Universiteit

w4 Leiden
The Netherlands

Spatial populations with seed-bank
Oomen, M.

Citation
Oomen, M. (2021, November 18). Spatial populations with seed-bank.
Retrieved from https://hdl.handle.net/1887/3240221

Version: Publisher's Version

Licence agreement concerning inclusion of doctoral

License: thesis in the Institutional Repository of the University of
Leiden

Downloaded from: https://hdl.handle.net/1887/3240221

Note: To cite this publication please use the final published version (if
applicable).


https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/3240221

CHAPTER

Two-colour mean-field system

In this chapter we extend the results obtained in Section to a mean-field system
where the seed-bank consists of two colours, one colour that interacts on the slow
time scale and one colour that interacts on the fast time scale. To do so we follow the
set-up used in Chapter [£.4] In particular, we highlight the role of the second colour.
Section [7.1] builds up the setting and states the main scaling result: Proposition [7.1.2]
Section provides the proof of this proposition based on a series of lemmas, which
are stated and proved first.

§7.1 Two-colour mean-field finite-systems scheme

Setup. In this section we consider a simplified version of our SSDE in (4.20) on the
finite geographic space

[N]={0,1,...,N — 1}, N eN. (7.1)
The migration kernel a*¥ (-, -) is replaced by the migration kernel a/Vl(i, j) = coN~1
for all 4,5 € [N], where ¢y € (0,00) is a constant. The seed-bank consists of two
colours, labeled 0 and 1. The exchange rates between the active and the colour-0

dormant population are given by Kpeg,eg. The exchange rates between active and
the colour-1 dormant population are given by £ > 5 The state space is

S=sN s=10,1] % [0,1]? (7.2)
and the system, consisting of three components, is denoted by

2M(1) = (X0, (5N 0. ¥ 1)) 15,

(7.3)
(XMI0), (g™ 0,7 (0) = (@), 95,00, 961(D)) e
The components of (ZIV)(t));>0 evolve according to the SSDE
[N] iy _ © [N] [N]
da; (1) = ;jgw[x;v (1) =2 (O] dt + /g™ (1) dwi (1)
+ Koeo [3(0) — 2l ar + B0 —alMear, (7
dyy (8) = eo [V (1) - y%} (t)] dt,

dyiy (1) = 5 M) -y ), e (],
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P([0,1]3). The SSDE in (7.4) has a unique weak solution coming from a well-posed
martingale problem [67, Theorem 3.1]. By [67, Theorem 3.2], . has a unique
strong solution for every deterministic initial state Z[¥1(0). Therefore the solutino of
is Feller and Markov for any initial law. The SSDE in can alternatively be

written as

dat™(t) = ¢ % ST @My — 2N | dt+ /g (1)) dwit)

which is a special case of (4.20). The initial state is u(0) = u®NT for some p €

JE[N]
T Koeo N (0) — a0 at + 1 N0 - oM ] a,  (75)
dyiy (1) = eo [ (1) — y%% )] dt,
ai o = 5 MO -y @l i)

So the migration term for a single colony can be interpreted as a drift towards the
average of the active population. We are interested in L[(Z[NV)(#)));>0] in the limit as
N — o0, on time scales t and Ns. Heuristically, analysing the SSDE in , we can
foresee the following results, which are made precise in Proposition [7.1.2}

e On time scale 1 = NY (space-time scale 0), in the limit as N — oo the colour-1

dormant population (Yl[N] (t))t>0 in converges to a constant process, since the
single components ¥; 1 do not move on time scale t. The components of

(XINI(#), YO[N] (t))1>0 converge to i.i.d. copies of the single-colony McKean-Vlasov pro-
cess in , where in the corresponding SSDE the parameters c, e, K are replaced
by cg, €9, Ko and E = 1. So on time scale ¢t we only see the colour-0 dormant popu-
lation interacting with the active population, and the colour-1 dormant population is
not yet coming into play. Therefore the colour-0 dormant population is the effective
seed-bank on time scale 1, and the process

20 = @V (8), 40 ()eso (7.6)

is called the effective process on level 0. Note that the active population has a drift
towards + > jen %5 (t), which in the McKean-Vlasov limit is replaced by E[x(t)]

given by (4.111] m

e On time scale N (space-time scale 1), we look at the averages

()0 = (a1¥(9), (0 (s >,y£{vﬂ<s>>)

s>0

Z:v[N] Ns), Zylo (Ns), Zy

16 [N] 1€[N ] $>0
(7.7)
Again the lower index 1 indicates that the average is the analogue of the 1-block

average defined in (4.22)). Using (7.4), we see that the dynamics of the system in ([7.7))
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§7.1. Two-colour mean-field finite-systems scheme

is given by the SSDE

1
daf"(s) = | & D2 9@ s)) du(s) + NEoeo [3Y (5) = 2t (s)| ds
1€[N]

+ Kiey [y (s) = 2i¥(5)] s, (7.8)

dy([ﬁ](s) = Neg {:c[lN] (s) — y[N](s)] ds,

ayiY(s) = ex [21(s) = i ()] as.

Thus, as in the mean-field system with one-colour, on time scale N infinite rates ap-
pear in the interaction of the active population with the colour-0 dormant population.
Therefore in the limit as N — oo the path becomes rougher and rougher at rarer and

rarer times. Using the Meyer-Zheng topology we can prove that limy_, y([ﬁ] (s) =

limn 00 x[lN](s) most of the time. On the other hand, on time scale N, x[lN](s) has
a non-trivial interaction with yy\i] (s), and therefore we say that on time scale N the

colour-1 dormant population is the effective seed-bank. Note that for the evolution of

w[N](S)JrKoy[N](s) . . .
% the rates with a factor N in front cancel out. We will use

M () + Koyh (s)
1+ K,

(N] [N]

e x (8) + KOZU (S)

(ZENL ff(s))s>o = ( ! e oL ,y1,1(5) (7.9)
s>0

the average

the quantity to obtain results in the classical path-space topology.

We call

the effective process on space-time scale 1. We will call space-time scale 1 also level
1.

