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2 Topologically protected
Landau level in the vortex

lattice of a Weyl
superconductor

2.1 Introduction

In 1998 Gor’kov, Schrieffer [29], and Anderson [30] made the remarkable
prediction that the excitation spectrum in the mixed phase of a high-T, su-
perconductor (with massless quasiparticles at nodal points of the d-wave
pair potential) has the Landau levels of the relativistic Dirac equation.
This was nearly a decade before the quantum Hall effect of massless elec-
trons was measured in graphene [31, 32], and it would have marked the
first appearance in the solid state of a magnetic-field independent zeroth
Landau level.

It did not turn out that way: The spatially varying supercurrent in the
Abrikosov vortex lattice strongly scatters the quasiparticles [33], even if
the vortices overlap and produce a uniform magnetic field. Since Franz
and Tesanovié [1] we know that the quasiparticles in the mixed phase of
a d-wave superconductor retain the zero-field Dirac cone, the main effect
of the magnetic field being a renormalization of the Fermi velocity [2-11].
Recent proposals [34-36] use strain to mimic the effect of a magnetic field
in a d-wave superconductor without breaking time-reversal symmetry, but
the coexistence of Landau levels and a vortex lattice has remained elusive.

Here we propose that Weyl superconductors can make it happen. A
Weyl semimetal with induced s-wave superconductivity has massless nodal
quasiparticles in a 3D Weyl cone [12, 13], with the same linear dispersion
as the 2D Dirac cone of a d-wave superconductor [37, 38]. We compare
the band structures in Fig. 2.1'. In zero magnetic field the gapless nodal

ISee the appendices, which includes Refs. [39-46], for: (A) the derivation of the
boundary condition at the vortex core; (B) details of the tight-binding calculation;
(C) demonstration of the power law scaling of the quasiparticle density near the
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2 Topologically protected LL in the vortex lattice of a Weyl superconductor
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Figure 2.1: Excitation spectrum of a nodal superconductor in zero magnetic
field (black dashed curves) and in the mixed phase with a square lattice of
Abrikosov vortices (red solid curves)?. Panel a) is for a 2D d-wave supercon-
ductor, panel b) for a 3D Weyl superconductor (with k. = 7/3 at the Weyl
point). The momentum follows a path through the magnetic Brillouin zone
of Fig. 2.2. The location of the zero-field Dirac and Weyl points is indicated
by green arrows. The n-th Landau level is expected at E, = \/ﬁ FE1, with
Ei = 27 UF/do. In the d-wave superconductor the Landau levels are de-
stroyed by the vortex lattice [1], while in the Weyl superconductor they are
protected by chiral symmetry.

points at the Fermi level (E = 0) are qualitatively the same in both
superconductors. But the response to a vortex lattice is fundamentally
different: While in the d-wave superconductor the dispersive Dirac cones
persist, as expected [1], in the Weyl superconductor a zeroth Landau level
appears that is completely dispersionless in the plane perpendicular to the
magnetic field.

We will return to these numerical calculations later on, but first we
want to explain why the zeroth Landau level in a Weyl superconductor is
not broadened by the vortex lattice, as it is in a d-wave superconductor.

vortex core. The appendices also include a demonstration of the robustness of our
results to: (D) anisotropic Weyl cones and arbitrary orientation of the magnetic
field; (E) tilting of the Weyl cones, all the way up to the type-I-1I transition.

2In dimensionless units (to, a0, h = 1) the parameters for the band structure of Fig.
2.1a are: Ag =1 (d,2_,2 pairing), vp = va = 21/2 (isotropic Dirac cone), p = 4
(band center), dg = 49, E1 = 4+/27/dp; for Fig. 2.1b they are: Ag = 1 (s-wave
pairing), 8 = v/2, vp = 1 (isotropic Weyl cone), u = 0 (Weyl point), do = 49,
E1 = 2y/m/dp. In the Weyl semimetal with a vortex lattice we increased p slightly
from 0 to 0.0031, to line up with the crossing point of the zeroth Landau levels of
opposite chirality.

20



2.2 Weyl superconductor in the mixed phase

vortex core By

b) T M

r Y A
-X o> > X

ag
Weyl semimetal

©) Q x'y

z L

k r Y
y WX

Y ky

Figure 2.2: Weyl superconductor in the mixed phase. Panel a) shows a
Weyl semimetal-superconductor heterostructure (layers of a topological insula-
tor, with perpendicular magnetization [, separated by s-wave superconducting
spacer layers [12]). A magnetic field By is applied perpendicular to the layers.
The heterostructure has lattice constant ag, while the square vortex array has
lattice constant do (with two h/2e vortices per unit cell). Panels b) and ¢) show
two different paths through the magnetic Brillouin zone of the vortex array.

We have traced the origin of the difference to the topological protection of
the zero-mode enforced by an index theorem for Hamiltonians with chiral
symmetry [17]. For this explanation we will use an effective low-energy
Hamiltonian. The numerics uses the full Hamiltonian and serves as a test
of our analytics. We conclude with a discussion of the universal thermal
conductance supported by the zero-mode.

