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Summary of the Thesis

In the first chapter of the present thesis we provide a brief step by step introduction to the topic
as well as a survey of the main results of the thesis. During the process we focus primarily on the
discussion about arithmetically equivalent number fields, also known as isospectral number fields.
This discussion leads to numerous related notions which are central in this dissertation. Among
them the following concepts will play a crucial role: Artin L-functions, absolute Galois groups,
class field theory, representation theory of finite and pro-finite groups. The principal result
behind the theory is the famous Theorem which goes back to Gassmann. Together with
its corollaries this result provides a powerful framework which illustrates nicely how beautiful
the interaction between the notions mentioned above can be. We also recall connections of the
topic with the so-called Grothendieck’s Anabelian Geometry. Among other subjects this theory
studies properties of the absolute Galois group Gx = Gal(K : K) of a number field K as well
as the structure of the maximal abelian quotient G = Gal(K® : K) of Gx. We state our main
results in section [I.7, Note that while this part of the dissertation served as an introduction
and contains no original results, other chapters represent the original work of the author and
have corresponding references to preprint versions available on the Arxiv website: arxiv.org.

In chapter two we extend methods of the framework mentioned above and provide some
interesting applications of the theory. In particular, we formulate a bit less-known, but still
remarkable Theorem due to Professor Bart de Smit. Roughly speaking, this Theorem states
that the isomorphism class of a number field K is uniquely determined by the collection of Artin
L-functions of abelian characters of the absolute Galois group Gx of K; see section 2.3 In the
section of this chapter we also generalise Theorem in a way which allows us to produce
an alternative approach towards a proof of the famous Neukirch-Uchida theorem for the case
of non-normal extensions of number fields. This part of the dissertation occurred in [49).

Then in chapters three and four we provide two different approaches in a direction of a
function field analogue of Theorem [2.4f The difference between the two treatments is the
following: chapter three regards function fields from an algebraic point of view, i.e., function
fields as finite extensions of the field F,(X). In contrast, in chapter four we consider a more
geometric setting such as field of functions on a smooth projective curve defined over a finite
field F,. Despite the fact that the two notions are extremely related, the results we proved seem
to be opposite. Chapter three has a large intersection with the pre-print [48], while chapter
four is based on [47].

Finally, in chapters five and six we shift our focus towards the description of the isomorphism
class of the abelianized absolute Galois group G¢ associated to a global function field and an
imaginary quadratic number field respectively. In the case of global function fields we obtained
a complete description and classified all possible isomorphism classes of G¥ in terms of more

4


a

elementary invariants attached to K. For the imaginary quadratic field case we improved results
of [I]. In particular we proved that there are infinitely many isomorphism types of pro-finite
abelian groups which occur as G& for some imaginary quadratic field K. These parts of the
thesis correspond to preprints [11] and [12].

For the sake of coherence, along the way towards our main results we occasionally will
discuss some additional questions, lemmas and remarks. At the first sight those might seem to
be a little aside from the topic, but actually together with the core content they form essential
basis needed for understanding the whole picture. We will also provide many concrete examples
as well as scripts written in the language of the computational algebra system called Magma.
These scripts can be used by anybody who is curious about constructing more sophisticated
instances and checking statements of some of the theorems.






Dedication

Dedicated to the memory of my Friend, Advisor and Teacher,
Professor Alexey Tvanovich Zykin(18 June 1984 — 22 April 2017).







Contents

[Summary of the Thesis|

[Dedicationl

(1.1.1  Side remark: Checking examples by using Magma) . . . . . . . .. .. ..
(1.2 Splitting of Ideals in Number Fields[. . . . . ... ... .. ... ... ... ...
(.3 Dedekind zeta-function| . . . . . . . . .. ..o

[1.5.3  Properties of Artin L-tunctions| . . . . .. ... ... ... ... . ....
(1.5.4  Examples| . . . . .. ..
(1.6 On Absolute Galois Groups| . . . . . . ... .. ... ... .
(.6.1 Around the Neukirch-Uchida Theoreml . . . . ... ... ... ... ...
[1.6.2  On Abelianized Absolute Galois Group| . . . . . . . ... ... ... ...
Il.i l;g::illll:i g!l llls: Illg::i.l{il .................................
(1.7.1  Chapter Two| . . . . . . . . . ..
(1.7.2  Chapter Three| . . . . . . . . . . .. ..
(1.7.3  Chapter Four| . . . . . . . . ... .
(1.7.4  Chapter Five| . . . . . .. . . .
[1.7.5  Chapter Sixl . . . . . . . . . . ..




