
On the coexistence of Landau levels and superconductivity
Pacholski, M.J.

Citation
Pacholski, M. J. (2021, September 30). On the coexistence of Landau levels
and superconductivity. Casimir PhD Series. Retrieved from
https://hdl.handle.net/1887/3214421
 
Version: Publisher's Version

License:
Licence agreement concerning inclusion of doctoral
thesis in the Institutional Repository of the University
of Leiden

Downloaded from: https://hdl.handle.net/1887/3214421
 
Note: To cite this publication please use the final published version (if
applicable).

https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/3214421


2 Topologically protected
Landau level in the vortex
lattice of a Weyl
superconductor

2.1 Introduction

In 1998 Gor’kov, Schrieffer [29], and Anderson [30] made the remarkable
prediction that the excitation spectrum in the mixed phase of a high-Tc su-
perconductor (with massless quasiparticles at nodal points of the d -wave
pair potential) has the Landau levels of the relativistic Dirac equation.
This was nearly a decade before the quantum Hall effect of massless elec-
trons was measured in graphene [31, 32], and it would have marked the
first appearance in the solid state of a magnetic-field independent zeroth
Landau level.

It did not turn out that way: The spatially varying supercurrent in the
Abrikosov vortex lattice strongly scatters the quasiparticles [33], even if
the vortices overlap and produce a uniform magnetic field. Since Franz
and Tes̆anović [1] we know that the quasiparticles in the mixed phase of
a d -wave superconductor retain the zero-field Dirac cone, the main effect
of the magnetic field being a renormalization of the Fermi velocity [2–11].
Recent proposals [34–36] use strain to mimic the effect of a magnetic field
in a d -wave superconductor without breaking time-reversal symmetry, but
the coexistence of Landau levels and a vortex lattice has remained elusive.

Here we propose that Weyl superconductors can make it happen. A
Weyl semimetal with induced s-wave superconductivity has massless nodal
quasiparticles in a 3D Weyl cone [12, 13], with the same linear dispersion
as the 2D Dirac cone of a d -wave superconductor [37, 38]. We compare
the band structures in Fig. 2.11. In zero magnetic field the gapless nodal

1See the appendices, which includes Refs. [39–46], for: (A) the derivation of the
boundary condition at the vortex core; (B) details of the tight-binding calculation;
(C) demonstration of the power law scaling of the quasiparticle density near the
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2 Topologically protected LL in the vortex lattice of a Weyl superconductor
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Figure 2.1: Excitation spectrum of a nodal superconductor in zero magnetic
field (black dashed curves) and in the mixed phase with a square lattice of
Abrikosov vortices (red solid curves)2. Panel a) is for a 2D d-wave supercon-
ductor, panel b) for a 3D Weyl superconductor (with kz = π/3 at the Weyl
point). The momentum follows a path through the magnetic Brillouin zone
of Fig. 2.2. The location of the zero-field Dirac and Weyl points is indicated
by green arrows. The n-th Landau level is expected at En =

√
nE1, with

E1 = 2
√
π vF/d0. In the d-wave superconductor the Landau levels are de-

stroyed by the vortex lattice [1], while in the Weyl superconductor they are
protected by chiral symmetry.

points at the Fermi level (E = 0) are qualitatively the same in both
superconductors. But the response to a vortex lattice is fundamentally
different: While in the d -wave superconductor the dispersive Dirac cones
persist, as expected [1], in the Weyl superconductor a zeroth Landau level
appears that is completely dispersionless in the plane perpendicular to the
magnetic field.

We will return to these numerical calculations later on, but first we
want to explain why the zeroth Landau level in a Weyl superconductor is
not broadened by the vortex lattice, as it is in a d -wave superconductor.

vortex core. The appendices also include a demonstration of the robustness of our
results to: (D) anisotropic Weyl cones and arbitrary orientation of the magnetic
field; (E) tilting of the Weyl cones, all the way up to the type-I–II transition.

2In dimensionless units (t0, a0, ~ ≡ 1) the parameters for the band structure of Fig.
2.1a are: ∆0 = 1 (dx2−y2 pairing), vF = v∆ = 2

√
2 (isotropic Dirac cone), µ = 4

(band center), d0 = 49, E1 = 4
√

2π/d0; for Fig. 2.1b they are: ∆0 = 1 (s-wave
pairing), β =

√
2, vF = 1 (isotropic Weyl cone), µ = 0 (Weyl point), d0 = 49,

E1 = 2
√
π/d0. In the Weyl semimetal with a vortex lattice we increased µ slightly

from 0 to 0.0031, to line up with the crossing point of the zeroth Landau levels of
opposite chirality.

20



2.2 Weyl superconductor in the mixed phase
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Figure 2.2: Weyl superconductor in the mixed phase. Panel a) shows a
Weyl semimetal–superconductor heterostructure (layers of a topological insula-
tor, with perpendicular magnetization β, separated by s-wave superconducting
spacer layers [12]). A magnetic field B0 is applied perpendicular to the layers.
The heterostructure has lattice constant a0, while the square vortex array has
lattice constant d0 (with two h/2e vortices per unit cell). Panels b) and c) show
two different paths through the magnetic Brillouin zone of the vortex array.

We have traced the origin of the difference to the topological protection of
the zero-mode enforced by an index theorem for Hamiltonians with chiral
symmetry [17]. For this explanation we will use an effective low-energy
Hamiltonian. The numerics uses the full Hamiltonian and serves as a test
of our analytics. We conclude with a discussion of the universal thermal
conductance supported by the zero-mode.

