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CHAPTER

Measures for Random Systems

This chapter is based on: [KMI18§].

Abstract

For random systems T', that are expanding on average and given by piecewise affine
interval maps, we explicitly construct the density functions of absolutely continuous 7-
invariant measures. In case the random transformation uses only expanding maps our
procedure produces all invariant densities of the system. Examples include random
tent maps, random W -shaped maps, random [-transformations and random c-Liiroth
maps.



CHAPTER 3

3. Measures for Random Systems

§3.1 Motivation and context

The Perron-Frobenius operator has been used since the seminal paper [LY73] of Lasota
and Yorke to establish the existence of absolutely continuous invariant measures for
deterministic dynamical systems. Later on, the same approach was successfully used
in the setting of random systems. In this context, instead of a single map, a family of
transformarions is considered from which at each iteration one is selected according to
a probabilistic regime and applied. In [P84] Pelikan gave sufficient conditions under
which a random system with a finite number of piecewise C?-transformations on the
interval has absolutely continuous invariant measures, and he discussed the possible
number of ergodic components. Around the same time, a similar result was obtained
by Morita in [M85|, allowing for the possibility to choose from an infinite family of
maps. In recent years these results have been generalised in various ways, see for
example [B0O0, [GB03, BGO5, T12].

As shown in Chapter [2] finding an explicit formula for the density functions of
these absolutely continuous invariant measures is not simple. Unless in the scenario
of Markov maps, the Perron-Frobenius operator can only help if one can make an
educated guess. An explicit expression for the invariant density is therefore available
only for specific families of maps. In 1957 Rényi gave in |[R57] an expression for
the invariant density of the S-transformation x — Bz (mod 1) in case § = HT‘@,
the golden mean. Later Parry and Gel’fond gave a general formula for the invariant
density of the S-transformation in [P60L [G59]. In [DKI10] generalisations of the (-
transformation were considered. A more general set-up allowing different slopes was
proposed in [K90] by Kopf. He introduced for any piecewise affine, expanding interval
map, satisfying some minor restraints, a matrix M and associated each absolutely
continuous invariant measure of the system to a vector from the null space of M.
Twenty years later, Gora developed in [GO9| a similar procedure for deterministic
piecewise affine eventually expanding interval maps. Unless the map in question has
many onto branches, the matrix involved in the procedure from [G09] is of higher
dimension than the one used in [K90].

This chapter concerns finding explicit expressions for the invariant densities of
random systems. We consider any finite or countable family {7} : [0,1] — [0, 1]};e0
of piecewise affine maps that are expanding on average. The random system T is
given by choosing at each step one of these maps according to a probability vector
p = (pj)jea. We provide a procedure to construct explicit formulae for invariant
probability densities of T". This is the content of Theorem [3.4.1] The results from
Theorem cover those from [K14] and [S19] regarding the expression for the in-
variant density for random S-transformations. In case we assume that all maps 7T are
expanding, we obtain the stronger result that the procedure leading to Theorem |3.4.1
actually produces all absolutely continuous invariant measures of 1. We prove this in
Theorem

The chapter is outlined as follows. In the second section we specify our set-up and
introduce the necessary assumptions and notation. The third section is devoted to
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§3.2. Affine random interval systems

the definition of a matrix M and to the proof that the null space of M is non-trivial.
In the fourth section we prove Theorem [3.41] relating each non-trivial vector v from
the null space of M to the density h., of an absolutely continuous invariant measure of
the system T'. In the fifth section we prove Theorem [3.5.3|on when we get all invariant
densities. It is in this section that the extra difficulties that we had to overcome for
dealing with random systems instead of deterministic ones, are most visible. In the
sixth section we apply the results to some examples, that include random tent maps,
random W-shaped maps and random [-transformations. In the last section we apply
the results for the random c-Liiroth maps introduced in Chapter [2]

§3.2 Affine random interval systems

Let R: QY x [0,1] — QY x [0,1] be a pseudo-skew product as defined in Definition
with associated probability vector p = (p;);cn and piecewise affine maps {T; :
[0,1] = [0,1]}jeq- Let w2 : QN x [0,1] — [0,1] be the canonical projection on the
second component, i.e., me(w,z) = x and let T be the random system T = 73 o R,
such that

T(w,z) = T,, (z) with probability p,, .

We put some assumptions on the systems T" we consider.
(A1) Assume that the set of all the critical points of the maps T} is finite.

Call these critical points 0 = 29 < 21 < --- < zy = 1. The points z; together specify
a common partition {I;}1<;<n of subintervals of [0,1], such that all maps T are
monotone on each of the intervals I;. Hence, there exist k; j,d; ; € R such that the
maps T; ; := Tj|;, are given by

T; (1‘) = k‘@jl‘ + di,j.

(A2) Assume that T is expanding on average with respect to p, i.e., assume that there
is a constant 0 < p < 1, such that for all z € [0,1], >, ¢ % < p < 1. This is
equivalent to assuming that for each 1 <¢ < N,

;i
Z |k;»]»| sp<l
jeQ 1,7

Recall that a measure pp on [0,1] is an absolutely continuous stationary measure for
T and p if there is a density function h, such that for each Borel set B C [0, 1] we
have

pip(B) = / hdX =" pjup(T; ' B), (3.1)

B JEQ

where A denotes the one-dimensional Lebesgue measure. Under these conditions the
random system 7T satisfies the conditions (a) and (b) from [I12], which studies the
existence of invariant densities h satisfying the random Perron-Frobenius equation

Prh = p;Prh. (3.2)
JEQ
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CHAPTER 3

3. Measures for Random Systems

for Pr; the Perron-Frobenius operator defined in The operator Pr is linear and
positive. We call an L'()\)-function h T-invariant for the random system T if it is a
fixed point of Pr, i.e., if it satisfies Prh = h Lebesgue almost everywhere. A density
function A is the density of an absolutely continuous stationary measure pp, satisfying
if and only if it is a fixed point of Pr. From [[12] Theorem 5.2| it follows that a
stationary measure pp of the form , and hence a T-invariant function h, exists.
Inoue obtained this result by showing that the operator Pr, applied to functions of
bounded variation, satisfies a Lasota-Yorke type inequality. From the famous Ionescu-
Tulcea and Marinescu Theorem one can then deduce much more than mere existence
of an absolutely continuous invariant measure, it says that Pr as an operator on the
space of functions of bounded variation is quasi-compact. The specific implications
of the quasi-compactness of Pr that we use in this paper are the following. The
eigenvalue 1 of Pr has a finite dimensional eigenspace. In other words, the subspace
of LY(\) of T-invariant functions is a finite-dimensional sublattice of the space of
functions of bounded variation. As such, it has a finite base H = {v1,...,v.} of
T-invariant density functions of bounded variation, each corresponding to an ergodic
measure, so that any other T-invariant L'(\)-function h can be written as a linear
combination of the v;: h = Z:Zl c;v; for some constants ¢; € R. Furthermore, if we
set U; := {z : v;(x) > 0} for the support of the function v;, then each U; is forward
invariant under T in the sense that

A(UiA U Tj(Ui)) =0, (3.3)

where A denotes the symmetric difference. Also, the sets U; are mutually disjoint and
none of the sets U; can properly contain another forward invariant set. We will use
these properties in the proofs from Section An account of these implications on
the operator Pr can be found in [P84] [M85] I12], for example. For more information,
we also refer to standard textbooks like [BG97] and [LM94].

In this article we find T-invariant functions h : [0,1] — R by linking them to
the vectors from the null space of a matrix M. To guarantee that this null space is
non-trivial, we need to assume that not all the lines z — k; ;o +d;;, 1 <7 < N,
with respective weights p;, have a common intersection point with the diagonal. More
precisely, consider for each interval I; the weighted intersection point with the diagonal

T d; ;
xzzpj(k- - _JTJ)
jeQ g Mg

Our third assumption states that for each i there is an n, such that these points do
not coincide.

(A3) Assume that for each 1 <4 < N, there is an 1 <n < N, such that
Pj Pj
Yiearsdii | Yjea w5

— D; — D *
1=Ycans 1 2Xjecars

Note that if di,j < 0, then kiﬂ' > —di,j and if di,j > 1, then k‘,’J’ <1- diJ‘. Hence, in
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§3.2. Affine random interval systems

all cases |d; ;| < |k; ;| + 1 and by (A2),
Z dis
AL ,g|

So, the quantities in (A3) are all finite. Our last assumption is on the orbits of the
points 0 and 1.

<1l+4p. (3.4)

(A4) For each j, assume that

0, if kl’j > 0, 1-—- kN,j, if kN’j > 0,
dij=14, and dyj = -
1, if li <0, - k;N,ja if kNJ <0.

In other words, the points 0 and 1 are mapped to 0 or 1 under all maps 7j,
making the system continuous at the origin, when we consider it as acting on the
circle R/Z with the points 0 and 1 identified. Since we can deal with finitely many
discontinuities, there is no actual need for these last assumptions, but they make
computations easier. Any system not satisfying it can be extended to a system that
does satisfy this condition and for which no absolutely continuous invariant measure
puts weight on the added pieces. See Figure [3.I] for an illustration and see Section
for a concrete example, given by the random («, 8)-transformation.

L I, Is I, Iy Ig

b1,3

by,2 4
0 Z1 22 23 2425 1 0 1

Figure 3.1: On the left is an arbitrary map T satisfying the above conditions. On the right
we see a random map T in the white box that does not satisfy (A4). By adding the branches
in the grey part and rescaling, we obtain a system that does satisfy these conditions. Note
that any point in the grey part (except for 0 and 1) moves to the white part after a finite
number of iterations and stays there. Hence, any invariant density will equal 0 on the grey
part.

