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5|Preheating with asymmetric
multi­field potentials

Abstract: We analyze and compare the multi-field dynamics during infla-
tion and preheating in symmetric and asymmetric models of α-attractors,
characterized by a hyperbolic field-space manifold. We show that the gen-
eralized (asymmetric) E- and (symmetric) T-models exhibit identical two-
field dynamics during inflation for a wide range of initial conditions. The
resulting motion can be decomposed in two approximately single-field seg-
ments connected by a sharp turn in field-space. The details of preheat-
ing can nevertheless be different. For the T-model one main mass-scale
dominates the evolution of fluctuations of the spectator field, whereas for
the E-model, a competing mass-scale emerges due to the steepness of the
potential away from the inflationary plateau, leading to different contri-
butions to parametric resonance for small and large wave-numbers. Our
linear multi-field analysis of fluctuations indicates that for highly curved
manifolds, both the E- and T-models preheat almost instantaneously. For
massless fields this is always due to efficient tachyonic amplification of the
spectator field, making single-field results inaccurate. Interestingly, there
is a parameter window corresponding to r = O(10−5) and massive fields,
where the preheating behavior is qualitatively and quantitatively different
for symmetric and asymmetric potentials. In that case, the E-model can
completely preheat due to self-resonance for values of the curvature where
preheating in the T-model is inefficient. This provides a first distinguish-
ing feature between models that otherwise behave identically, both at the
single-field and multi-field level. Finally, we discuss how one can describe
multi-field preheating on a hyperbolic manifold by identifying the relevant
mass-scales that control the growth of inflaton and spectator fluctuations,
which can be applied to any α-attractor model and beyond.

Keywords: inflation, reheating, asymmetry.
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5.1 Introduction
Our understanding of the early universe is largely based on two observation-
ally constrained phases: inflation and big-bang nucleosynthesis (BBN). In-
flation remains the leading framework for physics of the very early universe
because it provides an elegant solution for the horizon and flatness problems
[27, 28] as well as a mechanism to seed quantum fluctuations which is in ex-
cellent agreement with the latest observational tests [53] for a wide range of
models. At the same time, BBN is based on the detailed information about
nuclear reactions and provides predictions for the light-element abundances
[310]. So far the theoretical predictions of BBN match observations to very
high accuracy. On the other hand, the reheating process that provides an
exit from inflation and transition to the thermal state of the universe, which
is required for BBN, is far less explored or constrained. The duration of
reheating determines the moment of transition to the radiation dominated
era, hence it can affect BBN and shift the time at which CMB-relevant
scales left the horizon during inflation, thereby altering inflationary predic-
tions. Therefore, a detailed knowledge of the reheating physics is crucial
in the era of precision cosmology, in order to reduce theoretical uncertain-
ties and provide a smooth link between the theory and present (or future)
observational data.

Since the energy scale of the early universe is expected to be very high
(over or close to E1/4 ∼ 1016Gev), the universe may be populated with
multiple scalar fields which could participate in inflation and affect the
relevant dynamics. Therefore, despite the simplicity of single-field models,
there is strong motivation to study multi-field effects and their predictions.
Recent work has revealed an abundance of models with strong turns in
the inflationary trajectory [59–62, 65, 67, 68, 70, 311–313]. Multi field
models of this sort have been shown to possess strong dynamical single-field
attractors, which are of a different nature compared to usual single-field
inflation. In fact these novel attractors lead to large turn-rate, possibly
seeding large non-Gaussianity. Given the theoretical motivation and the
multi-field “surprises” that have been revealed to occur during inflation in
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some cases, it is essential to extend inflationary models to include multiple
fields. In particular, focusing on two-fields can provide a breadth of novel
phenomena, while allowing us to build intuition and easily visualize the
dynamics.

Due to the huge number of inflationary models, it is hardly possible
to state universal (model independent) physical predictions for the various
observables. In the last few years a broad class of inflationary theories
have been discovered, that can be grouped under the name of “cosmo-
logical attractors”. This includes conformal attractors [49, 314], universal
attractors with non-minimal coupling to gravity [154, 315] and α-attractors
[50, 66, 243–245]. This class of models brings together a lot of well-known
inflationary models such as the Starobinsky model [251], the GL model
[316, 317], and Higgs inflation [156, 318]. All of the models have different
setups, yet give very close cosmological predictions for the important ob-
servables. It is thus important that we clarify the twofold meaning of the
term “attractor” in the context of inflation. For most multi-field models,
the term attractor is used to describe a specific trajectory in field space,
toward which the inflationary evolution will flow, regardless of the initial
conditions within a certain basin of attraction. For the “cosmological at-
tractors” [49, 50, 154, 156, 243–245, 251, 314–318], the term is not mainly
used to describe a dynamical attractor in field space, but denotes the fact
that in some parameter regime, the observables will “flow” to a specific
value, which is then largely insensitive to the exact parameter values. In
particular for the scalar spectral index ns and the tensor-to-scalar ratio r,
α-attractors and related models give

ns = 1− 2

N∗
, r =

12α

N2
∗
, (5.1)

where N∗ is the time in e-folds before the end of inflation, where modes
first exit the horizon during inflation and α is a dimensionless parameter
that –in some models– encodes the field-space curvature1. For N∗ ≳ 55,
the cosmological attractor predictions lead to very good agreement with
the observational data. These models can be further used to link inflation
to the dark energy (cosmological constant) problem [319] and aspects of
supersymmetry breaking [320]. Frequent use of the term “α-attractors” is
made to describe single-field systems with plateau potentials, usually of the
form V ∝

∣∣1− e−ϕ/Λ
∣∣2n or V ∝ |tanh(ϕ/Λ)|2n, leading to the predictions of

1It is interesting to note, that two-field α-attractors with α = O(1) can lead to the
predictions of Eq. (5.1) without possessing a dynamical single-field attractor [61].
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Eq. (5.1). However the flattening of the potential is merely a by-product of
a more general feature of α-attractors: hyperbolic field-space manifolds. As
we further demonstrate in the present work, the presence of a second field
is crucial for the full dynamics of α-attractors during preheating and must
be considered to properly extract the predictions of these models, making
the single field analysis generally insufficient.

It is worth mentioning that, despite α-attractor models being in a great
agreement with the Planck 2018 data, there is still the strong inverse de-
pendence on N∗ in Eq. (5.1). Therefore, the uncertainties from the duration
of reheating are becoming increasingly important as more data are being
gathered. In particular, the latest Planck release [53] has shown a slight
tension (depending on the exact data sets that are being combined) between
the measured value of ns and the α-attractor predictions for N∗ ≃ 50.

In this paper we focus specifically on α-attractor models, which are
characterized by a hyperbolic field-space geometry with the constant neg-
ative curvature determined by the parameter α. There have been several
constructions of α-attractor models, but two of the earliest ones, which are
still considered the prototypical workhorses, are T- and E-models. In the
single-field limit, they represent potentials that are respectively symmetric
and antisymmetric around the minimum. By construction, α-attractors
are two-field models, since they are constructed by specific choices of the
superpotential and Kähler potential in N = 1 supergravity models of a
complex scalar field, corresponding to an axion-dilaton system (see Ap-
pendix 5A). The effects of two-field dynamics in T-model preheating has
received attention recently using both numerical [160] and semi-analytical
techniques [158]. Here, we complement our analysis of the symmetric two-
field T-model, by examining a class of generalized E-model potentials [321],
in which the inflaton potential is asymmetric with respect to the origin,
which is also the global minimum of the potential. We explore differences
and similarities in the inflationary dynamics, the duration and the under-
lying mechanism of preheating for symmetric and asymmetric potentials.

We find interesting two-field dynamics during inflation, leading to a
single-field attractor in which the second field (spectator) is stabilized at
its minimum. Interestingly, the similarities of the T- and E-model during
inflation go beyond the existence of a strong single-field attractor with a
large basin of attraction. In fact, we show that the full two-field dynamics of
the two models is identical, up to slow-roll corrections. Given the existence
of a strong single field attractor, we have analyzed the excitation of fluctu-
ations in the inflaton and spectator field, the latter driven by a tachyonic
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instability due to the negatively curved field-space manifold. By analyz-
ing the preheating efficiency of the E-model, we find qualitative differences
with similar studies of the related T-model. In particular, the parametric
resonance of inflaton fluctuations is significantly more enhanced in the E-
model, as compared to the T-model. Furthermore, for 10−4 ≲ α ≲ 10−3,
preheating is efficient for the E-model, but not the T-model. This presents
the first example of a difference between these two α-attractor models and
can lead to different predictions for CMB observables.

This work is organized as follows. In Section 5.2 we introduce a gen-
eralization of the E-model, with an inflaton ϕ and spectator field χ, and
study the background motion with a detailed comparison to the T-model.
We find that during inflation, the approach to the single-field attractor of
the E- and T-models is identical, up to slow-roll corrections. In order to as-
sess the strength of the single-field attractor and treat the two fields on the
same footing, regardless of the intricacies of the specific parametrization
on the curved field-space manifold, we evaluated the background evolution
with initial conditions chosen to lie on several iso-potential surfaces. The
resulting motion can be viewed as approximately single-field trajectories
joined by a sharp tun in field-space, followed by a brief period of transient
oscillations. Section 5.3 provides an overview of the fluctuation analysis
for the case of multiple fields. We focus on the parametric excitation of χ
fluctuations –since the corresponding parametric resonance for ϕ fluctua-
tions has been studied in the literature and is weaker for most parameters
of interest– and extensively study separate contributions to the effective
frequency that affect particle production. In Section 5.4 we use Floquet
theory to study particle production and invoke the various mass-scales to
explain the differences between the T- and E-model results. We numerically
compute the transfer of energy to radiative degrees of freedom in the linear
approximation, neglecting mode-mode coupling and backreaction. We fo-
cus on the n = 1 case, where the system close to the minimum is described
as consisting of interacting massive particles, and compare the preheating
efficency of the T- and E-model. In Section 5.5 we conclude and provide
an outlook for further studies.

