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7 | Simultaneous phase and amplitude
aberration sensing with a
liquid-crystal vector-Zernike phase
mask

Adapted from
D. S. Doelman, F. Fagginger Auer, M. J. Escuti, F. Snik

Published in Optics Letters (2018)

We present an enhanced version of the Zernike wavefront sensor, that simulta-
neously measures phase and amplitude aberrations. The “vector-Zernike” wave-
front sensor consists of a patterned liquid-crystal mask, which imposes ±π/2 phase
on the point spread function core through the achromatic geometric phase acting
with opposite sign on opposite circular polarizations. After splitting circular po-
larization, the ensuing pupil intensity images are used to reconstruct the phase and
the amplitude of the incoming wavefront. We demonstrate reconstruction of the
complex wavefront with monochromatic lab measurements and show in simulation
the high accuracy and sensitivity over a bandwidth up to 100%.



230 Introduction

7.1 Introduction

The introduction of phase-contrast microscopy by Frits Zernike (Zernike, 1934,
1942a,b; Goodman, 1996) was a revolution for the field of biological sciences.While
a standard microscope measures intensity variations due to absorption, a phase-
contrast microscope measures phase differences from variations in index of refrac-
tion by coupling the phase differences into intensity variations with a phase mask
inside the microscope. Otherwise unseen transparent structures could now be im-
aged in great detail. Another application of the phase-contrast method is the
Zernike wavefront sensor (ZWFS). The ZWFS has a similar phase mask with a
dot that offsets the phase of the core of the point spread function (PSF) by π/2.
The optimal size of the dot is 1.06 λ/D, where D is the pupil diameter and λ the
wavelength. The phase-shifted PSF core interferes with the rest of the PSF and
phase aberrations are converted to electric field amplitude variations in the sub-
sequent pupil plane (Goodman, 1996; N’Diaye et al., 2013; Guyon, 2005). Thus, a
phase-only aberration can be measured directly with one intensity measurement.
Extremely sensitive systems like direct-imaging instruments for exoplanet detec-
tion use the ZWFS to minimize instrumental aberrations. Non-common path cor-
rection with the ZWFS has been successfully demonstrated on-sky (Vigan et al.,
2018) and picometer precision has been achieved in the lab for the Wide Field
Infrared Survey Telescope (WFIRST) (Shi et al., 2018).
One major advantage of the Zernike wavefront sensor is that it is the most photon-
efficient WFS with a sensitivity factor for photon noise of unity (Guyon, 2005; Pa-
terson, 2008). Also, the ZWFS constitutes a simple implementation for any optical
system that only requires a focal-plane mask and the ability to image the pupil
plane. However, the dynamic range is limited, and the mask applies (wavelength-
dependent) scalar phase shifts. In addition, a reference pupil image is needed for
static amplitude aberration correction. Therefore, time-variable amplitude aber-
rations are reconstructed as phase aberrations. Static and dynamic amplitude
variations can come from contamination of optics, degradation in optical perfor-
mance, Fresnel propagation effects, and scintillation. Several systems that measure
both amplitude and phase have been proposed, however these systems are compli-
cated (Yamamoto et al., 2015; Cuche et al., 1999) or require diversity in time, like
the phase-shifting ZWFS, where a variable-phase Zernike mask is used to recon-
struct the complex wavefront with four consecutive measurements (Wallace et al.,
2011). In this paper we present a liquid-crystal version of the ZWFS, the ”vector-
Zernike” wavefront sensor (vZWFS) that enables the simultaneous measurement
of both phase and amplitude aberrations. This simple upgrade only requires the
replacement of the Zernike mask in addition to splitting circular polarization. The
property of optimal photon efficiency is maintained by the vZWFS and a liquid-
crystal focal plane mask applies achromatic geometric phase, yielding an improved
broadband performance (Bloemhof, 2014).
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<latexit sha1_base64="SFYH8Gx9ecPj637RYShwncTD/Gg=">AAAB+3icbVBNS8NAEN34WetXtEcvi0XwVBIR1FvRi8cKxhbbUjbbabt0swm7E7GE+le8eFDx6h/x5r9x2+agrQ8GHu/NMDMvTKQw6HnfztLyyuraemGjuLm1vbPr7u3fmTjVHAIey1g3QmZACgUBCpTQSDSwKJRQD4dXE7/+ANqIWN3iKIF2xPpK9ARnaKWOW2ohPGJ2D1qJIdCImeG445a9ijcFXSR+TsokR63jfrW6MU8jUMglM6bpewm2M6ZRcAnjYis1kDA+ZH1oWqpYBKadTY8f0yOrdGkv1rYU0qn6eyJjkTGjKLSdEcOBmfcm4n9eM8XeeTsTKkkRFJ8t6qWSYkwnSdCu0MBRjixhXAt7K+UDphlHm1fRhuDPv7xIgpPKRcW/OS1XL/M0CuSAHJJj4pMzUiXXpEYCwsmIPJNX8uY8OS/Ou/Mxa11y8pkS+QPn8weqUZT6</latexit><latexit sha1_base64="SFYH8Gx9ecPj637RYShwncTD/Gg=">AAAB+3icbVBNS8NAEN34WetXtEcvi0XwVBIR1FvRi8cKxhbbUjbbabt0swm7E7GE+le8eFDx6h/x5r9x2+agrQ8GHu/NMDMvTKQw6HnfztLyyuraemGjuLm1vbPr7u3fmTjVHAIey1g3QmZACgUBCpTQSDSwKJRQD4dXE7/+ANqIWN3iKIF2xPpK9ARnaKWOW2ohPGJ2D1qJIdCImeG445a9ijcFXSR+TsokR63jfrW6MU8jUMglM6bpewm2M6ZRcAnjYis1kDA+ZH1oWqpYBKadTY8f0yOrdGkv1rYU0qn6eyJjkTGjKLSdEcOBmfcm4n9eM8XeeTsTKkkRFJ8t6qWSYkwnSdCu0MBRjixhXAt7K+UDphlHm1fRhuDPv7xIgpPKRcW/OS1XL/M0CuSAHJJj4pMzUiXXpEYCwsmIPJNX8uY8OS/Ou/Mxa11y8pkS+QPn8weqUZT6</latexit><latexit sha1_base64="SFYH8Gx9ecPj637RYShwncTD/Gg=">AAAB+3icbVBNS8NAEN34WetXtEcvi0XwVBIR1FvRi8cKxhbbUjbbabt0swm7E7GE+le8eFDx6h/x5r9x2+agrQ8GHu/NMDMvTKQw6HnfztLyyuraemGjuLm1vbPr7u3fmTjVHAIey1g3QmZACgUBCpTQSDSwKJRQD4dXE7/+ANqIWN3iKIF2xPpK9ARnaKWOW2ohPGJ2D1qJIdCImeG445a9ijcFXSR+TsokR63jfrW6MU8jUMglM6bpewm2M6ZRcAnjYis1kDA+ZH1oWqpYBKadTY8f0yOrdGkv1rYU0qn6eyJjkTGjKLSdEcOBmfcm4n9eM8XeeTsTKkkRFJ8t6qWSYkwnSdCu0MBRjixhXAt7K+UDphlHm1fRhuDPv7xIgpPKRcW/OS1XL/M0CuSAHJJj4pMzUiXXpEYCwsmIPJNX8uY8OS/Ou/Mxa11y8pkS+QPn8weqUZT6</latexit><latexit sha1_base64="SFYH8Gx9ecPj637RYShwncTD/Gg=">AAAB+3icbVBNS8NAEN34WetXtEcvi0XwVBIR1FvRi8cKxhbbUjbbabt0swm7E7GE+le8eFDx6h/x5r9x2+agrQ8GHu/NMDMvTKQw6HnfztLyyuraemGjuLm1vbPr7u3fmTjVHAIey1g3QmZACgUBCpTQSDSwKJRQD4dXE7/+ANqIWN3iKIF2xPpK9ARnaKWOW2ohPGJ2D1qJIdCImeG445a9ijcFXSR+TsokR63jfrW6MU8jUMglM6bpewm2M6ZRcAnjYis1kDA+ZH1oWqpYBKadTY8f0yOrdGkv1rYU0qn6eyJjkTGjKLSdEcOBmfcm4n9eM8XeeTsTKkkRFJ8t6qWSYkwnSdCu0MBRjixhXAt7K+UDphlHm1fRhuDPv7xIgpPKRcW/OS1XL/M0CuSAHJJj4pMzUiXXpEYCwsmIPJNX8uY8OS/Ou/Mxa11y8pkS+QPn8weqUZT6</latexit>
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<latexit sha1_base64="LpRiA0tPxs0CLwFXsvaS+jiYeRg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbpqlu5uwuxFK6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8MOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoUSeZItQnCU9UL8Saciapb5jhtJcqikXIaTec3BZ+94kqzRL5YKYpDQQeSxYxgk0hDdKYDesNt+nOgVaJV5IGlOgM61+DUUIyQaUhHGvd99zUBDlWhhFOZ7VBpmmKyQSPad9SiQXVQT6/dYbOrDJCUaJsSYPm6u+JHAutpyK0nQKbWC97hfif189MdBXkTKaZoZIsFkUZRyZBxeNoxBQlhk8twUQxeysiMVaYGBtPzYbgLb+8SvyL5nXTu79stG/KNKpwAqdwDh60oA130AEfCMTwDK/w5gjnxXl3PhatFaecOYY/cD5/AIC3jhM=</latexit><latexit sha1_base64="LpRiA0tPxs0CLwFXsvaS+jiYeRg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbpqlu5uwuxFK6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8MOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoUSeZItQnCU9UL8Saciapb5jhtJcqikXIaTec3BZ+94kqzRL5YKYpDQQeSxYxgk0hDdKYDesNt+nOgVaJV5IGlOgM61+DUUIyQaUhHGvd99zUBDlWhhFOZ7VBpmmKyQSPad9SiQXVQT6/dYbOrDJCUaJsSYPm6u+JHAutpyK0nQKbWC97hfif189MdBXkTKaZoZIsFkUZRyZBxeNoxBQlhk8twUQxeysiMVaYGBtPzYbgLb+8SvyL5nXTu79stG/KNKpwAqdwDh60oA130AEfCMTwDK/w5gjnxXl3PhatFaecOYY/cD5/AIC3jhM=</latexit><latexit sha1_base64="LpRiA0tPxs0CLwFXsvaS+jiYeRg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbpqlu5uwuxFK6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8MOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoUSeZItQnCU9UL8Saciapb5jhtJcqikXIaTec3BZ+94kqzRL5YKYpDQQeSxYxgk0hDdKYDesNt+nOgVaJV5IGlOgM61+DUUIyQaUhHGvd99zUBDlWhhFOZ7VBpmmKyQSPad9SiQXVQT6/dYbOrDJCUaJsSYPm6u+JHAutpyK0nQKbWC97hfif189MdBXkTKaZoZIsFkUZRyZBxeNoxBQlhk8twUQxeysiMVaYGBtPzYbgLb+8SvyL5nXTu79stG/KNKpwAqdwDh60oA130AEfCMTwDK/w5gjnxXl3PhatFaecOYY/cD5/AIC3jhM=</latexit><latexit sha1_base64="LpRiA0tPxs0CLwFXsvaS+jiYeRg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbpqlu5uwuxFK6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8MOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoUSeZItQnCU9UL8Saciapb5jhtJcqikXIaTec3BZ+94kqzRL5YKYpDQQeSxYxgk0hDdKYDesNt+nOgVaJV5IGlOgM61+DUUIyQaUhHGvd99zUBDlWhhFOZ7VBpmmKyQSPad9SiQXVQT6/dYbOrDJCUaJsSYPm6u+JHAutpyK0nQKbWC97hfif189MdBXkTKaZoZIsFkUZRyZBxeNoxBQlhk8twUQxeysiMVaYGBtPzYbgLb+8SvyL5nXTu79stG/KNKpwAqdwDh60oA130AEfCMTwDK/w5gjnxXl3PhatFaecOYY/cD5/AIC3jhM=</latexit>
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Figure 7.1: Layout of the vector Zernike wavefront sensor. The intensity distribution of the pupils depends on the incoming
phase and sign of the polarization state.
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7.2 Theory

