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Chapter 6

Strongly distinguished units

1. Introduction

We defined a distinguished unit in a field ' O Qu((,) to be a principal unit in
Upe/(p—1) having no p-th root in U, /(,—1). Such a unit plays an important role in the
exponential representation of principal units. In this section we introduce the notion
of a strongly distinguished unit. Throughout this chapter p is a prime number and n
is a positive integer. We let F' be a finite extension of Q,, with p,» C F. We denote
the ramification index of F' over Q, by e.

DEFINITION 6.1. A strongly distinguished unit of degree n € Z>, is a principal

unit €, € Uy with the property that ordp (e, —1) = ;25 and such that F'(»{/€;) is an

unramified extension of F' of degree p™.

As we explained in Chapter 1, it may be of advantage to compute a strongly
distinguished unit once and for all if a large number of norm residue symbols in the
same field F' has to be computed. If a strongly distinguished unit is used, the formula
of Lemma 5.7 for the norm residue symbol of order p™ can be simplified, as we will
see in Lemma 6.3ii below.

We give a few results that are almost immediate consequences of Definition 6.1
and the results of Chapter 5.

LEMMA 6.2. Let € € Uy with ordp(e — 1) = pe/(p — 1). Then € is a strongly
distinguished unit of degree n if and only if € ¢ F** and (u,€)pn = 1 for every
u € OFf.

PROOF. From Proposition of Chapter 5, part vii with 8 = ¢,m = p" and

o' =u € Oy, it follows that (u,€),» =1 for every u € O}, if and only if the extension
F(»\/€,) is unramified. Moreover € ¢ F*? is equivalent to [F(»\/€,) : F] = p™. O
LEMMA 6.3. Let €, € Uy be a strongly distinguished unit of degree n. Then:

i. Let m, 7' be prime elements of F. Then: (7, €,)pn = (7, €n)pn.
ii. Letw,y € F*. Write x = w(a)n"®w’ withw' € Uy and a € k*. Set 7' = w'r.
Then one has

v(z)—1 3T, €n )+ i en
(@,9)pe = (ﬂ-»e’n)]()"( )—Dx(y )+x(y ).

PROOF. i: Follows from Lemma [6.2]
ii: Follows from i and Lemma from Chapter 5. O
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44 Chapter 6. Strongly distinguished units

LEMMA 6.4.

i. Fvery strongly distinguished unit of degree n € Z>1 is a distinguished unit.
ii. Let § € F. Then § is a strongly distinguished unit of degree 1 if and only if
6 is a distinguished umnit.

PROOF. i: From Lemma 6.2 it follows that a strongly distinguished unit of degree
n is not a p-th power.

ii: Let § be a distinguished unit, then we have according to Proposition 5.1x, that
(u,0), = 1 for every unit u, and then Proposition 5.1vii, with m = p, @’ = uw and
B =6, says that F({'/g) is an unramified extension of F'. The degree of this extension
equals p, because 0 ¢ (F*)P. Moreover we have ordp(d — 1) = p—f‘l, o0 d is a strongly
distinguished unit of degree 1. The other implication follows from i. O

In this Chapter we will prove Theorem 1.3 and Theorem 1.4 from Chapter 1. We
prove the existence of strongly distinguished units in section 2. In section 3 we exhibit
a uniquely solvable system of linear equations over Z/p™Z with the property that its
unique solution gives rise to a strongly distinguished unit. This result leads, in section
4, to a polynomial-time algorithm that computes strongly distinguished units. Finally
we give an example in section 5.

2. Existence

LEMMA 6.5. There exists € € Uy with ordp(e — 1) > p™ > 0 such that F(*y/€) is
an unramified extension of F' of degree p™.

PROOF. It is a well-known fact that there is a (unique) unramified extension L of
F of degree p™. By Kummer theory there is an element o € F such that L = F(*y/«).
There are an integer ¢ € Z, an element § € Op/mp and a principal unit € € U; such
that a = 7 - w(B) - e. We have p" | i because the extension F(*y/a)/F is unramified.
Furthermore w(f) € (F*)P". This proves that there is a principal unit e such that L =
F(*y/€). Because L is an unramified extension of F' we have ordp(1—¢€) = ordy (1 —¢).
There are elements a; € L such that X?" —¢ = f;(X —a;), a product of p™ factors.
Note that ordz(1 — a;) > 1 since a; is a principal unit. If we substitute X = 1 we
obtain

n

P
ordp(l —¢) =ordp(l —¢) = ZordL(l —a;)>pt-1=p"

i=1

The theorem below proves the existence of strongly distinguished units.