5.2 Model and inflationary dynamics

Having studied the preheating behaviour of the generalized two-field T-
model in Chapter 4, we move to the corresponding generalization of the
E-model. The T- and E- model can be viewed as the prototypical examples
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of symmetric and asymmetric α-attractors. Analyzing them can help us
build the toolbox and intuition needed to analyze any current or future
α-attractor scenario that possesses a late-time single-field attractor. As
before, we consider a model consisting of two interacting scalar fields on
a hyperbolic manifold of constant negative curvature. The specific super-
gravity construction can be found in Appendix 5A, leading to the two field
Lagrangian

L = −1

2

(
∂µχ∂

µχ+ e2b(χ)∂µϕ∂
µϕ
)
− V (ϕ, χ) , (5.2)

where b(χ) = log (cosh(βχ)) and β =
√
2/3α. But now the corresponding

two-field potential is

V (ϕ, χ) = αµ2
(
1− 2e−βϕ

cosh (βχ)
+ e−2βϕ

)n

(cosh(βχ))2/β
2

. (5.3)

For χ = 0 the potential becomes

V (ϕ, 0) = αµ2
[(

1− e−βϕ(t)
)2]n

, (5.4)

which is a simple one-parameter family of the single-field E-model described
in Ref. [321].

The background equations of motion for ϕ(t) at χ(t) = 0 are

ϕ̈+ 3Hϕ̇+ 2

√
2

3

√
αn
[(
e−βϕ − 1

)2]n
eβϕ − 1

= 0 (5.5a)

3H2 =
1

2

(
dϕ

dt

)2

+ α

[(
1− e−βϕ

)2]n
= 0 (5.5b)

where we rescaled the field ϕ by MPl, time t by µ and the curvature pa-
rameter α by M2

Pl, as in Chapter 4. We lift tildes for rescaled quantities
(which were used in Chapter 4) for the simplicity of notation. Hence with
these conventions the Hubble scale is measured in units of µ. The same is
true for the comoving wavenumbers, as we will see in Section 5.3.

5.2.1 Single­field background motion

Eqs. (5.5) can be simplified during slow-roll inflation, for ϕ≫
√
α

3Hϕ̇+
2
√
2√
3

√
αne−βϕ ≃ 0 , 3H2 ≃ α

M2
Pl
µ2 (5.6)
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where we explicitly wrote the dimensions of the various quantities in the
equation of the Hubble scale. These equations are almost identical to the
ones that govern the inflationary behaviour of the T-model discussed in
Chapter 4, and can be solved analogously

ϕ̇ ≃ −2
√
2n

3
e−βϕ , N =

3α

4n
eβϕ. (5.7)

One may notice a factor of 2 difference in comparison to the case of the
T-model. This leads to the slow-roll quantities

ϵ ≡ − Ḣ

H2
≃ 3α

4N2
, η ≡ ϵ̇

ϵH
≃ 2

N
(5.8)

and in turn to the tensor-to-scalar ratio

r = 16ϵ =
12α

N2
. (5.9)

As expected, the results for the slow-roll parameters and Hubble scale
during single-field inflation are identical for the generalized T- and E-
models. Following the breakdown of the slow-roll analysis close to ϵ = 1,
inflation can be shown to end at ϕend = O(1)

√
α and the corresponding

Hubble scale to be H2
end ∼ O(1)αµ2. From the amplitude of the scalar

power spectrum

As =
H2

8πM2
Plϵ

≃ 2× 10−9 (5.10)

we extract the mass-scale µ ≃ 6 × 10−6MPl for N = 55 e-folds. Note that
this scale is the same for the T model described in Chapter 4.

Comparison with the T model, which has a potential

VT (ϕ, χ = 0) = αµ2
[
tanh2

(
βϕ

2

)]n
(5.11)

leads to the same functions of ϵ(N) and η(N), but a slightly different func-
tion of ϕ(N). In particular

ϕT (N) ≃ ϕ(N) +
log(2)
β

(5.12)

where ϕT and ϕ correspond to the slow-roll expressions for the T- and E-
model respectively, for the same parameters α and n. Fig. 5.1 shows that
Eq. (5.12) holds very well, even for relating ϕend between the T- and E-
models. Furthermore, the Hubble scale at the end of inflation scales as
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Figure 5.1: Left: The rescaled value of the inflaton field at the end of inflation ϕend/
√
α

as a function of α for n = 1, 1.5, 2, 2.5, 3, 5 (blue, red, green, brown, orange and black
respectively). The solid curves correspond to the E-model potential of Eq. (5.4), while the
dotted ones correspond to ϕend for the T-model potential of Eq. (5.11) shifted vertically by
log(2)/β according to Eq. (5.12). We see that the values of ϕend are similar for the T- and
E-models and scale as ϕend ∝

√
α for small α. Right: The rescaled Hubble scale at the end

of inflation Hend/
√
α for the same parameters and color-coding. The upper / lower curves

correspond to the T- and E-model respectively. The parameter α is measured in units of
M2

Pl, while ϕ is measured in units of MPl and the Hubble scale is measured in units of µ.
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Figure 5.2: Left: The period of background oscillations of the inflaton field (in units of
µ−1) for H = 0 and ϕmax = ϕend as a function of α for n = 1, 1.5, 2, 2.5, 3, 5 (blue, red,
green, brown, orange and black respectively). The solid curves correspond to the period of
the E-model, while the dotted ones correspond to the period of the T-model divided by 2. We
see that the period of the T-model is twice that of the E-model to a high degree of accuracy.
Both frequencies are largely insensitive to changes in α. Right: The frequency of background
oscillations ω = 2π/T divided by the Hubble scale at the end of inflation, rescaled by √

α.
The solid / dotted curves correspond to the E- and T-model respectively and the color-coding
is the same. It is evident that for small values of α, the hierarchy between the background
oscillation frequency and the Hubble scale grows as 1/

√
α.
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Hend ∼ 0.5
√
α in units of µ. The scaling is similar for the E- and T-models,

with slightly different pre-factors, as shown in Fig. 5.1.
After inflation, the background field undergoes oscillations with a decay-

ing amplitude, due to Hubble friction. In order to define a characteristic
period of oscillations, we neglect Hubble friction and set the field to its
value at the end of inflation, as given in Fig. 5.1. The results are shown in
Fig. 5.2, where both the period of oscillations T as well as the scale hier-
archy ω/Hend is shown. We see a strong hierarchy between the frequency
of background oscillations and the Hubble scale, which gets stronger for
smaller values of α (higher field-space curvature), scaling as ω ∝ Hend/

√
α.

This means that for small α the Hubble scale can be neglected, to a good
approximation, as it takes a large number of background oscillations for any
considerable red-shifting to occur. We also see that the hierarchy between
the oscillation frequency and the Hubble scale is somewhat stronger for the
T-model, hence we expect more damping of the background motion per
oscillation for the E-model. In order to understand the relation between
the period of the two models TT ≃ 2TE that can be immediately extracted
from Fig. (5.1) we take a closer look at the single-field potential of the two
models and compute one characteristic evolution for α = 10−3 and n = 1.

The T-model potential is symmetric with respect to the origin, while the
E-model potential is highly asymmetric, consisting of a flat plateau on one
side (akin to the T-model) and a steep potential “wall” on the other side.
One thus expects that the background motion will be equally asymmetric,
spending much more time near the plateau (ϕ > 0) and far less time near
the steep potential wall (ϕ < 0). This is indeed the case as shown in Fig. 5.3.
Given that the plateau behaviour is similar between the T- and E-models,
one would expect that the T-model period would be larger, almost double
that of the E-model. If one considers the difference in ϕend, the fact that
the T-model starts “higher up on the plateau” at the end of inflation, the
relation TT ≃ 2TE ends up being an excellent description of the relation
between the background motion of the two models.

A simple measure of the asymmetry of the background motion of the
E-model seen in Fig. 5.3 can be analytically captured, by computing the
ratio of the period for the positive and negative half-cycle. By neglecting
the effect of Hubble friction on the background motion, the relation of the
two maximum field values ϕ± (ϕ+ being the maximally positive value and
ϕ− the maximally negative value) are given by

1− e−βϕ+ = −1 + e−βϕ− . (5.13)
This is independent of the parameter n and is derived through simple con-
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Figure 5.3: Left: The single field potential rescaled by α for n = 1, 1.5, 2 (blue, red and green
respectively). The solid curves correspond to the E-model, while the dotted ones correspond
to the T-model. The dots / squares show ϕend for the E- and T-model respectively for
α = 10−3. Right: The rescaled background motion (ϕ/√α in blue and ϕ̇/

√
α in red) for

n = 1 and α = 10−3 for the E- and T-models (solid / dotted), by neglecting the Hubble
friction term.

servation of energy for ϕ̇± = 0. We see that the effect of α is trivially given
through the rescaling of ϕ± by

√
α. Fig. 5.4 shows that Eq. (5.13) accu-

rately captures the behaviour of the system for a wide range of parameters.
The half-period is then computed as

T± = ±
∫ ϕ±

0

1√
2(Vmax − V )

dϕ . (5.14)

Fig. 5.4 shows the ratio T−/T+ for different values of ϕ+/
√
α. As expected,

the ratio approaches unity for small field values, since the field only probes
the first (symmetric) term in a Taylor expansion V ∝ |ϕ|n. For large field-
values the asymmetry of the background motion can be very pronounced.
Furthermore, the effect of n on the period ratio is not important.

As an interesting remark, we must note that the first oscillation is larger
in amplitude than what one would naively compute by using ϕ+ = ϕend.
By including the kinetic energy at the end of inflation, Eq. (5.13) becomes

3

2

(
1− e−βϕend

)
= −1 + e−βϕ− (5.15)

for the first half-oscillation. This is especially important for low values of
α, where the Hubble scale is much smaller than the frequency of oscillation,
hence the Hubble damping per oscillation is negligible (at least initially).

In light of the difference between the background trajectories of the E-
and T-model and the highly asymmetric nature of the former, it is interest-
ing to examine the spectral content of ϕ(t) in both cases as a function of the
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Figure 5.4: Left: The relation of ϕ+ to ϕ− for {α, n} =
{10−3, 1}, {10−4, 1}, {10−3, 3/2}, {10−3, 5} (blue, red, green and black respectively).
The black solid curve shows the analytic result of Eq. (5.13). Right: The ratio of the
negative to positive half-period as a function of the rescaled field amplitude for n = 1, 3/2, 5
(blue, red and green respectively).

parameters n and α. By neglecting the Hubble drag term, the background
evolution of the inflaton field is a periodic function, and thus can be written
as a Fourier series

ϕ(t) = a0 +
∞∑
λ=1

aλ cos
(
2πλ

T
t

)
+

∞∑
λ=1

bλ sin
(
2πλ

T
t

)
(5.16)

with the Fourier coefficients

a0 =
2

T

∫ T

0
ϕ(t)dt , aλ =

2

T

∫ T

0
ϕ(t) cos

(
2πλ

T
t

)
dt , bλ = 0 (5.17)

We compute the background motion in the static universe approximation
(H = 0) by setting the initial conditions {ϕ, ϕ̇} = {ϕend, 0} at t = 0,
where ϕend is the field value at the end of inflation, and numerically solving
the Minkowski-space background equation of motion. In this context the
coefficients of the sinusoidal terms {bλ} vanish identically for both the E-
and T-model, while the Fourier series for the T-model consists of only odd
terms: {αλ} with mod (λ, 2) = 1. Fig. 5.5 shows the richer spectral content
of the E-model as opposed to the T-model.