2.2 Weyl superconductor in the mixed phase

We start quite generally from the Bogoliubov-De Gennes (BdG) Hamil-
tonian in the Anderson gauge [30],

Hy(k — eA) A
_yt(Ho
Hk)=U < A* —o,Hi(—k — eA)ay>U
_ Hy(k + a + mwy) Ag (2.1)
Ag —o,Hj(—k — a+ muv,)oy, )’ '

with the definitions (h = 1, electron charge +e, mass m):

ip 0
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2 Topologically protected LL in the vortex lattice of a Weyl superconductor

The 2 x 2 matrix structure of H refers to electron and hole quasiparticles,
with single-particle Hamiltonian Hy and its time-reverse in the diagonal
blocks, coupled by the superconducting pair potential A = Age’® in the
off-diagonal blocks. The unitary transformation U removes the spatially
dependent phase ¢(z,y) from the pair potential into the single-particle
Hamiltonian, where it combines with the vector potential A(z,y) in the
x—y plane, corresponding to the magnetic field B =V x A along z.

Both the gauge field a(z,y) and the supercurrent velocity vs(x,y) wind
around the positions R,, of the vortex cores, according to

V x Vo =215 5(r — R,). (2.3)

(For definiteness we assume the field points in the positive z-direction.) A
spatial average over the vortices gives a vanishing supercurrent velocity,
D, = 0, while the average V x @ = eB gives the average magnetic field.
The field is approximately uniform, equal to By, in the mixed phase H,; <
By < Hs of a type-II superconductor with overlapping vortices. In this
regime the vortex cores occupy only a small fraction By/H.o < 1 of the
volume, so the amplitude Ag of the pair potential is also approximately
uniform and only the phase ¢ is strongly position dependent.

We now specify to a Weyl superconductor, in the heterostructure con-
figuration of Meng and Balents [12]3: a stack in the z-direction of layers of
Weyl semimetal alternating with an s-wave superconductor. A magnetiza-
tion 8 perpendicular to the layers separates the Weyl cones in the Brillouin
zone along k,. The Weyl points are at k = (0,0, +K), v3K? = 32 — A3,
with vp the Fermi velocity (assumed isotropic for simplicity). The Weyl
cones remain gapless as long as Ay < 2.

In the BAG Hamiltonian (2.1) each Weyl cone is doubled into an electron
and hole cone, mixed by the pair potential. We describe this mixing
following Ref. 47, in the simplest case that the Weyl cones are close to
the center k = 0 of the Brillouin zone and we may linearize the momenta.
(All nonlinearities in the full Brillouin zone are included in our numerics.)
The single-particle Weyl Hamiltonian Hj is a 4 X 4 matrix,

Hy(k) = vpr.k - o + B190, — 17000, (2.4)

3We use the heterostructure model of Ref. 12 for concreteness, but we have checked
that the Landau levels appear as well in the model of Ref. 13, which refers to a Weyl
semimetal with intrinsic superconductivity. The difference between the two models,
scalar versus pseudoscalar pairing [28], does not affect the topological protection.

4 A supercurrent perpendicular to the layers can gap out the Weyl cones even if Ay <
B3, but for now we only consider supercurrents flowing in the plane of the layers.
In the presence of time-reversal symmetry, for § = 0, the Weyl superconductor is
gapped except at the vortex cores, so no Landau level can exist in the bulk.

22



2.2 Weyl superconductor in the mixed phase

with p the chemical potential. It is composed from Pauli matrices o, and
T, that act on the spin and orbital degree of freedom, respectively. We
also need a third set of Pauli matrices v, in the electron-hole basis. (The
corresponding 2 X 2 unit matrices are og, 7o, Vo)

A unitary transformation H — VIHV with

A
V = exp(3ifvy7.0.), tanf = ——2, 6 € (0,m), (2.5)
UFRz

followed by a projection onto the v = 7 = £1 blocks, gives for the Weyl
cones an effective 2 x 2 low-energy Hamiltonian®:

Hy(k) =vrd_,—p (ko + o & kmus o),
+ (B — me)o F oo, (26)

The electron-like and hole-like cones have opposite sign of the effective
charge ger = tre, with |ger| = ey/1 — A3/B? for |k,| — K, smaller than
the bare charge e due to the mixing of electrons and holes by the pair
potential [48]. The velocity v, = Omy,_/0k, perpendicular to the layers is
also renormalized by the superconductivity: v, — v2K/g for |k.| — K.

At the Weyl point, for 4 = 0 and |k,| = K, the Hamiltonian (2.6)
anticommutes with o,. This socalled chiral symmetry gives a formal cor-
respondence with a problem first studied 40 years ago by Aharonov and
Casher [16], as an application of an index theorem from supersymmet-
ric quantum mechanics [17]. The problem of Ref. 16, to determine the
zeroth Landau level of a two-dimensional massless electron in an inhomo-
geneous magnetic field, has also been studied more recently in the context
of graphene [49-51]. We need to adapt the calculation here to account
for the fractionally charged quasiparticles, but the basic approach carries
through.