THEOREM 6.6. There exists € € F' such that

i. ordp(e—1) = ep/q,(c,n) P" = pp_el;

il. F(*/e€) is an unramified field extension of F of degree p™.
pzlel'

There does not exist € € F' satisfying ii and ordp(e — 1) >
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PROOF. Let E be the unique maximal subextension of F' which is unramified
over Q,((n). Let € € E with ordg(e—1) > p™ > 0 such that E(*\/€) is an unramified
extension of E of degree p" (Lemma [6.5)). As a consequence, F(*/€) is an unramified
field extension of I of degree p". Note that ex/q, = €q,(¢,n)/Q, = p"L(p—1). Also
€ is a p-th power in F if ordg(e — 1) > p-p"~Y(p—1)/(p — 1) = p" (Corollary 4.4).
Hence ordg(e — 1) = p™. It follows that

OI‘dF(E — 1) = eF/E . OI‘dE(E — ].) = ep/Qp(gpn) . ordE(e — 1) = eF/Qp(Cp") -pn.
This proves the first result.

By Corollary 4.4 from Chapter 4, any € € U; with ordp(e — 1) > p”_el is a p-th

power in F. Hence such an € cannot satisfy condition ii. 0

Now we have also proven Theorem 1.3.

3. Constructing a unique strongly distinguished unit

Let § be a distinguished unit and let m be a prime element. We refer to section
2.2 of Chapter 4, where the set Ty 5 is defined with 7’ is a prime element, and to
Definition 4.10 where p(z, N) is defined. We also refer to Definition 4.11 where the
morphism x(-;7',8) : F* — Z/p°Z is defined. In the next lemma we take s = n.
Remember that (7, §),» is a primitive p”-th root of unity (Lemma 5.6). We shall write

Tys={z€Trs: pu(z,pe/(p—1)) <n—1},
which by section 2.1 of Chapter 4 is equal to {z € Ty 5 : ordp(2—1) > e/((p—1)p"~2)}.

LEMMA 6.7.

i. For z,2' € Ty, define by , € Z/p"Z by (2',2)pm = (71',(5)22”2. Then the
system of linear equations

Y seTe . by 2x, =0 forallz € Trs,2#0
zs =1

has a unique solution with all x, € Z/p"Z.

ii. The unique solution (x.).er=, from i satisfies z, € prre/ (=) Z 1y 7 for
all z.

i, If (Cz)zeT;« s € 775 satisfies (c, mod p") = x, for all z, with (:cz)zeT: , a8
in i, then e = HzeT;’é 2% s a strongly distinguished unit of degree n.

PROOF. Let €, be a strongly distinguished unit of degree n. By Lemma 6.4i and
Lemma 5.6 each of (7, ¢€],),» and (7, ), has order p™. So there is a positive integer
a with p { a such that (7,6),n = (7, €,)5n = (7, €7 )pn. Choose €, = €, then ¢, is
a strongly distinguished unit for which x(e,;m,d) = 1. Write ¢, = HZGTM 2% with
a, € Z, (Proposition 4.8ii). Then we have (a; mod p") = x(e,;7m, ) = 1. From
€n € Upej(p—1) it follows that for every z € T, ; we have pH(zpe/(p=1)) | a,. In
particular (a, mod p") = 0 if u(z,pe/(p — 1)) > n or equivalently if z ¢ T 5. From
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5.1vil and the fact that F'(»{/€,) is an unramified extension of F', it follows that for
every z' € Ty 5 we have

1= (2 en)pn = H (7, 2)p = H (7', 2)pn = (m,9)

z€Tx 5 zET;,é

ZZQT; s bz’,zaz
pn

So for every 2" € Ty s we have ) - ) b, »(a; mod p™) = 0 in Z/p"Z, while we just

proved (as mod p™) = 1. Hence z, = (a, mod p™) is a solution to the system of linear
equations in i, and this solution also satisfies ii.
To prove uniqueness, let (xz)zeT: , be any solution, and let € = [Ler ] 2% be

as in iii. Then x(e; 7, ) = (1 mod p™), and for each 2z’ € T} 5, we have

(2, €)pn = H (#',2)p0 = (m,9)

z€T>*

7,6

ZZET':,J bz’,zl‘z
pn

= (m,0)pn = 1.

Let o/ € O%. Since o’ can by Proposition 4.8ii be written as o’ = w(e/ mod m) -
seqe 2% with d, € Z, and w(k*) C (F*)?", we obtain (a,€),» = 1. Hence
Z'€Tr s z P P

Proposition 5.1vii implies that F(?\/€) is an unramified extension of F. By Kummer

theory we have € = ¢ -uP" with i € Z and u € U;. Then 1 = x(e;m,6) = i-x(€n;m,6)+

p" - x(u;m,0) =i mod p™. Using the exponential representation from Proposition 4.8ii

for €, €,,u we obtain

z€Ty s 2€Tx s 2€Tx 5

(with e, € Z,). According to Proposition 4.8ii, corresponding exponents are congruent
modulo p", so for all z € T 5 we have

x, = (¢, mod p") = (ia, mod p") = (a, mod p").

This proves that (a, mod p")zeT:,é is the unique solution to our system.