5.2.2 Multi­field effects during inflation

Similarly to the generalized T-model [158, 160, 321], the generalized E-
model exhibits a single valley along χ = 0, as shown in Fig. 5.6. Analogously
to Chapter 4, we find that by starting away from the ϕ axis, inflation will
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Figure 5.5: Left: The magnitude of the normalized Fourier coefficients |aλ/a1| for λ =
0, 2, 3, 4, 5, 6, 7, 8 (orange, brown, blue, purple, red, black, green and pink respectively) for
the E-model (solid) and the T-model (dotted) as a function of α with n = 1. Right: |aλ|
with the same color-coding as a function of n with α = 10−3. Both panels show that the
background motion of the E-model has a richer harmonic structure than that of the T-model.
For the T-model an ̸= 0 for n = 3, 5, 7 as explained in the main text.

proceed along a single-field trajectory with ϕ being effectively constant until
χ = 0. After that, inflation will proceed along the valley of the potential,
as shown in Fig. 5.6. By using the single-field slow-roll equations of motion,
we can express the field ϕ as a function of the e-folding number Nsf,ϕ on a
single-field trajectory along ϕ

V (Nsf,ϕ, χ) = αµ2

[
1− 2

cosh(βχ)
3α

4nNsf,ϕ
+

(
3α

4nNsf,ϕ

)2
]n
n cosh2/β2

(βχ)

(5.18)
By dropping the field value in favor of the e-folding number, we gain a
more intuitive understanding of the size of each term. Before proceeding,
we must stress that Nsf,ϕ is the e-folding number of a single field trajectory
with χ = 0, not the full multi-field trajectory, and it is only used as a
substitute for the field ϕ. As Fig. 5.6 shows, the sharp turn in field-space
means that the substitution of ϕ by Nsf,ϕ has physical relevance beyond its
mathematical convenience. It corresponds to the duration of inflation that
will take place after the sharp turn at χ = 0. By considering large values
of Nsf,ϕ, such that we get a large number of e-folds (55 or more) along a
single field trajectory along ϕ, we can keep the lowest order term in Nsf,ϕ,
which leads to

V (Nsf,ϕ, χ) = αµ2 cosh2/β2
(βχ)

[
1− 3α

2Nsf,ϕ
sech(βχ) +O

(
α2

N2
sf,ϕ

)]
.

(5.19)
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The next to leading order term O
(
α2/N2

sf,ϕ

)
can be dropped if

βχ < log
(
16nNsf,ϕ

3α

)
. (5.20)

We must note again that Eq. (5.19) represents a series expansion in 1/Nsf,ϕ
and holds for every value of χ, within the limits of Eq. (5.20). By applying
the same procedure to the two-field generalized T-model that was studied
in Chapter 4, we arrive at the exact same series expansion, up to and
including the term that is O

(
N−1

sf,ϕ

)
. The two potentials are different at the

level of the O
(
α2/N2

sf,ϕ

)
term. This clearly shows that the two potentials

are not only equivalent during inflation at the single-field level, leading
to the same predictions for ns and r, but that their two-field behaviour
is also identical, up to slow-roll corrections, since the potential along the
χ direction is the same up to O(N−2) = O(ϵ) terms. The equivalence
becomes increasingly better for smaller values of α. Hence the approach
to the χ = 0 attractor, which was examined in Chapter 4 for a wide range
of initial conditions, as well as the behaviour along the attractor, will be
practically indistinguishable between the two models. We must note that
the above analysis does not provide any guarantee that this equivalence will
persist during preheating, since it has been obtained by using the slow roll
analysis during the early (CMB-relevant) stages of inflation.

Both the above analysis and the more extended multi-field analysis
shown in Chapter 4, was performed in the {ϕ, χ} basis. However, for curved
field-space manifolds, the magnitude of a field value does not always cor-
respond to the physically relevant parameter. For that, we can look for
intuitive criteria to check the strength of the single-field attractor and the
two-stage structure of the inflationary trajectory shown in Fig. 5.6. One
such criterion for testing the strength of the late-time single field attractor
arises as we vary the field values on equi-potential surfaces V (ϕ, χ) = const.

Given the fact that we know the behaviour and observables of the sys-
tem, once it reaches the single field attractor at χ(t) ≃ 0, we examine the du-
ration of inflation and the position of the sharp transition between the two
single-field regimes as we fix the initial energy V (ϕ0, χ0) for ϕ̇0 = χ̇0 = 0.
We start by fixing the potential energy of the initial conditions, which cor-
responds to the left panel of Fig. 5.7. The initial potential energy is taken
to be V (ϕ0, χ0). We see that the lines are equidistant to each other before
the turn of the trajectory happens. The total number of e-folds and the
number of e-folds before the turn are sensitive to the change of initial values
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Figure 5.6: Left: The three-dimensional plot of the E-model potential V (ϕ, χ) given in
Eq. (5.3) for n = 3/2 and α = 0.001 along with a characteristic trajectory computed by
choosing the initial conditions ϕ0 = 1

β
log

(
4nN
3α

)
and χ0 = 1. Right: The evolution of

ϕ (blue), χ (green) for the same parameters. The brown-dashed and black-dashed curves
correspond to the T model with the same parameters and the initial conditions chosen as
χ0 = 1 and ϕ0 = 1

β
log

(
8nN
3α

)
. The red-dashed curve is ϕ for the T-model shifted vertically

by log(2)/β, following Eq. (5.12). All field values are measured in units of MPl. It is worth
noting that the blue-solid and red-dashed curves are indistinguishable, as are the green-solid
and black-dashed ones. This demonstrates the identical multi-field behavior of the T- and
E-models during inflation, that is derived in the main text.

of ϕ0 and χ0. From the right panel of the Fig. 5.7 we see that to get 60
e-folds of inflation we must have ϕ0 ≳ 1.1. With the increase of χ0 the
number of e-folds before the turn increases as well. For the equi-potential
choice of initial conditions the subtraction from the duration of inflation
the position of the turn, i.e. Nend − Nturn, is the same for all parameters
ϕ0, χ0.

Intruiging phenomenology can arise if one puts the evolution of χ(t)
into the observable range, i.e. let it evolve at least 30 e-folds before the
turn. To make it happen for α = 0.01 we have to artificially tune χ0 to be
χ0 ≈ 10, at the same time keeping ϕ0 = O(1), however for α = 0.001 both
ϕ0 and χ0 can be of the same order O(1). Using the two-field potential
of Eq. (5.3), we can compute the slow-roll quantities during the initial
phase of inflation along ϕ ≃ const. We use the fact that the field trajectory
proceeds with almost zero turn-rate, hence the projection vectors align with
the coordinate system, σ̂ϕ ≃ 0. This greatly simplifies the calculations (we
use the notation of Ref. [266]), since the motion occurs along χ, which is
a canonically normalized field. The slow roll quantities along the adiabatic
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direction are

ϵ = − Ḣ

H2
≃
M2

Pl
2

(
Vχ
V

)2

, ησσ ≃M2
Pl
Mσσ

V
(5.21)

where the adiabatic effective mass along the χ direction is

Mσσ ≃ Gχχ(DχDχV ) = Vχχ (5.22)

It is straighforward to compute the above quantities. Interestingly they
both asymptote to a fixed value for {ϕ, χ} ≳ O(1), which reads

ϵ ≃ 3α , ησσ ≃ 2ϵ ≃ 6α (5.23)

This result is insensitive to the exact value of α and n and it is identical
for the E- and T-model. The orthogonal direction, which in this case is
the ϕ direction, controls the evolution of the isocurvature modes. It is
straightforward to check that the isocurvature effective mass in this case
is larger than the Hubble scale, hence the isocurvature modes decay. The
curvature perturbation is thus controlled by the χ fluctations that exit the
horizon during this stage, which acquire a spectral tilt

ns = 1− 6ϵ+ 2ησσ ≃ 1− 6α. (5.24)

This can be made compatible with the Planck data. However, the tensor
to scalar ratio r = 16ϵ ≃ 48α is too large, r > 0.1, for values of α that
provide the correct scalar spectral index. These results use the asymptotic
values of ϵ and ησσ and a region of (almost) zero turn rate |ω| ≪ H.
The existence of a non-zero turn rate during this first stage of inflation can
lower the tensor-to-scalar ratio (see e.g. Ref. [263]). A full calculation of the
power spectrum during the transition between the two (almost) single field
trajectories requires a more thorough investigation, possibly focusing on a
different parameter range than the ones associated with efficient preheating
(α≪ 1).

A full analysis of the initial condition dependence that defines the ob-
servables of the two-stage inflationary phase and the corresponding obser-
vational viability of two-stage α-attractor inflation is beyond the scope of
the present work. However Fig. 5.7 shows that if one wants to extract infor-
mation about the probability distribution of the inflationary trajectory and
the resulting spectral observables, one would need to choose a prior distri-
bution for the initial values of the fields (and corresponding velocities). Our
intuitive choice for choosing initial conditions through iso-potential lines,
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Figure 5.7: Left: The initial value lines for constant potential for ϕ0=1.5 and χ0=1.4 (green),
χ0=0.7 (red), χ0=0.3 (black), χ0=0 (blue) (from top curves to bottom) for n = 3/2 and
α = 0.01.
Right: The total number of e-folds (solid lines) and the number of e-folds before the sharp
turn (dashed lines) starting from the beginning of inflation for ϕ0=1.2 and χ0=19 (orange),
χ0=10 (red), χ0=8 (black), χ0=4 (blue), (from top curves to bottom) for n = 3/2 and
α = 0.01. The two horizontal thin lines correspond to 50 and 60 e-folds, hence the range
between them corresponds to the time, during which the CMB-relevant modes left the horizon.
All field values are measured in units of MPl.

shows that the choice of prior distribution is likely to affect the outcome
(see e.g. Ref. [322]). Even though the single field attractor is strong enough
to suppress multi-field signatures, the size of the part of parameter space
that would showcase them is non-trivial to compute.

