the distance over which they migrate. However, we do not couple

their migrations, .e. RW®N"T and RW/V’] jump at the same time and over the same
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distance, but they can jump to different sites. This implies that the coupled process
(RWIN1(2), RW’[N2](t))t20 has transition rates

((Z7R1)> (]7 Rz)) N at rate 1{d 1\/2](Z J)<1} 3\? + 1313’
((3,Dm), (j, Dm)) if Ri = Rj = A at rate £zem m € {0, 1,2},
(2, A), (4, 4)) if R = Rj = Dr, at rate &2, m € {0,1,2}.
(8.175)
Define the event
H[N = = {RWW'] has migrated at least once up to time ¢}. (8.176)

Note that if Ht[N2] has happened, then also RW'IN?] has migrated. Hence

N . .
b (1, D), (k, Be)) = BiN) (. D), (k, Bi)
2 21 ,—
= P(i.py) (RWINIEN) = (B, Br)) = P,y (RWIEN) = (6, Ri))
~ 0 N
= Bi.0y). 00 (BWOCIEN)) = (k. By). HIGY))
+B,p,),6,0) (RWIW) k, Ry), (HNDye
(i-D1),(4,D1) (H(N) = (b, Bx), (i)
N . e
—P,py.G,m0) (BWINIEN)) = (k, Ry), HEYL))
~ 2 —
= Bi.py. 0 (RWIVEN)) = (b, Re), (L))
~ 21 _ 2
= B,0u),.00) (BWNIEN)) = (k, R, (HIY )
~ 27 WEINE
= P,p,).6,m0) (BWIVIEN) = (B, Bi), (HI)C)
(8.177)
where the last equality follows because, once the random walks have just jumped once,

RWW* and RW/IN*! are uniformly distributed over [N] x A if their jump horizon
was 1 and they are uniformly distributed of [N?] x A if they jumped over distance 2.

Hence if HENQ] has occurred, then RW®’ and RW/IN°] have the same distribution.
Therefore

by

(k,Ri)€e
[N?]x{A,Do,D1,D2}

bLZ(VN]) (i, D1), (k, Rg)) — bEJ(VJ\zf]) (G D) (&, Ba))| < 2P((Ht[éx§) )

(8.178)
and we are left to show that

lim B((HL )7 = 0. (8.179)

N—o00
The event (H: g( N;) occurs either when the random walks do not wake up before time

t(N) or when the random walks wake up before time £(/N) but do not migrate. By the
coupling we only have to consider one of the random walks. Therefore the probability
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that RW™’] and RW'™"] do not wake up before time £(N) is given by

€1 (N2ty+Nty+tg)
~

IfD(i,Dl),(j,Dl) (RW[Nz] does not wake up before f(N)) =e NN = ¢
(8.180)
and hence

. 2 _
A}gnoo Pi,py),(j,01) (RW[N I does not wake up before t(N)) =0. (8.181)

The probability that the random walks do wake up, but do not migrate is a little
more complicated, since each time they wake up with positive probability they go to
sleep before they migrate. Define

C'[N2](t) = {# times RWINI gets active before time ¢},
TIE‘NQ](t) = {total time RWIW* is active up to time t}, (8.182)

Tl[:,NQ](t) = {total time RWIN is dormant up to time t}.

2 2
Thus, CV’1(¢) counts the number of active/dormant cycles. Define TXYn], Tgt]n] as
the active respectively, dormant time during the nth cycle. Define
Kie Ke
X = Koeo + 5 + o (8.183)

so  is the total rate at which RW and RW’ become dormant when they are active.
Define

C
c=co+ Nl (8.184)

so ¢ is the total rate at which RW and RW’ migrate when they are active. Then

C[Nz](t) C[Nz](t)

N? N? N? N?

o= Y ) =Y 15, (8.185)
n=1 n=1

2] d 2] d
where TXYH] = exp(x) and Tg\fn] = iKoeo exp(eo)—i—%—K]l\fl exp(%)—i—% K]\"}? exp(+%).
2
Once awake, RW !N migrates at rate ¢ and hence the probability to migrate before
2y _
time #(N) is given by 1 — e=cTa" '(H(N)  Therefore we are left to show that

lim IV EN)) = lim e TN — 0,  as. (8.186)

N—o00

Since TXY: 14 exp(x), it is enough to show that
lim CVIEN) =0 as. (8.187)
N—o0

~ To do so, we assume the contrary, i.e., there exists an R € N such that for all
N € N there exists an NV > N such that