Finally, we include an assumption stating that the weighted inverse derivative
cannot be 0 anywhere.

(A5) Assume that for any z € [0, 1], the weighted inverse derivative satisfies 37, T,( )
0. This is equivalent to assuming that for each 1 <1i < N,

> A0

Jen i

73
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CHAPTER 3

3. Measures for Random Systems

Conditions (A3) and (A5) are sufficient to get our main results, but probably not
necessary. Note that (A5) is automatically fulfilled for any deterministic Lasota-Yorke
map (and in particular for any deterministic piecewise linear map) and also for any
random system for which on each interval I; the derivatives of all maps T have the
same sign. The last section contains an example that does not satisfy (A5) for a
specific choice of p. We will see that the procedure which leads to our main results
still gives all invariant densities in that case. Moreover, if (A5) is not satisfied for
some probability vector p, then changing p slightly already lifts this restriction.

§3.3 The matrix equation

An invariant measure reflects the dynamics of a system. For the maps T}, j € 1, the
dynamics is determined by the orbits of the critical points, which are the endpoints
of the lines x — k; ;o +d;;, 1 < i < N. We start this section by defining some
quantities that keep track of their orbits.

Let 2* be the set of all finite strings of elements from 2 together with the empty
string €. For ¢t > 0, let 2 C Q* denote the subset of those strings that have length ¢.
So in particular, QY = {e}. Let |w| denote the length of the string w. For any string
w € O with |w| > t, we let w! denote the starting block of length ¢. For two strings
w, w' € QO* we simply write ww’ for their concatenation. Each element w € QF defines
a possible start of an orbit of a point in [0, 1] by composition of maps: for = € [0, 1]
and w = w1 - - wy € QF, define

Ty(x) =Ty, 0Ty, 00Ty (z)

and set T;(z) = x. For w € Q, set 7,(y,0) = 1 and for 1 < ¢ < |w|, set
Puw,

)
ki,wt

Tw(y,t) == if Twi—l(y) €.

Define ,
5w(y7t) = H Tw(yan)' (35)
n=0

Then d,,(y,?) is the weighted slope of the map T;,: at the point y. Note that 7, (y,?)
and d,,(y,t) only depend on the block w! and not on what comes after. Moreover, for
a concatenation wj, given by any block w with |w| =t — 1 and any j € €, it holds
that 7.,;(y,t) = 7;(Tw(y), 1) and 6,,;(y, t) = 7w; (¥, t)0w(y,t — 1). By assumption (A2)
we have that for any y € [0, 1],

DIDIEXIMIESED SIS DI S N AT RIEA)]
t>0 weNt t>1 weNt—-1jeQ
) (3.6)
<S1+) 0 D0 ulyt=Dlp < —.
t>1 weNt—1 -r

Let 14 denote the characteristic function of the set A and set

KLo(y) ==Y > 6oy, )11, (T () for1<n<N.

t>1 wet
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§3.3. The matrix equation

KI,,(y) keeps track of all the number of visits of the random orbit of y to the interval
I,, and adds the corresponding weighted slopes. For 1 <i < N—1,set A; := [1U...UI;
and B; := I;;1 U...U Iy. We define

=573 Gy, )14, (Tuw)),

t>0 weNt (3 7)

— Z Z 0u(y, )1, (Tw(y))-

t>0 weNt

By (3.6) |KI,|, |KA;| and |KB,| are finite for all y € [0,1]. For each 1 <n < N, let
S, be the average inverse of the slope:
=2 s

jeQ n»]

which is non-zero by (A5), so that S, ! is well defined. The next two lemmata give
some identities that we will use later.

3.3.1 Lemma. Foreachy € [0,1] and1 <i< N —1 we have
i N
Y= 5'KL(y) and  KBi(y)= ) 5, Kl(y)
n=1 n=4i+1

Proof. For any 1 < n < N we have

33 b ) = Y () (3 )bt 01 ()
JEQ

t>0 we? >0 weQt  FEQ mJ
=3 DS Tt 1)y, )1, (Tu ()
t>0 wet jeQ
=S Y Guy,t+ D1y, (Tue () = S, Kl (y).
t>0 weQt+!

(3.8)

Putting this in the definition of KA;(y) from (3.7) gives the first part of the lemma.
Using (3.8)), we also get that

KA;(y) + KBi(y) = > > duly.t Zs KI,, ( (3.9)

>0 went
The result for KB; follows. (|
Define
K,:=8;'-1 and D, :=S;"! ( Z wdn,j>a
jesq ™
So that

Dj )

D, Zjeﬂ Fn.j dnj
_ pj *

Kn 1 Z]GQ kn,j

(0]

€ YALIVH)



CHAPTER 3

3. Measures for Random Systems

Assumption ( 3) now implies that for each 1 < i < N, there is an 1 <n < N, such
that I[é " . We have the following properties for K, and D,,.

i

3.3.2 Lemma. Lety € [0,1]. Then

N N
> KnKI(y) =1 and ) D, KI,(y) =
n=1 n=1

Proof. For the first part, note that by (3.9) we have
N
YOS KL(y) =1+ > dulyt —1+ZKI (3.10)
n=1 t>1 wet

For the second part, let 1 < ¢ < N be such that y € I;. Then for j € Q we get
T (y) = ki,jy + di,j, and thus

Yz Yz
v=3 (T~ diy).
'La]

JEQ 2,7

For t > 1 and w € Q* with |w| > ¢, set

0, (y,t) == fkpwt dn o if T,e-1(y) € In. (3.11)
Then
y=_ 7y, DTu(y) + 0u(y, 1). (3.12)
wEeN

Since 7;(T,,(y), 1) = 7w, (y,2) and 6,(T,(y),1) = 0.,;(y, 2), we obtain for w €  that

= > 7 (1, 2) T () + 0 (0, 2). (3.13)

JEQ

Repeated application of (3.13)) in (3.12), together with the definition of ¢,, from (3.5),
yields after n steps,

n+1
y—ZZ& (y,t —1)0 Z Oy, + 1)1, (y).
t=1 weOt weQntt
From (3.6 we obtain that nlgr;o %:H |60 (y,n+ 1T, ‘ = 0. Hence, by (A2), (3.4)
weldn
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§3.3. The matrix equation

and ,
y=>_ > Gu(y,t)0u(y,t+1) (3.14)

t>0 weNt+l

S ) 9D SLRSIRCII O wpory

n=1t>0 wet JEQ ’

:_is;(ka{ y ,7)2 5 a0 X 2 )1 ()

JEQ t>0 went JEQ
- ZD SN 0t (D syt + D) 11, (Tlw)
t>0 wet JEQ

:_ZD”Z ST Gy, t+ 1)1, ( ZD KI,(y (3.15)

>0 weQtt!

O

For the invariant densities, we need to keep track of the orbits of the limits from
the left and from the right of each partition point. Set, for 1 <i< N —1 and j € ,

ai,j = km-zi —+ dz’,j = :lclTI? Tj(I), and bi,j = ki+17jZ¢ —+ di+1,j = ililil 7}(‘%)

See also Figure [3.1]
3.3.3 Definition. The N x (N — 1)-matrix M = (u, ;) given by

S| B K - 2| =,
o Lkig o ki kit1,j
[ p; pj bj ;
- KI,(a;;) — —— — KIn(bZ-,-)], forn=1i+1,
Honsi ]26; L i T ki ki ’
Z ]fj Kln(ai,j) — ) ) KIn(bZ7J):|, else,
jeq LMVii i+1,5

is called the fundamental matriz of the random piecewise affine system 7.

Note that assumption (A2) together with the fact that |KI,(y)| < oo for all
y € [0,1] implies that all entries of M are finite. In the next section we associate
invariant functions h. to vectors v € RY-1 in the null space of M. Here we prove
that the null space of M is non-trivial.

3.3.4 Lemma. The system M~y = 0 admits at least one non-trivial solution.

Proof. Since M has dimension N x (N — 1), by the Rouché-Capelli Theorem the
associated homogeneous system admits a non-trivial solution if and only if the rank
of M is at most N — 2. Below we will give non-trivial linear dependence relations

7
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CHAPTER 3
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between all combinations of NV — 1 out of N rows. It follows that any minor of order
N —1 of M is zero and thus that the rank of M is at most N — 2. We first show that
forevery 1 <i < N —1,

N N
Z Kppin,: =0 and Z Dypin,i = 0.

Indeed by Lemma [3.3.2
N
ZKn,U*n,i =
n=1

K;

é% ZK KT, (a;) — ZK KI,(

e .
jeq kij kit [N R kiv1,j £
= 51(57,_1 - 1) - Si-l—l(S;Ll ) + Sl - Si-i—l =0.

On the other hand,

N
ZDn,LLn,Z -
n=1

_ Z [pj D; — D. Pj Z D, KI,,(a; ;) — Z D, KI,( ]
jeQ Fitj U R Fivis
1 D; - Pj Dj
=> <5 St i — 5i+152+1k dijrj = 1700+ kjbm) =0.
poere i+1,5 i, i+1,5

Consequently, for every 1 <[ < N and every 1 <i < N — 1,

N

> (DK, — Dy i = 0.
n=1,n#l

By assumption (A3) this gives non-trivial linear dependence relations between all
combinations of N — 1 out of N rows, giving the result. 0
3.3.5 Remark. Note that if S, = 0 for some 1 < n < N, then the quantities K,
and D,, are not well defined. In this case fi,,; = desz T KI (@i ;) — ki—fu KI,,(b; 5)
for each 1 < i < N — 1 and by the definition of KI, we can write for any y € [0, 1]

that
=2 2 DAt - Dl (T W)

t>1 weQt—15eQ

=D D dulyt—11y, (Tw;ﬂ(y))sn =0.
t>1 weQt—1
Hence, p,,,; = 0 for each i. From this, it is clear that if S, = 0 for at least two indices
n, then a non-trivial vector «y such that M~ = 0 still exists. If there is a unique £ with
S¢ = 0, then to obtain a non-trivial solution one still needs to find suitable constants
¢, such that 25:1,71# Cnfin,i = 0 for each 1.
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§3.3. The matrix equation

Any vector « from the null space of M satisfies the following orthogonal relations,
linking ~ to the functions KA; and KB;.