5.3 Fluctuations
In principle, the analysis of fluctuations in models of inflation that involve
multiple fields on a curved manifold requires the use of a covariant formal-
ism. This has been developed for preheating in Ref. [136] and extensively
used in Refs. [302–304] for studying preheating in multi-field inflation with
non-minimal couplings to gravity. Similarly as in Chapter 4, our current
parametrization of the hyperbolic field-space manifold makes the equations
for the gauge-invariant perturbations

QI ≡ δϕI +
ϕ̇I

H
ψ (5.25)

particularly simple along the single-field attractor χ = 0. Their equations
of motion were discussed in Introduction as well as in Chapter 4, therefore
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we will not repeat the analysis here.
By rescaling the perturbations as QI(xµ) → XI(xµ)/a(t) and working

in terms of conformal time, dη = dt/a(t), we write the second order action
in a form that resembles Minkowski space

S
(X)
2 =

∫
d3xdη

[
−1

2
ηµνδIJ∂µX

I∂νX
J − 1

2
MIJX

IXJ

]
, (5.26)

where
MIJ = a2

(
MIJ − 1

6
δIJR

)
. (5.27)

This makes quantization straightforward, by promoting the fields XI to
operators X̂I and expanding X̂ϕ and X̂χ in sets of creation and annihilation
operators and associated mode functions

X̂I =

∫
d3k

(2π)3/2

[
uI(k, η)âIeik·x + uI∗(k, η)âI†e−ik·x

]
. (5.28)

Since the modes decouple on a single-field background with vanishing turn-
rate, the equations of motion are

∂2ηvk +Ω2
ϕ(k, η)vk ≃ 0 , Ω2

ϕ(k, η) = k2 + a2m2
eff,ϕ ,

∂2ηzk +Ω2
χ(k, η)zk ≃ 0 , Ω2

χ(k, η) = k2 + a2m2
eff,χ ,

(5.29)

where we defined uϕ ≡ v and uχ ≡ z. For completeness, we provide again
the definitions for components of the effective masses. The effective masses
of the two types of fluctuations, along the background motion and perpen-
dicular to it, consist in principle of four distinct contributions [136]:

m2
eff,ϕ ≡ m2

1,ϕ +m2
2,ϕ +m2

3,ϕ +m2
4,ϕ (5.30)

m2
eff,χ ≡ m2

1,χ +m2
2,χ +m2

3,χ +m2
4,χ (5.31)

each of them corresponding to a different source. Full expressions for arbi-
trary GIJ can be found for example in Ref. [136]. However using the fact
that χ = 0 and GIJ = I along the single field attractor at background level
the effective mass components become simple:

• The components m2
2,I are written as

m2
1,ϕ = Vϕϕ , m2

1,χ = Vχχ (5.32)

corresponding to the local curvature of the potential.
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• The component m2
2,ϕ vanishes identically, while

m2
2,χ =

1

2
Rϕ̇2 (5.33)

arises from the field-space curvature and has no analogue in flat field-
space models.

• The component m2
3,ϕ encodes the effects of the coupled metric per-

turbations and is written as

m2
3,ϕ = − 1

M2
Pla

3
Dt

(
a3

H
ϕ̇2
)
. (5.34)

Since the metric perturbations are only related to the adiabatic per-
turbations and cannot affect the isocurvature modes, the term m2

3,χ

vanishes identically2. Furthermore, this contribution is subdominant
for these models and parameter range of interest, as discussed in
Refs. [158, 160].

• Finally the terms
m2

4,ϕ = m2
4,χ = −1

6
R , (5.35)

where R = 6(2 − ϵ)H2 is the space-time Ricci scalar, arise from our
choice of mode-functions in a curved space-time.

It is straightforward to check that the potential components of the effective
masses scale as m2

1,I ∼ µ2, as does the field-space curvature component µ22,χ.
The coupled metric perturbations component is subdominant for α ≪ 1,
since m2

3,ϕ ∼ µ2
√
α (see Chapter 4). Finally, the term that encodes the

space-time curvature is even smaller, scaling as m2
4,I ∼ µ2α. This is rem-

iniscent of another family of plateau models, ξ-attractors, which produce
similar CMB spectra to α-attractors [136, 154, 254].

Before we proceed with preheating calculations, we must revisit the
claims made in Sections. 5.2.2 about the existence and stability of a single-
field attractor along χ = 0. The analysis made so far relies on background
quantities. However, it has been shown that negatively curved manifolds

2During inflation, the adiabatic modes are fluctuations along the background tra-
jectory and the isocurvature modes are fluctuations perpendicular to it. Due to the
existence of a single-field attractor χ = 0, the adiabatic and isocurvature modes can be
simply matched to δϕ and δχ respectively.
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can lead to unstable fluctuations during inflation and a subsequent desta-
bilization of the inflationary trajectory. After the system has settled into
the attractor at χ = 0, the effective super-horizon mass of χ fluctuations is
given by

m2
χ,eff = Vχχ(χ = 0) +

1

2
Rϕ̇2

= 2αe−2βϕ

(
e−2βϕ

(
eβϕ − 1

)2)n−1 (
eβϕ

(
eβϕ + β2n− 2

)
+ 1
)
− 2

3α
ϕ̇2.

(5.36)

By using the slow-roll equations of motion this becomes

m2
χ,eff ≃

(
2 +

1

N

)
α (5.37)

for small α and large N . This means that until close to the end of inflation,
where the slow-roll expressions break down, the χ fluctuations exhibit a
positive effective mass and are suppressed. The E-model is thus safe from
“geometric destabilization” effects during the inflationary stage along χ = 0
[54, 55], even for highly curved field-space manifolds. This arises because
the potential also depends on the curvature parameter α. We verified this
claim by numerically evaluating Eq. (5.3) for various choices of n and α.

We define the energy density in each mode as

ρδϕ(k, η) =
1

2a4
(
|∂ηvk(η)|2 +Ω2

ϕ(k, η)|vk(η)|2
)

(5.38)

ρδχ(k, η) =
1

2a4
(
|∂ηzk(η)|2 +Ω2

χ(k, η)|zk(η)|2
)

(5.39)

where we ignored interaction terms, since we are working in the linear
approximation. The expressions can be easily written in cosmic rather
than conformal time.

We focus primarily on the parametric excitation of δχ modes, since the
analysis of single field parametric resonance can be found in the literature
(see e.g. Refs. [323, 324]). For field-space manifolds with α ≳ O(10−3)
the corresponding instability factors are much smaller for δϕ as compared
to δχ, with the exception of the E-model for n = 1. Furthermore, the
analysis of ϕ fluctuations is in principle identical, with the exception that
the curvature term is missing from the effective mass. We provide further
results for the growth of ϕ and χ fluctuations in Section 5.4.3.
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5.3.1 Effective frequency

Before we proceed to construct the Floquet charts and numerically compute
the evolution of χ fluctuations, we focus on the effective mass ω2

χ and its
dependence on the parameters n and α. This will guide our intuition about
the system, so that we can recognize the interesting parameter regimes and
important factors that will ultimately determine the preheating efficiency.

We start with the Riemann component m2
2,χ, which does not depend

strongly on the potential and field-space parameters n and α

1

2
Rϕ̇2 ∼ −O(1) (5.40)

similarly to the behaviour found in the context of the T-model in Chap-
ter 4. This scaling can be simply understood as follows: the field-space
curvature is R = − 4

3α . At the same time, the time derivative ϕ̇2 has its
maximum value at the minimum of the potential ϕ = 0. Following the anal-
ysis of Section 5.2, we see that the field amplitude scales as ϕ ∼ ϕend ∼

√
α,

while the relevant oscillation time scale T is essentially independent of α
for sufficiently small α. These scalings have been numerically verified in
Figs. 5.1 and 5.2 respectively and lead to ϕ̇2 ∼ α ∼ R−1. The O(1) am-
plitude of the Riemann term in Eq. (5.40) has been numerically evaluated
and is maximized close to unity for several parameter choices, especially
for α≪ 1.

We next move to the component m2
1,χ of the effective χ mass, which is

due to the potential. This can be written for small α as

Vχχ(χ = 0) ≃ 4

3
ne−βϕ

((
1− e−βϕ

)2)n−1

. (5.41)

For n = 1, this term is simplified as V n=1
χχ (χ = 0) ≃ 4

3e
−βϕ and oscillates

between two extremum values at ϕ = ϕ± (shown in Fig. 5.4), while having
a constant, time-independent value of 4/3 when the inflaton field crosses
the origin ϕ = 0. The maximum of V n=1

χχ can be easily computed using
Eq. (5.15)

V n=1
χχ

∣∣
max,(1) ≃

2

3

(
5− 3e−βϕend

)
, (5.42)

where we neglected the effect of the Hubble drag. This is an increasingly
good approximation for small values of α. The behaviour of the δχ effective
mass is shown in Fig. 5.8 for n = 1 and several values of α ≪ 1. It is
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Figure 5.8: Top left: The rescaled background amplitude of ϕ (in units of MPl) for n = 1
and α = 10−2, 10−3, 10−4 (orange, brown-dashed and purple-dotted respectively). Top right
& bottom panels: The effective mass (in units of µ2) of the ϕ and χ fluctuations (green-
dotted and black-dashed) along with the components of m2

χ for the same parameters. The
effective mass components m2

3,ϕ and m2
4,{ϕ,χ} are not shown, because they are subdominant

for α ≪ 1.

simple to see that the Riemann term red-shifts as a−2 , while the potential
derivative oscillation amplitude red-shifts as a−1. This follows trivially
from ∆Vχχ ∼ (1 − e−βϕ) ∼

√
V , where ∆Vχχ is the amplitude of the

oscillation of Vχχ shown in Fig. 5.8, while from the equipartition theorem
ϕ̇2 ∼ V . Hence, both the wave-number contribution k2/a2, as well as the
Riemann contribution become subdominant after the first e-fold, which
lasts for more oscillations for smaller values of α. Using Eq. (5.42) and the
results ϕend ≲ 2

√
α, shown in Fig. 5.1, we arrive at V n=1

χχ

∣∣
max,(1) ≲ 2.9.