The geometric phase applied by the mask, ∆θ, is independent of wavelength and
only depends on the fast-axis orientation, α, of the mask and the handedness of
the circular polarization state of the incoming light (Escuti et al., 2016)

∆θ(x, y) = ±2α(x, y). (7.1)

Writing complex fast-axis orientation patterns is enabled by liquid-crystal direct-
write technology (Miskiewicz & Escuti, 2014) and achromatizing the half-wave
retardance is enabled by stacking self-aligning liquid-crystal layers to form a multi-
twist retarder (Komanduri et al., 2013). The precise writing capability and broad-
band performance of this technology has been verified in the lab for other optical
elements (Oh & Escuti, 2009; Escuti et al., 2016). A Zernike mask manufactured
with liquid-crystal technology simultaneously applies +π/2 phase to the right-
handed circularly polarized fraction of the PSF core and −π/2 to the left-handed
circularly polarized fraction of the PSF core. We split the light with opposite
handedness with a quarter-wave plate and a polarizing beam-splitter as shown in
Fig. 7.1.
To describe the resulting intensity in the two pupils, we adopt the formalism from
N’Diaye et al. (N’Diaye et al., 2013). The electric field at the entrance pupil, ΨA,
is defined as

ΨA = Peiφ = P0(1− ε)eiφ. (7.2)

Here P is the normalized amplitude such that P0 is the pupil function. The
variables ε = ε(u, v) and φ = φ(u, v) are amplitude aberration and the phase
aberration for each position in the pupil plane. Following the derivation of N’Diaye
et al. (N’Diaye et al., 2013) and assuming θ = ±π/2, the intensity of the two pupils
(IL and IR) can be written as

IL =
1

2

(
P 2 + 2b2 − 2Pb[cos(φ) + sin(φ)]

)
(7.3)

IR =
1

2

(
P 2 + 2b2 − 2Pb[cos(φ)− sin(φ)]

)
, (7.4)

where b is the convolution of the Fourier transform of the binary Zernike mask and
the pupil plane electric field. If the aberrations are small, b can be approximated
by b0, using the pupil function instead of the pupil plane electric field (ΨA = P0).
Splitting opposite circular polarization states introduces the factor of a half and
creates two pupils with different intensities depending on the sign of sin(φ). This is
used to measure both the amplitude and the phase aberrations in a similar fashion
as Wallace et al. (Wallace et al., 2011). They use the sum and the difference of four
intensity measurements to directly calculate the amplitude and phase aberration.
Here the phase is measured in the same way, only the amplitude is measured as
the square root of the pupil intensity. The sum and the difference of the pupil
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intensities are given by

IR + IL = P 2 + 2b2 − 2Pb cos(φ) (7.5)

IR − IL = 2Pb sin(φ). (7.6)

Using these equations and the identity cos2(φ) + sin2(φ) = 1, we solve for the
amplitude P and the phase φ. The exact reconstruction is given by

P =

√
IR + IL +

√
4b2(IR + IL)− (IR − IL)2 − 4b4 (7.7)

φ = arcsin

(
IR − IL

2Pb

)
. (7.8)

Solving these equations can become numerically unstable for real wavefront sensor
applications. Similar to N’Diaye et al. (N’Diaye et al., 2013), we assume that the
vector-Zernike wavefront sensor operates in the low-aberration regime, where φ
dominates the reconstruction. Therefore, b ≈ b0 and for the phase reconstruction
P = 1. Then we calculate P using the approximated values for φ,

φ ≈ (IR − IL)

2b0
(7.9)

P ≈
√
IR + IL − b20(2− cos2 (φ))− b0 cos (φ). (7.10)

Measuring both P and φ allows us to estimate the aberrated electric field and ap-
proximate b. This process is iterated and converges in the linear regime to the right
b, P and φ. Note that the reconstruction algorithms do not require many com-
plex calculations such as matrix multiplications to recover the complex wavefront.
Therefore the reconstruction is suitable for very fast wavefront reconstruction.