To prove that € is a strongly distinguished unit of degree n, we remark that
¢, = a, = 0 mod pH(=re/®P=1) for z € T7 s it follows that € € Upe/(p—1))- Also, from
x(€m,8) = 1 mod p" it follows that e ¢ (F*)? so that in particular € ¢ Uy pe/(p—1)-

4. Computation
Let us now discuss how to compute a strongly distinguished unit.

ALGORITHM 6.8 (Strongly distinguished unit).
Input: Oy with {» € F and with N >e/(p—1) + ne+ 1.
Output: A strongly distinguished unit ¢, € Oy of degree n.
Steps:
i. Compute § € O where ¢ is a distinguished unit (Algorithm [4.15)). If n = 1
return €; = ¢ and terminate.
ii. Compute Tr5 = {1 —w(y/)7’ € On,(i,j) € S} U {0} C On where S =
{(i,)) €Z?:0<j < fi1<i< Po phi}.
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iii. For z, 2" € T s compute b, , € Z/p"Z with (2, 2)n = (, 6);2/’2 (Algorithm
5.15)).

iv. Find ¢; € Z/p™Z for z € T} 5, such that ¢; = 1 and such that for all 2’ € T}, 5
we have

Z b .z =0¢€Z/p"Z.

z€Tx 5

v. For every z € T 5 choose ¢, € {0,1,...,p" —1} such that (c, mod p"™) =¢;.
vi. Return &, € Oy with &, = [[,o7— 2.

Trs

PROPOSITION 6.9. Algorithm[6.8 is correct and its complexity is
O((ef)? - (N'log g)* + N 9 (log p)'[F1)).

PRrROOF. The correctness of the Algorithm follows from Lemma 6.7. Let us discuss
the complexity of the algorithm. Note that p™ = O(e) and e = O(N). Step i costs
O((f +log p)(log ¢) ' + € (log p) '+ 4 N log ¢) by Algorithm Step ii costs less
than step iii. Step iii costs (ef)2-O((N log ¢)? 1+ N € (log p)'[*1) (Algorithm [5.15).
Step iv is solving an ef x ef system over Z/p"Z, which costs O((ef)?(logp™)!H1).
Step v costs O(log p™ - ef - (N log ¢)'t1]) (Theorem . O

THEOREM 6.10. There is a polynomial-time algorithm that, given a prime number
D, a positive integer n, and a finite extension F' of Q, containing the p"-th roots of
unity, computes an element € of F satisfying conditions (i) and (ii) from Theorem
1.5.

PROOF. In Theorem 6.4 we proved the existence of a strongly distinguished unit
and in Algorithm 6.8, whose correctness is proven in Proposition 6.9, we gave a
polynomial-time algorithm to compute such a unit. This concludes the proof and
we have also proven Theorem 1.4 from Chapter 1. 0

5. Examples

EXAMPLE 6.11. Let, as in previous examples, F' O Qg be given by (p,g,h) =
(2, X%+ X +1,Y%2 - (2+2X)Y —2Y). A distinguished unit, as we have seen Exam-
ple 4.6, is § = 1 + 7*. We want to compute a strongly distinguished unit e, for the
4-th norm residue symbol in F' by using the following table where we have computed
(a0, B)ad(m,8)4 for every a, B € T s = {m, 6,1 —m, 1 —~v-m,1—73,1—~-73}. In this
table « is in the first column and £ is in the first row.

(a,B)ad(m,8)s |7 6 1—7 1—7m 1—-m3 1—~73
T 0 1 0 0 0 0
§ 3 0 0 2 0 0
1—m 0 0 2 1 1 2
le~yr |0 2 3 0 0 1
1—73 0 0 3 0 0 2
l—~y® |0 0 2 3 2 2
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If we put eg =0+ (1 — )2 - (1 —7-m)% - (1 —72)%. (1 —v-7%)% we derive from the
table a system of linear congruences using the fact that (es,2)s = 0 mod 4 for every
z € T 5. We have
2x3 = 0 mod 4
229 + x3 + x4 + 225 = 0 mod 4
3xs + x5 = 2mod 4
329 + 225 = 0 mod 4
2x9 + 3x3 + 224 + 225 = 0 mod 4.

The solution is o = x3 = x4 = 0 mod 4, and z5 = 2 mod 4. So a strongly distin-
guished unit of degree two in this field is € = § - (1 — y73)2.

EXAMPLE 6.12. Let p be a prime number, let F' = Q,((,) and let 7 =1 —(,
be a prime element. Then F' is a totally ramified extension of Q, of degree p — 1.
We have e = p— 1, f = 1 and a set of generators for the F*/(F*)P is T, =
{m,1—m,1—72%...,1—naP}. The map 7 : Uy /Uy — U,/U,41 is the trivial map, so
the cokernel of 7 is generated by § = 1 — 7P which is a distinguished unit and also a
strongly distinguished unit of degree 1.