This simple approximation is able to capture the exact (numerical) result
shown in Fig. 5.8.

E-model potentials with larger values of the potential parameter n can
be analyzed in a similar way. By Taylor-expanding the potential around
its global minimum at ϕ = χ = 0, it is straightforward to see that Vχχ ∝
ϕ2χ2(n−1)/αn−1 for n > 1. Thus all χ derivatives of the potential vanish
for ϕ = 0, contrary to the case of n = 1. Simply put, potentials with n > 1
describe massless fields in the small-amplitude regime.
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The component of the effective χ mass that is due to the potential can
be written for small α, similarly to the n = 1 case, as

Vχχ(χ = 0) ≃ 4

3
ne−βϕ

((
1− e−βϕ

)2)n−1

(5.43)

The height of the first “spike” can be computed using Eq. (5.15)

V n>1
χχ

∣∣
max,(1) =

(
3

2

)2n−3 (
5− 3e−βϕend

)(
1− e−βϕend

)2(n−1)
. (5.44)

Fig. 5.9 shows the evolution of the effective frequency and its two main
components, the potential and Riemann terms, for n = 3/2 and n = 2. An
interesting feature of this model is the evolution of the height of the first
spike, which scales approximately as

V max
χχ (χ = 0) ∼

(
1

a

)min(n,4)
. (5.45)

Simply put, for n < 2 the wavenumber contribution to the effective fre-
quency k2/a2 becomes less important after the first few oscillations, while
for n > 2 it comes to dominate over the potential at late times, for suffi-
ciently large wave-numbers. For the marginal case of n = 2 the relative size
of the wave-number and potential terms remains roughly constant.

By examining the general form of m2
eff,χ for n = 1, shown in Fig. 5.8,

we see that the negative part of the effective mass m2
2,χ is largely can-

celled by the positive contribution of m2
1,χ (not affected by neglecting the

subdominant term m2
4,χ). It means that the tachyonic resonance in the

E-model is completely damped for n = 1 and preheating can only proceed
by parametric resonance alone. Parametric resonance in the simple case
of the Mathieu equation ü(t) + [A+ 2q cos(2t)]u(t) is largely controlled by
the relative size of A and q and is suppressed for A ≫ q. Fig. 5.8 shows
that while the offset A remains constant, the oscillation amplitude q is
damped, hence we expect parametric resonance to quickly shut off, at least
for α = O(0.01). For smaller values of α the effective mass exhibits a highly
oscillatory behaviour, where the amplitude of the oscillation is almost equal
to the constant offset of m2

eff,χ. Furthermore, the anharmonic behaviour of
the background (see Fig. 5.5) is mirrored in the anharmonic effective mass,
particularly in the dominant component Vχχ, where we see a “spike” ap-
pearing at the points where ϕ is maximally negative. This can lead to a
violation of the adiabaticity condition

∣∣ω̇/ω2
∣∣≪ 1.
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Figure 5.9: Effective frequency ω2
χ(k, t) for n = 3/2, 2 (left and right respectively) and

α = 10−2, 10−3, 10−4 (top to bottom). The effective frequency is measured in units of
µ2 ≃ 3.6 · 10−11M2

Pl. We see that for n = 3/2 the effect of the wavenumber term k2/a2

becomes progressively less important compared to the potential spike, which is not the case
for n = 2, where the two terms red-shift in tandem.
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The phenomenon of a spike in the effective frequency of fluctuations
driving the adiabaticity violation was observed in preheating of multi-field
models with non-minimal coupling to gravity [136, 302, 303, 325, 326],
including but not limited to Higgs inflation [304, 326]. In that context, the
field-space curvature is non-uniform: the manifold is asymptotically flat at
large field values and the Ricci scalar exhibits a large positive spike at the
origin3. In order to properly define an adiabaticity parameter and use a
WKB-type analysis, the frequency of the fluctuations δχ must be (much)
greater than the frequency of the background oscillations; simply put, δχ
must oscillate multiple times between the “spikes” shown in Figs. 5.8 and
5.9. We have shown using both analytical and numerical arguments (see
Fig. 5.2) that the background frequency is ωbg ≡ 2π/T ∼ 0.5, with a mild
dependence on the parameters α and n. While the maximum value of
meff,χ is larger than ωbg, the averaged value over one period is not, in fact
⟨meff,χ⟩T ∼ ωbg. Thus, in order to properly use the adiabaticity condition
as a criterion for preheating, we should restrict ourselves to cases where the
wave-number contribution k2/a2 is non-negligible. For now, let us consider
cases where k ≳ µ (we choose to measure k in units of µ, as in Chapter 4).

Fig. 5.10 shows the evolution of the adiabaticity condition for n = 1 and
k = 0.5µ, where we see adiabaticity violation for only a few oscillations at
α ⩽ 10−3. If we consider larger wave-numbers, k ≃ µ, we find

∣∣ω̇/ω2
∣∣ < 1

for n = 1. The situation is however different for n ⩾ 3/2, where we find
instances of ω̇/ω2 > 1 for k ⩾ µ. Fig. 5.10 shows the evolution of the peaks
in the adiabaticity parameter, occurring around the maximally negative
value of ϕ(t). For n = 2 we see that the adiabaticity parameter is violated
(for α ⩽ 10−2) initially, but

∣∣ω̇/ω2
∣∣ decreases with time. The situation is

reversed for n = 3/2, where we see that the adiabaticity parameter grows
with time. Finally, the value of

∣∣ω̇/ω2
∣∣ grows with decreasing α for all

values of n that we examined, signifying a common trend.
Before we conclude this section, it is important to distinguish two dif-

ferent types of sharp features in the effective frequency of fluctuations. The
field-space induced spikes that were found in non-minimally coupled models
[136, 302–304, 325, 326] arise when the fields pass through the origin and
have their maximal velocity. They can lead to significant adiabaticity vio-
lation over a large range of wave-numbers and thus can drive very efficient

3This description corresponds to the analysis performed in the Einstein frame as in
Refs. [136, 302, 303]. The analysis of these models in the Jordan frame was performed
in Ref. [326], where the adiabaticity violation was a result of a spike in the background
field velocity as it crossed the origin.
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Figure 5.10: Left: The adiabaticity condition
∣∣ω̇/ω2

∣∣ for n = 1 and α = 10−2, 10−3, 10−4

(blue solid, red dashed and green dotted respectively) and k = 0.5µ. Right: The peaks
of the adiabaticity condition

∣∣ω̇/ω2
∣∣ for n = 3/2 (solid curves) and n = 2 (dots) for α =

10−2, 10−3, 10−4 (blue, red and green respectively) and k = 1.5µ.

particle production. Contrary to this, Ref. [327] found sharp features in
a model of unitarized Higgs inflation (mixed Higgs-Starobinsky inflation).
This feature however arises from a sharp potential barrier and is thus sim-
ilar to the feature found in the E-model and completely different than
the sharp feature found in “regular” Higgs inflation preheating [304]. The
potential-driven spike in the effective frequency leads to typically weaker
preheating than the field-space-driven one, at least for the models men-
tioned here. It would be interesting to perform an EFT-type analysis for
preheating models with sharp features, but this goes beyond the scope of
our present analysis and is left for future work.

5.4 Mass­scales and Preheating

Due to the construction of the E-model, which arises by defining the Kähler
potential and superpotential for a complex field Z, the ϕ and χ dependence
of the potential are related to each other. The second derivative of the
potential with respect to χ, which is one of the two main components in
the effective mass-squared m2

eff,χ, can be related to the potential value itself
as

Vχχ
V

∣∣∣∣
χ=0

= 2 +
n

3α sinh2
(
βϕ
2

) . (5.46)

This diverges at ϕ = 0 for all values of α and n, which is easy to understand
by Taylor expanding the two terms for χ = 0 as V (χ = 0) ≃ 2n

3nan−1ϕ
2n +

O(ϕ2n+1) and Vχχ(χ = 0) ≃ 2n+1n
3nan−1ϕ

2n−2 + O(ϕ2n−1). We see that for
all values of n the potential V vanishes faster than the derivative Vχχ for
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Figure 5.11: Left: The ratio Vχχ/V multiplied by the factor α as a function of the
rescaled inflaton field for n = 1, 3/2, 2 and α = 10−2, 10−3, 10−4. The color-coding
is as follows: {n, α} = {1, 10−2}, {1, 10−3}, {1, 10−4}: blue, red-dashed, green-dotted,
{n, α} = {3/2, 10−2}, {3/2, 10−3}, {3/2, 10−4}: brown, orange-dashed, yellow-dotted,
{n, α} = {2, 10−2}, {2, 10−3}, {2, 10−4}: black, purple-dashed, cyan-dotted. We see that
for field values relevant for preheating the α dependence is canceled out when multiplying
by α and the n dependence is weak. Right: The ratio Vχχ/Vϕϕ for the same parameters
and color-coding. In both panels, the three curves corresponding to the same value of n and
different values of α are indistinguishable.

χ = 0 and ϕ → 0. For asymptotically large values of ϕ the ratio becomes
constant and equal to 2. However for ϕ = O(1)

√
α, which is the relevant

parameter range for preheating, the ratio is Vχχ/V = O(1) × α−1, where
the proportionality factor depends on n and ϕ.

Furthermore, the ϕ and χ mass-scales are also related to each other as

Vχχ
Vϕϕ

∣∣∣∣
χ=0

= −

(
eβϕ − 1

)2 (
6α+ ncsch2

(
βϕ
2

))
4n (eβϕ − 2n)

≃ −

(
eβϕ − 1

)2 csch2
(
βϕ
2

)
4 (eβϕ − 2n)

,

(5.47)
where the last equation holds for α ≪ 1. We see that Vϕϕ changes sign,
since the potential is concave during inflation. For (large) negative values of
ϕ the scaling of the ratio Vχχ/Vϕϕ simplifies as Vχχ/Vϕϕ ∼ e

√
2ϕ/

√
3α/(2n).