P oy (CVI(E(N)) < R) > 0. (8.188)
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Let L(N) be such that limpy_, oo L(N) = 00 and limpy_, L(N)/N = 0. Note that, by
(8.181]), we can condition on the first wake-up time and estimate

27 {(N) 27 (& el
Piipy (CNIEN)) < R) = / ds P 4y (CVI(#HN) — s) < R) Nle—ws
0

#(N)—L(N) L, e o
-/ APy (CIEN) ) < R) S 0
0

£H(N) 21 ,— €1 €1
+ / dsPi 4y (CVEN) —s) <R) —e ~°
H(N)—L(N) N
< Pyi.a)(CVUL(N)) < RB) + e HTN) [ 1) 1]
(8.189)
Note that the second term in the last inequality tends to 0 as N — oco. For the first
term, note that we are now looking at time L(N), i.e., time scale NY. Since

A}im Pia (RW[N2] jumps to Dq or Dy before time L(N))

—00

8.190

= Jlim 1- o~ (PR +54) L) g, (8190)
—00

we have limy_y00 Pi 4 ({RW[N2](5) € {A4,Dy} for s € [O,L(N)]}) = 1. Hence, con-

ditioned on the event {RW[NQ] € {A,Dy}}, TL]Y:] 4 exp(Kopeg) and T[[)AZ} 4 exp(ep).
We therefore obtain

R
P4y (CYI(L(N)) < R) = Py ) (Z(TL{VJ +Th)) > L(N))
n=1
[N?]

R [N?)
< g (8.191)
— L(N)IE(LA) |:TA,n + TD,n ]

R 1 L 1
o L(N) Koeo €p ’
Taking the limit N — oo in (8.191]) and combining this with (8.189)), we conclude

that (8.187)) indeed holds. Hence also (8.179) and (8.174)) hold.
We are left to show that

#(N) , . 2
Jim 2 / ds 2 (it (0 D). (k. A)) = B (5. D). (k. 4)))
ke[N?2]
x Elg(xk(s))] = 0.

(8.192)
Also here the idea is to make a similar coupling. As soon as the random walks migrate,
they are equally distributed. On time scale N, after waking up from the colour 1 seed-
bank they will almost immediately migrate, since migration happens on time scale 1,
i.e., by time L(N) they have migrated with probability tending to 1. This will again
be the key to show that tends to 0 as N — oo.
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Note that, by (8.173)),

t(N) 2
2 [ s 37 ({30 (D). () =y (G D) ()
REIN?] (8.193)

x Elg(@)(s))]

< 2.

We will again use the coupling in (8.176f). Define
7N = inf{t > 0: RWINI(8) = (k, A) for some k € [N?]}. (8.194)

Then, for all | € [N?],
Pup,)(fVT <t) =1-e 7", (8.195)

Setting s = {(IN) — s, we can rewrite the integral in (8.192)) as

() )
2/0 ds > (ngl)(wl) (RW[NQ](S):(’“’AD

k€E[N?Z]

ke[N?Z]
(B (R =) = (0. )) = BT ) (R = 1) = (1 0)) )
< (B D o (BWI() = (k) = B0y (RWs) = (. 4)) )

x Elg(zfN 1 (EN) - 5))]. (8.196)

In what follows we will abbreviate

PA[{V2] ) (t7((Z7Rl)7(.ijj)))
G (8.197)

2] ~ 2 .
=Pi a4 (RW[N () =( Rl)) —P,a),G,4) (RW/[N I(t) = (J,Rj)) ;
and similarly, for m € {0, 1, 2},

P vz (tv((l7Rl)7(jaRj)))

A Dm), (G, Dim)

~ 2 ~ 2 .
= P(i,Dm),(j,Dm) (RW[N ](t) = (lle)) - P(i,Dm),(j,Dm) (RW/[N ](t) = (J,Rj)>
(8.198)
By (8.193)), we can use Fubini to swap the order of integration and subsequently
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substitute v = s — r, to obtain

I(N) 5 t(N)—
T P T[N I = =T v [N2] s 5 ;
2/0 dr P( / "d kez[N:2]P e A) v, ((k, A), (k, A)))
X Pyv2 (v, ((k, A), (k, A)Elg(alN T EN) — r —v))]

(4,D1),(4,D1)

H(N)
= / dr]P’(T[NQ] =r)
0

S (Pipyy (BW ) = (1 R)) = P,y (BN () = (1 1)) )