Scaling limit. To describe the limiting dynamics of the system in (|7.4), we need
the infinite-dimensional process

(Z(t))e=0 = ((2:(1))120) ;er, = (@i (8, Wi,0(1), 91,1 (1)) e20) e, (7.10)
with state space ([0, 1]*)No that evolves according to

dZL’Z(t) = 00[9 — Zl(t)] dt =+ 1/ g(xl(t)) dwl(t) -+ K060 [y170(t) — £L’Z(t)] dt,
dyi70(t) = €0 [.Z‘i(t) - yi70(t)} dt, (711)
yi1(t) = vi1, i € No.

Here, 6 € [0,1] and y; 1 € [0,1] for all i € Ng. We will also need the limiting effective
process

(Z°F()ez0 = (" (1)e=0) jen, = (@ (1), 556 (0)e20) e, (7.12)

with state space ([0, 1]2)No that evolves according to

da$(t) = co[0 — 25 ()] dt + (/g (27 (1)) dw(t) + Koeo [y5h (£) — x5 (¢)] dt,

dyso(t) = eo [a5T(t) —y55 ()] dt, i € No.

(7.13)
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Like for the one-colour mean-field finite-systems scheme, we need the following list
of ingredients to formally state our multi-scaling properties:

(a) For positive times ¢t > 0, we define the so-called estimators for the finite system

228

by:

[N] [N]
oMV (p) :% o (t) + Koyio (1)

iG[N] 1+ Ky

o INI (¢ Z M),

16“\’ (7.14)
OV Z YN
ZE[N
1 N
O N(1) = = D wh(®).
i€[N]

We abbreviate
O M) = (M), o) M (1), 0 N1 )
@ (DN 4y — <@<1>,{N1(t)7@u)m(t)).

Y1

(7.15)

We refer to (@°T(D:INI(1)),5 as the effective estimator process and to
(©@W:INI(1)),5¢ as the estimator process.

The time scale N's is such that L[OIV(Ns — L(N)) — OIN(Ns)] = &y for all
L(N) satisfying limy 0o L(N) = oo and limy_,0o L(N)/N = 0, but not for
L(N) = N. In words, Ns is the time scale on which ©/V](.) starts evolving, i.e.,
(OINI(Ns))g>0 is no longer a fixed process. When we scale time by Ns, we will
use s as a time index, which indicates the “fast time scale”. The “slow time
scale” will be indicated by ¢. Thus, the time scales for the two-colour mean-field
system are the same as the time scales for the one-colour mean-field system.

Remark 7.1.1 (Notation). The upper index 1 in O™ and G)?(,ll) is used to
indicate that we are working with a system of level 1, so the system that lives
on space-time scale 1. This can later be easily generalized to levels 2 and k. W

The invariant measure (i.e., the equilibrium measure) for the evolution of a

single colony in (7.11)), written
L6.6,4, (7.16)

and the invariant measure of the infinite system in (7.11)), written vggy, =
F?I}’y with § € [0,1] and y; € [0,1]Y a random variable. The existence of
the invariant measure vy and the convergence of L[Z(t);>o] towards vy will be
shown in the proof of Proposition [7.1.2

The invariant measure of the effective process in (|7.13)),
et (7.17)

and the invariant measure for the full process, vg = (I'§T)®No,
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(e) The renormalisation transformation F: G — G,
FOO = [ gl o dia), O€DY, (19
([0,1]2)No

where T is the equilibrium measure of (7.16). Note that this is the same
transformation as defined in ({.75)), but for the truncated system. Since vg is
a product measure, we can write

FoO) = [ a@ridndw), o< (719)

(f) The limiting 1-block process (z1(s))s>0 = (z1($), (¥0,1(5),41,1(5)))s>0 evolving
according to

[ (Fg) (21(5)) dw(s) + Kuex [y (s) — o1 (s)] ds] .
(7.20)

where Fg is defined in (7.20). The effective process
(2% (5)) 550 = (xﬁﬂ(s),yfl (8))s>0 on space-time scale 1,

(7.21)

We are now ready to state the scaling limit for the evolution of the averages in (7.7,
which we refer to as the mean-field finite-systems scheme with two colours.

Proposition 7.1.2 (Mean-field: two-colour finite-systems scheme).

Suppose that L[ZN(0)] = p®N for some p € P ([0,1] x [0,1]2). Let

0, = E* [y1]. (7.22)

190 = EM |:$ + K0y0:|

1+ Ky
(a) For the effective estimator process defined in (7.15)),

N—oc0

lim £ [(@efﬂ(l%[N](Ns))DJ -y [(z‘fﬁr(s))wo}, (7.23)

where the limit is determined by the unique solution of the SSDE ([7.21)), with
initial state
217(0) = (2§7(0), 5" (0)) = (Yo, 6y,) - (7.24)

(b) Assume for the 1-dormant single components that

lim £ [Yl[N] (Ns)’G(l)’[N] (Ns)] = PR, (7.25)

N—o0
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Define
ro o ) (s) = /[O ; Su((00,0y,), Atz u,)) T € P[0, 1]2), (7.26)

where Ss((9o,0y,), ") is the time-s marginal law of the process (2% (s))s>o start-
ing from (89, 0,,) € [0,1]% and TS is the equilibrium distribution of the system
in [TI3) with § = u, (note that T, (0) = T9T). Let (2°T T @00u () (1)),54

be the process with initial law zeﬁ’r("o"’yl)(s)(O) drawn according to F?§076y1)(8)

(which is a mizture of random processes in equilibrium) that, conditional on
2$%(s) = 0, evolves according to (7.13). Then, for every s € (0,00),

N—00

lim £ [(zgff’[N] (N's +t)) } -y [(zr?goﬂw(s)(t))tzo} . (7.27)

t>0

(¢) For the averages in ,
lim £ [(ZEN] (S))m] = £[(21(5)),m0]

N —oc0

(7.28)
in the Meyer-Zheng topology,

where the limit process is the unique solution of the SSDE in (7.20) with initial
state

21(0) = (#1(0),90,1(0), 41,1(0)) = (Yo, Vo, by, ) - (7.29)
(d) Assume and define

v(s) = /[0 " Ss((Y0,90, 0y, ), d(tg, tg, uy,)) / pl(/?(z;)uz7Uy1)(dy1) Vag gy »