5The low-energy Hamiltonian (2.6) does not include virtual transitions to higher
bands, of second order in p and vs. These are included in the numerics, which is
based on the full Hamiltonian.
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2 Topologically protected LL in the vortex lattice of a Weyl superconductor

2.3 Calculation of the zero-modes

To study the effect of chiral symmetry on the Landau level spectrum we
set u =0, |k.| = K and focus our attention on the chiral Hamiltonian

0 D )
Hchiral = Vf <DT O>a D= Hz — ZHy,

II=—-iV+eA eA=azxrmu;.

(2.8)

(We omit the £ subscript for ease of notation.) The effective vector
potential A describes the effective magnetic field

B=0,A,— 0,4, = By(1 £ k)Y, 5(r — R,) F kB (2.9)

felt by the Weyl fermions in the vortex lattice.

For what follows it is convenient to choose a gauge such that V- A =
0 and to assume that the external magnetic field By is imposed on a
large but finite area S. Because there are Nyoriex = BoS/®Pg vortices in
that area (with ®g = h/2e the superconducting flux quantum), the flux
® = [drB = ByS through the system corresponding to the effective
field equals the real flux. (The x-dependence of B drops out upon spatial
integration.)

A zero-mode v of Hgpiral is either a spinor (g) with Dty = 0 or it is
a spinor () with Dv = 0. The general solution of these two differential
equations has the form [16, 50]°:

u=f(Qe", v=f("e", (=a+iy,

W(r) = % dx'/dy'B(r’)ln|rfr’|.

(2.10)

The difference N' = N,, — N, in the number of normalizable solutions for
uw and v is called the index of Hcpira1- The absolute value |N| is a lower
bound on the degeneracy of the zero-mode and the sign of N determines
the chirality: whether the zero-mode is an eigenstate of o, with eigenvalue
+1 or —1.

To determine the index of Hepiral we proceed as follows. In the absence
of vortices the function f(¢) is analytic in the entire complex plane and

6To verify Eq. (2.10), first note that (—id; + 8y)f(z £ iy) = 0, so we only need to
consider derivatives of W. For that purpose it is helpful to write A = V X Zw
(which is possible in the gauge where V - A = 0), then note that B = —V2w and
use the identity V2 1In |r — 7’| = 276(r — 7’), to derive that W = —(7/®p)w = —ew
and (—i8; + 8, )W = FeAy —ieAy. Hence one concludes that (I, 41T, )et" = 0.
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2.3 Calculation of the zero-modes

we can use a basis of polynomials. A polynomial f({) of degree N — 1
then produces N linearly independent zero-modes — provided w or v is
normalizable, [ rdr |9|? < oo. For large r one has asymptotically

W — 3(@/®o) In|r| = e — |p|Nvortex/2, (2.11)

so if only the decay at infinity would be an issue we would conclude that
N, =0, N, = Int [Nyortex/2]. This is the answer in the absence of vortices
[16], when the degeneracy of the zero-mode is determined by the enclosed
flux in units of h/e = 2®q, while the chirality is set by the sign of the
magnetic field (which we have assumed positive). As we will now show,
the presence of vortices introduces a dependence of the chirality on the
sign of the fractional charge g.g = +ke of the quasiparticles, while the
degeneracy remains given by the bare electron charge e.

With vortices the function f(¢) may have poles at the vortex cores
Cn = Tn + 1Yn. We use this freedom to re-express the solution (2.10) as

u=g(Qe"TL(¢C = ¢) ™ v=F(¢)e ™. (2.12)

If for f and g we take polynomials of degree N—1, with N = Int [Nyortex/2],
then both the functions v and v decay sufficiently rapidly at infinity. The
boundary condition at the vortex cores now determines which of the two
solutions is realized.

Near a vortex at position 7, the asymptotics is

|u‘2 5 |r— ,r.n|—1+Qeff/e7 |U|2 —|r— ’l"n|_1_qeff/e. (2.13)
Since |gegt| < e both solutions v, = (%) and ¢, = (?) remain square
integrable at the vortex core. The boundary condition®

0. = (sign gegr) ¢, for r — rp. (2.14)

selects the most weakly divergent solution in Eq. (2.13): ¢ = 1, with
positive chirality for gsg > 0 and v = 1, with negative chirality for
et < 0.

All of this was for u = 0, |k,| = K, but both terms pog and (8—my_)o,
from Eq. (2.6) can be immediately reinstated since the zero-mode is an
eigenstate of o,. The resulting 1 and k,-dependence of the zeroth Landau
level is

Ey (k) = Frp+ (sign geg) (8 — mi, ). (2.15)

We have thus seen how the chiral symmetry protects the zeroth Lan-
dau level from being destroyed by the vortex lattice. To complete this
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2 Topologically protected LL in the vortex lattice of a Weyl superconductor

analytical treatment, we point out why the d-wave superconductor lacks
a similar protection. In the Anderson gauge, the low-energy Hamiltonian
near the nodal point of a d-wave pair potential reads [1, 6, 30]

Hywave = Vp(ky + ag)o, +valky + ay)og + mus 500. (2.16)

There are inessential differences with Hepira) from Eq. (2.8) — the Dirac
cone is anisotropic and the basis of Pauli matrices is rotated — but the
essential difference is that the superfluid velocity breaks the chiral sym-
metry: Hg wave anticommutes with o, only if v, , = 0. In the d-wave su-
perconductor the superfluid velocity enters as a chirality-breaking scalar
potential, while in the Weyl superconductor it is a chirality-preserving
vector potential. The former is a strong scatterer, which effectively de-
stroys the Landau levels, while the latter cannot by force of the topological
index theorem.