(I,Ry)e
[N?]x{A,Dg,D1,D2}
t(N)—r
></ dv Y P w2 v, ((k, A), (k, A)))
kE[N2] <1 A) G A)

x By (RW(0) = (, 4)) Elg(al™ EN) - 7 — )],

(8.199)
where in the last equality we use that the random walks move according to the same
kernel b(-, -).
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We can continue by writing

()
2/ drI@’(HNﬂ =r)
0
> (szzﬁ]l (RW[N I(r) = (Z,Rl)> - ]P)E?fgl) (Rwl[N2](7n) _ (Z,Rl)))

(lL,R)e
[N?1x{A,Do,D1,D2}

t(N)—r )
N )
X /0 dv Z (PEZ',A]),(j,A) (RW[N Jv) = (k‘,A))

k€E[N?Z]

NG SN2
- ]PJEi,.A}),(j,A) (RW (v ](U) = (k7A)> )

x BV (RWII(0) = (k, 4)) Blg(al (HN) = v = o))

t(N) 5 ) r B ,
= 2/ drIP’(T[N I = T)/ du]P’(T[N I = w) Z
0 0

(L,Ry)e
[N?]x{A,Do,D1,Dz2}

(]@E]i\,,;]),(j,A) (RW[NQ](T —u)= (I, Rl)) P[NA}) (,A) (RW’[NQ] (r—u) = (I, Rl)) )

t(N)—r )
N )
X /0 dv Z (PEZ',A]),(j,A) (RW[N Jv) = (k‘,A))

k€E[N?Z]
~ N2 SN2
- ]PJEi,A]),(j,A) (RW v ](U) = (k»A)> )

x Bl (R0 0) = (k, 4)) Blg(ef* EN) = 7 = o))

Ny ) R 2
+ 2/ drP(rIV = PN > )
0

t(N)—r
X / dv Z
0

ke[N?2]
~ 2 2
- IP’EJX A])’(J.,A) (RW’[N l(v) = (k, A)) )

x (PYp,) (RWINI) = (k, 4)) = () (R (0) = (8, 4)) )
v
L

~ (N2 2
(PEI‘,A]),(]‘,A) (RW[N ](U) = (k?,A))

@@

x Elg(al N #N) —r = v)].

(8.200)

We will show that both terms in the last equality of (8.200]) tends to 0 as N — oco.
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For the first term note that, by (8.171)), (8.173]) and (8.195)), we have

wy e
2/ dr P(71V) :'r)/ duP(V = )
0 0

~ 2 2
* l 2 B A). 1. (RW[N lr—u) = (i, Rz))
(

I,Ry)€e
[N?1x{A,Do,D1,D2}

~[N2] 2 _
= Pha).G.a) (RW/[N lr —u) = (1, Rl))

t(N)—r )
BN N2 N
% /0 dv ) (P(LA),(j,A) (RW[ Jw) = (k,A))

ke[N?Z]
~ N2 2
- PEZ‘,A]),(j,A) (RW/[N ](U) = (k’A)) )
< B (RWII(0) = (k, 4)) Bl (i (H(V) — = o))

wy v
< 4/ drP(rIV = 7")/ duP(rIN] = u)
0

0
=[N?] 2
8 Z PEAAMJ;A) (RW[N lr —u) = (i, Rz))
(I,Ry)€e
[N?]x{A,Do,D1,D2}
~[N2] N2 B
—PL A G (RW/[ r—u) =, Rl)) ‘ (8.201)
awy r—L(N)
< 4/ drP(rIV] = 7«)/ duP(rV) = )
0 0
~[N2] N2 B
% > Pli.4).6.4) (RW[ lr —u) = (Z,Rz))
(I,R))€e

[N?]x{A,Do,D1,D2}

~ N2 2
- PEi,A]),(j,A) (RW/[N r =) = (LRl)) |

N S/t(N) dr B(rIV*] = 1) B(rIV) € [r — L(N), 7)) + 8P[rIN] € [0, L(NV)]]

L(N)
(wy r—L(N)
0 0
=IN?] 2 B
8 Z PEZ’»A),(J}A) (RW[N lr —u) = (I, Rz))
(I,R))e

[N?1x{A,Do,D1,D2}

~ N2 2
- PEi,A]),(LA) (RW/[N (r—u) = (Z’Rl)) ‘
+16[1 — e~ ¥ EN)],
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Hence the last term in the last inequality tends to 0 as N — oo.

