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CHAPTER

Comparator-Adaptive Convex
Bandits

This chapter is based on: Van der Hoeven, D., Cutkosky, A., and Luo, H. (2020).
Comparator-adaptive convex bandits. 7o Appear in Advances in Neural Information
Processing Systems 33.!

Abstract

We study bandit convex optimization methods that adapt to the norm of the compar-
ator, a topic that has only been studied before for its full-information counterpart.
Specifically, we develop convex bandit algorithms with regret bounds that are
small whenever the norm of the comparator is small. We first use techniques from
the full-information setting to develop comparator-adaptive algorithms for linear
bandits. Then, we extend the ideas to convex bandits with Lipschitz or smooth
loss functions, using a new single-point gradient estimator and carefully designed
surrogate losses.

!"The author of this dissertation performed the following tasks: co-deriving the theoretical results
and co-writing the paper. Part of the work on this Chapter was done while the author of this dissertation
was visiting Haipeng Luo at the University of Southern California.



CHAPTER 4

4. Comparator-Adaptive Convex Bandits

4.1 Introduction

In many situations, information is readily available. For example, if a gambler
were to bet on the outcome of a football game, he can observe the outcome of the
game regardless of what bet he made. In other situations, information is scarce.
For example, the gambler could be deciding what to eat for dinner: should I eat a
salad, a pizza, a sandwich, or not at all? These actions will result in different and
unknown outcomes, but the gambler will only see the outcome of the action he
actually takes, with one notable exception: not eating results in a predetermined
outcome of being very hungry.

These two situations are instantiations of two different settings in online convex
optimization: the full information setting and the bandit setting. More formally, both
settings are sequential decision making problems where in eachround ¢ = 1,..., 7,
a learner has to make a prediction w; € W C R? and an adversary provides a
convex loss function ¢; : W — R. Afterwards, in the full information setting
(Zinkevich, 2003) the learner has access to the loss function #;, while in the bandit
setting (Kleinberg, 2005; Flaxman et al., 2005) the learner only receives the loss
evaluated at the prediction, that is, £;(w;). In both settings the goal is to minimize
the regret with respect to some benchmark point w in hindsight, referred to as the
comparator. More specifically, the regret against w is the difference between the
total loss incurred by the predictions of the learner and that of the comparator:
T
Rr(u) = 3 (4lwy) — fy(w).

t=1

When the learner’s strategy is randomized, we measure the performance by the
expected regret E [Rr(u)].

Standard algorithms in both the full information setting and the bandit set-
ting assume that the learner’s decision space VV is a convex compact set and
achieve sublinear regret against the optimal comparator in this set: u =
arg min,,« Zthl li(u*). To tune these standard algorithms optimally, how-
ever, one requires knowledge of the norm of the comparator ||u||, which is un-
known. A common work-around is to simply tune the algorithms in terms of
the worst-case norm: maxye)y ||ul|, assumed to be 1 without loss of generality.
This results in worst-case bounds that do not take advantage of the case when
||u|| is small. For example, when the loss functions are L-Lipschitz, classic On-
line Gradient Descent (Zinkevich, 2003) guarantees Ry (u) = O(L\/T) in the
full information setting, while the algorithm of (Flaxman et al., 2005) guarantees
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4.1. Introduction

E [Rr(u)] = O(dv/LT?/*) in the bandit setting, both of which are independent of
([l

Recently, there has been a series of works in the full information setting that
addresses this problem by developing comparator-adaptive algorithms, whose
regret against u depends on ||u|| for all uw € W simultaneously (see for example
McMahan and Orabona (2014); Orabona and P4l (2016); Foster et al. (2017);
Cutkosky and Boahen (2017); Kottowski (2017); Cutkosky and Orabona (2018);
Foster et al. (2018b); Jun and Orabona (2019); Van der Hoeven (2019)). These
bounds are often not worse than the standard worst-case bounds, but could be
much smaller in the case when there exists a comparator with small norm and
reasonably small total loss. Moreover, most of these results also hold for the so-
called unconstrained setting where YW = R, that is, both the learner’s predictions
and the comparator can be any point in R%. For example, Cutkosky and Orabona
(2018) achieve Ry(u) = O(||u||Lv/T) for all u, in both the constrained and
unconstrained settings, under full information feedback.?

While developing comparator-adaptive algorithms is relatively well-understood at
this point in the full information setting, to the best of our knowledge, this has not
been studied at all for the more challenging bandit setting. In this work, we take
the first attempt in this direction and develop comparator-adaptive algorithms for
several situations, including learning with linear losses, general convex losses, and
convex and smooth losses, for both the constrained and unconstrained settings. Our
results are summarized in Table 4.1. Ignoring other parameters for simplicity, for the
linear case, we achieve O (||w||V/T) regret (Section 4.3.2); for the general convex
case, we achieve O(||u||T %) regret in both the constrained and unconstrained
setting (Sections 4.4.1 and 4.4.2); and for the convex and smooth case, we achieve

9] (max{Hqu, [|ul] }ﬁ(dLT)§> regret in the unconstrained setting (Section 4.4.1).