3.3.6 Lemma. For alll <i< N —1 we have the following orthogonal relations:

N—
Vi + Z Tm Z kpij KA;(am,j) — k pjl KA;(bm,;)| = 0;
m+1,j

jeq Lhmd -
and
N—1 o -
— m ! KBj(am. ;) — KB;(bm,j)| =0.
Z Y Z .y (am,;) Koms1.s (bm.5)
m=1 JEQ ~ »J »J -
N—1
Proof. If ~ is a solution of the system M-~ = 0, then Z Ymbn,m = 0 for all n.
m=1
Lemma [3:3.1] gives for n = 1,
N—1
0= Sfl Z TYmM1,m
m=1
=5 pﬂs Pl K1y (am,) — 22— K1y (b
=01 N Z + ZPYmZ k. l(am,j) L - 1( m,j)
]GQ L.j jeq NI m1,j
Dj
=M+ Z Y (mJ KA1 (am,;) — Tt KAl(bm,j))-

JjeEQ

For 2 <n < N — 1 we obtain similarly

N-—-1
0="5">" Ymbnm= S, Z%Z(

i
KI (am,j) — L J Kln(bm,]))

m=1 jen mj m+1,5
p bj
(%zﬂ e )
169 i 369
m=1 Jjen k"hj m+1,j

(3.16)

Then summing over all 1 <n < and using (3.16]) and Lemma gives

% N-1
0= Z S»;l Z Ym Hn,m
n=1 m=

— m—1 jen m,] m+1,5
D
=7+ E Vm > ( KAi(am,;) — KAz‘(bm,j))
m,j km—&-Lj

JjEQ
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This gives the relations for KA;.
N—1 N-1 N
From Z Ymbin,m = 0 for all n it also follows that Z Ym Z tn,m = 0. From

m=1 m=1 n=1

this we obtain that

N

3o (14 M 0] = 30 3 2 (14 X 1))
m=1  jeQ K, j m=1  jeQ Fm-+1,5 n=1

Then (3.10)) from the proof of Lemma gives that

Z%Z C8 DLTRURINRESD Dt pee

m=1 jEQ k. j n=1 m=1 jeQ

ZS KL, (b ;)-

k’m—i—l,_; n—1

Hence, by Lemma [3.3.1] we get for each i that

Z%Z

(KAi(am,;) + KBi(am,;)) =

JER Fom.j
N-—1
=> v (KA (bm,;) + KBi(bm.;))-
m=1 m+1,j
This gives the orthogonal relations for KB;. O

In the proofs of our main results we only use the second part of Lemma [3.3.6]
i.e., the orthogonal relations for KB;, but since we obtain the orthogonal relations for
KA; and KB; more or less simultaneously, we have listed them both.

§3.4 An explicit formula for invariant measures

We now state our main result. For y € [0, 1], define the L'(\)-function L, : [0,1] — R

by
2) =3 Su(y, 1, ) (). (3.17)

t>0 weNt

3.4.1 Theorem. Let T be a random piecewise affine system on the unit interval
[0,1] that satisfies the assumptions (A1) to (A5) from Section[3.3 Let M be the cor-
responding fundamental matriz and let v = (y1,...,7nv-1)7 be a non-trivial solution
of the system M~ = 0. For each 1 <m < N — 1, define the function h,, : [0,1] - R

by
hm(x) = Z |:kp£Lam,z (l‘) -

cQ m, km+1 l

Then a T-invariant function is given by

L, (a >] (3.18)

N-1
hy  [0,1] 5 Rz = Y Yihun (@), (3.19)

m=1

and hy # 0.
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§3.4. An explicit formula for invariant measures

To show that Prh, = h, M-a.e. we have to determine for each « € [0, 1] and each
branch T; ;, whether or not x has an inverse image in the branch T; ;. Let

IE*dij

>

ki

Tij o=

be the inverse of z under the map T;; : R — R. By the definitions in (3.18) and
(13.19), we have to show that

hy (@) = ZZ |ZZJ |h ij) 11, (wi5)

jEQ i=1
N

N-1
= 23 ) X m
m=1

jEQ i=1 |k gy

Pe
Z ( La,, . (%i;) — me,e(xi,j))

req \mit Fom1,0
(3.20)

The parts for L,,, , and Ly, , behave similarly. That is why we first study

for general y € [0, 1] through several lemmas. We introduce some notation to manage
the long expressions. For 1 <: < N — 1, let

T Lo hig) = aig) 0y 5 Pi(— (=00 (hir1,5) +bij)

k. -
JEQ 7 jen

U
kit1,

For y € [0,1] let 1 <n < N be the index such that y € I,, and set

=2 (Z L% |kiij|1<oo70)(kn,j)>- (3.21)

JEQ

3.4.2 Lemma. Lety € [0,1]. Then

N—-1
=Y byt — > (i + ¢:) KBi(y).
=1

t>0 wet
Proof. Let y € [0, 1] be given and recall the definition of ,,(z, t) from (3.11). If y € I,,,
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then

C )= S O+ 60)1m(v)

=1
D;
- Z |k . ‘|1(—0070)( n.)
JjEQ n,J
n—1
SR (2 nemt) ) el tho)
JEQ i=1 ‘ ivj| ki,j ki+17j
by Dy
- - 71)"7 ] 1. .| 1 ) k 7 z .
= ( kn,] 1,5 + |k17]| klj (O )( 1] al,j + Z ]{j a N 1;.7))
D
=D ey = 0;(y,0),
cq je

where we have used the assumptions from (A4) in the second to last step. So, for any
t>0and w € QF, we get that

N-1
Z 7 + ¢z 1B Z 9w] y,t+ 1 (3~22)
=1 JEQ
where wj denotes the concatenation of w with 7 € Q. Recall from the first line of
(B1d) that
Y= 0y t)) Oy t+1).
t>0 weN? JEQ
Combining this with (3.22)) and the definition of KB, from (3.7 then gives the result.
O

For each 1 <4 < N — 1, define the functions F;, F; : [0,1] — R by

v,
Ei(z) =) FJ, (— Lo, ;,1)(2)1(0,00) (ki j) + 1[0,a1,j)(x)1(—oo,0)(’%,j))»
JjEQ

D
Fi(x):=Y kile . ( Li0.6, ;) (@)L (0,00) (Kit1,5) + 1, ;1) (@ )1(—00,0)(ki+1,j)>7
JEQ :

and let En, Fp : [0,1] — R be the zero functions. Then for each 2 < ¢ < N — 1, we
have that for Lebesgue almost every x € [0, 1],

Ei(x)+ Fi_1(z Z

jEQ | 7.]|

11 ILJ) 1)7

where we have used (A4) for ¢ = 1, N. In fact, equality holds for all but countably
many points.
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3.4.3 Lemma. Fory € [0,1] we have that for Lebesgue almost every x € [0,1],

> |;fj,| 1, (zi5)Ly(2ij) =
JEQ i=1 Y
N—1
= ) _(Ei(z) +ni + Fi(z) + ) KBi(y) +y + Ly(z) — Lo, (2).
=1
Proof. For y € [0,1], let 1 < n < N be the index such that y € I,. By Fubini’s
Theorem, we get
N v N
I HICHLIENES SPILTT) I -y IR EITIEN}
jeQi=1 """ t>0 weNt i=1 Q
(3.23)
For Lebesgue almost every z € [0, 1] it holds that
Z‘ 1( ooO) nj +Z 1[0T y)) )+Fn—1(x)
JEQ n’J jeQ
=3 (|k |1( 0,0) (Fni)(1 =101, (p)) () = L, _, ;17 ())
JEQ n.J

71 10,00) (ki) (Ljo,15.(9)) () = 10,6, 5) (2)
Ikn 1

o 1
jeq "I
(3.24)

0,y)(Tn.j)-

Since y € I,, we have for Lebesgue almost every z € [0, 1] that

ZZ

i=1 jeQ

N-1

| 11 wld) 1)+Fn—1<x)'
7]

i=1

Combining this with (3.24) and the definition of C(y) from (3.21) we obtain that for
each y € [0, 1], there is a set of z € [0, 1] of full Lebesgue measure, for which

N
Z ks |1I no.y) (Zi5)
jeq i=1 I"hi
_ZZ|kJ 1[ Li,j +Z|k |1( 000)( n,j +ZT1[OT(?J))( )""_anl(l')
]EQZ 1 ]EQ 7] jGQ n,j

N-1
= (Ei(z) + Fi(2)1p,(y) + Cy) + > 75y 1) 1joz, () (2)-

JeQ
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Hence, by (3.23) we also have that for Lebesgue almost every z € [0, 1],

N N-—1
>N pjv Ly, (@) Ly (i5) = (Ei(z) + Fi(x)) > > 6y, )15, (Tu(y))
jEQ i=1 |km| i=1 t>0 weN?
+D 0D 0w C(Tu() + D > 6wy, Do m, () (@)
120 went >1 went