To show that the first term in the last inequality tends to 0 we use the coupling
2
again. Recall the definition of Ht[N Vin 8.176]). Note that we can rewrite the sum as

SIN?) BN
2 Bl o (BRI 0 =) = (1 Ry) = B gy (R0 =) = (0. 10)
(L,R))€e
[N?1x{A,Dg,D1,D2}
N 2
< > > (V%) (RWIN L)) = ' BY)
(LRy)€e (l,,Rll)E

[N2]x{A,Do,D1,D2} [N2]x{A,Dg,D1,D2}

2
x PLy IL{,) (RW[N I(r —u— L(N)) = (4, Rl))

2 2
< > (P (RWIVIn) = @R ) 207 (RWINI (V) = (1, R)) )
(V',Ry)e
[N?]x{A,Dg,D1,D2}
~ N2 2 N
= Z (B oy (RWNI@n) = ', B, (Y 1))
(V',Ry)e

[N2]x{A,Dg,D1,D2}
~ 2 2 2
=B oy (RN = (¢, RY), (Y T)e))
(V2] (V?]yc
<2P[ ) ) (@)
(8.202)
To show that

2 2
lim BV ((H}N ])C) —0, (8.203)

n—oo

we can use a similar strategy as between (8.189) and (8.191)), but note that we now
start from two active sites instead of two 1-dormant sites. Therefore directly
follows from (8.190) and (8.191).

To show the second term in tends to 0, we write it as

N e _ N2
2/ drIP(T[ I = r)IP(T[ I> T)
0

t(N)—r N
[ a > (B (BWI@) = (ko)) = BETL ) (R 0) = (k. )
kE[N

x [BYR,) (BW™w) = (b, 4)) = () (BWN0) = (k, 4)) | Elg(el EN) = 7 = v)

N e _ g2
= 2/ dTIF’(T[ I = T)P(T[ I'> )
0

t(N)—r 5
></0 dw Y (IP’EJZ.V’Z]MJ.A) (RWW]() (k, A)) BV oy (RW’[NZ](U):(k,A)))

ke[N2]
X /v du I@[N2](7'[N2] =u)
0
N N2 /[N?
(Ph A]) (4,A) (RW[ ](’U - u) (k A)) (z A]) (3,4) (RW [ ](U - u) = (k7 A)) )

x Elg(zN I EHN) — 7 —v))). 200
8.204
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Changing the order of integration and setting w = v — u, we obtain

W o
2/ dT‘P(T[ I = T)P(T[ > r)
0

HN)—r TH(N)—r
X/ duIP’[Nz](T[NQ] = u)/ dv
0 u

> [B o (R ) = (k. 4)) -

kE[N2]
x [@E’]j]) oy (B0 =) = (k, 4)) -
x Elg(al (V) — 7 — v))]
=2 / " dr (- = )BT > )
0

N

(7. A]) (4,A) (RW,[NQI(U) = (k,A))]

N

P, A]) (,4) (RW'[N2](U —u) = (k, A))]

t(N)—r - tH(N)—r—u
></ duIP’[NZ](T[NZ] = u)/ dw
0 0

kE[N2]

Z [PEZ?),(]’,A) (RW[NZ](IU-FU) (k, A))

B 6. (RW/[N (w+u) = (k, A))]

x [P g (B = () = By (R ) = (k)

x Elg(¥ N (#(N) —

r—u—w)).
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This can be rewritten as
t(N) - -
2/ drIP’(T[Nz] = ’I“)]P(T[N2] >r)
0
t(N)—r
/t( ) du]fD[NQ](T[N2] =u)
0

Y [IPZVA) o) (RW[NQ]() a, Rl)) B (RW/[NQ](u):(l,Rz))]
(LRDEIN?]

X/OE(WH dw 3 [E (RN w) = (k, 4))]

kE[N?]
[PE\’A) (4, A) (RW[NQ](W) = (sz)) ]P’EVA) (o A) (RW'[NZ](w) = (k,A))]
x Elg(efN N EN) =7 - u - w))]

HN) e _ 2
< 8/ dTIP’(T[ I= r)IF’(T[ I'> )

L(N)
t(N)—r
/ du PV ( (V2] =u)
L(N)
xS B (RWW]( )= R)) BV (RWWl( )=l R))
(i,A),(5,A) )=\ (i,4),(5,A) )=\
(LR)EIN?]

N e L N2
+ 8/ drP(r = 1) P > )
L(N)

L(N
/ ( >duI~P’[N2](T[N2] =u)
0

< 3 [PEJ,VA]) " (RW[N2]() a, Rl)) B (RW/[NZ](U):(I,Rz))]
(LRDE[N?]