In order to achieve our results for the convex case, we require an assumption on the
loss, namely that the value of £;(0) is known for all £.> While restrictive at first sight,
we believe that there are abundant applications where this assumption holds. As
one instance, in control or reinforcement learning problems, 0 may represent some
nominal action which has a known outcome: not eating results in hunger, or buying
zero inventory will result in zero revenue. Another application is a classification
problem where the features are not revealed to the learner. For example, end-users
of a prediction service may not feel comfortable revealing their information to the

>Throughout the chapter, the notation O hides logarithmic dependence on parameters 7',L, and
[[ae]]-
*For the linear case, this clearly holds since £:(0) = 0.
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CHAPTER 4

4. Comparator-Adaptive Convex Bandits

Table 4.1: Summary of main results. Regret is measured with respect to the total loss of
an arbitrary point uw € R? in the unconstrained setting, or an arbitrary point uw € W in
the constrained setting with a decision space YV contained in the unit ball. T is the total
number of rounds and 1/c is radius of the largest ball contained by W. c is bounded by
O(d).

Loss functions (L-Lipschitz) Regret for unconstrained settings | Regret for constrained settings
Linear (Section 4.3.2) e} (||u||dL\/T) 0 <Hu\|ch\/T)
Convex (Section 4.4.1 and 4.4.2) 15} (HuHL\/ET%) 0 (HuucL\/ET%)
Convex and B-smooth (Section 4.4.2) | O (max{Hqu, HuH}[)’(dLT)%) -

service. Instead, they may be willing to do some local computation and report the
loss of the service’s model. Most classification models (e.g. logistic regression)
have the property that the loss of the 0 parameter is a known constant regardless
of the data, and so this situation would also fit into our framework. Common loss
functions that satisfy this assumption are linear loss, logistic loss, and hinge loss.

Techniques Our algorithms are based on sophisticated extensions of the black-
box reduction introduced by Cutkosky and Orabona (2018), which separately learns
the magnitude and the direction of the prediction. To make the reduction work in the
bandit setting, however, new ideas are required, including designing an appropriate
surrogate loss function and a new one-point gradient estimator with time-varying
parameters. Note that (Cutkosky and Orabona, 2018) also proposes a method to
convert any unconstrained algorithm to a constrained one in the full information
setting, but this does not work in the bandit setting for technical reasons. Instead, we
take a different approach by constraining the magnitude of the prediction directly.

Related work As mentioned, there has been a line of recent works on comparator-
adaptive algorithms for the full information setting. Most of them do not transfer
to the bandit setting, except for the approach of Cutkosky and Orabona (2018)
from which we draw heavy inspiration. To the best of our knowledge, comparator-
adaptive bandit algorithms have not been studied before. Achieving “adaptivity” in
a broader sense is generally hard for problems with bandit feedback; see negative
results such as (Daniely et al., 2015; Lattimore, 2015) as well as recent progress
such as (Chen et al., 2019; Foster et al., 2019).

In terms of worst-case (non-adaptive) regret, the seminal work of (Abernethy et al.,
2008) is the first to achieve O(v/T)) regret for bandit with linear losses, and (Klein-
berg, 2005; Flaxman et al., 2005) are the first to achieve sublinear regret for general
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4.2. Preliminaries

convex case. Over the past decade, the latter result has been improved in many
different ways (Agarwal et al., 2010; Saha and Tewari, 2011; Agarwal et al., 2011;
Hazan and Levy, 2014), and regret of order O(\/T) under no extra assumptions
was recently achieved (Bubeck et al., 2015; Bubeck and Eldan, 2016; Bubeck et al.,
2017). However, these O(+/T") bounds are achieved by very complicated algorithms
that incur a huge dependence on the dimension d. Our algorithms are more aligned
with the simpler ones with milder dimension-dependence (Abernethy et al., 2008;
Flaxman et al., 2005; Saha and Tewari, 2011) and achieve the same dependence on
T in different cases. How to achieve comparator-adaptive regret of order O(+/T)
for the general convex case is an important future direction.

4.2 Preliminaries

In this section, we describe our notation, state the definitions we use, and introduce
the bandit convex optimization setting formally. We also describe the black-box
reduction of Cutkosky and Orabona (2018) we will use throughout the chapter.