7.3 Simulation

To compare the effect of amplitude aberrations in the reconstruction for both the
ZWFS and the vector-ZWFS, we perform numerical simulations of both systems
with HCIPy (Por et al., 2018). We start with an unobstructed pupil with both
phase and amplitude aberrations as shown in the left column of Fig. 7.2. The in-
put phase aberration has a σφ = 0.22 rad rms and 1.17 rad peak-to-valley (PtV).
The normalized amplitude aberration has a σε = 0.6% rms (σI = 1.3%) and 3.7%
PtV (I: 7.2% PtV), where I is the intensity. We reconstruct the phase for the
ZWFS using Eq. 14 in N’Diaye et al. (N’Diaye et al., 2013). For the vector-ZWFS
we use three different methods to calculate the phase and the amplitude. The first
method (Linear), uses modal-based wavefront reconstruction to reconstruct 200
Zernike mode coefficients of the phase and the amplitude uses Eq. 7.10. The sec-
ond method (2nd order) uses Eq. 7.9-7.10 to reconstruct the aberrations directly
from the intensity measurements with 5 iterations. The third method (Exact) uses
Eq. 7.7-7.8 using b = b0 and 5 iterations. We compare the standard deviation of
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rad
<latexit sha1_base64="ZGVUUOVlOi0k3+/pOaTuckD+1YA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsNu3S3U3YnQil9C948aDi1V/kzX9j0uag1QcDj/dmmJkXplJYdN0vp7Kyura+Ud2sbW3v7O7V9w8ebJIZxn2WyMR0Q2q5FJr7KFDybmo4VaHknXB8U/idR26sSPQ9TlIeKDrUIhaMYiEZGtUG9YbbdOcgf4lXkgaUaA/qn/0oYZniGpmk1vY8N8VgSg0KJvms1s8sTykb0yHv5VRTxW0wnd86Iye5EpE4MXlpJHP158SUKmsnKsw7FcWRXfYK8T+vl2F8GUyFTjPkmi0WxZkkmJDicRIJwxnKSU4oMyK/lbARNZRhHk8Rgrf88l/inzWvmt7deaN1XaZRhSM4hlPw4AJacAtt8IHBCJ7gBV4d5Tw7b877orXilDOH8AvOxzf1tI23</latexit><latexit sha1_base64="ZGVUUOVlOi0k3+/pOaTuckD+1YA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsNu3S3U3YnQil9C948aDi1V/kzX9j0uag1QcDj/dmmJkXplJYdN0vp7Kyura+Ud2sbW3v7O7V9w8ebJIZxn2WyMR0Q2q5FJr7KFDybmo4VaHknXB8U/idR26sSPQ9TlIeKDrUIhaMYiEZGtUG9YbbdOcgf4lXkgaUaA/qn/0oYZniGpmk1vY8N8VgSg0KJvms1s8sTykb0yHv5VRTxW0wnd86Iye5EpE4MXlpJHP158SUKmsnKsw7FcWRXfYK8T+vl2F8GUyFTjPkmi0WxZkkmJDicRIJwxnKSU4oMyK/lbARNZRhHk8Rgrf88l/inzWvmt7deaN1XaZRhSM4hlPw4AJacAtt8IHBCJ7gBV4d5Tw7b877orXilDOH8AvOxzf1tI23</latexit><latexit sha1_base64="ZGVUUOVlOi0k3+/pOaTuckD+1YA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsNu3S3U3YnQil9C948aDi1V/kzX9j0uag1QcDj/dmmJkXplJYdN0vp7Kyura+Ud2sbW3v7O7V9w8ebJIZxn2WyMR0Q2q5FJr7KFDybmo4VaHknXB8U/idR26sSPQ9TlIeKDrUIhaMYiEZGtUG9YbbdOcgf4lXkgaUaA/qn/0oYZniGpmk1vY8N8VgSg0KJvms1s8sTykb0yHv5VRTxW0wnd86Iye5EpE4MXlpJHP158SUKmsnKsw7FcWRXfYK8T+vl2F8GUyFTjPkmi0WxZkkmJDicRIJwxnKSU4oMyK/lbARNZRhHk8Rgrf88l/inzWvmt7deaN1XaZRhSM4hlPw4AJacAtt8IHBCJ7gBV4d5Tw7b877orXilDOH8AvOxzf1tI23</latexit><latexit sha1_base64="ZGVUUOVlOi0k3+/pOaTuckD+1YA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsNu3S3U3YnQil9C948aDi1V/kzX9j0uag1QcDj/dmmJkXplJYdN0vp7Kyura+Ud2sbW3v7O7V9w8ebJIZxn2WyMR0Q2q5FJr7KFDybmo4VaHknXB8U/idR26sSPQ9TlIeKDrUIhaMYiEZGtUG9YbbdOcgf4lXkgaUaA/qn/0oYZniGpmk1vY8N8VgSg0KJvms1s8sTykb0yHv5VRTxW0wnd86Iye5EpE4MXlpJHP158SUKmsnKsw7FcWRXfYK8T+vl2F8GUyFTjPkmi0WxZkkmJDicRIJwxnKSU4oMyK/lbARNZRhHk8Rgrf88l/inzWvmt7deaN1XaZRhSM4hlPw4AJacAtt8IHBCJ7gBV4d5Tw7b877orXilDOH8AvOxzf1tI23</latexit>

�✏
<latexit sha1_base64="44T+lRaccyEPZ0k6DCzZqPvoCzE=">AAAB93icbVBNS8NAEJ3Ur1o/WvXoZbEInkoignor6sFjBWMLTSib7bRduvlgdyPU0F/ixYOKV/+KN/+NmzYHbX0w8Hhvhpl5QSK40rb9bZVWVtfWN8qbla3tnd1qbW//QcWpZOiyWMSyE1CFgkfoaq4FdhKJNAwEtoPxde63H1EqHkf3epKgH9JhxAecUW2kXq3q3aDQlHiYKC5ypW437BnIMnEKUocCrV7ty+vHLA0x0kxQpbqOnWg/o1JzJnBa8VKFCWVjOsSuoRENUfnZ7PApOTZKnwxiaSrSZKb+nshoqNQkDExnSPVILXq5+J/XTfXgws94lKQaIzZfNEgF0THJUyB9LpFpMTGEMsnNrYSNqKRMm6wqJgRn8eVl4p42LhvO3Vm9eVWkUYZDOIITcOAcmnALLXCBQQrP8Apv1pP1Yr1bH/PWklXMHMAfWJ8/7eSS0Q==</latexit><latexit sha1_base64="44T+lRaccyEPZ0k6DCzZqPvoCzE=">AAAB93icbVBNS8NAEJ3Ur1o/WvXoZbEInkoignor6sFjBWMLTSib7bRduvlgdyPU0F/ixYOKV/+KN/+NmzYHbX0w8Hhvhpl5QSK40rb9bZVWVtfWN8qbla3tnd1qbW//QcWpZOiyWMSyE1CFgkfoaq4FdhKJNAwEtoPxde63H1EqHkf3epKgH9JhxAecUW2kXq3q3aDQlHiYKC5ypW437BnIMnEKUocCrV7ty+vHLA0x0kxQpbqOnWg/o1JzJnBa8VKFCWVjOsSuoRENUfnZ7PApOTZKnwxiaSrSZKb+nshoqNQkDExnSPVILXq5+J/XTfXgws94lKQaIzZfNEgF0THJUyB9LpFpMTGEMsnNrYSNqKRMm6wqJgRn8eVl4p42LhvO3Vm9eVWkUYZDOIITcOAcmnALLXCBQQrP8Apv1pP1Yr1bH/PWklXMHMAfWJ8/7eSS0Q==</latexit><latexit sha1_base64="44T+lRaccyEPZ0k6DCzZqPvoCzE=">AAAB93icbVBNS8NAEJ3Ur1o/WvXoZbEInkoignor6sFjBWMLTSib7bRduvlgdyPU0F/ixYOKV/+KN/+NmzYHbX0w8Hhvhpl5QSK40rb9bZVWVtfWN8qbla3tnd1qbW//QcWpZOiyWMSyE1CFgkfoaq4FdhKJNAwEtoPxde63H1EqHkf3epKgH9JhxAecUW2kXq3q3aDQlHiYKC5ypW437BnIMnEKUocCrV7ty+vHLA0x0kxQpbqOnWg/o1JzJnBa8VKFCWVjOsSuoRENUfnZ7PApOTZKnwxiaSrSZKb+nshoqNQkDExnSPVILXq5+J/XTfXgws94lKQaIzZfNEgF0THJUyB9LpFpMTGEMsnNrYSNqKRMm6wqJgRn8eVl4p42LhvO3Vm9eVWkUYZDOIITcOAcmnALLXCBQQrP8Apv1pP1Yr1bH/PWklXMHMAfWJ8/7eSS0Q==</latexit><latexit sha1_base64="44T+lRaccyEPZ0k6DCzZqPvoCzE=">AAAB93icbVBNS8NAEJ3Ur1o/WvXoZbEInkoignor6sFjBWMLTSib7bRduvlgdyPU0F/ixYOKV/+KN/+NmzYHbX0w8Hhvhpl5QSK40rb9bZVWVtfWN8qbla3tnd1qbW//QcWpZOiyWMSyE1CFgkfoaq4FdhKJNAwEtoPxde63H1EqHkf3epKgH9JhxAecUW2kXq3q3aDQlHiYKC5ypW437BnIMnEKUocCrV7ty+vHLA0x0kxQpbqOnWg/o1JzJnBa8VKFCWVjOsSuoRENUfnZ7PApOTZKnwxiaSrSZKb+nshoqNQkDExnSPVILXq5+J/XTfXgws94lKQaIzZfNEgF0THJUyB9LpFpMTGEMsnNrYSNqKRMm6wqJgRn8eVl4p42LhvO3Vm9eVWkUYZDOIITcOAcmnALLXCBQQrP8Apv1pP1Yr1bH/PWklXMHMAfWJ8/7eSS0Q==</latexit>