2.4 Comparison with numerics

To test our analytical theory we have numerically calculated the spectrum
of a Weyl superconductor with a vortex lattice, using the Kwant tight-
binding code [52]. The 8 x 8 Hamiltonian has the BAG form (2.1) with
[12, 13, 28]

Hy(k) =t Z [T.04 sin kqag + To00(1 — cos kqap)]

a=w,y,z

+ B100. — pT000. (2.17)

Near the center of the Brillouin zone this reduces to the linearized Hamil-
tonian (2.4), but now we will not make any linearization. Results are
shown in Figs. 2.1b, 2.3, and 2.4'. They are fully consistent with the
analytics.

2.5 Thermal conductance

The chiral zeroth Landau level governs the thermal transport properties
of the Weyl superconductor, in the direction parallel to the magnetic field.
The degeneracy eByS/h = 1®/®, of the zeroth Landau level implies a
thermal conductance

G=390®/®o, go = LTe?/h, (2.18)
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2.5 Thermal conductance

Weyl superconductor (k; =0 = k)

Figure 2.3: Same as Fig. 2.1b, but now as a function of k., for k, = 0 = k,
at the center of the Brillouin zone”. The color scale indicates the charge expec-
tation value. The dashed curve is the dispersion (2.15) of the zeroth Landau
level, calculated analytically for K < 1 (which explains the deviation from
the numerics). The effective charge at E = 0 is £0.73, close to the analytical
prediction of +x = +1//2.

with £ = %(wkg/e)? the Lorenz number. In words, each vortex con-
tributes half a thermal conductance quantum to the heat transport —
the factor 1/2 being a reminder that the quasiparticles in the Weyl su-
perconductor are Majorana fermions [48]. Do note that the states in the
zeroth Landau level are extended over the x—y plane, the current flow is
not confined to the vortex cores (see Fig. 2.4)%. We expect the universal
thermal conductance (2.18) to be robust against non-magnetic disorder,
which in the effective Hamiltonian would enter as a term o o, that does
not couple Landau levels of opposite chirality.

"The parameters for the band structure of Fig. 2.3 are the same as those of Fig. 2.1b,
except that we took a larger magnetic field (dp = 10) so that the Landau level
splitting is more clearly visible on this scale.

8As we will discuss in Chapter 4, it is possible to concentrate the heat flow to the
vortex cores by applying a flux bias, and in that way realize a situation reminiscent
of the axion insulator of Ref. 84.
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2 Topologically protected LL in the vortex lattice of a Weyl superconductor

zeroth Landau level (k, =0 =k, k, = K)

w

probability density (1/d3)
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Figure 2.4: Color scale plot of |[¢(z,y)|? in the zeroth Landau level of the
Weyl superconductor®. The white dashed lines indicate the vortex array, with
a pair of h/2e vortices in each unit cell. On approaching a vortex core, when
the separation 6r — 0, the density diverges as a power law |¢|? o (57"1/‘/5_17 in
accord with Eq. (2.13).

2.6 Conclusion

In this work we have revisited the celebrated question [29, 30] whether
quasiparticles in the vortex lattice of a gapless superconductor can con-
dense into Landau levels. We have shown that Weyl superconductors can
accomplish what d-wave superconductors could not [1]: The chirality of
Weyl fermions protects the zeroth Landau level from broadening due to
scattering by the vortices. We have developed the analytical argument
for a simple low-energy Hamiltonian and supported it by numerical cal-
culations for a heterostructure model of the Weyl superconductor [12].
We anticipate that the Landau levels will govern the thermodynamic and

9The wave function in Fig. 2.4 is evaluated for the same parameters as Fig. 2.1b, but
at a smaller magnetic field (do = 202), to have a smaller overlap of the vortices.
There are two zero-modes of opposite effective charge gog = *ke, with identical
density profile so we only show one of them.
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2.6 Conclusion

transport properties of the vortex lattice, finally allowing for the observa-
tion of quantum effects that proved elusive in the d-wave context.
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Appendices

2.A Boundary condition at the vortex core

We consider the chiral Hamiltonian (2.8) near a vortex at the origin,

Hortex = UF Z (poz + 6./4(1)0'(, + M(T)UZa (219)

a=w,y
retaining only the singular contribution to the vector potential,

(6 + Qef‘f)q)o A

V x eAd = (e+ gefi)Po20(r) = eA = Y- 6. (2.20)

A similar eigenvalue problem has been studied in the context of graphene
[39], but without the fractional charge geg = *re characteristic of the
Weyl superconductor.