Notation and definitions The inner product between vectors g € R? and w € R?
is denoted by (w,g). R, denotes the set of positive numbers. The Fenchel
conjugate F™* of a convex function F is defined as F™*(w) = supg(w, g) — F(g).
| - || denotes a norm and ||g||x = SUP,. || <1{(w, g) denotes the dual norm of g.
The Bregman divergence associated with convex function F' between points & and
y is denoted by Br(z|ly) = F(x) — F(y) — (VF(y),xz — y), where VF(x)
denotes the gradient of F' evaluated at . The unit ball equipped with norm || - || is
denoted by B = {w : ||w|| < 1}. The unit sphere with norm || - || is denoted by
S = {w : ||w]|| = 1}. The unit ball and sphere with norm || - ||2 are denoted by B
and S respectively.  ~ U(Z) denotes that & follows the uniform distribution over
Z. We say a function f is S-smooth over the set W if the following holds:

B
Fy) < f@) + (Vf(@),y — o)+ Sz -yl Yo,yew.
We say a function f is L-Lipschitz over the set VV if the following holds:

[f(y) = f(@)| < Llly —z[l2, Va,yeW.

Throughout the chapter we will assume that 5, L. > 1. Also, by mild abuse of
notation, we use Jf (x) to indicate an arbitrary subgradient of a convex function f
at x.

All of our algorithms are reductions that use prior algorithms in disparate ways
to obtain our new results. In order for these reductions to work, we need some
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4. Comparator-Adaptive Convex Bandits

Algorithm 4 Black-Box Reduction with Full Information

1: Input: “Direction” algorithm .4z and “scaling” algorithm Ay,
2: fort=1...7T do
3: Get z; € Z from Az

4: Get v; € R from algorithm Ay,

5: Play w; = vy, receive g,

6: Send g; to algorithm Az as the ¢-th loss vector

7: Send (2, g¢) to algorithm Ay, as the ¢-th loss value
8: end for

assumptions on the base algorithms. We will encapsulate these assumptions in
interfaces that describe inputs, outputs, and guarantees described by an algorithm
rather than its actual operation (see Interfaces 6 and 7 for examples). We can use
specific algorithms from the literature to implement these interfaces, but our results
depend only on the properties described in the interfaces.

4.2.1 Bandit Convex Optimization

The bandit convex optimization protocol proceeds in rounds ¢t = 1,...,7. In each
round ¢ the learner plays wy; € W C RA. Simultaneously, the environment picks
an L-Lipschitz convex loss function ¢; : WW — R, after which the learner observes
¢ (w;). Importantly, the learner only observes the loss function evaluated at wy, not
the function itself. This forces the learner to play random points and estimate the
feedback he wants to use to update w;. Therefore, in the bandit feedback setting,
the goal is to bound the expected regret E [R(u)], where the expectation is with
respect to randomisation of the learner.

We make a distinction between linear bandits, where ¢;(w) = (w, g;), and convex
bandits, where ¢; can be any L-Lipschitz convex function. Throughout the chapter,
if W # R? we assume that V) is compact, has a non-empty interior, and contains 0.
Without loss of generality we assume that %IB% C W C B for some ¢ > 1. Some of
our bounds depend on ¢, which, without loss of generality, is always bounded by d,
due to a reshaping trick discussed in (Flaxman et al., 2005).

4.2.2 Black-Box Reductions with Full Information

Our algorithms are based on a black-box reduction from (Cutkosky and Orabona,
2018) for the full information setting (see Algorithm 4). The reduction works as
follows. In each round ¢ the algorithms plays w; = v¢z;, where z; € Z for some
domain Z, is the prediction of a constrained algorithm Az, and v, is the prediction
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4.3. Comparator-Adaptive Linear Bandits

of a one-dimensional algorithm Ay. The goal of Az is to learn the directions of
the comparator while the goal of Ay is to learn the norm of the comparator. Let g;
be the gradient of /; at w;, which is known to the algorithm in the full information
setting. We feed g, as feedback to Az and (z;, g¢) as feedback to Ay. Although
the original presentation considers only Z = B, we will need to extend the analysis
to more general domains.

As outlined by Cutkosky and Orabona (2018), the regret of Algorithm 4 decomposes
into two parts. The first part of the regret is for learning the norm of w, and is
controlled by Algorithm Ay,. The second part of the regret is for learning the
direction of u and is controlled by Az. The proof is provided in Section 4.6 for
completeness.

Lemma 12. Ler RY(|Jul)) = S5, (vi — ||u||)(2¢, gi) be the regret for learning
|w|| by Algorithm Ay and let RZ (L> = ZtT:1<zt - m, gt) be the regret for

[

learning ﬁ by Az. Then Algorithm 4 satisfies

Rew) = RY(ful) + [l RF (25 ). @2.1)

Cutkosky and Orabona (2018) provide an algorithm to ensure RY(||ul]) < 1 +
|w||8L+\/T log(||u||T + 1), given that ||g¢||. < L. This algorithm satisfies the
requirements described later in Interface 6, and will be used throughout this chapter.

4.3 Comparator-Adaptive Linear Bandits

Now, we apply the reduction of section 4.2.2 to develop comparator-adaptive
algorithms for linear bandits. We will see that in the unconstrained case, the
reduction works almost without modification. In the constrained case we will need
to be more careful to enforce the constraints.