2.2 Weyl superconductor in the mixed phase

We start quite generally from the Bogoliubov-De Gennes (BdG) Hamil-
tonian in the Anderson gauge [30],

H(k) = U†
(
H0(k − eA) ∆

∆∗ −σyH∗0 (−k − eA)σy

)
U

=

(
H0(k + a+mvs) ∆0

∆0 −σyH∗0 (−k − a+mvs)σy

)
, (2.1)

with the definitions (~ ≡ 1, electron charge +e, mass m):

U =

(
eiφ 0
0 1

)
, a = 1

2∇φ, mvs = 1
2∇φ− eA. (2.2)

21



2 Topologically protected LL in the vortex lattice of a Weyl superconductor

The 2×2 matrix structure of H refers to electron and hole quasiparticles,
with single-particle Hamiltonian H0 and its time-reverse in the diagonal
blocks, coupled by the superconducting pair potential ∆ = ∆0e

iφ in the
off-diagonal blocks. The unitary transformation U removes the spatially
dependent phase φ(x, y) from the pair potential into the single-particle
Hamiltonian, where it combines with the vector potential A(x, y) in the
x–y plane, corresponding to the magnetic field B = ∇×A along z.

Both the gauge field a(x, y) and the supercurrent velocity vs(x, y) wind
around the positions Rn of the vortex cores, according to

∇×∇φ = 2πẑ
∑
nδ(r −Rn). (2.3)

(For definiteness we assume the field points in the positive z-direction.) A
spatial average over the vortices gives a vanishing supercurrent velocity,
vs = 0, while the average ∇× a = eB̄ gives the average magnetic field.
The field is approximately uniform, equal to B0, in the mixed phaseHc1 �
B0 � Hc2 of a type-II superconductor with overlapping vortices. In this
regime the vortex cores occupy only a small fraction B0/Hc2 � 1 of the
volume, so the amplitude ∆0 of the pair potential is also approximately
uniform and only the phase φ is strongly position dependent.

We now specify to a Weyl superconductor, in the heterostructure con-
figuration of Meng and Balents [12]3: a stack in the z-direction of layers of
Weyl semimetal alternating with an s-wave superconductor. A magnetiza-
tion β perpendicular to the layers separates the Weyl cones in the Brillouin
zone along kz. The Weyl points are at k = (0, 0,±K), v2

FK
2 = β2 −∆2

0,
with vF the Fermi velocity (assumed isotropic for simplicity). The Weyl
cones remain gapless as long as ∆0 < β4.

In the BdG Hamiltonian (2.1) each Weyl cone is doubled into an electron
and hole cone, mixed by the pair potential. We describe this mixing
following Ref. 47, in the simplest case that the Weyl cones are close to
the center k = 0 of the Brillouin zone and we may linearize the momenta.
(All nonlinearities in the full Brillouin zone are included in our numerics.)
The single-particle Weyl Hamiltonian H0 is a 4× 4 matrix,

H0(k) = vFτzk · σ + βτ0σz − µτ0σ0, (2.4)

3We use the heterostructure model of Ref. 12 for concreteness, but we have checked
that the Landau levels appear as well in the model of Ref. 13, which refers to a Weyl
semimetal with intrinsic superconductivity. The difference between the two models,
scalar versus pseudoscalar pairing [28], does not affect the topological protection.

4A supercurrent perpendicular to the layers can gap out the Weyl cones even if ∆0 <
β, but for now we only consider supercurrents flowing in the plane of the layers.
In the presence of time-reversal symmetry, for β = 0, the Weyl superconductor is
gapped except at the vortex cores, so no Landau level can exist in the bulk.

22



2.2 Weyl superconductor in the mixed phase

with µ the chemical potential. It is composed from Pauli matrices σα and
τα that act on the spin and orbital degree of freedom, respectively. We
also need a third set of Pauli matrices να in the electron-hole basis. (The
corresponding 2× 2 unit matrices are σ0, τ0, ν0.)

A unitary transformation H 7→ V †HV with

V = exp( 1
2 iθνyτzσz), tan θ = − ∆0

vFkz
, θ ∈ (0, π), (2.5)

followed by a projection onto the ν = τ = ±1 blocks, gives for the Weyl
cones an effective 2× 2 low-energy Hamiltonian5:

H±(k) = vF

∑
α=x,y(kα + aα ± κmvs,α)σα

+ (β −mkz )σz ∓ κµσ0, (2.6)

mkz =
√

∆2
0 + v2

Fk
2
z , κ = −vFkz/mkz . (2.7)

The electron-like and hole-like cones have opposite sign of the effective
charge qeff = ±κe, with |qeff | → e

√
1−∆2

0/β
2 for |kz| → K, smaller than

the bare charge e due to the mixing of electrons and holes by the pair
potential [48]. The velocity vz = ∂mkz/∂kz perpendicular to the layers is
also renormalized by the superconductivity: vz → v2

FK/β for |kz| → K.

At the Weyl point, for µ = 0 and |kz| = K, the Hamiltonian (2.6)
anticommutes with σz. This socalled chiral symmetry gives a formal cor-
respondence with a problem first studied 40 years ago by Aharonov and
Casher [16], as an application of an index theorem from supersymmet-
ric quantum mechanics [17]. The problem of Ref. 16, to determine the
zeroth Landau level of a two-dimensional massless electron in an inhomo-
geneous magnetic field, has also been studied more recently in the context
of graphene [49–51]. We need to adapt the calculation here to account
for the fractionally charged quasiparticles, but the basic approach carries
through.