The full behavior is shown in Fig. 5.11.
Finally, Fig. 5.12 shows the potential close to the origin for each of the

fields V (ϕ, χ = 0) and V (ϕ = 0, χ) for n = 1. We see that the mass of
the ϕ and χ particles is equal. This can have important phenomenological
consequences, since the inability of the particles to decay into each other
opens the way for the emergence of composite oscillons, comprised of both
fields [328]. Oscillons appear when the potential of a scalar field is shallower
than quadratic away from the origin. Intuitively, this makes the frequency
of large oscillations smaller than the mass of the particle, creating a po-
tential barrier that keeps the particles bound inside the oscillon. Two-field
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oscillons are more complicated and only a few examples have been found
in the literature (see e.g. Refs. [328–331]. A feature of two-field systems
exhibiting oscillons must be the inability of the scalar field comprising the
oscillon to decay into lighter fields. In the α-attractor case it is reason-
able to expect that, since the two fields have the same mass, decays and
scatterings will be kinematically suppressed, possibly leading to long-lived
oscillons. The study of oscillons in α-attractors is beyond the scope of the
present work. One further interesting observation can be made when one
compares the mass of particles in the E- and T-model. In the latter case,
the small field excitations of the n = 1 potential have a mass of µ/

√
3, half

of the E-model case. This leads to a simple criterion for tachyonic resonance
in α-attractors. The maximally negative contribution to the effective mass
of the χ fluctuations is related to the Hubble scale at the end of inflation
through energy conservation (neglecting Hubble drag after inflation)

1

2
Rϕ̇2 = 3RM2

PlH
2 ≃ −µ2 (5.48)

Fig. 5.1 shows that the Hubble scale at the end of inflation differs by about
10% for the E- and T-models for small values of α, regardless of the potential
steepness n. In the EFT language, α-attractors in the small α regime show
a strong hierarchy of scales, where the Hubble scale is almost constant and
much smaller than the background oscillation frequency [332]. Fig. 5.12
shows the potential contribution to the effective mass for the E- and T-
model. We see that while the tachyonic contribution is similar in the two
models, the potential contribution is larger for the E-model. Thus, a quick
calculation of the energy density at the end of inflation and the mass of the
spectator field in any α-attractor model can provide a strong indication for
the efficiency of tachyonic preheating. The case of asymmetric α-attractors
is slightly more involved, because of the introduction of one further mass-
scale, in which case one must check the possibility of non-adiabatic behavior
due to it, as discussed in Section 5.3.1.

5.4.1 Floquet charts

In order to compare the efficiency of particle production (mode amplifi-
cation) during preheating, we will use Floquet theory, by working in the
static universe approximation, where the inflaton field oscillates periodically
without Hubble friction. We use the algorithm described in Ref. [118]. The
equation of motion for the χk modes (similarly for the ϕk ones) for H = 0
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Figure 5.12: Left: The field V (ϕ, χ = 0) (dotted) and V (ϕ = 0, χ) (solid) for the massive
case n = 1 of the E- and T-models (red/blue and black/green respectively). We see that in
each model the ϕ and χ masses are equal to each other. However the masses of the fields
in the T-model are larger than the ones in the E-model. Right: The potential contribution
to the δχ effective mass for the E- and T- model (solid and dotted curves respectively) for
n = 1, 3/2, 2 (blue,red green) and α ≪ 1. The black line shows an estimate of the tachyonic
field-space contribution. We see that in the E-model for n = 1, the potential term can
dominate over the tachyonic field-space curvature term, consistent with the behavior shown
in Fig. 5.8.

and a(t) = 1 is written as

d

dt

(
χk

χ̇k

)
=

(
0 1

−(k2 +m2
eff,χ) 0

)(
χk

χ̇k

)
, (5.49)

where m2
eff,χ = m2

1,χ +m2
2,χ. This equation is of the form

ẋ(t) = P(t) x(t) , (5.50)

where P(t) is a periodic matrix. The solutions are of the form

χk(t) = eµktg1(t) + e−µktg2(t) (5.51)

where g1, g2 are periodic functions and µk is the Floquet exponent. If µk has
a non-zero real component, one of the two solutions will be exponentially
growing, signaling an instability and efficient amplification for this specific
wavenumber.

Figure 5.13 shows the Floquet charts for the generalized E-model for the
case of n = 3/2. We see that, when properly rescaled, the Floquet charts
for different values of α ≪ 1 are similar to each other. However, unlike
the case of the T-model in Chapter 4, the Floquet charts do not exactly
reach a “master diagram” for 10−2 ⩽ α ⩽ 10−4. This can be traced back
to the existence of two mass-scales: the field-space curvature and the steep



5.4 Mass-scales and Preheating 165

0.0 0.5 1.0 1.5 2.0 2.5
0.0

0.5

1.0

1.5

2.0

k/μ

ϕ
0
/

α

0.0 0.5 1.0 1.5 2.0 2.5
0.0

0.2

0.4

0.6

0.8

1.0

k/μ

ϕ
0
/ϕ
e

Figure 5.13: Upper row: The 3-D Floquet charts for n = 3/2 and α = 10−2, 10−4 (left
and right panels respectively). Bottom row: The contour plots for µk = 0 (solid lines) and
µk = 0.1 (dashed lines) in units of µ. The background field oscillation amplitude ϕ0 is rescaled
either by √

α (left) or by the field value at the end of inflation ϕend [which is denoted here
as ϕe] (right). The blue, green and orange curves are for α = 10−2, 10−3, 10−4 respectively.
We see that, when properly rescaled, the Floquet charts asymptote to a “master diagram”
for α ≪ 1.
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potential at maximum negative ϕ. While the former does not scale with α
for α ≪ 1, the latter does in a non-trivial way, albeit weakly, as shown in
Fig. 5.8. Furthermore, the existence of multiple instability bands, unlike in
the T-model case, can be an indication of the richer spectral content of the
background field.

By constructing the Floquet diagram using the field amplitude ϕ0 rescaled
by the field value at the end of inflation ϕend rather than

√
α, the approach

to a master diagram becomes better, especially for the higher k instabil-
ity bands. This is due to the high sensitivity of V max

χχ on ϕ0, as shown in
Fig. 5.9. Furthermore, the value of V max

χχ mostly affects the higher instabil-
ity bands, as we will discuss in Section 5.4.2.

Fig. 5.14 shows the Floquet charts for the cases of n = 1 and n = 2,
which correspond to a locally quadratic and quartic potential near the ori-
gin. The Floquet charts for n = 3/2 and n = 2 are visually similar exhibit-
ing multiple, non-trivial, instability bands in the range k ≲ 2.5µ. However,
the Floquet chart for n = 1 has a completely distinct structure. The reason
behind this discrepancy is that, as shown in Section 5.3.1, the structure of
the effective mass of χ fluctuations is different for n = 1 as compared to
n ⩾ 3/2. For n = 1 the tachyonic contribution of the field-space is entirely
negated by the potential contribution. For n ⩾ 3/2 both the negative field
space contribution and the positive potential term are visible. As we will
show, the field-space effects are present for n ⩾ 3/2, especially for k ≲ µ,
hence the dominant instability bands are similar amongst those models.
This is different from the generalized T-model case discussed in Chapter 4,
where the Floquet charts for all values of n show instability bands of simi-
lar shape and position, albeit not identical ones, exhibiting smaller Floquet
exponent µk for n = 1.

5.4.2 Parametric resonance and competing mass­scales

As a way to encode the structure of preheating in the generalized E-model
and make our results easily transferrable to other models, we examine the
different mass-scales (and corresponding time-scales) that arise for the back-
ground motion and χ fluctuations.

The Hubble scale at the end of inflation Hend is proportional to the
mass-scale µ and is defined by the requirement that the density fluctuations
encoded in the CMB have the proper amplitude. It enters the calculation,
by normalizing the amplitude of the Bunch-Davies vacuum, compared to
the background energy density, hence it shows how much fluctuations must
grow to dominate over the background energy density and lead to complete
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Figure 5.14: Left column: The 3-D Floquet charts for n = 1 (upper panel) and α = 10−4.
The contour plots for µk = 0(solid lines) and µk = 0.1 (dashed lines) for n = 1 with the field
amplitude rescaled by the field value at the end of inflation ϕe (bottom panel). The blue,
green and orange curves are for α = 10−2, 10−3, 10−4 respectively. Right column: The same
quantities for n = 2. We see the significantly suppressed parametric resonance for n = 1,
both in the number of instability bands, as well as in the width and magnitude of the main
instability band.
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preheating. Furthermore, the Hubble scale controls the red-shifting of the
mode wavenumbers and the amplitude of the inflaton condensate.

The background frequency ωbg controls the period of background os-
cillations. This is related to the local curvature of the potential near the
origin Vϕϕ(ϕ = 0, χ = 0). In simple polynomial models of inflation, for
example quadratic inflation, these two time-scales, the Hubble scale and
the background frequency, are connected. However in plateau models, like
α-attractors, a large hierarchy can exist between them (Fig. 5.2). The
potential exhibits more mass-scales, including the local curvature of the
spectator field potential Vχχ(ϕ = 0, χ = 0) and the average frequency of
the χ fluctuations ⟨ωχ⟩ over one background period. The former defines
the mass of χ particles, while the latter is related to the existence of broad
or narrow resonance.

The field-space curvature R ∝ α−1 enters the effective frequency of
χ fluctuations through the combination 1

2Rϕ̇
2. This drives the efficient

tachyonic resonance. For both the T- and E-model, this combination peaks
close to −1, when the background field crosses the origin.

Finally, the maximum value of the potential curvature V (max)
ϕϕ , as well as

the width of the “spike” measured as ∆ϕ or ∆t, control the higher harmonic
content of the background motion. Due to the structure of the E-model
potential, V (max)

ϕϕ is also related to the spike in the effective frequency of
the χ fluctuations, V (max)

χχ .
Having seen that the field-space contribution is similar for the E- and

T-models and also similar among different parameter choices n and α≪ 1,
we turn our attention to disentangling the potential and background con-
tributions to the parametric resonance. For that we construct the Floquet
diagrams for δχ by neglecting the field-space contribution. Fig. 5.15 shows
the Floquet exponents for n = 3/2 and n = 2. We see that the exponents
arising from the full δχ effective mass and those that are computed by con-
sidering only the potential and wavenumber contributions are very similar
for k > µ and differ greatly for k ≲ µ, where the full system shows much
more efficient particle production than the potential-only contribution.

We can thus conclude that the high-k resonance bands are mostly con-
trolled by the potential. By contrast, the resonance structure differs greatly
for k ≲ µ. This is due to the fact that the tachyonic part strongly enhances
modes with k ≲ µ, as shown extensively for the T-model in Chapter 4,
while it plays a subdominant role for large wavenumbers.