4.3.1 Unconstrained Linear Bandits

We begin by discussing the unconstrained linear bandit setting, which turns out
to be the easiest setting we consider. Following Algorithm 4, we will still play
w; = vyz¢. However, instead of taking a fixed z; from a full-information algorithm,
we take a random z; from a bandit algorithm. Importantly, we can recover (z, g;)
exactly since (wy, g;) let = (24, g¢). This means that we have enough information
to send appropriate feedback to both .4y, and .Az and apply the argument of Lemma
12. Interestingly, we use a full-information one-dimensional algorithm for Ay, and
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CHAPTER 4

4. Comparator-Adaptive Convex Bandits

Algorithm 5 Black-Box Reduction for Linear Bandits

1: Input: Constrained Linear Bandit Algorithm Az and unconstrained 1-d Al-
gorithm Ay,

2. fort=1...T do

Get z; € Z from Az

Get v; € R from Ay,

Play wy = vz

Receive loss (wy, g¢)

Compute L= i(wt,gﬁ = <zt,gt>.

Send L; to Algorithm Az as ¢-th loss value.

9: Send L; to Algorithm Ay, as ¢-th loss value.

10: end for

AN A

only need Az to take bandit input. This is because Ay, gets full information in the
form of (z, g¢).

The algorithm Az for learning the direction, on the other hand, now must be a
bandit algorithm because intuitively we do not immediately get the full direction
information g, from the value of the loss alone. We will need this algorithm to fulfill
the requirements described by Interface 7. An important requirement is that the ex-
pected regret of the direction learning algorithm is bounded by dL7+/T log(T + 1),
where 7 is a constant. One such algorithm is given by continuous Exponential
Weights on a constrained set (see Van der Hoeven et al. (2018, section 6) for details).

Our unconstrained linear bandit algorithm then is constructed from Algorithm 5
by choosing an algorithm that implements Interface 7 as Az and Interface 6 with
I = R as Ay. Plugging in the guarantees of the individual algorithms and taking the
expectation of (4.2.1), the total expected regret is O(1 + ||u||dLv/T). Compared
to the full information setting we have lost a factor d in the regret bound, which
is unavoidable given the bandit feedback (Dani et al., 2008). The formal result is
below.

Theorem 13. Suppose Az implements Interface 7 with domain Z = B and Ay,
implements Interface 6 with | = R_.. Then Algorithm 5 satisfies for all u € R%:

E[R(u)] =1+ ||u|[(dLT+/Tlog(T + 1) + L\/TB(v)).

4.3.2 Constrained Linear Bandits

The algorithm in the previous section only works for W = R?. In this section, we
consider a compact set W C R,
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4.3. Comparator-Adaptive Linear Bandits

Interface 6 Scale Learning Interface (see example implementation in Cutkosky
and Orabona (2018))

1: Input: A line segment ! C R
2. fort=1...T do

3: Play v; €1

4 Receive loss value g; such that |g;| < Ly

5: end for

6: Ensure: forall o € [, .1 (v; — 0)g; < 1+ [8|Ly~/TB(0)

Interface 7 Direction Learning Interface for Linear Bandits (see example imple-
mentation in Van der Hoeven et al. (2018))

1: Input: Domain Z
2: fort=1...T do
3: Play z, € Z

4 Receive loss value (z;, g¢) such that |(z;,g:)| < L

5: end for

6: Ensure: forallu € Z, E [ZtT:l<zt - u,gt>} < dL7+/TTlog(T + 1)

In the full-information setting, Cutkosky and Orabona (2018) provide a projection
technique for producing constrained algorithms from unconstrained ones. Unfortu-
nately, this technique does not translate directly to the bandit setting, and we must
be more careful in designing our constrained linear bandit algorithm. The key idea
is to constrain the internal scaling algorithm Ay, rather than attempting to constrain
the final predictions w;. Enforcing constraints on the scaling algorithm’s outputs v;
will naturally translate into a constraint on the final predictions w;.

To produce a constrained linear bandit algorithm, we again use Algorithm 5, but
now we instantiate Ay, implementing Interface 6 with [ = [0, 1] rather than [ = R,
and instantiate Az implementing Interface 7 with Z = W rather than Z = B. As

in the unconstrained setting, this allows us to feed full information feedback to Ay.

At the same time, restricting Interface 6 to [ = [0, 1] also guarantees that w; € W.
The regret bound of this algorithm is given in Theorem 14. The proof follows from
combining Lemma 12 with the guarantees of Interfaces 6 and 7 and can be found in
Section 4.7.