5The low-energy Hamiltonian (2.6) does not include virtual transitions to higher
bands, of second order in µ and vs. These are included in the numerics, which is
based on the full Hamiltonian.
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2 Topologically protected LL in the vortex lattice of a Weyl superconductor

2.3 Calculation of the zero-modes

To study the effect of chiral symmetry on the Landau level spectrum we
set µ = 0, |kz| = K and focus our attention on the chiral Hamiltonian

Hchiral = vF

(
0 D
D† 0

)
, D = Πx − iΠy,

Π = −i∇+ eA, eA = a± κmvs.
(2.8)

(We omit the ± subscript for ease of notation.) The effective vector
potential A describes the effective magnetic field

B = ∂xAy − ∂yAx = Φ0(1± κ)
∑
nδ(r −Rn)∓ κB (2.9)

felt by the Weyl fermions in the vortex lattice.
For what follows it is convenient to choose a gauge such that ∇ · A =

0 and to assume that the external magnetic field B0 is imposed on a
large but finite area S. Because there are Nvortex = B0S/Φ0 vortices in
that area (with Φ0 = h/2e the superconducting flux quantum), the flux
Φ =

∫
dr B = B0S through the system corresponding to the effective

field equals the real flux. (The κ-dependence of B drops out upon spatial
integration.)

A zero-mode ψ of Hchiral is either a spinor
(
u
0

)
with D†u = 0 or it is

a spinor
(

0
v

)
with Dv = 0. The general solution of these two differential

equations has the form [16, 50]6:

u = f(ζ)eW , v = f(ζ∗)e−W , ζ = x+ iy,

W (r) =
1

2Φ0

∫
dx′
∫
dy′ B(r′) ln |r − r′|.

(2.10)

The difference N = Nu −Nv in the number of normalizable solutions for
u and v is called the index of Hchiral. The absolute value |N | is a lower
bound on the degeneracy of the zero-mode and the sign of N determines
the chirality: whether the zero-mode is an eigenstate of σz with eigenvalue
+1 or −1.

To determine the index of Hchiral we proceed as follows. In the absence
of vortices the function f(ζ) is analytic in the entire complex plane and

6To verify Eq. (2.10), first note that (−i∂x ± ∂y)f(x ± iy) = 0, so we only need to
consider derivatives of W . For that purpose it is helpful to write A = ∇ × ẑω
(which is possible in the gauge where ∇ · A = 0), then note that B = −∇2ω and
use the identity ∇2 ln |r− r′| = 2πδ(r− r′), to derive that W = −(π/Φ0)ω = −eω
and (−i∂x±∂y)W = ∓eAx− ieAy . Hence one concludes that (Πx± iΠy)e±W = 0.
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2.3 Calculation of the zero-modes

we can use a basis of polynomials. A polynomial f(ζ) of degree N − 1
then produces N linearly independent zero-modes — provided u or v is
normalizable,

∫
rdr |ψ|2 <∞. For large r one has asymptotically

W → 1
2 (Φ/Φ0) ln |r| ⇒ eW → |r|Nvortex/2, (2.11)

so if only the decay at infinity would be an issue we would conclude that
Nu = 0, Nv = Int [Nvortex/2]. This is the answer in the absence of vortices
[16], when the degeneracy of the zero-mode is determined by the enclosed
flux in units of h/e = 2Φ0, while the chirality is set by the sign of the
magnetic field (which we have assumed positive). As we will now show,
the presence of vortices introduces a dependence of the chirality on the
sign of the fractional charge qeff = ±κe of the quasiparticles, while the
degeneracy remains given by the bare electron charge e.

With vortices the function f(ζ) may have poles at the vortex cores
ζn = xn + iyn. We use this freedom to re-express the solution (2.10) as

u = g(ζ)eW
∏
n(ζ − ζn)−1, v = f(ζ∗)e−W . (2.12)

If for f and g we take polynomials of degreeN−1, withN = Int [Nvortex/2],
then both the functions u and v decay sufficiently rapidly at infinity. The
boundary condition at the vortex cores now determines which of the two
solutions is realized.

Near a vortex at position rn the asymptotics is

|u|2 → |r − rn|−1+qeff/e, |v|2 → |r − rn|−1−qeff/e. (2.13)

Since |qeff | < e both solutions ψu =
(
u
0

)
and ψv =

(
0
v

)
remain square

integrable at the vortex core. The boundary condition1

σzψ = (sign qeff)ψ, for r → rn. (2.14)

selects the most weakly divergent solution in Eq. (2.13): ψ = ψu with
positive chirality for qeff > 0 and ψ = ψv with negative chirality for
qeff < 0.

All of this was for µ = 0, |kz| = K, but both terms µσ0 and (β−mkz )σz
from Eq. (2.6) can be immediately reinstated since the zero-mode is an
eigenstate of σz. The resulting µ and kz-dependence of the zeroth Landau
level is

E±(kz) = ∓κµ+ (sign qeff)(β −mkz ). (2.15)

We have thus seen how the chiral symmetry protects the zeroth Lan-
dau level from being destroyed by the vortex lattice. To complete this

25



2 Topologically protected LL in the vortex lattice of a Weyl superconductor

analytical treatment, we point out why the d -wave superconductor lacks
a similar protection. In the Anderson gauge, the low-energy Hamiltonian
near the nodal point of a d -wave pair potential reads [1, 6, 30]

Hd-wave = vF(kx + ax)σz + v∆(ky + ay)σx +mvs,xσ0. (2.16)

There are inessential differences with Hchiral from Eq. (2.8) — the Dirac
cone is anisotropic and the basis of Pauli matrices is rotated — but the
essential difference is that the superfluid velocity breaks the chiral sym-
metry: Hd-wave anticommutes with σy only if vs,x = 0. In the d -wave su-
perconductor the superfluid velocity enters as a chirality-breaking scalar
potential, while in the Weyl superconductor it is a chirality-preserving
vector potential. The former is a strong scatterer, which effectively de-
stroys the Landau levels, while the latter cannot by force of the topological
index theorem.