The statement now follows from the definition of KB; from (3.7) and Lemma m
O

Proof of Theorem[3.].1 First note that for all 1 <7< N —1 and all z € [0, 1],

Ei(x)+mn = Z lfj <1[0)ai71)(x) — am')

jeq I

and

FZ(QT) + ¢z = Z P ( — 1[07bi’]‘)(m) + bi,j) .

o5 ki
Together they give that

De De
5 (2 Lo o) + o) = 2 (o ) 450

cQ m, 4 km+1a

Using this together with Lemma and Fubini’s Theorem, we get by (3.20) that
for Lebesgue almost every z € [0, 1],

N—-1 N—-1
= e Y (Ei(@) +mi+ Fi(@) + i) Y (m KB (am,) — —¢ KBZ-(bM))
m i=1 eQ kml m+1,0

- 'Ym(Em($)+77m+Fm(33)+¢7n)+h'y(x)-

From the second part of Lemma we can deduce by multiplying with E;(x)+n; +
F;(z) + ¢; and summing over all i that

(Ei(z) +ni + Fi(x) + ¢i)vi

N-1
= i\L i i\&L i TYm T i\Am,j) — iOm,j) |-
(Bi(@) 4+ Fi(w) + 1) 5 KBi(an) — 72— KBi(by)
i=1 m=1 jeq \md m+1,5

Hence, we have obtained that h., is a T-invariant function in L'()).
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It remains to show that h, # 0. Recall from Section that any 7T-invariant
L*(\)-function is of bounded variation. So, at any point y € [0, 1] the limits lim, - ()
and limg,, h,(z) exist. Consider 1 < ¢ < N — 1 and assume z; € I;. Then for all
y € 10,1], by and , we obtain by the Dominated Convergence Theorem,

lim L, ( Z Z 0w (y, t hmlOT ) (T Z Z 00 (y,t)1p,(T,(y)) = KB(y).

Tz
e t>0 weQt t>0 weQt

From this, Lemma and the Dominated Convergence Theorem again we then get

N—
pj pj
lim A ( lim L, .(z)— Ly (x
Tlzp Z zize|: m.j m’]( ) m+1,5 bm"]( )]
~ (3.25)
= Z TYm Z |: KBZ am,g) KBg(bm’j):|
m=1 cQ m+1,j
= Ye-

If, on the other hand, z; € I;y1, then we obtain similarly that lim,q,, Ly(2) = KBg(y)
and thus that limgq,, hy(2) = v,. Hence, h, = 0 implies v = 0. This proves the
theorem. 0

3.4.4 Remark. Theorem assigns to each solution v of M~y = 0 a T-invariant
LY(X\)-function hy # 0. If v # 0, then from h, we can get invariant densities for
T as follows. If h, is positive or negative, then we can scale h, to an invariant
density function. If not, then we can write h, = h* — h~ for two positive functions
h*:[0,1] = [0,00) and k™ : [0,1] — [0,00) and by the linearity and the positivity of
Pr it follows that

At —h™ = h’Y = PThA/ = PTh+ — Prh™.
Hence, h™ and A~ can both be normalised to obtain invariant densities for 7.

3.4.5 Remark. In order to compute h., one needs to compute the fundamental
matrix M and a vector v first. Lemma [3.3.4] implies that when N is small, the
computation of «y is straightforward. Indeed, for N = 2, M is the null-vector, and
we can take v = 1. This is illustrated by the example of the random tent maps
from Section For N = 3, it is enough to compute only one row of M and take
v = (f,ui,z ui,l) We see an illustration of this fact in Sections [3 and |3 on
random [-transformations. For larger N, the computation of M can stlll be snnphﬁed
by using the relations from Lemma @

To end this section we give a small example to show that condition (A5) is not
necessary for Theorem to hold. Consider the random system with Q = {0,1},
To(z) = 2z (mod 1) the doubling map, Ti(z) = 1 — Ty(z) and pg = p1 = 3. Then
N = 2 and for both n = 1,2 we have S, 7.%_%_7_0 Hence M = (O O)T
and any v = 71 € R\ {0} is a non-trivial solution to M~ = 0. Since all critical points
of Ty and T7 are mapped to 0 or 1, the function h; from will be of the form
¢ - 1jo,1) for some ¢ # 0 and the function h, = 1 - 1jg 1) is indeed invariant for T'.
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§3.5 All invariant measures

The aim of this section is twofold. Firstly, we prove that the way T is defined on the
partition points z, does not influence the final result. In other words, the set of invari-
ant functions we obtain from Theorem [3.4.1]if z, € I, is equal to the set of invariant
functions we obtain if we choose z; € Ip11. This is the content of Proposition
The amount of work it takes to compute the matrix M and the invariant functions A,
depend on whether z, € I or 2z, € Iy4;. Proposition tells us that we are free to
choose the most convenient option. We shall see several examples below. Next we will
use Proposition to prove that, under the additional assumption that all maps Tj
are expanding, Theorem |3.4.1] actually produces all absolutely continuous invariant
measures of 7. We do this by proving in Theorem that the map v — h, is a
bijection between the null space of M and the subspace of L*(\) of all T-invariant
functions.

3.5.1 Proposition. Let T be a random system with partition {I;}1<;<n and cor-

responding partition points zg,...,zy. Let {ji}lgigN be another partition of [0, 1]
given by 2, ...,2zn and differing from {I;}1<;<n only on one or more of the points
21,...,2N-1- Let T be the corresponding random system, i.e., T'(z) = T(z) for all

x#£ 2z, 1 <i<N-—1. Let M be the fundamental matrix of 7. There is a 1-to-1
correspondence between the solutions v of M~ = 0 and the solutions 4 of M4 = 0.
Moreover, the functions k. and hs coincide.

Proof. First assume that there is only one point 2z, on which {I;}1<;<n and {fi}lgigN
differ. We show that any column of M is a linear combination of columns of M. More
precisely, we show that the i-th column of M is a linear combination of the i-th and
the ¢-th column of M. Assume without loss of generality that z, € I, and therefore
z € j£+1. This implies that T;(z¢) = as ;, whereas Tj(Z[) = by ;. This difference
is reflected in the values of the quantities KI, (a; ) and KI, (b; ;) appearing in the
matrix M in case a; s or b; s enters z, under some iteration of 7. We will describe
these changes, but first we define some quantities.

For any y € {a;;, bi; : 1 <i< N -1, 5 € Q} let Q, C Q* be the collection of
paths that lead y to z, i.e., w € Q, if and only if there is a 0 < ¢ < |w|, such that
Tyt (y) = 20 Let

Q) ={weQIneQ, : w=ni, Tu(y) = 2z and T (y) # 2 for s < t}.

Then QZ is the collection of words of length ¢ that lead y to 2z, via a path that does not
lead y to z¢ before time t. We are interested in the difference between the quantities
KT, (y) and KI,,(y) and we let C¥ denote the part that they have in common, i.e., set

Cy=> " > Syt (T ()

t>1 weNtUN\Q,
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Then for n # ¢, we get

=CU+D D> Sy, )y (zeu)l 1, (Tu=1(22))

t>0 wGQt u>1neQw

=V Y DD huly )0y (ar w) Ly, (T (ay))

120 weQf u>1 neQv jeQ g

—Cy+ZZ§ y, Zk KI am

t>0 wEQt JEQ

and similarly, for n = ¢ we obtain

Kl(y) =C{ + > > du(y,t Z ( + Kly(ar,;))-

t>0 wen, ]eQ

If we set Q(y) = > =0 2 wear w(¥y,t) as the constant that keeps track of all the paths
= Y
that lead y to z, for the first time, then we can write

KL,(y) = C4+ Q(y) > % KI,,(ay,), for n # ¢,
jeq I

KL(y) = CY + Q) > - b (1 Klear,))

JEQ

(3.26)

On the other hand, for KI,,(y) we get

KL (y) = CY + Q(y) Z P~ K, (be ), for n # €+ 1,
- J
o (3.27)

A p A
Klpy1(y) = £+1 +Q(y) E L ’ ] (1+ KIHI(b&j))-
jen L+1,5

If by ; does not return to z¢, then K1, (b ;) = K, (b ;). Set

B:={jeQ: 0, #0}

Then
KL, (y) = C% + Q1) Y 2= KLu(bey) + Q) Y 2— Kla(bey), for n# £+1,
jZB L+1,j jeB L+1,j
Kl (y) =
=C{,+QW)Y (14 Kepa(bey)) + Qy) Y -(1+ K1 (be )
iéB 0+1,5 jeB 0+1,5

To determine the difference between KI,,(y) and Kin(y)7 we would like an expression
of KI,(be,;) in terms of KI,, (b, ;) for j € B. Fix n # £+ 1 for a moment and set for
each j € B,

A= 4 Qo) Y DL KT, (be.).
igB Z+11
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Then we can find expressions of Kin(bz’j) in terms of the values KI,,(by;) by solving
the following system of linear equations:

Kl (bey) = A5 + Qb)) Y+ P Ki,(bei), je€ B
icB ZJrlz

A solution is easily computed through Cramer’s method, which gives for j € B

Aj<1— > Qlbew) P >+Q(bl,j) > Pu_ A,

ket w kot
Ki, (b ;) = ueB\{j} o weB\j} D (3.28)
N 1— Z Q(bé,z)kpl .
i€B L

Set

Below we will use B;l. If |Q(be ;)| < 1, then
\ZQbM Z|Qbe]||k Z

so in this case By # 0 and B, ' is well defined. We now show that |Q(b. ;)| < 1.