Theorem 14. Suppose Az implements 7 with domain Z = W and Ay, implements
Interface 6 with | = [0, 1]. Then Algorithm 5 satisfies for all u € W,

E[Rr(w)] <1+ |[ulcL (dT\/Tlog(T 1)+ \/TB(CHuH)) .
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If W is a unit ball, then ¢ = 1. For other shapes of W, recall that c is at most d,
which leads to a expected regret bound of O (1 + ||u|]d2Lﬁ>

4.4 Comparator-Adaptive Convex Bandits

In the general convex bandit problem, it is not clear how to use the single evaluation
point feedback /;(w;) to derive any useful information about ¢;. Fortunately,
Flaxman et al. (2005) solved this problem by using randomness to extract the
gradients of a smoothed version of ¢;. To adapt to the norm of the comparator, we
employ the following tweaked version of smoothing used by Flaxman et al. (2005):

l(w) = Epoym)[le(w + vib)], 4.4.1)

where v, 9 > 0. In contrast to prior work using this framework, our smoothing now
depends on the scaling parameter v. Lemma 13 gives the gradient of ¢} (w) and is
a straightforward adaptation of Lemma 2.1 by Flaxman et al. (2005).

Lemma 13. For § € (0,1], v > 0:

d
Vi (w) = s Eg (s [be(w +vds)s]. (4.4.2)

With this lemma, we can estimate the gradient of the smoothed version of ¢; by
evaluating /; at a random point, essentially converting the convex problem to a linear
problem, except that one also needs to control the bias introduced by smoothing.
Note that this estimate scales with %, which can be problematic if v is small. To deal
with this issue, we require one extra assumption: the value of ¢;(0) is known to the
learner. As discussed in section 4.1, this assumption holds for several applications,
including some control or reinforcement learning problems, where 0 represents a
nominal action with a known outcome. Furthermore, certain loss functions satisfy
the second assumption by default, such as linear loss, logistic loss, and hinge loss.
Without loss of generality we assume that ¢,(0) = 0, as we can always shift ¢;
without changing the regret.

Our general algorithm template is provided in Algorithm 8. It incorporates the
ideas of Algorithm 5, but adds new smoothing and regularization elements in
order to deal with the present more general situation. More specifically, it again
makes use of subroutine Ay, which learns the scaling. The direction is learned by
Online Gradient Descent (Zinkevich, 2003), as was also done by Flaxman et al.
(2005). Given z; and vy, our algorithm plays the point w; = vy (2z; + ds;) for some
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parameter J and s; drawn uniformly at random from S. By equation (4.4.2), we
have

d
E {6&(1015)375] = Vﬁft (vtzt). (443)
Ut

This means that we can use g; = U%&(wt)st as an approximate gradient estimate,
and we send this g; to Online Gradient Descent as the feedback. In other words,
Online Gradient Descent itself is essentially dealing with a full-information problem
with gradient feedback and is required to ensure a regret bound E[>.L | (z; —
u,g)] =0 (%\/T ) for all » in some domain Z. For technical reasons, we will
also need to enforce z; € (1 — «)Z for some « € [0, 1]. This restriction will be
necessary in the constrained setting to ensure vy (z; + ds;) € W

Next, to specify the feedback to the scaling learning black-box 4y, we define
a surrogate loss function £;(v) which contains a linear term v(z;, g;) and also a
regularization term (see Algorithm 8 for the exact definition). The feedback to Ay,
is then 0¢;(v;). Therefore, Ay is essentially learning these surrogate losses, also
with full gradient information. The regularization term is added to deal with the
bias introduced by smoothing. This term does not appear in prior work on convex
bandits, and it is one of the key components needed to ensure that the final regret is
in terms of the unknown ||u||.

Algorithm 8 should be seen as the analogue of the black-box reduction of Algorithm
4, but for bandit feedback instead of full information. The expected regret guarantee
of Algorithm 8 is shown below, and the proof can be found in Section 4.8.

Lemma 14. Suppose Ay, implements Interface 6 with | C R,.. Suppose w; € W
forallt, £,(0) = 0, and let Ly, = max; Oy (v;). Then Algorithm 8 with §, v € (0,1]

andn = (d‘z) satisfies for all |ul|| € | and r > 0 with & Tl H € Z,
r r
2||u||dL
* H!ﬁ + aljulloTL.

In addition, if ¢, is also B-smooth for all t, then we have

E [Rp(w)] <1+ T35 <|T“”> +M TB<||1:|>

2||ul||dL
+ uﬁ+ afulTL.
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Algorithm 8 Black-Box Comparator-Adaptive Convex Bandit Algorithm

1: Input: Scaling algorithm Ay, § € (0,1], a € [0, 1], domain Z C B, and
learning rate n

2: Setz;1 =0

3: fort=1...7T do

4: Get v; from Ay,

5: Sample s; ~ U(S)

6: Set w; = Ut(Zt + 5St)

7: Play wy

8: Receive £ (wy)

9: Set gt = U%Et(wt)st

10 if /; is -smooth then

11 Set £;(v) = v(zy, G1) + B6%v?

12: else
13: Set +(v) = v(z, Gt) + 20 L|v|

14: end if

15: Send 0/;(v;) to algorithm Ay, as the ¢-th loss value
16: Update z¢11 = argmin,e(; o)z 12, g¢) + ||zt — =3
17: end for

This bound has two main points not obviously under our direct control: the assump-
tion that the wy lie in W, and the value of Ly, which is a bound on |9¢;(v;)|. In
the remainder of this section we will specify the various settings of Algorithm 8
that guarantee that w; € W and that Ly is suitably bounded: two setting for the
unconstrained setting and one for the constrained setting. The «/||w||7'L term due
to z; € (1 — o) Z rather than z; € Z, which induces a small amount of bias. The
r in Lemma 14 is to ensure that we satisfy the requirements for Online Gradient
Descent to have a suitable regret bound. For unconstrained convex bandits r = 1.
For constrained convex bandits we will find that % = c (recall that we assume that
1B CWCB).