2.4 Comparison with numerics

To test our analytical theory we have numerically calculated the spectrum
of a Weyl superconductor with a vortex lattice, using the Kwant tight-
binding code [52]. The 8 × 8 Hamiltonian has the BdG form (2.1) with
[12, 13, 28]

H0(k) = t0
∑

α=x,y,z

[τzσα sin kαa0 + τxσ0(1− cos kαa0)]

+ βτ0σz − µτ0σ0. (2.17)

Near the center of the Brillouin zone this reduces to the linearized Hamil-
tonian (2.4), but now we will not make any linearization. Results are
shown in Figs. 2.1b, 2.3, and 2.41. They are fully consistent with the
analytics.

2.5 Thermal conductance

The chiral zeroth Landau level governs the thermal transport properties
of the Weyl superconductor, in the direction parallel to the magnetic field.
The degeneracy eB0S/h = 1

2Φ/Φ0 of the zeroth Landau level implies a
thermal conductance

G=
1
2g0Φ/Φ0, g0 = LTe2/h, (2.18)
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2.5 Thermal conductance

Figure 2.3: Same as Fig. 2.1b, but now as a function of kz for kx = 0 = ky
at the center of the Brillouin zone7. The color scale indicates the charge expec-
tation value. The dashed curve is the dispersion (2.15) of the zeroth Landau
level, calculated analytically for K � 1 (which explains the deviation from
the numerics). The effective charge at E = 0 is ±0.73, close to the analytical
prediction of ±κ = ±1/

√
2.

with L = 1
3 (πkB/e)

2 the Lorenz number. In words, each vortex con-
tributes half a thermal conductance quantum to the heat transport —
the factor 1/2 being a reminder that the quasiparticles in the Weyl su-
perconductor are Majorana fermions [48]. Do note that the states in the
zeroth Landau level are extended over the x–y plane, the current flow is
not confined to the vortex cores (see Fig. 2.4)8. We expect the universal
thermal conductance (2.18) to be robust against non-magnetic disorder,
which in the effective Hamiltonian would enter as a term ∝ σz that does
not couple Landau levels of opposite chirality.

7The parameters for the band structure of Fig. 2.3 are the same as those of Fig. 2.1b,
except that we took a larger magnetic field (d0 = 10) so that the Landau level
splitting is more clearly visible on this scale.

8As we will discuss in Chapter 4, it is possible to concentrate the heat flow to the
vortex cores by applying a flux bias, and in that way realize a situation reminiscent
of the axion insulator of Ref. 84.
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2 Topologically protected LL in the vortex lattice of a Weyl superconductor

Figure 2.4: Color scale plot of |ψ(x, y)|2 in the zeroth Landau level of the
Weyl superconductor9. The white dashed lines indicate the vortex array, with
a pair of h/2e vortices in each unit cell. On approaching a vortex core, when

the separation δr → 0, the density diverges as a power law |ψ|2 ∝ δr1/
√

2−1, in
accord with Eq. (2.13).

2.6 Conclusion

In this work we have revisited the celebrated question [29, 30] whether
quasiparticles in the vortex lattice of a gapless superconductor can con-
dense into Landau levels. We have shown that Weyl superconductors can
accomplish what d -wave superconductors could not [1]: The chirality of
Weyl fermions protects the zeroth Landau level from broadening due to
scattering by the vortices. We have developed the analytical argument
for a simple low-energy Hamiltonian and supported it by numerical cal-
culations for a heterostructure model of the Weyl superconductor [12].
We anticipate that the Landau levels will govern the thermodynamic and

9The wave function in Fig. 2.4 is evaluated for the same parameters as Fig. 2.1b, but
at a smaller magnetic field (d0 = 202), to have a smaller overlap of the vortices.
There are two zero-modes of opposite effective charge qeff = ±κe, with identical
density profile so we only show one of them.
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2.6 Conclusion

transport properties of the vortex lattice, finally allowing for the observa-
tion of quantum effects that proved elusive in the d -wave context.

29





Appendices

2.A Boundary condition at the vortex core

We consider the chiral Hamiltonian (2.8) near a vortex at the origin,

Hvortex = vF

∑
α=x,y

(pα + eAα)σα +M(r)σz, (2.19)

retaining only the singular contribution to the vector potential,

∇× eA = (e+ qeff)Φ0ẑδ(r)⇒ eA =
(e+ qeff)Φ0

2πr
θ̂. (2.20)

A similar eigenvalue problem has been studied in the context of graphene
[39], but without the fractional charge qeff = ±κe characteristic of the
Weyl superconductor.

We model the delta-function vortex singularity by a mass term M(r) =
M0θ(dvortex − r), in the limit M0 →∞, dvortex → 0 with M0d

2
vortex finite.

In that limit the effective charge tends to the bare charge, qeff → ±e,
within the vortex core.