LIN) o S
+ 16/ drP(rN = )BT > ).
’ (8.206)
This tends to 0 by (8.202)) and the reasoning below (|8.203]). |

§8.3.9 Limiting evolution of the estimator processes

In this section we show that the results along the subsequences used in steps 5-
8 of the scheme for the two-level three-colour mean-field system actually hold for
all subsequences. Therefore the limiting evolution holds for N — oo. Recall that
Lemma tells us that all single 1-dormant colonies equal the value of the 1-
dormant 1-block average. Therefore the second assumption in in Proposi-

tion (8.3.5)) can be replaced by
2
lim £ (vl () ‘@a“&(l)’w?](zv,ftg + Nety)| = P, (8.207)
since, by Lemma [8.3.20] the limiting law

lim £ [(Yl N ](N,ftg)ﬂ (8.208)
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is completely determined by the first line in . Hence, the assumptions in Pro-
position [8:3.10] and Lemma [8:3.1§] can be weakened in the same way. Using that in
Proposition @ we assume @ and , we find that the 2-block convergence
stated in Lemma holds along all subsequences we choose in Step 5. We con-
clude that Proposition 8.1.1](a) is indeed true. Combining Proposition 8.1.1a) with
steps 1-4 of the scheme and Lemma [8.3.20) we find that the assumptions in Proposi-
tion [8.3.10] are true for all subsequences, and we obtain the limiting evolution of the
1-block estimator process. Projecting this limiting evolution onto the active 1-block
average and the 1-dormant 1-block average, we obtain Proposition [8.1.1{(b). Finally,
combining Proposition (a), stepsl-4, and the fact that Proposition is true
along all subsequences, we obtain Proposition [8.1.1fc) and (f).

§8.3.10 Convergence in the Meyer-Zheng topology

In this section we show how the results on the effective and estimator processes can
be use to show convergence of the full 1- and 2-block processes.

Lemma 8.3.22 ([Convergence of 1-process in the Meyer-Zheng topology]).
Assume that for the 1-block estimator process defined in (8.21))

lim £ {(@a“v“*wz](N?tQ + Ntl))

N—o00

t1>0] = L[(z8"(t1))t,>0] s (8.209)

where, conditional on 5% (to) = u, the limit process is the unique solution of the SSDE
in (8.30) with 0 replaced by u and with initial measure Fiﬂ’(l). Then

N—o00

. 2 M) (¢,
i e[ (O0 v ), e[ Vo]

in the Meyer-Zheng topology,

e
where TM (ty) is defined as in (8.46) and (zf ' (tz)(tl))tl>0 is the process moving
according to (8.28) with initial measure T (t,).

Proof. By assumption [8.209] and Lemma [8.3.6] we can proceed as in the proof of

Proposition [7.2.13 to find (8.210j). U

Lemma 8.3.23 ([Convergence of 2-process in the Meyer-Zheng topology]).

Assume that for the effective 2-block process defined in (8.23))

lim £ [(@eﬂ’@w<N2t2>)t2>0} L ()], (8.211)

N—o0

where (258 (t2))s,>0 is the process evolving according to (8.36) and starting from
(91,08y,). Then for the 2-block estimator process defined in (8.23)

N—o0

lim £ {(@(2)’[]\[2}(]\72252)) } =L [(2(t2)),,50]

t2>0

(8.212)
in the Meyer-Zheng topology,
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where (25(t2)),,~q 5 the process evolving according to (8.35) and starting in state
(ﬂlaﬂ17191)0y2)'

Proof. Combining Lemmas [8:3.6] and [8:3.13] we find for to > 0

]JE%OEH@ ) - 0P I(N) | =0
NninooEH@ I(N2y) — 0@HN (N2, H (8.213)
i E[|80 (N2 ) - 6 (82 | =0

Therefore we can again proceed as in the proof of Proposition [7.2.13| to find (8.212]).
O

§8.3.11 Proof of the two-level three-colour mean-
field finite-systems scheme

In Section we already proved Proposition a),(b),(c) and (f). The proof of
Proposition d) follows from Proposition a) by applying Lemma|8.3.23] The

proof of Proposition e) follows from Proposition(8.1.1{b) by applying Lemma/|8.3.22
This completes the proof of Proposition [8.1.1

299

Q YALIVH))



CHAPTER 8

8. Two-level three-colour mean-field system

300