4.4.1 Unconstrained Convex Bandits

In this section we instantiate Algorithm 8 and derive regret bounds for either general
convex losses or convex and smooth losses. We start with general convex losses.
Since W = R?, we do not need to ensure that z; + ds; € W and we can safely set
« = 0. This choice guarantees that z; + ds; € 2B and that |00;(v;)| < MTL 4+ 26L.
Then, Lemma 14 directly leads to Theorem 15 (the proof is deferred to Section
4.8.1).
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4.4. Comparator-Adaptive Convex Bandits

Theorem 15. Supppose Ay, implements Interface 6 with | = R and that £,(0) = 0.

Then Algorithm 8 with 6 = min{1, \/&T‘i}, Z=B,a=0,andn = ﬁ

satisfies for all u € R?,

E[Rr(u)] =2+ <4Hu||Ld\/T+ 5|\u||L\/&T%) (1 + v/B([[ul]))-

For unconstrained smooth bandits, we face an extra challenge. To bound the regret
of Algorithm 8, |00;(v;)| = |(z¢, g:) + B26%v;| must be bounded. Now in contrast
to the linear or Lipschitz cases, in the smooth case /;(v;) is not Lipschitz over
R. We will address this by artificially constraining v;. Specifically, we ensure
that vy < %, which implies [6?v¢| = O (). This makes the Lipschitz constant

of /; to be dominated by the gradient estimate §; rather than the regularization.

To see how this affects the regret bound, consider two cases, ||ulj2 < 5% and
|ull2 > 55. If ||u]l2 < g5 then we have not hurt anything by constraining v; since
|lu||2 satisfies the same constraint. If instead ||u||2 > 6% then the consequences for
the regret bound are not immediately clear. However, following a similar technique
in Cutkosky (2019), we use the fact that the regret against 0 is O(1) and the
Lipschitz assumption to show that we have added a penalty of only O(||u||2LT):

T
E[Rr(w)] = E[Rr(0)] + > E[6:(0) — £i(w)] = O(1 + [|w[2LT).
t=1

Since ||ul[2 > 6% the penalty for constraining v; is O(|lu||oLT) = O(||u||3L53T),
which is O(||u||3LV/T) if we set 6 = O(T~'/6). The formal result can be found
below and its proof can be found in Section 4.8.1.

Theorem 16. Suppose Ay implements Interface 6 with | = (0, 5%], that ¢;(0) = 0,

and that {; is B-smooth for all t. Then Algorithm 8 with § = min{1, (dL)'/3T7~1/6},
Z=B,a=0andn =, /% satisfies for all u € R?,

E

T
> li(wy) — ly(u)
t=1

<242 (HuH%dL\/T + Hu|]2(dLT)2/35)
+ 6|l (,Bx/B(HuH) + 1) <(dL + VT + ((dL)*/3 + (dL)—1/3)T2/3) .

4.4.2 Constrained convex bandits

For the constrained setting we will set Z = W and o« = 4. This ensures that
ve(2z¢+d8¢) € W and we can apply Lemma 14 to find the regret bound in Theorem
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17 below. Compared to the unconstrained setting, the regret bound now scales with
¢, which is due to the reshaping trick discussed in Flaxman et al. (2005).

Theorem 17. Suppose Ay, implements Interface 6 with | = (0, 1] and that £,(0) =
0. Then Algorithm 8 with Z = W, a = 6§ = min{l,V/dT~'/*}, and n =
% satisfies for all u € W,

E [Rr(u)] =2+ (3HuIILd\/T + 4Hu||L\/3T%) (14 vB(|[ul))
+ ||||2d LT3/,

4.5 Conclusion

In this chapter, we develop the first algorithms that have comparator-adaptive regret
bounds for various bandit convex optimization problems. The regret bounds of our

For future research, there are a number of interesting open questions. First, our
current results do not encompass improved rates for smooth losses on constrained
domains. At first blush, one might feel this is relatively straightforward via methods
based on self-concordance (Saha and Tewari, 2011), but it turns out that while such
techniques provide good direction-learning algorithms, they may cause the gradients
provided to the scaling algorithm to blow-up. Secondly, there is an important class
of loss functions for which we did not obtain norm adaptive regret bounds: smooth
and strongly convex losses. It is known that in this case an expected regret bound of
O(d~/T) can be efficiently achieved (Hazan and Levy, 2014). However, to achieve
this regret bound the algorithm of Hazan and Levy (2014) uses a clever exploration
scheme, which unfortunately leads to sub-optimal regret bounds for our algorithms.