��
<latexit sha1_base64="8XKUPEXw79x6H57gRTu9cq1r04Y=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FPXisYGwhCWWz3bRLN7thdyKU0J/hxYOKV/+NN/+N2zYHbX0w8Hhvhpl5cSa4Adf9diorq2vrG9XN2tb2zu5eff/g0ahcU+ZTJZTuxsQwwSXzgYNg3UwzksaCdeLRzdTvPDFtuJIPMM5YlJKB5AmnBKwUhLdMAMFhNuS9esNtujPgZeKVpIFKtHv1r7CvaJ4yCVQQYwLPzSAqiAZOBZvUwtywjNARGbDAUklSZqJidvIEn1iljxOlbUnAM/X3REFSY8ZpbDtTAkOz6E3F/7wgh+QyKrjMcmCSzhclucCg8PR/3OeaURBjSwjV3N6K6ZBoQsGmVLMheIsvLxP/rHnV9O7PG63rMo0qOkLH6BR56AK10B1qIx9RpNAzekVvDjgvzrvzMW+tOOXMIfoD5/MHNPKQvw==</latexit><latexit sha1_base64="8XKUPEXw79x6H57gRTu9cq1r04Y=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FPXisYGwhCWWz3bRLN7thdyKU0J/hxYOKV/+NN/+N2zYHbX0w8Hhvhpl5cSa4Adf9diorq2vrG9XN2tb2zu5eff/g0ahcU+ZTJZTuxsQwwSXzgYNg3UwzksaCdeLRzdTvPDFtuJIPMM5YlJKB5AmnBKwUhLdMAMFhNuS9esNtujPgZeKVpIFKtHv1r7CvaJ4yCVQQYwLPzSAqiAZOBZvUwtywjNARGbDAUklSZqJidvIEn1iljxOlbUnAM/X3REFSY8ZpbDtTAkOz6E3F/7wgh+QyKrjMcmCSzhclucCg8PR/3OeaURBjSwjV3N6K6ZBoQsGmVLMheIsvLxP/rHnV9O7PG63rMo0qOkLH6BR56AK10B1qIx9RpNAzekVvDjgvzrvzMW+tOOXMIfoD5/MHNPKQvw==</latexit><latexit sha1_base64="8XKUPEXw79x6H57gRTu9cq1r04Y=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FPXisYGwhCWWz3bRLN7thdyKU0J/hxYOKV/+NN/+N2zYHbX0w8Hhvhpl5cSa4Adf9diorq2vrG9XN2tb2zu5eff/g0ahcU+ZTJZTuxsQwwSXzgYNg3UwzksaCdeLRzdTvPDFtuJIPMM5YlJKB5AmnBKwUhLdMAMFhNuS9esNtujPgZeKVpIFKtHv1r7CvaJ4yCVQQYwLPzSAqiAZOBZvUwtywjNARGbDAUklSZqJidvIEn1iljxOlbUnAM/X3REFSY8ZpbDtTAkOz6E3F/7wgh+QyKrjMcmCSzhclucCg8PR/3OeaURBjSwjV3N6K6ZBoQsGmVLMheIsvLxP/rHnV9O7PG63rMo0qOkLH6BR56AK10B1qIx9RpNAzekVvDjgvzrvzMW+tOOXMIfoD5/MHNPKQvw==</latexit><latexit sha1_base64="8XKUPEXw79x6H57gRTu9cq1r04Y=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FPXisYGwhCWWz3bRLN7thdyKU0J/hxYOKV/+NN/+N2zYHbX0w8Hhvhpl5cSa4Adf9diorq2vrG9XN2tb2zu5eff/g0ahcU+ZTJZTuxsQwwSXzgYNg3UwzksaCdeLRzdTvPDFtuJIPMM5YlJKB5AmnBKwUhLdMAMFhNuS9esNtujPgZeKVpIFKtHv1r7CvaJ4yCVQQYwLPzSAqiAZOBZvUwtywjNARGbDAUklSZqJidvIEn1iljxOlbUnAM/X3REFSY8ZpbDtTAkOz6E3F/7wgh+QyKrjMcmCSzhclucCg8PR/3OeaURBjSwjV3N6K6ZBoQsGmVLMheIsvLxP/rHnV9O7PG63rMo0qOkLH6BR56AK10B1qIx9RpNAzekVvDjgvzrvzMW+tOOXMIfoD5/MHNPKQvw==</latexit>

vZWFS
<latexit sha1_base64="xAtefVX9qHB7cAYmZ7BQfzd/H0Y=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiIB4rGltsQ9lsJ+3SzSbuTool9Hd48aDi1T/jzX/jpu1Bqw8GHu/NMDMvSATX6DhfVmFhcWl5pbhaWlvf2Nwqb+/c6ThVDDwWi1g1A6pBcAkechTQTBTQKBDQCAYXud8YgtI8lrc4SsCPaE/ykDOKRvLbCI+YDe8blzfjUqdccarOBPZf4s5IhcxQ75Q/292YpRFIZIJq3XKdBP2MKuRMwLjUTjUklA1oD1qGShqB9rPJ0WP7wChdO4yVKYn2RP05kdFI61EUmM6IYl/Pe7n4n9dKMTz1My6TFEGy6aIwFTbGdp6A3eUKGIqRIZQpbm61WZ8qytDklIfgzr/8l3hH1bOqe31cqZ3P0iiSPbJPDolLTkiNXJE68QgjD+SJvJBXa2g9W2/W+7S1YM1mdskvWB/f3kqRsw==</latexit><latexit sha1_base64="xAtefVX9qHB7cAYmZ7BQfzd/H0Y=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiIB4rGltsQ9lsJ+3SzSbuTool9Hd48aDi1T/jzX/jpu1Bqw8GHu/NMDMvSATX6DhfVmFhcWl5pbhaWlvf2Nwqb+/c6ThVDDwWi1g1A6pBcAkechTQTBTQKBDQCAYXud8YgtI8lrc4SsCPaE/ykDOKRvLbCI+YDe8blzfjUqdccarOBPZf4s5IhcxQ75Q/292YpRFIZIJq3XKdBP2MKuRMwLjUTjUklA1oD1qGShqB9rPJ0WP7wChdO4yVKYn2RP05kdFI61EUmM6IYl/Pe7n4n9dKMTz1My6TFEGy6aIwFTbGdp6A3eUKGIqRIZQpbm61WZ8qytDklIfgzr/8l3hH1bOqe31cqZ3P0iiSPbJPDolLTkiNXJE68QgjD+SJvJBXa2g9W2/W+7S1YM1mdskvWB/f3kqRsw==</latexit><latexit sha1_base64="xAtefVX9qHB7cAYmZ7BQfzd/H0Y=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiIB4rGltsQ9lsJ+3SzSbuTool9Hd48aDi1T/jzX/jpu1Bqw8GHu/NMDMvSATX6DhfVmFhcWl5pbhaWlvf2Nwqb+/c6ThVDDwWi1g1A6pBcAkechTQTBTQKBDQCAYXud8YgtI8lrc4SsCPaE/ykDOKRvLbCI+YDe8blzfjUqdccarOBPZf4s5IhcxQ75Q/292YpRFIZIJq3XKdBP2MKuRMwLjUTjUklA1oD1qGShqB9rPJ0WP7wChdO4yVKYn2RP05kdFI61EUmM6IYl/Pe7n4n9dKMTz1My6TFEGy6aIwFTbGdp6A3eUKGIqRIZQpbm61WZ8qytDklIfgzr/8l3hH1bOqe31cqZ3P0iiSPbJPDolLTkiNXJE68QgjD+SJvJBXa2g9W2/W+7S1YM1mdskvWB/f3kqRsw==</latexit><latexit sha1_base64="xAtefVX9qHB7cAYmZ7BQfzd/H0Y=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiIB4rGltsQ9lsJ+3SzSbuTool9Hd48aDi1T/jzX/jpu1Bqw8GHu/NMDMvSATX6DhfVmFhcWl5pbhaWlvf2Nwqb+/c6ThVDDwWi1g1A6pBcAkechTQTBTQKBDQCAYXud8YgtI8lrc4SsCPaE/ykDOKRvLbCI+YDe8blzfjUqdccarOBPZf4s5IhcxQ75Q/292YpRFIZIJq3XKdBP2MKuRMwLjUTjUklA1oD1qGShqB9rPJ0WP7wChdO4yVKYn2RP05kdFI61EUmM6IYl/Pe7n4n9dKMTz1My6TFEGy6aIwFTbGdp6A3eUKGIqRIZQpbm61WZ8qytDklIfgzr/8l3hH1bOqe31cqZ3P0iiSPbJPDolLTkiNXJE68QgjD+SJvJBXa2g9W2/W+7S1YM1mdskvWB/f3kqRsw==</latexit>