[0,1]%0

(7.30)
where Ss((Jo, 0,0y, ),-) is the time-s marginal law of the process (21(s)) s in
(7:20), starting from (9o,90,0y,) € [0,1]3, and vy, 4, is the equilibrium dis-
tribution of the system in (]E with 0 = uy, and (Y;1)ien, = Y1, (note that
v(0) = vy, (ys 1 (0))icry )- Let (2¥ ()0 be the process on ([0,1]3)No with ini-
tial measure z*)(0) drawn according to v(s) (which is a mizture of random
processes in equilibrium) that conditional on x1(s) = 0 and Y1(s) = y; evolves

according to (7.11)) with 6 = uy and (yi1)ien, = Y. Then, for every s € (0, 00),

N—o0

i [N] = v(s)
lim £ [(z (Ns+t))t>0] c [(z (t))tzo]. (7.31)
Remark 7.1.3 (Law of 1-dormant single components). Note that

(c [yl[N](Ns)‘ ((:)[N] (Ns), 0N (Ns))DNENO (7.32)

is a tight sequence of measures. Hence there exist weak limit points. In Section [§] we
will see that if there is a higher layer in the hierarchy, then we can show that all weak
limit points of are the same and we can identify the limit. For Theorems m
and [£:4.4] we do not need this assumption, since there will alwyas be multiple higher
levels. |
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§7.2. Proof of the two-colour mean-field finite-systems scheme

§7.2 Proof of the two-colour mean-field finite-systems
scheme

The proof of Proposition the finite-systems scheme with one level and two
colours, follows the strategy used in Section [6.3] for the proof of Proposition [6.2.1]
Like for the one-colour finite-systems scheme, we denote the slow time scale by t and
the fast time scale by s. The proof consists of the following 6 steps:

1 Tightness of the effective estimator processes defined in ([7.15]).

(@M IVI(N$))i50) yen (7.33)

2 Stability property of (@°TULINI(Ns + )0, i.e., for L(N) satisfying
limpy 00 L(N) = 00 and limpy o0 L(N)/N =0, and all € > 0,

lim P| sup ’@(1)’[1\[] (Ns) — 0W:INI(Ng — t)‘ >e€| =0. (7.34)
N—oo  |o<t<L(N)
and
lim P| sup ‘@5}1)»““ (Ns) — 0 IN(Ng - t)‘ > el =0. (7.35)
N—oo  lo<t<L(N)

3 Equilibrium of the infinite system and the one-dimensional distribution of the
effective single components (Z(Ns + t));>0, analogous to Proposition

4 Limiting evolution of the effective processes ((@°%1:IN(Ns))so)nen.
5 Evolution of the 1-blocks in the Meyer-Zheng topology.
6 Proof of Proposition [7.1.2]

Step 1: Tightness of the 1-block estimators.
Lemma 7.2.1 (Tightness of the 1-block estimator). Let
(9657(1)a[N] (Ns))s>0 (7.36)

be defined as in ([7.14). Then (L[(O°TWIN(Ns)) so])Nen is a tight sequence of
probability measures on C((0,00), [0, 1]?).

Proof. To prove tightness of ((@°T(1:IN(Ns)),s0)nen, we will prove for all € > 0
that the set of measures ((©°F-(1):[N] (Ns))s>e)nNen is tight. To do so, fix e > 0. We
will again use [49, Proposition 3.2.3]. From (7.4) we find that the 1-block averages
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(@°F-(INI(Ns)),0 evolve according to

. 1 1
46 NI(Ns) = - - 5 2l INI(Ns)) duw(s)
0 i€[N]
1
N [V]
+ Kie; 91(111)[ I _ N _GE[N] z; ' (Ns)| ds|, (7.37)

@(1) N(Ns) = ey Z xN] Ns) @l(/ll)’[N](Ns) ds.

To use [49, Proposition 3.2.3], we define C* as the set of polynomials on ([0, 1]?). Note
that (('-)eﬂ’(l)’[N](Ns))sz6 is a semi-martingale. Applying It6’s formula, we get
f (@efh(l),[N] (Ns)>

—f (@eff,u),uv] (Ne))

+ / dui(r) 1 e J 3 Z oM () (e ()

s K1€1 (1) [N] 1 [N] 8f £.(1),[N]
(N1) N e° N
+ "1+ K, r) Nzgw i (N7) ( ( 7“))
[ Care N (N — 0N () 5f @¢T. (DN ()
Y1
¢ ZG[N]

s 1 62
+ | R > ol o) gz ()
¢ N]

(7.38)
for all f € C*. Hence, if we define the operator
GV [0,1)2, [e,00), ) = R,
(1).[V] _ FKe |1 (V] of
GT (f7 (xay)vsvw) - 1 +KO Y N Z (NS w) ax
i€[N]
7.39)
1 0 (
+e; [NZ al ](Ns w)—y 8;
i€[N]
1 1 [N] 0*f
—_— N
+2(1+K0)2NZQ(1 ( SW))al,Q

€[N

then we see that the process (@°T(NINI(Ns)) 5, is a D-semi-martingale for all € >
0. For all ¢ > 0 the conditions Hy, Hy, Hj3 are satisfied as before. Therefore we
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§7.2. Proof of the two-colour mean-field finite-systems scheme

conclude from [49, Proposition 3.2.3] that the sequence ((@°T(MINI(Ns)) s )nen is
tight. Since this is true for all € > 0, we conclude that (£[(@°FM:INI(Ns)).~0])ven
is tight. |
Step 2: Stability of the 1-block estimators.

Lemma 7.2.2 (Stability property of the 1-block estimator). Let @°(1):.[N](¢)
be defined as in (7.14). For any L(N) satisfying imy oo L(N) = 00 and
limy_00 L(N)/N =0,

lim  sup ‘(:)(1)’[1\’] (Ns) — W N(Ng — t)’ = 0 in probability (7.40)
N—=00 0<t<L(N)

and

lim  sup ‘@7(411)7[1\’] (Ns) — @7511)’[]\” (Ns— t)’ = 0 in probability. (7.41)

N—oo g<t<L(N)

Proof. Fix € > 0. From the SSDE (7.4]) we obtain that, for N large enough,

)

=P sup ! /NS dr @ o(),N] (r) — 1 Z 2V (r)
o<t<i(N) L+ Ko | Jns—t N ot N eIV ’
+/ dw; (r ]

Ns—t ZG[N]

(| E@ 2 1 / e

N(1+ Ko) 1+ Ko Jnes mm
oo [ o 05 3 o) >

o<t<rL(N) |1+ Ko il ZE[N

1

<P su / dw; (r

<O<t<L(N) 1+ Ky )

(7.42)

Applying the same optional stopping argument as used in the proof of Lemma [6.2.15

we find (7.40)). For (7.41), note that
> 6)

P sup
0<t<L(N)
M e | g ! [N]
dr = |10, W(r) — — z; (1)
[ P

OMIN(Ns) — OWIN(Ns —¢)

P sup
0<t<L(N)

[N

[N]

IN

+ sup
0<t<L(N)

2K1€1
1+K®

ZE[N]

O W(Ns) — e N(Ns —t)

=P sup
<O<t<L(N) 1+ Ko

261L(N)
P((l—i—KO)N > e).