4.6 Details from section 4.2

Proof of Lemma 12. By definition we have

T T
= G —woge) = > {290 (v — ) +\|u||2 a9
t=1

t=

—_

=Ry (lul) + [l RF ( )
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4.7 Details from section 4.3

Proof of Theorem 14. For any fixed w € W, let r = max ., _,,,’. Note that by

[l

ew
definition we have 1%l € [0,1] and 7% € W. Therefore, similar to the proof of
Lemma 12, we decompose the regret against w as:

T
Rr(u) = Z(wt —u,g1)

t=1
a ) ful ru

= (zt,9¢t) <Ut — ) + — (2t — —,91),
; r r ; ]

which, by the guarantees of Ay, and Az,* is bounded in expectation by

ML TB (HUH>+‘quL Tlog(T +1).
r r r

Finally noticing % < r by the definition of ¢ finishes the proof. O

4.8 Details from section 4.4

Proof of Lemma 14. Denote by w; = v;z;. By Jensen’s inequality we have

T
E [0 (wy) — t(w)] + Y E[l(w,) — 6" (wy)]

t=1

T

Y Ell(w) — b(u)] =

t=1 t

]~

I
—_

< B[ (wr) = b(w)].

B

I
—

t
(4.8.1)

We now continue under the assumption that ¢; is L-Lipschitz. After completing the
proof of the first equation of Lemma 14 we use the $-smoothness assumption to
prove the second equation of Lemma 14.

“Note that the condition | (2, g;)| < 1 in Algorithm 7 indeed holds in this case since Z = W C B
and ||g¢||2 < L by the Lipschitzness condition.
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Using the L-Lipschitz assumption we proceed:

T
D R (wy) — £(w)]
t=1

T

E [0 (wy) — 6" (w)] + Y E 6" (u) — b(w)]
t=1

E

-
Il
—

E 6" (wi) — 6" (w)] + E[L[ve[| 55 |2]

WE

W
Il
—

E 6" (we) = 4" (w)] + E[0L|ve]

B

w
I
—

|
E

E[6;" (y) — £ ()] + E[0L]vi]
T

+ Y B[ (wr) — £ (1))

t=1

-
I

E

< STE[G () — " (w)] + 2B LI

~~
Il

1
Now, by using the L-Lipschitz assumption once more we find that

T
Y EG (1 - a)u) — ' (w)] < allul,TL
t=1
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By using equation (4.8.2), the convexity of /;*, and Lemma 13 we continue with:
T
D E[l(wy) — f(uw)]
t=1

E[(ty — (1 — a)u, )] + 2E[SL|ui]] + al|uloTL

o) ] o2 -]

T
+ ) 2E[0Lve|] + af|ull.TL
t=1

Soefion -4 ()] -

2T5Lu + o||ul|2TL
T

N

W
Il
—_

I
B

t=1

where /;(v) = v(zy, §;) + 26L|v]| as defined in Algorithm 8, & = ﬁ(l — a)u,
and r > 0 is such that 7+ € Z.

Tl

Finally, by using the convexity of /;, plugging in the guarantee of Ay, and using
Theorem 18 we conclude the proof of the first equation of Lemma 14:

T
|l ull\ .7
<2T6L— +E — ) or
, + t_zl V¢ , 8,5(%5)
lull - [
+ " E Z(zt—ﬁ,gt> + af|u||:TL
t=1

2| dL
<1opspl el g (‘“”) 4 24 7 L,
T T T T

Next, we continue from equation (4.8.1) under the smoothness condition. Using
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the definition of smoothness we find

T
D R (wy) — £(w)]
t=1

T

E [0 (wy) — 6" (w)] + Y E 6" (u) — b(w)]
t=1

E

.
Il
—

W

E [0 (we) — £ (w)] + E [36]ve[*]|054]13]

W
Il
—_

I
B

E [0} (wy) — 6 (w)] + E [35°|ve]*B]

W
Il
—

I
B

E [0 () — 6" (w)] + E [50%[v,[* 3]
1
T

+ Y R (wr) — £ (1))

t=1

T
< SB[ (@) - 6 (w)] + E [88°]]]
t=1

-+
I

Using equation (4.8.2), the convexity of £}*, and Lemma 13 we continue with:
T
> E[l(wr) — i(w)]
t=1

<D E[(@ — (1 - a)u, gy)] +E [86%u|*] + al|ul.TL

_ i]E [(vt - ”:f”) <Zt,§t>} +E [88%|vi|?]