vZWFS
<latexit sha1_base64="xAtefVX9qHB7cAYmZ7BQfzd/H0Y=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiIB4rGltsQ9lsJ+3SzSbuTool9Hd48aDi1T/jzX/jpu1Bqw8GHu/NMDMvSATX6DhfVmFhcWl5pbhaWlvf2Nwqb+/c6ThVDDwWi1g1A6pBcAkechTQTBTQKBDQCAYXud8YgtI8lrc4SsCPaE/ykDOKRvLbCI+YDe8blzfjUqdccarOBPZf4s5IhcxQ75Q/292YpRFIZIJq3XKdBP2MKuRMwLjUTjUklA1oD1qGShqB9rPJ0WP7wChdO4yVKYn2RP05kdFI61EUmM6IYl/Pe7n4n9dKMTz1My6TFEGy6aIwFTbGdp6A3eUKGIqRIZQpbm61WZ8qytDklIfgzr/8l3hH1bOqe31cqZ3P0iiSPbJPDolLTkiNXJE68QgjD+SJvJBXa2g9W2/W+7S1YM1mdskvWB/f3kqRsw==</latexit><latexit sha1_base64="xAtefVX9qHB7cAYmZ7BQfzd/H0Y=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiIB4rGltsQ9lsJ+3SzSbuTool9Hd48aDi1T/jzX/jpu1Bqw8GHu/NMDMvSATX6DhfVmFhcWl5pbhaWlvf2Nwqb+/c6ThVDDwWi1g1A6pBcAkechTQTBTQKBDQCAYXud8YgtI8lrc4SsCPaE/ykDOKRvLbCI+YDe8blzfjUqdccarOBPZf4s5IhcxQ75Q/292YpRFIZIJq3XKdBP2MKuRMwLjUTjUklA1oD1qGShqB9rPJ0WP7wChdO4yVKYn2RP05kdFI61EUmM6IYl/Pe7n4n9dKMTz1My6TFEGy6aIwFTbGdp6A3eUKGIqRIZQpbm61WZ8qytDklIfgzr/8l3hH1bOqe31cqZ3P0iiSPbJPDolLTkiNXJE68QgjD+SJvJBXa2g9W2/W+7S1YM1mdskvWB/f3kqRsw==</latexit><latexit sha1_base64="xAtefVX9qHB7cAYmZ7BQfzd/H0Y=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiIB4rGltsQ9lsJ+3SzSbuTool9Hd48aDi1T/jzX/jpu1Bqw8GHu/NMDMvSATX6DhfVmFhcWl5pbhaWlvf2Nwqb+/c6ThVDDwWi1g1A6pBcAkechTQTBTQKBDQCAYXud8YgtI8lrc4SsCPaE/ykDOKRvLbCI+YDe8blzfjUqdccarOBPZf4s5IhcxQ75Q/292YpRFIZIJq3XKdBP2MKuRMwLjUTjUklA1oD1qGShqB9rPJ0WP7wChdO4yVKYn2RP05kdFI61EUmM6IYl/Pe7n4n9dKMTz1My6TFEGy6aIwFTbGdp6A3eUKGIqRIZQpbm61WZ8qytDklIfgzr/8l3hH1bOqe31cqZ3P0iiSPbJPDolLTkiNXJE68QgjD+SJvJBXa2g9W2/W+7S1YM1mdskvWB/f3kqRsw==</latexit><latexit sha1_base64="xAtefVX9qHB7cAYmZ7BQfzd/H0Y=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiIB4rGltsQ9lsJ+3SzSbuTool9Hd48aDi1T/jzX/jpu1Bqw8GHu/NMDMvSATX6DhfVmFhcWl5pbhaWlvf2Nwqb+/c6ThVDDwWi1g1A6pBcAkechTQTBTQKBDQCAYXud8YgtI8lrc4SsCPaE/ykDOKRvLbCI+YDe8blzfjUqdccarOBPZf4s5IhcxQ75Q/292YpRFIZIJq3XKdBP2MKuRMwLjUTjUklA1oD1qGShqB9rPJ0WP7wChdO4yVKYn2RP05kdFI61EUmM6IYl/Pe7n4n9dKMTz1My6TFEGy6aIwFTbGdp6A3eUKGIqRIZQpbm61WZ8qytDklIfgzr/8l3hH1bOqe31cqZ3P0iiSPbJPDolLTkiNXJE68QgjD+SJvJBXa2g9W2/W+7S1YM1mdskvWB/f3kqRsw==</latexit>

vZWFS
<latexit sha1_base64="xAtefVX9qHB7cAYmZ7BQfzd/H0Y=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiIB4rGltsQ9lsJ+3SzSbuTool9Hd48aDi1T/jzX/jpu1Bqw8GHu/NMDMvSATX6DhfVmFhcWl5pbhaWlvf2Nwqb+/c6ThVDDwWi1g1A6pBcAkechTQTBTQKBDQCAYXud8YgtI8lrc4SsCPaE/ykDOKRvLbCI+YDe8blzfjUqdccarOBPZf4s5IhcxQ75Q/292YpRFIZIJq3XKdBP2MKuRMwLjUTjUklA1oD1qGShqB9rPJ0WP7wChdO4yVKYn2RP05kdFI61EUmM6IYl/Pe7n4n9dKMTz1My6TFEGy6aIwFTbGdp6A3eUKGIqRIZQpbm61WZ8qytDklIfgzr/8l3hH1bOqe31cqZ3P0iiSPbJPDolLTkiNXJE68QgjD+SJvJBXa2g9W2/W+7S1YM1mdskvWB/f3kqRsw==</latexit><latexit sha1_base64="xAtefVX9qHB7cAYmZ7BQfzd/H0Y=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiIB4rGltsQ9lsJ+3SzSbuTool9Hd48aDi1T/jzX/jpu1Bqw8GHu/NMDMvSATX6DhfVmFhcWl5pbhaWlvf2Nwqb+/c6ThVDDwWi1g1A6pBcAkechTQTBTQKBDQCAYXud8YgtI8lrc4SsCPaE/ykDOKRvLbCI+YDe8blzfjUqdccarOBPZf4s5IhcxQ75Q/292YpRFIZIJq3XKdBP2MKuRMwLjUTjUklA1oD1qGShqB9rPJ0WP7wChdO4yVKYn2RP05kdFI61EUmM6IYl/Pe7n4n9dKMTz1My6TFEGy6aIwFTbGdp6A3eUKGIqRIZQpbm61WZ8qytDklIfgzr/8l3hH1bOqe31cqZ3P0iiSPbJPDolLTkiNXJE68QgjD+SJvJBXa2g9W2/W+7S1YM1mdskvWB/f3kqRsw==</latexit><latexit sha1_base64="xAtefVX9qHB7cAYmZ7BQfzd/H0Y=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiIB4rGltsQ9lsJ+3SzSbuTool9Hd48aDi1T/jzX/jpu1Bqw8GHu/NMDMvSATX6DhfVmFhcWl5pbhaWlvf2Nwqb+/c6ThVDDwWi1g1A6pBcAkechTQTBTQKBDQCAYXud8YgtI8lrc4SsCPaE/ykDOKRvLbCI+YDe8blzfjUqdccarOBPZf4s5IhcxQ75Q/292YpRFIZIJq3XKdBP2MKuRMwLjUTjUklA1oD1qGShqB9rPJ0WP7wChdO4yVKYn2RP05kdFI61EUmM6IYl/Pe7n4n9dKMTz1My6TFEGy6aIwFTbGdp6A3eUKGIqRIZQpbm61WZ8qytDklIfgzr/8l3hH1bOqe31cqZ3P0iiSPbJPDolLTkiNXJE68QgjD+SJvJBXa2g9W2/W+7S1YM1mdskvWB/f3kqRsw==</latexit><latexit sha1_base64="xAtefVX9qHB7cAYmZ7BQfzd/H0Y=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiIB4rGltsQ9lsJ+3SzSbuTool9Hd48aDi1T/jzX/jpu1Bqw8GHu/NMDMvSATX6DhfVmFhcWl5pbhaWlvf2Nwqb+/c6ThVDDwWi1g1A6pBcAkechTQTBTQKBDQCAYXud8YgtI8lrc4SsCPaE/ykDOKRvLbCI+YDe8blzfjUqdccarOBPZf4s5IhcxQ75Q/292YpRFIZIJq3XKdBP2MKuRMwLjUTjUklA1oD1qGShqB9rPJ0WP7wChdO4yVKYn2RP05kdFI61EUmM6IYl/Pe7n4n9dKMTz1My6TFEGy6aIwFTbGdp6A3eUKGIqRIZQpbm61WZ8qytDklIfgzr/8l3hH1bOqe31cqZ3P0iiSPbJPDolLTkiNXJE68QgjD+SJvJBXa2g9W2/W+7S1YM1mdskvWB/f3kqRsw==</latexit>