IN
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Let N — oo to obtain (|7.41]). O

Step 3: Equilibrium for the infinite system. To derive the equilibrium of
the single components in the infinite system, we derive the following analoque of
Proposition Recall that the finite system is denoted by ZV+l in 7 and
recall the list of ingredients in Section

Proposition 7.2.3 (Equilibrium for the infinite 2-colour system). Let (Ng)ken
be a sequence in N. Fixz s > 0. Let L(N) satisfy imy_,o0 L(N) = 0o and
limy oo L(N)/N =0, and suppose that

lim £ _G')eff’(l)’[Nk](thS)] = P@cf'f(s)a

k—o0
. r o ©°f. (1) (4
Jim £ [V (Nys) | @ DN () | = PP,
lim £ sup  |OMH(Nys) — OV (N s — t)‘ + }@LJY""](N;CS) — 0, N (Nys — t)‘
koo | 0<t<L(Ny)
= 603
lim E[Z[N’“](Nks)] = v(s).
k—o0
(7.44)
Then v(s) is of the form
0,0,
u(s) = / Po(3)(d6,d6,) / P09 (dg,) vy, (7.45)
[0,1)2 [0,1]%0

where Y, = (Yi,1)ieN, 5 a sequence with elements in [0,1], and vy 4, is the equilibrium

measure of the process in (7.10) evolving according to (7.11)) with (y;1)ien, given by
the sequence y, =.

Preparation for the proof of Proposition The proof of Proposition [7.2.3]
follows the same line of argument as used in the proof of Proposition We
need lemmas that are similar to Lemmas but this time in the setting
of the two-colour hierarchical mean-field finite-systems scheme. Afterwards we prove

Proposition [7.2.3]
Lemma 7.2.4 (Convergence for the infinite system). Let u be an exchangeable

probability measure on ([0,1]*)No. Then for the system (Z(t))i>o0 given by (7.10) with
L[Z(0)] = p,

Jim £{Z(t)] = vy, (7.46)
where vy, is of the form
Vg’yl = H FG,yi,1 (7.47)

1€Ng
with Ty,  the equilibrium of the ith single-component process in (7.11)).

Proof. For each component of the infinite system in (7.10]) the 1-dormant single com-
ponent process (y;1(t))i>0 does not move on time scale t. Hence, given the states
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§7.2. Proof of the two-colour mean-field finite-systems scheme

of 1-dormant single components, we can use a similar argument as in the proof of
Proposition (see Section [6.1.3)) to show that the single components converge to
an equilibrium measure I'g , ,. Since the single components do not interact, the claim

in Lemma [7.2.4] follows. O

The second lemma establishes the continuity of the equilibrium with respect to 6,
its center of drift.

Lemma 7.2.5 (Continuity of the equilibrium). Let P(([0,1]*)N0) denote the
space of probability measures on ([0,1]*)Ne. The mapping

[0,1] x [0, 1]% — P(([0, 1]*)™)

(7.48)
(97 yl) = V@,?h

is continuous. Furthermore, if h is a Lipschitz function on [0, 1], then also Fh defined
by
(Fh)(0) =E"un[h(-)] = / Vo,y, (dz) h(zo) (7.49)

([0,1]2)%o

is a Lipschitz function on [0, 1], whose values are independent of y, .
Proof. Lemma follows from the proof of Lemma (|

The third lemma characterises the speed at which the estimators (@QN] (t))e>0 and
(@LN] (t))e>0 converge to each other when N — oo and t — oo.

Lemma 7.2.6 (Comparison of empirical averages). Let (99)’“” (t)i>0 and

O MN(1)),50 be defined as in (T14). Then

E[|o M) — o) M)|| < \/ E {(@S“N] (0) - O (0))1 e~ (Kocoteo)t

2 4K
N lgll, 4k1er]
K060+€0 N N

(7.50)
Proof. From (7.4)) it follows via Ito-calculus that
d 2 2
—E [(@gwl (t) — O (t)) ] = —92(Koeo +eo) E [(@g%m (t) — O] (t)) ]
+ RN (1),
(7.51)
where
2Ke
A0 =B | 2 (el¥(0) - o)) [ e) — o)
2 (7.52)
+ 57 2 Blo(@M )]
1€[N]
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Hence
E [(@gwl (1) — O (,5))1 R [(ggmm (0) - BN (0))2] o—2(Koeoteo)t

t
+ / dr e 2Kocoteo) (t=r) pIN] (1)
0

(7.53)
Take the square root on both sides and use Jensen’s inequality to get (7.50). g

Like for the mean-field system with one colour, we need to compare the finite
system in with an infinite system. To derive the analogue of Lemma let
L(N) satisty limy 00 L(N) = 00 and limy_,o0 L(N)/N = 0. Define the measure py

n ([0, 1]*)No by continuing the configuration of

ZWN(Ns — L(N)) = (X[N](Ns — L(N)), (YO[N] (Ns— L(N)), iV (s — L(N))))
54

(7.54)

periodically to ([0, 1]%)No. Let

) 1 2N (Ns — L(N)) + Koy (Vs — L(N))
QLIN] — = g[;v] e 0 : (7.55)
Let
(ZM(1))iz0 = (XM (1), (Vg™ (1), Y{* (1)) 10 (7.56)

be the infinite system evolving according to

dal™ (1) = co [OWINT — 2™ ()] dt + /g (21 (1)) dwi(t) + Koeo [yl'y (1) — 2™ (1)] dt,
dyig (t) = eo [2f (t) — yig (H)] dt,
yi”l\’ (0) i € Np,

yz 1 (t)

(7.57)

starting from initial distribution py. Then the following lemma is the equivalent of
Lemma for the two-colour mean-field system.