In polar coordinates (r, θ) one has

∂

∂x
+ i

∂

∂y
= eiθ

(
∂

∂r
+
i

r

∂

∂θ

)
, (2.21a)

eAx + ieAy =
λ

r
ieiθ, λ = 1

2 + qeff/2e ∈ (0, 1). (2.21b)

(Recall that eΦ0/2π = ~/2 ≡ 1/2.) The Dirac Hamiltonian then takes
the form

Hvortex =

(
M D−
D+ −M

)
, (2.22a)

D± = vFe
±iθ
(
−i ∂
∂r
± 1

r

∂

∂θ
± iλ

r

)
. (2.22b)

Since Hvortex commutes with the angular momentum operator J =
−i∂θ + 1

2σz, with eigenvalues m − 1/2 for integer m, the eigenstates of
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2 Topologically protected LL in the vortex lattice of a Weyl superconductor

Hvortex can be chosen as eigenstates of J ,

ψm(r, θ) = eimθ
(
e−iθum(r)
ivm(r)

)
, (2.23a)

(M − E)um + vF[∂r + (m+ λ)r−1]vm = 0, (2.23b)

(M + E)vm + vF[∂r − (m− 1 + λ)r−1]um = 0. (2.23c)

We take E = 0 and consider the solutions outside the vortex core (r >
dvortex, where M = 0) and inside the vortex core (r < dvortex, M = M0 >
0). Outside the vortex core the solutions for um and vm decouple,

um = C1r
m−1+λ, vm = C2r

−m−λ, (2.24)

with independent coefficients C1, C2. Inside the vortex core we have, in
view of the Bessel function identities

∂rIα(r)± (α/r)Iα(r) = Iα∓1(r), (2.25a)

∂rKα(r)± (α/r)Kα(r) = −Kα∓1(r), (2.25b)

the general solution

um(r) = C3 Im−1+λ(M0 r/vF) + C4Km−1+λ(M0 r/vF),

vm(r) = −C3 Im+λ(M0 r/vF) + C4Km+λ(M0 r/vF).
(2.26)

We may set C4 = 0 to obtain a regular solution at r = 0 for qeff = ±e⇒
λ ∈ {0, 1}.

The global solution (2.12) has outside the vortex at rn ≡ 0 the asymp-
totics

ψoutside =

(
C1e

−iθr−1/2+qeff/2e

C2ir
−1/2−qeff/2e

)
, (2.27)

since ζ−ζn = eiθr. This corresponds to the local solution ψm(r, θ) outside
the vortex core for quantum number m = 0. We need to match this to
the m = 0 solution inside the vortex core. In the large-M0 limit, for
M0 � vF/r, this has the asymptotics

ψinside =
C3 e

M0r/vF√
2πM0r/vF

(
e−iθ

−i

)
, (2.28)

since the Bessel-K function becomes exponentially small∝ exp(−M0r/vF).
Equating ψoutside and ψinside at r = dvortex gives the ratio of coefficients

C2/C1 = −(dvortex)qeff/e. (2.29)

If we finally send dvortex → 0, we find that C2 → 0 for qeff > 0, while
C1 → 0 for qeff < 0. This corresponds to the boundary condition (2.14)
in the main text.
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2.B Details of the tight-binding calculations

2.B Details of the tight-binding calculations

2.B.1 Weyl superconductor

We discretize the BdG Hamiltonian (2.1) in the Anderson gauge on a
square lattice, lattice constant a0 ≡ 1, nearest-neigbor hopping energy
t0 ≡ 1. For the diagonal block H0(k) we take the four-band model of Eq.
(2.17). The tight-binding Hamiltonian is

H =
∑
n

(
h(kz) ∆0

∆0 −σyh(−kz)∗σy

)
|n〉〈n|

+
1

2

∑
n,δ̂

exp
(
i
∫ n+δ̂

n
eA · dl− iφn+δ̂ + iφn

)
0

0 − exp
(
−i
∫ n+δ̂

n
eA · dl

)


× (iτzσ · δ̂ − τxσ0)|n+ δ̂〉〈n|,
h(kz) = τzσz sin kz + τxσ0(3− cos kz) + βτ0σz − µτ0σ0. (2.30)

The vector n labels the lattice sites and the unit vector δ̂ points to the
four nearest neighbors. We denote by φn the superconducting phase φ(r)
at site n.

We assume a uniform magnetic field B = B0ẑ (appropriate for the
strong-type-II regime Hc1 � B0 � Hc2), with vector potential

A(x, y) = − 2π

eN2
(y, 0, 0) (2.31)

corresponding to a flux h/e through a supercell of N×N unit cells (square
magnetic unit cell, lattice constant d0 = Na0). The conjugate vector
potential

Ā(x, y) = − 2π

eN2
(0, x, 0) (2.32)

is defined such that Π = p−eA and Π̄ = p−eĀ commute, [Πα,Πβ ] = 0.
It enters in the magnetic periodic boundary conditions [40–42]

ψ(N, y) = eiN [kx−eĀx(0,y)]ψ(0, y) = eikxNψ(0, y),

ψ(x,N) = eiN [ky−eĀy(x,0)]ψ(x, 0) = eikyN+2πix/Nψ(x, 0),
(2.33)

for x, y ∈ {0, 1, . . . , N − 1}.
In each supercell we place a pair of h/2e vortices, at positions

x
(1)
vortex = y

(1)
vortex = Int [N/4] + 1/2,

x
(2)
vortex = y

(2)
vortex = N − 1/2− Int [N/4],

(2.34)
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2 Topologically protected LL in the vortex lattice of a Weyl superconductor
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Figure 2.5: Magnetic unit cell for N = 10, containing a pair of h/2e vortices
at the positions specified by Eq. (2.34). The superconducting phase winds by
2π upon encircling a vortex, producing a branch cut. At the two sides (x, y± ε)
of a branch cut one has φ(x, y + ε) = φ(x, y − ε) + 2π .

see Fig. 2.5. This produces a square vortex array consisting of two sub-
lattices with lattice constant d0.