If by = z, then Qf, = 0 for any ¢ > 1, and so Q(be;) = 1. If by; # z, then

Qbej) =25 Zwegt 0w (be j,t). By the expanding on average property (A2), for
¢

<p<l,

|ke+1u| -

annyI,anytZOandanyo.)eQN7

ya | > Z |5 ya T] | - Z |5w] yvt+ 1)| (329)

JEQ JEQ

Note that by the definition of Q(b,,;) the union

U U kica® (3.30)

t>1 wEQge’j

is a disjoint union of cylinder sets. Hence, by repeated application of (3.29)) we obtain
for each n > 1 that

1= 1[8c(bes, ) > Y 16, (bes DI = D 16, (bes DI+ D 18, (be s, 1)

i1€Q BISUY 1€Qg ;
> Z |521 (bf,j7 1)‘ + Z Z |§i1i2 (bzﬁj72)
ileﬂbz,j i1€Q§€‘j i€

2
= Z Z ng, Z |5w(b€,j72)|
t=1 Qi

we(QbZ,j UQ%[ ; )e

Z Z o (bej, ) S oulbeg )l
=lweqy

“’e(U?’:lQiz,j )e

\/
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Since this holds for each n, we get |Q(bs;)| <1 and By # 0.
For 4 g B it holds that KI,,(be;) = C’b[ ‘. Then by the definition of By, we get

abey) =By P -

jeBkEJrl] jEB €+1j
Dy be ;i Di bes
-y P (cn“ +Qlbr, )
Z keya,j Qbes) Z Kot
iZB
N P pi e, (38D
= B/ Z ——Cp' + B (1= By) Y ——Cn"
ey ko1 o ket
= B} 12 P bz]_z Di sz,i_
v key1j T key1

We obtain similar expressions for n = ¢+ 1. Foreach 1 <7< N — 1, let

Z(;?Q aij) 7Q(bm‘)>-

jeQ z+1]

We show that for each 1 <n < N and 1 <i < N — 1 we have

ﬂn,i = Hn,i — QiBz_llJn,b
i.e., the i-th column of M is a linear combination of the i-th and the ¢-th column of
M. We give the proof only for n ¢ {¢,¢+ 1,4,i 4+ 1}, since the other cases are very
similar. To prove this, we first rewrite p,, ; — QZB[1 tin,e. Therefore, note that

Z o Ky (ar,) (Z B Kl (ar,) Zm Qb)) S - Kl (ar,))

1€Q

Z pﬂ KI (ar;)(1 — By By) = 0.

]EQ
Then we obtain from the definition of M, (3.26) and the above equation that
_ Pi ~a: s b
n,g iBln = (7‘]01’]_ 07]) i KI
nii = @iy gim.e Z kij " kz+1j +sz (az,5)
jea b
Pj Dy
12 el KI (ae;) +QiB 12 I KL, (be ;)
JGQ i€B Fetis
Dy be,; Pu
+ QB! Z L (O + Qlbey) Y 2 Kl(ar))
E 1,5 weQ o
Pj a; b; ) —1 le
Cpii — Cye ) + @B
jen (k ij km,j " ' Z kum
For fi,,; we get by combining (3.27)) and - that
(i = Ca1J+ Ole)+Qz by i
. Z (k‘ i kH—l g Z ké+173 tnbes)
JEN
Py be be -1
+ Qi ! N Ql 7= n,t QLB n,l-
ket Z ke+1 g N e it

JEQ
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One now easily checks that if v = (v1,...,yn5-1)7 is a solution of My = 0, then
the vector 4 = (41, ...,9n—1)T given by

Yo ="+ Z %Vi (3.32)

and 4; = ; if @ # ¢, satisfies M4 = 0. The fact that B, — Q, # 0 follows in the
same way as that By # 0. Hence, there is a 1-to-1 relation between the solutions v of
M~ =0 and 4 of M4 = 0.

It remains to prove that the functions h., and iLa/ coincide. For that we need to
consider the functions L,. As we did for KI,,, let L¥ denote the parts that L, and L,
have in common, i.e., set

=% > s@tlonw

>0 wet UNH\Q,

Set A:={j €Q: Qq,, #0}. Then

Ly=L"+QW) Y Y dulz:t)lz (2

t>1 weNt
P
v (zlmwzz P50 )
jeQ t>1 weNt b
D; Pj
= L' +QW) Y, ooy Foes T QW 1D ooy e
J&ZA JEA

By Cramer’s rule we obtain for each j € A, that (compare (3.31]))

pr La,, = (B ij Lo — ij La, . (3.33)

jEA JjeQ jga b

Similarly, we obtain that

~ p p A
Ly =LY + Q(y) Z L g ‘Lbe,j =+ Q(y) Z ! ‘Lbé,j (334)
i¢B £+1,7 jeB 41,5
and
B f,, =B; 12 Tt AU e w s A (3.35)
jeB k[+17] Z+1,J jéB Z+1,]

To prove that h, = ﬁ@, note that on the one hand,
N-1 N-1

'ymZ( P Lom.d —piijbm’j) + Z’YQOZ pj La/]'

m=1 je 'm 2J m—+1,j m=1 jeQ 7]
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On the other hand, using equations (3.32)), (3.34]) and (3.35)) we obtain for fAL@ that

N :X_Zlv Z(

>
3
I

Lam, s __ ps Lb'm,s>

m s km—i—l,s

N-1

+ 0 (1 + )
— ’Ym m BZ QZ Z karl s
N-1 0
+ Y m ( Las — Lbz &>
mZZI By — Qo ;2 ks kz+1 s
N-1 » »
= ’Ym Z ( & Lam’s - 78 me’s)
m=1 sEQ km,s karl,s
N-1
O mQny o Bt Y
m—1 - E ppre k@—i—l s
N-1

+
(]

=1

Qm < Ds Ds b
iy — Loes — £S5 1 Z,s)
7 B, — Q¢ S;) ke, s key1,s

Ds ms _ _Ps
- VWS;Q(kLa ) Z7”‘13 ngkgs

k
me—1 m,s m+1,s seN

=
~ 3

By (B:33) this implies that h, = hs.

If the partitions {I,, }1<n<n and {jn}1gn§1v differ in more than one partition point
2y, we can obtain the results from the above by changing one partition point at a time.
a

The next lemma states that adding extra points to the set zg,...,2zxy does not
influence the set of densities obtained from Theorem [3.4.1l This lemma is one of the
ingredients of the proof of Theorem below.

3.5.2 Lemma. Let T be a random system with partition {I;}1<;<n and correspond-
ing partition points zo, .. . Consider a refinement of the partition, given by adding
extra points ZI, s 2l for some s € N. Let TT be the corresponding random system,

e., TH(x) = T(x) for all x € [0,1], and let MT be the fundamental matriz of TT.
There is a 1-to-1 correspondence between the solutions v of M~ = 0 and the solutions
1 of Myt =0. Moreover, the functions h, and hirﬁ coincide.

Proof. Let Zt = {le, ...,zI}. By introducing these extra points the fundamental
matrix M of TT becomes an (N + s) x (N + s — 1) matrix. It is possible to construct
this matrix from M in s steps

M — M{ — M} — - — M} = MT,
by adding one of the points from ZT to the partition of T at a time. All of these steps

work in exactly the same way, so it is enough to prove the result for s = 1. Therefore,
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assume Z1 = {ZT} There is an 1 < i < N such that zf splits the interval I; into two
subintervals, say I* and I®. By Proposition it is irrelevant whether 27 € I or
21 € I*. By construction, 21 is a continuity point of TT = T, so

al ;=bl, =ki;z" +dij,

and for each n we have

ki R

pj Yz

> { L Kl,(al ) — ?{Kln(b;j) =0.

jeQ
Therefore M1 has, with respect to M, an extra column at the ith position, whose
entries are all zeroes except for the diagonal and subdiagonal entries, which are given
by > iea k’:—]g and — 3" q %, respectively. Moreover, the ith and (i + 1)th row
of MT are obtained by splitting the ith row of M into two, such that KI;(an, ;) =
KII(a,n,j) + KILl(an,j) for all n, and analogously for b, ;.

The null space of MT equals the null space of the (N + 1) x N matrix A obtained
from MT by replacing the (i 4+ 1)th row by the sum of the ith and the (i 4 1)th row.
Then all the entries of the ith column of A are 0 except for the diagonal entry, and the
matrix M appears as a submatrix of A, by deleting the ith column and the ith row.
Hence, any solution v of M~ = 0 can be transformed in a solution 7' of MtyT =0
by setting 'y;[ =, for j # i and by using the relation Z;\;l Aiﬁj’y} = 0 for 'y;r. This
gives the first part of the lemma.

Finally, for corresponding solutions v and ' the associated densities h and hif
coincide, since

Dpy -2y W] -0
oo Lhkig kij "

O

The next theorem says that in case all maps T are expanding, Theorem in
fact produces all absolutely continuous invariant measures for the system 7.

3.5.3 Theorem. LetQ C N andletT be a random piecewise affine system satisfying
assumptions (A1), (A8) and (A4). Assume furthermore that |k; ;| > 1 for each j €
and 1 <i < N. An L*(X\)-function h is an invariant function for the random system
T if and only if h = hy for some solution v of the system M~ = 0.

An essential ingredient in the proof of this theorem is the extension of a result by
Boyarksy, Gora and Islam from [GBIO6] given in the next lemma. [GBIO6, Theorem
3.6] states that in case we have a random system consisting of two maps that are both
expanding, the supports of the invariant densities of T are a finite union of intervals.
As the next lemma shows, this result in fact goes through for any finite or countable
number of maps with only a small change in the proof. In case of piecewise affine
maps, some small steps can be simplified a bit. We have included the proof for the
convenience of the reader.
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3.5.4 Lemma (cf. Lemma 3.4 and Theorem 3.6 from [GBI06]). Let @ C N
and let T' be a random system of piecewise affine maps satisfying (A1) and such that
for each j € Q the map Tj is expanding, i.e., it satisfies |k; j| > 1 for all1 <i < N.
If h is a T-invariant density, then the support of h is a finite union of open intervals.