Lemma 7.2.7 (Comparison of finite and infinite systems). Fiz s > 0, and let
L(N) satisfy imy_00 L(N) = 00 and limy oo L(N)/N. Suppose that

lim  sup ’@(1) I(Ns) —0WIN(Ns — t)‘ =0 in probability. (7.58)

N—oog<t<L(N

Then, for allt > 0,

lim B [£(2(0) = f(ZM(Ns = LIN) +0) || =0 v f ec((0,1]°)",R).
(7.59)
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Proof. We proceed as in the proof of Lemma We rewrite the SSDE in as
de;M(t) = co [0 — (8] dt

+ ¢ [@(1 w (t) — WM dt + ¢o [0 N (1) — 6W-IN(1)] at

+ /(" (1)) duwi(t)

+ Koeo [yl () — M (0)]dt + =L
Ay (1) = eo [ (5) — i (0] .
ayl () = 5 N0 -y @] atie )

Kie, (7.60)

[V] [V]
N [yi,l (t) —=; (t)]dt,

As before, we consider the finite system in (7.60) as a system on ([0,1]*)Ye by
periodic continuation, and we couple the finite system in (7.60) and the infinite
system in (7.59)) via there Brownian motions. We denote the coupled process by

2t) = Glt))iewy = (N0, 2% (1) )ieny, where 200 (1) = (@M @), g @), 3N 1))
and 2 () = (T (1), 7 (), 27 (t)). We define

N ~[N ~
AT (1) = &N () — &~ (1),
N ~[N ~
sty = gy — gty (o), (7.61)
N ~[N
sty = Ny — gy ().
As in the proof of Lemma [6.2.9] we have to show that, for all ¢ > 0,
~ [N (4[] = ; [N (4[] — , [N (1 —
lim EfAM @) =0, 1im Elsi @) =0 tim Ef5 @) =0. (7.62)

To prove the third limit in (7.63)), note that, by (7.57)), (7.60) and the choice of

the initial measure in the coupling,

W0 =0+ 5 [ -o0) =4 [ ar o)
(7.63)

Hence
lim E[|sIY(L(V))[] = 0. (7.64)
N—o0 ’

To prove the first two limits in (7.63]), we argue as in the proof of Lemma
but we need to add extra drift terms towards the first seed-bank. Using It6-calculus,
we obtain

dt
= —cE[AM )]

— 2600 E [[|AP )] + 07 (1) 1

E[aM @) + Ko 1))
[

(V]
{sgn A&7 (t );ésgnzi (t)} (765)
+ csgn AN (1) [0 ] () — §D:IN]

+ csgn A[N]( )[(:)501)7[N] (t) — 6] ®)]

K
+ s AN @[ @) - aM ).
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This can be rewritten as

0 < E[AN (6)] + Kol (1)]]

< E[aP )+ Kaf )] ¢ [ Bl
0

t
N N
_2KO€O/0 arE [JAP ]+ 185 ) L 19 ) pogmal

to (7.66)
Lo / dr [N () — @ IN]]
0
t
+c / dr |0 N () — @ INT ()
0
K t
+ = [ ar [l o) - alMe)|.
N 0 ’
By the construction of the measure py, we have
lim E[|AN (0)] + Kol (0)]] = 0. (7.67)
N —o00
Therefore, for all ¢ > 0,
dim E[AM 6] + Kol (1)) = o. (7.68)

Combine this with (7.64) and use that Lipschitz functions are dense in the set of
bounded continuous functions. Then, as in the proof of Lemma [6.2.9] we get the

claim in ((7.59). O

Before we can prove that the infinite system (X#~(t), Y3V (¢),Y{"™ (t))t>0 con-
verges to a limiting system as N — oo, we need the following regularity property for
the estimators (O], @5:[]).

Lemma 7.2.8 (Stability of the estimator for the conserved quantity). Define
un as in Lemma m Let (va,y%,yfyl)iew] be distributed according to the ex-
changeable probability measure puy on ([0,1]*)No restricted to ([0,1]*) V). Suppose that
limpy oo v =  for some exchangeable probability measure p on ([0,1]%)No. Define
the random variable ¢ on (1, ([0,1]3)N0) by putting

¢ = (¢17 ¢2)7
L 1 x; + Kyw T 1 (7.69)
hsmn 2 Tirx o et Mmg e

and the random variable ¢ on (ux, ([0,1]2)N0) by putting

oM = (6", o)
N N
v _ L zi + Kyio v 1 N (7.70)
1 _NZWv ?; _Nzyi,l'
i€[N] i€[N]
Then
lim L[o™)] = £[¢]. (7.71)
N—o00
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Proof. We can use a similar argument as in the proof of Lemma [6.2.10] Define

1 i+ Koyio 1

[N] | = L3 T 0550 - )

D(2) = NZ 1+ K, ’Nzy“l : (7.72)
JE[N] JEIN

Then we can proceed as in the proof of Lemma |6.2.10] using Fourier analysis for both
components of DIV(Z) separately. O

In the fifth and final lemma we state the convergence of
LI(XHN (), Yg™ (¢), Y]V (t))] to the law of a limiting system as N — oo.