2.B.2 Superconducting phase

In the continuum description the phase φ(r) of the superconducting order
parameter is determined by

∇×∇φ =
∑
n

2π δ(r − rn), ∇ · ∇φ = 0. (2.35)

The first equation specifies a 2π winding of the phase around each vortex,
at position rn, and the second equation ensures that the supercurrent
velocity mvs = 1

2∇φ−eA has vanishing divergence. (Note that ∇·A = 0
for our choice of gauge.)
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2.B Details of the tight-binding calculations

Figure 2.6: Two integration paths C along the boundary of the magnetic unit
cell for which

∫
C
vs·dl = 0, as a consequence of Eq. (2.38). Vortices are indicated

by crosses, the branch cuts in the phase by dashed lines. For the red path the
integral along segment BC vanishes, while the contributions from the segments
AB and CD cancel. For the blue path the segment FG does not contribute and
EF cancels with GH.

We discretize Eq. (2.35) in the N ×N magnetic unit cell of Fig. 2.5. To
each of the two vortices in this supercell we assign a branch cut running
from (xvortex, yvortex) to (0, yvortex), at which the phase jumps by 2π. The
discrete version of Eq. (2.35) then reads

φ(x, y − 1) + φ(x+ 1, y) + φ(x− 1, y) + φ(x, y + 1)

− 4φ(x, y) =


±2π if (x, y)→ (x, y ± 1)

crosses a branch cut,

0 otherwise,

(2.36)

for x, y ∈ {0, 1, 2, . . . N − 1}.
We need to supplement Eq. (2.36) by periodic boundary conditions at

the edges of the magnetic unit cell. To determine these we integrate

φ(r)− φ(r′) = 2

∫ r

r′
(mvs + eA) · dl+ 2πn (2.37)

along a path C from r′ to r. The discontinuity of φ when C crosses a
branch cut is accounted for by the 2πn offset: The integer n equals the
number of branch cut lines crossed from below minus those crossed from
above.

The trick is to choose a path such that the integral of the supercurrent
velocity vanishes. The combination of periodicity and inversion symmetry
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2 Topologically protected LL in the vortex lattice of a Weyl superconductor

implies that

vs(x, y) = vs(x+N, y) = vs(x, y +N),

vs(x, y) = − vs(−x,−y)

⇒ vs(N, y) = −vs(N,N − y),

vs(x, 0) = −vs(N − x, 0).

(2.38)

As a consequence, the integral
∫
C
vs · dl = 0 vanishes for the two paths of

Fig. 2.6. Integration of the vector potential gives the boundary conditions.

φ(x, y0 +N) = φ(x, y0) + 4π(1− x/N) , (2.39a)

φ(x0 +N, y) = φ(x0, y)− 2π × (number of branch cuts

below y) , (2.39b)

where x0, y0 ∈ {0,−1}.
The set of equations (2.36) and (2.39) can be written in a matrix form,∑
jMijφj = bi for a real symmetric matrix M , which we solved using the

conjugate gradient method.

2.B.3 d-wave superconductor

A 2D superconductor with spin-singlet dx2−y2 pairing symmetry has BdG
Hamiltonian

H =

(
1

2m (k − eA)2 − µ (k − eA) ·∆ · (k + eA)
(k + eA) ·∆† · (k − eA) − 1

2m (k + eA)− µ

)
,

k = (kx, ky) = −i~(∂x, ∂y), ∆(r) = ∆0e
iφ(r)

(
1 0
0 −1

)
.

(2.40)

Our choice of symmetrization of the pair potential follows Ref. 43. One
checks that the choice (2.40) satisfies the requirement of gauge invariance,(

e−iχ 0
0 eiχ

)
H(eA,∆)

(
eiχ 0
0 e−iχ

)
= H(eA−∇χ, e−2iχ∆). (2.41)

Following Ref. 43 we discretize H on a square lattice (lattice constant
a0 ≡ 1, nearest neighbor hopping energy t0 = ~2/2ma2

0). At the end we
carry out the Anderson gauge transformation,

H 7→
(
e−iφ 0

0 1

)
H
(
eiφ 0
0 1

)
. (2.42)
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2.C Quasiparticle density profile near the vortex core

The resulting tight-binding Hamiltonian

H =
∑
m,n

(
tee(m,n) teh(m,n)
the(m,n) thh(m,n)

)
|m〉〈n| (2.43)

has nonzero matrix elements for m = n and m = n + δ̂, with δ̂ ∈
{±x̂,±ŷ}, given by

tee(n,n) = − thh(n,n) = 4t0 − µ, (2.44a)

teh(n,n) = t∗he(n,n)

= 1
2∆0

[
exp

(
−2i

∫ n+x̂

n

eA · dl+ iφn+x̂ − iφn
)

+ exp

(
−2i

∫ n−x̂

n

eA · dl+ iφn−x̂ − iφn
)

− exp

(
−2i

∫ n+ŷ

n

eA · dl+ iφn+ŷ − iφn
)

− exp

(
−2i

∫ n−ŷ

n

eA · dl+ iφn−ŷ − iφn
)]

, (2.44b)

tee(n+ δ̂,n) = − t0 exp

(
i

∫ n+δ̂

n

eA · dl− iφn+δ̂ + iφn

)
, (2.44c)

thh(n+ δ̂,n) = − t0 exp

(
−i
∫ n+δ̂

n

eA · dl
)
, (2.44d)

teh(n+ δ̂,n) = t∗he(n,n+ δ̂)

= 1
2∆0

[
exp

(
i

∫ n+δ̂

n

eA · dl− iφn+δ̂ + iφn

)

+ exp

(
−i
∫ n+δ̂

n

eA · dl
)]
×
{
−1 if δ̂ = ±x̂,
+1 if δ̂ = ±ŷ.