exact
<latexit sha1_base64="oirfT6zzAaQo73PpC6rwnvf0YGk=">AAAB83icbVBNS8NAEN34WetX1aOXYBE8lUQE9Vb04rGCsYU2lM120i7dbOLupLSE/g4vHlS8+me8+W/ctDlo64OBx3szzMwLEsE1Os63tbK6tr6xWdoqb+/s7u1XDg4fdZwqBh6LRaxaAdUguAQPOQpoJQpoFAhoBsPb3G+OQGkeywecJOBHtC95yBlFI/kdhDFmMKYMp+VuperUnBnsZeIWpEoKNLqVr04vZmkEEpmgWrddJ0E/owo5EzAtd1INCWVD2oe2oZJGoP1sdvTUPjVKzw5jZUqiPVN/T2Q00noSBaYzojjQi14u/ue1Uwyv/IzLJEWQbL4oTIWNsZ0nYPe4AoZiYghliptbbTagykRgcspDcBdfXibeee265t5fVOs3RRolckxOyBlxySWpkzvSIB5h5Ik8k1fyZo2sF+vd+pi3rljFzBH5A+vzB1/Jkgg=</latexit><latexit sha1_base64="oirfT6zzAaQo73PpC6rwnvf0YGk=">AAAB83icbVBNS8NAEN34WetX1aOXYBE8lUQE9Vb04rGCsYU2lM120i7dbOLupLSE/g4vHlS8+me8+W/ctDlo64OBx3szzMwLEsE1Os63tbK6tr6xWdoqb+/s7u1XDg4fdZwqBh6LRaxaAdUguAQPOQpoJQpoFAhoBsPb3G+OQGkeywecJOBHtC95yBlFI/kdhDFmMKYMp+VuperUnBnsZeIWpEoKNLqVr04vZmkEEpmgWrddJ0E/owo5EzAtd1INCWVD2oe2oZJGoP1sdvTUPjVKzw5jZUqiPVN/T2Q00noSBaYzojjQi14u/ue1Uwyv/IzLJEWQbL4oTIWNsZ0nYPe4AoZiYghliptbbTagykRgcspDcBdfXibeee265t5fVOs3RRolckxOyBlxySWpkzvSIB5h5Ik8k1fyZo2sF+vd+pi3rljFzBH5A+vzB1/Jkgg=</latexit><latexit sha1_base64="oirfT6zzAaQo73PpC6rwnvf0YGk=">AAAB83icbVBNS8NAEN34WetX1aOXYBE8lUQE9Vb04rGCsYU2lM120i7dbOLupLSE/g4vHlS8+me8+W/ctDlo64OBx3szzMwLEsE1Os63tbK6tr6xWdoqb+/s7u1XDg4fdZwqBh6LRaxaAdUguAQPOQpoJQpoFAhoBsPb3G+OQGkeywecJOBHtC95yBlFI/kdhDFmMKYMp+VuperUnBnsZeIWpEoKNLqVr04vZmkEEpmgWrddJ0E/owo5EzAtd1INCWVD2oe2oZJGoP1sdvTUPjVKzw5jZUqiPVN/T2Q00noSBaYzojjQi14u/ue1Uwyv/IzLJEWQbL4oTIWNsZ0nYPe4AoZiYghliptbbTagykRgcspDcBdfXibeee265t5fVOs3RRolckxOyBlxySWpkzvSIB5h5Ik8k1fyZo2sF+vd+pi3rljFzBH5A+vzB1/Jkgg=</latexit><latexit sha1_base64="oirfT6zzAaQo73PpC6rwnvf0YGk=">AAAB83icbVBNS8NAEN34WetX1aOXYBE8lUQE9Vb04rGCsYU2lM120i7dbOLupLSE/g4vHlS8+me8+W/ctDlo64OBx3szzMwLEsE1Os63tbK6tr6xWdoqb+/s7u1XDg4fdZwqBh6LRaxaAdUguAQPOQpoJQpoFAhoBsPb3G+OQGkeywecJOBHtC95yBlFI/kdhDFmMKYMp+VuperUnBnsZeIWpEoKNLqVr04vZmkEEpmgWrddJ0E/owo5EzAtd1INCWVD2oe2oZJGoP1sdvTUPjVKzw5jZUqiPVN/T2Q00noSBaYzojjQi14u/ue1Uwyv/IzLJEWQbL4oTIWNsZ0nYPe4AoZiYghliptbbTagykRgcspDcBdfXibeee265t5fVOs3RRolckxOyBlxySWpkzvSIB5h5Ik8k1fyZo2sF+vd+pi3rljFzBH5A+vzB1/Jkgg=</latexit>

linear
<latexit sha1_base64="C9eZiPHl79JAJVIPBop/CjbOQ9Y=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0VwVRIR1F3RjcsKxhbaWCbTm3bo5MHMjVpC/8ONCxW3fow7/8ZJm4W2Hhg4nHMP987xEyk02va3VVpaXlldK69XNja3tnequ3t3Ok4VB5fHMlZtn2mQIgIXBUpoJwpY6Eto+aOr3G89gNIijm5xnIAXskEkAsEZGum+i/CEWR5malLpVWt23Z6CLhKnIDVSoNmrfnX7MU9DiJBLpnXHsRP0MqZQcAmTSjfVkDA+YgPoGBqxELSXTa+e0COj9GkQK/MipFP1dyJjodbj0DeTIcOhnvdy8T+vk2Jw7mUiSlKEiM8WBamkGNO8AtoXCjjKsSGMK2FupXzIFONoispLcOa/vEjck/pF3bk5rTUuizbK5IAckmPikDPSINekSVzCiSLP5JW8WY/Wi/VufcxGS1aR2Sd/YH3+ACSBkng=</latexit><latexit sha1_base64="C9eZiPHl79JAJVIPBop/CjbOQ9Y=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0VwVRIR1F3RjcsKxhbaWCbTm3bo5MHMjVpC/8ONCxW3fow7/8ZJm4W2Hhg4nHMP987xEyk02va3VVpaXlldK69XNja3tnequ3t3Ok4VB5fHMlZtn2mQIgIXBUpoJwpY6Eto+aOr3G89gNIijm5xnIAXskEkAsEZGum+i/CEWR5malLpVWt23Z6CLhKnIDVSoNmrfnX7MU9DiJBLpnXHsRP0MqZQcAmTSjfVkDA+YgPoGBqxELSXTa+e0COj9GkQK/MipFP1dyJjodbj0DeTIcOhnvdy8T+vk2Jw7mUiSlKEiM8WBamkGNO8AtoXCjjKsSGMK2FupXzIFONoispLcOa/vEjck/pF3bk5rTUuizbK5IAckmPikDPSINekSVzCiSLP5JW8WY/Wi/VufcxGS1aR2Sd/YH3+ACSBkng=</latexit><latexit sha1_base64="C9eZiPHl79JAJVIPBop/CjbOQ9Y=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0VwVRIR1F3RjcsKxhbaWCbTm3bo5MHMjVpC/8ONCxW3fow7/8ZJm4W2Hhg4nHMP987xEyk02va3VVpaXlldK69XNja3tnequ3t3Ok4VB5fHMlZtn2mQIgIXBUpoJwpY6Eto+aOr3G89gNIijm5xnIAXskEkAsEZGum+i/CEWR5malLpVWt23Z6CLhKnIDVSoNmrfnX7MU9DiJBLpnXHsRP0MqZQcAmTSjfVkDA+YgPoGBqxELSXTa+e0COj9GkQK/MipFP1dyJjodbj0DeTIcOhnvdy8T+vk2Jw7mUiSlKEiM8WBamkGNO8AtoXCjjKsSGMK2FupXzIFONoispLcOa/vEjck/pF3bk5rTUuizbK5IAckmPikDPSINekSVzCiSLP5JW8WY/Wi/VufcxGS1aR2Sd/YH3+ACSBkng=</latexit><latexit sha1_base64="C9eZiPHl79JAJVIPBop/CjbOQ9Y=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0VwVRIR1F3RjcsKxhbaWCbTm3bo5MHMjVpC/8ONCxW3fow7/8ZJm4W2Hhg4nHMP987xEyk02va3VVpaXlldK69XNja3tnequ3t3Ok4VB5fHMlZtn2mQIgIXBUpoJwpY6Eto+aOr3G89gNIijm5xnIAXskEkAsEZGum+i/CEWR5malLpVWt23Z6CLhKnIDVSoNmrfnX7MU9DiJBLpnXHsRP0MqZQcAmTSjfVkDA+YgPoGBqxELSXTa+e0COj9GkQK/MipFP1dyJjodbj0DeTIcOhnvdy8T+vk2Jw7mUiSlKEiM8WBamkGNO8AtoXCjjKsSGMK2FupXzIFONoispLcOa/vEjck/pF3bk5rTUuizbK5IAckmPikDPSINekSVzCiSLP5JW8WY/Wi/VufcxGS1aR2Sd/YH3+ACSBkng=</latexit>