We model the delta-function vortex singularity by a mass term M (r) =
MoB(dyortex — 1), in the limit My — 00, dyortex — 0 with Myd?, ;.. finite.
In that limit the effective charge tends to the bare charge, g.x — *e,
within the vortex core.

In polar coordinates (r,6) one has

a .0 w0 10
aix“v‘lafy =€ (ar—f— 7"89)7 (221&)
eAy +ied, = %iew, A=1+qger/2e €(0,1). (2.21b)

(Recall that e®/2n = h/2 = 1/2.) The Dirac Hamiltonian then takes
the form

M D_
Hvortex - <D+ _M), (222&)
, 0 10 i\
- +i0( 7 - -
Dy = vpe < Zariraﬁi 7")' (2.22b)

Since Hyortex commutes with the angular momentum operator J =
—i0y + %az, with eigenvalues m — 1/2 for integer m, the eigenstates of
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2 Topologically protected LL in the vortex lattice of a Weyl superconductor

Hortex can be chosen as eigenstates of J,

Vi (r,0) = e™? (e um(r)) (2.23a)

—1i0

W (1)
(M — E)ty, 4 vp[0r 4+ (m + N7~ v, = 0, (2.23b)
(M + E)vy, +vp[0r — (m — 14+ N)r~u, = 0. (2.23¢)

We take E = 0 and consider the solutions outside the vortex core (r >
dyortex, where M = 0) and inside the vortex core (r < dyortex, M = Mgy >
0). Outside the vortex core the solutions for u,, and v,, decouple,

Uy = Crr™ A, = Cor ™, (2.24)

with independent coefficients C7, C5. Inside the vortex core we have, in
view of the Bessel function identities

Orlo(r) £ (a/ 7)o (7) = Loz (1), (2.25a)
0, Ko (r) £ (o)) Ko (1) = —Kax1(r), (2.25b)
the general solution
U (1) = C3 Iy 142 (Mo 7 /vp) + Ca K142 (Mo 7 /vr),
Um (1) = —Cs I x(Mor/ve) + CaK i a (Mo r/vr).
We may set Cy = 0 to obtain a regular solution at r = 0 for g.g = +e =
A e {0,1}.
The global solution (2.12) has outside the vortex at r, = 0 the asymp-

totics X
01677,67,71/2+qeff/25
woutside = CQi,r,fl/Q*qcff/Ze ’

(2.26)

(2.27)

since ( —(,, = €r. This corresponds to the local solution v, (r, #) outside
the vortex core for quantum number m = 0. We need to match this to
the m = 0 solution inside the vortex core. In the large-My limit, for
My > vp /7, this has the asymptotics

C. eMor/vE —if
VYinside = —o—o (6 . ) (2.28)

\/27TM07“/’UF -

since the Bessel- K function becomes exponentially small o exp(—Mor/vr).
Equating ¥outside and Yinside at 7 = dyortex gives the ratio of coefficients

C'2/CV1 = _(dvortex)qeﬁ/e- (229)

If we finally send dyortex — 0, we find that Cy — 0 for geg > 0, while
C7 — 0 for geg < 0. This corresponds to the boundary condition (2.14)
in the main text.
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2.B Details of the tight-binding calculations

2.B Details of the tight-binding calculations

2.B.1 Weyl superconductor

We discretize the BAG Hamiltonian (2.1) in the Anderson gauge on a
square lattice, lattice constant ag = 1, nearest-neigbor hopping energy
to = 1. For the diagonal block Hy(k) we take the four-band model of Eq.
(2.17). The tight-binding Hamiltonian is

=S8 oy, e

Z exp(i [0 A dl—id, 5 +ion) 0
+ a
0 — exp(—i f:+6 eA - dl)
x (iT,0 - & — T,00)|n + 8)(n,
h(k,) = 1,0,sink, + 7,00(3 — cos k) + Broo, — uT000. (2.30)

The vector m labels the lattice sites and the unit vector & points to the
four nearest neighbors. We denote by ¢,, the superconducting phase ¢(r)
at site n.

We assume a uniform magnetic field B = ByZ (appropriate for the
strong-type-II regime H. < By < H,.2), with vector potential

Az,y) = —%(%0,0) (2.31)

corresponding to a flux h/e through a supercell of N x N unit cells (square
magnetic unit cell, lattice constant dy = Nag). The conjugate vector
potential

2w
is defined such that IT = p—eA and IT = p— e A commute, [, 5] = 0.
It enters in the magnetic periodic boundary conditions [40-42]

(N, y) = eNEe=eda@ly (0, ) = ey (0, ),

A(:Ly) =

W(z, N) = eiN[kyfeAy(a:,O)]w(x,O) = eihyN+2mia/N 0 (), (2.33)
for z,y € {0,1,...,N —1}.
In each supercell we place a pair of h/2e vortices, at positions
Tyomtex = Yoorex = Tt [N/4] +1/2, .31
Tyortox = Uohex = N = 1/2 — Int [N/, '
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2 Topologically protected LL in the vortex lattice of a Weyl superconductor

magnetic unit cell

e >4
ago do = Nao
I+
9
¢ 1 O 27
8
branch cut -----F--------1 SREE EEEE EEEE EREES ---{t-x |)vortex
7
6
ol R
4 I / I3
O QM 27
3
branch cut ----- ----4---YLox |) vortex
2
1
y=o0
r= o 1 2 3 4 5 6 7 8 9