The existence for the multiple resonance bands for the E-model and not
the T-model (see Chapter 4) is rooted in the existence of another mass-scale



5.4 Mass-scales and Preheating 169

0.0 0.5 1.0 1.5 2.0 2.5
0.00

0.05

0.10

0.15

0.20

k / μ

μ
k

0.0 0.5 1.0 1.5 2.0 2.5
0.00

0.05

0.10

0.15

0.20

k / µ

μ
k

Figure 5.15: The Floquet exponent µk for α = 10−4, ϕ = ϕend and n = 3/2, 2 (left and right
respectively). The blue curves correspond to the full Floquet exponent, while the red-dashed
one correspond to the Floquet exponent computed by neglecting the field-space contribution.
The Floquet exponents are measured in units of µ−1. The vertical dotted lines distinguish the
regimes k < µ and k > µ. The regime k < µ is controlled by the Ricci term in the effective
mass, since the large field-space induced instability is absent in the case of the potential-only
calculation. The regime k > µ is populated by multiple instability bands in both cases, with
minor differences in position and height. We can thus deduce that parametric resonance in
this regime is dominated by the effects of the potential term.

in the problem V max
ϕϕ ∝ V max

χχ , which leads the inflaton field and the effective
mass of the χ fluctuations to acquire a large number of higher harmonics.

Before proceeding to compute particle production in an expanding uni-
verse, we wish to make a general comment in order to clear a common
misconception in the literature. Frequent use of the term “α-attractors”
is made to describe single-field systems with flat potentials of the form
V = V0

∣∣1− e−ϕ/Λ
∣∣2n or V = V0 |tanh(ϕ/Λ)|2n. However the flattening

of the potential is merely a by-product of a more general feature of α-
attractors: the existence of a hyperbolic field-space manifolds. As we have
demonstrated in the present work and in Chapter 4, along with similar
work by other authors, the presence of a second field is crucial for the full
dynamics of α-attractors during preheating. The full two-field dynamics
must be considered in order to properly extract the predictions of these
models.

5.4.3 Expanding Universe

Having extensively analyzed the parametric resonance structure of the gen-
eralized two-field E-model for any value of the potential steepness param-
eter n and the field space curvature parameter α, we now incorporate the
effects of the non-zero expansion rate of the universe during preheating.
While there are semi-analytic methods to incorporate the effects of the ex-
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pansion in parametric resonance studies, using either Floquet theory or the
WKB approximation (see e.g. Refs. [160, 306, 309]), we will not rely on
them, since they do not provide anything further in this case, in terms of
intuitive understanding, to the static universe analysis. We will instead
numerically compute the evolution of fluctuations, taking into account the
expansion of the universe and the red-shifting of the amplitude of the back-
ground inflaton oscillations. We will however neglect the back-reaction of
the fluctuations onto the inflaton condensate and the non-linear mode-mode
coupling of the fluctuations.

Our present study can be used as a strong indication for the param-
eter values that can lead to complete preheating, as well as elucidating
the differences between the T- and E-models. Ultimately, the question of
complete preheating and subsequent thermalization will have to be decided
using lattice simulations, such as the ones presented in Ref. [160] for the
T-model and in Ref. [325] for the related family of ξ-attractors. In the case
of the generalized two-field T-model, our semi-analytical results were shown
to agree with the full lattice computation for a broad range of parameters,
while at the same time elucidating the underlying physics and demonstrat-
ing the scaling properties of the Floquet charts [158, 160]. In the present
work, we show that single-field simulations are unable to capture the most
important time-scales, which are controlled by the tachyonic growth of the
spectator field in both the E- and T-models of α-attractors. Section 5.4
suggests that this effect will carry over to other models with negatively
curved field-space manifolds

Fig. 5.16 shows the growth of ϕ and χ fluctuations for the T- and E-
models with n=1. This can be thought of as the physically “generic” case,
since it describes massive particles in the small field limit. We see that the
behavior of the two models is qualitatively different. In the case of the E-
model the ϕ resonance is stronger, leading to possibly complete preheating
already at α = 10−3, where the χ resonance is vastly subdominant. The
two become comparable at α ≲ 10−3, where preheating can complete within
less than an e-fold.

In the case of the T-model, the χ resonance is always stronger than the ϕ
resonance for n = 1. We see that the T-model does not completely preheat
for α = 10−3. In the case of efficient parametric resonance in the ϕ field (for
α ≲ 10−4), lattice simulations have shown the fragmentation of the inflaton
condensate and the subsequent formation of localized structures (oscillons)
[323]. It is interesting to consider whether tachyonic resonance into the χ
field can deplete the inflaton condensate before it has time to fragment.
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Figure 5.16: Energy density in ϕ and χ fluctuations (green-dashed and blue) and the back-
ground energy density of the inflaton (black) as a function of e-folds for the E-model (upper
panels) and the T-model (lower panels) with n = 1 and α = 10−3, 10−4, 10−5 (left to right).
We see efficient preheating for the E-model for α = 10−3, which is absent for the T-model.
Furthermore, the E-model for n = 1 and α > 10−5 preheats predominately through inflaton
self-resonance, while in the case of the T-model tachyonic amplification of the spectator field
is always stronger than inflaton self-resonance.

Even in the case of a fragmented inflaton, one must consider the two pos-
sibilities: either resonance of the ϕ field to χ modes can proceed within
the oscillons leading to the decay of the localized structures or composite
oscillons consisting of both fields can form (see e.g. [328, 333]). Parametric
resonance of scalar fields in localized structures, such as oscillons [334], Q-
balls [335] or axion clumps [336], is similar to the homogenous field case with
one important qualitative difference. If the Floquet exponent (computed
by neglecting the spatial structure of the clump) is smaller than the time-
scale on which the produced particles escape the clump, Bose enhancement
is destroyed and the parametric resonance effectively shuts off [336]. In our
case the maximum Floquet exponent is µk ∼ µ, where µ = O(10−6)MPl.
The size of the oscillons formed in single-field models with α-attractor-like
potentials is L = O(µ−1). The comparison between the homogeneous field
Floquet exponent and the escape time µesc ≈ 1/(2L) shows that it is in-
deed possible for efficient production of χ particles to proceed within the
oscillon, but a detailed calculation is needed to reach a definite conclusion,
since non-trivial O(1) factors are involved in the calculation.

Fig. 5.17 shows the spectrum of produced ϕ and χ modes during the
initial stages of preheating, before backreaction effects become important.
We see that for n = 1 and α = 10−4 the parametric resonance of the ϕ
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modes is stronger than that of the χ ones. This can be expected based on
the results of Fig. 5.8, where we see that the two effective masses oscillate
around m2 = 4µ2/3, while the oscillation amplitude for the ϕ effective
mass is larger, leading to a stronger resonance (see e.g. Ref. [118]). The
similarity of the two effective masses for ϕ and χ fluctuations is a direct
consequence of the E-model potential, which arises from a supergravity
construction, where one specifies the potential of a complex scalar field,
whose components are related to ϕ and χ, as shown in Appendix 5A. An
interesting feature arises when we compare the χ spectrum for n = 3/2 and
n = 2. For n = 2 the maximum excited wavenumber is set by the initial
amplification and is found to be kmax ≃ 1.2µ. For n = 3/2 the value of
kmax grows with time. This can be traced back to the behavior we saw in
Fig. 5.10, where the adiabaticity violation for n = 3/2 was shown to grow
with time, contrary to n = 2. This behavior is explained by using the results
of Fig. 5.9, where it was demonstrated that the height of the effective mass
spike –which controls the large k resonance– red-shifts slower than a−2 for
n = 3/2, hence it becomes progressively more important compared to the
wavenumber term k2/a2.

Finally, Fig. 5.18 provides a visual summary of the preheating efficiency
for different models and parameter values. For the case of massive particles,
n = 1, the T-model exhibits efficient preheating through the χ field for
α ≲ 10−4. On the other hand, parametric resonance in the E-model is more
efficient, starting at α ≈ 10−3, albeit through self-resonance of the ϕ field,
since tachyonic production of χ modes is shut off due to the large positive
mass term (see Fig. 5.8). For steeper potentials n ⩾ 3/2, self-resonance of
the ϕ field becomes progressively more inefficient, while tachyonic resonance
of χ modes becomes efficient already at α ≈ 10−3 and is able to completely
preheat the universe within 1.5 e-folds after the end of inflation, much faster
than a naive single-field analysis would suggest.

Overall this means that α-attractors with n = 1 and α ≳ 10−3, equiv-
alently a tensor to scalar ratio r ≳ 10−6, can undergo a long matter-
dominated expansion after the end of inflation and the decay of the inflaton
condensate can proceed only through perturbative decays to other parti-
cles. Unfortunately, there is no concrete theoretical motivation for the size
of such couplings, hence the transition to radiative degrees of freedom can-
not be estimated. For potentials describing massless scalar fields, the decay
of the condensate to radiative degrees of freedom can occur very quickly
through tachyonic production of the spectator field χ, for both the E-model
explored here and the T-model explored in Refs. [158, 160].
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Figure 5.17: The spectra of the ϕ fluctuations |ϕk|2 and χ fluctuations |χk|2 (in arbitrary
units) in the E-model as a function of the wavenumber k (in units of µ) at different times
for {n, α} = {1, 10−4} (upper panels) and {n, α} = {3/2, 10−3}, {n, α} = {2, 10−3} (lover
panels, left and right respectively). The times corresponding to the various curves are shown
in the legend of each panel, measured in e-folds after the end of inflation (negative values
correspond to spectra during the last stages of inflation). We see that for n = 1 the ampli-
fication of the ϕ (inflaton) modes is much stronger than that of the χ (spectator) modes.
For n = 3/2 we see that at later times, the range of excited χ wavenumbers grows, while
for n = 2 it remains constant at kmax ≃ µ. This is in agreement with the behavior of the
effective mass shown in Fig. 5.9.
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Figure 5.18: Left: The time of reheating for n = 1 through ϕ (green) and χ (blue) fluctu-
ations for the T- and E-models (dashed and solid curves respectively) Right: The E-model
behavior for n = 1, 3/2, 6 (blue, red, orange) and resonance through ϕ or χ modes (dashed
and solid curves respectively). For 10−4 ≲ α ≲ 10−3 the E-model preheats predominately
through inflaton self-resonance, while the T-model does not completely preheat. For n ⩾ 3/2
the E-model preheats through amplification of the spectator field for α ≲ 0.01. For small
values of α ≲ 10−4 preheating is practically instantaneous (lasting less than one e-fold) for
any potential parameter n.
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5.4.4 Gravitational waves