2ndorder
<latexit sha1_base64="i422Y75e0b8VOU6Bkh0ayCtVX+M=">AAAB+3icbVDLSgNBEJyNrxhf0Ry9DAbBU9gNgnoLevEYwTWBJIbZ2U4yZHZ2mekVwxJ/xYsHFa/+iDf/xsnjoIkFDUVVN91dQSKFQdf9dnIrq2vrG/nNwtb2zu5ecf/gzsSp5uDzWMa6GTADUijwUaCEZqKBRYGERjC8mviNB9BGxOoWRwl0ItZXoic4Qyt1i6XqfabCMW0jPGIW6xD0uFssuxV3CrpMvDkpkznq3eJXO4x5GoFCLpkxLc9NsJMxjYJLGBfaqYGE8SHrQ8tSxSIwnWx6/JgeWyWkvVjbUkin6u+JjEXGjKLAdkYMB2bRm4j/ea0Ue+edTKgkRVB8tqiXSooxnSRBQ6GBoxxZwrgW9lbKB0wzjjavgg3BW3x5mfjVykXFuzkt1y7naeTJITkiJ8QjZ6RGrkmd+ISTEXkmr+TNeXJenHfnY9aac+YzJfIHzucPkDeU7A==</latexit><latexit sha1_base64="i422Y75e0b8VOU6Bkh0ayCtVX+M=">AAAB+3icbVDLSgNBEJyNrxhf0Ry9DAbBU9gNgnoLevEYwTWBJIbZ2U4yZHZ2mekVwxJ/xYsHFa/+iDf/xsnjoIkFDUVVN91dQSKFQdf9dnIrq2vrG/nNwtb2zu5ecf/gzsSp5uDzWMa6GTADUijwUaCEZqKBRYGERjC8mviNB9BGxOoWRwl0ItZXoic4Qyt1i6XqfabCMW0jPGIW6xD0uFssuxV3CrpMvDkpkznq3eJXO4x5GoFCLpkxLc9NsJMxjYJLGBfaqYGE8SHrQ8tSxSIwnWx6/JgeWyWkvVjbUkin6u+JjEXGjKLAdkYMB2bRm4j/ea0Ue+edTKgkRVB8tqiXSooxnSRBQ6GBoxxZwrgW9lbKB0wzjjavgg3BW3x5mfjVykXFuzkt1y7naeTJITkiJ8QjZ6RGrkmd+ISTEXkmr+TNeXJenHfnY9aac+YzJfIHzucPkDeU7A==</latexit><latexit sha1_base64="i422Y75e0b8VOU6Bkh0ayCtVX+M=">AAAB+3icbVDLSgNBEJyNrxhf0Ry9DAbBU9gNgnoLevEYwTWBJIbZ2U4yZHZ2mekVwxJ/xYsHFa/+iDf/xsnjoIkFDUVVN91dQSKFQdf9dnIrq2vrG/nNwtb2zu5ecf/gzsSp5uDzWMa6GTADUijwUaCEZqKBRYGERjC8mviNB9BGxOoWRwl0ItZXoic4Qyt1i6XqfabCMW0jPGIW6xD0uFssuxV3CrpMvDkpkznq3eJXO4x5GoFCLpkxLc9NsJMxjYJLGBfaqYGE8SHrQ8tSxSIwnWx6/JgeWyWkvVjbUkin6u+JjEXGjKLAdkYMB2bRm4j/ea0Ue+edTKgkRVB8tqiXSooxnSRBQ6GBoxxZwrgW9lbKB0wzjjavgg3BW3x5mfjVykXFuzkt1y7naeTJITkiJ8QjZ6RGrkmd+ISTEXkmr+TNeXJenHfnY9aac+YzJfIHzucPkDeU7A==</latexit><latexit sha1_base64="i422Y75e0b8VOU6Bkh0ayCtVX+M=">AAAB+3icbVDLSgNBEJyNrxhf0Ry9DAbBU9gNgnoLevEYwTWBJIbZ2U4yZHZ2mekVwxJ/xYsHFa/+iDf/xsnjoIkFDUVVN91dQSKFQdf9dnIrq2vrG/nNwtb2zu5ecf/gzsSp5uDzWMa6GTADUijwUaCEZqKBRYGERjC8mviNB9BGxOoWRwl0ItZXoic4Qyt1i6XqfabCMW0jPGIW6xD0uFssuxV3CrpMvDkpkznq3eJXO4x5GoFCLpkxLc9NsJMxjYJLGBfaqYGE8SHrQ8tSxSIwnWx6/JgeWyWkvVjbUkin6u+JjEXGjKLAdkYMB2bRm4j/ea0Ue+edTKgkRVB8tqiXSooxnSRBQ6GBoxxZwrgW9lbKB0wzjjavgg3BW3x5mfjVykXFuzkt1y7naeTJITkiJ8QjZ6RGrkmd+ISTEXkmr+TNeXJenHfnY9aac+YzJfIHzucPkDeU7A==</latexit>2ndorder

<latexit sha1_base64="i422Y75e0b8VOU6Bkh0ayCtVX+M=">AAAB+3icbVDLSgNBEJyNrxhf0Ry9DAbBU9gNgnoLevEYwTWBJIbZ2U4yZHZ2mekVwxJ/xYsHFa/+iDf/xsnjoIkFDUVVN91dQSKFQdf9dnIrq2vrG/nNwtb2zu5ecf/gzsSp5uDzWMa6GTADUijwUaCEZqKBRYGERjC8mviNB9BGxOoWRwl0ItZXoic4Qyt1i6XqfabCMW0jPGIW6xD0uFssuxV3CrpMvDkpkznq3eJXO4x5GoFCLpkxLc9NsJMxjYJLGBfaqYGE8SHrQ8tSxSIwnWx6/JgeWyWkvVjbUkin6u+JjEXGjKLAdkYMB2bRm4j/ea0Ue+edTKgkRVB8tqiXSooxnSRBQ6GBoxxZwrgW9lbKB0wzjjavgg3BW3x5mfjVykXFuzkt1y7naeTJITkiJ8QjZ6RGrkmd+ISTEXkmr+TNeXJenHfnY9aac+YzJfIHzucPkDeU7A==</latexit><latexit sha1_base64="i422Y75e0b8VOU6Bkh0ayCtVX+M=">AAAB+3icbVDLSgNBEJyNrxhf0Ry9DAbBU9gNgnoLevEYwTWBJIbZ2U4yZHZ2mekVwxJ/xYsHFa/+iDf/xsnjoIkFDUVVN91dQSKFQdf9dnIrq2vrG/nNwtb2zu5ecf/gzsSp5uDzWMa6GTADUijwUaCEZqKBRYGERjC8mviNB9BGxOoWRwl0ItZXoic4Qyt1i6XqfabCMW0jPGIW6xD0uFssuxV3CrpMvDkpkznq3eJXO4x5GoFCLpkxLc9NsJMxjYJLGBfaqYGE8SHrQ8tSxSIwnWx6/JgeWyWkvVjbUkin6u+JjEXGjKLAdkYMB2bRm4j/ea0Ue+edTKgkRVB8tqiXSooxnSRBQ6GBoxxZwrgW9lbKB0wzjjavgg3BW3x5mfjVykXFuzkt1y7naeTJITkiJ8QjZ6RGrkmd+ISTEXkmr+TNeXJenHfnY9aac+YzJfIHzucPkDeU7A==</latexit><latexit sha1_base64="i422Y75e0b8VOU6Bkh0ayCtVX+M=">AAAB+3icbVDLSgNBEJyNrxhf0Ry9DAbBU9gNgnoLevEYwTWBJIbZ2U4yZHZ2mekVwxJ/xYsHFa/+iDf/xsnjoIkFDUVVN91dQSKFQdf9dnIrq2vrG/nNwtb2zu5ecf/gzsSp5uDzWMa6GTADUijwUaCEZqKBRYGERjC8mviNB9BGxOoWRwl0ItZXoic4Qyt1i6XqfabCMW0jPGIW6xD0uFssuxV3CrpMvDkpkznq3eJXO4x5GoFCLpkxLc9NsJMxjYJLGBfaqYGE8SHrQ8tSxSIwnWx6/JgeWyWkvVjbUkin6u+JjEXGjKLAdkYMB2bRm4j/ea0Ue+edTKgkRVB8tqiXSooxnSRBQ6GBoxxZwrgW9lbKB0wzjjavgg3BW3x5mfjVykXFuzkt1y7naeTJITkiJ8QjZ6RGrkmd+ISTEXkmr+TNeXJenHfnY9aac+YzJfIHzucPkDeU7A==</latexit><latexit sha1_base64="i422Y75e0b8VOU6Bkh0ayCtVX+M=">AAAB+3icbVDLSgNBEJyNrxhf0Ry9DAbBU9gNgnoLevEYwTWBJIbZ2U4yZHZ2mekVwxJ/xYsHFa/+iDf/xsnjoIkFDUVVN91dQSKFQdf9dnIrq2vrG/nNwtb2zu5ecf/gzsSp5uDzWMa6GTADUijwUaCEZqKBRYGERjC8mviNB9BGxOoWRwl0ItZXoic4Qyt1i6XqfabCMW0jPGIW6xD0uFssuxV3CrpMvDkpkznq3eJXO4x5GoFCLpkxLc9NsJMxjYJLGBfaqYGE8SHrQ8tSxSIwnWx6/JgeWyWkvVjbUkin6u+JjEXGjKLAdkYMB2bRm4j/ea0Ue+edTKgkRVB8tqiXSooxnSRBQ6GBoxxZwrgW9lbKB0wzjjavgg3BW3x5mfjVykXFuzkt1y7naeTJITkiJ8QjZ6RGrkmd+ISTEXkmr+TNeXJenHfnY9aac+YzJfIHzucPkDeU7A==</latexit>