Figure 2.5: Magnetic unit cell for N = 10, containing a pair of h/2e vortices
at the positions specified by Eq. (2.34). The superconducting phase winds by
27 upon encircling a vortex, producing a branch cut. At the two sides (z,y L ¢)
of a branch cut one has ¢(z,y + €) = ¢(z,y —€) + 27 .

see Fig. 2.5. This produces a square vortex array consisting of two sub-
lattices with lattice constant dg.

2.B.2 Superconducting phase

In the continuum description the phase ¢(r) of the superconducting order
parameter is determined by

VxVe=> 2rd(r—mr,), V- Vp=0. (2.35)

The first equation specifies a 27 winding of the phase around each vortex,
at position r,, and the second equation ensures that the supercurrent
velocity mvg = %ng —eA has vanishing divergence. (Note that V- A =0
for our choice of gauge.)
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2.B Details of the tight-binding calculations

E ¢ )\H

A B F G

Figure 2.6: Two integration paths C' along the boundary of the magnetic unit
cell for which [ ¢ Vs-dl = 0, as a consequence of Eq. (2.38). Vortices are indicated
by crosses, the branch cuts in the phase by dashed lines. For the red path the
integral along segment BC vanishes, while the contributions from the segments
AB and CD cancel. For the blue path the segment F'G does not contribute and
EF cancels with GH.

We discretize Eq. (2.35) in the N x N magnetic unit cell of Fig. 2.5. To
each of the two vortices in this supercell we assign a branch cut running
from (Zyortex, Yvortex) 10 (0, Yvortex ), at which the phase jumps by 2w. The
discrete version of Eq. (2.35) then reads

P,y =1+ oz +1,y) + oz —1,y) + oz, y +1)
27 if (z,y) = (z,y £ 1)

—4p(z,y) = crosses a branch cut, (2.36)
0 otherwise,

for z,y € {0,1,2,... N —1}.
We need to supplement Eq. (2.36) by periodic boundary conditions at
the edges of the magnetic unit cell. To determine these we integrate

7‘

o(r) —o(r') = 2/ (mvs +eA) - dl + 2mn (2.37)

r!

along a path C from 7’ to r. The discontinuity of ¢ when C crosses a
branch cut is accounted for by the 27n offset: The integer n equals the
number of branch cut lines crossed from below minus those crossed from
above.

The trick is to choose a path such that the integral of the supercurrent
velocity vanishes. The combination of periodicity and inversion symmetry
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2 Topologically protected LL in the vortex lattice of a Weyl superconductor

implies that

vs(2,y) = vs(z + N,y) = vs(x,y + N),
vs(2,y) = —vs(—x,—y)
= vs(N,y) = —vs(N, N —y),
vs(z,0) = —vs (N — z,0).

(2.38)

As a consequence, the integral | ¢ Vs - dl = 0 vanishes for the two paths of
Fig. 2.6. Integration of the vector potential gives the boundary conditions.

¢(@,y0 + N) = (. yo) + 4m(1 — x/N), (2.39a)
d(xo + N,y) = ¢(xo,y) — 27 X (number of branch cuts
below y), (2.39b)

where z,y0 € {0, —1}.

The set of equations (2.36) and (2.39) can be written in a matrix form,
> ; Mij ¢; = b; for a real symmetric matrix M, which we solved using the
conjugate gradient method.

2.B.3 d-wave superconductor

A 2D superconductor with spin-singlet d,2_,> pairing symmetry has BdG
Hamiltonian

’H-( 7 (k—eA)? — p (k:—eA)~A~(k:+eA))
T \(kE+eA) Al (k—cA) —(k+eA)—p )

(2.40)

k= (koo ky) = —ih(0:,0,). A(r) = Do) ((1) _01> |

Our choice of symmetrization of the pair potential follows Ref. 43. One
checks that the choice (2.40) satisfies the requirement of gauge invariance,

0 etx 0 e ™

(e—ix 0 )’H(eA, A) (eix 0 ) =H(eA — Vy,e 2XA).  (241)

Following Ref. 43 we discretize H on a square lattice (lattice constant
agp = 1, nearest neighbor hopping energy to = h%/2ma2). At the end we
carry out the Anderson gauge transformation,

e 0 e 0
e (53 () 2
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2.C Quasiparticle density profile near the vortex core

The resulting tight-binding Hamiltonian

_ tee(m,m)  ten(m,n)
T n(the(mm) o, n)) m)(n| (2.43)

has nonzero matrix elements for m = n and m = n + 5, with & €
{x&,+y}, given by

tee(n,n) = —tpp(n,n) = 4ty — u, (2.44a)
ten(n,m) =t5.(n,n)

n+a
exp <22/ eA - dl +idpiz — igf)n)

n

71A0

-2

+ exp (—21’/ eA -dl + ipp_z — idn

n

n+y
— exp (—Zi/ eA - dl +ippn iy — Z¢n>

n

n—g
— exp (—Zi/ eA - dl 4+ ipn_g5 — idn ] , (2.44b)

n

tee(n + 5, n) = —toexp (z/ eA-dl —ip, s+ iq§n>, (2.44c)

R n+¢§
thn(n+0,m) = —tgexp (z/ eA - dl) , (2.444d)

n+5‘
%AO[GXPG/ eA-dl —i¢, s +i¢n>

n+$ . < ~
-1 if ==
+ exp (—z/ eA - dl> X { ito .