Lemma 7.2.9 (Uniformity of the ergodic theorem for the infinite system).
Let un be defined as in (7.56)). Since (un)nen is tight, it has convergent subsequences.
Let (Ni)ken be a subsequence such that p = limg_,o0 fin, . Define

1 zf + Kyi'y )
6= lim & % “Tx W (7.73)

Let Z1(t) = (X#(1), Y§'(£), YI'(t)) ., be the infinite system evolving according to

da (t) = [0 — z} (t)] dt + 4/ g(z} () dw;(t) + Ke [y;', (¢) — 2} ()] dt,
dy;o(t) = elaf (t) — yi, (V)] dt, (7.74)
dy;', (t) = yi'1(0), i € No.

and let ZPNk(t) = (XHN (1), Yo M (1), Y™ ()10 be the infinite system defined in
(7.56). Then
(a) Forallt>0,

Jim [E[f (2 ()] —E[f(2"1))]| =0 ¥ [ec(([0,1)™,R). (7.75)

(b) There exists a sequence L(N) satisfying limy oo L(N) = oo and
limy oo L(N)/N = 0 such that

lim [E[£ (2N (Nis = L(N)) + LINW)) = £(2" (L(NW)) ]

+[E[f (2"~ (L(Nk)] — E[f(Z2"(L(NW)))]| =0 ¥ fec((0,1]*)" R).
(7.76)

Proof. As in the proof of Lemma|6.2.11} we can construct (z/V);en, and (z);en, on
one probability space. Then

lim 3!V (0) = y¥,(0) as. (7.77)
N—oo 7 ?
and
lim E[|6 — 0[] = 0. (7.78)
N—o00
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Combining (7.64)), (7.68)), (7.77) and (7.78)), we obtain, via a similar construction as
in the proof of Lemma [6.2.11} a sequence L(N) such that

Via a similar coupling as in Lemma ((7.2.7)), it follows via It6-calculus that (7.75]) holds.

Jim E[JAY(L(N))] + Kold7o (LIN)] + Ko7y (V)]

_ _ _ (7.79)
+E[JAFY(L(N)] + Kolofg (L(N))[] + K677 (L(N)[] = 0.

As in the proof of Lemma [6.2.11] we can again use Lipschitz functions to conclude

(7.76)). O

Lemma 7.2.10 (Coupling of finite systems). Let
ZINIE = (X INLL y VDL y [N (7.80)

be the finite system evolving according to (7.4) starting from an exchangeable initial
measure. Let N1 be the measure obtained by periodic continuation of the configur-
ation of ZWNI1(0). Similarly, let

ZIN12 = (xIN12 y N2y V)2 (7.81)

be the finite system evolving according to starting from an exchangeable initial
measure. Let pN2 be the measure obtained by periodic continuation of the con-
figuration of Z[N]’Q(O). Let i be any weak limit point of the sequence of measures
(uNB 5 N2 e, Define the random variables OV and QW12 on (([0, 1]%)No x
([0, 1]3)No, uINLL s uIN12Y gnd ©4 and ©4 on (([0,1]2)Ne x ([0,1)2)Ne, i) by

NJ,1 N],1 N1,2 N1,2
QN1 — 1 Z x£ ] +K0y,[,o] QN2 _ 1 Z x£ ] +K0yz[,0]
N 1+ Ky ’ N 1+ Ky ’
€[N 1E[N] (7.82)
- 1« 2!+ Koylo . 1« 2 + Koyl
6! = lim — AR 6% = lim — Zi T 0%0
Jm =) Jm > R

1€[n] 1€[n]

and let (O INLL(#))50 and (OM:INL2(1)),50 be defined as in ([T.14) for ZINL1 re-
spectively, ZIN12. Suppose that

lim  sup (‘(:)[N]’k(O) - (:)[N]’k(t)‘) =0 in probability, k € {1,2}, (7.83)
N—=00 g<t<L(N)

and suppose that ({01 = Oy, Y{! = Y?2}) = 1. Then, for any t(N) — oo,

lim E[Jal™ (V) — 22 (V)] + Kolyly " (#(V)) — 2 (e (V)]

+ Ky (V) — oA )] = o.

K2
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Proof. Via standard Ité-calculus we obtain from (7.4)) that

SRl (1) — 22 0) 4 KolyfSP () — o820+ Kl () — o2 0) ]

2c [N],1 [N],2
=-5 2 E [|%’ (&) =25 (O fogn (09911 (1) 22 (1)) g <x£N]'1(t>—x£N1'2<t)>}}
JEIN]

 2Beo B[l 0) = 20 + KB 0 - 52 0)

Lsgm (o (1) 212 (1)) gn Wil (0 =iy (@)} |
Kieq N], 1 N],2 N], 1 N],2
— 250 B a0 - o0+ K0 - o0
x 1 [N],1 [N],2 [N],1 [N],2 .
{sgn (277 () =27 (D)) #sgn (v (D=yi17 (D)} |
(7.85)
Therefore, for all N € N,
NJ,1 N],2 N, N],2 N, N,2
t E |21 0) = 220+ Kol (0 = o201+ Ky ) - v 2 0l
(7.86)
is a decreasing function. Hence we can use the same strategy as in the proof of
Lemma [6.2.13] to finish the proof. O

e Proof of Proposition

Proof. We follow a similar argument as in the proof of Proposition Let L(N)
satisfy limy_ 0o L(N) = oo and limy_yo0o L(N)/N = 0. Let py be the measure

n ([0,1])No obtained by periodic continuation of £[ZINI(Ns — L(N))]. Note that
([0,1]*)No is compact. Hence, letting (N}, )ren be the subsequence in Proposition
we can pass to a possibly further subsequence and obtain

lim pn, = p. (7.87)
k—o0

Since we assumed that £[ZIN1(0)] is exchangeable and the dynamics preserve ex-
changeability, the measures py, are translation invariant and also the limiting law p
is translation invariant.

Let ¢ = (¢1,¢p2) be defined as in in Lemma Then we can condition
on ¢ = (¢1, ¢2) and write

n= / tp dA(p), (7.88)
(0,1]2
where A(-) = L[¢] = L[(¢1, ¢2)] and p = (p1, p2). By assumption we know that

lim £ [@eﬂ’(l)’[Nk](Nks)} — Poerr(5)(") (7.89)

k—o0
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and
lim £ |: sup AWkl (Ny.s) — Ok (N s — ‘ ‘@ (Nis) — Oy, Ve (N5 — t)‘:|
k=oo |0<t<L(Ng)
= do.
(7.90)
Hence
lim £ {@eﬁ(l%[Nd(Nks - L(Nk))] = Pt () (*)- (7.91)

Recall that

A= £ | im (i I 2. ) on (1, (0,11%). (7.92)

1€ [n]

By Lemma [6.2.10] if

1 $Z+Ky10
A G ADE (Nk 2 ik Nk > ouh ) (1w, ([0, %)),

1E€[Ny] 1€[Ny]

93)
then limy_,o L[¢p™N*] = L[p]. Taking the subsequence (un,)ren, We get A() =
Pgete(5)(+), and hence

p= [ mdro). (7.94)
[0,1]