It has been shown that efficient preheating leading to a turbulent fluid can
lead to the production of gravitational waves. This can occur e.g. through
coupling of the inflaton to gauge fields, as well as through inflaton decay
through self-resonance. The latter case is similar to the current analysis of
parametric resonance in α-attractors, where the spectator field is amplified.
Using the “rule of thumb” estimates of Ref. [177], the frequency of GW’s
today is related to the Hubble scale at the time of generation and the
dominant wavenumber of the source as

f ≃ 2.7 · 1010
kphys√
MPlH

Hz . (5.52)

In most models, the physical wavenumber is proportional to the Hubble
scale, thus reducing the Hubble scale reduces the frequency of the GW sig-
nal as f ∝

√
H. As has been extensively shown in the present work and

in Refs. [158, 160], preheating in α-attractors occurs at a typical wavenum-
ber k ∼ µ, while the Hubble scale scales as MPlH ∼

√
αµ. Using these

estimates, the peak GW frequency today becomes

f ∼ 107

α1/4
Hz , (5.53)

where we used the value of µ ≃ 6 × 10−6MPl required to produce the ob-
served amplitude of density fluctuations. Thus, contrary to the common
behavior of GW from preheating, reducing the Hubble scale through re-
ducing α (increasing the field-space curvature) will actually increase the
peak frequency of GW’s, pushing them further away from the observable
range of interferometers. It remains interesting to follow progress in detec-
tion strategies for Ultra High Frequency gravitational waves, as many early
universe sources operate in this regime.

5.5 Summary and Discussion

In the present work we revisited the multi-field behavior of the general-
ized E-model, which consists of two-fields on a hyperbolic manifold. More
highly curved manifolds lead to a lower Hubble scale and correspondingly
to a smaller tensor to scalar ratio. We focus on the region 10−7 ≲ r ≲ 10−4,
which is below the direct detection limits of the next generation CMB ex-
periments. The potential of the inflaton field ϕ is asymmetric with respect
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to the global minimum at the origin. It exhibits a flat plateau where infla-
tion is realized, leading to the usual Starobinsky-like predictions ns ∼ N−1

∗
and r ∼ N−2

∗ and a sharp potential“wall”, which the field probes after in-
flation and during preheating. By contrast, the potential of the spectator
field χ is symmetric with respect to the minimum at χ = 0. Several studies
in the literature have examined the equivalence of the single-field behav-
ior of the E- and T-models during inflation. Going beyond these studies
we were able to show that the similarities of the T- and E-model extend
beyond the single-field analysis. In fact, their multi-field behavior during
inflation is identical up to slow-roll corrections. Previous analyses of the
E- and T-models have established the existence of a single field attrac-
tor along the minimum of the spectator field [321]. In order to assess the
possibility of multi-field effects beyond the single-field attractor, we exam-
ined the basin of attraction by choosing a wide variety of initial conditions
along iso-potential surfaces. We showed that the global behavior of this
system consists of two straight inflationary trajectories, each keeping one
of the fields constant. While each of them can be made arbitrarily long
by appropriate choice of initial field values, only the final trajectory, the
single field attractor along χ = 0 gives results that are in agreement with
the CMB. It remains to be seen, if similar two-stage behavior appears in
other realizations of α-attractors and if some well-motivated models exist
where both stages can lead to predictions that are consistent with CMB
measurements. Furthermore, the two straight trajectories are joined by a
sharp turn and a brief period of oscillations around χ = 0. An assessment
of the observability of such a signal [337] at CMB or LSS scales is beyond
the scope of this work and is left for future analysis.

Reheating is crucial for connecting inflationary predictions to CMB ob-
servables. Especially in the case of inflationary models that follow the pre-
dictions of the Starobinsky model, ns = 1− 2/N∗, the latest Planck results
[53] are putting mild pressure on N∗ ≃ 50, instead preferring a value closer
to N∗ = 60. Such models include the Starobinsky model, Higgs inflation
and its generalizations of non-minimally coupled models [154–156] and of
course α-attractors. These results and the anticipated improvement from
next generation experiments, like LiteBird and CMB-S4, can significantly
constrain the existence of a prolonged matter dominated expansion after
inflation.

The preheating efficiency depends on the amplification of fluctuations of
the inflaton and spectator fields, which is governed by their corresponding
effective masses. The coupled metric perturbations component that con-
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tributes to the inflaton self-resonance is proportional to
√
α and becomes

subdominant for α ≪ 1. The term that encodes the space-time curvature
is even smaller, being proportional to α. The inflaton self-resonance is thus
solely determined by the second derivative of the potential, while the reso-
nance structure of the spectator field is determined by the interplay of the
potential contribution and the field-space effects, which do not scale with
α. Furthermore, the wavenumbers that are amplified due to parametric
resonance of either the inflaton or spectator fields do not depend on α and
scale as k ≲ O(1)µ, where µ ≃ 6×10−6MPl in order to produce the correct
amplitude of density perturbations. By contrast the Hubble scale depends
on α as H ∝ µ

√
α. Hence for small α the dominant preheating dynamics is

occurring at very sub-horizon (sub-Hubble) scales. This creates the appar-
ent paradox that reducing the inflationary scale will lead to the frequency
of GW’s from preheating to increase as f ∝ α−1/4 ∝ H−1/2 rather than
decrease, as in the usual case for low-scale inflation.

The preheating efficiency of the E-model is qualitatively different than
that of the T-model [158, 160]. The parametric resonance of ϕ fluctuations
is significantly more enhanced in the E-model, as compared to the T-model.
This can be traced back to the inherent asymmetry of the E-model poten-
tial, which introduced a spike in the effective mass of the fluctuations and
higher harmonic content in the background motion. For massive fields, the
tachyonic component of the spectator effective mass in the E-model is can-
celed by the contribution of the potential term, hence tachyonic amplifica-
tion is completely shut off. However the spike introduced by the potential
term leads to efficient parametric resonance. However, a similar spike is
present in the self-resonance of the inflaton field and is more pronounced
than the one in the spectator effective mass. This leads to the E-model
preheating predominately through self-resonance for massive fields (n = 1).
Furthermore, preheating in the E-model is efficient for higher values of α
than in the T-model (α ∼ 10−3), leading to the first distinguishing feature
between them.

For massless fields, or equivalently potentials that behave as V (ϕ, χ) ∝
{|ϕ|2n, |χ|2n} with n ⩾ 3/2 close to the minimum, the spectator field dom-
inates the preheating behavior of the E-model, leading to fast preheating
for α ≲ 0.01. For small wavenumbers (k ≲ µ), the χ modes grow tachyoni-
cally due to the effects of the negative field-space. For larger wavenumbers,
the amplification is controlled by the potential spike, leading to paramet-
ric resonance and multiple instability bands. For highly curved manifolds
α ≲ 10−4, preheating concludes within less than an e-fold for any potential
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choice. The preheating dynamics of both the E- and T-model reinforce the
need for notational clarity regarding α-attractors: a flat potential of the
form V ∝

∣∣1− e−ϕ/Λ
∣∣2n or V ∝ |tanh(ϕ/Λ)|2n that is usually associated

with α-attractors should not be regarded as their main characteristic. On
the contrary, the hyperbolic manifold, from which the potential flatness
originates, and their multi-field nature, should be taken into account to
properly address the dynamics of α-attractor models. In anticipation of
upcoming CMB and LSS data, that hope to further restrict the value of
ns and r, theoretical uncertainties must become small enough to allow for
an accurate comparison between theory and observation. Single-field sim-
ulations are unable to capture the most important preheating time-scales,
which are controlled by the tachyonic growth of the spectator field in both
the E- and T-models of α-attractors. We must thus consider the full two-
field dynamics in order to put α-attractor predictions to the test.

Using the T- and E-models as characteristic examples, we analyzed the
various mass-scales that control the tachyonic growth of fluctuations, mak-
ing a first step towards an Effective Field Theory description of preheating
in hyperbolic manifolds [332]. The necessary presence of a spectator field,
as required by the supergravity constructions of α-attractors, make it nec-
essary to extend the single-field preheating results found in the literature
[323] to examine the effects of efficient tachyonic preheating. Having pro-
vided a qualitative and quantitative understanding of the relevant time and
mass-scales, we leave such two-field lattice simulations for future work.

5.6 Appendix 5A: Generalization of the E­model
For completeness, we describe here the N = 1 Supergravity embedding of
the two-field E-model [321] considered in the main text. Similarly as in
Chapter 4 we consider the super-potential

WH =
√
αµS F (Z) (5.54)

and Kähler potential

KH =
−3α

2
log
[

(1− ZZ̄)2

(1− Z2)(1− Z̄2)

]
+ SS̄ . (5.55)

Using the relation between the Kähler potential and the superpotential

Z =
T − 1

T + 1
(5.56)
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and choosing for the E-model

F (Z) =

(
2Z

Z + 1

)n

(5.57)

we get

KH =
−3α

2
log
[
(T + T̄ )2

4T T̄

]
+ SS̄ (5.58)

and
WH =

√
αµS

(
T − 1

T

)n

. (5.59)

as in Ref. [321]. The potential is of the form

V = αµ24n
[

(ZZ̄ − 1)2

(Z2 − 1)(Z̄2 − 1)

]−3α/2 [
ZZ̄

(1 + Z)(1 + Z̄)

]2
. (5.60)

With the same field-space basis as in Chapter 4, i.e. see (4.65) – (4.69),
one may find the corresponding two-field potential

V (ϕ, χ) = αµ2
(
1− 2e−βϕ

cosh (βχ)
+ e−2βϕ

)n

(cosh(βχ))2/β
2

, (5.61)

where again β =
√

2/3α. It is trivial to see that for χ = 0 we recover the
usual expression for the E-model

V (ϕ, χ) = αµ2
(
1− e−βϕ

)2n
. (5.62)

where the exponent is 2n instead of 2.
The expressions for the non-zero components of the field-space metric

together with Christoffel symbols, Riemann and Ricci tensors are the same
as in Chapter 4 and we do not duplicate them here.