Proof. Let H = {v1,...,v,} be the base of the subspace of L!(\) of T-invariant func-
tions, consisting of density functions of bounded variation, mentioned in Section [3.2
Since any invariant function h for 7" can be written as h = 2221 cpV, for some
constants ¢, € R, it is enough to prove the result for elements in H. Therefore,
let h € H and let U := supp(h) denote the support of h. Since h is a function of
bounded variation, we can take h to be lower semicontinuous and U can be written as
a countable union of open intervals, each separated by an interval of positive length:
U = Up>, Uk Assume without loss of generality that A(Up41) < A(Uy) for each
E > 1. Let Z := {#z1,...,2n—-1} and let D be the set of indices k, such that Uy
contains one of the points z € Z, i.e.,

D={k>1|3z€Z : ze€ U}

We first show that D # () by proving that Z N U; # (). Suppose on the contrary that
U, does not contain a point z, then for each j € Q, T;(U;) is an interval and since
each T} is expanding, we have A(T;(U1)) > A(U1). By the property from that U
is forward invariant, we know that T;(U1) C U for each j, so it must be contained in
one of the intervals Uy. This gives a contradiction.

Now, let J be the smallest interval in the set
{UxN1I, : keD,1<n< N}

Note that this is a finite set, since Z and D are both finite. Moreover, by the above this
set is not empty, so J exists. Since each Uy, is an open interval, we have A(J) > 0. Let
F={k>1: ANU) > A(J)}, where k is not necessarily in J, and let S = J,,c » U
Since any connected component Uy of S has Lebesgue measure bigger than A(J), S
is a finite union of open intervals. We first prove that 7;(S) C S for any j € Q. Let
Uk C S and suppose first that k£ ¢ D. Then for each j € Q, as above T;(Uy) is an
interval with XA(T;(Uy)) > AN(Uyg) > A(J). So, T;(Uy) is contained in another interval
U; that satisfies A(U;) > A(J) and thus satisfies U; € S. Hence, T;(U) € S. If, on
the other hand, k € D, then T;(Uy) consists of a finite union of intervals and since T}
is expanding, the Lebesgue measure of each of these intervals exceeds A\(J). Hence,
each of the connected components of T;(Uy) is contained in some interval U; that
satisfies A(U;) > A(J) and therefore U; C S. Hence, also in this case T;(Uy) C S,
implying that T;(S) C S for all j € Q.

Obviously, S C U. Using the fact that 7;(S) C S for all j € 2, we will now show
that U C S. Suppose this is not the case and let Uy be the largest interval in U \ S.
Since Uy, C S for any k € D, we have s ¢ D. So, again, for each j € Q the set T;(Us)
is an interval with A(T;(Us)) > A(Us) and hence, T;(U,) € S. Thus U, C T (S)
and since Ug; € S, we have U, C Tj_l(S) \ S. Let pp be the absolutely continuous
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T-invariant measure with density h. We show that up (T} 1(S)\ S) = 0. Since for
each j € Q we have
S C T HTy(8) € T;H(S),

we obtain from (3.1)) that

0= pp(S) = 1p(S) =D pinp(T; () = Y pinp(S)

JEQ jen
= ZPj(Up(Tj_l( ) — ZPJ/JP S)\ S).
JEQ JEQ
Since p; > 0 for all j, we have that (7 1(8)\S) = 0 for each j. Hence, pup(Us) = 0,
which contradicts the fact that U, C U O

3.5.5 Remark. The article [GBIO6] contains an example that shows that the pre-
vious lemma is not necessarily true if we drop the assumption that all maps 7T are
expanding. In [GBI0OG, Example 3.7] the authors describe a random system T using
an expanding and a non-expanding map, of which for a certain probability vector
p the support of the invariant density is a countable union of intervals. The fact
that the supports of the elements from H are finite unions of open intervals plays an
essential role in the proof of Theorem [3.5.3] as we shall see now.

Proof of Theorem[3.5.3. We will show that the linear mapping from the null space of
M to the subspace of L'()) of all T-invariant functions is a linear isomorphism. Let
H = {vy,...,v,} again be the basis of density functions of bounded variation, whose
corresponding measures are ergodic, for the subspace of T-invariant L'(\)-functions
mentioned in Section [3.2] Recall that any invariant function h for T can be written
as h = anl cn vy, for some constants ¢,, € R.

The injectivity follows from the proof of Theorem [3:4.1] where we showed that
h, = 0 implies v = 0. We prove surjectivity by providing for each h € H a vector 7y
such that h, = h. We will do this by altering 1" in several steps, so that we finally
obtain a system Ty that has a vector vy associated to it for which the corresponding
density h7UU vanishes outside the support U of h. Then, using Proposition and
Lemma we transform the solution ~y to a solution v for T' that produces the
original density h.

Fix h € H, and let U := supp(h). Let Z = {z1,...,2ny_1} again be the set of
critical points of the system. Following [K90, Theorem 2|, we classify the points in Z
as follows:

Z1 ={# € Z| z is in the interior of U},

Zy ={z; € Z| z; is a left /right endpoint of a subinterval of U and z; € I;11 (2 € I;)},
Z5 ={z; € Z| z; is a left /right endpoint of a subinterval of U and z; € I; (z; € I;41)},
Zy ={z; € Z| z; is an exterior point for U}.

We now modify the partition {I;}1<;<n on the points in Z3, so that it corresponds
better to the set U. Let {I;}1<i<n be a partition of [0,1] given by zp,...,2n and

94



§3.5. All invariant measures

{Lihi<i<n {Ii}1<i<n {ITh<i<n {(IM<icn
T T Tt T,
My=0 M4 =0 M3t =0 My~yy =0

Figure 3.2: The steps we take in transforming T to Ty .

differing from {I; }1<i<n only for z; € Zg7 ie., z; € I; if and only if z; ¢ I;. Let T be
the correspondlng random system, i.e., T'(x ) = T(z) for all x ¢ Z3. By Proposition
the corresponding matrices M and M have vectors in their null spaces that
dlffer only on the entries i for which z; € Z3, but such that they define the same
density.

There might be boundary points of U that are not in Z. Let Zt be the set of such
points. From Lemma [3.5.4] it follows that U is a finite union of open intervals, so the
set Z1 is finite. Consider the partition {I]} given by the points in Z U ZT and let Tt
be the system with this partition and given by Tt(z) = T(x) for all z. By Lemma
the corresponding matrices M and MT have vectors in their null spaces that
dlﬂer only on the extra entries corresponding to points zf € ZT, but such that they
define the same density.

Define a new piecewise affine random system 7y by modifying Tt outside of U. To
be more precise, we let Ty () = Tt (z) for all x € U and on each connected component
of [0,1] \ U we assume all maps Ty ; to be equal and onto, i.e., mapping the interval
onto [0, 1]. Recall from that the set U is forward invariant under 7". Then any
invariant function of Ty vanishes on [0,1] \ U A-almost everywhere, since the set of
points x € [0,1] \ U, such that T"(z) € [0,1] \ U for all n > 0 is a self-similar set of
Hausdorff dimension less than 1. From Theorem [3.4.1] we get a non-trivial solution
~u of My~yy = 0 with a corresponding function hy that vanishes on [0, 1]\ U. Since T
and Ty coincide on U, the function Ay is also invariant for T and hence for T. From
the fact that U is the support of one of the densities in the basis H and supp(hy) C U,
we then conclude that hy = h, up to possibly a set of Lebesgue measure 0.

It remains to show that 7y can be transformed into a vector from the null space
of M, leading to the same density hy;. We first show that Mty = 0. Note that for
z; € Zy, since hy is of bounded variation,

lim hy(z) = 0 = lim hy(x).

ztz; zdz;
Hence, by the calculations in (3.25) vyy,; = 0. Similarly, for z; € Z; U Z3 we have
that either limgq,, hy () = 0 or limy,, hy(x) = 0, which again by the calculations in
(3.25) gives vy, = 0. Hence, vy, = 0 for each ¢ such that z; € Z,UZ3U Z,. Similarly,
vyu,; = 0 for each ¢ such that z; € Z t. In the multiplication M fyy the orbits of the
points a; ; and b; ; which are different under Tt and Ty are multiplied by 0. Since
U is forward invariant, all orbits of points a;; and b; ; corresponding to ¢ such that
z; € Z1 will stay in U and will thus be equal under Tt and Ty. These facts imply
that also MTyy = 0 and that the corresponding invariant density for 77 is again hy .
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From Lemma it follows that there is a vector 4 in the null space of M with
hs = hy. Finally, Proposition then tells us how we can modify 4 to get a vector
< in the null space of M with hy = hsy = hy = h. O

§3.6 Examples

We apply Theorems and to various examples.

§3.6.1 Random tent maps

For any countable set of slopes {k; }jcq with k; € (0,2) for each j, consider the family
T := {T}};ecq, where each T} is a tent map of slope k;, i.e., T; : [0,1] — [0, 1] is given
by

T}

(2) = kjx, if x €10,1/2],
k= ke, ifae (1/2,1],

see Figure a). Let p = (pj);>0 be a probability vector such that T' is expanding

0 1 0 1

Y
2

1
2

(a) Countably many tent (b) Two tent maps. (c¢) Linear logistic maps.
maps.