37



2 Topologically protected LL in the vortex lattice of a Weyl superconductor
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Figure 2.7: Red data points: Dependence of the probability density |i(z, y)|?
on the distance from a vortex core along the line x = y, calculated in the
zeroth Landau level at momentum k = (7/2,7/2,7/3), for parameters Ag = 1,
B =2, u=0, do =502a9. We took a weaker magnetic field than in Fig. 2.4
(which had a vortex array with lattice constant do = 202 ao), so that the vortices
are more widely separated and we can extract the single-vortex asymptotics
more easily. The slope of the dashed line is the analytical prediction (2.46).

2.C Quasiparticle density profile near the
vortex core

In the main text we showed that our numerical simulations reproduce the
dispersion relation expected from the analytical theory: The dispersionless
zeroth Landau level in the plane perpendicular to the applied magnetic
field, see Fig. 2.2b, and the linear dispersion along the field, see Fig. 2.3.
We also checked that the numerical result g.g =~ £0.73 ¢ for the effective
charge of the quasiparticles at the Weyl point is close to the analytical

prediction:
|get Je| = /1 — AZ/B2 = 1/V/2 = 0.71. (2.45)

As a further test, we compare in Fig. 2.7 the dependence of the quasi-
particle density ||? on the distance 7 from a vortex core. The analytical
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2.D Arbitrary angle between internal magnetization and external magnetic field

prediction from Eq. (2.13),
]2 o gp~ el /e — 5p—1H1/V2) (2.46)

is in excellent agreement with the numerics.

2.D Arbitrary angle between internal
magnetization and external magnetic
field

The four-band Hamiltonian (2.17) of the Weyl semimetal has an internal
magnetization [ pointing in the z-direction, parallel to the external mag-
netic field B = By2. If instead the magnetization vector 8 = (8;, By, 5-)
points in an arbitrary direction, the Hamiltonian becomes

Hy(k) =t Z [T20q sinkqag + To00(1 — coskqap)]

a=T,Y,z

+ 1080 — uTHoo. (2.47)

Numerical results for the spectrum are shown in Fig. 2.8 for a magneti-
zation at a 45° degree angle and at a 90° angle with the magnetic field.
The zeroth Landau level remains dispersionless in the x—y plane.

We note that now the Weyl cone is anisotropic in the x—y plane, but
that also does not spoil the protection of the zeroth Landau level.

2.E Tilting of the Weyl cones

To further explore the robustness of the zeroth Landau level, we consider
what happens if we break Lorentz invariance by tilting the Weyl cones.
Following Ref. 44 one distinguishes type-1 from type-II Weyl cones, de-
pending on whether the equi-energy contours are closed elliptic (type-I) or
open hyperbolic (type-1I). In the absence of superconductivity, it is known
that the topological protection of the zeroth Landau level persists all the
way up to the Lifshitz transition from a type-I to a type-II Weyl semi-
metal [45, 46]. Here we show that the same applies in the superconducting
vortex lattice.
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2 Topologically protected LL in the vortex lattice of a Weyl superconductor
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Figure 2.8: Same as Fig. 2.1b, but for an internal magnetization @ that is
rotated away from the magnetic field B in the z-direction. The Weyl points
are at K = £(0.684,0,0.684) for 8 = (1,0,1) and at K = £(7/3,0,0) for
8 = (v/2,0,0), in each case aligned along the magnetization. The (ka,k,)
momentum is varied along the path through the magnetic Brillouin zone of Fig.
2.2b, at fixed k. = K, so it passes through one Weyl point for 8 = (1,0,1)
and through two Weyl points for § = (v/2,0,0) (green arrows). The flatness of
the Landau levels in the vortex lattice is essentially unaffected by the rotation
of the magnetization, but the energies themselves are shifted because of the
anisotropic Fermi velocity: Ey, = +/n E1, with E1 = (2/do)/T0z0y, and v, = 1,
vy = 0.774 for B = (1,0,1); v, = 1, v, = 0.612 for B8 = (1/2,0,0).

2.E.1 Hamiltonian of a type-I Weyl supserconductor

We break Lorentz-invariance (particle-hole symmetry) of the Hamiltonian
(2.4) by adding momentum dependent terms proportional to the unit
matrix,

Hy(k) = vprk - 0 + B1o0, — pproog — vr(n - k)1900. (2.48)

The Weyl cones are tilted in the direction of the vector . To simplify
the equations we orient the x—y axes so that the cones are tilted in the
x—z plane, hence without loss of generality we may set n, = 0 (allowing
for both 7, and 7, to be nonzero). The equi-energy contours are closed
elliptic (type-I Weyl cone) for |n| < 1.