(2.44e)
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2 Topologically protected LL in the vortex lattice of a Weyl superconductor
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Figure 2.7: Red data points: Dependence of the probability density |ψ(x, y)|2
on the distance from a vortex core along the line x = y, calculated in the
zeroth Landau level at momentum k = (π/2, π/2, π/3), for parameters ∆0 = 1,
β =

√
2, µ = 0, d0 = 502 a0. We took a weaker magnetic field than in Fig. 2.4

(which had a vortex array with lattice constant d0 = 202 a0), so that the vortices
are more widely separated and we can extract the single-vortex asymptotics
more easily. The slope of the dashed line is the analytical prediction (2.46).

2.C Quasiparticle density profile near the
vortex core

In the main text we showed that our numerical simulations reproduce the
dispersion relation expected from the analytical theory: The dispersionless
zeroth Landau level in the plane perpendicular to the applied magnetic
field, see Fig. 2.2b, and the linear dispersion along the field, see Fig. 2.3.
We also checked that the numerical result qeff ≈ ±0.73 e for the effective
charge of the quasiparticles at the Weyl point is close to the analytical
prediction:

|qeff/e| =
√

1−∆2
0/β

2 = 1/
√

2 ≈ 0.71. (2.45)

As a further test, we compare in Fig. 2.7 the dependence of the quasi-
particle density |ψ|2 on the distance δr from a vortex core. The analytical
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2.D Arbitrary angle between internal magnetization and external magnetic field

prediction from Eq. (2.13),

|ψ|2 ' δr−1+|qeff |/e = δr−1+1/
√

2, (2.46)

is in excellent agreement with the numerics.

2.D Arbitrary angle between internal
magnetization and external magnetic
field

The four-band Hamiltonian (2.17) of the Weyl semimetal has an internal
magnetization β pointing in the z-direction, parallel to the external mag-
netic field B = B0ẑ. If instead the magnetization vector β = (βx, βy, βz)
points in an arbitrary direction, the Hamiltonian becomes

H0(k) = t0
∑

α=x,y,z

[τzσα sin kαa0 + τxσ0(1− cos kαa0)]

+ τ0 β · σ − µτ0σ0. (2.47)

Numerical results for the spectrum are shown in Fig. 2.8 for a magneti-
zation at a 45◦ degree angle and at a 90◦ angle with the magnetic field.
The zeroth Landau level remains dispersionless in the x–y plane.

We note that now the Weyl cone is anisotropic in the x–y plane, but
that also does not spoil the protection of the zeroth Landau level.

2.E Tilting of the Weyl cones

To further explore the robustness of the zeroth Landau level, we consider
what happens if we break Lorentz invariance by tilting the Weyl cones.
Following Ref. 44 one distinguishes type-I from type-II Weyl cones, de-
pending on whether the equi-energy contours are closed elliptic (type-I) or
open hyperbolic (type-II). In the absence of superconductivity, it is known
that the topological protection of the zeroth Landau level persists all the
way up to the Lifshitz transition from a type-I to a type-II Weyl semi-
metal [45, 46]. Here we show that the same applies in the superconducting
vortex lattice.
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2 Topologically protected LL in the vortex lattice of a Weyl superconductor

-X X M Y MΓ Γ -X X M Y MΓ Γ

Figure 2.8: Same as Fig. 2.1b, but for an internal magnetization β that is
rotated away from the magnetic field B in the z-direction. The Weyl points
are at K = ±(0.684, 0, 0.684) for β = (1, 0, 1) and at K = ±(π/3, 0, 0) for
β = (

√
2, 0, 0), in each case aligned along the magnetization. The (kx, ky)

momentum is varied along the path through the magnetic Brillouin zone of Fig.
2.2b, at fixed kz = Kz, so it passes through one Weyl point for β = (1, 0, 1)
and through two Weyl points for β = (

√
2, 0, 0) (green arrows). The flatness of

the Landau levels in the vortex lattice is essentially unaffected by the rotation
of the magnetization, but the energies themselves are shifted because of the
anisotropic Fermi velocity: En =

√
nE1, with E1 = (2/d0)

√
πvxvy, and vx = 1,

vy = 0.774 for β = (1, 0, 1); vx = 1, vy = 0.612 for β = (
√

2, 0, 0).

2.E.1 Hamiltonian of a type-I Weyl supserconductor

We break Lorentz-invariance (particle-hole symmetry) of the Hamiltonian
(2.4) by adding momentum dependent terms proportional to the unit
matrix,

H0(k) = vFτzk · σ + βτ0σz − µτ0σ0 − vF(η · k)τ0σ0. (2.48)

The Weyl cones are tilted in the direction of the vector η. To simplify
the equations we orient the x–y axes so that the cones are tilted in the
x–z plane, hence without loss of generality we may set ηy = 0 (allowing
for both ηx and ηz to be nonzero). The equi-energy contours are closed
elliptic (type-I Weyl cone) for |η| < 1.