Let L(N) be the sequence constructed in Lemma [b] By construction we can
require that L(N) < L(N) for all N € N. Write
£[ZMN) (Nis = L(N) + L(Vi))]
= L[ZWK(Nys — L(Ny,) + L(Ny))] — £[ 2" (L(Ny))],
+ £[7 (V)] — £[Z4(E(N)]
+ L[Z"(L(Ny)]-

(7.95)

By Lemma the first and second differences tend to zero as k — oo. Hence

lim L[ZV(Nyes — LN + L(NW)] = £[2*(L(NW)]- (7.96)
By (7.89),
L[ZH(L(N)] = /[O £l T P (dp). (7.97)
For the infinite system (Z/#(t));>0 = (X"¢(t), Yy (t), Y{" (t))tzo we have
YH(t) = YI(0) a.s. (7.98)
and hence, since limy_,o L(Ng)/Nj, = 0 by (7.44),
lim L[V (L(NW))] = LY (0)] ¥ p € [0,1]. (7.99)
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Therefore
lim £[V{" (L(NK))] = P, (") (7.100)

k—o0

and _
L[X"(L(Ny)), Yy " (L(Nk)), Y{"" (L(Ny))]

_ _ (7.101)
— [ LD E0), Y (L) TP, ()
Hence, since limy,_, o, L(N},) = oo, by Lemma we have
Tim £[2% (V)] = Tim £[X7(L(N)). Y (LN Y (E(V)]
(7.102)
:/prylp{;l(s)(dh)
Therefore, by (6.109)), (7.97) and Lemma
lem L[ZWNH (Nys — L(Ny) + L(Ny))] = [ ]P@eff(s)(dp)/VpﬁylP{il(s)(dyl).
o) 0,1
(7.103)

To finish the proof, we proceed as in the proof of Proposition and invoke
Lemma [7.2.10, Let ZIV1 = (XN y NI yINLLy 16 the finite system starting
from

L2 Ns = L(N))] = £[XNs — L)), Y™ (Ns = L(N)), ¥ (Vs — L(V))].
) (7.104)
Let (L(N))nen be the sequence constructed in Lemmal[7.2.9] Let

ZIN2 = (x N2 yINL2 yINL2) e the finite system starting from

L[XMI(Ns— L)) = £ [ XMV = L)), YN (Vs = L)), vV (vs = L))

(7.105)

Choose for ¢(N) in Lemma the sequence L(N). Let ul™! be defined by the

periodic continuation of the configuration of ZINI(Ns — L(N)) and u™? be defined

by periodic continuation of the configuration of ZIN(Ns — L(N)). Define ©; and

O4 according to7 where under ;M2 we replace L(N) by L(N). Then, by the
[7.44),

assumptions in (|7.44

lim [@WNel:1 _ @ [Nul.2) — Jim |ONE(Nys — L(Ny,)) — ON% (Nys — L(Ny))|
— 00

k—o00
= 0 in probability.
(7.106)
Using we see that also, for all ¢ € [N],

lim [y} (0) =y Y2 (0)] = lim [y} (Nes — LNL)) = /Y (Wis = L(N)]

k—o0
= 0 in probability.
(7.107)

N1 plNsl2) o then

Therefore, if p is any weak limit point of the sequence (,u

p({0 =0,, Y = Y32} =1. (7.108)

243

), MILAVHD)



CHAPTER 7

7. Two-colour mean-field system

Hence, by possibly passing to a further subsequence, we can now apply Lemma
to obtain, for all 4,

lim B |2l (L) — 2N (E(V))

1 K3
k—o0

+ Ko [y (L)) — ol 52 (L)) (7.109)
+ K Y L) = g YT )| =o.

Hence
lim_(£[ZM(LV)] - £ZVATN))]) = b (7.110)
N—o0
and therefore
lim £(ZNH(Nys)) = / Pgert (s (dp) / Vo PY (o (dy1)- (7.111)
k—o00 [071] 1
This concludes the proof of Proposition [7.2.3 d

Like for the one-colour mean-field system, Proposition [7.2.3] and Lemmas [7.2:4}-
[7-2.10] give rise to the following corollary, which will be important to derive the evol-
ution of the 1-blocks on time scale Ns.

Corollary 7.2.11. Fiz s > 0. Let uy be the measure obtained by periodic continu-
ation of

ZW(Ns—L(N)) = (XNM(Ns—L(N)), YN (Ns—L(NV)), M (Ns—L(N))), (7.112)
and let p be a weak limit point of the sequence (un)nen. Let

o— I 1 o + Kyt
= l1im — —_—
i€[N]

in Lo(p), (7.113)

and let (Z7°(t))i>0 = (X0 (1), Yy® (), Y"® (¢))e>0 be the infinite system evolving ac-
cording to starting from its equilibrium measure. Consider the finite system
ZINT as a system on ([0,1]3)No by periodic continuation. Construct (ZN(t))i~o and
(Z¥@(t))t=0 on one probability space. Then, for all t > 0,

lim E H:cEN](Ns i) - m;’@(t)H + Ko |

N—o0

N v
ul (Vs +0) g )]

(7.114)
W (Ns+ ) -y =0 vie )

+K11E[

Proof. Proceed as in the proof of Corollary but use the setup of the two-
colour mean-field system and therefore replace Proposition Lemma [6.2.11] and

Lemma [6.2.13] by, respectively Proposition Lemma [7.2.9 and Lemma [7.2.10} O

Step 4: Limiting evolution of the 1-blocks.
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Lemma 7.2.12 (Limiting evolution of the 1-blocks). Let (25%(s))sx0 be the pro-
cess defined in (7.21)) with initial state

27(0) = (9o, 6,,)- (7.115)

Then
Jim £ [(@eﬁv“)’[m (Ns))s>0] = L [(25%(s))ss0] - (7.116)

Proof. By [72], the SSDE in (7.21) has a unique strong solution. Therefore the process
(25%(5)) 550 is Markov. Its generator G is given by

K161 8 8 1 82

G- WD gt al -V g+ Gy PO 5 (1)

and hence (2§ (s))s>0 solves the martingale problem for G. We will use [49, Theorem
3.3.1], to prove that ((7.116) holds.
Define

WY 9Ny = (@u) INI(0), @511),[N1(0)), (7.118)