Figure 7.2: Comparison in the simulated reconstruction of both phase and ampli-
tude between the Zernike wavefront sensor (ZWFS) and the vector-ZWFS. The
phase aberration is shown in the top row, followed by the residual phase, i.e. the
difference between the reconstructed and the input phase. The two bottom rows
contain the same with amplitude aberrations. The different columns show the
results for different measurement and reconstruction methods.
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the residual phase between the ZWFS and the vZWFS and find that the non-linear
algorithms of the vZWFS outperform the ZWFS. For the second row in Fig. 7.2,
from left to right starting from the input, σ∆φ = [0.221, 0.013, 0.029, 0, 007, 0.001]
rad rms. The phase reconstruction of the classical ZWFS in the second column
of Fig. 7.2 shows that the residual phase aberration in the pupil is caused by
the amplitude aberration that it can not directly correct for. This is different
from all three vZWFS reconstruction methods, where the residual phase is dom-
inated by the inability to reconstruct high-frequency aberrations with the first
200 Zernike modes (Linear), approximations used in the phase calculation (2nd

order), and the dynamic range of the vZWFS (Exact). No significant influence
of the amplitude aberration is seen in the residual phase. The amplitude aber-
ration measurements of the vZWFS are dominated by phase estimation errors.
The residual amplitude aberrations from left to right, starting from the input, are
σ∆ε = [1.3, 1.3, 1.4, 0.4, 0.02]% rms.
For practical implementations we look into the influence of imperfect optics shown
in Fig. 7.1 and noise on the performance of the vZWFS. Measuring two pupils
increases read noise with a factor of 2 and combining the two pupil measurements
suffers from flat-fielding effects. In addition, the vZWFS setup requires the use
of a liquid-crystal Zernike mask, a quarter-wave plate (QWP) and a polarizing
beam splitter (PBS). The vector-Zernike mask has an efficiency (the amount of
light that acquires the geometrical phase) that depends on the retardance of the
liquid-crystal film (Komanduri et al., 2013). When the phase mask has an off-
set of the half-wave retardance, ∆δHW , the incoming unpolarized light that does
not acquire the phase is split by the PBS and adds a background proportional to
the pupil intensity. Similar contaminations happen with retardance deviations of
the QWP and the rotation of the PBS. The consequent left pupil intensity dis-
tributions (identical to the right pupil) from an imperfect HWP, QWP and PBS
respectively are given by

IL,∆1 = IL cos2(
1

2
∆δHW ) +

1

2
P 2 sin2(

1

2
∆δHW ), (7.11)

IL,∆2 = IL cos2(
1

2
∆δQW ) +

1

2
(IL + IR) sin2(

1

2
∆δQW ), (7.12)

IL,∆3 = IL cos2(∆θ) + IR sin2(∆θ). (7.13)

To first order, the difference of the pupil intensities is most affected by the extra
terms. All terms proportional to sin2() drop out and the difference now is pro-
portional to a cos2() term that reduces the response. The reduced response can
be corrected with a gain factor from calibration. The sum of the pupil intensities
is only affected by the deviation from half-wave retardance of the vector-Zernike
mask, all other terms sum to the total intensity IL+IR. The chromatic retardance
can be controlled with liquid-crystal technology such that ∆δHW < 16◦ (Koman-
duri et al., 2013) for a large bandwidth, i.e. the leakage is < 2% of the intensity.
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Figure 7.3: a) Layout of the vector-Zernike wavefront sensor setup. We generate
a clean beam with a laser (633 nm) and a pinhole. A spatial light modulator is
operated in phase-mostly configuration with two polarizers and is used to generate
phase aberrations with a complicated pattern (i.e. the Leiden University logo).
This configuration also generates some amplitude aberrations. The light is focused
on the vector-Zernike mask with a spot diameter of 75 µm, corresponding to ∼
1λ/D. The liquid-crystal orientation is shown in panel b) and a parallel polarizer
microscopic image is shown in panel c). The detector image with aberrated pupils
is shown panel d), showing some pupil overlap because of the splitting angle of
the Wollaston.

7.4 Lab results

As a proof of principle, we demonstrate the vector-Zernike wavefront sensor with
a monochromatic setup. We manufactured a liquid-crystal vector-Zernike mask
with a central spot diameter of 75µm, printed on a glass substrate (1 inch diam-
eter, 1 mm thick, BK7) with an effective pixel size of 2 µm. The retardance was
tuned to be λ/2 at 633 nm with a single liquid-crystal layer. Fig. 7.3 b) shows
the fabricated mask that does not contain any significant defects. The edges have
a smooth fast-axis transition region from 0◦ to 45◦ of 2-3 micron. This can be
mitigated by modifying b for calculating P and φ, although the effect is negligible.
We test the performance of the vector-Zernike using the setup shown in panel a)
of Fig. 7.3. We use a LC2002 transmissive spatial light modulator (SLM) from
HoloEye in phase-mostly configuration to generate phase aberrations. In this con-
figuration the rotation of the liquid-crystals in combination with the polarizers also
generates amplitude aberrations. The Wollaston prism is a WPQ10 prism from
Thorlabs and the QWP is an achromat (AQWP05M-600) from Thorlabs. Panel
d) in Fig. 7.3 shows a raw image after applying a binary logo of Leiden University
on the SLM. For the characterization of phase and amplitude reconstruction we
minimize the influence of the system by combining measurements with positive
and negative phase applied by the SLM. We mean-combine them to remove the
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a) b)

a) b)

Figure 7.4: a) Reconstructed phase and b) reconstructed amplitude aberration
using the vector-Zernike wavefront sensor.

non-SLM aberrations and we bin the image per 2 pixels to increase the signal to
noise. We also take images without any phase applied on the SLM and use them
for calculating the pupil intensity necessary for normalizing the aberrated images
without taking out the vector-Zernike mask. Note that taking the average pupil
intensity does not normalize the measurements correctly. Assuming φ � 1, we
solve Eq. 7.5 with cosφ = 1, such that P is given by

P =
√

(IL + IR)/(1 + 2b20/P
2 − 2b0/P ). (7.14)

When ε � 1, the normalized quantity b0/P ≈ b0/P0 and we calculate the nor-
malization factor of the pupil images by estimating b0 and averaging P over the
pupil. We calculate the phase and amplitude from the two aberrated normalized
pupils with Eqs. 7.9 - 7.10. Both measurements contain Fresnel diffraction effects
from the out-of-plane diaphragm used as field stop. Determining the accuracy of
the reconstruction is not possible as we do not know the details of this SLM.

7.5 Chromaticity of the vZWFS

One additional advantage of the liquid-crystal vector-Zernike wavefront sensor is
that the phase is applied achromatically cf. Eq. 7.1. The classical ZWFS has
decreased performance with increasing spectral bandwidth because of the chro-
matic phase of the focal plane mask in combination with the PSF scaling with
wavelength. Both contribute to a suboptimal coupling of phase aberrations in the
system to intensity variations in the ZWFS pupil plane (N’Diaye et al., 2013).
We study the effect of the achromatic phase and the different reconstruction on
the broadband performance of the vZWFS in simulation, taking into account the
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Figure 7.5: Residual wavefront aberrations as function of bandwidth for both the
classical ZWFS and the vZWFS. The ”achromatic ZWFS” uses the classical ZWFS
reconstruction on one pupil of the vZWFS.

spatial scaling of the PSF with wavelength. For this, we exclude amplitude aber-
rations. Fig. 7.5 shows the results for both wavefront sensors up to 100% band-
width, i.e. λ/λ0 = 0.5 − 1.5. We assume a 1/λ scaling for the applied phase of
the classical Zernike mask centered around λ0 and b0 is calculated at λ0 as well.
We investigate the influence of only the achromatic phase by using the classical
ZWFS reconstruction on one of the vZWFS pupils, the ”achromatic ZWFS”. Note
that all other chromatic effects, including leakage from polarization optics, are not
taken into account in this simulation. Fig. 7.5 shows that the vZWFS with ex-
act reconstruction outperforms the classical ZWFS for all bandwidths. Similarly,
the classical reconstruction with the ”achromatic ZWFS” improves the broadband
performance, in agreement with Bloemhof (Bloemhof, 2014). The gain of using
only achromatic phase is not as significant as the gain from the reconstruction
using two pupils. The reason is that the classical ZWFS uses a second-order re-
construction that is sensitive to the chromatic b, while the vZWFS allows for an
exact solution. Iterating the estimate of b with the updated phase and amplitude
estimates removes the bias introduced by the chromaticity. Overall we show in
simulation that the vZWFS can handle an increased bandwidth, up to 100%.
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7.6 Conclusion

We conclude that the liquid-crystal vector Zernike wavefront sensor (vZWFS) is a
simple yet powerful upgrade of the classical ZWFS. We show that both amplitude
and phase aberrations can be measured simultaneously by replacing the Zernike
mask with a liquid-crystal version and splitting circular polarizations in two pupils.
We demonstrate both in simulations and with a monochromatic lab setup an im-
proved reconstruction of the complex wavefront with the vZWFS. Like the ZWFS,
the vZWFS is the most photon-efficient wavefront sensor (Guyon, 2005) and we
demonstrate with simulations the accurate reconstruction for bandwidths up to
100%. For direct-imaging of exoplanets the vZWFS can be installed a parallel
WFS beam path, alternated with a coronagraph (Vigan et al., 2018), or built into
a coronagraph (Shi et al., 2018).

Funding. The research of DSD and FS leading to these results has re-
ceived funding from the European Research Council under ERC Starting Grant
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