The low-energy Hamiltonian, obtained by the unitary transformation
(2.5) followed by a projection on the ν = τ = ±1 subspace, is

H±(k) = vF

∑
α=x,y(kα + aα ± κmvs,α)(σα − ηασ0)

+ (β −mkz )σz ∓ κµσ0 − vFkzηzσ0. (2.49)
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2.E Tilting of the Weyl cones

-X X M Y MΓ Γ -X X M Y MΓ Γ

Figure 2.9: Same as Fig. 2.1b, but for tilted Weyl cones with η = (0.5, 0, 0.05)
(left panel) and η = (1.1, 0, 0) (right panel). The energies are shifted by E0 =
−vFηz sinK. The energy E1 of the first Landau level was calculated numerically.
In the type-I regime |η| < 1 the Landau levels remain intact. For |η| > 1 the
Weyl superconductor goes through a Lifshitz transition to type-II Weyl cones
and the Landau levels disappear.

For |kz| = K at the Weyl point, this reduces to

H±(k) = Hchiral + E±σ0, E± = ∓κµ− vFKηz, (2.50)

where Hchiral differs from Eq. (2.8) by the appearance of diagonal terms,

Hchiral = vF

(
−ηxΠx Πx − iΠy

Πx + iΠy −ηxΠx

)
. (2.51)

2.E.2 Generalized chiral symmetry protects the
zeroth Landau level

The Hamiltonian (2.51) no longer anticommutes with σz, so chiral sym-
metry is broken. However, following Refs. 45, 46, for |ηx| < 1 we can
generalize the chiral symmetry relation by means of the non-Hermitian
operator

γ = λ−1σz(σ0 − ηxσx), λ =
√

1− η2
x, (2.52)

such that
γ†Hchiral +Hchiralγ = 0, γ2 = 1. (2.53)

The right eigenvectors of γ are

|+〉 =
1√

2 + 2λ

(
1 + λ
ηx

)
,

|−〉 =
1√

2 + 2λ

(
ηx

1 + λ

)
,

(2.54)
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2 Topologically protected LL in the vortex lattice of a Weyl superconductor

with γ|±〉 = ±|±〉. The generalized chirality relation (2.53) implies that

〈+|Hchiral|+〉 = 0 = 〈−|Hchiral|−〉. (2.55)

Upon substitution of |ψ〉 = ψ+|+〉 + ψ−|−〉 the zero-mode equation
H|ψ〉 = 0 takes the form(

0 D̃
D̃† 0

)(
ψ+

ψ−

)
= 0, D̃ =

1

vFλ
〈+|Hchiral|−〉. (2.56)

The matrix elements on the diagonal vanish in view of Eq. (2.55). The
off-diagonal term D̃ equals

D̃ = λΠx − iΠy. (2.57)

This is almost of the form (2.8), except for the factor-λ rescaling of Πx.
If rescale the coordinates as x′ = x/λ, y′ = y, and the gauge potential as
A′x = λAx, A′y = Ay, we have equivalently

D̃ = Π′x − iΠ′y, Π′ = −i∇′ + eA′. (2.58)

The rescaling does not affect the existence of the zeroth Landau level, nor
its degeneracy, since the enclosed flux is unchanged:

Φ′ =

∫
dx′
∫
dy′ (∂x′A′y − ∂y′A′x)

=

∫
dx

λ

∫
dy (λ∂xAy − ∂yλAx)

=

∫
dx

∫
dy (∂xAy − ∂yAx) = Φ. (2.59)

We conclude that the zeroth Landau level remains topologically pro-
tected against scattering by the superconducting vortex lattice even if
Lorentz invariance is broken by tilting the Weyl cones — up to the Lif-
shitz transition at |η| = 1 from type-I to type-II Weyl cones10. In Fig. 2.9
we show numerical data that confirms this conclusion from the analytics.

10Because the generalized chiral symmetry of tilted Weyl cones requires η2
x + η2

y < 1,
irrespective of the tilt ηz in the z-direction, the protection of the zeroth Landau level
for nonzero ηz extends somewhat beyond the Lifshitz transition at η2

x+η2
y+η2

z = 1.
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2.E Tilting of the Weyl cones

2.E.3 Chiral dispersion along the magnetic field

To complete the calculation we examine the dispersion of the zeroth Lan-
dau level in the kz-direction, parallel to the magnetic field. We go back
to the Hamiltonian (2.49), without setting kz = K. In the basis (2.54)
the eigenvalue equation (H − E)|ψ〉 = 0 takes the form(

E2 + λE1 vFλD̃ + ηxE2
vFλD̃† + ηxE2 E2 − λE1

)(
ψ+

ψ−

)
= 0,

E1 = β −mkz , E2 = ∓κµ− vFkzηz − E. (2.60)

We seek a solution(
ψ+

ψ−

)
=

(
exp(ixηxE1/vFλ)φ+

exp(−ixηxE1/vFλ)φ−

)
(2.61)

with either φ+ ≡ 0 or φ− ≡ 0. Substitution into Eq. (2.60) gives

either φ+ ≡ 0⇒ D̃φ− = 0 and E2 = λE1,
or φ− ≡ 0⇒ D̃†φ+ = 0 and E2 = −λE1.

(2.62)

The boundary condition (2.14) on the vortex core selects one of these two
solutions, depending on the sign of the effective charge qeff .

We conclude that the zeroth Landau level has the kz-dispersion

E±(kz) = (sign qeff)(λβ − λmkz )∓ κµ− vFkzηz. (2.63)

For η = 0, λ = 1 we recover the dispersion (2.15) for untilted Weyl cones.
The Landau level remains dispersionless in the kx–ky plane for any kz.
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