Figure 3.3: Random families of tent maps.

on average, i.e. > oy Pi <1, so (A2) holds. One easily verifies that then conditions
(A3) and (A5) hold as well. For N = 2 set

Z():O7 zZ1 = 22:1,

57
and Iy = [z0,21], I = (21,22]. Since z; is the only discontinuity point, the funda-
mental matrix M is the null vector. As a consequence, we can choose v = 1, to obtain

the invariant density
2pj
hy = CZ ?ij/m
jeq Y

for some normalising constant c. If we set for each j € N and w € QF, ¢t > 0,

Comshiensei (B (b))
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then this becomes

t

D% 117 Ely (3.36)

JjEQ k;j t>0 we? n=0

If we assume that k; > 1 for all j, then it follows from Theoremthat the density
from is the unique invariant density for (7', p). If we do not assume this, then
we can still draw the same conclusion in case there are only finitely many maps.
Namely, to satisfy the condition (A2) there has to be at least one j such that k; > 1.
The existence and uniqueness of an absolutely continuous invariant measure for the
map T is then guaranteed by the results from [LY73, [LY78]. In case the set {k;} en
is finite, it then follows from [P84] Corollary 7] that there is only one invariant density

for (T, p).

In [AGHIS]| the authors considered random combinations of logistic maps. In
[AGHI8| Theorem 4.2] they proved that the random system {fo, f1} with fo(z) =
2z(1—2) and f1(z) = 4z(1 —x) has a o-finite absolutely continuous invariant measure
that is infinite in case the map fp is chosen with probability pg > % The linear
analogue of this system shows a different picture. Fix a € (1,2] and consider the
random system with two maps Tp(z) = min{z,1 —z} and Ty, 1 (z) = min{az, ¢ — ax}.
See Figure b) for an example with a = %. For any p € (0,1), set po = p and
p1 = 1 — p and note that pp + 2- < 1. The assumptions (A1)-(A5) are then met and
the random system T' = {Tp, T, 1} has a finite absolutely continuous invariant measure
for any such p. A straightforward computation yields L 1= ﬁl[(x 1+ %L%, so that
up to a normalising constant, the unique absolutely continuous invariant density is

then
2p

2
h%a — 1[0 1 + L%. (3.37)

a
In particular, for a = 2 as shown in Figure c) we get
hyz = (L4 p)lp 1)+ (1= p)Lg -

Note that for p = 1 we have a deterministic, non-expanding interval map that does
not satisfy the requirements from [K90]. However, the limit lim, 1 hy2 =21 1) is
an invariant density for the system. On the other hand, for a fixed p € (0, 1) the limit
lim, 1 hy,q is not an absolutely continuous measure. To see this, note that h, , is
determined by the random orbits of § and that 1— % § Tw(%) < § for any w. Hence,
by (3.37) and the definition of the L-functions in it follows that h,, = 0 on
(3, ] whlle on [0,1—§) we have hy o = v on [0,1— 7) for some constant v 6 R For
any point in z € [0,1 — §), the random Perron-Frobenius operator from now
yields

v
v =Nya(@) = Priya(e) = po+(1-p)-,

which holds if and only if v = 0. It follows that for any a € (1,2] and any p € (0, 1),

supp(h,a) € [1 — 5, ¢]. As a consequence lim, ;1 h, = 01, where 41 is the Dirac

delta function at 2
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§3.6.2 A random family of W-shaped maps

Keller introduced in [K82| a family of piecewise expanding W-maps to study the
phenomenon of instability of absolutely continuous invariant measures. Later the
stability of W-shaped maps was studied in other papers as well, see for example
ILGB™13,[EM12]. Here we construct a random family of W-shaped maps, where each
element of the collection is an expanding on average random map W, := {Wy. 0, Wo 1}
defined on the unit interval. We give an absolutely continuous invariant probability
measure.

00| U | G0 | T =t

00| i | 00| o

Figure 8.4: Examples of random systems Wy, for various values of a.

For a > 2, let Q@ ={0,1} and N =4. Set

20=0, zn=1/a, 2=1/2, z=(a—1)/a, z=1

and
Iy = [20,21], 12 = (21,22, I3 =(22,23), Is=[23,24]
Let
1—az, if x € I,
Wao(z) = ﬁm—(a%)a, if x € I,
Wao(l — ), otherwise,
and
1— ax, ifx eI,
Wean(z) = %x — (2(5‘15)13, if v €Iy,
Woi1(1 —x), otherwise.
For a > 4 the map W, ¢ presents two contractive branches. Let 1 > p > %

be arbitrary, and let p, o =1 —p and p,; = p. With this choice of probability vector
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the random map W, satisfies (A1)-(A5). The fundamental matrix M is given by

1(:72(1 _ % Pa0(2—a¢12)(‘1—1) + lzla;(f:l‘l)) _% + (712
C —C 0
M=
0 —C C
1 __ _c¢C Pao(2=a) _ pa(2-—a)(@®~a=1) __C , lta—d’
a2(a—1) a(a—1) a2(a—1) a2(a—1)2 ala—1) a2(a—1)
for some constant C'. Its null space consists of all vectors of the form
s(1 1 1)7, seR
From
1 1 1
Ly = Li=——+141 d Laoi =———+ 1, a=
T 1w = ala—1) tlpg) an = ala —1) oz

we get the invariant density

a—2
b= ef(la =1 =plo=2) 1o + 1 oo+ (10223 ) 20y .

a

for the normalising constant

ala—1)
2(a—1)%2 —pa(a —2)°

CcC =

Theorem [3.5.3] implies that if a < 4, then this is the unique absolutely continuous
invariant density for W,. Note that

. 1 1
il_)le ham(x) = 51[071] (w) + 55% (I)

On the other hand, for the limit map W5 shown in Figure (b) Lebesgue measure
is the only absolutely continuous invariant measure.

§3.6.3 Random [-transformations

Recall from the definition of S-expansions. One of the more striking results is
that Lebesgue almost all x € [0, %] have uncountably many different S-expansions
(see [EJK9Q, [S03, [DAV07]). In [DKO03| Dajani and Kraaikamp introduced a random
system that produces for each = € [07 %} all its possible S-expansions. We will
define this system for 1 < [ < 2 for simplicity, but everything easily extends to
8 > 2. Set

Y .
20 =Y, Zl_ﬂa ZQ_ﬁ(ﬁ_l)’ ZS_ﬂ_lv
and let
To(z) = Bz, ?fx € [20, 22, and Ty(x) = Bz, ?fx €[0,2),
61‘ -1, ifx e (2’2,23], Bm -1, ifz e [Zla23]7
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B—1 B-1 B—1
1h--- 1fF---
28| _/___ 2-8
B—1 -1/ "7
0 1 1 0 1 1 0 Z1z2 1
B(B—1) B-1 B B—1 B—1
(a) To (b) Ty (0T

Figure 3.5: In (a) we see the lazy B-transformation Ty, m (b) the greedy [B-transformation
T and in (c) we see them combined. Whether or not 1 > B depends on the chosen value

of B.

see Figure The map Ty is called the lazy S-transformation and the map T} is the
greedy B-transformation. We do not bother to rescale the system to the unit interval
[0, 1], since this has no effect on the computations.

One of the reasons why people are interested in the random S-transformation is for
its relation to the infinite Bernoulli convolution, see [DAV05, [DK13|[K14]. The density
of the absolutely continuous invariant measures has been the subject of several papers.
For a special class of values 8 an explicit expression of the density of p, was found
in [DAV07] using a Markov chain. In [K14] Kempton produced an explicit formula
for the invariant density for all 1 < 8 < 2 in case pg = p1 = % by constructing a
natural extension of the system. He states that there is a straightforward extension
of this method to 8 > 2. Recently Suzuki obtained a formula for the density of up
for all > 1 and any p in [S19]. Since the random [-transformation satisfies the
assumptions (A1)-(A5) for any probability vector p = (po,p1), we can also obtain
the invariant density from Theorem [3.4.1] To illustrate our method we calculate the
density for 3 € (1,2) and pg = p1 = 5

Let Q= {0,1}, N = 3 and set
I = [20,21), [l2=[21,22), I3 = (22,23
Define the left and right limits at each point of discontinuity:

aio =1, bio=1, ag0 = 5 T bao = 777,
2 2
ay =1, bi1 =0, azy = 5= ﬁ, by = 55

As pointed out in Remark [3:4.5] to determine ~ it would suffice to compute only one
row of M, but for the sake of completeness we give M below. Let KI,,(1) = ¢,. By
the symmetry of the system, for each = € [z9, 23] and all (i,5) € {1,2,3} x {0, 1},

Tij(23 —x) = 23 — Ty, 1—j (). (3.38)

If for any w = w . wt 6 {0,1}*, we let @ € {0,1}* denote the string @ = (1 —
w1) ... (1 — we), then 8) implies that T,,(1) € I, if and only if T—( 5 € I,_

and so KI,, (Z;_/f) =cC4p.

\_/
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We obtain ) ) . )
5Tl — 5=1) ~33C
M= 5T 2502 5~ 252
1 1 1 1
253 ~5 2@~ 1)

The null space consists of all vectors of the form
s(1 1)7, seR.

From Theorem |3.5.3| we then know that the system 7' has a unique invariant density.
We obtain

c 1\’
hvzﬁz Z (25> <1[O’TW(1))+1[Tw(?g_ﬁ1)7ﬁi1]>7

t>0 we{0,1}?

for some normalising constant ¢. This matches the density found in [K14, Theorem
2.1] except for possibly countably many points.

If we set py # %, the computations are less straightforward. Nevertheless, we can
obtain a nice closed formula for the density in specific instances. Let pg = p € [0, 1]

be arbitrary and consider 8 = #, the golden mean. Then j3 satisfies 32— 5—1=10

and the system has the nice property that T50(z1) = 22 and Ts 1(22) = 21 for z; = %

and z; = 1. Also note that ﬁ = [. This specific case has also been studied in
[IDAV07, Example 1]. The resulting matrix M is given by

p»  —p(l-p)

-p (1-p) |,
(1-pp —(1-p)?
and its null space consists of all vectors of the form

s(lfp p)T, seR.