The low-energy Hamiltonian, obtained by the unitary transformation
(2.5) followed by a projection on the v = 7 = £1 subspace, is

Hi(k)=vr) oy, (ka + ao £ £mus o) (00 — 1a00)
+ (B —my.)o. F kpog — vrk,n.00. (2.49)
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2.E Tilting of the Weyl cones

type-1I Weyl cones
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Figure 2.9: Same as Fig. 2.1b, but for tilted Weyl cones with n = (0.5, 0, 0.05)
(left panel) and n = (1.1, 0, 0) (right panel). The energies are shifted by Eo =
—vp7, sin K. The energy Ei of the first Landau level was calculated numerically.
In the type-I regime |n| < 1 the Landau levels remain intact. For |n| > 1 the
Weyl superconductor goes through a Lifshitz transition to type-II Weyl cones
and the Landau levels disappear.

For |k,| = K at the Weyl point, this reduces to
Hy(k) = Henival + Ex00, Ex = Frp—vrKn., (2.50)
where Hpira differs from Eq. (2.8) by the appearance of diagonal terms,

o —npIl, I, — I,
Hchlral =V (Hx + ZHy _chnx . (251)

2.E.2 Generalized chiral symmetry protects the

zeroth Landau level

The Hamiltonian (2.51) no longer anticommutes with o, so chiral sym-
metry is broken. However, following Refs. 45, 46, for |n,| < 1 we can
generalize the chiral symmetry relation by means of the non-Hermitian

operator
vy=A"10.(00 = 1:04), A=+1-n2, (2.52)

such that
’YTHChiral + Hchiral’y - 07 72 =1. (253)

The right eigenvectors of v are

- @(1;?) (2.54)
1 N
== m(lﬂ)’
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2 Topologically protected LL in the vortex lattice of a Weyl superconductor

with y|4) = £|£). The generalized chirality relation (2.53) implies that
<+|Hchiral|+> =0= <_‘Hchiral|_>- (255)

Upon substitution of |¢) = 14 |+) + ¥_|—) the zero-mode equation
H|y) = 0 takes the form

0 D\( vy _, ~_ 1 -
('ZST O) <¢i_> = 0, D= 1}];*7)\<+‘Hcmral| > (256)

The matrix elements on the diagonal vanish in view of Eq. (2.55). The
off-diagonal term D equals

D = AII, — ill,,. (2.57)

This is almost of the form (2.8), except for the factor-A rescaling of II,.
If rescale the coordinates as ' = z/\, ¥’ = y, and the gauge potential as
Al = MA,;, A, = A, we have equivalently

D=1I, —ill,, T = —iV' +eA. (2.58)

The rescaling does not affect the existence of the zeroth Landau level, nor
its degeneracy, since the enclosed flux is unchanged:

P = /dx’/dy’ (0 A}, — 0y AL)
5 Laon, o

- /dx/dy (054, — 0y A;) = ©. (2.59)

We conclude that the zeroth Landau level remains topologically pro-
tected against scattering by the superconducting vortex lattice even if
Lorentz invariance is broken by tilting the Weyl cones — up to the Lif-
shitz transition at || = 1 from type-I to type-II Weyl cones'?. In Fig. 2.9
we show numerical data that confirms this conclusion from the analytics.

10Because the generalized chiral symmetry of tilted Weyl cones requires 77025 + 773 <1,
irrespective of the tilt 7, in the z-direction, the protection of the zeroth Landau level
for nonzero 7, extends somewhat beyond the Lifshitz transition at n2 +n§ +n2 =1
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2.E Tilting of the Weyl cones

2.E.3 Chiral dispersion along the magnetic field

To complete the calculation we examine the dispersion of the zeroth Lan-
dau level in the k.-direction, parallel to the magnetic field. We go back
to the Hamiltonian (2.49), without setting k, = K. In the basis (2.54)
the eigenvalue equation (H — E)[1) = 0 takes the form

£+ wpAD 2 (V4 _
vpADT 4+ 1, E — A& P ’

E1=08—my,, E = Fru—vrkn, — E. (2.60)
We seek a solution

(4 = (Smtamerjemnor ) )

with either ¢ =0 or ¢_ = 0. Substitution into Eq. (2.60) gives

either ¢ =0 = Dp_ =0 and & = A\,

. (2.62)
or - =0=Dlg, =0 and & = —\E&.

The boundary condition (2.14) on the vortex core selects one of these two
solutions, depending on the sign of the effective charge g -
We conclude that the zeroth Landau level has the k.-dispersion

Ey(k,) = (signgeg)(A\B — Ay, ) F kpp — vrkens. (2.63)

For 7 = 0, A = 1 we recover the dispersion (2.15) for untilted Weyl cones.
The Landau level remains dispersionless in the k,—k, plane for any k..
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