CONTENTS

2 Some Remarks With Regard to the Arithmetical Equivalence and Fields |

[  Sharing Same L-functions] 45
2.1 Introductionl . . . . . . . . .. 45
[2.2  Non-arithmetically equivalent extensions ot Number Fields| . . . . . . . . .. .. 46

[2.2.1 Nagata's approach| . . . . . . ... .. ... ... .. 46
[2.2.2  Yet another example] . . . . . . . ..o oL 49
[2.3  ldentitying Number Fields with Artin L-functions| . . . . . . . . ... ... ... 50
2.3.1 The First Version of Theorem| . . . . . . . ... ... ... ... ... 50
[2.3.2  Deducing Theorem [2.4] from Theorem 2.5(| . . . . . ... ... ... ... 52
2.4 Neukirch-Uchida Theoreml . . . . . . . . . . ... . ... ... 52
[2.4.1 Theprooff . . . . . . . . 54

T F . Fiold [ Thoir T=F . | 57

[3 Arithmetical Equivalence for (Global Function Fields| 59
8.1 TIntroduction| . . . . . . . . 59

3.1.1  Preliminaries] . . . . . . . ... 59
[3.1.2  Results of the Chapter| . . . . . . . ... ... .. ... ... ... ..., 60
B.2  On the L-functions criterfal . . . . . . . . . ... ... 62
[3.3  On Gassmann Equivalencel . . . . . . . . . ... o000 64
[3.3.1 Examples| . . . . . . .. 64
[3.3.2  Properties of Arithmetically Equivalent Fields| . . . . . .. ... .. ... 69
[3.4  On Monomial Representations| . . . . . . . . .. ... ... ... ... ...... 70
3.5 The Proof of Theorem 3.3l . . . . . . ... ... . o 72

[4 L-functions of Genus two Abelian Coverings of Elliptic Curves over Finite |

[ Fields| 75
M1 Introductionl . . . . . . . . . 75

[4.1.1  Settings| . . . . . . . . 75
412 Resultsl. . . . ... 76
4.2  Explanations, calculations and examples| . . . . . .. ... ... .. ... ... 7
4.2.1 Preliminares . . . . . . . . . .. 78
[4.2.2  An example over Ifs[. . . . . . . ..o 78
4.2.3  Observations . . . . . . . . . . . ... 79
4.2.4  The basic construction| . . . . . . . .. . ... L 80
4.2.5  On Galois Module Structure on F[2]| . . . .. ... ... ... ... ... 81
426 The Prootforthecased=21. ... .. ... ... ... ... ....... 82
4.3 Thecased >2 . . . . . . . 87

III  Isomorphism Classes of Maximal Abelian Quotients of Abso- |

lute Galois Groups| 91

[> On Abelianized Absolute Galois Groups of Global Function Fields| 93

10



CONTENTS

Bl Introductionl . . . . . . . . L 93
[H.2  Outline of the Proof | . . . . . . . . . o . o L 95
b.3 Proofof Lemmad . . . . . . .. ... 98
[b.3.1  Preliminaries] . . . . . . . .. 99

[5.3.2  Class Field Theory| . . . . . . ... ... ... ... . ... ... .... 100

[5.3.3  Deriving the main exact sequence| . . . . . . . . ... ... L. 101

6.3.4 _On the Structure of the Kernel . . . . . . ... ... ... ... ... .. 102

[5.3.5 On the torsion of Co| . . . . . . . . ... 107

[5.3.6  Proof of the inverse implication| . . . . . . . ... ... ... ... .... 107

0.4  Proof of Corollaries . . . . . . . . . . . . 112

[6 On Abelianized Absolute Galois groups of Imaginary Quadratic Fields| 115
6.1 Introductionl . . . . . . . . .. 115
[6.1.1 Results of the Chapter| . . . . . . ... ... .. ... ... ... .... 115

6.2 The Proof of the Theoreml| . . . . . . . . . . ... . L 116
6.2.1 Proof of TheoremI6.3/. . . . . . .. .. ... .. ... ... ... . .... 118

6.3 Corollaries| . . . . . . . . . 119
[Abstract] 121
Résumé 122
[Samenvatting| 123
[Acknowledgements| 125
[Curriculum Vitael 127

11