For the functions L, we obtain Lo =0, Lg = B2 and

o pPp B2 pB
=m0 T E pa_pteh T ey _p
b (1-p)8 g

+ g1y + 5———1 .
Br—pl—p)  B—p(l—p) ¥ " g —pa—p Y
The unique invariant density turns out to be

/62
hy = 1+ 32 (A =p)B-1pp-1 + Lp—11) + 2B 1115),

which for p = % corresponds to

62

M= sy P o 2 1o + 8 )
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§3.6.4 The random («, §)-transformation

As an example of a system that is not everywhere expanding, but is expanding on
average, we consider a random combination of the greedy [-transformation and the
non-expanding (a, §)-transformation introduced in [DHKQ09]. More specifically, let
0<a<land 1< f <2 be given and

Z():O, Zlil/ﬁ, 22:1.

Define the (a, 8)-transformation T on the interval [0, 1] by

Bx’ ifze [0721)7
To(z) = g(ﬁx_ 1), ifz € [z, 2]

Let Ty : [0,1] — [0,1] be the greedy S-transformation again, given by Tj(x) = Sz
(mod 1). For any 0 < p < = :1) the random system T with probability vector
p = (p,1 — p) satisfies the conditions (A1), (A2), (A3) and (A5). The assumptions
on the boundary points from (A4) do not hold, but this is easily solved by adding
an extra interval (z9,z3] for z3 = B% and extending Ty and 77 to it by setting

Ty(x) = Ti(a) = B — 1. 1

This random system T does not satisfy the conditions of Theorem [3.5.3] and we
can therefore not conclude directly that Theorem [3.4.1| produces all invariant densities
for T. However, the set Q = {0,1} is finite and the map T} is expanding with
T{(x) = 8 > 1 for all « and therefore T satisfies the conditions from [P84] Corollary
7] on the number of ergodic components of the pseudo skew-product R. Since the
greedy [-transformation 77 has a unique absolutely continuous invariant measure,
this corollary implies that also the random system T has a unique invariant density.
We use Theorem to get this density.

Let 0 < p < % be arbitrary and set

I = [20,21), I, = [2’1722], I3 = (22,23}-

The left and right limits at each point of discontinuity are given by:

aio =1, b0 =0, ago = — 3, bao=p5—1,
a1 =1, b1 =0, azy = f—1, by =p—1.

By construction, none of the points in [0, 1] will ever enter the interval I3, therefore
KI3(y) =0 for all y € [0,1]. As a consequence, the last row of the 3 x 2 fundamental
matrix M is given by p31 =0 and ps o = f%. This fact, together with the fact that
we know from Lemma [3.3.4] that the null space of M is non-trivial, forces the first
column of M to be zero, i.e., 1,1 = p21 = p31 = 0. Hence, the null space of M
consists of all vectors of the form

5(1 O)T, s € R,
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B

and the unique invariant density of the system 7T is

c C
hm{ — ELl = B Z Z 6w(1at)1[07Tw(1))7

t>0 wet

for some normalising constant c¢. In case we choose 3 = =5~ and a = % as in
Figure [3.6] we can compute further to get

52

1
hy = ———— 1 1 - | 1 .
ol 8241+ 2p (Pﬁ [0,1/83] T Plio,1/82 + 3 [0,1/8] T [0,1])

§3.7 c-Liiroth expansions

Recall the definition of Liiroth maps given in Chapter [ and then used in [2.2]in
Chapter[2] Over the years, many people have considered digit properties of Liiroth ex-
pansions, such as digit frequencies and the sizes of sets of numbers for which the digit
sequence (dy),>1 is bounded. See for example [BI09, FLMW10, [SF11), MT13 [GL16].
The set of points that have all Liiroth digits bounded by some integer D corresponds
to the set of points that avoid the set [0, %] under all iterations of the map Tp. For
the deterministic system 77, such a set is usually a fractal no matter how large we
take the upper bound D. This situation can be modified by dealing with a random
setting. More specifically, recall the c-Liiroth maps and expansions defined in Section
?7?. The pseudo-skew product L., for ¢ > 0, is constructed in such a way that the
combination of Ty, and T4 prevent any point of the interval to visit the subinterval
[0, ¢), giving c-Liiroth expansions with bounded digits.

We give an example for ¢ = %7 in which all z € [%, 1} have a random %—Lﬁroth

expansion that uses only digits 2 and 3. Using the density given by Theorem [3.4.1]
we can compute the frequency of each of these digits for any typical point = € [%, 1].
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Let To =Ty 1 and Ty = T} 1. Consider the partition of I1 by setting
1 4 41
L = 771 I, = laf 13: a’ o
3718 18'9 92
12 25 5
Li=|=-z| =2z L=|=1].
I GRSl

Note that
TL(SC) ifeelLbUI3UI;U g,
To(z) =
TA(LL') if v € 1 Uly,
and
TA(.T) ifﬁEGIlUIQUI4UI5,
Tl(l') =

TL(.Z‘) ifx € I3U Ig.
See Figure Let p = (p,1 — p), for some 0 < p < 1.

1 1 1
2o\ 2| __ | A
3 3 2|V N
3
11 11
3 2 3 2
1 [
0 1 0 1 SNhhislh Is Ig 1
(a) To (b) Th ()T

Figure 8.7: The systems Ty, T1 and L% on the interval Ix = [, 1].

3 37

To use Theorem we need to determine the orbits of all the points a,, ; and
by,;, which in this case are %, % and 1. One easily checks that all KIn(ai,j) and
KI, (b; ;) are zero, except for

1 1 1 1 2 1
Klj (=) =—= Klg (=) =—= Kls(1) =1 d Ky(=)=—-.
1<3> 6 6<3> 6’ 6(1) an 4(3> 3

The fundamental matrix M of the system is therefore given by

p=6 1-p P 1-p
36 36 12 12
1-2p 2p—1
5 == 0 0 0
0 -+ & 0 0
M = ,
A 1-p 1 p=3 1-p
18 18 2 6 6
1-2p 2p—1
0 0 0 5 5
A 1-p 2 A _pES
36 36 3 12 12
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and its null space consists of all vectors of the form
s(3 3 3 5 57, seR

Again this is a one-dimensional space, so by Theorem [3.5.3| 7" has a unique invariant
density. The corresponding measure mp X pp is necessarlly ergodic for L1 In the
following we denote by L the L functions from ) to distinguish them *from the
pseudo-skew product map L% From

2

L 3 . 1[%7%} and L1 =2

wN

we get the invariant density

3

1
378

For any point (w,z) € {0,1}" x [
Liiroth expansion is given by

%, 1] the frequency of the digit 2 in its random

lim — Z Lioayx (2,1 E(w,x))

n—o00 N,

Since mp X pp is ergodic, by Birkhoff’s Ergodic Theorem we have that for mp X pp-
ae. (w,z) € {0,1} x [%, 1] the frequency of 2 in the associated random Liiroth

expansion is
13
hyd\ = —
/; K 16’

2)]

giving also that the frequency of the digit 3 is =

Even though condition (A5) is not satisfied for p = %, the fundamental matrix M
can still be computed and its null space is still given by s (3 3 3 5 5)T, s eR.
Moreover, the function h, = 2(3 - 11 2) +5- 1z g7) is still the unique invariant
density. We believe that Theorem m and Theorem [3.5.3] should still hold without
the assumption (A5)

3.7.1 Remark. Note that for any rational c, the density of i1p can also be recovered
using the matrix form P of the Perron-Frobenius operator, which is the approach
used in [2:4] However, it is often the case that the matrix P is much larger than our

fundamental matrix M. For instance, consider again Example from Chapter
The Perron-Frobenius matrix P for the c¢-Liiroth transformation L. for ¢ = % isa

13 x 13 square matrix. The corresponding fundamental matrix M is the 4 x 3 matrix

1 _ D _1-p
6 12 12
1 1 p 1-p
= _,_'_7 —

M = ’ 122 ! 142

1—<p _1—<p

0 2 2
2 4 _1,1-p
3 6 2+ 6
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CHAPTER 3

3. Measures for Random Systems

For . L
Kls(1) =1  Kla(c) = 5 Klz(c) = =55

1
Kls(c) =2 Kl3(1—c)=—-72 KI5(1-c¢)=—1tk,

and KI,,(y) = 0 for any other combination of n € {1,2,3,4,5} and y € {¢,1 — ¢} not
listed. Note that, due to the periodicity of the random orbit of ¢, the computation of
the quantities KI uses the equality

o0 n
1 1024
S () -t
210 1025
n=0

Furthermore, from Proposition [2.2.6| one finds that for irrational cutting points L.
does not admit a Markov partition so, while the aforementioned method, using the

Perron-Frobenius operator in matrix form, does not apply anymore, Theorem [3.4.1] is
also capable of handling these situations.

§3.8 Remarks

The procedure proposed in Section [3:4] and in particular the computation of the
quantities KI,, and the functions L, seems at first glance quite complicated. However,
this is not the case for an extensive class of transformations. This includes the random
B-transformations studied in Sections the c-Liiroth maps introduced in
Chapter [2] and the other families of examples proposed in Section [3.6f Moreover,
for Markov maps the computation becomes pretty straightforward. We will see in
Chapter [f] that this is also true for random interval maps having random matching.
Furthermore, we will show how the entire procedure can be actually even implemented
in Python, see Chapter [5] Section
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