0 Yy1

Since we start from an i.i.d. law, by the law of large numbers we have that

lim @eﬁv“)iN](o):Nlim (95, 9)) = (90,0y,)  a.s. (7.119)
— 00 ©

N —o0

By the SSDE in ([7.37) and an optional sampling argument, we have, for all N € N,

liﬁ}((:)(1)’[N](Ns),9(1)’[N](Ns)> @Y, 9N)  as. (7.120)

Therefore we can continuously extend the process (@°T(1):INI(Ns)),oq to 0 and, in
particular,

lim £ {@eﬁv“)v[’\”(o)} = £ [5%(0)] . (7.121)

N—oo

Since we already showed that the processes

(@ IN(Ns)) (7.122)

s>0

are D-semimartingales, and are trivially bounded, we are left to show that

lim [ arE[|GV N (7, @O NN, 1) — (G ) (@M () || <o

N—oo Jg
(7.123)
Here, Ggl)’[N] is the operator defined in ([7.39)). Since we are working on the space C*

of polynomials on [0, 1]2, all derivatives of f € C* are bounded. Hence, by dominated
convergence, it is enough to prove that, for all s > 0,

lim EW] HG(” (@ MDIN(Ng) 5, ) — (Gf) (@ )[N](NS))H = 0. (7.124)

N—oc0
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Note that

EHG§1)’[N] (. °(WIN(Ng), s, ) = (Gf) (@eff,(l),[zv] (Ns))H

Kie;
1+ Ky

=E

1 Of | e
[9;11)’[N](Ns) % Z mi(N&w)} %(9 H’(l)’[N](NS))

i€[N]

ror[x Y aNaw) - @&)’[N](Ns)}%(@eﬂ*”mws))

ie[N]
PR S Z «(Ns,w)) aif(@effv“)»[m(zvs)) (7.125)
(1+ K¢)2N < D2 '
Klel

Y [@é?’[NMNs) oMM (N5)] I (@) ()
0

5 Of (g
— e [@(1)7[N] (Ns) — 93(111)’[N] (Ns)] 87/(@ ff, (1), [N] (Ns))

1

— (Fg) (W IN(Ns)) aif(@efﬂ(l),[N] (NS))H_
(1 +K0)2 Ox?

Hence

lim E HGS),[N] (f, 0O N(Ng) 5.) — (Gf) (@TIN (Ns))u

N — oo

K
< lim E |21

N—o0

WV (Ns) - % Z zi(Ns,w)

i€[N]

0

|

; 1 . 5(1),[N]
+A}£nOOIE [el N Z zi(Ns,w) — © (Ns)

i€[N]

‘%(@efw)w] (Ns)) ']

¥ 2 9@ (Ns,w) — (Fg) (61 (Ns)

i€[N]

o)

. 1
+ J\}gnooE [(1 + Ko)?

(7.126)
Note that each of the derivatives is bounded by aconstant because we work on C*.

The first and the second term tend to zero by Lemma For the third term we

can use a similar argument as used in ((6.198]), since we showed Lemmas [7.2.4H7.2.10
for the single components in the mean-field system with two colours. 0

Step 5: Evolution of the averages in the Meyer-Zheng topology. In this
section we prove the following proposition

Proposition 7.2.13 (Convergence in the Meyer-Zheng topology). Suppose that
the effective estimator process defined in (7.15) satisfies

Jim £ [(@efﬂ(l)m (Ns))m} -y [(zfﬁ(s))m} . (7.127)
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Then for the averages in (7.7)),

Jim 2] (:96) | = £ 1Gat),00)

(7.128)
in the Meyer-Zheng topology,

where the limiting process (21(s)),< is defined as in (7.20)).

To prove Proposition [7.2.13] we need the following characterisation of continuous
functions in the Meyer-Zheng topology

Lemma 7.2.14 (Convergence of marginals in the Meyer-Zheng topology).
Let (E,d) be a Polish space with metric d. Suppose that (X, (s),Yn(s))s>0 is a
stochastic process with state space E?. If

lim L£[(Xn(5),Yn(s))s>0] = L(X(5),Y(s))s>0] in the Meyer-Zheng topology,

n—oo
(7.129)
then the marginals also converge in the Meyer-Zheng topology, i.e.,
lim L£[(X,(5))ss0] = L[(X(5))s>0] in the Meyer-Zheng topology,
n—oo
7.130
ILm L[(Yn(9)s>0] = LY (8))s>0] in the Meyer-Zheng topology. ( )
The proof of Lemma [7.2.14] is given in Appendix
Proof of Proposition|7.2.15 By Lemma we have that, for all s > 0,
lim E H(:)W (Ns) — x[lN](s)H =0 (7.131)
n— oo
and - N
lim E H@[N](Ns) — i (S)H —0. (7.132)

Applying Lemmas [6.2.19] [6.2.20] and [6.2.21] like in the proof of Proposition [6.2.18
we obtain

T I:(x[lN] (8)7%[)17\;](8), OM(Ns), 91[;]:/,]1 (Ns))s>0}

N—o0 (7.133)
=L [(w‘l’ﬁ(s), 25T (s), 25 (s), yfﬁ(s))wo} in the Meyer-Zheng topology.
Applying Lemma [7.2.14] we get the claim. O

Step 6: Proof of the two-colour mean-field finite-systems scheme.

Proof. The proof of Proposition [7.1.2a) follows directly from Lemma [7.2.12] The
proof of Proposition [7.1.2(b) is a consequence of Proposition [7.1.2(d). The proof of
Prosition (c) follows from Proposition a) by applying Proposition
The proof of Proposition (7.1.2)(d) follows by the same argument as used in the
proof Proposition [6.2.1fc) in Section |6.3.4, In this argument we have to replace the
two-component system ZIN/(Ns+t) = (XIN|(Ns+t), YINI(Ns+t));>0 by the three-
component system ZV(Ns + 1) = (XIM(Ns + 1), YV (Vs + 1), VY (Ns 4 1))is0
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and use the infinite system defined in [7.11] instead of the infinite system defined in
(6.42). We now use the two-dimensional transition kernel in ([7.30)), which controls the

transition probabilities of the two-dimensional process (O (s), @éll)(s))sw, instead
of the one-dimensional transition kernel in (6.59)). O
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