t=1
2 )
+ 3 PR E (2 - ,90)] + allulTE
t=1
g (1l 2+2T:E Ty — 7, (1l
" t=1 o ! r
oy
+ 3 PE (2 - i go)] + allulTL
t=1

where £;(v) = v(z,§;) + B6%v? as defined in Algorithm 8. Finally, by using
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the convexity of /;, plugging in the guarantee of Ay, and using Theorem 18 we
conclude the proof:

T
D E[l(w) — b(w)]
t=1

2
gTB(SQ( ) +E

jgj (Ut !htH) e )]

t=1

T
u ~ A
+ﬁﬂEb]%—wm

t=1

+ ajjul|2TL

2
2 L
<1 (WY bl fr (1) 2L
T T r rd
O

Theorem 18. Suppose that {,(0) = 0, that ¢; is L-Lipschitz for all t, and that
Z CB. Foru € (1 — a)Z, Online Gradient Descent on (1 — «) Z with learning

2 .
rate n = 4/ (dL(SW satisfies

T
E [Z<Zt — u,gt>] SQ%\/T
t=1

Proof. The proof essentially follows from the work of Zinkevich (2003); Flaxman

et al. (2005) and using the assumptions that ¢,(0) = 0 and that ¢, is L-Lipschitz.

We start by bounding the norm of the gradient estimate:

d
||gtH2— 51 (w)lllsell2
d
:vt—éwt(vt(zt + 5315)) — gt(0)| (483)
_dL|z+ sl _ dL( —a +9)

- ) - 1)

By using equation (4.8.3) and the regret bound of Online Gradient Descent
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(Zinkevich, 2003) we find that

S(end) - _min > (e <UD 4TS g
z — min z -
t, gt celimz ygt) = b B gtli2
t=1 t=1 t=1
2
S(lia)-l-ﬂ dL(1 —a+9) T
27 2 0
1 dL\?
<—+2n|(— ) T
Son " 77( 0 )
Plugging in np = % completes the proof. 0

4.8.1 Details of section 4.4.1

Proof of Theorem 15. First, since ¢;(0) = 0, ¢ is L-Lipschitz, and z; € (1 —
a)Z = (1 — a)B we have that

dL(1 — a+9) < 2dL

0 - 07
where the first inequality is the Cauchy-Schwarz inequality and the second is due
to equation (4.8.3). Since |00y (v)| < [z, G4)| + 20L < 4L = L, we can use
Lemma 14 to find

4.8.4)

(26, 90) < [lz¢]l2llgell2 < (1 = a)

E[Ro(w)] <1+ orsr el 1ul4dL /oy <||"||>

r r 0 T

2 dL
+ ”’:E VT + a|ulsTL.

Plugging in @ = 0 and 6 = min{1, \/&T‘i} completes the proof. O

Proof of Theorem 16. By equation (4.8.4) (2, g:)| < %. Since v; < 5% we have
that

dL+8 _ 28(dL+1)

_ 2dL
|02 (vy)] ST + 2|v| B0? < 2 5 S 5

If |ul|2 < 5% applying Lemma 14 with o = 0 gives us

T
D Elt(w) — by(u)]
~ (48.5)

dL +1 9 dL
< 14 70l + 2 D2 gy 1 2 T
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If [|ul|2 > 5% then using the Lipschitz assumption on ¢; and equation (4.8.5) with
u = 0 gives us

T T

> Rl (w) - ZE [0e(wt) — £4(0) + £:(0) — £;(w)]

=1 (4.8.6)
g 1+ ||lullLT

<1+ ||u|363LT,

where we used that [[ul[2 > 55. Adding equations (4.8.5) and (4.8.6) gives

ZEth) — ty(u)]
t=1
< 24 ||ul 368 LT + TB5 |u2 +2Huu(dL§”ﬁ TB(Jul) + Wﬁ

Setting & = min{1, (dL)"/3T—1/6} gives us

T
D B[l (w) — b(w)]
t=1
<242 (|lul3dLVT + |[ul*(dLT)**5)
+ 6wl (8v/B(ul) +1) ((L+ DVT + (dL)*? + (aL)~ /) 1)

O]

4.8.2 Details of section 4.4.2

Proof of Theorem 17. First, to see that z; + ds; € WV recall that by assumption
W C B. Since o = § we have that z; +ds; € (1—a)W+6S C(1=W+oW =
W. For any fixed u € W, let 1 = max ., ew ™ Note that by definition we

Tull €

have @ € [0,1] and HWH € W. By using equation (4.8.4) we can see that

0l (vy)| < dL + 26 L. By definition, l < c. This implies that the regret of Ay, is
y p g
9] (1 + H:f—”%f > Applying Lemma 14 with the parameters above we find

T
> Ell(wy) — £(w)]
t=1
dL 2 dL
71+2T5LH“” SdLful TB(Hu”) + ‘"! VT + alullsTL.
T T T
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Finally, setting 6 = min{1, v/dT~'/*} completes the proof:

T
S E[(w) — to(w)] <2+ (3wl LavT + 4w 2vVart ) (1 + v/B(ul))
t=1

+ ||u|[2d LT3/4.



